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INTRODUCTION

This thesis focuses on variance estimation of the Horvitz-Thompson
estimator in Unequal Probability Sampling, with particular interest
to the case of small populations.

The motivation for this PhD project comes from a study carried
out in Palermo, Italy, for estimating the total of roaming dogs in the
first city district. The study is described in details in Chapter 5. In
the aforementioned study, a sample of n = 12 out of N = 76 areas
was drawn according to a FPDUST spatial sampling with Probabili-
ties Proportional to Size (PPS) (Barabesi et al., 1997) and estimation
was performed through the Horvitz-Thompson estimator. The study
presented two issues. First, variance could not be directly estimated
because exact inclusion probabilities are not available for FPDUST
sampling. Second, data were affected by the presence of outliers.

Compared to equal probability designs, Unequal Probability Sam-
pling approach is attractive as it provides better efficiency, under cer-
tain conditions (Cochran, 1977). A large number of sampling designs
with unequal probabilities have been proposed (Brewer and Hanif,
1982; Tillé, 2006), however, estimation of the Horvitz-Thompson vari-
ance may be unfeasible due to the high computational complexity
of joint inclusion probabilities, which quickly increases with popula-
tion and sample size. A number of solutions has been proposed in
literature, such as sampling procedures that produce joint inclusion
probabilities that can be expressed in a simple closed—form equation,
or the more recent approximate variance estimators, which perform
well under high entropy sampling and when population and sample
are large. The more flexible Monte Carlo simulation approach will
also be taken into consideration.

The aim of this thesis is to evaluate and compare the main avail-
able solutions, in order to determine which are the scenarios where
the use of any of them may be convenient and even preferable. In
particular, the main interest is to find an optimal strategy for vari-
ance estimation in small samples. Also, the case in which outliers are
present is considered; a summary of the main influence measures for
finite—population inference is presented, and then an attempt to esti-
mate the MSE of the robust Horvitz—Thomson estimator (Beaumont,
Haziza, et al., 2013) is made .

In Chapter 1, the general framework of finite—population inference
is pictured, the Unequal Probability Sampling approach is described
and the difficulties of estimating the variance under this settings are
discussed. The second chapter illustrates the main solutions available
in literature for estimating variance under an Unequal Probability

13
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Sampling design and discusses their strengths and weaknesses. The
third chapter compares two approaches to approximate the variance:
approximate variance estimators and Monte Carlo approximation of
inclusion probabilities. A simulation study that compares such tech-
niques under a large number of scenarios is presented, in order to
highlight when each method is preferable. Chapter 4 summarises
the measures of influence for finite—population inference and the ro-
bust Horvitz-Thompson estimator, and presents some proposals for
estimating the MSE of such estimator. Finally, Chapter 5 shows an
application to the roaming—-dog survey. Furthermore, appendix A de-
scribes some of the sampling algorithms mentioned in this thesisand
appendix B presents the results from the simulation study in chap-
ter 3, while appendix C briefly illustrates the R packages created to
support the analyses for this thesis.



INFERENCE FOR FINITE POPULATIONS AND
UNEQUAL PROBABILITY SAMPLING

1.1 FINITE POPULATION INFERENCE: GENERAL FRAMEWORK

In finite-population inference, we consider a population U = {1, 2,..., N}
consisting of a finite number N of identifiable units, and a variable of
interest Y which is unknown, but deterministic and measurable for
each population unit. Given a sample s of U, the aim is to estimate a
parameter ¥ of the population by means of a function of the observed
values yi, 1 € s:

d = f(yi,i€s)

Generally speaking, a sample is a subset of the population; in its
broadest sense, it is one of all possible subsets that can be generated
from U. Hhowever, usually only a particular subset of such parti-
tion is of interest. For instance, one may be interested only in the
samples with a given number of units, which are referred to as fixed—
size samples, or even on those generated through a selection without
replacement of the units. Throughout this thesis, if not otherwise
specified, we will be interested in fixed—size samples without replace-
ment, with the exception of Poisson sampling, which produces sam-
ples with variable size, and we will denote the sample space with
S.

Selection of sample units is performed by means of some kind of
sampling procedure, or sampling design, which may be probabilistic or
non-probabilistic. Probability sampling, which is the subject of this
thesis, includes those designs that satisfy the following properties
(Cochran, 1977):

e It is possible to define the set S of samples s and precisely know
which units belong to any sample s € S;

e A strictly positive selection probability can be assigned to each
sample: p(s) > o, s € S. One sample s is then selected with
probability p(s);

e Given an estimator 9 of a population characteristic Y, each sam-
ple must lead to an unique estimate.

A combination of a sampling design and an estimator is defined sam-
pling strategy.

In practice, listing all possible samples and computing their proba-
bility p(s) would usually be a laborious task, which is especially true

15
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for large populations. Thus, rather than attaching selection probabil-
ities to samples, it is usually preferred to assign inclusion probabilities
to population units, and draw units until a sample of the desired size
is obtained (Cochran, 1977).

Inclusion probabilities are defined as the probability that one or
more units are included in the sample. We define as inclusion proba-
bility of the k—th order the probability that a group of k = 1,...,n units
is included in the sample. In practice, most times only the first and
second-order (or joint) inclusion probabilities are needed for estima-
tion.

Let us define the random variables 6; and 6;;, which represent the
inclusion in the sample of unit i and couple (i, j), respectively, as

1, ifi€s 1, if (i,j) €s
51:{ 5152{

o, otherwise o, otherwise

The &; variables satisfy the following properties (Hajek, 1981, p. 22):

=2 _5s)p(s) =) _pls)=m (1.12)
SES so1
E[5:85] = ) 8i(s)85(s)p(s) = Y p(s) = mi; (1.1b)
s€eS s>{1,j}
Var[5;] = E[87] — E[8:]* = E[6:] — E[8:]* = m; — 7} = mi(1 — 711)
(1.10)
COV[&i, 5]'] = E[éiéj] — E[él] E[é]] =T45 — 7'[1',7'[]' y (I.Id)

where E[-], Var[-] and Cov[-] represent design expectation, design
variance and design covariance, respectively. The term design indi-
cates that we consider the expectation, variance or covariance over all
possible samples of the sample space S.

Moreover, let us denote first-order inclusion probabilities by 7,
and joint-inclusion probabilities by 7ti;. Inclusion probabilities are
then defined as:

mi=Pie€s)=P®;=1)= Zp(s) (1.2a)
soi
=P(,jes) = 1) =1)= Z p (1.2b)
s21,j

The approach described above is referred to as design-based. In
this approach, the sampling process has a central role, as the esti-
mates of both the parameter of interest and the variance strictly de-
pend on its choice. This may be considered as the main difference
between design-based inference and infinite—population inference,
where estimates depend on the probability distribution of Y. The
other approach to finite-population inference, called model-based



1.2 UNEQUAL PROBABILITY SAMPLING

(or model-assisted, or prediction-based), will not be discussed in
this thesis. For details about the model-based approach, see Brewer
(2002), Estevao et al. (1995), Sdrndal (1996), and Sarndal et al. (1992)

1.2 UNEQUAL PROBABILITY SAMPLING

When inclusion probabilities are equal for each population unit, the
design is said to be an equal probability sampling design, otherwise, it
is called an Unequal Probability Sampling (UPS) design. In this the-
sis, we are interested in the latter group, and especially to designs
with Probability Proportional to Size (PPS), where the probability of
selecting an unit from U is proportional to an auxiliary variable X, or
size variable. When, in addition, inclusion probabilities 7; are pro-
portional to the size variable, we indicate the design by 7tps. Variable
X should be positively correlated to the variable of interest Y, and its
value must be known for all population units prior to sampling.

UPS designs are highly attractive because, taking advantage of the
auxiliary information provided by the size variable X, they usually
produce more efficient estimates than equal probability sampling de-
signs, under certain conditions that are listed in the next subsection.

1.2.1  Optimality conditions

Let us denote by x; the value of the size variable for the i-th unit and
by 1n(s) the number of distinct units in sample s. Hanurav (1967) de-
fined the following desirable properties for the inclusion probabilities:

Xi

o= nm (1.3a)
n(s) =n Vs such that p(s) > o (1.3b)
Tj >0 (1.3¢)
T < Ty (1.3d)
7:;)1) > (3 with 3 not too close to o (1.3€)

A sampling design satisfying such conditions provides optimal esti-
mates, in the sense that the total estimator § would produce estimates
that are close to the true total & = ) ;. yi, and that the variance
would be unbiased, stable and nonnegative.

17



18 INFERENCE FOR FINITE POPULATIONS

If property (1.3b) is satisfied, then the following properties for in-
clusion probabilities hold:

Z T =" (1.4)
ieu
Z Ty = (n—1)m (1.4b)
jeu
j#
Z T = (N — 7) (1.4¢)
jeu
j#

Z Z 5 = n(n —1) (1.4d)

ieu j#A
1.2.2  Computation of first—order inclusion probabilities

Given Hanurav (1967) conditions for optimum sampling strategies,
the common procedure to compute first-order inclusion probabilities
for most UPS designs is:

1. For all i = 1,...,k, compute inclusion probabilities as

Xq

> X

icu

i =N

2. If for some units 71; > 1, denote by U® = {i | piy > 1} the set of
such units and with k = card(U?) its cardinality, define also the
reduced population U* = U\ U®. Then, V j € U*, set

m=m—m§?miﬁew
jeu*

=1 ifj € U

3. Repeat step 2 until my <1, Vie U

Naturally, if any 7t; = 1, these will be included in the sample with
certainty. Such units are called self-selecting units.

1.2.3 Horvitz—Thompson estimation

In this context, estimates are most commonly obtained by the Horvitz—-
Thompson total estimator (Horvitz and Thompson, 1952), which weights
sample observations by the reciprocal of the inclusion probabilities 7t;.
Given a sample s = {1,...,n} of population U = {1, ..., N} and obser-
vations yj, i € s, the Horvitz-Thompson estimator is defined as

St = Z % = Z 9;761» (1.5)
1 1

i€s ieu
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Noting that in (1.5) the only random variable is §;, and using iden-
tity (1.1a) one finds that

Efntl = [ 91] ZUIE[é] me—ZyFﬁ
ielu

ieu T ieu

Therefore 147 is unbiased and, by identities (1.1c) and (1.1d), its vari-
ance is given by

. iy
Varyr[our] =V gt
: s
iel
- Z(”l) V[61]+2ZZHIU) Cov[s;, 8] =
ieu iel j>i
= Z <yl> (1 —71y) + 2 Z Z && (5 — ) =
icu 1€UJ>1
—Z +2ZZ(7{1 — T4 yly]
U Py
icu ielu j>i )

(1.6)

For fixed n, Sen (1953) and Yates and Grundy (1953) derived an
alternative form of (1.6), which expression is

Varsyg[dnrl=) ) (mm —7T1;)< : yl) (1.7)

iel j>i

Equation (1.7) is obtained by considering relations (1.4a) and (1.4b),
which lead to the identity

Z(T[ij — 7-[{7-[]') = Z Ttij — Z 7'[17'[)‘

jeu jeu i
j#A j#A
= (Tl—l)T[i—T[iZT[j
A
=(n— 1 —mn — )
- ()

which gives

25l — ) ) A (mi — )
—TTi T

1—7T4 =

(1.8)

By substituting the quantity 1 — m; in the Horvitz-Thompson vari-
ance with the right-hand term of equation (1.8), the first term of (1.6)
becomes (Cochran, 1977, p. 260)

g m) =YY (- (2 ) 2D (mm— ””)K ) <“J>2]

icelu ielu j#A ieuj>i
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Thus,
2

Y Yj YiYj
Varsyg[Onrl=) ) (mm— 711])[< ‘) +<7:]> _zrczn]-]
ielU j>i ) )

2

DRI R

iel j>i

Unbiased sample estimators of (1.6) and (1.7) are respectively given

by

VT [OHT] =

(711] L)
I+ E E ; )
2 TG TG Yilj (.9)

i€s i€s j>i

and

(7 — Tt
vsyc[POnT] = Z Z 71 i) (yl E{J> (1.10)
W

i€s j>1i 4

1.2.4 Limitations

Variance estimators (1.9) and (1.10) are unbiased;+ however, they can
assume negative values, and be unstable when inclusion probabilities
are small. If conditions (1.3a) to (1.3d) hold, the Sen—Yates—Grundy
(SYG) estimator is always nonnegative and it is often more efficient
than the Horvitz-Thompson (HT) variance estimator.

