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An extension of the censored gaussian lasso
estimator
Un’estensione dello stimatore clgasso

Luigi Augugliaro and Gianluca Sottile and Veronica Vinciotti

Abstract The conditional glasso is one of the most used estimators for inferring
genetic networks. Despite its diffusion, there are several fields in applied research
where the limits of detection of modern measurement technologies make the use of
this estimator theoretically unfounded, even when the assumption of a multivariate
Gaussian distribution is satisfied. In this paper we propose an extension to censored
data.
Abstract Il conditional graphical lasso è uno degli stimatori più utilizzati per fare
inferenza sulle reti genetiche. Nonostante la sua elevata diffusione, esistono parec-
chi campi applicativi dove i limiti degli strumenti di misurazione ne rendono teorica-
mente ingiustificato l’utilizzo, anche quando l’assunzione relativa alla distribuzione
normale multivariata è soddisfatta.

Key words: Censored data, Censored glasso estimator, Gaussian graphical model,
glasso estimator.

1 Introduction

An important aim in genomics is to understand interactions among genes, character-
ized by the regulation and synthesis of proteins under internal and external signals.
These relationships can be represented by a genetic network, i.e., a graph where
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nodes represent genes and edges describe the interactions among them. Gaussian
graphical models [3] have been widely used for reconstructing a genetic network
from expression data. The reason of such diffusion relies on the statistical proper-
ties of the multivariate Gaussian distribution which allow the topological structure
of a network to be related with the non-zero elements of the concentration matrix,
i.e., the inverse of the covariance matrix. Thus, the problem of network inference
can be recast as the problem of estimating a concentration matrix. The conditional
glasso estimator [8] is a popular method for estimating a sparse concentration ma-
trix, based on the idea of adding an !1-penalty function to the likelihood function of
the multivariate Gaussian distribution.

Despite the widespread literature on the conditional glasso estimator, there is a
great number of fields in applied research where modern measurement technologies
make the use of this graphical model theoretically unfounded, even when the as-
sumption of a multivariate Gaussian distribution is satisfied. A first example of this
is Reverse Transcription quantitative Polymerase Chain Reaction (RT-qPCR), a pop-
ular technology for gene expression profiling. This technique relies on fluorescence-
based detection of amplicon DNA and allows the kinetics of PCR amplification to
be monitored in real time, making it possible to quantify nucleic acids with ex-
traordinary ease and precision. The analysis of the raw RT-qPCR profiles is based
on the cycle-threshold, defined as the fractional cycle number in the log-linear re-
gion of PCR amplification in which the reaction reaches fixed amounts of amplicon
DNA. If a target is not expressed or the amplification step fails, the threshold is
not reached after the maximum number of cycles (limit of detection) and the cor-
responding cycle-threshold is undetermined. For this reason, the resulting data is
naturally right-censored data. In this paper we propose an extension of the condi-
tional glasso estimator that takes into account the censoring mechanism of the data
explicitly.

2 The conditional censored Gaussian graphical model

Let YYY = (Y1, . . . ,Yp)! be a p-dimensional random vector. Graphical models allow
to represent the set of conditional independencies among these random variables by
a graph G = {V ,E }, where V is the set of nodes associated to YYY and E ⊆ V ×V
is the set of ordered pairs, called edges, representing the conditional dependencies
among the p random variables [3]. The conditional Gaussian graphical model is
an extension of the classical Gaussian graphical model based on the assumption
that the conditional distribution of YYY given a q-dimensional vector of predictors,
say XXX = (X1, . . . ,Xq)!, follows a multivariate Gaussian distribution with expected
value:

µµµ(βββ ) = βββ!xxx,

where βββ = (βhk) is a matrix q× p coefficient matrix, and covariance matrix denoted
by Σ = (σhk). Denoting with Θ = (θhk) the concentration matrix, i.e., the inverse
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of the covariance matrix, the conditional density function of YYY can be written as
follows:

