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Quantum coherence plays a fundamental and operational role in different areas of physics. A resource theory
has been developed to characterize the coherence of distinguishable particles systems. Here we show that
indistinguishability of identical particles is a source of coherence, even when they are independently prepared. In
particular, under spatially local operations, states that are incoherent for distinguishable particles, can be coherent
for indistinguishable particles under the same procedure. We present a phase discrimination protocol, in which
we demonstrate the operational advantage of using two indistinguishable particles rather than distinguishable
ones. The coherence due to the quantum indistinguishability significantly reduces the error probability of
guessing the phase, using the most general measurements. The role played by particle statistics in the protocol

is also investigated.
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I. INTRODUCTION

Quantum coherence concerns the possibility to create a
quantum state as a superposition of two or more different
configurations. Recently, a resource theory of coherence has
been proposed, in order to characterize, quantify, and exploit
coherence [1-7]. Choosing a reference basis, diagonal, and
nondiagonal states in that basis are called incoherent (free)
states and coherent (resource) states, respectively. The free
operations to which we have access, in accordance with
physical constraints imposed on the system, are the so-called
incoherent operations. They cannot create coherence starting
from incoherent states. It has been shown that coherence of a
quantum state has an operational relevance in the implemen-
tation of phase discrimination protocols using distinguishable
particles: the robustness of coherence quantifies not only
the amount of coherence of a quantum state but also the
advantage offered by its presence in a metrology protocol
[3,8]. In the context of quantum thermodynamics, a link
between the coherence of a quantum state and the extractable
work has been identified [9], and very recently the role
of quantum coherence as a resource for the nonequilibrium
entropy production has been pinpointed [10].
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The resource theory of coherence is well defined for single-
particle systems and for systems of multidistinguishable par-
ticles. On the other hand, recently, it has been shown that
indistinguishability of identical particles confers on quantum
systems original properties that can be used as sources of
entanglement to implement quantum information processes,
impossible to perform if particles are distinguishable [11-18].

In this work, we generalize the resource theory of co-
herence to systems of identical particles, using a particle-
based approach that only allows physical labels to address
the particles in the system [19,20]. Our aim is to show how
indistinguishability may be a source of operational coherence,
highlighting also the role of particle statistics. Clearly, and in
contrast to the case of distinguishable particles, to achieve this
we have to consider at least two (identical) particles.

II. COHERENCE OF IDENTICAL PARTICLE STATES

Let us consider, in the no-label formalism [19-21], two
identical spins (that is, particles with a two-level internal state
space) in the mixed state

pr= > poclVo.¥'t) (Yo, ¥zl (1)
o.r=|.1

where Z stands for identical, ¥ and ' represent the spa-
tial degrees of freedom and o and t are the pseudospins.
The coefficients p,, are such that Tr[p’] = 1. Each term
|Yo, ¥'T) in the sum is the state of two identical particles,
one of which is characterised by ¥ and o, the other by ¢’
and 7. This state is a global object, which crucially cannot
be written as a tensor product of single-particle states, i.e.,

o, ¥'t) # [Yyo) @ |¥'r).
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To define the coherence of this state, an orthonormal basis
has to be chosen. Let us now make some considerations in
order to opportunely choose a preferred basis, depending on
the possible operations that can be performed for free on
the system. A resource theory requires the identification of
a physically and operationally meaningful set of free opera-
tions, which enable manipulation of resourceful states. Anal-
ogously to the case of distinguishable particles, both single-
particle and two-particle operations on the system are allowed.
Identical particles are physically not addressable individually
[22,23], thus the concept of single-particle operation may
seem 1ill defined, requiring us to differentiate them. As an
example, since the global Hilbert space is not a tensor product
of two single-spin spaces, if a CNOT (free operation for
distinguishable particles [6]) has to be performed, it is not
possible to differentiate between the control and the target
particle.

Following the procedure to identify and quantify the useful
entanglement between identical particles [18], in order to
characterize the quantum coherence we here adopt a frame-
work based on sLOCC, which consists of the identification of
specific separate spatial regions to make single-particle and
two-particle local measurements. In particular, we choose the
basis B/ = {|[Lo,R1); 0,7 =], 1}, where |L) and |R) are
two states spatially localized in the separate regions £ and
R, respectively. If p” is diagonal in the chosen basis, it is
incoherent, otherwise we say that p” is coherent. We point
out that if |y) and |¢’) spatially overlap, the measurement
regions £ and R are taken within the shared spatial region.

