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Abstract: We consider parametric Dirichlet problems driven by the sum of
a Laplacian and a nonhomogeneous differential operator ((a,2)-type equation)
and with a reaction term which exhibits arbitrary polynomial growth and a
nonlinear dependence on the parameter. We prove the existence of three distinct
nontrivial smooth solutions for small values of the parameter, providing sign
information for them: one positive, one negative and the third one is nodal.
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1 Introduction

In this paper we study the following Dirichlet problem

{ —diva(Vu) — Au = fa(z,u) inQ, (Py)

ulon = 0,

where Q C RY is a bounded domain with a C*“-boundary 0%, 0 < o < 1,
—div(a(Vu)) is a nonhomogeneous operator with a : RN — RY a continuous,
strictly monotone function which satisfies certain other regularity conditions
which are listed in hypotheses H(a) below and fy : xR — R is a Carathéodory
function (i.e., for all z € R, A > 0, 2 — fx(z,z) is measurable and for almost
all z € Q, A >0, z — fi(z,2) is continuous) involving a positive parameter .
The operator —div(a(Vu)) generalizes the p-Laplacian operator to a possibly
nonhomogeneous setting. The sum —div a(Vu) — Au forms the so called (a, 2)-
type operator and generalizes in a natural way the (p, 2)-operator, which arises in
problems of mathematical physics: see [3] (quantum physics), [34] (double phase
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problems in elasticity theory), [6], [32] (plasma physics). Some recent papers
on existence and multiplicity results for (p, 2)-equations are obtained in [1], [7],
[23], [24], [25], [26], [30], [31], [33]. In our setting, the latter is a particular case
of (a,2) operator provided that 2 < p < 400, see Examples 2.4 (a). However,
the main difference between these two operators is located in the “nonlinear
part”, that is, the operator a may be nonhomogeneous (the novelty here is given
by H(a)(i)), whereas the p-Laplacian is (p — 1)-homogeneous. A meaningful
example of nonhomogeneous operator is the (p, q)—Laplacian, see Example 2.4
(b). Moreover, Examples 2.4 (c) and (d) involve nonlinear nonhomogeneous
differential operators, which cannot be reduced to a p—Laplacian type operator.

The aim of this paper is to establish the existence of at least three solutions
for problem (Pf ) under a suitable sublinear conditions at zero on the reaction
term f and without assuming any asymptotic condition at infinity (Theorem
3.3). Hence, a global super critical growth on f is also allowed (Theorem 3.1)
and, as it is well known, this is not a standard situation. Indeed, a critical
and/or a super-critical growth condition at infinity produce, for instance, a lack
of compactness which make more difficult the applications of the classical tools
of nonlinear analysis. Here, by the way of a suitable combination of sub-super
solutions and truncation techniques, we adopt the direct methods in calculus of
variations, in conjunction with Lieberman’s regularity results [21], the strong
maximum principle and the boundary point Lemma of Pucci-Serrin (Theorems
2.8, 2.9 ), to obtain the existence of at least one strictly positive and one strictly
negative solutions for an auxiliary problem which turn out to be also solutions of
problem (P ), see Theorem 3.1 and the preparatory Lemmas 2.6 and 2.10. In
particular, adapting a reasoning of [16], we exploit the strong regularity property
of the solutions of the Laplace equation to construct the sub-super solutions for
problem (Ps ). However, here the conditions at zero on the reaction term are
slightly more general (Lemma 2.11).

At the best of our knowledge, there are not other papers dealing with (a, 2)-
operators dealing with condition H(a)(z) below and the results concerning the
existence of a third nodal solution (Theorem 4.1) is new also for a (p,2) and
p-Laplacian type equations, for p > 2.

Summarizing, here, with respect to the above mentioned papers and the
references therein, see also [17], [19] and [27], our conclusions are based on three
key points:

(I) A more restrictive assumption on 9.
(IT) The special structure of the (a,2)-operator.

(IITI) A sublinear condition at zero on f)(z,-), see Remark 3.2, which implies

lim Hz,5) (2,5)

= —"—OQ7
s—0 S

uniformly for a.a. x € Q, for every A > 0.
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Finally, for completeness, it is worthwhile to highlight that condition (III) is not
allowed in [4], where the sub-supersolutions for a p-Laplacian Dirichlet problem
are obtained via variational methods.

2 Mathematical background and preliminary lem-
mas

In the study of problem (P4 ) in addition to the Sobolev space WO1 () equipped
with the norm
1
lull = [Vully, V€ WaP(9),

we will also use the ordered Banach space
Co(Q) = {ueC (Q): ulpo =0},
whose positive cone is given by
(Co( )4 = {ueCy(): u(z) >0 foralze}.

This cone has a nonempty interior, given by

0
D, = {u € (C3(2))+ : u(z) >0 for all z € Q, 8—2(1‘) <0forallze 89} .
Here n(-) denotes the outward unit normal on 0f).
Next, we introduce the conditions on the function a(-) involved in the defini-
tion of the differential operator. So, let n € C*(0,+00) be a function satisfying

. t(t

0<e< T o wso (2.1)
n(t)

it < n(t) < (1 +tP7Y) V>0, (2.2)

with €, g, c1,c2 > 0 and p > 2, see Remark 2.1. Denote with |y| the norm of
y € RV, the hypotheses on the function a(-) are the following:

H(a) : a(y) = ao(|y|)y for all y € RN, with ao(t) >0 for allt > 0 and

(i) ag € C1(0,+00), the function t —s tag(t) is strictly increasing,

/
i P900) _ 4o R,
t\O ap(t)

and there exist two constants 01,02 € (0,1) such that

t
limt%aj(t) =0 and lim ao(t) =0; (2.3)
t\0 tN\O 122

(1) there exists c3 > 0, such that

Va(y)| < cf,”ﬂj') vy € RN\ {0);
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(#ii) we have

n(lyl)

vl l€l* vy e RN\ {0}, € eRY;

(Va(y)§, &)pn =

(i) if Go(t) = fg sag(s)ds for all t > 0, then there exist T € (1,p] and
o € (0,4+00) such that

lim 7Go(?) = 0o
tN\NO T

Remark 2.1. Assumptions H(a) force to have 2 < 7 < p. Indeed, from the
second limit in (2.3) it follows that

ap(t) — 0ast — 0, (2.4)
and, if it was 1 < 7 < 2, by the L’Hépital’s rule one would have

t t
o = lim 7Go(t) = lim ao(?)
tNO 2T N0 72

207

in contradiction with H(a)(iv).

