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We discuss the problem of characterizing upper bounds on entanglement in a bipartite quantum system when
only the reduced density matrices (marginals) are known. In particular, starting from the known two-qubit case,
we propose a family of candidates for maximally entangled mixed states with respect to fixed marginals for
two qutrits. These states are extremal in the convex set of two-qutrit states with fixed marginals. Moreover, it is
shown that they are always quasidistillable. As a by-product we prove that any maximally correlated state that is
quasidistillable must be pure. Our observations for two qutrits are supported by numerical analysis.
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I. INTRODUCTION

The preparation of a quantum system in a certain state
is regarded as a central target in several contexts, and if
the system is multipartite, the possible entanglement among
subsystems is a useful resource for quantum information
processing and quantum communication [1]. Suitable criteria
to characterize or quantify entanglement are then of primary
importance [2]. For pure bipartite states pap = |Wap)(Wasl
with |Wyp) € J4 ® 3, the von Neumann entropy of any
of the two reduced density matrices or marginals reads

E(Wap) = S(pa) = —Tr(palog pa), (D

where pq = Trg|Wap)(Wag|. For mixed states the situation is
much more complicated and the simple formula is replaced
by the convex roof construction, leading to the well-known
entanglement of formation (EOF), defined by [3]

EOF(pap) = min > pefE (W), @
ky» Tk &

where the minimum is performed over all decompositions
Pag = )i PxlWi) (Wi|. For the two-qubit case EOF can be
reduced to the celebrated Wootters concurrence,

C(pap) = max{0, a; — oy — a3 — 0y}, 3)

where {¢;} are the square roots of the four eigenvalues of the
matrix pag(oy, ® 0y)p4ip(0y ® 0y) taken in decreasing order
[4]. (For an introduction to entanglement measures, see, for
example, the review Ref. [5].)

A simple way to characterize mixed bipartite entanglement
is based on the Peres-Horodecki criterion, also known as
the PPT condition [6,7]: if a state psp is separable then its
partial transposition psp = (I ® T)pap is necessarily positive
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semidefinite. Such a condition becomes necessary and suf-
ficient only for the two-qubit and qubit-qutrit cases [8]. A
measure of entanglement called negativity can be defined as
follows:

N(pa) = 5([ 0], = 1), “4)

where || pjpll, is the trace norm of pj;. Such a definition
provides a convex function which is nonincreasing under local
operation and classical communication [9,10].

A relevant feature of mixed bipartite states is the relation
between entanglement and purity [11]. In particular, for a
given purity P = Tr(p3,), one may ask which state of the
same purity displays maximal entanglement [12]. The concept
of a maximally entangled mixed state (MEMS) for two qubits
was introduced by Ishizaka and Hiroshima as states such that
any entanglement measure cannot be increased by any global
unitary [13]. They proposed a family of optimal states that was
also supported by Munro et al. [14]. Such a family is recov-
ered by means of the transformation maximizing the entan-
glement in the spectrum constrained analog problem, found
by Verstraete et al. [15]. Despite recent numerical efforts, no
analytical results are available for higher-dimensional cases
[16,17].

In this paper we analyze a similar problem. We ask what is
the maximal entanglement achievable by a bipartite system
with fixed marginal states p4 and pg. Such an assumption
of fixed marginals is known to introduce constraints on the
spectrum of the joint state p4p in the form of linear inequali-
ties, as shown by Klyachko [18,19]. However, such constraints
do not directly tell about possible correlations among the
subsystems. Therefore, focusing on bipartite entanglement in
such scenarios, we investigate MEMS with respect to fixed
marginals which provide the upper bound on entanglement
stemming from local information only.

The paper is organized as follows. In Sec. II we re-
view the known results for two-qubit states, including a
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characterization of the optimal states as extremal points of
the convex set with fixed marginals, originally discussed in
[20,21]. In Sec. III we present a family of candidate MEMS
with respect to fixed marginals, supported by an insightful
physical interpretation from the point of view of entanglement
distillation. Finally, in Sec. IV, we present numerical studies
comparing our candidate states with the results of numerical
optimization for the case of two qutrits, which supports our
conjecture.

