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Abstract: This paper is devoted to the study of unbounded deriva-
tions on Banach quasi *-algebras with a particular emphasis to the case
when they are infinitesimal generators of one parameter automorphisms
groups. Both of them, derivations and automorphisms are considered
in a weak sense; i.e., with the use of a certain families of bounded
sesquilinear forms. Conditions for a weak *-derivation to be the gener-
ator of a *-automorphisms group are given.

1. Introduction

The aim of this paper is to investigate unbounded derivations on
Banach quasi *-algebras, focusing, in particular, on the case in which
derivations arise as infinitesimal generators of one parameter *-auto-
morphisms groups. In the case of Banach *-algebras, a derivation is
a linear map defined on a *-subalgebra for which the Leibnitz rule
holds. These objects have a strict relation with several branches of
Mathematics and Physics, especially with quantum theories. On one
hand they naturally appear in the representation theory of Lie algebras
and, on the other hand, commutators (the prototypes of derivations)
and related commutation relations constitute the cornerstone of the
mathematical description of quantum theories.

Derivations on C*-algebras, Banach *-algebras or even more general
structures as partial *-algebras have been extensevely studied in or-
der to answer questions about closability, spatiality or time-evolution
systems stemming out by derivations through one parameter automorp-
hisms groups, often under different points of view (see [3, 4, 5, 6, 10,
11, 19, 22, 26, 27, 28]).

A Banach quasi *-algebra (A,A0) arises in natural way as the com-
pletion, A, of a given *-algebra A0 under a norm topology, in the case
when the multiplication is not jointly continuous and, for this reason,
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it has the peculiarity that the product is defined only for selected cou-
ples of elements: it is in other words, a partial *-algebra (see [1, 2, 9]).
The possible lack of an everywhere defined multiplication reveal new
features and requires a convenient adaptation of very familiar concepts.
In the case of derivations a weaker concept is needed, which is intro-
duced by making use of certain families of bounded positive invariant
sesquilinear forms.

In this paper, we examine some properties of weak *-derivations on
Banach quasi *-algebras, in particular those that characterize them
as generators of one parameter groups of weak *-automorphisms. We
apply our results in order to study examples of derivations not treatable
in the classical algebraic background.

In details, in Section 2 we remind some definitions, properties and
preliminary results useful in what follows. Passing to Section 3, densely
defined derivations on a *-semisimple Banach quasi *-algebra (A,A0)
are investigated, starting from inner qu*-derivations, i.e. those that
can be written, for a fixed h ∈ A, as δh(x) = i[h, x] with x ∈ A0. In
this case, it is shown that every inner qu*-derivation is closable, not
depending on the nature of the element h. Most likely, the closure is
not again a derivation in the usual sense for the failure of the Leibnitz
rule. Therefore, we employ sesquilinear forms to find a good candidate
for a weak Leibnitz rule. What we achieve is indeed more general and
it is examined in details.

In Section 4 we introduce weak *-automorphisms of a Banach quasi *-
algebra and derive some properties of the generator of a one parameter
group of weak *-automorphisms.

In Section 5 we investigate the possibility of extending to the case
of *-semisimple Banach quasi *-algebras the well known result of Brat-
teli and Robinson theorem for C*-algebras [11] about conditions on a
*-derivation for being the infinitesimal generator of a one-parameter
group of the type described above.

Finally, in Section 6, we apply our results to compute the one pa-
rameter group generated by a inner qu*-derivation and give a physical
example (see [7, 8]) that motivates our choice to examine derivations in
a more general context when the implementing element is unbounded.

2. Preliminaries and basic results

In this section we give some definitions and preliminary results need-
ed along the paper. For more details, see [2].

2.1. Basic definitions. A partial *-algebra is a complex vector space
A with an involution x 7→ x∗ and a subset Γ of A× A such that:
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(i) (x, y) ∈ Γ if, and only if, (y∗, x∗) ∈ Γ;
(ii) if (x, y) ∈ Γ and (x, z) ∈ Γ, then (x, λy + µz) ∈ Γ for all

λ, µ ∈ C;
(iii) for every (x, y) ∈ Γ there exists an element x · y ∈ A with the

following properties:
(1) x · (y + λz) = x · y + λ(x · z) and
(2) (x · y)∗ = y∗ · x∗

for every (x, y), (x, z) ∈ Γ and λ ∈ C.

A subclass of partial *-algebras is given by quasi *-algebras. A quasi
*–algebra (A,A0) is a pair consisting of a vector space A and a *–algebra
A0 contained in A as a subspace and such that

(i) A carries an involution a 7→ a∗ extending the involution of A0;
(ii) A is a bimodule over A0 and the module multiplications extend

the multiplication of A0. In particular, the following associative
laws hold:

(xa)y = x(ay); a(xy) = (ax)y, ∀ a ∈ A, x, y ∈ A0;

(iii) (ax)∗ = x∗a∗, for every a ∈ A and x ∈ A0.

A quasi *-algebra (A,A0) is unital if there is an element 1 ∈ A0, such
that a1 = a = 1a, for all a ∈ A; 1 is unique and called the unit of
(A,A0).

Definition 2.1. Let (A,A0) be a quasi *-algebra and δ a linear map
of A0 into A. We say that δ is a qu*-derivation of (A,A0) if

(i) δ(x∗) = δ(x)∗, ∀x ∈ A0

(ii) δ(xy) = δ(x)y + xδ(y), ∀x, y ∈ A0

Example 2.2. The easiest example of a qu*-derivation on a quasi *-
algebra is provided by the commutator; i.e., if h = h∗ ∈ A we put

δ(x) = i[h, x] := i(hx− xh).

Motivated by this example we give the following

Definition 2.3. Let (A,A0) be a quasi *-algebra and δ a qu*-derivation
of (A,A0). We say that δ is inner if there exists h = h∗ ∈ A such that

δ(x) = i[h, x].

The framework of our whole discussion will be Banach quasi *-
algebras (with particular attention to the *-semisimple case). We re-
mind the definition.

Definition 2.4. A quasi *-algebra (A,A0) is called a normed quasi
*-algebra if a norm ‖ · ‖ is defined on A with the properties
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(i) ‖a∗‖ = ‖a‖, ∀a ∈ A;
(ii) A0 is dense in A;
(iii) for every x ∈ A0, the map Rx : a ∈ A → ax ∈ A is continuous

in A.

If (A, ‖ · ‖) is a Banach space, we say that (A,A0) is a Banach quasi
*-algebra. The norm topology of A will be denoted by τn.

The continuity of the involution implies that

(iii’) for every x ∈ A0, the map Lx : a ∈ A → xa ∈ A is continuous
in A.

If x ∈ A0, we put

‖x‖0 := max

{
sup
‖a‖≤1

‖ax‖, sup
‖a‖≤1

‖xa‖

}
.