Remark 2.2. It is clear from the above hypotheses that the primitive Go(+) is
strictly convex and strictly increasing. If we set

G(y) = Go(ly]) VyeRY,

then G(-) is convex and

VG(y) = Gaom% — ao(lyl)y = aly) ¥yeRN\{0}.

Therefore G(-) is the primitive of a(-).

The above hypotheses on a(-) lead to the following lemma summarizing the
main properties of the function a(-) (see [18, Lemma 3.2 and Corollary 3.3]).

Lemma 2.3. If hypotheses H(a)(i) — (iti) hold, then
(a) the function y — a(y) is maximal monotone and strictly monotone;
(b) there exists cq > 0, such that

la(y)| < ca(1+ylP~") vy eRY;

(¢) we have
c

(a®), ¥) gy =

P vy e RY
(d) there exists c5 > 0, such that
c

— |yl < Gly) < es(1+yP) VyeRN.
p(p_l)lyl (v) s(1+1ylP) Yy
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Next we present some examples of maps a which satisfy hypotheses H(a)
above. These examples illustrate the generality of our conditions on a.

Example 2.4. The following maps y — a(y) satisfy hypotheses H(a).
(a) a(y) = |y|P~2y with 2 < p < +o0. This map corresponds to the p-Laplacian
differential operator defined by

Apu = div(|Vul'2Vu) Yue WHP(Q).

Note that hypothesis H(a)(i) holds with g1 € (max{0,3 — p},1) and g2 €
(0, min{p — 2,1}).

(b) a(y) = |y|P~%y + |y|972y with 2 < ¢ < p < +o0. This map corresponds to
the (p, ¢)-Laplace differential operator defined by

Apu+ Agu Yu € WHP(Q).

Note that hypothesis H(a)(#) holds with g1 € (max{0,3 — ¢},1) and gy €
(0, min{q — 2,1}).

(c) aly) = (1 + |y|2)p772y —y with 4 < p < 4o00. This map corresponds to
the generalized p-mean curvature differential operator plus the Laplace opera-
tor defined by

div (1 + |Vul?)™> Vu) — Au Yu € WEP(Q).
Hypothesis H(a)(i) holds with any o1, 02 € (0,1) and with

tag(t)

im =2 > —1.
t\O ag(t)

_2
(d) a(y) = |y|P~2y + lﬂjmf with 2 < p < +o0o0. This map corresponds to the

following differential operator

|VulP~2Vu

A di
pti + v ( 1+ |Vulp

) Yu € WoP(Q),
which arises in problem of plasticity. Also here hypothesis H(a)(i) holds with
01 € (max{0,3 — p},1) and g3 € (0, min{p — 2,1}).

Let A: WoP(Q) — W7(Q) = WyP(Q)* (with L + & = 1) be the
nonlinear function defined by

Au) = —diva(Vu), Yue W, P(Q),

that is
(A(w),y) = / (a(Vu), V) pn e, Vu,y € WEP(Q).

We have the following properties of A (see [11, p. 746)).
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Proposition 2.5. If hypotheses H(a)(i) — (iii) hold, then A: WyP(Q) —
WP (Q) is bounded (maps bounded sets to bounded ones), continuous, strictly
monotone (hence mazimal monotone) and of type (S) 4, i.e., if u, — u weakly
in Wy (Q) and

lim sup(A(up), u, —u) < 0,

n—-+oo

then w, — u in Wy P (Q).

Now, we recall some basic definitions and results concerning the following
Dirichlet problem

(Pp)

{ —diva(Vu) — Au = f(w,u), in €,
!

ulag =0,

where a € C1(0, +00) is a function satisfying hypotheses H (a) and f:OxR >R
is a function with subcritical growth, namely it satisfies the following hypotheses:

H(f) f: Q xR — R is a Carathéodory function such that

(i) there exist @ € L*°(Q)4, ¢ >0and 1 < r < p*, s.t.

|F(z,8)| < a(@)+c|s|""", fora.a. z€QandallseR,

Wherep*:]\’,’—fp,ifp<Nandp*=+oo,ifp>N.

~

(ii) f(x,0) =0 for almost all z € €,

_ We recall that the Nemytskij map corresponding to a measurable function
f: QxR — Ris indicated as

~

N(u)(-) = f(,u(), forallue WP ().

Set

F(z,s) = [ f(z,t)dt, forall (z,s) € QxR.

S—

0

It is well-known that the critical points of the C'-functional
1 ~
I(u) = / G(Vu(x))dx + §||Vu||§ - / F(z,u(z))dz Yue WyP(Q),
Q Q

are the weak solutions of problem (Pf), ie,ue€ Wolp(Q) is a weak solution of
problem (Py) iff

A(u) = Au= Nx(u), in W7 (Q).

We say that u € WHP(Q) is a super (sub) solution of problem (Pf) if ujgo >0
(ujpn < 0) and
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We impose u > 0 (resp. u < 0) on 09 in the sense of trace operator.
Now, our aim is to localize some critical points of the functional I, see [5].
Let u and uw be two functions in WO1 P(Q), with u < u. We consider the

following three Carathéodory functions f¥, fu, fi : @ x R — R defined, for
every (z,s) € Q@ x R by

Fi(p o) — f:(:v,s), s < u(x); v s) = ]E(a:,g(a:))7 s < u(x);
fies) { Faa@), s>a@, =07 { (w.). s> ul)
N fle,u(@), s < u();
Ju(,8) = i(x7s)7 w(x) < s < u(z);
f(z,a(x)), s> ux).

