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a

b a b

p(a, {a, b, c}) a

a b c

p(a, {a, b, c}) > p(b, {a, b, c}) p(b, {a, b}) > p(a, {a, b})

a b

a b

a b

b a a





a

γ(a)

≻ γ γ : X −→ (0, 1)

X p≻,γ



p≻,γ(a,A) = γ(a)
∏

b∈A:b≻a

(1− γ(b)),

A a A

a ≻ b p(b, A\a) > p(b, A)

a b a

b





Pi(j) =
∑

C∈X(j)

Pi(j|C)Pi(C|X),

Pi(j) i j

X(j) j

Pi(j|C) i j

C

Pi(C|X) C i

C







X

A A ⊆ X X

A

A

A

X (2|X| − 1)

γ ∈ Γ = {1, 2, ..., |X|} F

1 ≤ γ < |X|

A ⊂ X |A| = γ γ ≥ |X|

X

≻

1 ≻ 2 ≻ ... ≻ n



A ⊆ X

A A = {1A, 2A, ..., kA, ..., |A|}

X = {1, 2, ..., k, ..., |X|} |X| = n ≥ 2

pγ(k) =

⎧
⎪⎨

⎪⎩

(
n−k
n−1

)
γ ≥ n,

(
n−k
γ−1

)
/
(
n
γ

)
1 ≤ γ < n.

γ ≥ n X ≻

k = 1

X

1 ≤ γ < n k l

k l < k
(
n
γ

)

γ k
(
n−k
γ−1

)
γ > n− k + 1 k

k

p(k) =
n−k+1∑

γ=1

(
n−k
γ−1

)
(
n
γ

) π(γ).

γ π(γ)

|X| = 1
γ > n γ = n



π(γ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

F (1) γ = 1,

F (γ)− F (γ − 1) 1 < γ < n,

1− F (γ − 1) γ ≥ n.

≻ p(k) ≥ p(k+1)

1 ≤ k < n

p(k)− p(k + 1) =
π(n− k + 1)(

n
n−k+1

) +
n−k∑

γ=2

(
n−k−1
γ−2

)
(
n
y

) π(γ).

∑n−k+1
γ=2 π(γ) > 0 p(k) > p(k + 1)

≻

γ = n−k+1 k

k

k + 1 2 ≤ γ ≤ n − k

k ≻ k + 1 2 n− k

k

k + 1 π(2) > 0



π(2) > 0 p(1) > p(2) > ... > p(n)

π(γ)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p(1)

p(k)

p(n)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
p

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
n · · · γ

n · · · 1

1
n · · · (n−k

γ−1)
(nγ)

· · · 0

1
n · · · 0 · · · 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
C

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

π(1)

π(γ)

π(n)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
π

,

γ C

γ

⟨π(γ)⟩nγ=1

⟨p(k)⟩nk=1

C

C−1

C−1
(γ,k)

C−1
(γ,k) =

⎧
⎪⎨

⎪⎩

(
n
γ

)
(−1)(γ−1)−(n−k)

(
γ−1
n−k

)
k > n− γ,

0 .

π π = C−1p π(γ)



π(γ) =

(
n

γ

) n∑

k=n−γ+1

(−1)(γ−1)−(n−k)

(
γ − 1

n− k

)
.

1 ≻ 2 ≻ ... ≻ n

X |X| = n

n!

X = {1, 2, ..., n} ϕ : X → {1, 2, ..., n}

X ⟨ϕh⟩n!h=1

n × n

P(h) n = 3 ϕ2 = (2, 1, 3) 2 ≻ 1 ≻ 3

ϕ2

P(2) =

⎡

⎢⎢⎢⎢⎣

0 1 0

1 0 0

0 0 1

⎤

⎥⎥⎥⎥⎦
,

k l ϕ2(l) = k

ϕh Ch



Ch = P(h)C.