Then,

‖ax‖ ≤ ‖a‖‖x‖0, ∀a ∈ A, x ∈ A0;

‖x∗‖0 = ‖x‖0, ∀x ∈ A0.

Let (A,A0) be a Banach quasi *-algebra. If A0[‖ · ‖0] is a C*-algebra,
then (A,A0) is called proper CQ*-algebra.

If E,F are Banach spaces, D(E) is a dense subspace of E and S :
D(E) ⊂ E → F is a linear operator, then we define the following
important subsets of the complex field

• the resolvent ρ(S) := {λ ∈ C : ∃(λI −S)−1 and it is bounded};
• the spectrum σ(S) := C \ ρ(S).

2.2. *-Semisimple Banach quasi *-algebras.

Definition 2.5. Let (A,A0) be a Banach quasi *-algebra and denote
as SA0(A) the set of all sesquilinear forms ϕ on A× A that satisfy the
following conditions

(i) ϕ(a, a) ≥ 0 for every a ∈ A
(ii) ϕ(ax, y) = ϕ(x, a∗y) for every a ∈ A and x, y ∈ A0

(iii) |ϕ(a, b)| ≤ ‖a‖‖b‖, for every a, b,∈ A.

The Banach quasi *-algebra (A,A0) is called *-semisimple if

R∗ = {a : ϕ(a, a) = 0, ∀ϕ ∈ SA0(A)} = {0}.

According to the following Lemma, R∗ can be characterized into
different ways

Lemma 2.6. [9, Lemma 4.1] Let (A,A0) be a Banach quasi *-algebra
and let us consider the following sets
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• R∗ = {a ∈ A : ϕ(a, a) = 0, ∀ϕ ∈ SA0(A)}
• R1 = {a ∈ A : ϕ(ax, y) = 0, ∀x, y ∈ A0,∀ϕ ∈ SA0(A)}
• R2 = {a ∈ A : ϕ(ax, ay) = 0, ∀x, y ∈ A0,∀ϕ ∈ SA0(A)}.

Then R∗ = R1 = R2.

By means of the sesquilinear forms ϕ ∈ SA0(A) we can define a new
multiplication in A between couples of elements none of them belonging
necessarily to A0.

Definition 2.7. [15] Let (A,A0) be a *-semisimple Banach quasi *-
algebra. Let a, b ∈ A. We say that the weak multiplication a�b is
well-defined if there exists a (necessarily unique) c ∈ A such that:

ϕ(bx, a∗y) = ϕ(cx, y), ∀x, y ∈ A0, ∀ϕ ∈ SA0(A).

In this case, we put a�b := c.

The weak-multiplication extends the multiplication of A; i.e., if a ∈
A0 or b ∈ A0, then a�b = ab.

The following result is immediate.

Proposition 2.8. Let (A,A0) be a *-semisimple Banach quasi *-algebra.
Then A endowed with the weak multiplication � is a partial *-algebra.

Let a ∈ A. We will denote by Rw(a) (resp. Lw(a)) the space of right
(resp. left) weak multipliers of a; i.e., the space of all b ∈ A such that
a�b (resp. b�a) is well-defined. In particular, Rw(A) (resp. Lw(A))
indicates the space of universal right (resp. left) weak multipliers of A;
i.e. Rw(A) = {b ∈ A : b ∈ Rw(a),∀a ∈ A} (resp. Lw(A) = {b ∈ A : b ∈
Lw(a), ∀a ∈ A}). Clearly, A0 ⊆ Lw(A) ∩Rw(A).

Several results are known about the weak multiplication we defined
above (see [15]). As we shall see below the weak multiplication can
be characterized through some closedness properties with respect to
appropriate topologies defined by means of the sesquilinear forms ϕ ∈
SA0(A).

Definition 2.9. Let (A,A0) be a *-semisimple Banach quasi *-algebra.
The sesquilinear forms ϕ of SA0(A) define the topologies generated by
the following families of seminorms:

τw: a 7→ |ϕ(ax, y)|, ϕ ∈ SA0(A), x, y ∈ A0;
τs: a 7→ ϕ(a, a)1/2, ϕ ∈ SA0(A);
τs∗ : a 7→ max{ϕ(a, a)1/2, ϕ(a∗, a∗)1/2}, ϕ ∈ SA0(A).

Remark 2.10. From the continuity of ϕ ∈ SA0(A) it follows that all the
topologies τw, τs, (and also τs∗ , if the involution is τs∗-continuous) are
coarser than the initial norm topology of A.
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It is easy to show that

Proposition 2.11. Let a, b ∈ A. The following statements are equiv-
alent.

(i) The weak product a�b is well defined.
(ii) There exists a sequence {yn} in A0 such that ‖yn − b‖ → 0 and

ayn
τw−→ c ∈ A.

(iii) There exists a sequence {xn} in A0 such that ‖xn− a‖ → 0 and

xnb
τw−→ c ∈ A.

Remark 2.12. In Proposition 2.11, if a, b ∈ A are such that a�b is well-
defined, then every sequence {yn} in A0 that approximates b verifies
condition (ii). Likewise, the same holds for a sequence {xn} is A0 such
that ‖xn − a‖ → 0.

Let (A,A0) be a Banach quasi *-algebra. To every a ∈ A there
correspond the linear maps La and Ra defined as

(2.1) La : A0 → A Lax = ax ∀x ∈ A0

(2.2) Ra : A0 → A Rax = xa ∀x ∈ A0

If (A,A0) is a *-semisimple Banach quasi *-algebra, then the weak
multiplication � allows us to extend La, (resp., Ra) to Rw(a) (resp.,

Lw(a)). Let us denote by L̂a, (resp. R̂a) these extensions. Then

L̂ab = a�b, for every b ∈ Rw(a) and R̂ac = c�a, for every c ∈ Lw(a).

Proposition 2.13. Let (A,A0) be a *-semisimple Banach quasi *-

algebra. Then, for every a ∈ A, L̂a, R̂a are closed linear maps in A[τn].

Remark 2.14. Proposition 2.13 implies, obviously, that La, Ra are clos-
able and La ⊆ L̂a, Ra ⊆ R̂a

Definition 2.15. Let (A,A0) be a Banach quasi *-algebra. An element
a ∈ A is called bounded if the operators La and Ra defined in (2.1) and
(2.2) are ‖ · ‖−continuous, thus extendible to the whole space A. The
set of bounded elements is denoted by A

b
.

For a bounded element a ∈ A, the weak products a�b and b�a are
always well-defined for every b ∈ A, as the following Lemma shows.
Moreover, a�b = La(b) and b�a = Ra(b).