Moreover, both estimators depend on joint-inclusion probabilities
735, which computation may be unfeasible for some sampling designs.
In fact, considering equation (1.2b) it can be seen that, when n and
N are relatively large, the number of possible samples is so high that
estimating 7ti; becomes unfeasible. As an example, let us consider the
sample design proposed by Brewer (1975), for which joint-inclusion
probabilities are expressed through a recursive formula (for details
about Brewer’s sampling, see Appendix A):

MM =D L p 7”(“ Z Pr() Y (n —1)

1— P Jin
K71,

niy(n) = Pr(n)

which clearly shows how the computation of 7;; quickly becomes
overwelming as N increases. Furthermore, many traditional sam-
pling procedures do not even have a close—form for the 7;; formula
for the case n > 2 (see Brewer and Hanif (1982) for a list of more than
fifty sampling designs).

In the next chapter, a review of the main solutions to the problem
of variance estimation in UPS sampling is presented.
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As mentioned in the previous chapter, estimating the variance of the
Horvitz-Thompson estimator may be unfeasible, either because joint—
inclusion probabilities are too computationally demanding, especially
for large sample and population sizes, or because they are not avail-
able in closed form.

In this chapter, a review of the literature is performed, and a sum-
mary of the main solutions proposed for variance estimation in un-
equal probability sampling is presented.

2.1 RANDOM GROUPS

Random Groups method is a simple and flexible way to estimate the
variance in complex surveys.

The main idea is to split the sample in k subsamples (groups) of size
m, such that k = n/m, and computing an estimate of the parameter
of interest 99 for each group g, g = 1,...,k (Wolter, 1985, chapter
2). The general estimate is then found as an average of the k group
estimators 99:

13
A 1 A
dre = > by (2.1)
g=1
Assuming independence among the groups, the variance of (2.1) is
given by

1

k k
A 1 A A 1 A
Var[dgg] = Var X 9521 1‘}9] = 9521 Var[vg] = X Var[vg] (2.2)

A natural estimator of (2.2) is
1 1 &
vi(Org) = k{k—l ;(‘99 1912(3)2}- (2.3)

Alternatively, the variance of g can be estimated by replacing dre
with 9, the estimate computed on the whole sample:

K
va(dra) = 11<{ki1 > B —9)2}- (2.4)
g=1

When the estimator of 9 is linear, dgg = 9. For nonlinear estima-
tors (2.4) is biased and we have v;(3rg) < v.(9rg), 5o (2.4) is prefer-
able when a conservative variance estimate is desired (Wolter, 1985,
chapter 2).

21
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The advantage of this method is that the computation of joint-
inclusion probabilities is avoided entirely.

2.1.1  Selection of Random Groups

Groups can be independent or correlated among each other. In the
former case, k > 2 subsamples of size m = n/k are drawn from the
target population one by one, replacing them into the population at
each step.

In the latter situation, the groups are formed after the overall sam-
ple is drawn by randomly selecting k subsamples of size m from the
original sample, without replacement and according to the original
sampling design; if n/k is not an integer, that is n = km + g, with
0 < g < k, the q excess units may either be left out of the k ran-
dom groups, or they may be added unit by unit to the first q random
groups.

Estimator (2.3) is unbiased when random groups are selected inde-
pendently of each other. For correlated groups, however, such esti-
mator is biased; for large populations and small sampling fractions,
this bias will tend to be negligible, but it could be large with small
populations.

2.2 JACKKNIFE

Jackknife estimation is another subsample replication technique origi-
nally proposed by Quenouille (1949), who introduced it in the infinite
population setting for bias reduction, and was successively suggested
by Tukey (1958) as a variance estimation technique.

Given the independent and identically distributed (i.i.d) random
variables Yi, ..., Y, and an estimator 9 of the population parameter 9
computed on the whole sample, let us randomly partition the sample
in k groups of m units each, where km = n and k, m and n are all
integers. The jackknife estimator is then given by

3
A 1 A
D=1 > 9
g=1
where §4 are called pseudovalues and are obtained as
99 = ké — (k— 1)9(79)

and the 9(79) are estimators of the same form as 9, but computed
from the reduced sample of size m(k — 1) obtained by omitting the
g-th group.

In finite population inference, a sample is splitted in k subsamples
as for the case of correlated random groups, illustrated in the pre-
vious subsection, then the jackknife estimator is applied as showed
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above (Wolter, 1985). For unequal probability sampling without re-
placement, using the Horvitz-Thompson estimator the pseudovalues
are

ég = kSHT - (k_ 1) SHT(—g) )

where
m(k—1)

q Yi
Bt (o) = S S—
HT(=9) ; mmk—1)/n

is the Horvitz-Thompson estimator obtained from the reduced sam-
ple where units of the group g are removed.

The variance of the jackknife estimator can be estimated by (Tukey,
1958):

A

v(dyk) = T 1)29 —Hyx (2.5)

Berger and Skinner (2005) proposed a jackknife estimator for the
variance of a generic estimator of a function of means 9= f(fLI, cee ﬁQ>
in unequal probability sampling, where {iq = } ;. WiYyqi, with wi =

Nln ies . The jackknife variance estimator is defined as
5 — THTG
vik® =) Y T Teweg, (2.6)
i€s j€s
with

ey =@ —w)® =)
Sy = f(fh(i ---»ﬁQ(i));

g = Z Al

)
]Es i )T[]

where s_; is the reduced sample with the i-th unit removed.

To use variance (2.6), joint-inclusion probabilities 7;; need to be
known, if they are unknown, these can be approximated by one of
the methods proposed in subsection 2.6. The authors suggest the use
of Hajek (1964) approximation (see section 2.6):

Ty ~ M1 —d (1 — ) (1 — )], with i #j (2.7)

where d = } ;o mi(1 — ).

The authors proved that (2.6) is design—consistent and showed through
a simulation study that its relative bias and relative root-mean-square—
error is lower than those of estimator (2.5).

Jackknife variance estimators have also been proposed for strati-
fied sampling (Berger, 2007) and with adjustment for imputed data
(Berger and Rao, 2006).
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2.3 APPROXIMATE TIPS DESIGNS

The properties listed in section 1.2.1 define a 7ps design, namely, a
sampling design with selection probabilities proportional to the in-
clusion probabilities 7t;. A few sampling procedures have been for-
mulated which manage to provide easy-to—compute joint-inclusion
probabilities by relaxing one or more of such properties.

2.3.1  Wright sampling

For instance, Wright (1983, 1989) proposed a stratified simple random
sampling which included approximate 7iP’S features. In this case, pro-
portionality to the auxiliary variable of each unit’s inclusion probabil-
ity (property (1.3a)) is relaxed, and units are selected with probability
proportional to mean size in the stratum instead. Given a population
U and a size measure with values x;, Wright sampling is as follows:

1. Order the population units by increasing order of the x; values;

2. Create H strata in such a way that the sum of the size variable
in each stratum Uy, h = 1,...,H, is one H-th of the total in the
population U (as closely as possible). That is, 3 ;y;, xi = X/H,
with X = } ;- xi. To do so, take the first N; units such that
ZNI xi ~ X/H, the second N, units such that Z?':?NIH) X ~

1=1

X/H, and so on.
3. Select ny, &~ n/H units from each stratum with equal probabil-

ities, where n = Z}tl:l Ny, is the desired total sample size. In-
side each stratum Uy, all units have inclusion probability 7, =

Tlh/Nh.

This procedure selects units with probability proportional to mean
size in the stratum, in fact,

_ Xu
Z Xi:Nthh:Nﬁ
iely
then Nx
X
Ny = — 4
Hth
hence,
nh H™n nxu,

"™ TNk T HONGu/ru,) | Nxu

2.3.2  Sunter sampling

Sunter (1977, 1986) proposed a list-sequential design (see section 2.4)
where fixed size (property (1.3b)) is not respected and inclusion prob-
abilities are only approximately proportional to the size variable.
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Let us assume that, if any self-selecting unit is present, it has al-
ready been selected and removed from population. Then, Sunter
(1977) sampling procedure is as follows:

1. Sort the units in decreasing (or increasing) order with respect
to the size measure X;

2. Define the set of self-selective units: I = {i : nx{/X} > 1,1 =
1,...,N}, with X} = ZP x; and set i* = min{inf(I), N —n +1};

=i

3. Select first unit with probability nx;/X, and successive units
with probability (n —n)x;{/X{, where n; = o,...,n is the num-
ber of units that are in the sample at the end of step i — 1 and X}
is defined as in the previous step. Stop when i =1i* or ny = n,
whichever occurs first;

4. If, at this point, there are still units to be selected, thatisn; <n,
draw a sample of size n —n; from the remaining units with
index i = 1*,..., N by simple random sampling.

Second-order inclusion probabilities can be expressed as (Sarndal et
al., 1992):

w%xixj for i<j<i*
_ X?‘fxi*_ _ . . .
Ty = n(T; 1)91*_17)(11*_&*‘ (%i<)* for i*<i<j<N
n(anl)giXiii* for i<i*, i* <j<N

X1 X2 Xi—1 * X{—Xi—1
gi = 1—7>k 1—7* cee | 1T — - /X :g'_%
' ( XZ) ( X3> ( X ) o o Xin

and X~ = X{./(N —i* + 1) is the average size of the units in the equal
probability subset.
This procedure satisfies the properties:

o m =nxi/X, 1<i<i;
o i =nx/X, 1*<i<N;
e m; >0, i<j<N;

® T —Tij > O, i<j<N,

where X = (N —i*+ 1) " Z]i\l:i* xi is the average size of the units in
the equal probability subset, if any, as of step 4.

