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24 Abstract

27 A physically-based impact model — already known and exgtbin the field of sound synthesis —
28 is studied using both analytical tools and numerical sithte. It is shown that the Hamiltonian of a
30 physical system composed of a mass impacting on a wall carxfpressed analytically as a function
31 of the mass velocity during contact. Moreover, an efficieml accurate approximation for the mass
33 outbound velocity is presented, which allows to estimat ltamiltonian at the end of the contact.
34 Analytical results are then compared to numerical simaifetiobtained by discretizing the system with
36 several numerical methods. It is shown that, for some regmithe parameter space, the trajectories
of the discretized systems may significantly drift from thelgtically-derived curves. Two approaches,
39 based on enforcing numerical energy consistency, are ttogroped to improve the accuracy of numerical

simulations.

43 Index Terms

46 Real time systems, simulation.

48 |. INTRODUCTION

50 Physical models of impacts between objects are ubiquitousany areas of science and engineering,

52 including robotics [[1], haptics_ [2], computer graphics,[akoustics[[4] and sound synthesis [5]. The
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phenomenologically plausible and energy-consistent\iehaf contacting bodies is especially crucial
in simulations of interactions based on sustained or repleatpacts, such as in rolling/[6], scraping, or
bouncing [7].

The higher is the upper limit of the perceptual bandwidth (#re rendering rate), the more critical
is the accuracy that real-time numerical simulations cdaréf thus making the problem of impact
modeling increasingly complex when moving from graphic,hiptic, to auditory displays. Whereas
for most graphic displays it is sufficient to describe an intgacterms of the ratio between outbound
and inbound velocities, in haptic display and in sound sgsith the perceived characteristics of the
impact depend on how bodies interact during contact. Thexefoore sophisticated impact models and

carefully-designed discretizations are necessary incaadd haptic contexts.

A. Impact Models

The classic starting point is the Hertz model of collisionvietn two spheres, which can be extended
to include internal viscosity [8]. The impact force in suchdats is the sum of a nonlinear elastic term —
in the form of a power law of compression — and a dissipativaanent proportional to the compression
velocity — via a second power law of compression. The expanehthe two power laws, as derived for
two colliding spheres, arg/2 and1/2, respectively[[9].

In the context of musical acoustics, Stulov proposed a piaaranher model that includes relaxation
properties of felt [[10]. Such model has exponentsand o — 1 for the power laws, and the actual
value of o can be used to match experimental data. Other models esistake plastic deformations
into account, thus introducing abrupt direction changetheforce-compression curves at the transition
between loading and unloading [11].

Particularly popular is the model by Hunt and Crossley [12], [13], [14], [15], that generalizes the
extended Hertz model by considering a variable exponenttdtwounts for different contact shapes. In this
model, the power laws in the elastic and dissipative terncarsidered to be equal, thus allowing easier
closed-form calculation$ [16]. Despite not being fullytjtied in physical terms, the Hunt-Crossley model
has been quite successful in some areas of engineeringdeeitaallows to derive the phase trajectories
in closed form, and because it is sufficiently complex to repn¢ a wide variety of contact phenomena.

In our work, we adopted this model and extended the rangeeofthilable analytical results.
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B. Applications in acoustic modeling

Contact models can serve as a basis for developing modelsooktc phenomena. In the context of
physically-based sound synthesis, the Hunt-Crossley muate been used to develop an impact sound
model [5], where a generic resonating object is used in piddbe classic rigid wall.

Other models of more complex acoustic phenomena have bgeloged based on the very same impact
model studied here. As an exampleba@uncingsound model[[7] has been obtained by superimposing a
constant force, which simulates gravity, on a plain impacinsl model. Also, aolling sound model[6]
has been implemented by driving an impact sound model by snela physically-inspired control layer.
More precisely, the continuous interaction of a ball ra@lion a surface has been modeled as a dense
temporal sequence of micro-impacts driven by the geométithe contacting surfaces, and modulated
by the ball’s asymmetry.

Accurate and consistent impact modeling is crucial in soogicahaptic rendering applications, such
as interactive floors or shoes with vibratory and sonic augatiem [17].

In the context of musical sound synthesis, the piano andrgibecussive musical instruments have

also been modeled by using dissipative impact models [10].

C. Issues with discrete time

A wide range of numerical methods can be employed to diger¢tie interaction of impacting bodies.
Given a reference continuous-time system, such as the Eossley model, the goal is to obtain
numerical quantities that follow the continuous-time a@cpries as closely as possible, at an affordable
computational cost. Thus, efficiency and accuracy are ceissaés.

Another important goal is energy consistency, especiallihe case of repeated or sustained contacts.
A numerical method, albeit being accurate, can introducgieps oscillations or instabilities if it fails in
terms of energy conservation. This justifies the developmérmnergy-based methods, i.e. numerical
schemes based on the definition of a numerical energy thatosegrto be conserved in lossless
conditions [18]. These provably-stable discrete-time n®dan be derived for some continuous-time
models, including some nonlinear oscillators, but are natlable for more general nonlinear contact
models.

As for applications which make use of impact/contact madetergy inconsistencies are a recurring
issue. In computer graphics, where the constraint of lomé&aates makes numerical systems prone to
instabilities [3], a typical example is provided by a steathject in resting contact with a rigid floor: when

the system does not retain passivity, the object can moveaupand bounce [19]. Similar issues are
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encountered in simulations of haptic contact, where st#ffnvalues are usually limited by requirements on
system passivity [20][[21], whereas higher values canedus system to become unstable, for example
oscillating, or reacting actively to the input. In numeticdund synthesis by physical models[22],
artifacts and inconsistencies can become audible esjyeiciadituations of sustained or repeated contact
interactions, as in rolling, sliding or bouncing.

Instead of aiming at provably-stable numerical methodss #tudy looks at the accuracy of some
methods commonly found in physics-based engines [3], arasuore their performance in following the
theoretical phase trajectories and in reproducing theggnexchanges that occur in the continuous-time

impact model.

D. Outline

In this paper, the Hunt-Crossley impact model is first charmad by proving some novel analytical
results. Such results are then used as a reference to corhparecuracy of several numerical simulations
of the model, obtained by discretizing the continuous-tietgiations with a number of widely used
numerical methods. It is shown that for some regions of therpater space, the trajectories of the
discretized systems may significantly drift from the anabfly-derived curves. Finally, by exploiting the
provided analytical results, two approaches are propodeidhwallow to improve the accuracy of the
numerical simulations, thus restoring their energy caanisy.

More in detail, the main contribution of this work can be suamnized as follows:

1) Novel approximate closed-form expression for the outibbwelocity, and quantification of its
relative error. Expression of the total energy (Hamiltohias a function of compression velocity
(Section1I-A).

2) Analysis of the distortion caused by a constant extemralef on the analytically derived phase por-
traits. This is of some importance for applying the resultsetal-world simulations (Sectidn 111B).

3) Comparison of the analytically-derived phase portraitl adamiltonian with those obtained by
applying four relevant numerical methods to the Hunt-Geysémpact model. Two critical cases
are examined: low dissipation and hard impact (Sediionjll-B

4) Proposal of two correction methods for numerical modeh® based on the analytic dependence
of compression on velocity, and one based on a constrainh@mutbound velocity (Sectidn]V).

The remainder of the paper is organized as follows. SeEfioaritains the analytical study, Section 111-A
describes different numerical methods which are used furéiizing the continuous-time system, while

in Section[1MI-B the corresponding numerical simulations aompared. Sectiois TVFA aind TVB show
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how the provided analytical results can be used to improeebtshavior of the numerical simulations.
Finally, in Section$ IV-C an@TV-D the computational cost amdwracy of simulations with and without

corrections are compared and evaluated.

Il. IMPACT MODEL

The Hunt-Crossley impact model ]12] is described by the Withg non-linear equation describing the

impact force:
fl o) = Ex® + Xx®v = ka® - (1 4+ pv), x>0 1)
0 , <0

wherez is the compressionv = # is the compression velocifyr > 1 is the exponent of a power law
and represents thiecal shapeof contact surfacest is the stiffness coefficienand0 < A < k is the
damping coefficienfThe mathematically convenient tepm(= \/k) allows to simplify some closed-form
calculations. The impact force model thus represents a ineasl spring of constant in parallel with
a non-linear damper of constant The termkx® corresponds to thelastic componentwhile Az%v
represents thédissipationdue to internal friction.

Marhefka and Orin[[[1] made use of the Hunt-Crossley modeliteoto represent the impact between
a lumped point-mass and a rigid wall (representing a contipaha massive surface which does not move

during collision), therefore considering the system désct by the equation:

ma(t) = —f(x(t), v(t)) (2)

wherem is themass anda is its acceleration In this basic case, during contact the compression and the

compression velocity are respectively equivalent to tlepldcement and the velocity of the point-mass.

A. Properties and analytical results

Thanks to the simple form of]2), the model can be treated &nally and some of its properties can
be inferred. Hereafter the initial conditiong0) = 0 and (0) = v, are considered, that is to say that
the point-mass hits the rigid wall with velocity, at timet¢ = 0.

1) Compressiont is shown in [1] that from[(R) it follows:

m(a+1)

#(v) = [k/ﬂ (—u(v i) + log [ H2

1+ pwin

I e

which can be exploited for plotting the phase portraits an(th v) plane shown in Fid.J1. From Fif] 1 it

can be inferred that, due to the viscous dissipation oaugitiuring contact, the relatiomt + dt) < v(t)

holds, and in particular the output velocity, is always smaller in magnitude than the corresponding
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Fig. 1. Phase portraits for varying input velocitiess = 1...4 m/s. Other values of parameters are: = 102 kg,
kE = 10° N/m*, u = 0.5 s/m, a = 1.5. Solid lines represent the mass trajectory during contact; dashed lipeseat free

motion.

vin. Moreover, for increasingin’s, vou converges to the limit valuey, £ —1/p. The linev = vjin
represents the trajectory where the elastic and dissg#tims cancel, and separates two regions of the

phase space, each of which is never entered by trajectdasgsdin the other one.

Equation [[B) allows to infer thenaximum compressiaxperienced during contact, which occurs when
the compression velocity equals zero:
m(a+1)

ey
I

As remarked in[[1],[ll) together with Fifl] 1 show that the fortéecomes sticky (inward) when

Tmax = 2(0) = [ T o

v < vim. However there is no physical inconsistency in this “stiglds” property, and indeed this never
occurs for trajectories with initial conditions(0) = 0 and4(0) = vin > 0.

Finally, by substituting[{3) in[{2) the compression-forceccteristics during collision can be plotted,
which are shown in Fid.J2. It can be noted that the dissipatve t\z“v introduces hysteresis around
the curvekz®.

2) Output velocity: The restitution coefficientr is defined as:

g A | ol (5)

Vin

June 25, 2010 DRAFT
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27 Fig. 2.  Compression-force characteristics for varying input velocitigs= 1...4 m/s. Solid lines represent the case when
28 dissipation is taken into account (the values of parameters are the samgigd1). The dashed line represents the cuv€,

where no dissipation is consideredl £ 0).