τh ϕh

p = Ĉπ

=

[
n!∑

h=1

τhCh

]
π

=

[
n!∑

h=1

τhP(h)

]
Cπ

π

Ĉ C

Ĉ B = ĈC−1 =
∑n!

h=1 τhP(h)

B τ

Ĉ C C ĉij
Ĉ i j

B
bij

∑
h:ϕh(i)=j τh i

j
A = (aij)

∑

i

aij =
∑

j

aij = 1

n×n



⟨τ⟩n!h=1 =
1
n! B 1

n

B

⟨π(γ)⟩nγ=1

⟨p(k)⟩nk=1 τ

det(B)

f(τ ) τ ∈ [0, 1]n!

τh = 1 τh′ = 0 h′ ∈ {1, 2, ..., n!}\h B

det(B) ̸= 0 f(τ ) = det(B)

B τ

n× n



n = 3 ϕh

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ1 = (1, 2, 3),

ϕ2 = (1, 3, 2),

ϕ3 = (2, 1, 3),

ϕ4 = (2, 3, 1),

ϕ5 = (3, 1, 2),

ϕ6 = (3, 2, 1).

p =

[
6∑

h=1

τhP(h)

]
Cπ =

⎡

⎢⎢⎢⎢⎣

1
3

2
3(τ1 + τ2) +

1
3(τ3 + τ4) (τ1 + τ2)

1
3

2
3(τ3 + τ5) +

1
3(τ1 + τ6) (τ3 + τ5)

1
3

2
3(τ4 + τ6) +

1
3(τ2 + τ5) (τ4 + τ6)

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

π(1)

π(2)

π(3)

⎤

⎥⎥⎥⎥⎦
.



τ π

π

p

τ π

F

i = {1, ..., I}

X = {1, ..., k, ..., n}

p = ⟨p(k1 · · · kI)⟩nk=1,

⟨p(k1 · · · kI)⟩nk=1 ki

i p

π p
X

i



F τ i

i = 1, ..., I τ i

γ pγ = ⟨pγ(k1 · · · kI)⟩nk=1 p

p =

∫

Γ

pγdF =
n∑

γ=1

π(γ)pγ,

F τ i

Bi =
∑n!

h=1 τihP(h)

Ĉi = BiC

τ i Ĉi

p =
n∑

γ=1

π(γ)pγ

=
n∑

γ=1

π(γ)⊗I
i=1 Ĉieγ,

X nI



eγ 1 γ

⊗I
i=1Ĉieγ = Pγ

p =
n∑

γ=1

π(γ)Pγ,

Pγ I n × · · · × n = nI

p

n = max
γ={1,...,n}

γ π(γ)

γ

Pγ = pγ = ⟨pγ(k1 · · · kI)⟩nk=1

k1, · · · , kI γ

I k1, · · · , kI

p |ki| ki

n I

{1, . . . , |k1|} × · · · × {1, . . . , |kI |} M (n; |k1|, . . . , |kI |)

X

|ki| = n i = 1, . . . , I

⊗I
i=1Ĉieγ γ

Ĉi i = {1, . . . , I}
p I ki

ki {1, . . . , n}



M (n; |k1|, . . . , |kI |) Θ [0, 1]L

L = (n− 1) + (n− 1)
I∑

i=1

(|ki|− 1)

= (n− 1) + (n− 1)2I,

π

Ĉi, i = {1, . . . , I}

Pγ, γ = {1, . . . , n} Ĉi (n−1)2 n×n

1
n M (n; |k1|, . . . , |kI |)

Ψn,I,(|ki|) : Θ → [0, 1]
∏I

i=1 |ki| = [0, 1]n
I
.