This sampling gives exact joint-inclusion probabilities which can
be computed and stored simultaneously with the drawing of the sam-
ple. However, inclusion probabilities depend on the ordering of the
list and the procedure is not an actual unequal probability sampling,
as some of the units may be selected by a simple random sampling.
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Sunter (1986) provided new sampling procedures, including one
with fixed sample size that generalises the previous one and is an ac-
tual UPS designs. However, computing joint-inclusion probabilities
under this new procedure is a hard task. This is because it is nec-
essary to enumerate and sum the probabilities of all the appropriate
event sequences, which is impractical for large sample and popula-
tion sizes.

2.3.3 Poisson Sampling

Another sampling design with variable sample size is Poisson sam-
pling (Hajek, 1981), which has an important role in official statistics,
where it is largely used for its simplicity and attractive properties. It
is quick and simple to perform and produces easy—to-compute joint—
inclusion probabilities.

The sampling procedure consists in performing independent bernoul-
lian trials for each population unit, where unit i is selected with
probability 7t;, given by equation equation (1.3a). Due to indepen-
dence among units, joint-inclusion probabilities are simply obtained
as 7tyj = 7y 7T, i # j, this reduces the Horvitz-Thompson variance to

A 1—7 ,
vurnrl =) —= Ui
i€s i

which requires only a single sum over sample observations, so its esti-
mation is extremely quick. Note that the Sen—Yates—-Grundy variance
estimator (see equation (1.10)) cannot be employed in this case as the
sample size is not fixed.

Poisson sampling has random sample size n(s), given by the sum
of bernoullian trials with different probabilities, which generates a
Poisson-binomial distribution (Tillé, 2006). From the mean of a Poisson—
binomial distribution follows that the expected size of a Poisson sam-
ple is n:

E[n(s)] = Zm = ZnL =n.

ieu ieu Zieu X

Héjek (1981) shows that, by conditioning this design on a fixed—
sample size n, one obtains a new sampling design, called Conditional
Poisson Sampling (CPS) or Maximum Entropy sampling, for which
Aires (1999), Chen et al. (1994), and Deville (2000) developed algo-
rithms for the exact computation of second—order inclusion probabili-
ties. Although Conditional Poisson Sampling is a strict 7tps sampling,
it is more complex than Poisson sampling and does not provide the
same attractive properties. More details about this design are pro-
vided in section 2.6.2.
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2.4 LIST-SEQUENTIAL SAMPLING DESIGNS

List-sequential sampling procedures are designs that skim through
the population list unit by unit, and sequentially apply an inclusion
rule to the units, until either a sample of size n is obtained or the list
ends.

One of the first list-sequential procedures to be proposed was Chao
sampling (Chao, 1982), which was inspired by Reservoir sampling
(Knuth, 1969), employed in computer science and particularly conve-
nient for sampling large files because it does not require population
size. It could thus be performed in just one scan of the file. Besides
this computational advantage, the statistical attractiveness of Chao
sampling is due to the availability of a closed form equation for joint—
inclusion probabilities with low computational complexity. In short,
Chao sampling is composed by exactly N —n steps. The algorithm
initialises by filling the sample with the first n units of the list and,
successively, at each step k, k = n+1,...,N, unit k is selected with
probability 7t(k; k), where 7t(k; k) is the inclusion probability of unit k
at step k. If unit k is selected, it randomly replaces a sample unit, oth-
erwise the procedure continues with the next step. Alongside with its
simplicity, the easy computation of joint-inclusion probabilities and
the possibility to sample lists of unknown size, this sampling proce-
dure comes with some drawbacks. Inclusion probabilities depend on
the order of population units, and most importantly second—order
inclusion probabilities can be null. Bethlehem and Schuerhoff (1984)
provide a necessary and sufficient condition for the inclusion proba-
bilities to be strictly positive, namely that at most n — 2 self-selecting
units are included in the sample at each step k, k=n+1,...,N.

Although the joint-inclusion probabilities are easy to compute, they
are memory—-intensive due to the large number of probabilities that
are to be computed. Berger (1998b) provided a variance estimator to
be used under this design, which needs only the computation of N
values.

Other list-sequential sampling designs are proposed in Sunter (1977,
1986). Despite not being a list-sequential sampling, it is worth to men-
tion here Tillé’s elimination procedure (Tillé, 1996), as the calculation
of the elimination probabilities was inspired by Chao (1982). It shares with
Chao sampling the simplicity in its application and in the computa-
tion of second—order inclusion probabilities. However, while the sam-
pling design previously described sequentially skims the population
list to evaluate the selection of the units, Tillé sampling starts from a
population of size N, and sequentially evaluates the exclusion of the
units, until only n units remain. Contrary to Chao sampling, inclu-
sion probabilities in Tillé’s elimination procedure do not depend on
the order of the list but the population size must be known. The algo-
rithm produces easy—-to—compute joint-inclusion probabilities, which

27
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nonetheless may sometimes be null. The author provides a necessary
and sufficient condition for strictly positive joint-inclusion probabili-
ties.

Chao and Tillé sampling designs are described in details in the next
subsections.

2.4.1  Chao sampling

The main idea of Chao sampling is to keep sample size fixed through-
out the selection procedure and to consider one population unit at
the time, letting it in the sample with probability proportional to size.
Briefly, it works by selecting the first n units of the population to
constitute an initial sample; then, one by one, the remaining units
are either selected to be part of the sample or not, through a random
scheme. If selected, the unit replaces at random one which is already
in the sample.

Given an auxiliary variable X with values x;, the selection procedure
is as follows:

1. Form the initial sample by selecting the first n units in the list.
Inclusion probabilities at this step will always be equal to one.

2. Fork=n+1,...,N:
a) For all i = 1,...,k, compute inclusion probabilities
n(k;1) =n kXi ,
>
1=1

these probabilities are such that
k
o ) n(k;i)=n,
i=1

o 7i(k;1) x x4 .
It may occur that 7t(k;1) > 1 for some i, in this case, we
can proceed by setting these probabilities to 1, and recom-
pute inclusion probabilities for the remaining units, as ex-
plained in section 1.2.2.

b) Generate a random variable u ~ Ufo, 1].

c) If u < m(k, k), where 7t(k; k) is the inclusion probability of
the population unit taken into consideration at step k, then
unit k is selected.

d) If the unit is not selected, we ignore it and move on to next
unit, otherwise, we remove one unit from the sample at
random with probability Ry; (given below) and replace it
with unit k.
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First-order inclusion probabilities

It is possible to write inclusion probabilities as follows (Chao, 1982,
Lemma 1):

{ﬂ(k;i)=(1—WkRki)7T(k;i) 1<1<k: k>n (28)

T[(k; k) = Wk
Wy is the probability of inclusion of unit Xy, at time k + 1, while Ry;

represents the conditional probability that unit i is removed and it is
defined as:

o (] S Ak)a
Rii = § Tki (G € By), (2.9)
(1—Tw)/(n—Lx) (€ Cy)

where Ay, By and Cy are sets defined as
A ={it:(k—1;1) = n(k;1) = 1; 1 < k},
By ={i:m(k—1;1) = 1, (k;1) < 1; 1 < k},
Cx ={t:m(k—1;1) < 1, (k;1) < 1; 1 < k}.

Moreover, Ty; is the conditional probability of unit i being removed
from the sample, given that unit k + 1 is selected:

Tyi = [1 —7(k; 1)] / Wy

and Ty = } ;cp, Txi is the conditional probability of removing a unit
which is in By. Finally, Ly is the number of elements which are either
in set Ay or in set By.

Second-order inclusion probabilities

Chao gives the following lemma: forallm <nandall1 <i, <--- <
i'TTL < k’/ k 2 TL,

m
K+ 1;igy .00, im) = (1—WkZRki].) (K igy ..., im)

j=1
and for1 <i; < - <im_1 <Kk,

m—1

mk+ 11,00 yim_, k+1) = Wy (1 — Rkij) (ke ey bimes).

j=1
Then, for m =2 and i < j,

m(i) (1~ WiRii +Rig)) 5 < k1

m(k + 1;1,j) = ' _
mi(k; 1) (1—Rki>Wk , j=k+1
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2.4.2  Tillé sampling

Given a population U ={1, 2,..., N} of size N, we start with a sample
of N units, and we sequentially remove one unit until reaching the
desired sample size n. The procedure is composed of N —n steps;
at each step k, k = N —1,...,n, first-order inclusion probabilities
are computed, then one unit among the remaining in the sample is
removed at random.

The algorithm is as follows:

1. At each step k, with k = N —1,...,1n, compute the first-order
inclusion probabilities proportional to a size measure X for all
units in the population U:

kXi

" Tam
jeu ™M

, u={1...,N}.

If there is any 7t(ilk) > 1, it is set equal to 1 and the computation
is repeated on the remaining units, as described in section 1.2.2.

2. Select one unit from the current sample with probability

m(ilk) .
o mk) u
ki =1 ik +1)’ te

and remove it (see Remarks 2 and 3 below).

The inclusion probabilities can be expressed as
7i(ilk) = (1 — 1) ik + 1),

that is, the probability of inclusion of unit i at step k is given by
its probability of inclusion at step k + 1 (the previous one, as k =
N —1,...,n) times the probability of not being removed from sample
at step k.

Joint—inclusion probabilities

The inclusion probabilities of the m~th order are given by

N—1 m
T(igy e e vy imn) = H (1_Zrkij) )
j=1

k=n

that is, the joint probability of not removing any of the units i,,...,im
in any of the k steps. As a particular case, second—order inclusion
probabilities are obtained as

N—1

n(i,jn) = [ 1 (1 —Tki— Tkj)

k=n

and they are such that n(i, jin) < n(iln) (jjn), for any i,j € U, i #j.
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Unfortunately, the algorithm can sometimes produce null joint-inclusion
probabilities, even if 7(ijn) < 1 for all i € U. A necessary and suffi-
cient condition for strictly positive probabilities is Ty; +Ti; < 1 for all
k=n,...,N—1

Remarks
1. We have that
miN)=1, iel;
n(ilk) < m(ilk+1), ielUk=n,...,N—1;
> mik) =k, k=1,...,N.

ieu
2. We have that o < i < 1 and that

o ifiEAk,

Tki =< 1— 7'[(1“() ifie By,
I*Zieg [1—7t(i|k)] el
s, i€ G

with
Ay = {1 : 7(ilk) = 1},
Bk ={i: m(ilk) = 1 and 7(ilk + 1) = 1},
Cx={i:m(ilk+1) < 1}

3. Once k is such that 7(ilk + 1) < 1 for all i € U, the units are
eliminated with equal probabilities. In fact, in that case all units
belong to Cy and, for alli e U

1—) jeg li—m(ik)]  1—0 1
k+1—#A —#B,  k+1—0—0 k+1

Tki =

2.5 BOOTSTRAP

Bootstrap is a technique originally introduced by Efron (1979) for in-
finite population inference and i.i.d. random variables. Given a ran-
dom sample s = {ys,...,yn} with i.i.d. units with unknown distribu-
tion F, for which we want to estimate the variance of parameter 9(F),
the core idea of Efron’s bootstrap is to estimate the F distribution by
the empirical distribution function F:

n

N 1

Fn(z) = E E 5y1<2)
i=1

where 8y, < is a Dirac measure, defined as

5 )L, Yi <z
Yyisz = .
0, otherwise
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and to draw a large number of (bootstrap) samples s* from F, which is
equivalent to sampling with equal probabilities and with replacement
from the original sample s. For each bootstrap replicate the parameter
of interest 9(?{,) is estimated, and an approximation of the variance
is obtained as Monte Carlo variance of the bootstrap estimators.