34 Note thatvj, andwey correspond to the roots of the right-hand side[of (3), th#téspoints where: = 0.

As a result,voy can be defined implicitly from{3) as a function g, vi,) only:
38 f1vout — log |1 + pvout| = pvin — log |1 + pvinl - (6)

40 This implies thatuvey is a function ofuwvi, only, and thereford? is also a function of.vi, only.

42 Analytical derivations of the dependeng&.vi,) have been classically performed in the limit of small
initial velocities and/or small dissipatiorEUJB]However, we suggest that a non-local approximation
45 Tout CAN be empirically determined as ansatzwhich fits the curveE (uvin) in the two limit regions

46
47 1vin — 04 and pvin — +o00, thus obtainin:

n
50 Tout(ft vin) = vim [1— Dby - vl | €7 (7)
51 j=0

where, in the case = 4, the coefficients); are:

54 2, 2 4 4

55 bo=1, bi=p, by pue, bz p’,  ba 135 M (8)

58 1Appendix[A provides an example.
2See AppendifB for details.
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Fig. 3. Log-scaled percentage error of the output velocity approxamaté..:, with respect to the value computed numerically
as a zero of({6). Ranges pfin are shown, for which the maximum error is respectively less tHarand0.1%.

From now on, unless specified otherwise, the notafigawill refer to the fourth-order approximation
provided by [¥) and the coefficients] (8). Conventional iigeazero-finding methods applied tQ] (6) can
always be used to compute a more precise release velocithighar computational cost (see TV-C).

Fig.[3 shows the error introduced by the approximate vajie when compared to the corresponding
value computed numerically as a zero [df (6).

3) Contact time:It is shown in [23] that thecontact timecan be expressed as:

2

_ () (- o
=% a+1

/Um : 9)
vout (1 + pw) {—M(U — vin) + log ‘ 114:7;; } =

Equation [9) states that the contact timelepends only on:, the exponentv and the ratiom/k, plus
obviously the impact velocity;,. Since neitherm nor k affect the value of the integral (recall thajy,
depends only om andwy,), it follows that, given a fixeds,, the proportionalityr ~ (m/k)'/(@+1) holds.
From an auditory point of view the value of the contact timeti®rggly correlated to the perceived
“hardness” of the impact _[23]/[24]. Namely, as the contantet decreases, the perceived hardness
increases. Recalling the power-law dependence above dridf¢llows that, for a fixed mass:, “hard”

and “soft” impacts correspond respectively to high and loncé values.

June 25, 2010 DRAFT
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4) Energy properties and behavioihe energy variation in a mechanical system can be calcuésted
the work made by the non-conservative forggsacting on the system along a certain path— xs:

At = [ fule) do = * helyolt) dt = —AA (10

t1

where H is the total energy content, known as tHamiltonian A is the energy dissipation, and the
second integral is obtained by considering thaandt, correspond respectively to the instants when the
displacements:;; and x, are reached. The HamiltoniaH is the sum of potential and kinetic energies,

hereafter named andT’, respectively:
Ht)=V(t)+T() . (11)

With regard to the system represented by (R)is related to the dynamics of the point-mass, which is
described by the left-hand side @f (2), while is related to the elastic component of the impact force
of (D).

In agreement with the last integral iR {10), multiplying batides of [(R) byv(t) = dx/dt and time-

integrating them, gives:

/t ma(s)v(s) ds =
0
o t (12)
= —/ kx(s)*v(s) ds—/ Mz(s)%v(s)? ds
0 0
V(t) A(t)>0

where the force expression dfl (1) has been considered inabezc> 0 only. The first two integrals
in (I2) can be solved explicitly, obtaining:

B kl’(t)aJrl
a4l

V(t) , T(t)= (13)

Considering a system where the point-mass travels withcitglo;, before an impact occurs, then the

initial Hamiltonian corresponds to the initial kinetic energy:

va

Ho=Ty= T‘” : (14)
From [10) it follows that at each time instant
H(t) = Hy — A(¢) (15)
and, sinceA(t) > 0, the following inequalities hold:
0<H(t+dt)<H(t) . (16)
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compression velocity [m/s]

Fig. 4. Compression velocity-Hamiltonian characteristic. The two horitdimas display Hy = Ty and H, = T, that is
respectively the initial and the final Hamiltonian. The values of parametershe same as in Fif] 1 fex, = 1 m/s. The

compression velocity axis has been inverted, thus allowing to read thl &@p left to right.

Indicating as the instant when an impact ends, final Hamiltonianof the system, that is the energy

content right after contact, can be written as:
2

HT =17 = Mout (17)
2
Also, the total amount of energy dissipation occurred dygontact is:
AH,=H,— Hy=—A; (18)

which corresponds to the area enclosed by the hysteregis klwown in Figl2.
As for the rightmost integral if{12), which is non-solvabé® equivalent expression can be obtained

by substituting the complementary results for the remainintegrals:

t 2 2 a+l
_ a2 g Mp —v(t)7)  kx(t)
A = /0 Na(s)%0(s)? ds = . Sy (19)
Finally, by substituting[{3) in[(19) and recalling{15), thellébwing expression iy only is found:
m m m 1+ pov
H(U) :H()-A('U) = 2U2_M(U—Uin)+lﬂ10g‘l_i_lwm (20)

which can be used for plotting the curve shown in Eig. 4.

June 25, 2010 DRAFT
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B. Addition of a constant external force

When a constant external forge (e.g. the force of gravity) is applied to the point mags, (@% o

be rewritten as:
ma(t) + fe = —f(x(t),v(t)) . (21)

Unfortunately, in this case no closed-form analytical lssoan be found as those describedinlI-A.
In more detail, multiplying both sides of (R1) hy(¢) and time-integrating them, an equation is found
where an unsolvable integral is present, this way prevgritndirectly obtain explicit-form expressions
for xz(v), Uout @nd .

Rewriting the 2nd-order equatioh (21) as a system of 1stroeduations:

_ ko Ao (22)

_fe
m mT VT

the equilibrium point of the system is found to beeq, veq) = (— el/o‘/k:,()), which corresponds to the
compression offsah stationary conditions.

As Fig.[3 shows, for positive values ¢f andvj,, the velocity of the point mass during the compression
phase is generally greater than in the case wlfiea= 0. In particular, at the beginning of contact
interaction, sincef, is higher than the current impact forge the compression velocity exceeds.

On the other hand, compared to the case wlies- 0, during the decompression phase the absolute
value of the point mass velocity decreases, resulting in lower output velocities. Moreotrer resulting

maximum compression is always greater than that calculaye@@).

[11. NUMERICAL SIMULATIONS

In this section, the continuous-time system describedpis(@iscretized by means of several numerical

methods, and the resulting numerical systems are studied.

A. Numerical methods

Different numerical methods were considered, which arermmonly used in various fields of appli-
cations spacing from computer graphics, to physical sitrarizof dynamical systems and digital signal
processing. Thanks to their low order — which generally tesal low computational cost — the chosen
methods are particularly suitable for real-time applizas

» The trapezoid rule is popular to translate analog filter stmest to discrete-time filters, and it is the

basis for wave digital filters;
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Fig. 5. Phase portraits of impacts for different external forces agipfie= m - (1,2, 3) N. The bold line represents the case
where f. = 0. The values of parameters are the same as in[FFig. 1 except#oi0° N/m* andwi, = 0.05 m/s. Notice that,
due to the lack of analytical results when an external force is presenphidee portraits have been obtained as the result of

numerical simulations.

« Verlet integration is popular in physics-based graphiciressy
o Heun is a 2nd-order method (complexity similar to the presitwo) representative of the Runge-
Kutta family;

« 4th-order Runge-Kutta is expected to be more accurate, amd gxpensive.

Following the standard notation in numerical analysis, ititegration step is a constant named=
1/Fy).

1) 1-step Adams-Moulton (AM1)s a A-stable 2nd-order implicit method [R5], also knownkaknear
transformation or trapezoid rule

Discretizing [[2) results in the following equation in stafgace form:

Tp+1 1 h T, h—;
= || Fngr + Sl (23)
Un+1 0 1 Un 5m

where the expression for the discrete-time force is obthime replacing the continuous-time variables
x(t) andwv(t) in (@) with their discrete-time counterparts.
Since the AM1 method is implicit[ {23) is also in implicit formand this is reflected in the instanta-

neous relationship betweén, 1 v,1]” and f,.1. Unfortunately, sincef,,,; also has an instantaneous

June 25, 2010 DRAFT



Page 13 of 44

©CoO~NOUTA,WNPE

IEEE TRANSACTIONS ON AUDIO, SPEECH, AND LANGUAGE PROCESSH\ VOL. 0, NO. 0, JANUARY 0000 13

dependence om, 1 andwv, 1 (given by [1)), the discrete-time counterpart of the systimscribed byl (2)
contains adelay-free loopwhich is not directly computable and — because of the nealimependence
f(z,v) — needs some special handling in order to be solved. In p&ticthe K-method[26] together
with Newton’s method25] are used, weighing on the efficiency of the simulatiore (B&C).

2) Verlet: is a 2nd-order explicit method commonly used in computeplgies [3], video games, and
molecular dynamics simulation, where it is typically used integrating Newton’s equation of motion
in order to describe the trajectory of moving particles. Time @ised here is a variant, calledlocity
Verlet, which provides better handling of the velocity variablelarzan be seen as a predictor-corrector
method.

Discretizing [2), results in the following implementatisnheme:

h? f
Tn+1 :.%'n—l—h?)n—i-?an )

h .
Upyl = Un+ 5 predictor

(24)
Jorr = f@ni1,0541)
h fn+1
Unt1 = Uyt 5T corrector

It should be noted that this algorithm assumes ihat; only depends on the predicted velociiy%,
which clearly gives rise to inaccuracies.

3) Heun: is a predictor-corrector explicit methad |25]] [3], withettiorward Euler method as predictor
and the trapezoid rule as corrector. It can also be seen2asl-@arder Runge-Kutta methd&iRK?2).

Discretizing [2) results in the following implementatiocheme:

[

Upt1 = vp, +h— , predictot
m

h -

Tn+l = Tn + §(Un + Un+1) 5
(25)

fn+1 = f(xn—i-laﬂn—&-l) )

h
Vpg1 = Up + hfn & fnt1 ., corrector

2 m

Again, it should be noted that both,,; and f,,;1 only depend on the predicted veloci#y,, and
this gives rise to inaccuracies.
4) 4th-order Runge-Kutta (RK4)is an explicit iterative method_[25][[3] which is widely wbdo

solve ODEs with improved accuracy.
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Discretizing [2) results in the following implementatiocheme:

1
Tp+1 = T + é(ll + 2l + 213 + 1g)

1 (26a)

Unt1 = Up + g(lﬁ + 2ko + 2k3 + ka)

where:
ky
ll—hvn, lg—h(vn+5),
ko
13 = h(vn + 5) , ly = h(Un + /63) s

26b
fn f(wn‘i‘%yvn"i‘%) ( )

ki=h'" | ky=h ,
m m

lo ko
s _f@nt 3ot F) kb _ o f @+l o0+ Ky)

m m

It should be noted that, for each sample, both the velocity the non-linear force of{1) need to be

evaluated four times, therefore strongly affecting the igfficy of the simulation (s€e TVAC).

B. Experimental results

In order to evaluate the chosen numerical methods, it isulgef compare the behavior of the
corresponding simulations against the known analyticslilte (se¢ 1I-A).

The main references used to quantitatively assess theiligfialb a particular numerical methoduring
contact are equationsl(3) arid{20), which express respéctive compressior and the Hamiltoniard
as functions of the compression velocity The errors o and H are then measured as the maximum
deviation of their discrete-time versions from the respective amedyturvesz(v) and H(v), in relation
to the entire variation range of the quantities consideie® {max and AH;). In detail, taking into
account [2D) and defining/s™(z,,, v,,) as the Hamiltonian computed using the values of compression
and velocity resulting from a numerical simulatBna,nd AH, as in [18), themaximum deviation o/
is calculated by means of the following expression:

max,, {HSim(ﬂ?n, Un) — H(Un)}
AH,

%dev(H) = 100 - (27)

3Such measures definitely have a different meaning compared to ordilative errors, since the latter would only account
for local deviations from the analytical curves. On the other hand, thposed measure of error is obtained normalizing the
absolute error according to tlmange of variationof the quantities being evaluated, and picking the maximum deviation along
such range.