I I ≥ 3

3



I

T =
n∑

j=1

⊗I
i=1Miej

⟨Mi⟩Ii=1

mi × n κMi Mi

I∑

i=1

κMi ≥ 2n+ (I − 1),

⟨Mi⟩Ii=1

⟨M̂i⟩Ii=1 T =
∑n

j=1 ⊗I
i=1M̂iej

(DS1 ,DS2 ,DS3)

P M̂i = MiD
1

|Sp|
Sp

P ⟨Sp⟩3p=1

{1, . . . , I} i ∈ Sp DS1DS2DS3 = In

I = 4 T

κM1 ≥ κM2 ≥ κM3 ≥ κM4

T =
n∑

j=1

⊗S3
Sp=S1

NSpej,

A ∈ RI×F rA := rank(A) = r
r + 1 κA A = r

r r + 1
κA ≤ rA ≤ (I, F ) A

T T
I = 4 κMi ≥ 1

i



NS1 = M1 NS2 = M2 NS3 = M3 ⊙ M4

{1, 2, 3, 4} S1 = {1} S2 = {2} S3 = {3, 4}

I

I > 4 ⟨NSp⟩S3
Sp=S1

T =
n∑

j=1

⊗S3
Sp=S1

N̂Spej,

N̂Sp = NSpDSpP T ⟨NSp⟩S3
Sp=S1

⟨Mi⟩Ii=1

DSp P ⟨M̂i⟩Ii=1 M̂i = MiD
1

|Sp|
Sp

P i ∈ Sp

I = 4 M̂1 = M1DS1P M̂2 = M2DS2P

S1 = {1} S2 = {2} |S1| = |S2| = 1 M̂3 M̂4

N̂S3 = NS3DS3P

= (M3 ⊙M4)DS3P

= (M3D
1
2
S3
P⊙M4D

1
2
S3
P),

M̂3 = M3D
1
2
S3
P M̂4 = M4D

1
2
S3
P

⊙ M3

M4 NS3 (m3m4)× n



M (n; |k1|, . . . , |kI |) D(π)

π = ⟨π(γ)⟩nγ=1 M1 = Ĉ1D(π) Mi = Ĉi i ≥ 2

p =
n∑

j=1

⊗I
i=1Miej.

π ≫ 0 ⟨Mi⟩Ii=1 n× n

In ≥ 2n+ (I − 1),

I ≥ 3 M1 = Ĉ1D(π) Mi = Ĉi i = {2, ..., I}

I ≥ 2 +
1

n− 1
.

n = 1 n ≥ 2 1
n−1 ≤ 1 I ≥ 3

M (n; |k1|, . . . , |kI |)

M (n; |k1|, . . . , |kI |) π ≫ 0 I ≥ 3

⟨Ĉi⟩Ii=1 ⟨τ i⟩Ii=1

A ∈ Rn×n κA = rA = n.



⟨τ i⟩Ii=1 M1 = Ĉ1D(π) Mi = Ĉi i = {2, ..., I}

p =⟨p(k1 . . . kI)⟩nk=1

p =
n∑

j=1

⊗I
i=1M̂iej,

M̂1 = Ĉ1D(π) = Ĉ1D(π)D
1

|Sp|
Sp:1∈Sp

P,

M̂i = Ĉi = ĈiD
1

|Sp′ |

Sp′ :i∈Sp′
P, i = {2, . . . , I}.

⟨Ĉi⟩Ii=1

1T =
[∑n

j=1 ej
]T

1T = 1TD
1

|Sp′ |

Sp′ :i∈Sp′
P,

1TPT = 1T = 1TD
1

|Sp′ |

Sp′ :i∈Sp′
.

D
1

|Sp′ |

Sp′ :i∈Sp′
= In = DSp′ :i∈Sp′ Sp

1 1 ∈ S1

DS1DS2DS3 = In DS1 = In DS2 = DS3 = In



Ĉi = BiC

Ĉi = ĈiP = BiCP = BiC
∗.

Ĉi M (n; |k1|, . . . , |kI |) C∗

C∗ C

P = In ⟨Mi⟩Ii=1

⟨Bi⟩Ii=1

π

p

⟨Bi⟩Ii=1

π



K1, . . . , KI

Ki ∈ {1, . . . , n} i = {1, . . . , I} K = (K1 . . . KI)

I
∏I

i=1 |Ki| = nI

p

fK(k) = f(K = k) k = (k1 . . . kI)

K Γ

Γ ∈ {1, . . . , n}

Γ fΓ(γ) = f(Γ = γ) γ Γ

K Γ

fK|Γ(k|γ) = f(K = k|Γ = γ)

K

fK(k) =
∑

γ

fK|Γ(k|γ)fΓ(γ),

Γ



M (n; |k1|, . . . , |kI |)

fΓ(γ) = π(γ), γ = {1, . . . , n},

fK|Γ(k|γ) = Pγ

= ⊗I
i=1Ĉieγ, γ = {1, . . . , n},

fK(k) = p

=
n∑

γ=1

π(γ)Pγ.