φ(yyy | xxx;βββ ,Θ) = (2π)−p/2|Θ |1/2 exp[−1/2{yyy−µµµ(βββ )}!Θ{yyy−µµµ(βββ )}]. (1)

As shown in [3], the off-diagonal elements of the concentration matrix are the para-
metric tools relating the pairwise Markov property to the factorization of the density
(1). Formally, two random variables, say Yh and Yk, are conditionally independent
given all the remaining variables if and only if θhk is equal to zero. This result pro-
vides a simple way to relate the topological structure of the graph G to the pairwise
Markov property, i.e., the undirected edge (h,k) is an element of the edge set E if
and only if θhk %= 0,

As done in [1], we assume that YYY is a (partially) latent random vector with den-
sity function (1). In order to include the censoring mechanism inside our frame-
work, let us denote by lll = (l1, . . . , lp)! and uuu = (u1, . . . ,up)!, with lh < uh for
h = 1, . . . , p, the vectors of known left and right censoring values. Thus, Yh is ob-
served only if it is inside the interval [lh,uh] otherwise it is censored from below
if Yh < lh or censored from above if Yh > uh. Under this setting, a rigorous defi-
nition of the joint distribution of the observed data can be obtained using the ap-
proach for missing data with nonignorable mechanism [4]. This requires the speci-
fication of the distribution of a p-dimensional random vector, denoted by R(YYY ; lll,uuu),
used to encode the censoring patterns. Formally, the hth element of R(YYY ; lll,uuu) is
defined as R(Yh; lh,uh) = I(Yh > uh)− I(Yh < lh), where I(·) denotes the indicator
function. By construction R(YYY ; lll,uuu) is a discrete random vector with support the
set {−1,0,1}p and probability function Pr{R(YYY ; lll,uuu) = rrr} =

∫
Drrr

φ(yyy | xxx;βββ ,Θ)dyyy,
where Drrr = {yyy ∈Rp : R(yyy; lll,uuu) = rrr}.

Given a censoring pattern, we can simplify our notation by partitioning the set
I = {1, . . . , p} into o = {h ∈ I : rh = 0},c− = {h ∈ I : rh = −1} and c+ =
{h ∈ I : rh = +1} and, in the following of this paper, we shall use the convention
that a vector indexed by a set of indices denotes the corresponding subvector. For
example, the subvector of observed elements in yyy is denoted by yyyo = (yh)h∈o and,
consequently, the observed data is the vector (yyy!o ,xxx!,rrr!)!. As done in [1], the
probability distribution of the observed data, denoted by ϕ({yyyo,rrr} | xxx;βββ ,Θ), can be
defined as follows:

ϕ({yyyo,rrr} | xxx;βββ ,Θ) =
∫

φ({yyyo,yyyc} | xxx;βββ ,Θ)Pr{R(YYY ; lll,uuu) = rrr | YYY = yyy}dyyyc, (2)

where c = c− ∪ c+.
Density (2) can be simplified by observing that Pr{R(YYY ; lll,uuu) = rrr | YYY = yyy} is

equal to one if the censoring pattern encoded in rrr is equal to the pattern observed in
yyy, otherwise it is equal to zero, i.e.,

Pr{R(YYY ; lll,uuu) = rrr | YYY = yyy}= I(yyyc− < lllc−)I(lllo ≤ yyyo ≤ uuuo)I(uuuc+ < yyyc+),
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where the inequalities in the previous expressions are intended elementwise. From
this, ϕ({yyyo,rrr} | xxx;βββ ,Θ) can be rewritten as

ϕ({yyyo,rrr} | xxx;βββ ,Θ) =
∫

Dc
φ({yyyo,yyyc} | xxx;βββ ,Θ)dyyycI(lllo ≤ yyyo ≤ uuuo), (3)

where Dc = (−∞, lllc−)× (uuuc+ ,+∞). Using density (3), the conditional censored
Gaussian graphical model is defined as the set {YYY ,R(YYY ; lll,uuu),ϕ({yyyo,rrr} | xxx;βββ ,Θ),G },
where ϕ({yyyo,rrr} | xxx;βββ ,Θ) factorizes according to the undirected graph G .