“That is, substituting:,, andwv,, in 3J). Not to be confused with the discrete Hamiltonian definedih [22]ifdte-difference
schemes.
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Considering[(B) and definingnax as in [4), themaximum deviation om is calculated as:

—x(vn)} '

Tmax

maxy, {z,

%dev(z) = 100

(28)

Finally, another indicator which allows to evaluate the aacy and consistency of the simulations at
release from contact is provided by the output velocity cote@ numerically as a zero dfl(6), which is

used to calculate the relative error %eg) of its simulated counterparf™.

Throughout the following example simulations some valuepafameters are kept constant: =
1072 Kg, and F, = 44.1 kHz (i.e. a standard audio sample rate).

1) Non-critical simulations:In order to verify the numerical implementations, the pagters of the
model are set to a “safe” configuration, that is to far-fronreme values. In this case, contact extends
over many samples, thus ensuring that the simulations fiteeiited only to a negligible extent by the
chosen sampling rate (seel-C) and should more likely behawhe original continuous-time system.

This is confirmed qualitatively by Fid.] 6, where the plots of altls simulations substantially over-
lap and coincide with the analytical curves. Moreover, &dbloffers a quantitative evaluation of the

simulations, showing the errors introduced by the differamerical methods considered.

TABLE |
SUMMARY OF ERRORS IN NON-CRITICAL SIMULATIONS. THE VALUES OF PARAMETERS AREL = 10° N/M®, 11 = 0.5 S/M,

o = 15, UiN = 0.5 M/S

errors AM1 Verlet Heun RK4
%dev(x) 0.255 0.018 0.319 0.005
%er(vow) || +2-107° | +2.107% | —=3.107° | +2.107°¢
%dey( H) 3.1074 0.052 4.107* 1-107°

2) Critical parameter regions:t has been found empirically that whef™ < 4 samples, the errors
on z, H andwvey heavily increase, resulting in an extremely poor religpitf all the simulations. The
obvious reason for this behavior is that, since only very $amples of data are available, the numerical
systems are totally unable to describe the original cootisttime counterpart. Hence, in the study
hereafter, only values of parameters resulting$f' > 4 samples are considered.

It has been observed that when— 0, and/or as the contact time'™ decreases (i.e. for “hard” im-
pacts), the behavior of most numerical implementationddea become inconsistent with the continuous-

time system. Hereafter, the numerical systems are studidtidése two critical configurations, respectively
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(a) Phase portraits. The two tangent lines represent the maximum essigiTzmax calculated

by (@) and the output velocity,,: computed numerically as a zero & (6).
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- Verlet
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5 11 —*%— RK4 r
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(b) Energy behaviors. The two horizontal lines disply = T, and H, = T+, i.e. respectively
the initial and the final Hamiltonian.

Fig. 6. Qualitative comparison of different methods in non-critical sitiuts. The values of parameters dre= 10° N/m®,
u=0.5s/ma=15,vn=0.5 m/s.

namedcase landcase 2
Case 1 low dissipation [t — 0.4)

In case of low dissipation, the Hamiltonian of both VerlehdaHeun-discretized systems is prone to

oscillations, while contact ends in an inconsistent finalrgnestate: typically,/Ye"et Heuns. 1 where
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Fig. 7. Comparison of Hamiltonians for different implementations of a Ktimn example followingcase 1 The values of

parameters aré = 10° N/m®, ;= 0.01 s/m,a = 1.3, vin = 0.5 m/s. The contact time equal® samples.

H, is defined as in[(17) and is calculated using values4af computed numerically as zeros &f (6).
As for AM1-discretized systems, these generally tend tsipée too much energy during contact (i.e.
H”ML < ), while slightly gaining spurious energy as the contactsefi¢t. 7AM! > H.). On the other
hand, RK4-discretized systems generally behave quiteistenly both during and after the contact
interaction (i.e. H** ~ H).

Fig.[1 shows the Hamiltonian of a simulation example with lagsigpation {; = 0.01), while TableIJ(@)

shows the resulting errors.

Case 2 hard impacts

With the exception of RK4-discretized systems, in this dagesimulations usually show more spread
errors:zS™, HS™ andv$M tend to substantially deviate from the respective analytiesults.

Fig.[8 shows a hard impact simulation example following thkies of parameters adopted in Hig. 1
for v, = 1 m/s, while TabldI(B) shows the corresponding errors. Thsellteng contact timer equals

6 samples.

It is worth noticing that the RK4 method has been proved taabelguite consistently across disparate

configurations of parameters. Therefore, a highly oversainBle-discretized system can be taken as a
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(a) Detail of phase portraits.
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(b) Hamiltonians.
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Fig. 8. Comparison of phase portraits and Hamiltonians for differentdmentations of a simulation example followicgse

2. The values of parameters are the same as in[FFig. 1 stk 1 m/s. The contact time equafissamples.

reference, able to provide extremely accurate simulations
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TABLE I
SUMMARY OF ERRORS IN EXAMPLE SIMULATIONS OFcase 1AND case 2 THE LAST COLUMN SHOWS THE ERROR YIELDED
BY THE APPROXIMATE VALUE ¥oyr WITH RESPECT TO THE VALUE COMPUTED NUMERICALLY IT IS WORTH NOTICING THAT

IN BOTH CASES THE ERROR IS LOWER THAN THOSE YIELDED BY THE SIMLATIONS.

(a) Simulation example followingase 1 The values of parameters are
the same as in Fi@l 7.

errors AM1 Verlet Heun RK4 Tout
%dev(x) 1.011 | 1.083 | 1.136 | 0.052 -
%er{vou) || +0.039 | +0.073 | +0.067 | +0.006 | —1-107°
%dey(H) 61.302 59.542 | 63.042 1.427 -

(b) Simulation example followingase 2 The values of parameters are
the same as in Fi@l 1 far, = 1 m/s.

errors AM1 Verlet Heun RK4 Dout
%deV(r) 4.381 4.418 19.506 0.412 -
%erfvou) || +2.551 | +0.839 | —4.692 | —0.105 | —0.013
%deV(H) 7.885 9.475 23.387 0.410 -

V. IMPROVED NUMERICAL SIMULATIONS
A. Exploitation of analytical results

In this section some solutions are proposed that allow to #xiticonsistencies pointed out[In_1II-B.
The aim is to improve the accuracy and reliability of simuas which make use of the impact model
under study, in view of their implementation as real-timelaations.

1) Hybrid numerical-analytical computationThis solution consists in computing the compression
velocity v,, numerically— that is as a result of a numerical simulation, using for gXanone of the
numerical methods described[in 1TI-A — and employing it[if) {3 order to calculate the corresponding
value of compression(v,,) analytically. Different numerical methods may need different impleragahs
of this solution.

As a result, the corrected numerical system strictly foiaive analytical curves(v) and H (v).

Since the computation is to be made at each sample for the wloétion of the contact interaction,
this solution noticeably increases the computational lofathe simulation.

2) Output velocity constraintThe solution above can be applied only while the contact actésn
lasts, and therefore it cannot control the behavior of a migalesystem upon the end of the impact. At

that time, the energy content (i.e. the residual kineticgn@s™ = H™) can be controlled by forcing
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the output velocity to the approximate valtg;.

Considering that the error introduced Wy (7) depends sadelythe productuvi, (see Fig[B), it is
advisable to apply the correction only when the product, corresponds to an acceptable error, or
the risk is to even worsen the behavior of the numerical aystdowever, the use of this conditional
correction always implies a trade-off: on the one hand itrgoiees not to introduce errors greater than
a chosen maximum, while on the other hand 1) within the exadudnge of.vi,, the output velocity is
not controlled and therefore depends only on the plain nizaemethod chosen, 2) within the included
intervals of uvin, the risk is that the correction introduces errors eventgrehan those provided by the
non-corrected numerical system (this is true especiallynfin-critical parameter regions).

Once the output velocity has been forceditg:, the corresponding compression should be sdt, to
this way adhering to the compression-force charactesistiiown in Fig[R2 by closing their numerical
counterpart atz = 0, f = 0), and ensuring that the final potential enefgy™ is set to zero.

The computation ofo,: only needs to take place in correspondence to an impact,exedtas soon

as the impact velocity;, is known.

B. Numerical simulations with corrections

In order to test the described corrections, they were aghplighe worst behaving simulation examples
provided in[Ill-B2: Fig.[9 and_10 show a comparison of Heundohsimulations following respectively
case landcase 2 with and without corrections.

1) Improved energy behavioiVhen the hybrid correction described[in TVAA1 is appliedy aimula-
tion strictly adheres to the analytical curvEgv) andz(v) during contact, that is the respective errors,
as defined in[(27) and (P8), are equal to zé&ro.

As for the energy state upon the end of the interaction, ther @n A, depends either on the error
introduced by, (When the output velocity constraint described in VA2 wtually applied), or on
the error introduced by the plain numerical simulation. Aeady stated il IV-AP, in the first case the
maximum error onvgy is predictable, and clearly the same goes for the errofpn

Equation [[2V) allows to quantitatively assess the improvemen the energy consistency of the
numerical simulations.

The trend of error onH resulting from simulations with and without corrections dspicted in

Figures[11(a) anfl I1I(b), which show that even the best nuatemethod among those considered

(i.e. RK4) can be improved, especially for critical valuédsparameters (s€e 1lI-B2) such asj, — 0.
®Not taking into account the inherent errors related to the representdtimmtbers in the digital domain.
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Fig. 9. Comparison of the Hamiltonians of a Heun-based simulation exdwlfge/ing case 1 with and without corrections.

2) Sequence of impactdn order to better appreciate the importance of the propasecections,
a sequence of rebounds has been implemented applying areatise force (e.g. gravity) during free
motion only] Thanks to this setup, one can track the accumulation of ereengynalies at each contact
interaction.

To this end, the residual energ‘yji("zf') of numerical simulations after theth impact was examined
and compared to the residual enedy;, due to the exit velocityou(i) of the i-th rebound, computed
numerically as a zero of {6). The corresponding relative reprovides a measure of the inaccuracies
accumulatedduring the sequence of impacts. In addition, the deviatibri/8™ with respect to the
analytical curveH (v) was measured according {0127) along the whole sequencepafcis

TablelIll shows the errors on the residual enefg;i{?oo) and the maximum deviations &fS™ occurred
during a sequence af00 impacts, for simulation examples followingase land case 2 Notice that,
since in some simulations the energy can strongly oscitlateng contact (see Fi@l] 7), the maximum
deviations fromH (v) do not necessarily reflect the accumulated errors. The lasimee show the

errors resulting from simulations corrected as suggestBd-A] where the error threshold for the output

®That is, the external force is temporarily suspended during the shotact at each rebound. As shown[dnI-B, when an
external force is applied during contact, no closed-form analyticalltresavailable, this way making the corrections provided
in V-Alunsuitable.
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(b) Hamiltonians.