Moreover, denote by F, F\H and ﬁg the primitives of f%, Jz and fg respec-
tively, (for instance, F(z,&) = fof Fi(z, s)ds for every (z,€) € Q x R). We
consider the following functionals defined on Wy "*(€2),

_ 1 o

[w) = /QG(Vw)dx—i—§||VwH%—/QF“(m,w)dx,
1 N

L(w) = /QG(Vw)dac—l—§||VwH§—/QFH(x,w)dJ;,

_ 1 -

Ij(w) = AG(Vw)dx+§||Vw\\§—/QFE(J;,w)dx

for all w € VVO1 P(Q2). Such functionals are weakly lower semicontinuous and
continuously Gatedux differentiable on W, ().

Let € R. We set 2% := max{+z,0} and for u € Wy"(Q), we define
ut(-) = u(-)*. We know that u* € Wy ?(Q), |u| = ut + v~ and u = ut —u~.

Lemma 2.6. Let uw and u be respectively a sub-solution and a super-solution of
problem (Pz). Then we have:

1) Ifu is a critical point of I™ in Wy (Q), then u < T.
2) If u is a critical point of I, in Wol’p(Q), then u < u.

8) Provided that uw < 7, if w is a critical point of Ij} in WyP(Q), then one
has that u < u < .

Proof. We only show that 1) holds, the proof of 2) is similar, while 3) follows
at once combining 1) and 2). Let u be a critical point of I'*. Since I* is a
C'-functional, this means that
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Testing such equation with (u — @)™ € Wy () and using the fact that 7 is a
super-solution for problem (PJ?), we have

(A(u) — Au, (u—u)t) = /Q F (@, u(z))(u—u)t do
_ /qu(x,n(a:))(u —a)tde < (A@) - AT, (u—T)"),
which forces

/{< : (a(u) — a(@), Vu — V@) dz + ||V (u—a) |3
= (A(u) — A®m) — Au+ Au, (u—u)*) < 0.

On the other hand, due to Proposition 2.5, we have that the operator A is
strictly monotone that implies

/7 (a(u) — a(u), Vu — V) dz > 0.
{u<u}

Putting together the last two inequalities, we have that [{u < u}|gy = 0. Hence,
we conclude that u < @ in Wy P(Q). O

The following proposition is a modification of the result due to Gasinski-
Papageorgiou [13, Proposition 2.6] and its proof can be obtained using the
regularity results due to Lieberman [21].

Proposition 2.7. If uy € Wol’p(Q) is a local CL(Q)-minimizer of I, i.e., there
exists r1 > 0 s.t.

I(ug) < I(ug + ),  for all ¢ € C5(Q) with lellcy@y <71,

then ug € Co"(Q) with ) € (0,1) and it is a local WP (Q)-minimizer of I, i.e.,
there exists ro > 0 s.t.

I(uwo) < I(ug + ), forallp € W()Lp(ﬂ) with H‘PHWULP(Q) < T2

A further analysis, based on the previous proposition, on the maximum
principle, and on the boundary point lemma of Pucci-Serrin (][29]), leads to
some qualitative properties of suitable critical points of I. For the reader con-
venience, before to detail these properties, we recall suitable versions of the
regularity results, due to Pucci-Serrin, when the following differential inequality
is considered

div (a(|Vu|)Vu) + b(z,u) <0 (2.5)

in 2, where

(d)l ae€ Cl(R+);
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(@) t —> tag(t) is strictly increasing in RT and tag(t) — 0 as t \ 0;
while b € L (Q x R*) is such that
(b)1 b(x,s) > —b(s) for a.a. z € Q and for all s >0,

with b being a function such that

(b)1 b(0) = 0 and b is continuous and non-decreasing on some interval (0, d1),
01 > 0.

Theorem 2.8 (Strong maximum principle [29], page 111). Suppose that

ta'(t)
t% a(t)

= 0. (2.6)

Let (@)1, (@)2, (b)1 and (b)1 be satisfied. For the strong mazimum principle to
be valid for (2.5) it is sufficient that

01 1
o m ds = oo, (27)

where H(t) = t2a(t) — [5 €a(€) de, t >0, and B(s) = [, b(t) dt.

Theorem 2.9 (Boundary point lemma [29], page 120). Assume (2.6). Sup-
pose that (@)1, (@)2, (b)1 and (b)1 hold and that (2.7) is satisfied.
Let u be a C* solution of (2.5) in Q, with u > 0 in Q and u(z) = 0, where

x € 00). If Q satisfies an interior sphere condition at x, then %L <0 at .
Let us now point out a variational property of certain solutions of (PfA).

Lemma 2.10. Let u and u be as in Lemma 2.6. Assume that there exists § > 0
such that

o~

sf(x,8) >0 fora.a. x €9, for all s € [—0,7]. (2.8)
Then we have:

(1) If 0 = u < @ and ug € WyP(Q) is a nontrivial global minimizer for IY,
then ug is a local minimizer of I'* and ug € D.

(2) If u <@ =0 and ug € WyP(Q) is a nontrivial global minimizer for I,
then ug is a local minimizer of I, and ug € —D.

Proof. Let us prove only (1), the proof of (2) being similar. Let ug € Wy?(Q) be
a nontrivial global minimizer for I§. From Lemma 2.6 it follows that ug € [0,7],
hence it is a weak solution of (PfA). Applying the results of [10], see also [20, p.
286], we have that ug € L>(£2). Hence, from the regularity theory of Lieberman
[21] one has that

ug € C3 (). (2.9)
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We claim that
up € Dy. (2.10)
To verify (2.10) put
a(t) = ao(t) + 1 for all t > 0
and observe that, in view of H(a), both (a); and (a)2 hold (Remark 2.1). More-

over, in view of H(a)(i)

lim ta'(t) — lim tag(t)  ao(t)
N0 alt) N0 ap(t)  ap(t) +1

:07

namely (2.6) holds.
Reasoning as in [4, Lemma 3.1}, from H(f)(:) and (2.8) it follows that for
any M > 0 there exists cj; > 0 such that

Fla,s) +eps?™ >0 foraa. z €€, all s €0, M] (2.11)

Indeed, fixed M > 0, if M < § then (2.11) trivially holds with arbitrary ¢y > 0,
since

Fla,s)+ s> f(z,s) >0 foraa xe, alse0,M]CI0,d.
If M > 6§, put K = [|or]|oo + ¢|M|""?, cpr = max {1, 555} and observe that
f(x,s) +epsPT > f(x,s) + 5P > f(x,s) >0 foraa. xe€ alsC]J0,0].