Lemma 2.16. If (A,A0) is a *-semisimple Banach quasi *-algebra
with unit 1, the set A

b
of bounded elements is a *-semisimple Banach

*-algebra. Moreover, A
b

coincides with the set Rw(A) ∩ Lw(A).
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Proof. The first statement and the inclusion A
b
⊂ Rw(A)∩Lw(A) were

shown in [2]. Let a ∈ Rw(A) ∩ Lw(A) then Rw(a) = Lw(a) = A. Thus

L̂a (resp., R̂a) is closed and everywhere defined. Hence both La and
Ra are bounded. �

If (A,A0) is a *-semisimple Banach quasi *-algebra with unit 1 and
a ∈ A, we define

• the resolvent ρ(a) = {λ ∈ C : ∃(λ1 − a)−1 ∈ A
b
} = ρ(La) ∩

ρ(Ra)
• the spectrum σ(a) = C \ ρ(a)

As shown in [25], σ(a) is a bounded subset of C if, and only if, a ∈ A
b
.

3. Extensions of qu*-derivations

Let (A,A0) be a Banach quasi *-algebra. By the very definitions, A
is a Banach module over A0. Therefore, if A0[‖ · ‖0] is a C*-algebra, or,
in other words if (A,A0) is a proper CQ*-algebra, introduced in Section
2, then by Ringrose’s theorem [21], every *-derivation δ : A0 → A is
continuous from A0[‖ · ‖0] into A[‖ · ‖]. Although, we may also regard
A0 as a ‖ · ‖−dense subspace of A. Hence it is natural to pose the
question as to whether δ can be extended beyond A0.

If δ is closable as a linear map from A0[‖ · ‖] into A[‖ · ‖], then as
usual we can define its closure δ on the subspace

D(δ) = {a ∈ A : ∃{xn} ⊂ A0, w ∈ A s.t. ‖a− xn‖ → 0 and

‖δ(xn)− w‖ → 0}.
by

δ(a) := w = lim
n→∞

δ(xn).

In general, δ is not a *-derivation, since (D(δ),A0) is not necessarily
a quasi *-algebra and the Leibniz rule may fail (see Example 3.5).

The simplest case we could investigate is that of an inner qu*-
derivation: not surprisingly, δh is continuous whenever the element
h ∈ A that generates the qu*-derivation is bounded in the sense of
Definition 2.15.

Proposition 3.1. Let (A,A0) be a *-semisimple Banach quasi *-algebra.
Let h ∈ A be a fixed element in A such that h = h∗ and δh the qu*-
derivation defined as δh(x) := i[h, x] for x ∈ A0. Then δh is closable.

Proof. Let {xn} ⊂ A0 be a sequence that vanishes as n → ∞ and
such that δh(xn) is ‖ · ‖−Cauchy, i.e. there exists w ∈ A such that
‖δh(xn)− w‖ → 0 as n→ +∞. We want to show that w = 0.
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On one hand, for every ϕ ∈ SA0(A) and for every u, v ∈ A0,

ϕ(δh(xn)u, v) = iϕ(hxnu, v)− iϕ(xnhu, v)

= iϕ(xnu, hv)− iϕ(hu, x∗nv)→ 0.

On the other hand, by the hypotheses ϕ(δh(xn)u, v) → ϕ(wu, v), for
every ϕ ∈ SA0(A) and for every u, v ∈ A0. We conclude by Lemma 2.6
and the arbitrary choice of ϕ ∈ SA0(A). �

Let us now assume that δ is a closable qu*-derivation. We consider
the question as to whether its closure δ is a *-derivation in some weaker
sense; i.e.; if a sort of Leibniz rule still hold.

Proposition 3.2. Let (A,A0) be a *-semisimple Banach quasi *-algebra
with A[τw] sequentially complete. Let δ be a closable qu*-derivation of
(A,A0) with closure δ. Then, if a, b ∈ D(δ) and a�b is well-defined,
there exists an element δw(a�b) ∈ A such that

ϕ(δw(a�b)u, v) = ϕ(bu, δ(a)∗v)+ϕ(δ(b)u, a∗v) ∀u, v ∈ A0, ϕ ∈ SA0(A).

Proof. Suppose that δ is a closable qu*-derivation and let δ be its clo-
sure. Let a, b ∈ D(δ), then there exist sequences {xn}, {yn} of elements
in A0 such that ‖xn − a‖ → 0, ‖yn − b‖ → 0 and ‖δ(xn)− δ(a)‖ → 0,
‖δ(yn)− δ(b)‖ → 0.

The sequence {xnyn} ⊂ A0 is τw−convergent to a�b and {δ(xnyn)}
is τw−Cauchy. By the sequential completeness of A[τw], there exists

c ∈ A such that δ(xnyn)
τw−→ c. Computing the τw−limit

ϕ(δ(xnyn)u, v) = ϕ(δ(xn)ynu, v) + ϕ(xnδ(yn)u, v)

= ϕ(ynu, δ(xn)∗v) + ϕ(δ(yn)u, x∗nv)

→ ϕ(bu, δ(a)∗v) + ϕ(δ(b)u, a∗v),

for every u, v ∈ A0, for all ϕ ∈ SA0(A), we obtain

δw(a�b) := c = τw − lim
n→∞

δ(xnyn)

and therefore

ϕ(δw(a�b)u, v) = ϕ(bu, δ(a)∗v)+ϕ(δ(b)u, a∗v) ∀ϕ ∈ SA0(A), u, v ∈ A0.

�

Example 3.3. Consider the Banach quasi *-algebra (Lp(R), C∞c (R)). For
p ≥ 2 (Lp(R), C∞c (R)) is a *-semisimple Banach quasi *-algebra. Define
on C∞c (R) the derivation δ(f) = f ′ for every f ∈ C∞c (R), where f ′ is the
classical derivative of f . Then δ is closable and its closure is the weak
derivative in W 1,p(R). This is a favourable situation because W 1,p(R)
is a *-algebra and the Leibniz rule works for the weak derivative.
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Example 3.4. Working again with the derivative operator, we can con-
struct an example where the domain of the closure of a qu*-derivation
is a genuine quasi *-algebra. Let

D(S) := {f ∈ L2([0, 1]) :f absolutely continuous,

f ′ ∈ L2([0, 1]), f(0) = f(1)}

and define Sf = f ′. D(S) is a *-algebra with the usual operations and
conjugation of functions and S∗ = −S. D(S) is also a Hilbert space
with the graph norm ‖f‖S = (‖f‖2 + ‖Sf‖2)1/2. Let us denote it by
HS. IfH×S denotes its conjugate dual, which is a Hilbert space endowed
with the usual dual norm, then S maps HS into H×S continuously. In
particular, S : HS → L2([0, 1]) continuously, then it has a continuous

extension Ŝ : L2([0, 1]) → H×S defined by 〈Ŝf |g〉 = −〈f |Sg〉 for f ∈
L2([0, 1]) and g ∈ HS.