II. KNOWN RESULTS

The problem of characterizing mixed bipartite entangle-
ment of states with fixed marginal properties was first intro-
duced in [22]. In particular, a special class of two-qubit states
under scrutiny there was denoted as maximally entangled
marginally mixed states (MEMMS), i.e., MEMS with respect
to certain local purities. Clearly, only in the two-qubit case,
a given value of both Py = Tr(p/_%) and Pg = Tr(pﬁ) uniquely
determines the local spectra. Throughout the work, we assume
instead complete knowledge of the marginal states.

A. Two-qubits case

Let us start our analysis in a pedagogical fashion and intro-
duce a suitable representation of states with fixed marginals.
This is described only in the two-qubit case, but its general-
ization to arbitrary high dimensions is straightforward. Let ps
and pp be two-qubit states. We fix local bases such that the
states of the two subsystems are given in diagonal form:

pp = diag{l — A, Ag},  (5)

with the lowest eigenvalues such that 14, Ap € [0, %]. Assum-
ing the ordering A4 > Ap, any joint state p4p with marginals
(5) can be represented as follows:

PaB = pa @ pp + A, (6)

where A is such that TryA = Trg A = 0, and it contains all
possible correlations, quantum and classical, admitted by the
two subsystems compatible with fixed marginals p4 and pp. It
is easy to see that the most general two-qubit matrix form of
(6) is the following [23]:

pa = diag{l — A4, Aa},

€ Ap | Az Ay
_ —& | Ay —Ag3
paB = pa ® pp + ey vl ERNC)
(c.0) 3

where one has to choose the entries of A such that psp > 0.
Let us observe that, in order to obtain a non-negative diagonal
elements, one finds

—darp < & < Ag(l — Ay). )

Two-qubit MEMMS states are thus achieved by maxi-
mizing concurrence or negativity of states in the form (7).
However, in this case it is sufficient to consider the subclass
of X states only (nonzero diagonal and antidiagonal), since
it includes also the two-qubit MEMS [13-15,32]. X states
are common in quantum information theory because of their
sparse structure, allowing for many analytic computations
[24]. Important families of two-qubit states such as Bell,

Werner, or isotropic states are within this class. Hence we
consider

Ay

Ay
‘ —¢

—&

PaB = pa @ pp + )

(c.c)

&

Such a simple structure yields the following concurrence:

C(pap) = 2max{0, |Axz| — /11044, | A14l — /P22033},
(10)

where {p;;}; j—1,...4 are matrix elements of psp [4]. It is useful,
according to (8), to parametrize € via € = sAp — Agrp, Where
s € [0, 1]. Finally, positivity of p4p is simply controlled by the
following inequalities for a given s:

1A03> < Ap(1 = $)(ha — Aps),
|Awal? < sAp(1 = Ao — A + Aps). (11)
Due to the simplicity of (10), one can independently

maximize both the right-hand sides of (11) and observe that
the maximum is reached when s =1, |[Ax| =0, |Ay| =

(1 — Xq)Ap, giving rise to the following state:

1 —Aa ‘ (1= Ap)rp
_ . 0 . .
PAB = - N R - )
/(1 = 2Ag)Ap AB
(12)

with negativity given by

N(pag) = (ks — hg — v/ Oa — 1) + 4hg(1 — 2p)).

This represents the upper bound for a two-qubit system
with arbitrarily fixed marginals, in accordance with [22].
Interestingly, p4p can be written as follows:

pag = (I = m)[Wmc) (Yme| + n[10)(10], 13)

where {|0), [1)} is the computational basis in C2, n = A4 —
A, and |Wie) (Wi | is a maximally correlated rank-1 projec-
tor. Recall that a state oy, maximally correlated (or Schmidt-
correlated) in the computational basis in C? @ C4 reads [25]

-1
Ome = Y aijlii) (jjl- (14)

i,j=0

Moreover, the state (14) has all its (at most d) eigenvectors
in the form |Wy) = \/Lng )\Ek)|ii). In order to provide a
simple visual representation that (12) is the optimal state,
we construct a negativity vs global purity plot (N-P), shown
in Fig. 1. This allows us to compare the negativity of psp
with that of a set of randomly generated states from (7).
In what follows we briefly recall a further characterization
of the optimal state as an extremal point of a convex set.
The motivation is simple: negativity is a convex function and
the set of states with fixed marginals is also convex, hence the
maximum must be attained by an extremal point [26].
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FIG. 1. N-P plot with 20000 randomly generated two-qubit
states with marginals 1, = % and Ap = %. Note that both purity and
negativity are maximized by the same state pap (13).