For nonidentical particles, identified by labels A and
B, the state of Eq. (1) would correspond to pVNT =
ZM Doz (Vo) (Wo)a ® (J¥'T) (¥'t|). Particles being ad-
dressable, the framework of spatially local operations and
classical communication coincides with the LOCC one and
the operational basis is B = {|Lo), ® |[Rt)g;0,7 =], 1}.
Regardless of the spatial overlap of |¢) and |y/'), pNI is
incoherent, in fact

1
PR = 37 2 Poe (ML IYo) (Yo | Tho),

@R [¥/'7) (¥'7| MR )p
=Y por(lLo) (LoDa ® (RT) RTDs,  (2)

oT

where IT. = ) (|Lo) (Lo |)a and ITg = ) __(|Ro) (Ro|)s.
As a result, the mixed state p7 for two independently
prepared nonidentical particles, being diagonal in the chosen
basis, is incoherent.

Projecting, on the other hand, p” of Eq. (1) on the chosen
subspace spanned by the basis %, we obtain the following
state:

1
ple =1 D Pec(liPIrLo.Rr) (Lo Rl
or=.1

+nlr'1”r* |Lo, R7) (L1, Ro|
+nl'rl*r* |Lz,Ro) (Lo, Rt|
+nll')*r|* L7, Ro) (L7, Ro ), 3)

. CNOT
) € .

|9") |R>( R

FIG. 1. CNOT gate for identical particles in the sLOCC
framework.

where A is a global normalization factor, [ = (L|¥), ' =
(RIY"), I = (L|¥"), and r = (R|Y) are the probability am-
plitudes of finding one particle in the two spatially separate
states |L) and |R) and n is 1 for bosons and —1 for fermions.
Assuming, for instance, [, ¥’ # 0, the remaining probability
amplitudes !’ and r are zero if and only if |) and |¢') do
not spatially overlap.! If p; = py; = 0, the state ot does
not contain coherence, regardless of the identity of particles.
Otherwise, the state is coherent if and only if the particles
spatially overlap (are spatially indistinguishable). If they do
not overlap, the state is incoherent: nonoverlapping identical
particles act like nonidentical ones.

In the sSLOCC framework, incoherent operations, known
for nonidentical particles, can be straightforwardly translated
in the context of identical particle systems. Let us consider for
example the CNOT gate. In the standard implementation with
nonidentical particles, there are individually addressed control
and target spins. By analogy, if we have identical particles, we
can identify the measurement regions £ and R as control and
target regions, respectively (Fig. 1). Applying it to the state
of Eq. (3) when it is incoherent, it can be easily shown that it
gives us an incoherent state. Therefore the CNOT gate remains
an incoherent operation, which transforms incoherent states of
identical particles into incoherent states.

III. PHASE DISCRIMINATION PROTOCOL
BY PARTICLE INDISTINGUISHABILITY

Identical particles have been used for purposes of quantum
metrology by means of particle-number states [24]. Our pur-
pose here is to exploit the contribution to coherence due to
the spatial indistinguishability, so determining its operational
role in quantum information processing. It is known that
within the context of quantum metrology, quantum coherence
of states of nonidentical particles is a resource for phase

'Notice that such a constraint in the definition of spatial overlap is
made here for the sake of simplicity. Certainly, a general definition of
spatial overlap can be straightforwardly achieved by using projectors
onto all the possible bound states in each region £ and R, which will
be reported elsewhere.
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FIG. 2. Phase discrimination game.

discrimination tasks [3,25]. We now describe an analogous
game for indistinguishability-enabled quantum coherence.

The state of two independently prepared nonidenti-
cal spins, for instance, |W) g = [V da, ¥ 18) = |V |)A ®
| 1)y, is manifestly incoherent in the basis 5. Differently,
let us consider the corresponding pure state for two indepen-
dently prepared identical spins

¥) =1y L. ¥ 1), “4)
whose projection in the operational subspace spanned by 3%
is
1
Mk

with the normalization constant Nigr = /|I7'|? + |I'r|?. No-
tice that the resource (coherent) state above is conditionally
prepared depending on the spatial overlap of the particles
[18]. A nonzero coherence for this state can only stem from
indistinguishability (I'r # 0). Let us send |Wir) in a box
where a unitary transformation Uy, = ¢'% (G is the generator
of the transformation) applies one of the phases {¢y}i=12
with a probability p; to the state (see Fig. 2). The require-
ment is that U, is a free (incoherent) operation, so G=
> sr WorlL o, R 7){(L o, R 7|. The action of the box is

|WLR) = (FIL L, R ) +nl'r[L AR, (O

|WfR) = Uk|Wir)

1 ) .
= e L L R ) 4l e ML 4R )]
LR

(6)

Due to our ignorance of which of the two phases has been
applied, the state coming out of the box is in the following
classical mixture:

P = Z pk’wlljR)<\IJI]iR|' (7
k=1,2

Physically, the effect of the box can be realized with G corre-
sponding to the Hamiltonian of two independent spins subject
to localized magnetic fields B% and B, which randomly
occur with a probability py.