We may also regard Ŝ as a densely defined operator in H×S . Then S

is closable since its hilbertian adjoint in H×S , denoted by Ŝ×, is densely

defined; in fact Ŝ× ⊃ −S. It is clear that S is a qu*-derivation of the
Banach quasi *-algebra (H×S ,HS). Moreover, the inclusions S ⊂ Ŝ and

S ⊂ Ŝ× imply that D(S××) = D(Ŝ××) ⊃ L2([0, 1]). But Ŝ = −S×, by

definition. Hence D(S××) = D(S) = D(Ŝ) = L2([0, 1]), S denotes here
the closure of S in H×S . It is easily seen that (L2([0, 1]),HS) is a quasi
*-algebra and that the Leibniz rule works in this case.

It is interesting to compute explicitly the action of Ŝ on some ele-
ments of D(S). For instance, if f ∈ C1([0, 1]) we can compute explicitly

Ŝf . We have in fact, for every g ∈ D(S)

〈Ŝf |g〉 = −〈f |Sg〉 = −
∫ 1

0

f(x)g′(x)dx

= −(f(1)− f(0))g(0) +

∫ 1

0

f ′(x)g(x)dx

= 〈f ′ − (f(1)− f(0))δ0|g〉,

where δ0 denotes here the Dirac delta functional centered at 0.

Example 3.5. Let (H,A0) be a Hilbert quasi *-algebra; that is, H is the
Hilbert space completion of a Hilbert algebra A0 with inner product
〈·|·〉 (see, for instance, [1]). Let δ : A0 → H be a qu*-derivation. Then
δ can be regarded as a densely defined linear operator in H. To avoid
possible confusion, if T : A0 → H, we denote by T ? its adjoint. The
qu*-derivation δ is closable if, and only if, it admits a densely defined
adjoint δ?. Let D(δ?) denote the domain of δ?. It is easy to check that
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ξ ∈ D(δ?) if, and only if, ξ∗ ∈ D(δ?). Let us assume that A0 ⊂ D(δ?).
Then, for every x, y, z ∈ A0, the following equality holds

〈δ(x)|yz〉 = 〈x|δ?(y)z〉 − 〈x|yδ(z)〉.

Hence δ?(yz) = δ?(y)z − yδ(z) for every y, z ∈ A0. Thus δ? is not, in
general, a qu*-derivation. A necessary and sufficient condition for this
to be true is that δ?(x) = −δ(x), for every x ∈ A0. This is exactly
what happens when δ = δh, where h = h∗ ∈ A and δh(x) = i[h, x] =
i(hx−xh), x ∈ A0. An easy computation shows, in fact, that δh ⊂ −δ?h.

Let ξ ∈ D(δ?) and y ∈ A0. then, for every x ∈ A0 we get

〈δ(x)|ξy〉 = 〈x|δ?(ξ)y〉 − 〈xδ(y∗)|ξ〉 = 〈x|δ?(ξ)y〉 − 〈Rδ(y∗)x|ξ〉.

From these equalities we deduce that (D(δ?),A0) is a quasi *-algebra
if, and only if,

(3.1) D(δ?) ⊂
⋂
y∈A0

D(R?
δ(y∗)).

The closure δ clearly coincides with δ??. Let ξ ∈ D(δ); then there
exists a sequence{zn} ⊂ A0, such that zn → ξ and δ(zn)→ δ(ξ). Then,
if η ∈ D(δ?) and y ∈ A0,

〈δ?(η)|ξy〉 = lim
n→∞
〈δ?(η)|zny〉 = lim

n→∞
〈η|δ(zny)〉

= lim
n→∞
〈η|δ(zn)y + znδ(y)〉 = 〈η|δ(ξ)y〉+ lim

n→∞
〈η|znδ(y)〉.

From these equalities it follows that ξy ∈ D(δ??) = D(δ) if, and only
if, ξ ∈ D(Rδ(y)). Therefore (D(δ),A0) is a quasi *-algebra if, and only
if,

(3.2) D(δ) ⊂
⋂
y∈A0

D(Rδ(y)).

4. Weak derivations on *-semisimple Banach quasi
*-algebras

Derivations, in many occurrences, stem out as generators of auto-
morphisms groups. In this section we will start our analysis taking
first of all, this point of view. The discussion in the previous section
makes clear that the existence of sufficiently many sesquilinear forms
ϕ to work with is crucial when dealing with this problem. For this rea-
son, from now on we will focus our attention to the case of *-semisimple
Banach quasi *-algebras.
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4.1. Infinitesimal generators of weak *-automorphism groups.
As it is known, in the case of C*-algebras *-derivations arise as infin-
itesimal generators of *-automorphisms groups. Let us examine this
aspect.

Definition 4.1. Let (A,A0) be a *-semisimple Banach quasi *-algebra
and θ : A → A a linear bijection. We say that θ is a weak *-
automorphism of (A,A0) if

(i) θ(a∗) = θ(a)∗, for every a ∈ A;
(ii) θ(a)�θ(b) is well defined if, and only if, a�b is well defined and,

in this case,

θ(a�b) = θ(a)�θ(b).

By the previous definition, if θ is a weak *-automorphism, then θ−1

is a weak *-automorphism too.

Lemma 4.2. If θ is a weak *-automorphism of a *-semisimple Banach
quasi *-algebra (A,A0), then θ(A

b
) = A

b
.

Proof. Let a ∈ A
b
, then a�b is well defined for every b ∈ A. Hence,

θ(a) ∈ Rw(θ(A)) = Rw(A). Similarly, θ(a) ∈ Lw(A). Thus θ(a) ∈ A
b
,

by Lemma 2.16. Applying this result to θ−1 one gets the converse
inclusion. �

Definition 4.3. Let (A,A0) be a *-semisimple Banach quasi *-algebra.
Suppose that for every fixed t ∈ R, βt is a weak *-automorphism of A.
If

(i) β0(a) = a, ∀a ∈ A
(ii) βt+s(a) = βt(βs(a)), ∀a ∈ A

then we say that βt is a one-parameter group of weak *-automorphisms
of (A,A0). If τ is a topology on A and the map t 7→ βt(a) is τ -
continuous, for every a ∈ A, we say that βt is a τ -continuous weak
*-automorphism group.

The definition of the infinitesimal generator of βt is now quite natu-
ral. If βt is τ -continuous, we set

D(δτ ) =

{
a ∈ A : lim

t→0

βt(a)− a
t

exists in A[τ ]

}
and

δτ (a) = τ − lim
t→0

βt(a)− a
t

, a ∈ D(δτ ).

If the involution a 7→ a∗ is τ -continuous, then a ∈ D(δτ ) implies
a∗ ∈ D(δτ ) and δ(a∗) = δ(a)∗. Clearly, D(δτn) ⊆ D(δτs∗ ) ⊆ D(δτw).
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Of course, one would expect, in analogy with the C*-situation, that
D(δτ ) is a partial *-algebra and that δ is a *-derivation in a sense to be
specified; in other words, we should decide which form of Leibniz rule
must be taken to define conveniently derivations on a partial *-algebra.
The following proposition suggests an answer to that question.