B. Optimal states as extremal points

Let us denote with C(p4, pg) the convex set of two-qudit
states with fixed marginals p4 and pp. The characterization
of the extremal points of C(pa, pp) was provided first by
Parthasarathy in [20]. Here we follow instead the approach
by Rudolph, based on the duality between positive operators
and completely positive (CP) maps [21]. We recall that a
map A is CP if and only if (iff) the map id; ® A is positive
Vk € N, where id; denotes the identity map. A powerful tool
providing a duality between states and CP maps is given by
the Choi-Jamiotkowski isomorphism [27]. For each CP map
A, one can assign a legitimate density matrix pa:

1 d
pr=lida @ ANPS), P == linGjjl, (15

i j=1

where P} is a maximally entangled projector and id, is an
identity map. Since the above duality is bijective, one has the
following inverse CP map for any state p:

Aplo] = Trylidg ® o7 p]. (16)

This allows us to describe the convex structure of the
set of states with fixed marginals at the level of the cor-
responding maps. In particular, one can exploit the known
characterization of extremal maps in terms of their Kraus
representation of A,[o] = Za KD,O‘K;, namely, that p, is
matrices [28]. Moreover,’tﬁe constraint of fixed marginals py4
and pg is expressed via Eq. (16):

1 1
_ T _
EAp(Hd) =7 Xa:KaKa = P4,

1 1 i
M) == ) KiKe = p, (17)
where A* denotes the canonical dual. Thus, the extremality
condition amounts at proving that the set,
{KiKp & KgK Yo pot....a» (18)

.....

example, we have that the only extremal two-qubit state for
C(315, 11,) is the maximally entangled projector P;" [20,21].
The criterion given by conditions (17) and (18) can be applied
to our case in order to construct examples of extremal points in
C(pa, pp). Note that the optimal rank-2 state (12) is retrieved
by means of the following Kraus operators:

o 0 0
1 = /)\-A_)\-B ’

(19)
K — <«/1—AA 0 )
=

0 Vig)®

One can easily check that the fixed marginals and extremal-
ity conditions hold (cf. Appendix A). Moreover, defining
e;j = |i){Jjl, the corresponding rank-2 extremal, given by (15),
reads

2 2
1
pA:EZZeij®Ka€in; (20)

i.j=1a=1

and coincides with the optimal state (12). The parametrization
of the class of extremal states for arbitrarily given marginals
in higher dimensions (C? ® C?, d > 2) is out of the aim of
this work and will not be discussed here. Nevertheless, we
will adopt in the next section the extremality condition as a
further check on the candidate MEMS with respect to fixed
marginals. One can find the following necessary condition for
extremal points in C(py4, pp) [20]:

rank(p) < v2d? — 1. (21)

This observation turns out to be useful for the numerical
studies discussed later in Sec. IV.

II1. HIGHER DIMENSIONS

In this section we discuss the properties of a family of
states within which we identify candidates for two-qutrit
MEMS with respect to marginals. A crucial observation is that
all candidate states are quasidistillable, i.e., states for which a
singlet fraction arbitrarily close to unity can be obtained in
the distillation process [30]. A connection between two-qubit
MEMS and quasidistillable states was highlighted previously
in [31,32].

A. A family of candidates

As an attempt to directly generalize the two-qubit results,
we focus on the extension of the form (13) to higher dimen-
sions C? ® C4, d > 2, namely,

p=(1—mom+ Y pilij)ijl. (22)
i#]

where n = Zi 2j Pijs and oy, indicates a maximally correlated
state of the form (14). Note that by replacing oy, with Pd+,
one obtains a possible generalization of isotropic states [33].
Furthermore, the family defined by Eq. (22) belongs to a wider
class known as circulant states, which reduces to X states
in C2 @ C? [34]. For the rest of the work, we examine the
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two-qutrit case for which the matrix structure of (22) reads

P - - Ays - EANT
o0 - L L
P33
o - - .
p= pss - - - Asg | (23)
P66 c :
P77
Pgg -
(c.c.) 099

and satisfies Trp = 1, the positivity condition, and compati-
bility with the following marginals:

pa = diag{l — A; — Az, Ay, A2},
op = diag{l — | — w2, w1, K2}, (24)

where Ay > A, 1 = o correspond to the decreasingly or-
dered local eigenvalues, and thus A;, uy < % Without loss of
generality we also assume A; + Ay > g + uo. The negativity
of (23) is simply given by

N() = 5[(A =A) + (Bl = B)+ (IC| = O)], (25

where

A =102+ paa — VAL + (p22 — pas)?).
B = 1(p33 + pr7 — V4 Arol? + (p33 — p17)?).