3 The conditional censored glasso estimator

Suppose we have a sample of size n independent observations drawn from a condi-
tional censored Gaussian graphical model. For ease of exposition, we shall assume
that lll and uuu are fixed across the n observations, but the extension to the cases where
the censoring vectors are specific to each observation is straightforward and does
not require a specific treatment. To simplify our notation the set of indices of the
variables observed in the ith observation is denoted by oi = {h ∈ I : rih = 0},
while c−i = {h ∈ I : rih = −1} and c+i = {h ∈ I : rih = +1} denote the sets of
indices associated to the left and right-censored data, respectively. Denoting by rrri
the realization of the random vector R(YYY i; lll,uuu), the ith observed data is the vector
(yyy!ioi

,xxx!i ,rrr
!
i )

!. Using the density function (3), the observed log-likelihood function
can be written as

!(βββ ,Θ) =
n

∑
i=1

log
∫

Dci

φ({yyyioi ,yyyici} | xxxi;βββ ,Θ)dyyyici =
n

∑
i=1

logϕ({yyyioi ,rrri} | xxxi;βββ ,Θ),

(4)
where Dci = (−∞, lllc−i

)× (uuuc+i
,+∞) and ci = c−i ∪c+i . Although inference about the

parameters of this model can be carried out via the maximum likelihood method,
the application of this inferential procedure to real datasets is limited for three main
reasons. Firstly, the number of measured variables is often larger than the sample
size and this implies the non-existence of the maximum likelihood estimator even
when the dataset is fully observed. Secondly, even when the sample size is large
enough, the maximum likelihood estimator will exhibit a very high variance [5, 7].
Thirdly, empirical evidence suggests that gene networks or more general biochemi-
cal networks are not fully connected [2]. In terms of conditional Gaussian graphical
models this evidence translates in the assumption that βββ and Θ have a sparse struc-
ture, i.e., only few regression coefficients and few θhk are different from zero.

All that considered, we propose to estimate the parameters of the conditional cen-
sored Gaussian graphical model by generalizing the approach proposed in [8], i.e.,
by maximizing a new objective function defined by adding two lasso-type penalty
functions to the observed log-likelihood (4). The resulting estimator, called condi-
tional censored glasso estimator, is formally defined as
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{β̂ββ
λ
,Θ̂ ρ}= arg max

βββ ,Θ)0

1
n

n

∑
i=1

logϕ({yyyioi ,rrri} | xxxi;βββ ,Θ)−λ ∑
h,k

|βhk|−ρ ∑
h %=k

|θhk|, (5)

where λ and ρ are two non-negative tuning parameters. The lasso penalty on βββ
introduces sparsity in β̂ββ

λ
, in other words by varying λ we can select the rele-

vant predictors for YYY . Like in the standard glasso estimator, the tuning parameter ρ
controls the amount of sparsity in the estimated concentration matrix Θ̂ ρ = (θ̂ ρ

hk)

and, consequently, in the corresponding estimated graph Ĝ ρ = {V , Ê ρ}, where
Ê ρ = {(h,k) : θ̂ ρ

hk %= 0}. When ρ is large enough, some θ̂ ρ
hk are shrunken to zero

resulting in the removal of the corresponding link in Ĝ ρ ; on the other hand, when
ρ is equal to zero and the sample size is large enough the estimator Θ̂ ρ coincides
with the maximum likelihood estimator of the concentration matrix, which implies
a fully connected estimated concentration graph.