Fig. 10. Comparison of a Heun-based simulation example followame 2 with and without corrections.

velocity constraint is set t6.1%, i.e. the correction is always applied (see Fig. 3).
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In order to better understand the importance of such caorextFig.[I2 provides a partial plot of the

sequence of rebounds foase 2 where only the two better performing simulations are dejpic

From Tabld1ll and Fig[_ T2 it is evident that, even in case of mrapparently negligible for a single
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Fig. 11. Trend of error on the Hamiltonian for RK4-based simulations withwaithout corrections, for small values pfand
vin. For the values ofivin considered, the output velocity constraint is always applied (sed Fig:hg) values of parameters,
where kept constant, ale= 10° N/m*, ;= 0.5 s/m,a = 1.5, vin = 0.5 m/s. At each corresponding point of the two parallel
plots, the producvin is the same. It can be noted that, when not using any corrections, thatwéig on the error is clearly

greater than that ofi,.

impact (see the errors relative to RK4 in Tablk 1l), indeeérgp inconsistencies accumulate and can
become noticeable — if not disastrous — after a certain numbeontact interactions.
On the other hand, the errors resulting from the correctedlsitions are actually negligible, and they

are only due to inaccuracies in the forced exit velodity;. The effectiveness of such corrections is
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TABLE 11l

SUMMARY OF ERRORS ON THE RESIDUAL ENERGYH (") (ACCUMULATED ERROR), AND MAXIMUM DEVIATIONS OF H*"“

CALCULATED ACCORDING TO (27]) ALONG THE WHOLE SUCCESSION OA00 REBOUNDS

(a) Simulation examples followingase 1 The values of parameters are
the same as in Fid.7, except for input velocities decreasing at each

rebound.

errors onH AM1 Verlet Heun RK4 corrected

sim.
accum. %err|| 12.022 | 10.059 | 147.036 0.907 <1077
max %dev 72.962 | 72.107 | 63.043 | 14.466 0

(b) Simulation examples followingase 2 The values of parameters are

the same as in Fif] 1, starting with input velocity = 1 m/s.

errors onH AM1 Verlet Heun RK4 | corrected

sim.
accum. %err|| 24.285 | 15.780 | 946.600 | 2.153 0.001
max %dev 69.156 | 43.966 27.418 6.255 0

16

14f

=
00 o

displacement [m]

[}

12k

T
Corrected simulation x(v)+v_

- Verlet
| =-= RK4

1]

timei [s]

Fig. 12. Sequence of rebounds obtained from Verlet- and RK4-kmisrdations followingcase 2 compared with the trajectory

of a corrected simulation.

confirmed comparing the results ofléx oversampled RK4 simulation used as a referenceaise 1

the accumulated error oH is 0.001% and the maximum deviation &024%, while in case 2they are
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respectively0.002% and 0.006%.

C. Computational cost

In this section, the computational costs of both the nunaéiimplementations seen [n_ 1A and the
corrections suggested in TVMA are taken into account. Itigdar, the cost has been measured as the
number of operations (i.e., memory write/read accessesadtitimetical operations) needed to execute
an algorithm.

Table[TV(a) summarizes the cost of the algorithms impleingnthe numerical methods. Since the
AM1-based implementation makes use of Newton's methodzdts is displayed on two sub-columns:
the first one shows the constant cost per sample, while thendemwe (in italics) shows the cost of a
single iteration of Newton’s method. Notice that the numbkiterations per sample is not predictable.

Table[TV(b] shows the cost of the corrections considered.cBmparison, the last column reports the
cost of a single zero-finding iteration ol (6). The number ofaiiens depends op and vj,, and is
usually in the order of some teHﬂt is clear that, despite being more precise than the apmate value
Tout, the value computed numerically as a zero[df (6) implies rmévimes the number of operations
required byooyt.

Since the computational load of simple write/read operatisngenerally low (if not negligible), two
totals for each column are reported: one excluding writgfreperations and, in brackets, one accounting
for them.

Recalling that the hybrid correction only affects the comagional cost during contact, whereas the
output velocity constraint is applied at mosince per impact event, from TallellV one can infer that
Verlet- or Heun-based simulations with corrections areghby three times as efficient as plain RK4-
based simulations during free motion, and almost twice fsiexit during contact. On the other hand,
while the exact computational load of an AM1-based simalais not predictable, it can be noted that

it already matches the cost of a RK4-based one after twatibasaof Newton’s method.

D. Evaluation of methods

The considered implementations can be finally evaluated inligie of the results regarding their
accuracy (seE1l-B and TV-B2) and computational load (S&€]).

"The number of iterations was empirically found as being usually betweemd®0. Moreover, ag decreases, the number
of iterations increases.

8As shown iIV-A2, the output velocity constraint is applied conditionally.
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TABLE IV
NUMBER OF OPERATIONS NEEDED BY THE NUMERICAL METHODS SHOWN IF[IZA]AND THE CORRECTIONS DESCRIBED

IN[IV=A] T HE TOTALS IN BRACKETS ACCOUNT FOR WRITEREAD OPERATIONS

(a) Since the AM1-based implementation makes use of Newton's
method, its cost is displayed on two sub-columns: the first one shows
the cost per sample, while the second one (in italics) shows the cost

of a single Newton’s method iteration.

AM1 Verlet Heun RK4

write 6 10 5 5 20
read 16 33 20 21 72
+I& 3 8 7 8 22
X 8 11 5 5 18
- 0 1 3 3 8
bit-shift 0 0 2 3 6
exp 0 1 1 1 4
log 0 0 0 0 0
compare 0 4 1 1 4
TOTAL | 11(33) 25 (68)| 19 (44) | 21 (47) | 62 (154)

(b) The last column (in italics) shows the cost of a
single zero-finding iteration of(6).

hybrid Uout Vout
correct. | constraint| as zero of[(B)
write 1 2 1
read 7 4 3
+/— 6 5 4
X 7 6 3
= 3 4 1
bit-shift 0 1 0
exp 0 1 0
log 1 0 1
compare 1 1 0
TOTAL || 18 (26)| 18 (24) 9 (12)

It can be stated that, among the non-corrected implemengatithe best all-round performance is
achieved by RK4-discretized systems, although they arte qu@mputationally expensive. On the other

hand, a corrected Verlet-discretized system is generallgast as good as a non-corrected RK4 imple-
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mentation, at a fraction of its computational load.

As for AM1-based implementations, it was shown that theyalvehquite poorly in the critical regions
identified ascase land case 2 These poor results in terms of accuracy, together with argéye
high (and non-predictable) computational load, set the Aihethod as a hardly recommendable choice.
Apparently such conclusion can be quite surprising, esfigdif one considers that AM1 is the only
implicit and A-stable method among those considered. However, the mesgémonlinearities, together
with the inaccuracies introduced by the K-method and Neistorethod, justify the behavior of AM1-

based implementations.

V. CONCLUSIONS

A non-linear physical model of impact with sound synthegpligations has been reviewed, and its
properties have been studied using both analytical toalsramerical simulations.

Several numerical realizations have been compared, andgheitcomings with regard to the corre-
sponding analytical results have been pointed out. Spetighasis has been placed on energy consistency.

It has been shown that by exploiting the analytical resuitsiged, the inconsistencies of the numerical
realizations can be amended, thus restoring the correagestte of the simulated systems, during and
after contact.

Future research will consider finding a closed-form approioneof the release velocity for the system
of (1), where a constant external force is applied, in thay allowing to implement suitable corrections.
Even without such a closed-form solution, zero-finding nuoarprocedures could be profitably used
to fix individual impacts. More interestingly for applicati® in acoustics, solutions will be investigated
for extending the corrections to the case where vibratibmedes are present, thus being applicable to

impacts with resonating objects.

APPENDIX
A. Polynomial expansion of the output velocity

As mentioned if 1[-A2, Hunt and Crossley [12] suggested,timathe limit zvi, — 0., the restitution
coefficient can be approximated by the linear functiofuvin) = (1 — 2/3pvi). Then, recalling[{5), the

corresponding output velocity is:

5 2
out(11, Vin) = (—Vin + guv?n) - (29)

This result can be easily verified through a Taylor expansiotheftwo sides in[{6), using the approxi-

mationlog |1 + €| ~ € — § + % for e — 0.
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The same approach can be used in order to find a polynomial empaofsordern:
n .
Uout = Z aj - "Uijn (30)
j=1

in the limit pvi, — 04. Equation [(3D) is then substituted into the left-hand sidéhefTaylor expansion

of [@). For the case. = 4 one obtains:

I A T AR L
?Uout - ?Uout + Zvout - gvout »
vou=3_1 a5 vy, (31)
1 1 1 1
= §N2Ui2n - g/ﬁsvi?ﬁ + Z/ﬁv#‘ - gﬂs?}?n .
The coefficientss; are then determined by equating the two sided of (31) termeby,tleading to the
system:
1M2a2 _ 1M2
2 Tl ol
1 3 3 2 1 2
- — pajay = S 4,
gHTaT — pwrarag = Sp
1 1 1
1u4a‘f — Patay + ptajaz + §u2a§ = Zﬂz, (32)
1
g;ﬁai’ — ptatas + para3+
1
+ u3a%a3 - M2a1a4 "4 ,u2a2a3 = 5/~L2
which yields:
2 4 44
a1 , G2=gp, a3 gH o 04 = T3k (33)

It follows that, in [30),veyt is @ function of(u, vin) only. Equations[{30) and(B3) result in a slightly
better approximation thah (R9), but still provide a locapagximation.

B. A non-local approximation for the output velocity

From [8) vou: can be written as:

1
Vout = — [(1 + Mvin)eiuAU - 1] =
a (34)

= uim [1 — (1 + ,uvin)e*”m’}
where Av = vj, — vout. Equation [[34) emphasizes that the convergenge— vjim for vy, — +oo is
governed by the fast-decreasing tesm‘2?.
For smallvi,’s, the zeroth order approximation of the exponential tesmi2#vn, however it is easy
to verify that the equation:

Uout = Vlim [1 —(1+ Mvin)€_2“vin] (35)
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does not provide an accurate approximatiorvgf for small vi,’'s. More precisely, its Taylor expansion

arounduvi, = 0 only matches the first Taylor coefficient of the expans[ad (30):

n
Uout R~ E aj - vl
0 2 7" Yin s

=1 (36)

<

ap=-1 and a;#a; (j>1).
This qualitative discussion justifies to some extent the moall approximation for,, given in [7).
Indeed [¥) combines the two viewsisin — 05 and pvin — +00 — 0Ny the exponential term ensures
the convergenceo,: — vim for high values ofuvin, while the polynomial coefficients; are determined

by imposing that the Taylor expansion 6 (7) around= 0 matches that of(30). Recalling that:

N ‘
D DI (—1) () (37)
vin—04 4 1 S ! ‘ ’
‘7:

4!
then one can verify that theth order coefficients; of the Taylor expansion of{7) is given as =

izgzl bj - ¢1—j)- Then the coefficients; can be determined recursively as:

7—1
b():l, bj:/iaj_zbl'c(jfl) (1§j§n> (38)
=0

Applying this recursive equation for the case= 4 yields [8).
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Numerical Methods for a Non-Linear Impact
Model: a Comparative Study with Closed-Form
Corrections