(2.12)
Moreover,

—flz,s) < |f(z,s)| <K < 51}%81)71 <ecysPTh for aa. € Q,Vs € [, M].

(2.13)
Hence, (2.12) and (2.13) imply (2.11).
Consider M = ||ug||o, then one has
div a(|Vue|Vug) = diva(Vug) + Aug = —f(x,uo) < cuplugP7t,
for a.a. = € Q. Namely, uo solves (2.5), where b(z,s) = —carsP 1, so that (b);

is verified with b = —b.
For every ¢t > 0, exploiting H(a)(i7i) and (2.2), with y = (¢,0,...,0) and £ =
(1,0,...,0), one has

ar < MM < (e, o),
= a&ﬂyﬂ)ﬁ%+ao<||y|\>aij§igj
a(t)

= TtQ + ao(t),
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that is
2a)(t) + tao(t) > cyt?"! forall t >0,

and integrating one has

t
2a(t) —/ € ap(€) dE > %tp for all t > 0,
0

that leads to
t
H(t) = t2a(t) - / cale) de
t 2
— o)+ - [ Can() ds-
0

t 2
= Panlt) - [ gale) de+ 5

ip forall t > 0. (2.14)
P

v

A direct computation shows that
tap(t)
ao(t)

and, in view of H(a)(7), there exits d; > 0 such that H is continuous and strictly
increasing in (0, 02]. Put Ho(t) = <-¢¥ for all ¢ € (0, d2]. Then,

H'(t) =tag(t) <1+ >+t for all ¢ > 0,

H™'(s) < Hy'(s) forall s € (0, Ho(82)]. (2.15)
If not, let 5 € (0, Hy(d2)] be such that
H7'(3) > Hy ' (3).
Hence, thanks to the monotonicity of H and in view of (2.14), we achieve
5> H(Hy'(5)) = Ho(Hy'(5)) =5,

a contradiction, and so (2.15) holds. At this point one has

57 2 T (61>1/p1 for all s € (0, (c1/ear)'/?62)
=(— — forall s ,(c1/c .
H(B(s) = Hy'(B(s) \ew) 3 e
Finally, if §; € (0, (c1/car)/P8s), it is clear that (2.7) holds. Hence, we can
apply Theorem 2.8 and get ug > 0 in Q. Taking in mind (2.9), because of

Theorem 2.9 one can conclude that claim (2.10) is verified.
Let U be a C'-neighborhood of ug such that ug € U C Dy. Then

I"(ug) = Iy (uo) < Ig(u) = I"(u),

for every u € U, that is ug is a C3(Q2) local minimizer of I. Therefore, Propo-
sition 2.7 ensures that ug is also a W, ?(Q) local minimizer of I™.
O
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The next lemma will be useful for producing nontrivial solutions.

Lemma 2.11. Let f: Q xR — R be a Carathéodory function satisfying con-
ditions H(f). Let a : RN — RN be an operator fulfilling hypotheses H(a).
Assume that

(i) there exist 5o > 0 and ¢ > 0 with ¢ > A1 /2, where A\ is the first eigenvalue
of (A, Wy () such that

c|s| < F(x,s), for all|s| <y and for a.a. z € Q.

Then, zero is not a local Wol’p(Q)-mz'm'mizer for the functional I.

Proof. By using hypothesis H(a)(iv), we have that there exists dy € (0, J) such
that

G

o(t) < 20
tT T

Let ¢; be the positive eigenfunction related to A; and normalized in L?(f2).

Recall that ¢1 € D,. Hence, for every

N . SO 50 |: - <c )\1 >:| 1/(r—2)
= ml 5 ) - 5 )
= max [61(2)]" max [V (0)] ' [20]VarlF \° 2

, forall 0<t<dp. (2.16)

owing to (2.16) and (i), one has

Ipon) = [ GollVpor(a))do+ 519pn(@) = [ Fla,pin(w) o

20p" T P’ 2 2 2
< 2 [ Voo dis G [ vo@P - [ o)

T

2072 A
- p2< 7p /|V¢1(17)|de+lc>.
T Q 2

From this, recall also that, as observed in Remark 2.1, 7 > 2, we see that

I(pg1) < 0= 1(0),

for every p € (0, p), that is, the zero function is not a local Cjj(2)-minimizer for
I. By the embedding of C1(Q) in W, *(2), it is clear that p¢y — 0 in WyP(Q),
as p — 07. Hence, the conclusion is achieved. O

Remark 2.12. From the proof of Lemma 2.11 it follows that condition H(a)(iv)
could be replaced by the more general

lim Gt)
tNO T

=0

for some 7 € (1, p), provided F (x, ) satisfies a more restrictive condition, namely
it is (7)-linear at zero, with v € (1, min{7,2}). This kind of conditions will be
assumed in Section 4.
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3 Multiplicity Results

In this section we proof the existence of at least three nontrivial smooth solutions
for problem (Py,y), staring with the two of constant sign. The assumptions for
the nonlinearity f are the following:

H(f) : For every A >0, fr: Q@ x R — R is a Carathéodory function, such that
fa(z,0) =0 for almost all x € Q and

(i) there exists ¢ > 0 such that for every A > 0
iz, 8)] < ax() +éls|™

for almost all x € Q, all s € R, with ay € L®()+ and ||ax]cc — 0
as AN\ 0, as well as 2 < ry < +oo and ry —r > 2 as A \(0;
(ii) for every A > 0, there exists 0y > )‘71 such that

x,8
lim inf Iz, 5) = 0,
s—0 S
uniformly for a.a. x € ).
We start with the existence of two nontrivial constant sign solutions.