C = 1(pes + pss — VHAs > + (pos — pss)?). (26)
|

Note that if at least one of the diagonal elements in each
term of (26) is zero, we already reach the maximum number of
negative eigenvalues of the partial transpose. Moreover, N(p)
increases monotonically with [A;;|, and thus it is favorable to
have the maximum number of zeros (four) in the diagonal,
which can always be chosen independently in (26). Maximum
negativity within our family is then attained by the following
three states:

Pap = (1= P10 = pa0) [ )Wl

+ P10 [10){10] + p2o [20)(20],
Do = A1 — Wi, Do = Ay — o, 27
valid when Ay > wuq and A, > o,

~(2
P = (1= po— pi) (W)W

+ p1o [10)(10] + p12 [12)(12],
pro=A+A — (U1 +u2), pp=p2—2ry (28)

when A, < p,, and finally,

-3
,0513) =1 - p2 — p21) |‘IJI(H30))<‘I’[($3

+ P20 120)(20] + p21 121)(21],
P =Ar+ A — (1 +H2), pa=pr—Air (29

when A; < w;. As an example the matrix form of :5/(113) reads
as follows:

== A2 T =T =75 - V=T =5
. 0 - . . . .
.0 )
. N I PR . . . .
5 = ma (1 ./\1 )»2)” H.l ; o «/Mll,U«z ' (30)
| A — M2 - :
Vil = —2Az) - - N/ ' S M2

The specific form of W) (W] i = 1,2, 3 in Egs. (27),
(28), and (29) is easily found by properly adjusting partial
traces. Maximal negativity within the family (22) is thus
attained when oy, is rank 1, that is, when the state has the
following structure, similar to the two-qubit MEMMS (12):

pas = (1= )W) (Ymel + Y pijlify(ijl, B
i#j

where n = Zi 2 Pijs namely, a convex combination of a rank-
1 projector and a classical state with at most two nonzero
entries. To conclude this section we state the following propo-
sition (proven in Appendix A):

Proposition. All candidate states, Egs. (27), (28), and (29),
are extremal points in the convex set C(pa, pp) of states with
fixed marginals p4 and pp.

In what follows we show that the same states can be found
from an entanglement distillation perspective, i.e., imposing
that states of the form (22) are quasidistillable.

B. Quasidistillable states

As introduced before, quasidistillable states are mixed
entangled states for which a singlet fraction arbitrarily close to
unity can be distilled with nonzero probability. In this section
we recall the main feature of such states in the general two-
qudit case and provide a criterion to identify them within the
class (22). The main motivation is that the two-qubit MEMMS
(12) is also a quasidistillable state. Interestingly, we will
show that all candidate states in Eqgs. (27), (28), and (29) are
again quasidistillable. As usual, we denote the computational
basis in C¢ ® C¢ with {|ij)}; j=1...4. Let us start from the
following [30]:
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Definition. A state p is said quasidistillable iff there exist
two sequences of filtering operators {A,} and {B,} such that

A™(p) _ A, ® Bn),O(AZ ® BrTL) Pr (32
) - "® B d
T[A™W ()] Trl[(A, ® B,)p(A, ® By)] "~

and the probabilities p, = Tr[A™(p)] — 0.

Note that the filtering operators can be taken Hermitian so
we can simply restrict to A, and B,,. In order to characterize
quasidistillable states within (22), we state our two main
results concerning first maximally correlated states only and
the structure of our candidate MEMS with respect to fixed
marginals (31), proven in Appendixes B and C:

Theorem 1. A maximally correlated state op. is qua-
sidistillable iff it is of rank 1, i.e., opne = |Wme) (Wmel|, and
s — rank(|W;)) = d (Schmidt rank).

Theorem 2. Let p be a state of the form (31), i.e., a convex
mixture of a maximally correlated rank-1 projector and a
classical state. p is quasidistillable iff among the set of p;; # 0
there are no looping indices, i.e., p;jpjk ... pi = 0.