Proposition 4.4. Let (A,A0) be a *-semisimple Banach quasi *-algebra
and βt a τs∗-continuous weak *-automorphism group of (A,A0). Then
the following statements hold.

(i) δτs∗ (a
∗) = δτs∗ (a)∗ for all a ∈ D(δτs∗ );

(ii) If a, b ∈ D(δτs∗ ) and a�b is well defined, then a�b ∈ D(δτw) and

ϕ(δτw(a�b)x, y) = ϕ(bx, δτs∗ (a)∗y) + ϕ(δτs∗ (b)x, a
∗y),

∀a, b ∈ D(δτs∗ ), a ∈ Lw(b);x, y ∈ A0.

(iii) If D(δτw) = D(δτn) then D(δτn) is a partial *-algebra with respect
to the weak multiplication.

Proof. We prove only (ii). Let a, b ∈ D(δτs∗ ), with a ∈ Lw(b). If
x, y ∈ A0, then

lim
t→0

ϕ

(
βt(a�b)− a�b

t
x, y

)
= lim
t→0

ϕ

(
βt(a)�βt(b)− a�b

t
x, y

)
= lim
t→0

1

t
[ϕ((βt(a)�βt(b))x, y)− ϕ(βt(b)x, a

∗y)]

+ lim
t→0

1

t
[ϕ(βt(b)x, a

∗y)− ϕ(bx, a∗y)]

Now, for the first term on the right hand side, we have∣∣∣∣1t [ϕ((βt(a)�βt(b))x, y)− ϕ(βt(b)x, a
∗y)]− ϕ(bx, δτs∗ (a)∗y)

∣∣∣∣
≤
∣∣∣∣ϕ(βt(b)x, βt(a)∗ − a∗

t
y

)
− ϕ(βt(b)x, δτs∗ (a)∗y)

∣∣∣∣
+ |ϕ(βt(b)x, δτs∗ (a)∗y)− ϕ(bx, δτs∗ (a)∗y)|

≤ ϕ(βt(b)x, βt(b)x)1/2ϕ

(
βt(a)∗ − a∗

t
y − δτs∗ (a)∗y,

βt(a)∗ − a∗

t
y − δτs∗ (a)∗y

)1/2

+ ϕ((βt(b)− b)x, βt(b)− b)x)1/2ϕ(δτs∗ (a)∗y, δτs∗ (a)∗y)1/2 → 0.

because of the τs∗ -continuity of βt and of the involution. As for the second term
we have, taking into account that b ∈ D(δτs∗ ),

lim
t→0

1

t
(ϕ(βt(b)x, a

∗y)− ϕ(bx, a∗y)) = ϕ(δτs∗ (b)x, a∗y).

This proves at once that if a, b ∈ D(δτs∗ ) and a�b is well-defined, then a�b ∈
D(δτw) and

ϕ(δτw(a�b)x, y) = ϕ(bx, δτs∗ (a)∗y) + ϕ(δτs∗ (b)x, a∗y), ∀x, y ∈ A0.

�
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Proposition 4.4 suggests the following definition inspired by the one
given in [3, Definition 3.2] for partial *-algebras of unbounded opera-
tors.

Definition 4.5. Let (A,A0) be a *-semisimple Banach quasi *-algebra
and δ a linear map of D(δ) into A, where D(δ) is a partial *-algebra
with respect to the weak multiplication �. We say that δ is a weak
*-derivation of (A,A0) if

(i) A0 ⊂ D(δ)
(ii) δ(x∗) = δ(x)∗, ∀x ∈ A0

(iii) if a, b ∈ D(δ) and a�b is well defined, then a�b ∈ D(δ) and

ϕ(δ(a�b)x, y) = ϕ(bx, δ(a)∗y) + ϕ(δ(b)x, a∗y),

for all ϕ ∈ SA0(A), for every x, y ∈ A0.

Clearly, every qu*-derivation is a weak *-derivation with the assump-
tion D(δ) = A0.

Example 4.6. The space Lp(R), p ≥ 1, can be coupled with several
*-algebras of functions (for instance, C∞c (R), Co(R)∩Lp(R), W 1,2(R))
to obtain a Banach quasi *-algebra. For p ≥ 2, (Lp(R), C∞c (R)) is a
*-semisimple Banach quasi *-algebra: the corresponding set SA0(A) is

given by the form ϕw defined for w ∈ L
p

p−2 (R) (for p = 2, p
p−2 = ∞),

w ≥ 0,

ϕw(f, g) =

∫
R
f(x)g(x)w(x)dx.

The weak multiplication f�g is well defined if, and only if, fg ∈ Lp(R).
Let us define for v ∈ R, βt(f) = ft where ft(x) = f(x+ t), f ∈ Lp(R).
Then βt is a weak *-automorphisms group. Its infinitesimal generator
is, formally, the derivative operator with domain W 1,p(R). If we change
the *-algebra taking for instance Co(R)∩Lp(R) we see that the domain
of δ does not contain A0, in general.

5. Integrating weak *-derivations

As it is known from Bratteli-Robinson theorem [10, 11, 12]) the fact
that a *-derivation δ is closed is a necessary (albeit insufficient) con-
dition for δ to be the generator of a norm continuous one-parameter
group β of *-automorphisms of a C*-algebra or, in other words, for δ to
be integrable. In this section we will prove analogous results in the case
of *-semisimple Banach quasi *-algebras. The investigation performed
in the previous sections on the closability of qu or weak *-derivations
was, in a sense, preliminary for this scope.



14 MARIA STELLA ADAMO AND CAMILLO TRAPANI

Theorem 5.1. Let δ : D(δ) → A[‖ · ‖] be a weak *-derivation on a
*-semisimple Banach quasi *-algebra (A,A0). Suppose that δ is the
infinitesimal generator of a uniformly bounded, τn-continuous group of
weak *-automorphisms of (A,A0). Then δ is closed; its resolvent set
ρ(δ) contains R \ {0} and

(5.1) ‖δ(a)− λa‖ ≥ |λ| ‖a‖, a ∈ D(δ), λ ∈ R.

Before proving Theorem 5.1, we first remind some properties on one-
parameter groups {βt}t∈R that can be proved as in [20].

Lemma 5.2. Let (A,A0) be a *-semisimple Banach quasi *-algebra
and let {βt}t∈R be a uniformly bounded, τn−continuous group of weak *-
automorphisms of (A,A0), as in Theorem 5.1. Let δ be the infinitesimal
generator of {βt}t∈R. Then

(1) for a ∈ A

‖ · ‖ − lim
h→0

1

h

∫ t+h

t

βs(a)ds = βt(a);

(2) for a ∈ A,
∫ t
0
βs(a)ds ∈ D(δ) and

δ

(∫ t

0

βs(a)ds

)
= βt(a)− a;

(3) for a ∈ D(δ), βt(a) ∈ D(δ) and

d

dt
βt(a) = δ(βt(a)) = βt(δ(a));

(4) for a ∈ D(δ)

βt(a)− βs(a) =

∫ t

s

βr(δ(a))dr =

∫ t

s

δ(βr(a))dr.