Theorem 3.1. If hypotheses H(a) and H(f) hold, then there exists \* > 0 such
that for every A € (0, \*) problem (Py ) admits at least two nontrivial constant
sign smooth solutions

uy € Dy and vy € —D;.
Proof. First we consider the following auxiliary Dirichlet problem

{ —Ae(z) = 1 inQ,

3.1
€|3Q = 0. ( )

This problem has a unique solution e € D,. In fact since we assumed that 92
is a C3-manifold, standard regularity theory (see Troianiello [?, Theorem 3.23,
page 189]) implies that e € C?(2).

Claim 1. There exists o > 1 such that

Alte) |l
My = sup IAte)ll < 400 (3.2)
te[0,1] te
We have
Ate) = —div (ag(|Vte|)Vie)
H(Ve, VIS )pn ge 0%e

—  _f. / o T i
= —t Z[ao(tWeD <l 8xi+ao(|tVe\)6x2

i=1 i
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N de

_ (V€)VT)RN Oe an(ltVe 826

= 72 [t2 glt@laé(ﬂvd)\ViaeV@m +t1+ga%ﬁ '
1=1 4 2

As e € C*(Q), we have that all first and second partial derivatives of e are
continuous and thus bounded on (2. Using also hypothesis H (a)(i), we get that
A(te) € C(Q) and (3.2) holds with ¢ = min{2 — 01,1 4 02} > 1. This proves
Claim 1.

Claim 2. There exists A* > 0 such that for every A € (0, \*), we can find
& € (0,1) for which we have

laxllso + c(&llelloc)™ " < & = (£6)%Ma,

where M4 and ¢ > 1 are given by Claim 1.
Arguing by contradiction, suppose that we can find a sequence {A,}n>1 C
(0,1) such that A, \, 0 and

oo T C(alellooyML_l > {—E&My Vn=>1, £>0.

lax,
Letting n — 400 and using hypothesis H(f)(i) we obtain
c(Ellelloo)™™ = &(1 - €87 M),

SO
€ P lellist = 1€ My,

But recall that r > 2, o > 1 and £ > 0 is arbitrary. So, we let £ \, 0 and we
reach a contradiction. This proves Claim 2.

Fix A € (0,A%) and let uy = &le € Dy N C%(Q). From Claims 1 and 2 and
hypothesis H(f)(:) we have

A(E2€) oo
Aus(a) = Ama(e) > 6= Aol = & - (@) 1A B
0
> 8 —(E)Ma > laalle + (& llellne)
> falz,ur(z)) for a.a. x € Q. (3.3)

Hence, we have that @y is a super-solution of problem (P ) and uy = 0 is
obviously a sub-solution.

For A € (0,\*) we consider truncation (fy)§* of the reaction fj(z,-): and
the C'-functional (1,)%: WP () — R defined by

(IA)g*(u) = /QG(Vu)dz+%||Vu||§f/gz(ﬁ)\)g*(z,u)dz VuGW(}’p(Q).

Evidently (I,)5* is coercive (Lemma 2.3(d)) and by the Sobolev embedding
theorem, we see that it is also sequentially weakly lower semicontinuous. So, by
the Weierstrass theorem, we can find uy € Wy?(€) such that

(B ()= i (I8 (u), (3.4
ueW, P (Q)
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and Lemma 2.6 ensures that
uy € [0,7,], (3.5)

where [0,7)] = {u € WyP(Q) : 0 < u(z) < T(z) for almost all z € Q}.
Assumption H(f)(ii) implies that condition (i) of Lemma 2.11 holds with F' =
(FA)g*7 so that, uy is nontrivial. Moreover, Lemma 2.10, implies that

U)\ED_A,_

and it is a local minimizer of (Iy)"* that concludes the first part of the proof.
In a similar fashion, using this time u, = —uy € (=D )NC?%(Q), we produce
a negative solution vy € —D. O

Remark 3.2. We wish to explicitly point out that assumption (H)(f)(:) is
verified when, in particular, fy(x,-) is sublinear at zero, namely, for example, if

(i) for every A > 0, there exist v\ € (1,2), 0\ > 0 such that

lim inf 7f>‘ (2,5)
s—0 |S|'YA —2g

ZQA

uniformly for a.a. x € Q.

In fact, in this case, the more restrictive condition holds

lim Nlz;s) (z,5)
s—0 S

=400 (3.6)

uniformly for a.a. = € €, for every A > 0.

We conclude pointing out a further multiplicity result, provided f is sublinear
at zero.

Theorem 3.3. If hypotheses H(a) and H(f)(i) hold in addition to (3.6). Then
there exists \* > 0 such that for every X € (0, \*) problem (Py ) admits at least
three distinct nontrivial smooth solutions

ux € Dy, vy € =Dy and @y € [uy, 7] NCH(Q).

Proof. From Theorem 3.1 we obtain A* > 0 such that for every A € (0,\*)
there exists the solutions uy € Dy and vy € —D,. Fix A € (0, A\*) and let us
prove the existence of a third nontrivial solution @y € [u,,ux]NCZ(Q). Clearly,
becasue of Lemma 2.6, we can obtain our conclusion verifying that

IZA* admits a nontrivial critical point @y such that wy # vy and Wy # uy,
(3.7)
where u, and uy are as in the proof of Theorem 3.1. Preliminary, we observe
that from the proof of Theorem 3.1 we can emphasize the following further
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properties: uy and vy are non zero global minimizers of Ig* and IEX respectively,
being 3
IOA (va) <0 If*(uy) <O. (3.8)

u

Hence, since uy € D1 N[0,uy] and vy € —D4 N [uy, 0], it is clear that they
are local minimizers of I “A with respect to the Cg(Q)-topology. Thus, applying
Proposition 2.7, we can conclude that

vy and uy are Wy (Q) — local minimizers of IZ; (3.9)
Furthermore, observe that

IZ: satisfies the Palais-Smale condition. (3.10)