The objective now is to establish which phase has actually
been applied. In other words, the phase discrimination game
translates in a state discrimination one. The two states | W] z)
and I‘I’ER) are in general not orthogonal: in order to dis-
criminate them, a positive operator-valued measure (POVM)
[26,27] has to be chosen. We look for a POVM described by
a set of operators {f[ 1, flz}, each of which is associated to an
outcome of the measurement: if we obtain 1, associated to the
operator [1;, we conclude that the state coming of the box is

|W/r), if the result is 2, associated to the operator I1,, the state
is [W2,). The optimal POVM can be obtained by minimizing
the probability of making an error in the discrimination, that is
the probability of obtaining the result associated to IT; when
the state was |\IJ’L"R) with k" # k. Such a probability is [26,28]

Perr = pl(qlﬁR|ﬁ2|q1[£R) + pZ(“IJER|ﬁ1 |ly12‘R> (8)

Using the property Y, I1; = 1 [27], we can rewrite Eq. (8) as
follows:

Pere = p1 — Tf[(Pl |‘I’£R)(‘IjﬁR| - P2|‘IJI%R)<‘I'ERDIQ[1]' ©)

The minimization of P, is obtained when [1; is the pro-
jector onto the positive eigenvector of the operator A =
PV ) (W R | — pal iR ) (Wi | Choosing a rotated orthonor-
mal basis |0) and |1) (with |0) slicing in half the angle between
|\IJI£R) and |\IIER)), we can write

|W/'g) = cos0]0) +sin0[1), |Wig) = cos6|0) —sind|1).

(10)

The positive eigenvalue of A and the associated eigenvector
are, respectively,

2

)

1
e =S(p1—p2+ \/1 — 4p1p2|(Wia | Vi)
1

+) = Ma(l‘l’ﬂR) + | WER)) + 0(|Wik) = [re)). (D)
where Ny = /cos?0sin? 6 + [A(p; — pa)cos? 612,
a=sin(@)/2 and b=[ry—(p — p2)0052 01/(2sin6).

The optimal POVM, dependent on the spatial overlap of the
two spins, is therefore {|+)(+|, [ — |4+)(+]|}, which gives the
probability of error

Perr=

N -

(1- \/1 - 4P1P2|<‘I’ﬁR|‘I'fR)|2)
|[F|2eion®n |/ p|2ei@n 91 2

1 1
D) 4 pip2 NER )
where ¢, = ¢ — ¢». The probability of error depends on the
indistinguishability (/'r) and, for the chosen initial state, is
independent of the statistics of particles. Our approach also
allows us to evidence the effects of particle statistics on the
game efficiency starting from a different initial state (see
Sec. ITA).
Let us fix |/|?> = |#/|> = 1/2: when the two particles spa-
tially overlap with |I'|* = |r|* = 1, Eq. (12) reduces to

Perr:%(l—\/l — 2p1pa cos? [(M)@ZD, (13)

which is zero when (w)d)]z = 1 /2. The behavior of

P, is displayed in Fig. 3. In particular in Fig. 3(a) we show,
as a function of the phase difference, P... (blue solid line) and
the probability of error P for spatially separated particles
(I', r = 0, orange dashed line). This latter case is analogous to
that of nonidentical particles. Among the two, P.; is always

12)
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FIG. 3. (a) Probability of error in function of the phase difference ¢y, with p; = 1/3, |I|*> =
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|r'|* = 3, and wyy — wyy = 1. The orange

dashed line corresponds to P, [Eq. (12)] when there is no overlap (I'r = 0) or, analogously, to the case With distinguishable particles. The

blue one corresponds to P, [Eq. (13)], i.e., to the case of spatial overlap with |I'|?> = |r|> =

rand!’, with ¢, = 7.

smaller. For nonoverlapping spins, the state being incoherent,
the best guess is to suppose that the most probable phase
¢, has been applied. The optimal probability of success is
Psyec = pr and so Py = 1 — Py = p1 [see orange dashed
line in Fig. 3(a)]. In Fig. 3(b) a contour plot of P in terms of
!” and r is shown, in the case ¢1» = 7. The optimal choice to
minimize P, is to have two overlapping identical spins with
[I')2 ~ |r|> ~ 1/2.