2.5.1 Bootstrap for finite populations

The classic bootstrap cannot be transposed to the finite population
setting in a straightforward way, as in this scenario inference is not
carried out with respect to the distribution function of a Y variable
(which is assumed deterministic), but rather on the random indicator
variable &; (see section 1.1). Moreover, in this context classic boot-
strap does not work, as resampling would destroy heteroskedasticity
and correlation among sample units, which are not necessarily i.i.d.
(Bertail and Combris, 1997).

Thus, successful application of the bootstrap in a finite population
setting requires appropriate modifications. In UPS designs, bootstrap
procedures are mostly employed to estimate the variance of the HT
total estimator. To do so, a large number B of bootstrap samples is
generated and the HT estimator is computed for each of them, then
the bootstrap variance is estimated as

V= Bilg(‘%_s*)z’

where §* = Ly e 9.

Finite—population bootstrap methods are generally classified into
three groups: plug—in or pseudo—population methods, direct or ad—hoc
bootstrap methods, and weights methods. An extensive survey of
available bootstrap methods for finite population sampling is pre-
sented in Mashreghi et al. (2016).

Pseudo—population methods

While in infinite population inference the data generating process is
a distribution function F, in finite population inference this role is as-
sumed by the population U and the sampling design. Hence, pseudo—
population (or plug—in) bootstrap methods pursue the spirit of Efron’s
bootstrap by estimating the original population by means of sample
units, from which samples are drawn according to the design that
generated the original sample. By employing the original sampling
scheme, the finite population correction factors are naturally captured
by the bootstrap variance estimator (Mashreghi et al., 2016).

The pseudo—population U* is generated by repeating sample units
a certain number of times. Gross (1980) first applied this technique to
simple random sampling by repeating each sample unit f~* = N/n
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times, with N/n integer. Bickel and Freedman (1984), Booth et al.
(1994), Chao and Lo (1985, 1994), and Sitter (1992) extended Gross’
bootstrap to cases with non-integer N/n. These methods are slightly
biased except for Sitter’s method (Mashreghi et al., 2016).

A similar procedure for unequal probability sampling was later de-
veloped by Holmberg (1998), who proposed the following algorithm:

1. Repeat |71;"| times the pair (y;, ;) to create Uf, where |z] in-
dicates the greatest integer less than or equal to z;

2. Perform a Poisson sampling on the original sample, drawing
units with probability 7" — [717* | and call this sample U°. Add
these units to U to complete the pseudo-population, obtaining
u*=ufuus;

3. Denote with (§i,7), i = 1,...,card(U*), the pairs of observa-
tions and inclusion probabilities in population U*, compute
new inclusion probabilities

9
/ T[i

=N =
1 o 7
Zjeu*ni

4. Draw a large number B of bootstrap samples s* from U* accord-
ing to the original design. Per each iteration compute the HT
estimator 97, then compute the bootstrap variance as

v =

i1i<éi§_§*)2’

b=1

B

with§* = L Y B_ 9 ;

5. Repeat steps 2—4 a large number of times D to get vi,...,v[);
estimate the variance by

Note that U, the random part of the pseudo—population U*, in-
troduces a double form of randomness; indeed, it is random both in
the units included and in its size, due to the use of Poisson sampling
(see section 2.3.3). Note also that, in the original paper by Holm-
berg, the last step is not present; however, it is needed to account
for the source of variability introduced by U¢ (Chauvet, 2007). Chau-
vet (2007) proposed a modification to Holmberg’s procedure valid
only for Poisson sampling, which produces correct variance estimates.
Chauvet’s algorithm is as above, but at step 3 inclusion probabilities
are not recomputed, that is n; = 7t;.
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Direct bootstrap

Direct methods, also called ad—hoc methods, draw bootstrap samples
directly from the original sample, with no need of generating a pseudo-
population, which leads to clear computational advantages in terms
of memory usage and computational time. However, the sampling
procedure needs some modifications in order to capture the variabil-
ity of the original sample.

Examples of direct bootstrap methods for SRS and UPS designs
are the Rescaling Bootstrap (RSB) procedures proposed by Rao and
Wu (1988). Their methods manage to match the variance of the orig-
inal design by rescaling sample observations and drawing bootstrap
samples according to a simple random sampling with replacement.

Antal and Tillé (2011, 2014) provide ad-hoc bootstrap procedures
that do not need to rescale the observations. Their implementation is
complex, but the authors show by means of simulation studies that
these methods have good performances even with some non-linear
estimators.

Weights approach

These methods consist in generating bootstrap weights to attach to
the observations in the original sample. Weights are expressed in the
general form

* * .
WizaiWi, 1es

where w; are the original weights and a} are some bootstrap adjust-
ments. The bootstrap estimator is then obtained as

¥ = Zw;‘yi. (2.10)

i€s

This approach is efficient because it avoids the generation of a
pseudo—population, and it is convenient for the release of public data
both for users, who can use the provided bootstrap weights in their
studies without effort, and for public agencies, that do not need to
unveil details on their surveys, which could compromise the confi-
dentiality of information.

Potentially, any bootstrap method could be treated as a weighted
bootstrap, as long as a proper set of weights is found.

The concept of bootstrap weights was introduced by Rao, Wu, and
Yue (1992) where, with regard to the Rescaling Bootstrap by Rao and
Wu (1988), the authors point out that the rescaling could be per-
formed on the weights rather than on the observed values. Chip-
perfield and Preston (2007) proposed a modification of this method,
showing gains in efficiency with small samples.

An important method belonging to this class is the generalised boot-
strap, proposed by Bertail and Combris (1997) and further improved
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by Beaumont and Patak (2012), who proposed an alternative proce-
dure, described below, which is independent from the variable of
interest. The generalised bootstrap can be applied to any sampling
design without the need of selecting bootstrap samples, and most
bootstrap methods can be seen as special cases.

Let us consider the Horvitz-Thompson estimator of the true pa-
rameter ¥, which can be expressed as §= Zie < Wiyi. For a positive
integer p, let

m, = E@® —9)P

indicate the p—th moment of the sampling error and let 1, be any
design—unbiased estimator of m,,, we shall consider the estimators

m; =0

n vt = v T T v

my = 0jjYyiy; =y «Y,
i€s jEs

where 11, is clear from the unbiasedness of the HT estimator, 1,
is the Horvitz-Thompson variance estimator expressed in quadratic
form, y is the vector whose elements are {j; = wijyi and Zisann xn
matrix of elements oij, given by

oo = 4 g =)/, for 1]
? (1 —m), for i=j

Alternatively, if n is fixed, the Sen—Yates—-Grundy estimator may be
considered by letting

oo = o (T — )/, for 1 #]j
ij = . .
(1—7) — ) pes(Mik —mme)/miyk,  for i=j
Moreover, consider a bootstrap estimator expressed as in equa-
tion (2.10); for the bootstrap method to be effective, the expectation
of the bootstrap error should match the estimated sampling error th,,
that is, the identity

E@* —9)P =1,
should be satisfied for at least p = 2.
The bootstrap error can be written as -9 = (@* —1,)" y, where
a* is a vector whose elements are the adjustments a} and 1, is a vec-

tor of length n whose elements are all 1. From the previous identity,
we have that the generalised bootstrap must satisfy the conditions

E*[a*] = 1, (2.11)

E*[@* — 1)@ —1n)']=Z. (2.12)

Hence, the vector of adjustments a* can be generated from any distri-
bution that satisfies the conditions above.
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Table 2.1: Examples of generation of the adjustments aj (Beaumont and
Patak, 2012).

Distribution = Description
¥ ~N<u:1,62:1—7'ri)

Uniform af ~ U(I* V3E—m), 1+ \/3(177(1))
{
*
1

Normal a’

Exponential af =1+ (by —1)/1—m, with b; ~ Exp(1)

Lognormal ai = exp(bi), with b; ~ N (u = —o.5log(2 —m;), 0> = log(2 — m))

Beaumont and Patak (2012) propose a list of candidate distribu-
tions, some of which are reported in table 2.1. Through a simulation
study, the authors show that the distribution used for generating the
adjustments a} does not influence the outcome much, as long as the
distribution of bootstrap errors is not too far from the Normal dis-
tribution. Thus, they suggest avoiding highly skewed distributions.
Moreover, the authors provide a tool for the determination of a proper
number of bootstrap replicates, and suggest to always use at least 750
replications in order to obtain reliable results.

2.6 APPROXIMATE VARIANCE ESTIMATORS
2.6.1 Entropy

We shall briefly discuss the concept of entropy (Shannon, 1948), as it
will be useful in the next sections and throughout the thesis.

Using the same notation introduced in chapter 1, the entropy of a
sampling design is defined as

H=—> p(s)log(p(s)) = —Ep[log(p(s))] (2.13)

seS

and it represents a measure of how much the selection probability
is spread among the samples of the sample space S. In other terms,
entropy may be considered a measure of randomness of the sampling
design (Grafstrom, 2010).

As explained in Grafstrom (2010), high—entropy does not guaran-
tee high efficiency, however, the high randomisation provided by the
high entropy protects against the lack of additional auxiliary infor-
mation, or low proportionality between the auxiliary and the target
variable.

Simple random sampling is the design with the highest entropy
in the class of fixed—size, equal probability sampling methods, as it
spreads the probability of selection over all samples in the sample
space evenly. In the class of unequal probability sampling designs,
Poisson sampling has the largest entropy, while the Conditional Pois-
son sampling has highest entropy among UPS designs with fixed size
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n (Héjek, 1981), for this reason it is also called Maximum Entropy
sampling. CPS design is described in the next subsection. Other
designs are known to have high entropy, such as Randomised Sys-
tematic sampling and the Rao-Sampford design, however this infor-
mation is not known for all designs. Nonetheless, it is important to
note that as population and sample size increase, and so does the
number of possible samples, the entropy gets closer to the maximum
for any design.

For more information about entropy of unequal probability sam-
pling designs see Grafstrom (2010) and Grafstrom and Lundstrom

(2013).
2.6.2  Conditional Poisson Sampling

Héjek (1981) defined the Conditional Poisson Sampling (CPS) as a
Poisson sampling conditioned on a sample size n. He proposed to
draw samples by means of a rejective procedure, by which Poisson
samples are drawn until one with the desired sample size is selected.
For this reason, Héjek’s procedure is also referred to as the rejective
sampling. However, there are other ways to implement this design.
This design is also known as Maximum Entropy sampling, because it
can be obtained by maximizing the entropy measure (2.13).