In fact, let {w,} C W, P(Q) be e sequence such that {2 (wn)} is bounded
and (IZ;)’ (w,) —> 0. Hence, since Igi is coercive (exploit the definition of the
truncation and condition d) of Lemma 2.3), there exists w € Wol’p(Q) such that

w, — w weakly in Wy ?(Q) and w,, — w in LP(Q) (where a subsequence is
considered if necessary). Observe that
limsup (A(wy,), w, —w) = limsup [(A(wy), w, — w) + {(—Aw,w, — w)]
n—-+oo n—-+o0o
< limsup [(A(wy), wy, — w) + (—Awp, w, — w)]

n——+00

= lim fgj (2, wp(2))(wy(z) — w(z)) de =0,

n—-+oo Q

where we exploited the monotonicity of —A, the convergence of (Igj)’(wn)7 the
definition of the truncation f“k( -), assumption H(f)(7) and the convergence
properties of {w,}. At this point, (3.10) follows directly from Proposition 2.5.
Summarizing, we can apply [28, Corollary 1] to the C*-functional I}j*, so that
it possesses a third critical point wy, being

L (@) = p = inf Jnax L (n(t)),

where T' = {5 € C°([0,1], W, *(Q)) : n(0) = vy, n(1) = ux}. Let us now show
that assuming (3.7) false we achieve a contradiction. The negation of (3.7), in
combination with (3.9), implies that

K={weWgP(@): (1)) =0} ={un, 0, w},  (3.11)
namely, wy = 0 and, in particular,
w=0. (3.12)
We will conclude producing a path 77 € T" such that

I (7(t 1
s 1) (m(t)) <0, (3.13)
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thus the following contradiction occurs

0=pu< I™(n(t)) < 0.
s e Iy] (@m(t))

Let 21, 25 € C3() be two linearly independent functions, normalized in W, ()
and such that

1]l = llz2ll = 1, 21 € =(Co(Q))+, 22 € (Co())+

Put Z = span{z1, 22} and consider suitable positive constants d;, i = 1,...,4,
such that for every z € Z

dllz[l < [zl gz @) < dall=ll,

dsl 2]l < lzll2 < dallz]-

Fix M > k3 /d3, where k; is the constant of the embedding WP () = Wy2(Q)
(remember that p > 2), and exploit (3.6) to find § = §(\, M) > 0 such that

Nlz,5)

S

> M
for a.a. x € Q and every s € [—9,6] \ {0}. Hence,

M
Fy(z,s) > 752

for a.a. x € Q and every s € [—4,d].

Assumption H(a)(iv) assures the existence of 5 > 0 such that

Golt) < 2%¢ vt e 0,3,
T

Recalling that uy € Dy and vy € —Dy, fix € € (0, min{g,g}) such that

ux +eBey(0,1) C (CU@)5,  —vn +eBey(0,1) C (CLA),,  (314)
where B (0,1) = {u € CHQ): ||u\|cé(§) < 1}.

4ok,

the embedding LP(§2) < L7(£2). Put
$,(2)={z €2+ |2] = p}

1/(t—2)
Fix p € (O,min {;2, [L(Mdg - k%)] }), where k, is constant of

and observe that for every z € S,(2)
Izlloy@) <6, Nelleym <e (3.15)

in addition to -
oa(z) < z(x) <wup(z), Vo e, (3.16)
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as well as B
I‘H‘; (2) <O. (3.17)

In fact, if z € S,(Z) one has
12l co@ < N2l @) < dellzl =dop < e < 5
and (3.15) holds. Moreover, taking in mind (3.14),
ux(z) — z(x) >0, —wvy+2z2>0,

namely (3.16) holds. Finally,

= 1
) = [ GulIVa@l) do+ 5IValE - [ Fiex(e) do
Q Q
20 k3, o M. .,
< = T2 =
< 4wy + 2y - e
20, . s 1
< TR + 5 (6 — M) ||

2 k2 — Md3?
= p? (”k;prz + 223> <0
T

and (3.17) holds too.
Put 21 = pz; and Z = pzp. It is obvious that z; € S,(Z) (i = 1,2).
Moreover,

mi = IZ:(U,\) = ng(v,\) < ng(gl) = Iyﬂ:‘ (/2’\1) = <0.

From (3.11) it follows that
ml,)\ < /717

and every v € (mq x, 1) is not a critical value of IﬁX (see also Lemma 2.6). If
S(Iy, fin) = {w e WyP(Q) : I (w) <},

applying the second deformation lemma to IgA7 there exists a suitable n €
C°([0,1] x S(ng,ﬁl),S(ng,ﬁl)) such that n(0,w) = w, n(1,w) = vy for every
w E S(ng,ﬁl) and ng (n(t,w)) < ng (w) for every t € [0,1] and w € S(ng,ﬁl).
Let us define the path 7_ : [0,1] — W, *(Q) by putting

1-(t)(z) = min{n(t, z1)(x), 0}

for every t € [0,1], z € Q. Obviously _ € C°([0,1], WP ()) such that 5_(0) =
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z1 and 79— (1) = vy. Moreover, for every t € [0, 1] one has
_ = 1 =N
moew = [ Goln(t,2)(a)) do + 5 Vn(t,2) (@) d
{n(t,z1)<0} {n(t,z21)<0}
-/ Fy(@,n(t, %) (@) da
{n(t,z1)<0}
~ 1 ~
[ Gtz ety [ (e, 2)(@)f? dr
{n(t,21)<0} {n(t,z21)<0}

/F)\ (z,n(t,z1)(z)) dx

< Ig/\(n(tvgl))<-[ z) =1, Mz) =11 <0

In similar way one can prove the existence of a path n, € C°([0,1], W&’p(Q))
such that 74 (0) = 22, 74 (1) = ux and I;* (n+(t)) < fiz < 0 for every ¢ € [0, 1].