Stefano Papetti*, Federico Avanzini, and Davide Rocchesso

Abstract—A physically-based impact model — already known A. Impact Models

and exploited in the field of sound synthesis — is studied using both . . S .
analytiEaI tools and numerical sim)l/JIations. It is shown thatg the The classic starting pom'F is the Hertz model of COI_“S'On
Hamiltonian of a physical system composed of a mass impacting P€tween two spheres, which can be extended to include
on a wall can be expressed analytically as a function of the internal viscosity([8]. The impact force in such models is th
mass velocity during contact. Moreover, an efficient and accur& sum of a nonlinear elastic term — in the form of a power law
e s e ot o e oo oy 1 compression — and a disspatve component proporional
Analytical results are then compared to numerical simulations to the compressmn velocity — via a second power laW,Of
obtained by discretizing the system with several numerical COmpression. The exponents of the two power laws, as derived
methods. It is shown that, for some regions of the parameter for two colliding spheres, arg/2 and1/2, respectively[[9].
space, the trajectories of the discretized systems may significty In the context of musical acoustics, Stulov proposed a piano
drift from the analytically-derived curves. Two approaches, bagd  hammer model that includes relaxation properties of Fej.[1
on enforcing numerical energy consistency, are then proposeat Such model has exponentsand a — 1 for the power laws
improve the accuracy of numerical simulations. . !
and the actual value af can be used to match experimental
Index Terms—Real time systems, simulation. data. Other models exist that take plastic deformations int
account, thus introducing abrupt direction changes inaheef
compression curves at the transition between loading and
unloading [11].
HYSICAL models of impacts between objects are ubiqui- Particularly popular is the model by Hunt and Crossley [12],
tous in many areas of science and engineering, includifit, [13], [14], [15], that generalizes the extended Hertadel
robotics [1], haptics[[2], computer graphids [3], acoustid] by considering a variable exponent that accounts for differ
and sound synthesi§1[5]. The phenomenologically plausibitentact shapes. In this model, the power laws in the elastic
and energy-consistent behavior of contacting bodies ig-espnd dissipative term are considered to be equal, thus atpwi
cially crucial in simulations of interactions based on airstd easier closed-form calculations [16]. Despite not beinigy fu
or repeated impacts, such as in rolling [6], scraping, gqustified in physical terms, the Hunt-Crossley model hambee
bouncing [[7]. quite successful in some areas of engineering becausevitsall
The higher is the upper limit of the perceptual bandwidtip derive the phase trajectories in closed form, and beci&use
(and the rendering rate), the more critical is the accurats sufficiently complex to represent a wide variety of cohtac
that real-time numerical simulations can afford, thus mgki phenomena. In our work, we adopted this model and extended
the problem of impact modeling increasingly complex whetfie range of the available analytical results.
moving from graphic, to haptic, to auditory displays. Wherea
for most graphic displays it is sufficient to describe an intpag Applications in acoustic modeling

in terms of the ratio between outbound and inbound veloc-C del basis for developi del
ities, in haptic display and in sound synthesis the perceive ontact models can serve as a basis for developing models

characteristics of the impact depend on how bodies inter@dt 20Ustic phenomena. In the context of physically-based

during contact. Therefore, more sophisticated impact risod%ounld synt_he5|s, the H;nt-%sgley rr]‘nodel has peen useq 0
and carefully-designed discretizations are necessarydioa evelop an |mpgct sound mod] [3], where a generic resgnatin
and haptic contexts. object is used in place of the classic rigid wall.

Other models of more complex acoustic phenomena have
Manuscript received January 0, 0000; revised January (.000 been developed based on the very same impact model studied
The research leading to these results has received funting the EU's  here. As an example, Bouncingsound model[[7] has been

Seventh Framework Programme under FET-Open grant agreeM222107  gptained by superimposing a constant force, which simsilate
NIW — Natural Interactive Walking, http://www.niwprojeet]. . lain i d del. Alsoradli d
S. Papetti is with the Dip. Informatica, University of Verone-mail: gravity, on a plain impact sound model. Alsoraling soun

stefano.papetti@univr.it model [6] has been implemented by driving an impact sound
F. Avanzini is with the Dip. Ingegneria dell'informazionenlersity of model by means of a physically-inspired control |ayer_ More
Padova. e-mail: avanzini@dei.unipd.it . . . . .
D. Rocchesso is with the Dip. Arti e Disegno Industriale, W&niversity preusely, the continuous interaction of a ball I’Olllng on a
of Venice. e-mail[ roc@iuaviit surface has been modeled as a dense temporal sequence
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of micro-impacts driven by the geometry of the contactingegions of the parameter space, the trajectories of the dis-
surfaces, and modulated by the ball’s asymmetry. cretized systems may significantly drift from the analyitica
Accurate and consistent impact modeling is crucial in sonterived curves. Finally, by exploiting the provided anialgt
audio-haptic rendering applications, such as interadta@s results, two approaches are proposed which allow to improve
or shoes with vibratory and sonic augmentation [17]. the accuracy of the numerical simulations, thus restottiegy t
In the context of musical sound synthesis, the piano aedergy consistency.
other percussive musical instruments have also been nibdeleMore in detail, the main contribution of this work can be

by using dissipative impact mode(s [10]. summarized as follows:
1) Novel approximate closed-form expression for the out-
C. Issues with discrete time bound velocity, and quantification of its relative error.

Expression of the total energy (Hamiltonian) as a func-
tion of compression velocity (SectiGqn IIFA).

2) Analysis of the distortion caused by a constant external
force on the analytically derived phase portraits. This is
of some importance for applying the results to real-world
simulations (Sectiof I[-B).

3) Comparison of the analytically-derived phase portrait

and Hamiltonian with those obtained by applying four

relevant numerical methods to the Hunt-Crossley impact
model. Two critical cases are examined: low dissipation
and hard impact (Sectidn 1IlIB).

4) Proposal of two correction methods for numerical mod-

els, one based on the analytic dependence of compres-

A wide range of numerical methods can be employed
to discretize the interaction of impacting bodies. Given a
reference continuous-time system, such as the Hunt-@gossl|
model, the goal is to obtain numerical quantities that fello
the continuous-time trajectories as closely as possilil@na
affordable computational cost. Thus, efficiency and acura
are central issues.

Another important goal is energy consistency, especially
in the case of repeated or sustained contacts. A numerical
method, albeit being accurate, can introduce spurioudlasci
tions or instabilities if it fails in terms of energy consation.
This justifies the development of energy-based methods, i.e
numerical schemes based on the definition of a numerical en- . . .
ergy that is proved to be conserved in lossless condit/oBs [1 sion on VeIOCItY’ and one based on a constraint on the
These provably-stable discrete-time models can be derived outbound velocity (SectiofLIV).

for some continuous-time models, including some nonlinegpe remamder cr)]f the Ipa.pe: IS grgasnlze_%% Z)"gws' .Sec—
oscillators, but are not available for more general nomlinet'o" [ contains the analytical study, Secti -A detirs

contact models different numerical methods which are used for discregjzin
As for applications which make use of impact/contact mogihe co_ntmuous-tl_me s_ystem_, while in Section TlI-B the rr

els, energy inconsistencies are a recurring issue. In ctanpiePonding numerical simulations are compared. Secfionl IV-

graphics, where the constraint of low frame rates mak@99IV-B show how the provided analytical results can be used

numerical systems prone to instabiliti€s [3], a typicalrepte Fo imprpve the behavior of the numeriqal simulations. Hinal
is provided by a steady object in resting contact with a rigid Section$IV-C anfIV-D the computational cost and acourac
floor: when the system does not retain passivity, the objget Cof simulations with and without corrections are compared an
move upward and bounce [19]. Similar issues are encounteF‘é@luated'

in simulations of haptic contact, where stiffness values ar Il. | MPACT MODEL

usually limited by requirements on system passivityl [20], : . . .
[2T], whereas higher values can cause the system to becq The Hunt-Crossley impact model [12] is described by the

unstable, for example oscillating, or reacting activelythe ro']%wmg non-linear equation describing the impact force
input. In numerical sound synthesis by physical modE[$,[22]f(x V) = { kx® + Xx®v = kx® - (1+pv) , x>0 )
artifacts and inconsistencies can become audible eslyeicial ’ 0 ;<0
situations of sustained or repeated contact interactiassn wherez is thecompressioyw = 4 is thecompression velocity
rolling, sliding or bouncing. a > 1 is the exponent of a power law and representsdbal
Instead of aiming at provably-stable numerical methods, thshapeof contact surfacesi is the stiffness coefficientand
study looks at the accuracy of some methods commonly foupd< \ < k is the damping coefficientThe mathematically
in physics-based enginés [3], and measure their perforenanc convenient termy, (= A/k) allows to simplify some closed-
following the theoretical phase trajectories and in repmidg  form calculations. The impact force model thus represents
the energy exchanges that occur in the continuous-timedmpa non-linear spring of constarit in parallel with a non-

model. linear damper of constart. The termkxz® corresponds to
the elastic componentwhile Az*v represents théeissipation
D. Outline due to internal friction.

In this paper, the Hunt-Crossley impact model is first Marhefka and Orin[[1] made use of the Hunt-Crossley

characterized by proving some novel analytical result:z:hSumOdel in order to represent the impact between a lumped

results are then used as a reference to compare the accupfégt'm?ss an(:]_ar?%ld wall (treprese(r;tlr!g a coli_nparan;/r?iys-rp
of several numerical simulations of the model, obtained Ve surface which does not move during collision), themefo

discretizing the continuous-time equations with a numtfer onsidering the system described by the equation:
widely used numerical methods. It is shown that for some ma(t) = —f(z(t),v(t)) 2
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Fig. 1. Phase portraits for varying input velocitieg; = 1...4 m/s. Other into account (the values of parameters are the same as ikl Fighd )dashed
values of parameters arexz = 10~2 kg, k = 10° N/m%, u = 0.5 s/m, line represents the curdez®, where no dissipation is considered £ 0).
a = 1.5. Solid lines represent the mass trajectory during conteasheld
lines represent free motion.

Finally, by substituting [{8) in[{2) the compression-force

characteristics during collision can be plotted, which are

wherem is the mass anda is its acceleration In this basic ¢pqunin Fig[®. It can be noted that the dissipative tarfi
case, during contact the compression and the Compressiir?c?oduces hysteresis around the cukve".

velocity are respectively equivalent to the displacemerd a5y oyt velocity: The restitution coefficient? is defined
the velocity of the point-mass. as:

Vout

E 2

A. Properties and analytical results Vin ®)
Thanks to the simple form of({2), the model can bé&lote thatvi, andvoy: correspond to the roots of the right-hand
treated analytically and some of its properties can beriefer side of [3), that is the points wheze= 0. As a resultpoy can
Hereafter the initial conditions:(0) = 0 and i(0) = v, are be defined implicitly from[(B) as a function df:, vin) only:
considered, that is to say that the point-mass hits the vigidl
with velocity vj, at timet¢ = 0.
1) Compressionit is shown in [1] that from[(R) it follows: This implies thaiivoy is a function ofuvin only, and therefore
1+ Eis also a function ofuviy only.
ﬂ o Analytical derivations of the dependen&g.vi,) have been
classically performed in the limit of small initial velos

. ) , (:_J’) and/or small dissipatiorELlﬂ].However, we suggest that a
which can be exploited for plotting the phase portraits g ocal approximatiorio, can be empirically determined

the (z,v) plane shown in Figlll. From Fid]1 it can beys anansatzwhich fits the curveE (yvin) in the two limit
inferred that, due to the viscous dissipation occurringraur regionswin — 04 and pvm — +oo, thus obtainirE:
contact, the relatiom(t + dt) < v(¢) holds, and in particular '

MUout — log ‘1 + lﬁ)out| = UVin — log |1 + l“)in| . (6)

m(a+1)

14 pv
r(v) = |:]€M2 . <—‘u(1} — ’Uin) + log 7#’

1+ pin

the output velocityvy; is always smaller in magnitude than B n ; o
the correspondingi,. Moreover, for increasingin’s, vout Bout(ft: vin) = vim |1 — [ D by - v | e (7
converges to the limit valuejm = —1/u. The linev = vjn J=0

represents the trajectory where the elastic and disse#ins \here, in the case = 4, the coefficients; are:
cancel, and separates two regions of the phase space, each of 9 9 1
3 4

which is never entered by trajectories started in the othet o by =1, by =pu, by = glﬁ, b3 = §u , bys= ﬁ“ .
(8)
Equation [[B) allows to infer thenaximum compressioex- From now on, unless specified otherwise, the notatign
perienced during contact, which occurs when the compressigill refer to the fourth-order approximation provided Hy) (7
velocity equals zero: and the coefficients[{8). Conventional iterative zero-figdi
1 1 methods applied to[16) can always be used to compute a
Tmax = 2(0) = {m(aﬂ . (/win + log ’ )] . more precise release velocity at a higher computational cos
ku? 1+ pvin (seeIV-0).