An algorithm for the computation of inclusion probabilities have
been given by Chen et al. (1994), who found the link between condi-
tional Poisson sampling and the exponential distribution family, for
which there exists a one to one relationship between the parameter
and the mean, that is, the inclusion probabilities. Chen’s algorithm
was later improved by Deville (2000). A different algorithm was pro-
posed by Aires (1999)

The Conditional Poisson sampling can be expressed as an exponen-
tial design (Tillé, 2006):

exp{AT s}

p(s) A) STL) = Zsesn eXp{ATS} )

where S,, is the set of samples with size n, A is the parameter and s
is a vector of N elements such that s; = 1 if unit i is in the sample,
and o otherwise.

Given a set of first-order inclusion probabilities, Chen et al. (1994)
provided an algorithm to derive the parameter A, which can then be
used to estimate joint inclusion probabilities. Deville (2000) devel-
oped a fast recursive equation for 7t;:

n(n — 1) exp{Ai}exp{A;}{1 — (A, Sn2) — (A, Sn_2) + 713j(A, Sns)]

T S = S expAT PN T — (A, Sma) — (s Sna) + 7t (A, Sl

with 7t35(A,0) = 0 and mi5(A, 1) = 0, Vi, j € U,1 #j. For a detailed
description of Conditional Poisson sampling see Tillé (2006).
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2.6.3 Approximate estimators

A number of approximations to the joint-inclusion probabilities have
been proposed for high-entropy designs. They are easy to com-
pute and can be plugged in the Horvitz-Thompson or the Sen—Yates—
Grundy estimator (see equations (1.9) and (1.10), respectively) to ob-
tain variance estimates.

Hartley and Rao (1962) provided an approximation of the ;; of
order O(N™#4) for the Randomised Systematic sampling, assuming
N — oo and n fixed:

B n—i n—1/ , 5 n—i N
7'[1'_]' = 77‘[1'_7'[)' + — 7'[17'[)' + 7'[1"7'[]- — 77’[17'[]' E 7'[]- +
n n2 n3 =
1
2n—1 n—1
( ) (7{37tj + 7O + ﬂ%n?> _ 3 ) (W%th + mng) ™ +

ieu

2
50— 1) 2(n—1)
+ e TOLTT; <Z nf) E— TOLTT; Z TEJ?.

iclu ieu

Asok and Sukhatme (1976) found a similar approximation for Rao-
Sampford sampling of order O(n3N73), given by

B 1
Ty = ; THTY (Ci + C)'),

n—i 1 , 2
where ¢; = 11— — E TG+ T
n n2 n

jeu

which is equivalent to the first three terms of Hartley and Rao’s ap-
proximation.

Hijek (1964) used less restrictive conditions to derive an approxi-
mation under CPS sampling. This approximation holds for

d=) m(1—m)— oo,

which implies that N — oo and N —n — oo. Hence, contrary to
Hartley and Rao (1962) approximation, this one does not require the
sample size to be small compared to the population. Héjek’s approx-
imation is given by

—1

7ty =My (1 — (1 —my) (1—7m5) d (2.14)

Berger (1998a) gave more general conditions for Hajek’s approxima-
tion and showed that it can be used with a larger class of high—
entropy sampling designs, such as the Rao-Sampford procedure.
Brewer and Donadio (2003) develop a series of approximations
based on properties (1.4b) to (1.4d) and the approximation 7;; ~ 71 715,
which holds for several high-entropy designs, provided that N and n
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are large enough. Such approximations are represented in the general
form
77[1]' =THTY (Ci + C]')/Z,

where possible choices for c; are

n—1
Ci = )
n—7y
n—1
Ci:n_lz 2
n jeu '’y
n—1
Cl= 1 )
n_2ﬂi+HZjeu7[]?
n—1
Ci =

Y Ut U T S X 2 °
n— 2+ Z)euﬂj

Approximating the joint-inclusion probabilities and using them
with the HT or SYG estimators gives easy—-to—compute variance es-
timates. However, one still has to cope with the double summation
of such estimators, which may be computationally cumbersome. For
this reason, several approximate variance estimators have been pro-
posed that only require a single sum and are function of the first—
order inclusion probabilities only.

Based on the quantities that variance estimators require to be com-
puted, Matei and Tillé (2005) divided them into three classes:

1. Estimators that require both first and second-order inclusion
probabilities;

2. Estimators that use only first-order inclusion probabilities and
only for sample units;

3. Estimators that need only first-order inclusion probabilities, for
the entire population.

The first class is composed of the Horvitz—Thompson and the Sen-
Yates-Grundy estimators, while the second and third classes include
approximate variance estimators, which are listed below. The estima-
tor nomenclature (e.g. Brewer estimator 1, Deville estimator 1, ...)
have been chosen to reflect the one used in Matei and Tillé (2005).

Haziza et al. (2008) provide a common form to express most of the
estimators in classes 2 and 3:

v(@HT) = Z cie?,

i€s
where e; = % — B, with
- 2 ies ai(yi/my)
Zies ai

and a; and c; are parameters that define different estimators:
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e Estimators of class 2:

Héjek estimator (vy) [Hajek (1964)]

ci = (1—m);  ai=¢

n—i1

Deville estimator 2 (vp,) [see Deville (1993, 1999)]

Ci=(1—7fi){1—Z[Zk;?1ﬂ_jnk)} } ;o ai=c

jEs

Deville estimator 3 (vp;) [Deville (1993)]

Ci:(l_”i){l_ﬂzk;gim} } ;=1

j€Es

Rosén estimator (vg) [Rosén (1991)]

ci = (1—my); ai = (1 —my)log(1 — i)/

n—1

Brewer estimator 1 (vg;) [see Brewer (2002) and Brewer
and Donadio (2003)]

Ci = (1—m);, a=1

n—1

e Estimators of class 3:

— Brewer estimator 2 (vg,) [see Brewer (2002) and Brewer
and Donadio (2003)]

Brewer estimator 3 (vg;) [see Brewer (2002) and Brewer
and Donadio (2003)]

n ( ) s Y AW

Brewer estimator 4 (vg,) [see Brewer (2002) and Brewer
and Donadio (2003)]

n 7T _ _
ci = (1—7'ri— Loini(n—1)t E Tc]?); ai=1
n—1 n—1 =
j

Berger estimator (vg.) [Berger (2004)]

Zjes(l_n)') . @ = s
Zjeu(l_n)’) ' T

n
ci =(1—my
i=(—-m)——
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- Hartley-Rao estimator (vyr) [Hartley and Rao (1962)]

— n —1 —1 2 ). —
Ci = 1—7T—n Ty +n 7'[)- ; a; =1
n—1i

jEs jeu

Additional estimators are defined in Matei and Tillé (2005):

e Deville estimator 1 [Deville (1993)]
A Ci «
VD1 (19HT) = Z 7_[7;(91 —Vyi)®
igs 1
where

o= 2 jes GY5/ T
e ) 1S I Lo
h ZjES Cj

n
n—i

and ¢; = (1 —71y)

e Tillé estimator [Tillé (1996)]

i) (Z) gtz o)

i€s i€s i€s
—1
where §j; = yi/mi, wi = my/Biand Jo = <Zies Wi D ics Wil
The coefficients 3; are computed iteratively according to the fol-
lowing algorithm:
1. B9 =m, Vieu

(2k—1) _ (n—1)7m3
2. Bi - f)(zkfz)_ﬁ(?k*Z)

(1/2)
2k _ §2k—1) nn—i)
3- Bl Bl ((ﬁ(zkl))zzigu(ﬁ(kzk_i))z)

with 0 =% . Bl k=1,2,3,...

e Fixed-Point estimator [see Deville and Tillé (2005)]

2 2
dur) =Y Vil oS )1 Yiy;cic
VFP{VHT | = - Ci S S i
ics 1 jeEs ™) JE€ES ) e ]-S{‘S i'Y
JEa%

where the coefficients c; are obtained using the following recur-
rence equation, until convegergence is reached:

(k—1))>
09 _ (<)

- 4 (1—m)
i =) i
Yiese
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with the initialisation

© _ n
Cio —(1_751)“_1

a necessary condition for the existence of a solution is
1— Ty 1

1 < =

Z]. cs(1—m) 2

and, if not satisfied, one may consider a variant that uses only
one iteration:

o _ n(1 — ;)
c;’ =1 m)<(n_1)zjes(1_nj)+1>

, Vies

e Matei-Tillé estimator 1 [Matei and Tillé (2005)]

A TI(N—I) bi
§ =7§ “Lys — ()2
VMT1< HT) N(n—1) 2 T[?(yl 97)

where 5
47 = oy Aies DY/
2ies bi/mi
and the coefficients b; are computed iteratively by the algo-
rithm:

1. b(.lo) =mi(1—m)gs, Viel

, o @
. 2 - k—
1 Zjeub§ 1)

a necessary condition for convergence is

+ (1 — 718)

(1 — 1) -

1
- Vielu
Y ieu (1 —mm) 2’

and, if not satisfied, an alternative solution that uses only one
iteration is provided:

o N7t (1 — 717)
by = mi(1 ﬂl)<(N_1)Zj€uﬂj(1_”i)+1>

e Matei-Tillé estimator 2 [Matei and Tillé (2005)]

A 2
S TR T A

1= Zieu 771 i€s
where
7 (1 — 71¢)

d; =
2 jeu (1 — )
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e Matei-Tillé estimator 3 [Matei and Tillé (2005)]

A a 1 Yi Z]’ES(l_T[J')?Tji :
VMT3<19HT) —Zﬁm)(m S —m) )

a3
1—2 jeu 7w, ies

where d; is defined as in the previous estimator.

e Matei-Tillé estimator 4 (vmT,) [Matei and Tillé (2005)]

A 1 bi
VMT (19HT) = 2 — Wi —yi)’?
i 1—z 2 icubi ﬂ? g

i€s
where X
s 2_jes O3Y§ /TG
Y Yes by/m
and
b (1 — )N
' N—1

e Matei-Tillé estimator 5 (VvpmT5) [Matei and Tillé (2005)]

This estimator is defined as estimator vap1,, and the b; values
are obtained as in va1:.

2.6.4 Performances

The performances of the previous estimators were analysed in Brewer
and Donadio (2003), Berger (2004), Matei and Tillé (2005) and Haziza
et al. (2008).

Brewer and Donadio (2003) studied the performances of estimators
of the Brewer family (vg, to vg,) plus estimators viy and vp,. They
used Brewer and Tillé sampling designs for n = 2 with nine small
populations and Randomised Systematic and Tillé designs for n > 2
with two real population with N = 220 and N = 281. Results were
compared in terms of Relative Bias and Stability, measured through
Coefficient of Variation (CV). In all scenarios considered, the estima-
tors had low bias and, in particular, when n = 2 Brewer estimator 4
had a considerably lower bias than the other estimators. No mean-
ingful differences were found among estimators for what concerns
stability. In addition, the authors found that relative bias was always
positive for Tillé sampling, and higher than with Randomised Sys-
tematic design. Moreover, variances were lower for the former than
the latter. Considering these results, the authors conjectured that Tillé
sampling has lower entropy than Random Systematic sampling.