A. Role of particle statistics

The phase discrimination game, within the state of Eq. (4),
is independent of statistics. However, for a generic state
this characteristic is not maintained. As an example, let us
consider the following state:

|®) =

Iy L, ¥'s), (14)

N<1>

where |s) = a|1) + b||), witha, b € R, and N'® the normal-
ization constant. Projecting |®) in the operational subspace
spanned by the identical basis BY ={|Lo,R1), 0, T =, 1}
we obtain

(15)
|

|PLr) = Nq, (IL J,Rs") +anl'r L 1,R ),

. (b) Contour plot of P, [Eq. (12)] in function of

where Is"y = alr’ |1) + b(Ir +nl'r)|{), &=
Va(Ir' 2+ |I'r|?) + b2|Ir' + nl'r|2. The state of Eq. (14) is
coherent in BT [see Eq. (15)] and in the chosen framework
of spatially localized measurements, a contribution to
the coherence due only to indistinguishability can be
identified when particles spatially overlap (I'r # 0). The
latter indistinguishability-enabled contribution plays a
statistics-dependent operational role in a phase discrimination
game. Let us send |®rRr) in the previous}y introduced box, in
which a unitary transformation U, = ¢/“%* applies one of the
phases {¢y}i—1.» to the state with a probability p; and G is
the generator of the transformation previously used. We thus
obtain

|‘I’IﬁR) =

Uk|<DLR>

N —[a(lr' e %L |, R 1) +nl're 9L 1, R |))
+b(r + nl'r)e?|L |, R |)]. (16)

‘When the state comes out of the box, it is in a classical mixture

pet =" pi| fg)(@f (17)

k=1,2

which represents our ignorance of which phase has been
applied to the state. Using the first line of Eq. (12), in which
|Wiz) is substituted by |®! ), the probability of making an
error in the discrimination game is now

1—\/1 Apip2 |7

1
Perrzz

1
NE,

where ¢1, = ¢ — ¢s.

[a2(|I7|2eln P + |I'r|2el@n®in) + 2|11 + nl'r|2eiondrz]

2
(18)

012308-4



INDISTINGUISHABILITY-ENABLED COHERENCE FOR ...

PHYSICAL REVIEW A 100, 012308 (2019)

035
0.30]
0.25]

0.20f
PelT L

- = = Indistinguishable bosons
— Distinguishable particles
------- Indistinguishable fermions

3
P12

FIG. 4. Probability of error in function of ¢, with |I|> = |r'|*> = 1/2 for identical particles initially prepared in the state of Eq. (14):
distinguishable (blue solid line) and indistinguishable with |/’|?> = |r|*> = 1/2 (orange-dashed line for bosons and green dotted line for

fermions), witha = b, w4 =3, w3, =2 and 0, = 1.

From Figs. 4 and 5 it is easy to see that for certain ranges
of the parameters ¢, and w,; (0, T =, 1), the probability of
error using indistinguishable particles is considerably smaller
than the one associated to distinguishable ones. In particu-
lar, in these ranges, fermions are more advantageous than
bosons.

IV. CONCLUSIONS

In this work we have defined the coherence for a system
of two identical particles with two-level internal degrees of
freedom in the framework of spatially local operations and
classical communication (SLOCC). We have shown that the
indistinguishability of identical particles is a source of coher-
ence: while independently prepared distinguishable particles

are incoherent under local operations, the analogous config-
uration with indistinguishable particles can exhibit quantum
coherence. In our definition of coherence, one can naturally
identify the contribution to coherence exclusively due to the
spatial overlap of wave functions. In the sSLOCC framework,
the single- and two-particle incoherent operations known for
distinguishable particles are straightforwardly generalized to
systems of indistinguishable ones, as we have shown, for
instance, in the case of CNOT gate.

We have then exploited the role of this indistinguishability-
enabled coherence in the context of quantum metrology. In
particular, we have presented a phase discrimination proto-
col, for which we can explicitly demonstrate the operational
advantage of using indistinguishable rather than distinguish-
able particles. Concretely, the coherence due to the quantum

L. Indistinguishable bosons
| Distinguishable particles

n Indistinguishable fermions

Perr

FIG. 5. Three-dimensional (3D) plot of the probability of error with |/|*> = |r/|> = 1/2 for identical particles initially prepared in the state
of Eq. (14): distinguishable (blue) and indistinguishable with |I'|> = |r|> = 1/2 (orange for bosons and green for fermions) in function of ¢,

andof w, with |I|> = |[F'> = 1/2,a=b, w4 =3, w3, = 2.
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indistinguishability significantly reduces the error probability
of guessing the phase using the most general measurements.
Moreover, we have shown how the particle statistics affects
the coherence of a system of two identical spins and the
efficiency of a phase-discrimination game.

The possibility of creating quantum coherence from a state
of independently prepared identical particles can therefore
be of experimental interest, since the relevant parameter to
be controlled is the spatial overlap of the wave functions.
This aspect may thus make all the procedure experimentally
friendly. In fact, on the one hand it could facilitate the state
preparation process and, on the other hand, avoids the typical
state fragility linked to the quantum superpositions of com-
posite systems [29,30].

Our results may raise the interest of researchers working
on coherence in order to investigate and exploit further the

notion of indistinguishability in this context. This work makes
it clear that spatial overlap of identical particles plays a role
not only in the context of entanglement [11,12,18,31] but also
for another fundamental feature of quantum systems, such as
coherence, with an impact in any coherence-based quantum
information processes.
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