Proof of Theorem 5.1. By (1) and (2) of Lemma 5.2, if a ∈ A, we define

at := 1
t

∫ t
0
βs(a)ds, then at ∈ D(δ) for t ∈ R and at → a as t → 0. We

conclude D(δ) = A.
In order to prove that δ is closed, let {an} in D(δ) such that an → a

and δ(an)→ w as n→∞. By (4) of Lemma 5.2,

βt(an)− an =

∫ t

0

βs(δ(an))ds.

Considering the limit on both sides of the equality and using again (4)
of Lemma 5.2, we obtain

βt(a)− a =

∫ t

0

βs(w)ds.
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Dividing by t 6= 0 and taking the limit as t→ 0, we conclude by (1) of
Lemma 5.2 that a ∈ D(δ) and δ(a) = w, i.e. δ is closed.

If λ = 0, the inequality is obvious. Now we consider λ > 0 and define
the operator

Rλ(a) :=

∫ ∞
0

e−λtβt(a)dt.

The continuity of t 7→ βt(a) for every a ∈ A and the uniform bounded-
ness of βt in t guarantee that the above operator is well-defined and

‖Rλ(a)‖ ≤ 1

λ
‖a‖.

Moreover, (λI−δ)(Rλ(a)) = a, for every a ∈ A and Rλ((λI−δ)(a)) =
a, for every a ∈ D(δ). Indeed, the right hand side of the following

βh − I
h

(Rλ(a)) =
1

h

∫ ∞
0

e−λt [βt+h(a)− βt(a)] dt

=
eλh − I
h

∫ ∞
0

e−λtβt(a)dt− eλh

h

∫ h

0

e−λtβt(a)dt

tells us that Rλ(a) ∈ D(δ) and it converges to λRλ(a) − a for every
a ∈ A and λ > 0. Thus, (λI − δ)Rλ = I.

By the closedness of δ and again by Lemma 5.2, we obtain also the
other equality. Indeed,

Rλ(δ(a)) =

∫ ∞
0

e−λtβt(δ(a))dt =

∫ ∞
0

e−λtδ(βt(a))dt

= lim
y→∞

∫ y

0

e−λtδ(βt(a))dt = lim
y→∞

δ

(∫ y

0

e−λtβt(a)dt

)
= δ

(∫ ∞
0

e−λtβt(a)dt

)
= δ(Rλ(a)).

Hence, Rλ is the inverse of λI − δ and the conditions on the spectrum
are verified.

The case when λ < 0 can be handled in very similar way, by defining
the operator Rλ(a) as

Rλ(a) :=

∫ ∞
0

eλtβ−t(a)dt.

�

In order to prove that a closed weak *-derivation is the infinites-
imal generator of uniformly bounded, τn−continuous group of weak
*-automorphisms further assumptions on δ are needed.
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Theorem 5.3. Let δ : D(δ) ⊂ A
b
→ A[‖ · ‖] be a closed weak *-

derivation on a *-semisimple Banach quasi *-algebra (A,A0). Suppose
that δ verifies the same conditions on its spectrum of Theorem 5.1
and A0 is a core for every multiplication operator L̂a for a ∈ A, i.e.
L̂a = La. Then δ is the infinitesimal generator of a uniformly bounded,
τn-continuous group of weak *-automorphisms of (A,A0).

Proof. We want to show that the norm limit

βt(a) := lim
n→∞

(
I − t

n
δ

)−1
(a)

gives us a uniformly bounded, τn-continuous weak *-automorphisms
group of (A,A0).

The existence of this limit can be derived by applying the theory
of C0-semigroups in Banach spaces [17, Chap.12]. Moreover, the map
t ∈ R → βt(a) is norm continuous since [17, p.362] the convergence is
uniform in every finite interval [0, t0].

By the condition on the spectrum of δ, βt is, for every t ∈ R, a
bounded operator in A and all its powers are well defined. By the
lower bound condition we obtain, for every n ∈ N∗ ,∥∥∥∥∥

(
I − t

n
δ

)−n
(a)

∥∥∥∥∥ ≤ ‖a‖, ∀a ∈ A.

Hence passing to the limit we have ‖βt(a)‖ ≤ ‖a‖ for every a ∈ A.
Let t ∈ R be fixed. Then βt is a continuous linear and bijective

operator. Moreover, βt preserves the involution, i.e. βt(a)∗ = βt(a
∗)

for every a ∈ A. Further δ commutes with all its negative powers, so
for every a ∈ A βt(δ(a)) = δ(βt(a)).

By the fact that βt(a) is the solution of the Cauchy problem β′t(a) =
βt(δ(a)) with initial condition β0(a) = a, we achieve the group property,
i.e. βt+s(a) = βt(βs(a)) for every a ∈ A, t, s ∈ R.

The set of analytic elements, i.e. the set of all elements a ∈ D(δn),
for every n ∈ N, such that the power series

z ∈ C 7→
∞∑
n=0

zn

n!
δn(a) ∈ A

is well defined and analytic on a neighbourhood of the origin, is dense
in A by [20, Thm. 2.7].

The last property we are going to prove is that βt is a weak *-
automorphism, i.e. βt(a)�βt(b) is well defined if, and only if, a�b is well
defined and, in this case, βt(a�b) = βt(a)�βt(b).
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By the hypotheses, D(δ) ⊂ A
b

is a partial *-algebra with respect to
the weak multiplication � . By the boundedness of a, b ∈ D(δ), we can
rewrite the weak Leibnitz rule as

δ(a�b) = δ(a)�b+ a�δ(b).

Now suppose that a, b are analytic elements. Therefore a, b ∈ D(δk)
for every k ∈ N and δk(a), δk(b) ∈ A

b
for every k because δk(a) ∈

D(δk+1) ⊂ D(δ) ⊂ A
b
. Hence, all the products δm(a)�δn(b) are well-

defined for every n,m ∈ N.
By the above argument, it is easy to prove by induction that

δn(a�b) =
n∑
k=0

(
n

k

)
δn−k(a)�δk(b)

for every a, b analytic elements. In a very standard way we achieve the
weak *-automorphism property in the case a, b are analytic elements.

Using the density of the set of analytic elements and the boundedness
of the elements a, b ∈ A

b
one proves the equality

βt(a�b) = βt(a)�βt(b), a, b ∈ A
b
.

Let a ∈ A and b ∈ A
b
. Approximating an unbounded element a

through a sequence an of bounded elements, the weak product a�b can
be approximated by the sequence an�b and we get

βt(a�b) = βt(a)�βt(b) for a ∈ A, b ∈ A
b
.