Berger (2004) analysed his estimator vg. under Chao (1982) sam-
pling for an artificial stratified population with N = 7000, comparing
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it to the Sen—Yates—-Grundy estimator and Brewer estimator 1 with
respect to relative bias and stability, measured by root mean square
error (RMSE). The results showed that vge had a relatively low bias,
comparable with that of Brewer estimator 1, and that the RMSE of
both approximate estimators was only slightly higher than that of the
SYG estimator. The author also performed simulations considering
only v under Systematic sampling, which has low—entropy, in which
situation the estimator performed poorly.

Matei and Tillé (2005) evaluated the behaviour of all estimators
listed above in terms of Relative Bias (RB), Mean Squared Error (MSE)
and Relative Coverage (RC), under Conditional Poisson Sampling
and for three population: a real one, a simulated one with high cor-
relation between the variable of interest Y and the auxiliary variable
X, and a simulated one with pxy = —0.4. In their simulations, estima-
tors Vep, VR, VvmT: and vmT; generally returned the lowest Relative
Bias, but not the best MSE. The authors also analysed the perfor-
mances of the Horvitz—Thompson estimator and concluded that vy
has worse performances than other estimators in terms of MSE and
RC when X and Y are strongly correlated, while it has similar perfor-
mances when the correlation is low. No big differences were found
among the SYG and other estimators. The authors concluded that
approximate variance estimators have similar performances among
each other, and that estimators that require only first-order inclusion
probabilities for sample units are as accurate as those that require the
m; for all population units, or even those that demand the knowledge
of joint-inclusion probabilities. Thus, they recommended the use of
a simple estimator, such as vp;.

As Henderson (2006) pointed out, there was a large discrepancy be-
tween the results obtained in Brewer and Donadio (2003) and Matei
and Tillé (2005) regarding the estimators belonging to Brewer’s family
(vB: to vg,), for which the former found negligible values for the bias,
while the latter reported very high RB. Nonetheless, results from sim-
ulations carried out by Henderson (2006) and Haziza et al. (2008) un-
der the same settings agree with those of Brewer and Donadio (2003).
For a detailed discussion about this topic see Henderson (2006).

Haziza et al. (2008) analysed estimators vy, Vge, VR, VD2, VD3, VR
VB1, VB2, VB3 and vg, under Rao-Sampford sampling design for sev-
eral populations: 10 real populations with different size, coefficient
of variation of X and Y, and correlation between X and Y, and 24 sim-
ulated populations with different generating model, N and CV(X).
Performances were assessed in terms of Relative Bias, MSE and Rela-
tive Stability, computed as the ratio of the MSE of a given estimator
over that of the SYG estimator. The authors concluded that when
CV(X) < o.5, all such estimators perform well in terms of RB. In all
situations considered, estimators vp,, vg; and vg, returned a Relative
Bias not larger than 5%. When n, N are not large, however, these esti-
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mators did not perform well, and this was especially true when CV(X)
was high. The authors explain this behaviour by the fact that the
Rao-Sampford design has high entropy only when population and
sample size are large. On the other hand, for large values of n and
N all estimators performed well. Moreover, approximate estimators
showed better or same stability with respect to the Sen—Yates—Grundy
estimator, vsyg, over all scenarios. Overall, approximate estimators
performed as well as or better than vsyg. However, the authors warn
about the use of approximate variance estimators when stratification
is applied. Indeed, being these estimators biased, the sum of biased
estimates over strata may lead to a considerable bias if the biases are
in the same direction, even if each of them is small.

Henderson (2006) proved the following theorem

Theorem 1. For any given sampling algorithm and any given set of first
order inclusion probabilities:

VB1 2 VD1,
VD3 2 VB1,
VD3 2 VD2,

where equality holds if and only if (i) inclusion probabilities m; are all equal,

or (ii) m; = <n Xi/2_icu xi) and x4 is exactly proportional to y;, Vi € U.
From this theorem the following corollary is derived:

Corollary 1. For any given sampling algorithm the following is true for all
simulations where the variances are estimated for the same samples:

RB(vg:) > RB(vp.),
RB(vp;) = RB(vB:),
RB(vp3) > RB(vp,),
RB(vp;) = RB(vp.),

where RB indicates the Relative Bias.

2.6.5 Conclusions

The empirical studies available in literature suggest that the knowl-
edge of joint-inclusion probabilities is not necessary for estimating
the variance of the HT total estimator, as the approximate estimators
appear to perform well both in terms of bias and MSE, as long as a
high-entropy design is employed. Although the behaviour of such
estimators has not been broadly explored with regard to small popu-
lations and low—entropy designs, the information available suggests
that under these scenarios approximate estimators have larger bias.
There is no consistently better estimator and, as pointed out by Hen-
derson (2006), usually exists a trade—off between Relative Bias and
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Mean Squared Error, so that the choice of the more appropriate esti-
mator should be done on the basis of the need of the study.

It is also important to note that, while in the HT and SYG estima-
tors self-selecting units do not contribute to final estimate, this is not
true for all approximate estimators, thus computation of these estima-
tors should be performed without taking into account self-selecting
units.

2.7 MONTE CARLO APPROACH

Another effective approach to the approximation of inclusion proba-
bilities is represented by Monte Carlo simulation (Fattorini, 2006). Es-
timation is carried out by performing K independent random draws
of a sample from the target population according to the sampling de-
sign that generated the original sample. First-order inclusion proba-
bilities may then be approximated by the proportion of occurrences
of unit 1 in the Monte Carlo sample replicates:

Wi+1
TG =
YOK+1

and joint-inclusion probabilities are given by the proportion of occur-
rences of the couple (i, j) over the Monte Carlo replicates:

Wi]'+1

= K+1

)
where W; and W;;j are, respectively, the number of occurrences of
unit i and of couple (i,j) over the K replicates. Both numerator and
denominator are incremented by one unit to assure strictly positive
estimates.

Considering the estimation of both 7r; and 7tj; through Monte Carlo
approximations 7t; and 7t;;, by replacing these quantities in the Horvitz—
Thompson total and variance estimators, one obtains:

SMC = $ (2.18)
— T
1€s
and
N Ttis — T TG
vmcl[onT] = yi+2) ) (g — ) == YiYj- (2.19)

7070 T4
i€s ies j>i U

Taking into account that W; is a binomial random variable with
probability 7t;, Wi ~ Bin(K, rty), Fattorini (2006) found that the expec-
tation and variance of 3y ¢ are, respectively:
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Emcl=9— ) yia—m) ",
ieu

witwet= 3 il mr] (K78 ) ] (e[ 2]) )

ieu

I R et et Rl

iel j>1i

and proved that the Monte Carlo total (2.18) and variance (2.19) are
asymptotically unbiased, as the number of Monte Carlo replicates
increases. Indeed, he showed that

|EDmc]— 9 < 1
) S K+2)m

where 71, = min{7w;}, and that

E[VMC]_Var[éMC]) < ’E[VMC]_Var[SMC]) 1

X < X < 5 ) (2.20)
Var[dmcl Var[d ] (K+2) CV[OHT]? 700

where 7o, = min{m;;} and CV[811] = {Varpr[dur]}? /5.
Moreover, he proved that the MSE of the Monte Carlo total estima-
tor dmc converges to the variance of the HT estimator as K increases:

MSE[dmcl — Var[dnrl

1

9 1+ x
CVIdnrl2

= <
Var[Oyr] S (K+2)m,

(2.21)

Despite being more computationally demanding, this method is
extremely flexible and can be employed even with designs for which
first-order inclusion probabilities cannot be computed (Barabesi et al.,
1997; Fattorini and Ridolfi, 1997) or when units are substituted due
to nonresponse (Thompson and Wu, 2008).

47






VARIANCE APPROXIMATIONS: A COMPARISON
THROUGH A SIMULATION STUDY

In section 2.6 the approximate variance estimators were introduced,
which allow for simple estimation of the variance of the Horvitz-
Thompson total by only requiring first-order inclusion probabilities.
Various authors, such as Matei and Tillé (2005) and Haziza et al. (2008)
have showed that, overall, these estimators have a reasonably low bias
and MSE when used with high-entropy designs and large popula-
tions. On the other hand, although theory and empirical studies sug-
gest that these estimators are affected by a larger bias when employed
with small populations and low—entropy designs, their behaviour has
not been broadly explored under these scenarios.

The Monte Carlo method, described in section 2.7, is another ap-
proach to variance approximation, which consists in replacing the 7;
in the HT and SYG variance estimators with approximations obtained
through Monte Carlo simulation. It is computer—intensive, but more
flexible than approximate estimators. Indeed, this approach can be
employed under any sampling design and with any population size,
as long as an adequate number of replicates is generated. Moreover,
the Monte Carlo method can be used even with designs for which
first-order inclusion probabilities are not available (Barabesi et al.,
1997; Fattorini and Ridolfi, 1997) or when units are substituted due
to nonresponse (Thompson and Wu, 2008). Although the effective-
ness of this method has not been explored widely, results by Fattorini
(2006) guarantee convergence as the number K of Monte Carlo repli-
cations increases. Considering that larger populations tend to spread
more the inclusion probabilities among units, thus generating lower
values of 7, the upper bound in equation (2.21) suggests that, for
a given K, this approach may converge more quickly for relatively
small populations.

Considering the characteristics of these two approaches, it seems
reasonable to consider them as complementary, rather than alterna-
tive, to each other. In particular, the Monte Carlo method might be
preferable with smaller populations and designs with lower entropy,
while approximate variance estimators may be a better choice with
high-entropy designs. In this chapter, the behaviour of the two ap-
proaches is analysed and the hypothesis above is studied by means
of an extensive simulation study. The simulation set-up will be de-
scribed in section 3.1, and results will be discussed in section 3.2.
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3.1 METHODOLOGY

In this section, the characteristics of the simulation study that we
carried out to evaluate and compare the behaviour of the approximate
variance estimators and Monte Carlo estimators will be described.

Estimates have been computed under a large number of scenar-
ios, in an attempt to cover as broadly as possible the situations that
may occur in a real study. Samples were drawn from four different
sampling designs, namely the Maximum Entropy, Randomised Sys-
tematic, Tillé (1996) and Brewer (1975) sampling designs.

Two real populations were considered, the first is the small pop-
ulation by Sukhatme (1954, p. 183) with data on cultivated areas in
N = 34 villages in Lucknow subdivision (India), where the target
variable is the amount of area under wheat in 1937 (W37, in acres),
and the size measure is the area under wheat in 1936 (W36, in acres).
The second population is obtained by the 284 belgian municipalities
dataset (MU284) by Sdrndal et al. (1992, appendix B), taking the 1985
population (P85, in thousands) as target variable and variable Pys,
representing the 1975 population (in thousands), as size measure. The
11 units with highest value of the size measure were removed to avoid
self-selecting units, so the actual population size was N = 273 and in
the sequel we will refer to this population as MUz273. These informa-
tion have been summarised in table 3.1.

Table 3.1: Summary of population characteristics.