Take a path 7z € C°([0,1], W, "*(2)) having range in the (arc-wise connected)
set S,(Z) and jointing z; and Z,. Finally, the juxtaposition of n_, 7z and n4
produces the path 7 stated in (3.13) and the proof is complete. O

4 Nodal solutions

We devote this section to a deeper analysis with the aim of pointing out a sign
information on the third solution established in Theorem 3.3.

We will assume a slightly more restrictive condition on the nonlinear term
f as well as on the function a related to the differential operator. In particular,
we will replace H(a)(iv) with

(iv)" There exists T € (1,p) such that the function t — Go(t'/7) is convex and

lim Go(t)
N0 tT

=0.

Moreover, we will require

H'(f) : For every A >0, fr: Q@ x R — R is a Carathéodory function, such that
n(x,0) =0 for almost all x € Q and

(i)' there exists ¢ > 0 such that for every A >0
[falz,5)| < ax(z) +éls|™
for almost all x € Q, all s € R, with ay € L=(Q)4+ and ||ax||cc —> 0
as AN\ 0, as well asp <1\ <400 and ry — 7 >p as A \(0;
(13)" for every A > 0, there exist v € (1, min{r,2}), 5 > 0 such that

lim inf M
s—=0  [s|—2s

:9)\

uniformly for a.a. x € €.
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Theorem 4.1. Assume that hypotheses H(a)(i) — (iii), H(a)(iv)" and H'(f)
hold. Then there exists \* > 0 such that for every A € (0,\*) problem (Py )
admits at least three distinct nontrivial smooth solutions

uy € Dy, vi € =Dy and wy €]}, ui[NCH(Q)\ {0} is nodal.

Proof. Since H'(f) implies H(f), bearing in mind Remark 2.12, one can follows
the same arguments of Theorem 3.3, and conclude that there exists A* > 0 such
that for every A € (0, \*) problem (Ps ) admits at least two nontrivial constant
sign smooth solutions

uy € Dy and vy € —Dy,.
In particular, recall that
uy < vy <0 <wuy <y,

with 7y, = e and u, = —&e for some & € (0,1) and e € C?(Q) is the unique
solution of (3.1). Fix A € (0, \*) and consider the nonempty sets

Sy(\) ={ueWyP(Q): 0<u<Ty and u is a solution of problem (P )},

S_(\) ={ueWyP(Q): uy, <u<0and u is a solution of problem (P .)}.

The rest of proof is split in several steps.

Step 1. There exist 4y € D1 N[0,7y] and 0y € —D N [—Ty, 0] such that

v<1dy Uyx<u

for every v € S_(A), u € S (A).

Step 2. S (A) and S_(A) are downward and upward directed respectively.

Step 3. S;(\) admits a minimal element v} and S_(\) admits a maximal element

v}. In particular, v} € D4 is the smallest positive solution of (Py ) and
vy € —Dy is biggest negative solution of (Pf ).

Step 4. Problem (P ) admits a nontrivial solution wy in the ordered interval

[0 u3l-

Step 5. The function wy is a nodal solution of (Py,x).

Proof of Step 1. Let us prove the existence of 4. Assumption H'(f) assures
that for every M > 0 there exists Cjy > 0 such that for every s € [0, M] and
uniformly for a.a. x €

0
sfa(z,s) > 557* —cps™. (4.1)
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Indeed, let § € (0, M) be such that
0
sfx(z, s) > ?s”, (4.2)
for every s € [0, 0] and uniformly a.a. z € . Let cpr > 0 be such that
N O
(cp —€)0" > ?M“ + |lax]|co M.
A direct computation shows that for all s € [4, M] and uniformly for a.a. 2 € Q
~\ T ~\ ST 0>\ 9)\
(cpqr —€)s™ > (ep — €)0" > ?M“ + |lax]loo M > ?5” +ax(z)s

namely
6
sf(x,s) — sax(x) — és™ > ?As” —cps™. (4.3)
Conditions (4.2) and (4.3) lead to (4.1).

Fix M = ||t)|lc and claim that the function 4, is the unique positive solution
in [0,@,] of the auxiliary problem

. 9 \— ra— .
{ —diva(Vu) — Au= 2 u|"2u — epyrful™ 2w in Q, (AP)

u|aQ =0.

Put
JA(w):/QG(Vw)dac—l—%HVwH%—/QPA(m,w(x))dx

for every w € Wol’p, where Py (z,s) = fos pa(x, s)ds and

0 ifs<0
pa(z,s) = LTl —cysmt if 0 < s <uy(zx)
BaPMa) — epay () if s >y (x).

Arguing as in (3.3) and exploiting (4.1) one has that for a.a. x € Q
A(y) — Aty > fa(@,ux) = pa(z, Tr).

Hence @) is a super-solution of problem (AP). Moreover, it is clear that J is
a C1, coercive and sequentially weakly lower semicontinuous functional. Thus,
there exists @y € W, ?(Q) such that

J)\(’CL)\) = W%I[l)fég) J,\(w).
0

A simple rearrangement of the proof of Lemma 2.11 assures that, since v, <
min{7, 2} < p < ry,
J)\ (’lAL)\) < Oa
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namely @y # 0. Moreover, from Lemma 2.6 it follows that
0 < ﬁ/)\ < Uy,
that is @) is a nontrivial, positive solution of (AP) and the regularity theory

assures that @) € (C3(Q))4. Moreover, observe that (again recall that p < 7))

div a(Viy) + Aty < epra ™1 < eprllan||27Pal
We can apply Theorem 2.9 and conclude that @y € D..
Let us verify the uniqueness. Observe that is not restrictive assume that the
number 7 in assumption H(a)(iv)’ is such that 1 < 7 < 2. Following the idea
developed in [8], consider the functional g, : L'(Q) — R U {+oc} defined by

g0 () = { Jo G(Vut/T)dr + | VU3 ifu>0, /T e WP(Q)
T +00

otherwise.