Suppose now that both a, b ∈ A are unbounded. By hypothesis, A
b

is a core for every La, then there exists a sequence {bn} ∈ A
b

that norm
converges to b such that ‖a�bn−a�b‖ vanishes as n increases. By norm
continuity of βt we achieve the weak automorphism property for βt, i.e.

βt(a�b) = βt(a)�βt(b) ∀a, b ∈ A.

�

Remark 5.4. The additional hypotheses of Theorem 5.3 are satisfied by
the weak derivative in Lp(I, dλ), where I = [0, 1] and λ is the Lebesgue
measure.

In this case D(δ) = W 1,p(I, dλ) and it is well known (see [13, Thm
8.8]) that if u ∈ W 1,p(I, dλ) then u ∈ L∞(I, dλ) and there exists c > 0
such that

‖u‖∞ ≤ c‖u‖1,p.
Moreover, in the case p = 2, it is possible to show that every weak

*-automorphism of L2(I, dλ), coupled for instance with L∞(I, dλ) or
C(I), is automatically τn−continuous with the same strategy employed
in [1]. Indeed, if θ is a weak automorphism of L2(I, dλ), then θ is an
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intertwining operator with the couple (Rx, Rθ(x)), i.e. θ ◦Rx = Rθ(x) ◦θ
for every x ∈ A0. By Lemma 4.2, θ(A

b
) = A

b
thus the operator Rθ(x)

is everywhere defined and continuous.

6. Examples and applications

In this section we present some examples of weak *-derivations and
one-parameter groups generated by them.

Suppose that (A,A0) is a regular Banach quasi *-algebra. Consider
again the example of inner qu*-derivations; i.e., δ : A0 → A is a densely
defined derivation determined as δh(x) := i[h, x] for a self-adjoint ele-
ment h ∈ A, i.e. h = h∗ and σ(h) ⊂ R.

6.1. Inner qu*-derivations. Case 1: Suppose first that h is a bound-
ed element. As we have already seen, in this case δh(x) is continuous.

Like in the classical case, what we would expect is a continuous one-
parameter group {βt}t∈R of weak *-automorphisms of (A,A0) of the
form

βt(a) = eith�a�e−ith for all t ∈ R.
Suppose that (A,A0) is a *-semisimple Banach quasi *-algebra with

unit 1. Then we define by Taylor series eith as

eith :=
∞∑
n=0

(ith)n

n!
,

where the series on the right hand side converges with respect to ‖ · ‖b.
We stress the fact that hn is the weak product of h with itself n times.
The above series is well defined, the exponential eith ∈ A

b
and all the

known properties remain valid.
For each t ∈ R, βt(a) := eith�a�e−ith is a weak *-automorphism of

(A,A0). We notice that by the separate continuity of multiplication
and the *-semisimplicity of (A,A0) the use of brackets is not needed.

If we fix t ∈ R, then it is routine to prove that βt is a linear map
preserving the weak multiplication when defined.

Its inverse is given by β−1t (a) = e−ith�a�eith = β−t(a) and β : t→ βt
is in fact a weak *-automorphisms group of (A,A0).

Bounded self-adjoint elements of a regular Banach quasi *-algebra;
i.e., (A,A0) is a *-semisimple Banach quasi *-algebra such that ‖a‖ =

supϕ∈SA0
(A) ϕ(a, a)

1
2 for every a ∈ A, can be characterized as those

elements in A
b

such that ‖eith‖
b

= 1. In this case, by Theorem 3.26
in [25], A

b
[‖ · ‖

b
] is a C*-algebra. Following [14, Proposition 2.4.12],

we have that, for a *-semisimple Banach quasi *-algebra (A,A0) and
h ∈ A

b
such that h = h∗, σ(h) ⊂ R if, and only if, r

b
(eith) = 1.

trapani
Evidenziato

trapani
Nota
togliere ;

trapani
Evidenziato

trapani
Nota
{\em  regular}

trapani
Evidenziato

trapani
Nota
(i.e., a *-semisimple Banach quasi *-algebra $(\A,\Ao)$ such that..... for every $a\in\A$)
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Noticing that (eith)∗ = e−ith and, moreover, eith�e−ith = 1 = e−ith�eith,
we have that eith ∈ A

b
is normal and then r

b
(eith) = 1 = ‖eith‖

b
. There-

fore we conclude that {βt}t∈R is uniformly bounded in t by the following
computations ‖βt(a)‖ ≤ ‖eith‖2

b
‖a‖ = ‖a‖.

By standard computations it is easy to check that {βt}t∈R is re-
ally a norm continuous one-parameter group, i.e. β0(a) = a = Id(a),
βt+s(a) = βt ◦βs(a) and ‖βt(a)−a‖ vanishes as t→ 0, for every a ∈ A.

We now compute the infinitesimal generator of {βt}t∈R. What we
expect is the closure of the inner qu*-derivation δh for h ∈ A

b
. Indeed,

it is straightforward to prove that d
dt |t=0

eith = ih, so

lim
t→0

βt(a)− a
t

= lim
t→0

eith�a�e−ith − a
t

= ih�a− ih�a = δh(a)

for every a ∈ A = D(δh). Therefore δh is everywhere defined and
continuous.

Remark 6.1. Note that δh is everywhere defined, that is D(δh) 6⊂ A
b
.

Hence the hypothesis on the boundedness of D(δ) is sufficient, but
not necessary, to obtain a uniformly bounded norm continuous one-
parameter group of weak *-automorphisms.

Case 2: We now consider the case in which h is self-adjoint, as
before, but unbounded, i.e. h ∈ A \ A

b
.

By definition given in Section 2, λ ∈ ρ(h) if, and only if, λ ∈ ρ(Lh)∩
ρ(Rh). We suppose that the element h verifies the following condition

‖(h+ iγ)−1‖
b
≤ 1

|γ|
, γ ∈ R.

This, in turn, implies that

‖(Lh + iγI)−1‖B(A) ≤
1

|γ|
, γ ∈ R

‖(Rh + iγI)−1‖B(A) ≤
1

|γ|
, γ ∈ R.

For every t ∈ R, it ∈ ρ(h) implies it ∈ ρ(Lh) ∩ ρ(Rh). Then there
exists {UL(t)}t∈R strongly operator continuous one-parameter group
such that ‖UL(t)‖B(A) ≤ 1 for every t ∈ R and Lh is the infinitesimal
generator of {UL(t)}t∈R (see [18]).

Similarly, there exists a strongly continuous one-parameter group
{UR(t)}t∈R such that ‖UR(t)‖B(A) ≤ 1 for every t ∈ R and Rh is the
infinitesimal generator of {UR(t)}t∈R
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Let us define

uL(t) := UL(t)(1) and uR(t) := UR(t)(1).