(4) : : .
As remarked in[[L],[{L) together with Fif] 1 show that the Fig.[d shows the error introduced by thg approximate value
force f becomes sticky (inward) when< vjn. However there ‘our When compared to the corresponding value computed
is no physical inconsistency in this “stickiness” propgeewd numerically as a zero ofX6).
indeed this never occurs for trajectories with initial cttioths  1appendixA provides an example.
x(0) = 0 and(0) = vin > 0. 2See AppendiXB for details.
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In agreement with the last integral in {10), multiplying ot
sides of [2) byv(¢) = dz/dt and time-integrating them, gives:

<0.1%

. / ma(s)os) ds =
o T

T(t)—Tp

: t t
' : = —/ kx(s)*v(s) ds—/ Az (s)*v(s)? ds
08 | 166 | ‘ ‘ 50 | i 1815 | 0 0
! 20) At

error (%)

12)

8 9 10

4 5 6
1 By, (adim.) )>0

Fig. 3. Log-scaled percentage error of the output velogifgreximated by where the force expression &fl (1) has been considered in the

Tout, With respect to the value computed numerically as a zerbloRéhges caser > 0 0n|y_ The first two integrals irﬂJZ) can be solved
of pwin are shown, for which the maximum error is respectively less tfa

and0.1%. explicitly, obtaining:

V() = kx(t)ott
3) Contact time:It is shown in [23] that thecontact time a+1
can be expressed as:

, Tt = : (13)

Considering a system where the point-mass travels with ve-
2 \ 3 locity vi, before an impact occurs, then timitial Hamiltonian
m\ a+i " + S L
T = (—) . . corresponds to the initial kinetic energy:

k a+1
Vin 1 9) 2

vout (1 4+ pw) [—M(U — vin) + log ’11:7;21‘)” } A 2

) ) From [I0) it follows that at each time instant
Equation [[®) states that the contact timelepends only o,

the exponenty and the ratiom /k, plus obviously the impact H(t) = Hy — A(¢) (15)

velocity vin,. Since neitherm nor k affect the value of the

integral (recall that,, depends only om andwyy,), it follows and, since\(t) > 0, the following inequalities hold:

that, given a fixedv,, the proportionalityr ~ (m/k)/(e+1)

holds. 0< H(t+dt) < H(t) . (16)
From an auditory point of view the value of the contact

time is strongly correlated to the perceived “hardness” of Indicating 7 as the instant when an impact ends, fimal

the impact[[23], [[24]. Namely, as the contact time decrgasegamiltonian of the system, that is the energy content right

the perceived hardness increases. Recalling the power-lgfter contact, can be written as:

dependence above and (1) it follows that, for a fixed mass

m, “hard” and “soft” impacts correspond respectively to high H. o —T — mﬁut

and low force values. T 2
4) Energy properties and behaviofThe energy variation A

in a mechanical system can be calculated as the work may

by the non-conservative forcefg. acting on the system along

a certain pathr; — z»: AH; = H; — Hy = —A; (18)

17

so, the total amount of energy dissipation occurred durin
ftact is:

r2 b2 which corresponds to the area enclosed by the hysteregis loo
T ty
. . As for the rightmost integral ifi{12), which is non-solvable
where H is the total energy content, known as tHamilto- g equivalent expression can be obtained by substitutieg th

nian, A is the energy dissipation, and the second integral igmplementary results for the remaining integrals:
obtained by considering that andt, correspond respectively

to the instants when the displacementsandz, are reached. t m(v2 — v(t)? La(t)ot!

The Hamiltonian  is the sum of potential and kinetic (%) :/0 Az(s)v(s)® ds = i 5 W a(l 1

energies, hereafter namédand T, respectively: (19)

Finally, by substituting [(3) in[{19) and recalling_{15), the

H(t)=V(t)+T(t) . (11) following expression inv only is found:

With regard to the system represented by (R)is related to m ., m m 14+ pw

the dynamics of the point-mass, which is described by the lef! (V) = Ho —A(v) = D ﬂ(“ —tin) + 2 log ‘ 1+ pon

hand side of[(R), whilg/ is related to the elastic component (20

of the impact force off{|1). which can be used for plotting the curve shown in [El. 4.
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Fig. 5. Phase portraits of impacts for different externatésrapplied;f. =

m - (1,2,3) N. The bold line represents the case whgre= 0. The values

of parameters are the same as in . 1 exceptkfor= 10° N/m* and

vin = 0.05 m/s. Notice that, due to the lack of analytical results when an
external force is present, the phase portraits have beainebtas the result
of numerical simulations.

Fig. 4. Compression velocity-Hamiltonian characteristioe Two horizontal
lines displayHy = Tp and H. = T, that is respectively the initial and
the final Hamiltonian. The values of parameters are the same Fig.id for
vin = 1 m/s. The compression velocity axis has been inverted, thowialy
to read the graph from left to right.

B. Addition of a constant external force A. Numerical methods
Different numerical methods were considered, which are
commonly used in various fields of applications spacing from
computer graphics, to physical simulation of dynamical-sys
tems and digital signal processing. Thanks to their low orde
t .= —f(x(t),v(t)) . 21 : : :
ma(t) + fe f (), v(®)) (21) which generally results in low computational cost — the emos

Unfortunately, in this case no closed-form analytical tesy Met0ds are particularly suitable for real-time apploasi
can be found as those described[@JI-A. In more detail, * The trapezoid rule is popular to translate analog filter
multiplying both sides of[{21) by(t) and time-integrating structur_e_s to _dlscrete-tlme filters, and it is the basis for
them, an equation is found where an unsolvable integral is Wave digital filters; _ _ _
present, this way preventing to directly obtain explicitsh ~  Verlet integration is popular in physics-based graphic
expressions for(v), Uy @and . engines;

Rewriting the 2nd-order equatioh {21) as a system of 1st-* He“?‘ is 3 2nd-order method (complexity similar to Fhe
order equations: previous two) representative of the Runge-Kutta family;

« 4th-order Runge-Kutta is expected to be more accurate,

When a constant external forgg (e.g. the force of gravity)
is applied to the point masg.]1(2) has to be rewritten as:

i=u and more expensive.
{ 0= —kpa  Xja,  fe (22) Following the standard notation in numerical analysis, the
" " " integration step is a constant namied= 1/F,).
the equilibrium point of the system is found to be.q, veq) = 1) 1-step Adams-Moulton (AM1)s a A-stable 2nd-order
(- e”‘”/k,()), which corresponds to theompression offsen implicit method [25], also known abilinear transformation
stationary conditions. or trapezoid rule

As Fig.[B shows, for positive values of. and v, the Discretizing [2) results in the following equation in state
velocity of the point mass during the compression phase S8ace form:
generally greater than in the case whén= 0. In particular, Tni1 1 h T, ibj
at the beginning of contact interaction, singeis higher than =10 1 B B i [frt1+ fn] (23)

the current impact forcg, the compression velocity exceeds . ) i )
vin. ON the other hand, compared to the case wfier= 0 where the expression for the discrete-time force is obthine

during the decompression phase the absolute value of fRBIaCing the continuous-time variablest) and v(t) in (I)

point mass velocityy decreases, resulting in lower outputVith their discrete-time counterparts. , o
velocities. Moreover, the resulting maximum compressipn | Since the AM1 method is implicit[{23) is also in implicit
always greater than that calculated by (4). form, and this is reflected in the instantaneous relatignshi

between[z,,+1 v,.1]T and f,.;. Unfortunately, sincef,,
also has an instantaneous dependencezp, and v,
I1l. NUMERICAL SIMULATIONS (given by [1)), the discrete-time counterpart of the system
described by[{2) contains delay-free loop which is not
In this section, the continuous-time system describedpy (@rectly computable and — because of the nonlinear depen-
is discretized by means of several numerical methods, and ttence f(x,v) — needs some special handling in order to be
resulting numerical systems are studied. solved. In particular, th&-method26] together withNewton’s

Un+1 2m
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method [25] are used, weighing on the efficiency of thdt should be noted that, for each sample, both the velocity an

simulation (se€IV-C). the non-linear force ofl{1) need to be evaluated four times,
2) Verlet: is a 2nd-order explicit method commonly used itherefore strongly affecting the efficiency of the simuwdati

computer graphics[3], video games, and molecular dynamicee1V-Q).

simulation, where it is typically used for integrating New's

equation of motion in order to describe the trajectory @d. Experimental results

moving particles. The one used here is a variant, calocity | order to evaluate the chosen numerical methods, it is use-
Verlet which provides better handling of the velocity variablg 1, compare the behavior of the corresponding simulation
and can be seen as a predictor-corrector method. against the known analytical results (§ge1-A).
Discretizing [2), results in the following implementation “the main references used to quantitatively assess the re-
scheme: liability of a particular numerical methoduring contact are
hj& equations[{B) and(20), which express respectively the com-

Tnt1 = Tn + hon + 2 m’ pressionz and the Hamiltoniarf as functions of the compres-

sion velocityv. The errors onc and H are then measured as

h .
= —— redicto . - S : )
Unty = Ut om P ‘ (24) the maximum deviatiofisof their discrete-time versions from

fov1 = f@ng1,0041) the respective analytical curvesv) and H(v), in relation
B foit to the entire variation range of the quantities considered
Unt1 = VUpql + 5 corrector (i.e. max and AH,). In detail, taking into accounf{20) and

defining H5™(z,,, v,,) as the Hamiltonian computed using the
values of compression and velocity resulting from a nunaéric
simulatiorfl and AH, as in [I8), themaximum deviation on
H is calculated by means of the following expression:

max,, {HSim(iﬁm Un) — H(Un)}
AH, '

It should be noted that this algorithm assumes tAat;
only depends on the predicted velocit){+%, which clearly
gives rise to inaccuracies.

3) Heun: is a predictor-corrector explicit method [25]] [3],
with the forward Euler method as predictor and the trapezoid
rule as corrector. It can also be seen a®nd-order Runge-
Kutta method(RK2).

Discretizing [2) results in the following implementationConsidering [(B) and definingmax as in [3), themaximum
scheme: deviation onx is calculated as:

max,, {z, — z(v,)}
Upt1 = Un + hf—" ,  predictor %dev(z) = 100 - ‘ - ,
m max

%dev(H) = 100 - (27)

(28)

h B . . . .
Trp1 = Tn + 2 (Vn + Tng1) S Finally, another indicator which allows to evaluate the

2 (25) accuracy and consistency of the simulations at release
Jn1 = f (@ng1,0np1) from contact is provided by the output velocity computed

h fn+ fas1 numerically as a zero of{6), which is used to calculate the
Unt1 = Un 5 m ,  corrector relative error %el(oy) Of its simulated counterpar™.