In [30], the authors proved that the following two-qutrit
state,

(I—=mn)

3
with 0 < <1 is not quasidistillable. Indeed, one has
poi1p12p20 # 0, that is, p;; meets the loop condition. However,
the following state,

+ d=mn)
p =nPy + ———(10)(10 + [12)(12] +[20){20]). (34)

p:nP3++

(101)(01] + [12) (12| 4+ 120)(20]), (33)

is quasidistillable according to the sequence of filtering op-
erators {A,} and {B,} provided in the proof of Theorem 2 in
Appendix B. Furthermore, structures similar to our candidate
states Eqgs. (27)—(29) can be recovered by means of the fol-
lowing:

Corollary. If p of the form (31) is quasidistillable, it has at
most (”21) nonzero diagonal elements.

Proof. Let p be of the form (7) with p;; > 0Vi > j. It
easy to see from Theorem 2 that p is quasidistillable and

has exactly (621) nonzero elements. If we consider a further

nonzero element from the remaining set (i < j) we would
have p;, j,Pjo.i; 7 O for at least one couple of indexes (iy, jo),
meaning that such a p is no more quasidistillable.

Therefore, only one element is allowed in the two-qubit
case and at most three for two-qutrit cases. Some special cases
of (31) are the following:

d—1
p = (1= )W) (Wmne| + lio) (io] & D pio. i)l
j
d—1
p =1 =) Wne)(Fmel + > pijylidil @ Ljo) (Jol. (35)

l

that is, with some fixed index iy or jy in one of the two
marginal subspaces. As a final remark, we have observed that
the maximization of negativity within the family (22) with
fixed marginals yields candidate states satisfying Theorem 2.
In particular, the requirement of having the maximal number
(three) of negative eigenvalues of p® yields at most three

nonzero elements in the classical term. Moreover, the two-
qutrit candidates display only two nonzero p; ; such that the
indices do not loop, in the above sense. This leads us to the
conjecture that all MEMS with respect to fixed marginals are
quasidistillable in arbitrary dimensions.

IV. NUMERICAL RESULTS

The aim of this section is to provide a set of numerical
observations in order to legitimate our states [Eqgs. (27)—(29)]
as good candidates for two-qutrit MEMS with respect to fixed
marginals. To begin with, we observe that a key ingredient is
generation of random states with fixed marginals p4 and pg,
i.e., an element of C(p4, pg). To this aim, we have adopted
two procedures. First, for the two-qubit case we algorithmi-
cally generated random correlation elements of Eq. (7) and
check the positivity of the resulting p4p. This procedure was
used to generate points in the N-P plot in Fig. 1. A more
efficient method is to choose a state randomly and to minimize
numerically' a distance function from the set C(p4, pp). Such
a distance is simply defined as

p > |[Tesp = pal[; +||Trap — os|]5- (36)

Having a random initial state from the set C(pa, pp), We
proceed by maximizing the negativity function. We stay in the
set C(pa, pp) during the minimization, adding the mentioned
function (36) to the (negated) negativity as a penalty function,
with a factor controlling the accuracy.

In the minimization procedure, we represent states as p =
AAT, where A is a square complex matrix (9 x 9 for two
qutrits), if p has an unrestricted rank. Note, however, that
according to [20] we have that rank(p) < +/2d? — 1 for ex-
tremal states. For the two-qutrit case, the latter is V17 ~ 4.12
and we can limit our search to rank-4 states only, represented
by complex matrices A of size 9 x 4, which reduces the (real)
dimension of the problem from 162 to 72.

A restricted, one-dimensional set of examples is shown in
Fig. 2, where one can see a satisfactory agreement between the
negativity of the candidate states (blue line) and the results
of numerical optimization (red crosses) for a particular set
of marginals. A second set of examples is obtained spanning
over the two lowest marginal eigenvalues independently, thus
keeping A; and p; fixed. For the set of points in Fig. 3
we choose A = u; = % and span over uniformly distributed
values of the allowed domain for A, and u, and compare the
negativity surface from the candidate states with numerical
optimums. Note that for such a choice we have one candidate
only, since all candidate states collapse in one. As a last
series of examples we choose A; = 0.25, u; = 0.3 so that
the candidate is given by pﬁ; in (29) and the range for
A2, W is restricted by the assumption Ay + Xy 2> u; + uo (see
Fig. 4). To summarize, all the above results strongly support
our conjecture that our quasidistillable states [Eqs. (27)—(29)]
are legitimate candidates for two-qutrit MEMS with respect to
fixed marginals and motivate the search for analytical proofs
in further studies.

