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Abstract: In this article we derive a closed form expression for the incompatibility condition in
multi-parameter quantum metrology when the reference states are Fermionic Gaussian states.
Together with the quantum Fisher information, the knowledge of the compatibility condition
provides a way of designing optimal measurement strategies for multi-parameter quantum estimation.
Applications range from quantum metrology with thermal states to non-equilibrium steady states
with Fermionic and spin systems.
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1. Introduction

Estimation theory is the discipline that studies the accuracy by which a given set of physical
parameters can be evaluated. When the parameters to be estimated belongs to an underlying quantum
physical system one falls in the realm of quantum estimation theory, or quantum metrology [1].
Quantum parameter estimation finds applications in a wide variety of fields, from fundamental
physics [2–6], to gravitational wave interferometry [7,8], thermometry [9,10], spectroscopy [11,12],
imaging [13–15], to name a few. Exploiting remarkable features of quantum systems as probes may
give an edge over the accuracy of classical parameter estimation. Exploring this possibility plays a
pivotal role in the current development of quantum technology [16–25]. In multi-parameter quantum
estimation protocols, several variables are simultaneously evaluated, in a way which may outperform
individual estimation strategies with equivalent resources [26,27], thereby motivating the use of such
protocols in a variety of diverse contexts [26–29].

The use of peculiar quantum many-body state as a probe in quantum metrology can enhance
the accuracy in parameter estimation [25,30]. Conversely, one may think of using quantum
metrological tools in the study and characterisation of many-body systems. Noteworthy instances of
many-body quantum systems are those experiencing quantum phase transitions. Indeed, quantum
parameter estimation, with its intimate relation with geometric information, provides a novel and
promising approach to investigate equilibrium [31–40] and out-of-equilibrium [41–48] quantum critical
phenomena [49–54].

Fermionic Gaussian states (FGSs) play a major role in the derivation of exact and approximate
solution of many-body problems of Fermionic and spin systems. Deriving closed form expressions
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of quantities involved in parameter estimation problems for many body quantum systems is a major
challenge. This work addresses this task in the special, yet relevant, case of arbitrary FGSs.

Given a collection of parameters {λµ}N
µ=1, a parameter estimation problem consists in finding

an estimator λ̂ = λ̂(x1, x2, ...), i.e. a map from a set of measurement outcomes (x1, x2, ...) to {λ}. In a
quantum estimation protocol, λ are a set of parameters labelling a quantum state. The quantum
Fisher information matrix J(λ) provides a figure of merit of the estimation precision of λ̂, through the
quantum Cramér-Rao bound (CRB) [1,19,55], i.e.,

Covλ[λ̂] ≥ J(λ)−1, (1)

which provides a lower bound (in matrix sense) on the covariance matrix
Covλ[λ̂]µν = Eλ[(λ̂− λ)µ(λ̂− λ)ν]. The Fisher information J(λ) is defined as a matrix,
whose entries are

Jµν(λ) =
1
2

Trρ{Lµ, Lν}, (2)

where {Lµ} is the symmetric logarithmic derivatives (SLD) with respect to the parameter λµ. The SLD is
an Hermitian operators, implicitly defined as the solution of the (continuous-time) Lyapunov equation

∂ρ

∂λµ
=

1
2
(
ρLµ + Lµρ

)
. (3)

For single parameter estimation, the quantum Cramér-Rao bound (1) can always be saturated by
choosing a measurement protocol which uses the projective measurement in the eigenbasis of the SLD.
Indeed, the quantum Fisher information determines the ultimate achievable precision in estimating a
single parameter in the asymptotic limit of an infinite number of experiment repetitions.

Unlike the single parameter case, in the multi-parameter scenario the CRB cannot always be
saturated. Intuitively, this is due to the incompatibility of the optimal measurements for different
parameters. A sufficient condition for the saturation is indeed [Lµ, Lν] = 0, which is however
not a necessary condition. Within the comprehensive framework of quantum local asymptotic
normality [56–59], a necessary and sufficient condition for the saturation of the multi-parameter
CRB is given by [60]

Uµν = − i
4

Trρ[Lµ, Lν] = 0 ∀µ, ν, (4)

and it is known as compatibility condition [60]. In the context of quantum information geometry,
and quantum holonomies of mixed states, Uµν is known as mean Uhlmann curvature [52,53,61–64].
In this sense, Uµν marks the incompatibility between λµ and λν, and such an incompatibility arises from
the inherent quantum nature of the underlying physical system.

We derive a closed form expression of the incompatibility condition and the SLD of FGSs,
which are of fundamental importance in the analysis of steady-states of both equilibrium and
non-equilibrium quantum many-body systems in their applications to quantum metrology.

Let’s consider a systems of n fermionic particles described by creation and annihilation operators
c†

j and cj. FGSs are defined as states that can be expressed as

ρ =
e−

i
4 ωTΩω

Z
, Z := Tr[e−

i
4 ωTΩω], (5)

where Ω is a 2n× 2n real antisymmetric matrix and ω := (ω1 . . . ω2n)
T is a 2n-dimensional array of

Majorana Fermions, ω2j−1 := cj + c†
j , ω2j := i(cj − c†

j ), {ωj, ωk} = 2δjk. Gaussian states are completely
specified by the two-point correlation matrix

Γjk := 1/2Tr(ρ[ωj, ωk]) , Γ = Γ† = −ΓT , (6)
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which is equal to Γ = tanh
(

i Ω
2

)
.