Since both uL(t) and uR(t) are solutions of the same differential equa-
tion du

dt
= ihu with boundary condition u(0) = 1 in A, uL(t) = uR(t)

for every t ∈ R.
Hence we define

eith := uL(t) = uR(t), t ∈ R.

The exponential is a bounded element of (A,A0). Indeed, by [16,
Lemma 2.5.3], it is easy to check that(

I − it

n
Lh

)−n
(x) =

((
I − it

n
Lh

)−n
1

)
x, ∀x ∈ A0.

By the assumption on h, the element (I− it
n
Lh)

−n
1 is left-bounded with

the bound not depending neither on n nor on the element 1. Therefore
it is possible to extend the above equality for generic elements in A(

I − it

n
Lh

)−n
(a) =

((
I − it

n
Lh

)−n
1

)
�a, ∀a ∈ A.

Hence, by the strong continuity of UL(t), we achieve

UL(t)a := lim
n→∞

(
I − it

n
Lh

)−n
a = lim

n→∞

((
I − it

n
Lh

)−n
1

)
�a

and ‖UL(t)a‖ ≤ ‖a‖ for every a ∈ A.
Analogously, UR(t)1 is right-bounded, UR(t)a = UR(t)1�a for every

a ∈ A and ‖UR(t)a‖ ≤ ‖a‖. Then we conclude that eith is bounded and
‖eith‖

b
≤ 1.

By the previous properties, we obtain the group property eitheish =
ei(t+s)h for every t, s ∈ R.

Since((
I − it

n
Lh

)−1
(a)

)∗
=

(
I +

it

n
Rh

)−1
(a∗), ∀a ∈ A,

uL(t)∗ = uR(−t) = uL(−t). Then ‖eith‖
b

= 1.

Defining βt(a) := eith�a�e−ith, we already know that {βt}t∈R is uni-
formly bounded continuous one-parameter group of continuous weak
*-automorphisms. The infinitesimal generator is given by the closure
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of the weak *-derivation δh(x) = i[h, x] for x ∈ A0. This closure is
given by

δh(a) = lim
t→0

βt(a)− a
t

=
eith�a�e−ith − a

t
= i(h�a− a�h)

when a is bounded.

6.2. A physical example: quantum lattice systems. The study of
derivations and automorphisms is important for physical applications
to quantum systems with infinitely many degrees of freedom as, for
instance, spin lattice systems. Without giving full details (for which we
refer to [2, 6, 8, 23]) we give an outline of their mathematical description
and show how the ideas developed in this paper may give some help
when dealing with them.

Let V is a finite region of a 3-dimensional lattice and AV the C*-
algebra generated by the Pauli operators ~σp = (σ1

p, σ
2
p, σ

3
p) at each point

p of the finite region V (the number of points of V is indicated by |V |)
and by the identity matrix Ip ∈ M2(C). It is easy to show that AV

is isomorphic to M2|V |(HV ), where HV = ⊗p∈VC2
p, and C2

p is the 2-
dimensional space at p ∈ V .

If V ⊂ V ′, then there exists a natural embedding AV ↪→ AV ′ , defined
in obvious way. Hence the completion of ∪VAV is a C*-algebra, denoted
by A0, is called the C*-algebra of local observables; its norm is denoted
by ‖ · ‖0.

To any infinite sequence {n} = {ni}∞i=1 of unit vectors in R3 there
corresponds a state |{n}〉, constructed as in [2, Section 11.3.1]. This
state determines (GNS construction) a *-representation of A0 defined
on the domain D0

{n} = A0|{n}〉 whose completion is denoted by H{n}.
Then one can define a family of vectors{

|{m}, {n}〉 = ⊗p|mp, np〉;mp = 0, 1,
∑
p

mp <∞

}
which constitutes an orthonormal basis ofH{n}. Each vector (|{m}, {n}〉
is obtained by flipping a finite number of spins in the ground state |{n}〉.

Then, an unbounded self-adjoint operator M acting on H{n} is de-
fined by

M |{m}, {n}〉 =

(∑
p

mp

)
|{m}, {n}〉.

Roughly speaking, M counts the number of flipped spins in |{m}, {n}〉
with respect to the ground state |{n}〉.

trapani
Evidenziato

trapani
Nota
The completion of the algebra$\bigcup...$, with respect to its natural norm $\|\cot\|_0$ is called the C*-algebra of local observables of the system.
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Note that M is strictly depending on the chosen sequence {n}. We
set π{n} : A0 → L†(D{n}) to be the GNS *-representation defined by
{n} and we suppose that π{n} is faithful (see [24]). The operator M
is a number operator. Therefore, the operator eM is a densely defined
self-adjoint operator. Let D denote its domain. Then D can be made
into a Hilbert space, denoted by HM , in canonical way. The norm in
HM , in fact, is given by ‖f‖M = ‖eMf‖, f ∈ HM .

Let us assume that, for every x ∈ A0, both ‖eMπ{n}(x)e−M‖0 and
‖e−Mπ{n}(x)eM‖0 are finite. Then the completion A of A0 with respect
to the norm

‖x‖ := ‖e−Mπ{n}(x)e−M‖
is a *-semisimple Banach quasi *-algebra. Assuming that hV is the
Hamiltonian of the finite volume system, then hV ∈ A0 and then eithV ∈
A0. Now we define

δV (x) := i[hV , x], ∀x ∈ A0.

By Proposition 3.1, δV is closable and, by hV ∈ A0, it is actually
continuous. Hence δV is infinitesimal generator of uniformly bounded
norm continuous one parameter group of norm continuous weak *-
automorphisms

αVt (a) = eithV �a�e−ithV , ∀a ∈ A.

The interesting point comes when considering the so-called thermody-
namical limit of the local dynamics; i.e. the lim|V |→∞ δV . This limit,
in general, fails to exists in the C*-algebra topology of A0. It is here
that the Banach quasi *-algebra structure plays a role, by taking the
completion with respect to the norm ‖·‖ of A. As shown in [2, 8], under
certain conditions, this limit exists and defines a weak *-derivation δ
of (A,A0) which generates a one parameter group of *-automorphisms.

Concluding remarks

Derivations are widely studied in mathematics for their importance
in describing physical systems (see Section 6.2) and for their own in-
terest. In this paper we investigated the problem of giving a proper
definition of derivation in the framework of (mainly, *-semisimple) Ba-
nach quasi *-algebras

It would be interesting to examine the case of locally convex quasi
*-algebra. In the aforementioned example the number operator M is
strictly depending on the state {n}, thus it is more convenient to con-
sider a locally convex topology taking into account the entire family
of states. This gives birth to a locally convex quasi *-algebra where
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a thermodynamical limit, possibly independent of the the representa-
tions, could live. We leave this question to future papers.
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Università di Palermo, I-90123 Palermo, Italy

E-mail address: mariastella.adamo@community.unipa.it; msadamo@unict.it

Camillo Trapani, Dipartimento di Matematica e Informatica, Uni-
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