For this we use the SCIPY function minimize.
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ID span Ay = Ay, jty = i = §
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—~ 0.6
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+  Num. optimization

N(par

0.4 1

0.2

0.0 . . . . . . .
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TrpXy

FIG. 2. Negativity vs global purity (N-P) plot. We analyze a
particular configuration with one marginal maximally mixed and
another spanning over one eigenvalue only, namely, A; = X,. The
blue line describes the negativity of the candidate states (27) for
Pe [%, 1]. Red crosses represent the negativity values obtained from
numerical optimization.

V. CONCLUSIVE REMARKS

In this work we have observed strong numerical evidence
that the two-qutrit states [see Eqs. (27), (28), and (29)] are
good candidates as MEMS with respect to fixed marginals.
The main feature of our reasoning is the generalization of two
special properties of the two-qubit state (12), i.e., its simple
structure and the property of being quasidistillable. It is shown
that these states are always quasidistillable, and hence we pro-
vide another interesting application of quasidistillable states

2D span A} = =1/3

FIG. 3. Three-dimensional plot of negativity as a function of
A2, 2. Red points obtained from numerical optimization are com-
pared with the negativity surface obtained from our candidate.

2D span A} =0.25, u; =0.3

° 0o
0.8
0.6

2
0.4

o)

>

=

(=]

0.2
0.15

A, 0.1

? 0.05
0 0

FIG. 4. Second three-dimensional plot of negativity as a function

of the lowest marginal eigenvalues X,, u,. Here A, iy are chosen
such that the domain of interest is restricted.

in quantum information. Such a strong link between the two
concepts deserves to be investigated in further studies. More-
over, a possible obvious generalization of our problem can be
thought for multipartite entanglement in the presence of many
fixed marginal states. Other similar versions can be considered
such as the bounds of mutual information, coherence, or the
study of the such bounds in the presence of fixed marginal
purities, as the original problem in [22]. The difference is the
corresponding set of states is not convex, and we cannot rely
on the extremality property. Finally, concerning our problem,
it is worth remarking that both the maximization of negativity
and purity lead to the same optimal state. This is true for the
two-qubit case and for the two-qutrit family defined by (22),
and there is numerical evidence for general two-qutrit states.
This observation will be also object of further investigations.
We hope that further characterizations of extremal points in
C(pa, pp) in future studies could lead to other observations
strengthening our conjecture and pave the way to analytical
proofs.
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APPENDIX A: (EXTREMAL STATES)

In this Appendix we show that the two-qubit MEMMS
(12) and all the candidate states, Eqgs. (27), (28), and (29),
are extremal points in the convex set of states with fixed
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marginals C(p4, pp). According to the conditions (17) and
(18), a generic state in C¢ ® C?, d > 2, defined as

Z Zez, ® Ky e K

1] 1l a=1

pa = lidg @ AI(Pf) = pp =

(AD)
is extremal in C(pa, pp) iff A(ly) =dpa, A*(1y) = dpg,
and the set {K; Kz @ K,ng}a, g=1,...q> 18 linearly independent.
For the rank-2 two-qubit MEMMS state (12), we have the
following suitable family of Kraus operators:

0 0
N

satisfy
KKy = Ag(ha — 2p)I0) (1] = (K; K1),
KK} = /(1 = Ap)(ha — Ap)I1){0] = (K2K])'. (A3)

Thus, the two sets {KOLK,g }a.p=1,2 and {K,gKo't }a,p=1,2 are jointly
linear independent, and we have

PA = PAB
1—Ax . V(1 — Aq)Ap
. 0 . )
= . © A — Mg )
VA =A)Ap - : AB

, , lal? + |x|2 0 By means of a similar argument one finds the correspond-
KiK| + KK, = < 0 b + |y|2) ing Kraus operators for the candidate states p\}, i = 1,2, 3.
We have for pﬁ?,
Kiki+ Kjko = (PP HRE 0 A2
it RR =10 jal? +1p12) A2 Ki = /1= = 210001 + /71 11){1] + /752 12)2
Choosing a=0 implies |x|=+1— x4, |y] = /A5 = VA= D = VA2 = 12 [2)(0],
and |b| = /A4 — Ap. Moreover, the Kraus operators which produce the following state via (A2):
|
“(2)0 o : oo 11 o022
0o -
0
Al — M
PA = oy : : Toano |
0
Ay — M2 -
0
H2

where ooy = »\/1 — )»1 — )\2, o] = /U1, O = JMU2. One
sees that such a state coincides with ,bfllB) (30). Other possible

Kraus operators for the states (28) and (29) are found as

1= A1 — A2]0)(0] + /21 1) (1] 4+ /22 12) (2],
Ky = /hi +ho — (1 +p)1)O0], Kz = /jp — 2z [1)(2

=T =1 = 22 |0)(0] + VA, (1) (1] + /12 [2)(2
Ky = /o —2a2)(1], K3 = /A1 + 2o — (1 + 12) 12)(0],

valid for ~fé) and ,Z)g, respectively.