Let u1,uz € domg, = {u € LY(Q): g,(u) < +oo} and let h € [0,1]. We set
z=((1-hu + huz)l/T, v = u}/T, vy = ué/T.

Thanks to [8, Lemma 1], we have

IVz(z)| < [(1 = )|V ()] + h|Vua(2)]T]Y" ace. in Q.

Thus, by the monotonicity of Gy and condition H(a)(iv)’, as well as convexity

of §-(t) = 1¢¥/7 (remember that we supposed 7 € (1,2)) one has

G(V2(x) = Go(IV2()]) < Go (1= )| Vor(@)]" +Tus(2)")"/7)
< (1= W)Go(|Vur(@)]) + hGo(|Tua ()
as well as
V@ < 2 (= DIV @I + bl Ve
< AVu@P + 5 V)P

for a.a. z € €, namely g, is convex.

Moreover, applying the Fatou’s lemma one has that g, is lower semicontin-
uous.
Suppose that u € W1P(Q) is another positive solution in [0, %] of problem (AP).
Following the previous reasoning we have u € D, . Then, for every ¢ € C*(Q)
and s € (—1,1) with |s| small, we have

u" +sp € Dy Ndomg;.
Therefore, the Gateaux derivative of g, at u” in the direction ¢ can be computed
using the chain rule

(6-) (7)) = = /Q

T

—diva(Vu) — Au

uT—l

p dx
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for all o € WHP(Q) (we have used the density of C*(Q) in W1P(Q2)). Clearly,
the preceding condition holds also for the solution ). Hence, the convexity of
g- implies that (g,)’(-) is monotone. Thus,

0 < / [—dlva(Vu) —Au diva(Viy) + AUA} (U™ — i) da
Q

uT—1 a‘rfl U Uy -
A

o 0>\ 1 1 APN—T rN—T T ~T
_/Q {2 <u7_“ - uf\_”) +oa (U077 —uD ) | (U7 — ) dx. (44)
Taking in mind that, vy < 7 < ry, from (4.4) it follows that

U = uy,

and the uniqueness is proved.
Let us conclude by verifying that for every u € Sy () one has

To this end, as above use a truncation argument putting

JA(w):/QG(Vw)dx—i—%HVwH%—/Qp)\(x,w(x))dx

for every w € Wy*, where Py(z,s) = Jo Pa(,t)dt and

0 if s <0
Palz,s) =4 Bt —cpysm ! if 0 < s <u(z)
S (z) — epu™ " (x) if s > u(x).

Observe that u is a super-solution of problem (AP) and that, by the Weierstass
theorem, J) admits a nontrivial global minimizer @) € VVO1 P(Q). In particular,

0<uy <u<Luy, (46)

namely @) is a positive solution of (AP), that is, in view of the uniqueness
property, @ = @y and (4.5) follows from (4.6).

The existence of 0 is proved similarly thanks to the symmetry of problem (AP).
In particular, v\ = —u).

Proof of Step 2. Let us verify that Sy ()\) is downward directed, namely that

for all u, v € S4(A) there exists w € Sy (A) with w <u, w < wv.

Fix u, v € Sy (X). We first note that arguing as in [22, Lemma 3] and exploiting
the monotonicity of A and —A one has that W = min{u, v} is a super-solution
of (Py ) and clearly W < @y. In particular, W is also a super-solution of (AP)
and ) < w < wy. Truncating with w, the functional

) = [ 6w d+ 5 1Vul = [ ()5 0(@)d.
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by the Weierstrass theorem, attains its negative minimum at some w € VVO1 P(Q).
The usual comparison arguments permit to conclude that 0 < w < w and
Similarly one can proof the analogous property of S_(\).

Proof of Step 3. Let us verify the existence of u}. Consider a chain C (that is a
totally ordered subset) of S (A). Thus, there exists a decreasing sequence {u, }
in C (view [9, pag. 336]) such that & = infC = inf,en .u,. Hence, u, — @ for
a.a. in Q and it is clear that (see Step 1) 4y < @ < uy. Moreover, since

A(un) — Auy, = f)\($7un) (47)

in view of Lemma 2.3 and assumption H'(f) one has there exists C' > 0 such
that
1

p—1

IVunllZ + [ V|2 = / (@, un)un do < C
Q

for every n € N, namely {u,} is bounded in Wol’p(ﬂ). Thus, we can suppose
that
U, — @ in WyP(Q) and u,, — @ in LP(S). (4.8)

At this point, being 0 < w,, < Uy, assumption H'(f), the monotonicity of —A
and the convergence properties of {u, } implies that

lim sup (A(up ), uy, —u) < 0.

n— oo

Thus, from Proposition 2.5 we achieve the strong convergence of {u, } to @ and,
as a direct consequence, passing to the limit in (4.7), @ € S;()\) and C admits
minimum. The Zorn’s lemma assures that S;(\) has a minimal element u}
that is nontrivial (4, < u} as seen in Step 1). We conclude verifying that u}
is the smallest positive solution of (Pf ) in the ordered interval [0,u,] . Let
u € S+ (A). Since Sx(A) is downward directed there exists @ € S () such that
@ < w and % < u}, but the minimality of v} implies that u} = %4 < u and we
have concluded.

The proof of the existence of the maximal element v} that is the biggest negative
solution in the ordered interval [u,, 0] is similar.

Proof of Step 4. First observe that the minimality of u} and the maximality
of v} imply that they are global minimizers of the functionals Iy > and IS;
respectively. At this point, the existence of a third nontrivial solution wy €
[v},u}] N CA(Q) of problem (Py ) can be obtained arguing exactly as in the
proof of Theorem 3.3 with u} and v} instead of uy and vy respectively, as well
as uy and v} in place of uy and u,, so that the functionals Ig* and IBA are here

replaced by I and Iy..

Proof of Step 5. Since wy € (v}, u})\{0} it cannot be of constant sign by virtue
of the extremality properties of u3 and v3.

The proof is complete. O
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