Again, it should be noted that both,,; and f,.; only ] ) ]
depend on the predicted velocity, .1, and this gives rise to Throughout the following example simulations some values
inaccuracies. of parameters are kept constant: = 1072 Kg, and F, =

4) 4th-order Runge-Kutta (RK4)is an explicit iterative 44-1 kHz (i.e. a standard audio sample rate).
method [25], [8] which is widely used to solve ODEs with 1) Non-critical simulations:In order to verify the numer-
improved ac,curacy. ical implementations, the parameters of the model are set to
Discretizing [2) results in the following implementation? 'Saf€” configuration, that is to far-from-extreme valugs.
scheme: this case, contact extends over many samples, thus ensuring
1 that the simulations are influenced only to a negligible ®ixte
Tpi1 = Tp + 6(11 + 2l +2l3 + 14) by the chosen sampling rate ($€€ll-C) and should more likely
1 (26a) behave as the original continuous-time system.
Upyl = Up + 6(]431 + 2ko + 2k3 + ky) This is confirmed qualitatively by Fid.] 6, where the plots
of all such simulations substantially overlap and coincidl
the analytical curves. Moreover, Talfle | offers a quanti¢at
ﬁ) evaluation of the simulations, showing the errors intralic
277 by the different numerical methods considered.

where:

ll = hvn 5 l2 - h(vn +

ko

I3 = h(Un + ?) , = h(vn + k3) ’ 3Such measures definitely have a different meaning comparediioaoy
I Ky relative errors, since the latter would only account foralogeviations from
f(ﬂfn + 5 Un + 7) the analytical curves. On the other hand, the proposed neasuerror is
m ’ obtained normalizing the absolute error according tortrege of variation
of the quantities being evaluated, and picking the maximuniatien along

ks =nh ky = hf(x" + I3, vn + k3) _ such range.

m ’ m 4That is, substitutingz,, and v,, in {3). Not to be confused with the
(26b)  discrete Hamiltonian defined ifi[22] for finite-differencehemes.

>

Y
m
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(b) Energy behaviors. The two horizontal lines displdy = Ty and H, =
T, i.e. respectively the initial and the final Hamiltonian.

Fig. 6. Qualitative comparison of different methods in noitieal simula-
tions. The values of parameters dre= 103 N/m®, = 0.5 s/m,a = 1.5,
vin = 0.5 m/s.

TABLE |
SUMMARY OF ERRORS IN NON-CRITICAL SIMULATIONS. THE VALUES OF
PARAMETERS AREE = 103 N/M®, i = 0.5 S/M, a = 1.5, vy = 0.5 M/S.

errors AM1 Verlet Heun RK4
%deV(x) 0.255 0.018 0.319 0.005
%erfvout) || +2-1075 | +2-1076 | —3.107° | +2.1076
%dev( H) 3-1074 0.052 4-.1074 1-10°

2) Critical parameter regions:It has been found empiri-
cally that whenrs™ < 4 samples, the errors any H and oy
heavily increase, resulting in an extremely poor religpitf
all the simulations. The obvious reason for this behavior

T T T
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Fig. 7. Comparison of Hamiltonians for different implementati@f a simu-
lation example followingase 1 The values of parameters are= 107 N/m<,
w=0.01 s/m,a = 1.3, vip, = 0.5 m/s. The contact time equal® samples.

and Heun-discretized systems is prone to oscillations]ewhi
contact ends in an inconsistent final energy state: typicall
HYeret Heun i1 where H, is defined as in[{17) and is
calculated using values ef,; computed numerically as zeros
of (@). As for AM1-discretized systems, these generallydten
to dissipate too much energy during contact (HFEM! < H),
while slightly gaining spurious energy as the contact ends (
HAMI > [). On the other hand, RK4-discretized systems
generally behave quite consistently both during and after t
contact interaction (i.eHR** ~ H).

Fig. [ shows the Hamiltonian of a simulation example
with low dissipation (¢ = 0.01), while Table[d[(@) shows the
resulting errors.

Case 2 hard impacts

With the exception of RK4-discretized systems, in this case
the simulations usually show more spread erraf¥?, HS™
and v$™ tend to substantially deviate from the respective
analytical results.

Fig.[d shows a hard impact simulation example following
the values of parameters adopted in Fiy. 1 4gr = 1 m/s,
while TableJ[(b) shows the corresponding errors. The tesyl
contact timer equals6 samples.

is It is worth noticing that the RK4 method has been proved

that, since only very few samples of data are available, the@behave quite consistently across disparate confignsatd
numerical systems are totally unable to describe the aigimparameters. Therefore, a highly oversampled RK-dis@&eétiz
continuous-time counterpart. Hence, in the study hereaftsystem can be taken as a reference, able to provide extremely

only values of parameters resulting ™ > 4 samples are
considered.

It has been observed that when — 0, and/or as the

accurate simulations.

contact timerS™ decreases (i.e. for “hard” impacts), the IV. IMPROVED NUMERICAL SIMULATIONS

behavior of most numerical implementations tends to beco
inconsistent with the continuous-time system. Hereaft

me i :
éAI" Exploitation of analytical results

the numerical systems are studied for these two criticalin this section some solutions are proposed that allow to fix

configurations, respectively namedse landcase 2

Case 1 low dissipation (t — 04)

the inconsistencies pointed outin 11-B. The aim is to impmo
the accuracy and reliability of simulations which make uge o
the impact model under study, in view of their implementatio

In case of low dissipation, the Hamiltonian of both Verletas real-time applications.
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value of compressior(v,,) analytically. Different numerical
methods may need different implementations of this sahutio

As a result, the corrected numerical system strictly fodow
the analytical curves(v) and H (v).

Since the computation is to be made at each sample for
the whole duration of the contact interaction, this solutio
noticeably increases the computational load of the sirmuiat

2) Output velocity constraintThe solution above can be
applied only while the contact interaction lasts, and tfeeee
it cannot control the behavior of a numerical system upon the
end of the impact. At that time, the energy content (i.e. the
residual kinetic energyi’s™ = HS™M) can be controlled by
forcing the output velocity to the approximate valtg:.

Considering that the error introduced Y (7) depends solely
on the productuvi, (see Fig.[B), it is advisable to apply
the correction only when the produgti, corresponds to an
acceptable error, or the risk is to even worsen the behavior o
the numerical system. However, the use of this conditional
correction always implies a trade-off: on the one hand it
guarantees not to introduce errors greater than a chosen max
imum, while on the other hand 1) within the excluded range

of uwvin, the output velocity is not controlled and therefore
depends only on the plain numerical method chosen, 2) within
the included intervals ofivin, the risk is that the correction

\ introduces errors even greater than those provided by the no
---------------------------------- \--%¥- corrected numerical system (this is true especially for-non
S5l ‘ ‘ ‘ ‘ ‘ \ J L %o critical parameter regions).

om0 e vreonvekcy el 8 08 Once the output velocity has been forcedita, the corre-
sponding compression should be setOtathis way adhering

fo 8 G _ o _ o Hamiltonians fofedf to the compression-force characteristics shown in Eig. 2 by
ir%%lerﬁentati%?]ﬁspeg;sgnsiomuI%tﬁ)?]eegg&rggsfcirowim;;nel tgn'lrigsvefl)uees (;f CIOSIHQ their nume,ncal coun.terpart at.:, 0.f = 0)' and
parameters are the same as in fl. 1 wifh = 1 m/s. The contact time €nsuring that the final potential energ§'™ is set to zero.
equals6 samples. The computation ofogy only needs to take place in cor-
respondence to an impact event, and as soon as the impact
velocity v, is known.

energy [N*m/sz]

w
o
T
I

(b) Hamiltonians.

TABLE I
SUMMARY OF ERRORS IN EXAMPLE SIMULATIONS OFcase 1AND case 2
THE LAST COLUMN SHOWS THE ERROR YIELDED BY THE APPROXIMATE
VALUE Doyt WITH RESPECT TO THE VALUE COMPUTED NUMERICALLY IT
IS WORTH NOTICING THAT IN BOTH CASES THE ERROR IS LOWER THAN
THOSE YIELDED BY THE SIMULATIONS.

B. Numerical simulations with corrections

In order to test the described corrections, they were applie
to the worst behaving simulation examples provideldin 17-B

(a) Simulation example followingase 1 The values of parameters are the . . .
Fig.[d andID show a comparison of Heun-based simulations

same as in Fid7.

errors AM1 Verlet Heun RK4 Bout following respectivelycase land case 2 with and without
%deV(x) 1.011 1.083 1.136 0.052 - corrections.

%er(vou) || +0.039 | +0.073 | +0.067 | +0.006 | —1-10~° ; ; ;
%dev(H) | 61.302 | 59.542 | 63.042 | 1.427 . 1) Improved energy behaviolWhen the hybrid correction

described i IV=Al is applied, any simulation strictly adé

(b) Simulation example followingase 2 The values of parameters are the to the analytical curved (v) andxz(v) during contact, that is
same as in Fid]1 forj, = 1 m/s.

the respective errors, as defined[inl(27) dnd (28), are equal t

errors AM1 Verlet Heun RK4 Uout zer

%deV(x) 4.381 1418 | 19506 | 0.412 - . :
%er(von) || +2.551 | +0.839 | —4.692 | —0.105 | —0.013 As for the energy state upon the end of the interaction,
%dey(H) 7.885 | 9.475 | 23.387 | 0.410 - the error onH, depends either on the error introduced by

tout (When the output velocity constraint described in TVFA2
is actually applied), or on the error introduced by the plain
numerical simulation. As already statedin IVAA2, in theffirs

1) Hybrid numerical-analytical computationfhis solution case the maximum error an is predictable, and clearly the
consists in computing the compression veloeitynumerically same goes for the error oif
-

— that is as a result of a numerical simulation, using for
example On_e O_f '_[he nL_lmerlcaI methods deSC”beﬂ:m”'A ~5Not taking into account the inherent errors related to tipeesentation of
and employing it in[(B) in order to calculate the correspagdi numbers in the digital domain.
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Fig. 9. Comparison of the Hamiltonians of a Heun-based sinuuiakample
following case 1 with and without corrections.
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Fig. 10. Comparison of a Heun-based simulation example fofigwase 2
with and without corrections.
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Fig. 11. Trend of error on the Hamiltonian for RK4-based sirtiotes with

and without corrections, for small values @fandvi,. For the values ofivi,
considered, the output velocity constraint is always @&gp(see Fig13). The
values of parameters, where kept constantkate 109 N/m®, ;. = 0.5 s/m,

a = 1.5, viy = 0.5 m/s. At each corresponding point of the two parallel
plots, the producfwvi, is the same. It can be noted that, when not using any
corrections, the weight ofi on the error is clearly greater than that«gf.

2) Sequence of impactdn order to better appreciate the
importance of the proposed corrections, a sequence of re-
bounds has been implemented applying a conservative force
(e.g. gravity) during free motion onlyThanks to this setup,
one can track the accumulation of energy anomalies at each
contact interaction.

To this end, the residual energyj‘(r?) of numerical sim-
ulations after thei-th impact was examined and compared
to the residual energyi, ;) due to the exit velocityveu(i)
of the i-th rebound, computed numerically as a zero[df (6).
The corresponding relative error provides a measure of the
inaccuraciesaccumulatedduring the sequence of impacts. In
addition, the deviation of7S™ with respect to the analytical
curve H(v) was measured according {0]27) along the whole
sequence of impacts.