APPENDIX B: (THEOREM 1)

Before proving Theorem 1, let us state the following
lemma concerning filtering operators A7 and B,.
Lemma 1. Let {A,Tl} and {B,} be filtering operators for some

state p in a quasidistillation process and 0 < a§"> <K ag’)
and 0 < B < - < B! their singular eigenvalues. Then, at

least one among a(") b(") must tend to zero as n — oo.

Proof. Suppose that both ai”),b(ln) >y >0 Vn, and
let us consider |W) =), d;lii) satisfying Eq. (32). Then

[
s —rank(|W;)) = d and the matrix D = {d;;} has full rank,
i.e., d; > § > 0. Equation (32) is then equivalent to

B,DA, I B1)
IBuDA,llts n=oo /d'
where ||@|u.s = v/ Trow' is the Hilbert-Schmidt norm. Note

1
that ||B,DA, |li.s = Tr[A®™ (W) (¥])]? so that it must tend to
zero as n — oo. However, we have the following:

Tr[A® (|W)(W))] = Tr[B,DA,A,DB,] >
Tr[B,D*B,1y* > Tr[A%]y%5 > y*s > 0.

(m) b(") must tend to zero. Let

Therefore, at least one among a,
us now prove Theorem 1.

Proof (Theorem I). Consider the quasidistillation of oy,
(22) which has many eigenvectors |W;). As already men-
tioned, they all have diagonal coefficient matrices D* with
elements Df-‘j = )Ll(f). Because of quasidistillation process, at
least one of the eigenvectors satisfies (in terms of |\W) (W)
Eq. (32), which we shall drop a particular index denoting that
vector and its coefficients matrix as |W) and D accordingly.
We shall show that if the mixture oy, is to satisfy (32) then it
cannot admit any more eigenvectors but |W).
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Let |W') = Y".(d");lii) be another arbitrary eigenvector
with its corresponding coefficients matrix D’. We shall show
that either it vanishes or is proportional to |¥). There are three
alternatives: the ratio % can (i) converge to a strictly
positive constant, (ii) diverge to infinity, or (iii) converge to
zero.> This corresponds to situations where a weight at the
transformed eigenvector |WV) is comparable, dominates, or is
dominated in the limit of large n, respectively.

Consider first the case (i). Here we have

TrAWWNWD]  [1BuDAln-s

= c >0,
VTIA®OQE Y (@] 1B.D'Anllns n—oe

where, of course, D' = {d};}. If we call X, the left-hand side
of Eq. (B1), we have by assumption the following:

. B.DA, I
" |1B.D'Aplla.s n—>00 \/c_i

Both X, and X, have bounded inversion, so we have

(B2)

X (%)™
B,D'A, | . _
= IBDANs p a4y 0 B —— 1L
|B,DA, |l1-s n—>00
(B3)
or, equivalently,
B,D(D)'(B,)"' — cI. (B4)
n— 00

Let us now transpose Eq. (B4) into its matrix representation
in the basis {|b£."))} of the eigenvectors of B, corresponding to

the increasingly ordered eigenvalues bg") :
(bfn) |BnD(D/)—l (Bn)_l |b(Jn))

= 5" (B") " (B[O b)) — 8. (BS)

The products bg")(bgn))’l define a set of coefficients which
can be represented in the following matrix form:

by
() ()™")
by
L) )
n n)\—1 n n)\—1
U L)

ey e |

| (B6)

2If there are some oscillations in those sequences, then we can
always find subsequences of filters that realize quasidistillation,
satisfying the classification (i-iii).

in which we can easily see that each element bg")(bg"))‘l > 1
in the lower triangle. Therefore, in order to have Eq. (BS5)
satisfied, D(D')~' must be upper triangular in the basis of
the eigenvectors of B,. However, since D and D’ commute,
its product is Hermitian, so it must be such in the basis |b;)
being the limit of the eigenbases |b§">) (again, in the sense
of a compactness argument). This means eventually that it
must be diagonal in that limit, which leads to the conclusion
that (b;|D(D')~!|b;) = ¢8;;. In other words, D o D', so effec-
tively, |W’) is proportional to |¥) and in this sense is removed
form the eigenrepresentation of oy,.