4 Simulation study

In this section, we compare our proposed estimator with MissGlasso [6], which
performs !1-penalized estimation under the assumption that the censored data are
missing at random, and with the conditional glasso estimator [8], where the empiri-
cal covariance matrix is calculated by imputing the missing values with the censor-
ing values. These estimators are evaluated in terms of both recovering the structure
of the true graph and the mean squared error. We use the method implemented in
the R package huge [9], to simulate a sparse concentration matrix with a random
structure for YYY . In particular, we set the probability of observing a link between two
nodes to k/p, where p is the number of responses and k is used to control the amount
of sparsity in ΘΘΘ . Moreover, we set the right censoring value to 40 for any variable
and the sample size n to 100. The predictors matrix XXX is sampled from a multivariate
gaussian distribution with zero expected value and sparse covariance matrix simu-
lated as done for YYY . Each column the true matrix of predictors βββ contains only two
non-zero regression coefficients, the values are sampled from a uniform distribution
on the interval [0.3,0.7]. The values of the intercepts are chosen in such a way that H
response variables are right censored with probability equal to 0.40. The quantities
k, p, q and H are used to specify the different scenarios used to analyze the behavior
of the considered estimators. In particular, we consider the following cases:

• Scenario 1: k = 3, p = 50, q = 10 and H = 25. This setting is used to evaluate
the effects of the number of censored variables on the behavior of the proposed
estimators when n > p.

• Scenario 2: k = 3, p = 150, q = 10 and H = 75. This setting is used to evaluate
the impact of the high dimensionality on the estimators (p > n).

For each scenario, we simulate 50 samples and in each simulation, we compute
the coefficients path using cglasso, MissGlasso, and glasso. Each path is computed
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using an equally spaced sequence of ρ and λ -values. However, the two scenarios
differ also on the length of the two sequences, that is 20 for the Scenario 1 and
10 for the Scenario 2. Moreover, the precision-recall curves and the area under the
curves (AUCs) are computed for each Scenarios.

The curves report the relationship between precision and recall for any ρ and
λ -value, which are defined as:

Precision =
TP

TP+FP
, Recall =

TP
TP+FN

,

where TP, FP, and FN are quantities defined as the number correctly selected non-
null items, the number of wrong selected non-null items and the number of wrong
selected null item, respectively. Table 1 shows how cglasso gives a better esti-
mate of the concentration and coefficient matrices in terms of AUCs, for any given
value of the tuning parameters. We report only five evenly spaced values of λ
and ρ . Figures 1 and 2 show the averages of the quantities minρ MSE(Θ̂ΘΘ ρ) and
minλ MSE(β̂ββ λ ), which gives the minimum value of the mean squared error attained
along the path of solutions. These plots emphasize that cglasso has also a mean
squared error much smaller than the considered competitors.

Table 1 Mean area under the curves across the sequence of ρ and λ -values under the specification
of the two Scenarios. The first column block refers to the concentration matrix (ΘΘΘ ) when λ is fixed
and the second refers to the coefficient matrix (βββ ) when ρ is fixed.

λ/λmax ρ/ρmax

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Model 1 cglasso 0.546 0.429 0.139 0.103 0.101 0.844 0.877 0.883 0.882 0.885
MissGlasso 0.239 0.199 0.086 0.073 0.073 0.745 0.764 0.766 0.767 0.768
glasso 0.414 0.218 0.097 0.092 0.091 0.813 0.847 0.864 0.866 0.866

Model 2 cglasso 0.418 0.094 0.037 0.035 0.035 0.794 0.930 0.931 0.929 0.933
MissGlasso 0.329 0.098 0.033 0.031 0.030 0.753 0.830 0.831 0.830 0.831
glasso 0.321 0.040 0.033 0.032 0.031 0.751 0.902 0.906 0.907 0.907

5 Conclusions

In this paper, we have proposed an extension of the conditional glasso estimator to
multivariate censored data. A simulation study showed that the proposed estima-
tor overcomes the existing estimators both in terms of parameter estimation and of
network recovery.
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Fig. 1 Average of the minimum mean squared error attained along the path of solutions under
the specification of Scenario 1. Left panel refers to the precision matrix for each fixed value of the
tuning parameter λ ; right panel refers to the coefficient matrix for each fixed value of the tuning
parameter ρ . The square refers to the cglasso estimator, the circle to the glasso estimator and the
triangle to MissGlasso estimator.
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Fig. 2 Average of the minimum mean squared error attained, along the path of solutions under
the specification of Model 2.
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