γ Ĉi

fKi|Γ(ki|γ) = f(Ki = ki|Γ = γ)

Ki

(K1 . . . KI)|Γ = K|Γ

fK|Γ(k|γ) =
I∏

i=1

fKi|Γ(ki|γ).



S ks = (ks
1 . . . k

s
I)

s = {1, . . . , S}

X = {1, . . . , n} I

ks |X|I 1
(ks1 . . . k

s
I) 0 |X|

I I = 3 |X| = 3 s
2 1 3 2 3 3

ks1 =

⎡

⎣
0
1
0

⎤

⎦ , ks2 =

⎡

⎣
0
0
1

⎤

⎦ , ks3 =

⎡

⎣
0
0
1

⎤

⎦

ks ks = ks1 ⊗ ks2 ⊗ ks3



ℓ(θ) =
S∑

s=1

ps

=
S∑

s=1

fK(k
s;θ),

θ Θ I(·)

1 0

Sk =
S∑

s=1

I(ks = k).

Sk k

ℓ(θ) =
∑

k

Sk fK(k;θ).

ℓ(θ)

ks γs

Γ s



(ks, γs) s = {1, . . . , S}

ℓ∗(θ) =
S∑

s=1

fK,Γ(k
s, γs;θ).

fK,Γ(k, γ) = fK|Γ(k|γ)fΓ(γ)

ℓ∗(θ) =
S∑

s=1

(
fK|Γ(k

s|γs;θ)fΓ(γ
s;θ)

)

=
S∑

s=1

fK|Γ(k
s|γs;θ) +

S∑

s=1

fΓ(γ
s;θ).

akγ =
S∑

s=1

I(γs = γ, ks = k) bγ =
S∑

s=1

I(γs = γ).

bγ

γ akγ γ

k

ℓ∗(θ) =
∑

γ

∑

k

akγ fK|Γ(k|γ;θ) +
∑

γ

bγ fΓ(γ;θ),

∑
k

∑
γ K Γ

ℓ(θ)



ℓ∗(θ)

Γ K

θ̂
t

E
Γ|K,θ̂

t [ℓ∗(θ)] =
∑

γ

∑

k

E
Γ|K,θ̂

t [akγ ] fK|Γ(k|γ;θ) +
∑

γ

E
Γ|K,θ̂

t [bγ] fΓ(γ;θ)

=
∑

γ

∑

k

âkγ fK|Γ(k|γ;θ) +
∑

γ

b̂γ fΓ(γ;θ),

âkγ b̂γ

âkγ =
S∑

s=1

I(ks = k)f
Γ|K,θ̂

t(γs|k, θ̂t)

b̂γ =
S∑

s=1

f
Γ|K,θ̂

t(γs|k, θ̂t),

f
Γ|K,θ̂

t(γ|k, θ̂t)

k θ̂
t

t

t θ̂
t
= ⟨θ̂th⟩Lh=1

t ℓ(θ̂
t+1

)−ℓ(θ̂
t
) ≤ 1e−6

maxh |θ̂t+1
h − θ̂th| ≤ 1e−6



f
Γ|K,θ̂

t(γ|k, θ̂t) =
f
K|Γ,θ̂t(k|γ, θ̂t)f

Γ|θ̂t(γ|θ̂t)

f
K|θ̂t(k|θ̂t)

,

f
K|θ̂t(k|θ̂t) =

∑
γ fK|Γ,θ̂t(k|γ, θ̂t)f

Γ|θ̂t(γ|θ̂t)

θ̂
t

M (n; |k1|, . . . , |kI |)

θ̂
t
= (πt, (⟨Ĉt

i⟩Ii=1) t

ĉti(r, c) (r, c) Ĉt
i

γ

k = (k1 . . . kI) θ̂
t

π(γ|k, θ̂t) = (
∏I

i=1 ĉ
t
i(ki, γ))π(γ|θ̂

t
)

∑n
γ=1(

∏I
i=1 ĉ

t
i(ki, γ))π(γ|θ̂

t
)
.