Population N Y Y

Sukhatme 34 W37: amount of area W36: amount of area
under wheat in 1937 under wheat in 1936
(in acres) (in acres)

MU273 273 P85: 1985 population Pys5: 1975 population
(in thousands) (in thousands)

By using the population space approach by Stehman and Overton
(1994), both populations were transformed to obtain new populations
with different coefficients of variation, and thus explore a wider range
of scenarios. Both the target variable Y and the size measure X were
transformed by using the relation

Z' =|Z+(csd(2)—2)],

where Z' is the transformed variable, Z is the variable to be trans-
formed, c is a constant indicating the approximate CV of the new
variable Z', sd(Z) is the standard deviation of Z and Z is its mean.
For both populations, a population space was obtained by generating
X and Y variables with coefficients of variations that are equal to the
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Table 3.2: Correlation between X and Y for the Sukhatme population space,
by coefficients of variation of Y and X.

CV(Y)

1.05 0.95 0.76 0.67 0.5

1.09 | 0.0 0.86 0.84 0.84 0.84
0.96 | 0.86 0.93 0.92 0.92 0.92
CV(X) 0.77 | 0.84 0.92 093 0.93 0.93
0.67 | 0.84 0.92 093 0.93 0.93
0.5 | 084 0.92 093 0.93 0.93

Table 3.3: Correlation between X and Y for the MU273 population space, by
coefficients of variation of Y and X.

CV(Y)

1.05 0.95 0.76 0.67 0.5

1.27 | 0.99 0.96 0.96 0.96 0.96
1 0.95 0.99 0.99 0.99 0.99
CV(X) 0.81 095 0.99 0.99 0.99 0.99
0.67 | 0.95 0.99 0.99 0.99 0.99
0.5 | 095 0.99 0.99 0.99 0.99

values reported in table 3.4; each of the generated population spaces
included 25 populations. Tables 3.2 and 3.3 show the correlation be-
tween the target variable Y and the size measure X for all combina-
tions of CV(X) and CV(Y) for the Sukhatme and MU273 population
spaces, respectively.

Samples were drawn with fixed size and different sampling frac-
tions f. The size of the samples generated was 1%, 5%, 10%, 15%
and 20% of the population size for the MU273 population space, and
5%, 10%, 15%, 20% for Sukhatme population.

The simulation was carried out by generating K = 5 x 10* samples
from each population in the two population spaces. For each sample,
variance estimates were obtained by both the Monte Carlo method
and the approximate variance estimators. In total, goo scenarios were
generated: 400 for the Sukhatme population space, and 500 for the
MU273 population space.

Fifteen approximate variance estimators listed in section 2.6 were
considered: Vp;, VD2, VD3, VFP, VBe, VTi, VMT1, VMT2, VMT3, VMT4s
VMTs, VB1, VB2, VB3 and vg,. As for the Monte Carlo method, joint-
inclusion probabilities were estimated using 107 replications, and were
then plugged into the Horvitz-Thompson and Sen-Yates—Grundy
variance estimators. The HT and SYG estimators (1.9) and (1.10) were
also computed for comparison. The characteristics of the simulation
study have been summarised in table 3.4.
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Table 3.4: Characteristics of the simulation study.

Sampling design Maximum Entropy, Randomised Systematic, Tillé, Brewer
Number of replicates for 107

Monte Carlo 7145 estimates

Number of replicates for the 5 x 10*

simulation study

Sukhatme population space MU273 population space

N 34 273
CV(Y) 0.5, 0.67, 0.76, 0.95, 1.05 0.5, 0.67, 0.82, 1, 1.29
CV(X) 0.5, 0.67, 0.77, 0.96, 1.1 0.5, 0.67, 0.81, 1, 1.27
Sampling fraction 5%, 10%, 15%, 20% 1%, 5%, 10%, 15%, 20%

Performances were measured through Monte Carlo Relative Bias,
Mean Square Error, and Relative Stability, expressed as in Haziza et

al. (2008):
RBac(v) = 100 Emc[v] —MSEAMC[WS] ’
MSEn 9]
2
MSEmc(v) = Emc [V - MSEMC@]] ,
MSE][v]
R =
SMC(\)) MSE[VSYG] )
where

N 1 N
Emcll = 3 %9,
kekK

MSEmc[d] = Emcl® —9)3

and vsyg is the Sen—Yates—-Grundy variance estimator. For the com-
putation of the SYG variance under the Randomised Systematic and
Brewer designs, for which exact joint-inclusion probability are not
available, the 7tj; approximations by Hartley and Rao (1962) and
by Brewer and Donadio (2003, eq. (18)) were employed, respectively.
All computations were made through R software. Computation
of first-order inclusion probabilities and sample selection were per-
formed by means of package sampling by Tillé and Matei (2016), while
the rest was implemented through self-written code. We collected the
main routines for the approximation of inclusion probabilities and for
variance estimation in two R packages: jipApprox (Sichera, 2018a) and
UPSvarApprox (Sichera, 2018b), which are described in appendix C.

3.2 RESULTS

The results of the simulation study are reported by tables B.13 to B.62
in appendix B, which show the Monte Carlo Relative Bias (RB), Rela-
tive Stability (RS) and Mean Square Error (MSE) of the estimators con-
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sidered, by N, CV(X), CV(Y), sampling design and sampling fraction.
Tables B.1 to B.6 give an overview of the results by presenting some
summary statistics of the distribution of RB, RS and MSE over all
scenarios, while tables B.7 to B.12 show these summaries divided by
sampling design. Tables B.1 to B.12 are also reported in this chapter
for an easier consultation. In the tables, RB values greater than 5 and
RS values greater than 1 are in bold. As the Horvitz-Thompson and
Sen—Yates—Grundy variance estimators are design-unbiased, their RB
was omitted. Furthermore, in some scenarios, under Tillé’s elimina-
tion procedure some null joint-inclusion probabilities were produced,
leading to inadmissible values for the relative stability, which were
omitted.

The nomenclature used for the approximate variance estimators
will be consistent with the notation defined in the previous chapter,
while vapc; and vme, will indicate the estimators obtained by us-
ing Monte Carlo approximations to the joint-inclusion probabilities
with the Horvitz-Thompson and Sen-Yates—Grundy estimators, re-
spectively.

In tables 3.5 and 3.6 some summary statistics for the distribution of
the Relative Bias of the variance estimators are reported. The violin
plots in figure 3.1 illustrate the distribution of the Relative bias for
each estimator, in the two population spaces. Overall, with the larger
populations the RB have similar distribution among the estimators,
while for the small populations approximate variance estimators are
generally more biased than Monte Carlo estimators, and especially
the estimators belonging to the Matei-Tillé and Brewer families. In
particular, the vg, estimator always underestimates the variance, thus
its use does not appear to be appropriate with small populations; this
can be explained by the fact that it was derived under large popula-
tion and high-entropy assumptions. Moreover, the bias of the vy ca
estimator is always comparable or lower than that of approximate es-
timators for each percentile considered, the only exception being its
maximum value for the MU273 population space. Furthermore, the
maximum bias reported for the Monte Carlo estimators is lower than
that of approximate estimators when N = 34. Tables 3.7 and 3.8 re-
port the same results conditioned on the sampling design, showing
that for N = 273 the Relative Bias is generally low, with the excep-
tion of Tillé sampling, where a large proportion (~ 25%) of results
are highly biased for all estimators considered, which is likely due to
the presence of some null 7r;;. However, when N = 34, approximate
estimators have larger bias than Monte Carlo estimators, and many
of them have RB larger than 5% in about 25% of the cases under all
sampling designs.

As for the MSE, summary quantities are reported in tables 3.5
and 3.6. In figure 3.2 the MSE distribution for each estimator is sum-
marised by boxplots; values are on a logarithmic scale to improve
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Sukhatme MU273

Relative Bias

e Ve Vuor Ve
Variance estimator

Figure 3.1: Distribution of the Relative Bias of the variance estimators over
all scenarios, by population space.

readability. There does not seem to be any relevant difference among
the estimators, however, for N = 273 Monte Carlo estimators have
maximum value higher than approximate estimators under Brewer
sampling (see table 3.15).

Overall, relative stability is good (tables 3.9 and 3.10), especially
under high—entropy designs (see tables 3.11 and 3.12), where for over
about 90% of the scenarios it was lower than or equal to 1. An excep-
tion is Tillé sampling, for which RS was over 1 in about 50% of the
scenarios. Moreover, the vyt estimator showed to be highly unstable
in some cases, assuming extremely high values under all designs and
at a larger extent for N = 273. The same can be said for the Monte
Carlo estimator va ¢y, which is based on viT.

We will now consider the behaviour of the variance estimators
more in details through the analysis of the results reported in ta-
bles B.13 to B.62, in which the RB, RS, and MSE are reported for
each of the 9oo scenarios under study.

When N = 34, the bias of the Monte Carlo estimators is low and it
is generally comparable or lower than that of approximate estimators,
with a few exceptions for vpc, when CV(X) = 1.1, in particular when
f = 5% with Brewer and Randomised Systematic sampling, and when
f = 20% for Till¢’s elimination procedure. Approximate variance es-
timators perform well when CV(X) is small and in particular when
CV(X) = {0.5,0.67}. When o.77 < CV(X) < 1.1 most approximate
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Sukhatme MU273

log Mean Square Error
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Variance estimator

Figure 3.2: Distribution of the MSE of the variance estimators over all sce-
narios, on logarithmic scale.

estimators have relative bias close or greater than 5, especially those
in the Matei-Tillé and Brewer families. Among the approximate es-
timators, v1i and vg. have low bias even in those cases where other
approximate estimators perform poorly, with some exceptions. The
v1i estimator had large bias in some scenarios under Tillé sampling
and with f = {15%, 20%}, while vg. had large bias in many scenarios
where f = 20%, which is reasonable, as this method was derived un-
der the assumption that N —n — oo. Finally, vg, is always strongly
negatively biased and should be avoided when population size is
small. Furthermore, the value of CV(Y) does not seem to influence
the Relative Bias.

As for the Relative Stability, approximate variance estimators are
usually more stable than the SYG estimator. Some exceptions oc-
curred when CV(Y) = CV(X) < 1, when these estimators, and es-
pecially the Matei-Tillé, Brewer and Deville families, assumed large
MSE values, up to 38% larger than the MSE of the SYG estimator.
Large RS values are encountered more frequently with Tillé sampling.
The Monte Carlo estimator vp c,, on the other hand, tend to have
Relative Stability close to 1 most of the times, with a few exceptions
when CV(Y) < 1 and CV(X) = 1, and when CV(Y) = CV(X). This is
not surprising, as vapc, is directly obtained from the SYG estimator.
Estimator vaicy, on the other hand, appears to be highly unstable,
especially when CV(Y) =~ CV(X) < 1 and f is large. The MSE of Ap-
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proximate estimators is usually comparable or lower than that of the
Monte Carlo estimators.