Consider now the case (ii) from the alternative options (i—
iii). Here we have, by assumption,

Tr[A™ (W) (¥']] _ IB.D'Asllus
T AW(WNYD]  [1ByDAllns oo

0. B7)

Therefore, Eq. (B2) becomes

_ B.D'A,
"B D'Ayllus n—oe

/

Let us consider this time the product X, X"

XX,
”BnDAn”H—S / —1n—1 -1
= -————B,DA,(A,)” D" (B —— 0, (B8
1B, DA, [ oD AnAn) "D (Ba) ™ 2> 0, (BY)

which, applying the same above reasoning, becomes

”BnDAn“H—S (n) (7,(m)\ 1 ()| v/ v—1 | 1.(1)
BuD A s O CF) DD S 0.

Assumption (B7) implies that the fraction of norms di-
verges in the above formula. Thus, again by the property of the
matrix (B6), we have that the matrix D(D')~! must be strictly
upper triangular (i.e., with vanishing diagonal) in the limit
basis, which, by its hermiticity, implies that (b;|D’D~! |bj) =
0. Thus, since D is invertible, D’ = 0, which means that |W’)
compatible with (ii) cannot exist. The last case (iii) can be
immediately resolved by permuting the roles of |W) and |W’)
and concluding that |¥) cannot vanish by assumption, which
leads to the expected contradiction.

APPENDIX C: (THEOREM 2)

Proof. Since the sum in Eq. (31) is separable, it must tend
to zero when applying filtering, namely,

1

TA® ()] ZPijA(")(W)(iﬂ) — 0.

i#]
Moreover, due to Theorem 1, we also have that quasidistil-

lability implies that each eigenvector must vanish in the limit
when applying filtering:

AM(i)ij])
Tr{AW(Jij)(ij])] n—oe

i j. (C1)
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Let us then apply A™ to a generic state |¥)=
Zi’j:l a;;lij). Itis easy to see that the state

Za'( An|i> >®< Bn|j> )
=T A@PNE DY) T\ TAAD (8 (P4

= Z Qjj ’a,(f), b;j))
ij

is normalized and that Eq. (C1) is then equivalent to [la®”|| -
169 = 0 Vi j. Thus

[T 18] == o.

N X n— 00
i#]

Therefore, if there is a loop in the set of indexes (i.e.,
PijPjk - - - Pii # 0) we have

(70 N L I 7 N IR I Bl

n—oo

which after suitable reordering gives

(e - 182 D U1 - 1831) -+
(lal- 1831) == 0. (€2)

n— o0

Equation (C2) implies that at least one among
(1a@] - 159]) would vanish in the limit and thus the
maximally correlated part opc cannot have maximal Schmidt
rank. This argument proves that if p has the form (31) and
it is quasidistillable, then necessarily, p;jpji...p; = 0. In
what follows, we show that this condition is also sufficient for
quasidistillability.

Let A, and B, be operators with the following representa-
tion in the computational basis:

no ! 0 o .- 0
0 2=l 0 ... 0
An = P
0 0 np!
n—“ 0 0 0
0 n* 0 0
Bn = ’
: . 0
0 . Ce 0 n—%

where «; € [0, %] is a set of real numbers. Note that the
structure of A, and B, is in accordance with the result proved
in Lemma 1, since, in particular, all eigenvalues vanish in the
limit. One can easily see that the filtering map A defined by
these two operators yields the following:

1
AP @ 1) = — i) @ li)il,
n
1
2 DU @ 1Dl

1
AP ® 1) = — (il ® 1) (jlmee,

AP G i) (] =

In other words, A, and B, are constructed in such a way
to distill a state p of the form (7) iff all the inequalities o; <
a; hold for every i # j. We can also see that if there are no
loops of indexes the inequalities o; < «; Vi # j amount to a
certain number p of order relations between at least p + 1 real
numbers. Such a set is always compatible, and, therefore, it is
always possible to choose {¢;} in such a way that A, and B,
filter any p of the form (31).
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