θ = (π, (⟨Ĉi⟩Ii=1) θ̂
t+1



θ̂
t+1

= argmax
θ

E
Γ|K,θ̂

t [ℓ∗(θ)]

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1TBt+1
i = 1T ,

Bt+1
i 1 = 1, i = {1, . . . , I}

Bt+1
i ≥ 0n,

Bt+1
i = Ĉt+1

i C−1 0n n×n

Bt+1
i

M (n; |k1|, . . . , |kI |)

1TBt+1
i = 1T Ĉt+1

i C−1 = 1TC−1 = 1T ,

Ĉt+1
i

C−1

1 Bt+1
i



Bt+1
i 1 = Ĉt+1

i C−11 = Ĉt+1
i

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

n

0

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

.

C−1

n

Ĉt+1
i

1
n

1
n 1 Bt+1

i

(Bt+1
i ) = (Ĉt+1

i C−1) = ((C−1)⊤ ⊗ In) (Ĉt+1
i ).

((C−1)⊤ ⊗ In) (Ĉt+1
i ) ≥ 0,

0 = (0n) n× n



5

X = {1, 2, 3, 4, 5} 3

π S =

10, 000 γs s

π i τ i 5!

⟨ϕh⟩5!h=1

S τ i

ps
i = P(hs

i )Ceγs ,

hs
i s i τ i

ps
i ks

i

Y =
1e4∑

s=1

⊗3
i=1k

s
i .

ksi |X| = 5 1
i 0



γ

π(1) π(2) π(3) π(4) π(5)

ϕ(hs
i ) s i

τ i



⎡

⎢⎢⎢⎢⎣

.200 .191 .102 .014 .017

.200 .022 .010 .011 .012

.200 .379 .548 .702 .843

.200 .112 .037 .048 .060

.200 .296 .303 .226 .068

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

.200 .194 .105 .018 .013

.200 .024 .011 .010 .011

.200 .374 .537 .694 .845

.200 .112 .040 .046 .055

.200 .298 .307 .232 .077

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

.200 .273 .260 .173 .000

.200 .204 .118 .021 .001

.200 .048 .065 .083 .104

.200 .116 .020 .006 .000

.200 .358 .537 .716 .896

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

.200 .272 .266 .180 .016

.200 .200 .118 .030 .006

.200 .051 .064 .082 .099

.200 .116 .021 .005 .003

.200 .361 .531 .703 .876

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

.200 .101 .002 .001 .000

.200 .002 .001 .001 .000

.200 .301 .302 .204 .007

.200 .398 .596 .795 .993

.200 .199 .099 .000 .000

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

.200 .101 .004 .001 .001

.200 .003 .001 .001 .000

.200 .301 .305 .212 .024

.200 .396 .590 .782 .972

.200 .199 .102 .005 .003

⎤

⎥⎥⎥⎥⎦



42 5 1985 23

1987

8

75% 3

8

3

225

83 = 512

416

γ



1 2 3 4 5 6 7 8

16% γ = 2

38% γ = 5 46%

γ ≥ 8

I(θ) I(θ)

s(θ)

s(θ)

ℓ∗(θ) θ

θ̂

I(θ̂)−1

5



γ

π(1) π(2) π(3) π(4) π(5) π(6) π(7) π(8)



⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

.125 .160 .186 .197 .184 .146 .085 .000

.125 .143 .107 .057 .018 .000 .000 .000

.125 .005 .007 .009 .012 .014 .016 .019

.125 .090 .039 .013 .009 .010 .012 .014

.125 .235 .334 .426 .514 .602 .694 .793

.125 .093 .042 .014 .008 .010 .012 .013

.125 .190 .207 .189 .147 .093 .040 .000

.125 .084 .077 .093 .109 .124 .141 .161

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

.125 .170 .213 .229 .217 .177 .110 .015

.125 .110 .065 .037 .032 .038 .045 .051

.125 .170 .176 .171 .174 .193 .225 .257

.125 .104 .075 .066 .069. .078 .090 .102

.125 .128 .193 .257 .321 .385 .449 .514

.125 .076 .052 .045 .032 .020 .013 .015

.125 .134 .146 .133 .103 .066 .028 .000

.125 .108 .080 .063 .051 .043 .040 .046

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

.125 .102 .128 .138 .131 .107 .067 .010

.125 .136 .115 .101 .105 .123 .143 .164

.125 .140 .104 .059 .026 .013 .016 .018

.125 .057 .023 .022 .025 .030 .035 .040

.125 .128 .192 .256 .319 .383 .447 .511

.125 .074 .023 .007 .007 .008 .010 .011

.125 .198 .227 .221 .189 .139 .080 .021

.125 .165 .187 .198 .197 .196 .202 .225

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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j

Uij = β
′

jxi + ϵij.

xi ϵij

j i

Uij J

j

Prob(Uij > Uik) k ̸= j



xi
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eβ
′
jxi

∑
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′
kxi

, j ∈ X

β0 = 0

pMNL
i (j | X) =

eβ
′
jxi

1 +
∑
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β
′
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Pi(j) =
∑

C∈X(j)

Pi(j|C)Pi(C|X),

Pi(j) i j

X(j) j

Pi(j|C) i j

C

Pi(C|X) C i

Uij = β
′

jxi +Kij + ϵij,



Kij =

⎧
⎪⎪⎨

⎪⎪⎩

0, Λij

K, (1− Λij).

K Λij

j i

Λij =
eγ

′
jwi

1 + eγ
′
jwi

.

wi i

γj

j wi

xi wi = xi

γj

j

C i

ρi(C) =
∏

j∈C

Λij

∏

l /∈c

(1− Λil)

γj



pMNL
i (j | C) =

⎧
⎪⎪⎨

⎪⎪⎩

e
β
′
jxi

∑
k∈C eβ

′
k
xi
, j ∈ C

0, j /∈ C.

K → −∞

j

pi (j | β,γ;xi) = ρi(∅)pMNL
i (j | X) +

∑

∅≠C:j∈C

ρi(C)pMNL
i (j | C)

X ∅

K

X pMNL
i (j | ∅) = pMNL

i (j | X)

di = ⟨dij⟩5j=0 i dij = 1

i j

⟨di,xi⟩5729i=1 xi



ll (β,γ) =
5729∑

i=1

5∑

j=0

dijlog (pi (j | β,γ;xi)) .

Ψ = [B,Γ]

ψ = [β,γ] ψ̃ = [β̃, γ̃] Ψ

ψ ψ̃ Ψ ψ ̸= ψ̃

pi (j | β,γ;xi) = pi(j | β̃, γ̃;xi) i j



ψ0 ψ0

ψ0 ψ ∈ Ψ

ψ0 ψ0

Ψ



ψ0 = [β0 γ0]

m

i

mj = p (j | β0,γ0;x) , 1 ≤ j ≤ J.

ψ0

ψ0 = [β0 γ0]

ψ0

⟨p (j | β0,γ0;x)⟩Jj=1

ψ̂

35, 000

K

(KJ)+ [(K−1)(J +1)+1] = 61



(61× 61) Σ

Σ = diag(σ)Rdiag(σ),

σ diag(·)

R

Σ

λmax(Σ) ≤ λmax(diag(σ)diag(σ))λmax(R) = max
i

σ2
i λmax(R),

λmin(Σ) ≥ λmin(diag(σ)diag(σ))λmin(R) = min
i
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i λmin(R).

Σ κ(Σ)
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maxi σ2

i

mini σ2
i

λmax(R)

λmin(R)
.
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d
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β
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ψ∗ = Q(ψ).
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⎤
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