One can show that L, for Gaussian states, is quadratic on Fermionic operators [53]. If this is the
case, L can be expressed as

L =:
1
2

ωT · K ·ω + ζT ·ω + η, (7)

where K := {Kjk}2n
jk=1 is 2n× 2n Hermitian anti-symmetric matrix, ζ := {ζk}2n

k=1 is a 2n real vector,
and η is a real number. As for any odd-order correlation function, the mean of a Fermionic operator
vanishes, i.e. 〈ωk〉 = Tr(ρωk) = 0, ∀k = 1 . . . 2n. By differentiating the former relation, one readily
shows that the linear term in (7) is identically zero

0 =
d

dλ
Tr(ρωk) = Tr(ωk ρ̇) =

1
2

Tr(ωk{L, ρ}) = Tr(ρ{ζTω, ωk}) = ζk ,

where ζk is the k-th component of ζ, and in the forth equality one takes into account that the third
order correlations vanish. The trace preserving condition, 0 = d

dλ Tr ρ = Tr(ρ̇) = Tr(ρL), leads to

η = −1
2

Tr(ρωTKω) =
1
2

Tr(K Γ). (8)

In order to determine K, let’s take differential of Γjk = 1/2Tr(ρ[ωj, ωk]), then

Γ̇jk =
1
2

Tr(ρ̇[ωj, ωk]) =
1
4

Tr({ρ, L}[ωj, ωk]) =
1
8

Tr({ρ, ωTKω}[ωj, ωk]) +
η

4
Tr(ρ[ωj, ωk])

=
1
8 ∑

lm
KlmTr({ρ, [ωl , ωm]}[ωj, ωk]) +

η

2
Γjk = (ΓKΓ− K)jk +

1
2

[
η − 1

2
Tr(K Γ)

]
Γjk, (9)

where the last equality is obtained by using the antisymmetry of Γ and K under the exchange of j and k and
with the help of Wick’s theorem [65] , i.e., Tr(ρωk1 ωk2 ...ωk2p) = Pf(Γk1k2 ...k2p), 1 ≤ k1 < ... < k2p ≤ 2n.
Finally, according to Equation (8), the last term vanishes and we obtain the following (discrete time)
Lyapunov equation

Γ̇ = ΓKΓ− K, (10)

which can be formally solved by K = (AdΓ − 1l)−1(Γ̇), where AdΓ(X) := ΓXΓ† is the adjoint action.
In the eigenbasis of Γ (i.e., Γ|j〉 = γj|j〉) it reads

〈j|K|k〉 = (K)jk =
(Γ̇)jk

γjγk − 1
= − Ω̇k

2
δjk + tanh

Ωj −Ωk

2
〈j|k̇〉, (11)

where, in the second equality, we made use of the relation γk = tanh (Ωk/2), which yields the diagonal
(Γ̇)jj = (1− γ2

j )Ω̇j and off-diagonal (Γ̇)jk = (γk − γj)〈j|k̇〉 terms. Plugging the explicit expression of

Lµ = 1
2 ωT ·Kµ ·ω + 1

2 Tr(Kµ Γ) into (2) produces the following results for the Fisher information matrix

Jµν =
1
2

Tr(KµKν − ΓKµΓKν) = −
1
2

Tr(∂µΓKν) =
1
2 ∑

jk

(∂µΓ)jk(∂νΓ)kj

1− γjγk
, (12)

The above relation was derived by a different procedure by Banchi et al. [49]. The compatibility
condition instead reads

Uµν =
i
4

Tr(Γ[Kµ, Kν]) =
i
4 ∑

jk

γk − γj

(1− γjγk)2 (∂µΓ)jk(∂νΓ)kj . (13)

The expressions (11,12,13), which are the main result of this work (cf. [49,52,53]), are well defined
everywhere except for γj = γk = ±1, where the Gaussian state ρ becomes singular (i.e., it is not
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full rank). In this condition, the expression (11) for the SLD L may become singular. Nevertheless,

the boundness of the function | tanh
Ωj−Ωk

2 | ≤ 1 in (11) shows that such a singularity is relatively
benign. One can readily check that this condition γj = γk = ±1 produces, at most, removable
singularities in the Fisher information matrix (12) and on the compatibility condition (13) (cf. [66]).
This allows the quantum Fisher information matrix, as well as the compatibility condition, to be
extended by continuity from the set of full-rank density matrices to the subset with γj = γk = ±1.

2. Conclusions

In this work we derived a general expression for the incompatibility condition of an arbitrary
Fermionic Gaussian state. We obtained a compact expression of the SLD in terms of correlation matrix
of a FGS, which allows for the calculation of the quantum Fisher information and the compatibility
condition in multi-parameter quantum estimation problems [60]. This provides a way of assessing
the ultimate precision of parameter estimation problems in many-body systems involving Fermionic
Gaussian states through the Cramer-Rao bound. Moreover, the expression of the SLD allows for the
explicit derivation of the optimal quantum measurement needed for the parameter estimation of
interest. Due to the quantum nature of the underlying probe, the multi-parameter estimation problem
may not saturate the multi-parameter Cramer-Rao bound. Unlike classical estimation problems,
the non-commutativity of the observables, involved in the optimal quantum measurements associated
to independent parameters, may prevent the CRB from being saturated [22]. The explicit expression
of the Fisher information together with the compatibility condition, in analogy to Bosonic Gaussian
estimation problems [24], can be exploited, in combination with efficient numerical algorithms, to find
optimal Fermionic Gaussian probe that minimises the overall multi-parameter estimation problem [67].
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