Table[IIl shows the errors on the residual ener@ﬁ(m

) 100)
and the maximum deviations off™ occurred during a

Equation [2V) allows to quantitatively assess the improveequence ol00 impacts, for simulation examples following
ments on the energy consistency of the numerical simukatiogase landcase 2 Notice that, since in some simulations the

The trend of error onH resulting from simulations with
and without corrections is depicted in Figufes Tl (a)[an@}.1(

energy can strongly oscillate during contact (see Hig.hg, t

which show that even the best numerical method among thosE&rhat is, the external force is temporarily suspended dutiegshort contact

considered (i.e. RK4) can be improved, especially for aalti
values of parameters (see1l[1B2) such;as, — 0.

at each rebound. As shown[InTI-B, when an external force ieg during
contact, no closed-form analytical result is availablas tvay making the
corrections provided iR TV-A unsuitable.



P OO~NOUILAWNPE

Page 40 of 44

10 IEEE TRANSACTIONS ON AUDIO, SPEECH, AND LANGUAGE PROCESSING, Y00, NO. 0, JANUARY 0000

““““““ 7 C. Computational cost

Corrected simulation ><(v)+v'Ju

Verlet

S L= : In this section, the computational costs of both the nu-

5 5 : merical implementations seen [n_II'A and the corrections
suggested i IV-A are taken into account. In particular,dbst
has been measured as the number of operations (i.e., memory
write/read accesses and arithmetical operations) neegled t
execute an algorithm.

Table [TV(a) summarizes the cost of the algorithms im-
plementing the numerical methods. Since the AM1-based
implementation makes use of Newton’s method, its cost is
‘ displayed on two sub-columns: the first one shows the constan
e 115 12 cost per sample, while the second one (in italics) shows the

cost of a single iteration of Newton’s method. Notice that th
Fig. 12.  Sequence of rebounds obtained from Verlet- and B&sed number of iterations per sample is not predictable.
z:mﬂ:;:ggs followingcase 2 compared with the trajectory of a corrected Table[TV(B] shows the cost of the corrections considered.

For comparison, the last column reports the cost of a single

zero-finding iteration orl{6). The number of iterations dejwe
maximum deviations fronf (v) do not necessarily reflect then #+ and v, and is usually in the order of some téhtt.is
accumulated errors. The last columns show the errors iegultclear that, despite being more precise than the approximate
from simulations corrected as suggested o IV-A, where t¥@lUue tou, the value computed numerically as a zero [df (6)
error threshold for the output velocity constraint is sed.ts, Implies several times the number of operations required by

displacement [m]

i.e. the correction is always applied (see Q. 3). Tout:
Since the computational load of simple write/read opera-
TABLE 11l tions is generally low (if not negligible), two totals for &a
SUMMARY OF ERRORS ON THE RESIDUAL ENERGYH 2| ) column are reported: one excluding write/read operatioms a

(ACCUMULATED ERROR), AND MAXIMUM DEVIATIONS OF HS™
CALCULATED ACCORDING TO (Z7) ALONG THE WHOLE SUCCESSION OF
100 REBOUNDS

in brackets, one accounting for them.

TABLE IV
NUMBER OF OPERATIONS NEEDED BY THE NUMERICAL METHODS SHOWN

(a) Slmul_atlor_1 examples follov_vmgase 1T_he values of_ parameters are the IN[IEA]AND THE CORRECTIONS DESCRIBED INIV-A] T HE TOTALS IN
same as in Fid]7, except for input velocities decreasing et ezbound. BRACKETS ACCOUNT FOR WRITEREAD OPERATIONS

errors onH AM1 Verlet Heun RK4 corrected
sim. . . .
e (a) Since the AM1-based implementation makes use of Newton's
accurg).d%err %3823 %g?g? 16437604336 1(294067(3 < 100 method, its cost is displayed on two sub-columns: the first dwosvs
max odev : : : : the cost per sample, while the second one (in italics) shoe/sdist of

. . . a single Newton's method iteration.
(b) Simulation examples followingase 2 The values of parameters are 9

the same as in Fif] 1, starting with input velocity = 1 m/s. , AM1 Verlet Heun RK4
write 6 10 5 5 20
errors onH AM1 Verlet Heun RK4 CO;riﬁthEd read 16 33 20 21 72
accum. %err|| 24.285 | 15.780 | 946.600 | 2.153 0.001 ;t/ 2 fl g g ig
max %dev || 69.156 | 43.966 | 27.418 | 6.255 0 A 0 1 3 3 3
bit-shift 0 0 2 3 6
exp 0 1 1 1 4
In order to better understand the importance of such cor-| log 8 2 (1) 2 2
. - . - compare
rections, Fig[IR provides a partial plot of the sequence of TOTAL | 11 (33) 25 (68) | 10 (4d) | 21 @7) | 62 (15%)

rebounds forcase 2 where only the two better performing

simulations are depicted. (b) The last column (in italics) shows the cost of a single
From Tabld T and FigI12 it is evident that, even in case of zero-finding iteration orl{6).
errors apparently negligible for a single impact (see thersr Chg'r?g'gt_ Co:g;]r‘aint as Z;’;’gt of TB)
relative to RK4 in Tabldl), indeed energy inconsistencies write 1 2 1
accumulate and can become noticeable — if not disastrous — read 7 4 3
after a certain number of contact interactions. JX’" ° 2 5
On the other hand, the errors resulting from the corrected = 3 4 1
simulations are actually negligible, and they are only duwe t bit-shift 0 1 0
inaccuracies in the forced exit velocity,. The effectiveness fggp 2 é 2
of such corrections is confirmed comparing the results of a compare 1 1 0
16 x oversampled RK4 simulation used as a referencease TOTAL || 18 (26) | 18 (24) 9 (12)

1 the accumulated error off is 0.001% and the maximum
deviation is0.024%, while in case 2they are respectlvely "The number of iterations was empirically found as being uguzgtween
0.002% and 0.006%. 15 and 40. Moreover, ag decreases, the number of iterations increases.
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Recalling that the hybrid correction only affects the com- APPENDIX
putatloqal .COSt dgrlng contact, wherea; the output VQJOCIA. Polynomial expansion of the output velocity
constraint is applied at mékbnce per impact event, from
Table[T¥ one can infer that Verlet- or Heun-based simulation As mentioned i I-A2, Hunt and Crossley [12] suggested
with corrections are roughly three times as efficient asnplaihat, in the limituvi, — 0., the restitution coefficient can be
RK4-based simulations during free motion, and almost twi@pproximated by the linear functiafi(yivin) = (1 —2/3pwin).
as efficient during contact. On the other hand, while thEhen, recalling[(5), the corresponding output velocity is:
exact computational load of an AM1-based simulation is not 9
predictable, it can be noted that it already matches theafost Bout(p, vin) = (—vin + 5 pvip) - (29)

a RK4-based one after two iterations of Newton's method. 3
This result can be easily verified through a Taylor expansion

of the two sides in[{6), using the approximatibig |1 + ¢| ~
e—§+§,f0re—>0+.
The considered implementations can be flna”y evaluatedThe same approach can be used in order to find a p0|yn0mia|
in the light of the results regarding their accuracy ee8lll expansion of orden:
and[IV-B2) and computational load (see1V-C). .
It can be stated that, among the non-corrected implemen Dout — Zai v (30)
Jj=1

D. Evaluation of methods

tations, the best all-round performance is achieved by RK4-

discretized systems, although they are quite computdljona

expensive. On the other hand, a corrected Verlet-disetizin the limit yvi, — 0. Equation [(3D) is then substituted into
system is generally at least as good as a non-corrected RKé left-hand side of the Taylor expansion [of (6). For theecas

implementation, at a fraction of its computational load. n = 4 one obtains:
As for AM1-based implementations, it was shown that they 2 3 4 5
b : : o . . o B o B3 B4 K5
ehave quite poorly in the critical regions identifiedcase 1 —Vgut — ?UoutJr 7 Vout = "5~ Vout L
andcase 2 These poor results in terms of accuracy, together vou=221 a5 (31)
i i - i i 1 1 1 1 5
with a generally high (and non-predictable) computational _ B S 0 S - LI N

load, set the AM1 method as a hardly recommendable choice. 2 3 4 5

Apparently such conclusion can be quite surprising, esfigci The coefficients:; are then determined by equating the two

if one considers that AM1 is the only implicit and-stable sjdes of [3]l) term by term, leading to the system:
method among those considered. However, the presence of

nonlinearities, together with the inaccuracies introdliog the —pla? = 1#27

K-method and Newton’s method, justify the behavior of AM1- % 2 )

based implementations. g,ﬁa? — pPajag = glﬂ,
1 1 1

V. CONCLUSIONS Zu4a‘11 — platas + pParas + §,u2a§ = iuz, (32)
A non-linear physical model of impact with sound synthesis L 55 43 3 9
applications has been reviewed, and its properties have bee | 5/ 1~ #4192 Tyt
. . . . . . . 1
studied using both analytical tools and numerical simateti + iPalas — paray — plasas = 5“2

Several numerical realizations have been compared, and
their shortcomings with regard to the corresponding aryt \which yields:
results have been pointed out. Special emphasis has been
placed on energy consistency. a1 =—-1, as= 2M . az = _élf . ay = 474u3 .

It has been shown that by exploiting the analytical results 3 9 135 (33)
provided, the inconsistencies of the numerical realizegtican It follows that, in [30), vou iS a function of (i, vin) only.

be amended, thus restoring the correct energy state of FﬂfuationsIBD) and [33) result in a slightly better appraxim

simulated systems, ‘?'““”9 z_;md qfter contact. tion than [29), but still provide a local approximation.
Future research will consider finding a closed-form approx-

imation of the release velocity for the system [of](21), where
a constant external force is applied, in this way allowing tB. A non-local approximation for the output velocity
implement suitable corrections. Even without such a clesed
form solution, zero-finding numerical procedures could be
profitably used to fix individual impacts. More interesting|

From [8) vou can be written as:

1
Vout = ; [(1 + ,‘“Jin)e_“AU - 1] =

for applications in acoustics, solutions will be investaghfor (34)
extending the correc‘_[ions to _the case yvhere vibr_ationa;lebs_ = Vjim [1 —(1+ ;win)e_”A“]

are present, thus being applicable to impacts with resugati ] ]

objects. where Av = vip — vour. Equation [[3#) emphasizes that the

convergencevgy — vim for vy — 400 is governed by the
8As shown i{I¥-A2, the output velocity constraint is applieshditionally. ~ fast-decreasing term#4v,
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For small viy's, the zeroth order approximation of the13]
exponential term i ~2#vn however it is easy to verify that
the equation: [14]

Uout = Vlim [1 —(1+ Mvin)€_2m)m] (35)

does not provide an accurate approximatiorvgf for small
vin'S. More precisely, its Taylor expansion aroung = 0 only
matches the first Taylor coefficient of the expansiond (30):

(15]

(16]

> ~ Gl [17]
Uout = a; - v
'Uln_)0+ j—Zl n (36)
ap=—-1 and (Nlj 35 aj (] > 1) .

1
This qualitative discussion justifies to some extent the- non8
local approximation fowey: given in [1). Indeed{7) combines 1]
the two views —puwvi, — 04 and pvin — +0o — 0N Vgt
the exponential term ensures the convergengg — vim  [20]
for high values ofuvin, while the polynomial coefficients;

are determined by imposing that the Taylor expansior_bf (@1]
aroundvi, = 0 matches that of(30). Recalling that:

—2uvn j (=17 [22]
€ o vm§0+ z;cj : Uijn y G = T(Qll)j s (37) [23]
]:

then one can verify that théth order coefficients; of the [24]
Taylor expansi_or_1 of[{7) is given ag = 52221 bj_-c(l,j).
Then the coefficients; can be determined recursively as:

J—1
. 25
bo=1, bj:,uaj_zbl'c(jfl) (1<j<n). (38) v
=0 [26]

Applying this recursive equation for the case= 4 yields [8).
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