With regards to the M U273 population space, both the approaches
have low bias when CV(X) < 1. Nonetheless, when CV(X) > 1,
Monte Carlo estimates are more biased. However, vy, performs
better than approximate variance estimators for Tillé sampling and
large sampling fractions. Monte Carlo estimates behave reasonably
well even with larger populations, but they can be biased with small
sampling fractions (f = 1%) and under Tillé, CPS, and Randomised
Systematic designs, while under Brewer sampling they performed
generally well, with only two cases in which RB > 5 (one for vaic,
and one for vapc,). Suggesting a preferable approximate estimator is
more complicated here, because it depends on the characteristics of
the scenario, however, the estimators vip (class 2) and vg,. (class 3)
seem to behave well in most scenarios.

The relative stability is very close to 1 in most scenarios for both
Approximate and Monte Carlo estimators. Monte Carlo estimator
VM2 18 more or as efficient as the SYG estimator (RS < 1) in the
50% of the scenarios, and less stable generally when CV(Y) < 1 and
CV(X) > 1, especially for small sampling fractions (f = 1%, 5%). On
the other hand, vac; is again very unstable, with RB < 1 in less than
25% of the cases, with some extremely large RS values in several sce-
narios, in particular when CV(X) < 1. Estimators are mostly unstable
under Tillé sampling, with very large values of relative stability for
CV(Y) > 1 and CV(X) 1. Finally, all estimators are unstable (RS > 1)
for CV(Y) = 1.29, CV(X) = 0.5.



Table 3.5: Summary statistics for the distribution of Monte Carlo Relative
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Bias of different variance estimators for the MUz273 population.

Estimator min 5% 25% 50% 75% 95%  max
VHT - - - - - — —
VsyG - - - - - — —
VMC1 0.01 0.08 o027 o057 116 266 17.14
VMCa2 o 0.05 0.23 0.5 093 3.8 26.3
VD1 o 007 033 073 156 489 1237
VD2 o 006 0.27 0.67 143 4.95 12.58
VD3 0.01 0.07 0.32 0.72 1.5 6.48 18.45
VEP o 0.05 0.3 0.62 124 5.03 1283
VBe o 0.07 0.29 0.59 1.25 4.97 12.64
VT o 0.06 0.29 0.7 1.52 6,53 1843
VMT1 o 0.1 036 078 1.67 4.95 12.29
VMT2 0.01 0.07 032 071 1.5 6.47 18.45
VMT3 o 006 0.27 0.67 143 495 1258
VMT, 001 0.09 048 099 182 476 12.09
VMTs 0.01 0.08 045 1 1.88 475 12.02
VB; o 0.06 03 0.72 1.47 6.33 18.22
VB2 o 007 037 084 171 6.1 17.88
VB3 o 003 028 0.69 1.6 6.66 1856
VB, 0.01  0.27 0.9 1.45 213 5.06 16.73

Table 3.6: Summary statistics for the distribution of Monte Carlo Relative

Bias of different variance estimators for the Sukhatme population.

Estimator min 5% 25% 50% 75% 95% max
VHT — - — - - - -
VsyG — - — - - - -
VMC1 o 0.08 0.36 0.73 1.19 2.48 5.1
VMCa o 0.07 0.28 0.69 1.3 4.04 7.34
VD1 0.02 022 1.2 2.92 6.15 10.33 115
VD2 0.01 0.24 1.24 2.96 5.13 7.48 8.8
VD3 0.01 017 1.1 2.29 3.56 6.06 12.4
VEP 0.01 0.06 0.3 0.82 2.18 6.94 10.77
VBe o 0.1 0.47 0.98 1.9 5.67 8.64
VT o 0.07 0.32 0.79 1.43 4.3 11.95
VMT1 o 0.25 1.48 3.79 6.82 11.38  12.89
VMT2 0.03 0.17 1.05 2.34 3.6 6.12 12.35
VMT3 ¢ 0.24 1.22 2.97 5.22 7.64 9.05
VMTy 0.02 041 1.61 4.76 9.74 13.99 14.97
VMTs 0.01 0.36 175 4.22 9.42 14.62  16.13
VB1 o 0.16  1.16 2.85 4.54 6.55 11.47
VB, 001 021 1.6 4.57 7.24 11.09  12.39
VB3 o 0.1 0.43 0.88 1.95 5.17 12.6
VBy 3.04 875 12555 14.99 18.32 24.55 29.14
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Table 3.7: Summary statistics for the distribution of Monte Carlo Relative
Bias of different variance estimators for the MUz273 population,
conditioned on sampling design.

Sampling Estimator min 5% 25% 50%  75%  95% max

VHT — — — — — — —
VsyaG - - — - — — —
VMC1 0.02 0.09 021 0.4 1.18  2.78 17.14
VMCa o 006 021 04 0.9 1.78 9.35
VD1 o 006 0.3 057 095 157 2.13
VD> o 0.03 019 049 0.9 1.38 1.81
VD3 0.01 0.06  0.32 0.61 1.11 3.01 3.58
VEP o 002 022 045 083 114 1.6
VBe 001 0.7 022 041 075 119 1.7

Brewer VTi 002 0.06 0.25 0.64 112 289 3.52
VMT1 001 0.07 032 0.56 1.15 1.82 2.39
VMT2 0.01 0.06 0.32 0.61 1.11 3.01 3.58
VMT3 o 0.03 019 049 0.9 1.38 1.81
VMTy 001 0.7 041 078 137 222 2.49
VMTs 0.01 0.08 0.39 0.76 1.55 2.33 2.75
VB1 0.01 0.03 0.23 0.62 1.08 2.73 3.46
VB2 001 0.09 0.3 0.65 1.45 2.72 3.36
VB3 o 002 025 063 1.04 3.08 3.56
VB, 0.04 023 075 1.14 1.81 2.28 3.66
VHT — — — — — — —
VsyaG — - — _ — — —
VMC1 0.02 009 0.35 0.72 1.02 2.68 7.29
VMC2 0.01 0.04 0.25 0.57 0.89 6.64 25.05
VD1 001 008 0.6 1.68  4.21 8.48 12.37
VD> 001 0.09 058 1.76 427 8.6 12.58
VD3 0.01 0.07  0.65 2.05 5.89 12,18 1845
VP o 0.06 0.6 2.15  4.63 8.8 12.83
VBe o 0.11  0.56 1.96  4.44 8.7 12.64

Tillé VTi o 011 0.7 227 579 12 18.43
VMT1 o 0.13  0.58 1.53 4.3 8.45 12.29
VMT2 0.02 007 0.5 2.05 5.89 12.18  18.45
VMT; 001 0.08 058 1.76 427 8.6 12.58
VMTy 001 012 059 1.62 4.1 8.23 12.09
VMTs 003 011 054 1.44 416 8.2 12.02
VB1 001 0.09 0.61 2.03 5.65 12,05 18.22
VB2 0.03 0.1 0.63 1.83  5.13 12.05  17.88
VB3 0.01 0.07  0.64 2.29 5.82 12.06 1856
VBy 004 03 1.07 225 422 1037 16.73
VHT - - — - — — —
VsyG — — — — — — —
VM C1 001 008 028 o057 111 25 3.71
VMC:2 001 0.06 0.2 0.5 1.05 11.87  26.3
VD o 0.03 0.2 0.47  0.74 1.69 2.08
VD2 o 0.04 02 041 069  1.43 1.7
VD3 0.01 0.06  0.27 0.63 1.2 3.52 4.96
VEP o 0.05 021 043 072 1.31 1.59
VBe o 0.03 0.2 0.44  0.69 1.33 1.61

CPS VT 001 0.04 034 063 123 3.28 5
VMT1 002 009 026 052 083 183 2.37
VMT2 001 0.06 027 0.63 1.2 3.52 4.96
VMT3 o 0.04 02 041 069  1.44 1.7
VMT, 0.02 0.1 0.38 0.65 1.23 2.13 2.67
VMTs 001 0.07 032 07 133 229 2.95
VB 0.01 006 026 0.66 1.2 3.27 4.76
VB2 002 007 039 0.8 1.34  3.05 4.45
VB3 001 0.05 029 064 123 3.5 5.06
VBy 0.01 0.1 0.88 1.35 1.88 257 3.44
VHT — — — — — — —
Vsya — — — — — — —
VMC1 0.03 007 028 073 1.38  2.64 12.08
VMC:2 o 008 027 054 092 311 10.18
VD1 0.01 0.12 0.5 1.08 1.88 3.61 5.14
VD2 002 014 042 1.04 179 3.14 4.96
VD3 002 0.08 025 057 092 1.58 2.3
VEP 004 011 035 0.71 129  2.69 4.75
VBe 0.02 0.1 037 084 1.39 274 4.82

Rand. Sys.  vri o 0.05 0.23 0.45 0.81 1.24 2.37
VMT1 005 012 057 119 209  3.64 5.2
VMTa2 0.02 0.08 025 0.57  0.92 1.58 2.3
VMT3 002 014 042 1.04 179  3.13 4.96
VMTy 001 0.08 068 143 231 3.82 5.37
VMTs 002 0.08 0.65 146 244  3.96 5.43
VB1 o 0.07  0.25 0.58 1 1.88 2.3
VB2 o 006 031 072 157 247 2.99
VB3 o 003 021 044 082 1.2 2.35

VBy 0.12 0.44 0.99 1.45 1.99 285 3.16




Table 3.8: Summary statistics for the distribution of Monte Carlo Relative
Bias of different variance estimators for the Sukhatme population,

conditioned on sampling design.
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Sampling Estimator ~ min 5% 25% 50% 75% 95% max
VHT — — — — — — —
vsya — — - — — — —
VM C1 0.01 0.09 0.46 0.73 1.16 2.54 3.72
VMC2 0.01 0.15 0.42 0.76 1.18 4.76 7.24
VD 0.02 0.28 1.08 3.24 6.34 9.84 11.33
VD2 0.04 0.29 1.05 2.46 4.92 7.18 7.53
VD3 0.04 0.15 1.06 2.01 3.34 5.01 5.9
VEp 0.02 0.04 0.28 0.62 1.07 5.41 7.71
VBe 0.01 0.11 0.52 0.78 1.39 2.62 6.24

Brewer VTi o 0.06 0.38 0.68 1.15 2 2.36
VMT1 0.1 0.3 1.41 3.72 6.76 11.31 12.84
VMT2 0.03 0.16 1.04 2.08 3.4 5.06 5.86
VMT; 0.02 0.32 1.06 2.49 4.99 7.35 7.84
VMT, 0.07 0.23 1.58 5.28 9.79 13.37  14.72
VMTs 0.07 0.35 1.33 4.67 9.83 14.62  16.06
VB 0.01 0.16 1 2.38 4.04 6.37 6.57
VB2 0.05 0.22 1.53 4.72 6.78 11.09  11.31
VB3 o 0.11 0.45 0.85 1.69 3.05 3.69
VB, 9.75 11.15 1256 1514 17.89  24.91  27.41
VHT — — — — — — —
VsyaG — _ — — - - _
VMC1 0.03 0.07 0.37 0.76 1.31 2.36 2.55
VMC2 0.03 0.07 0.39 1.05 1.84 4.03 6.44
VD1 0.02 0.22 1.57 2.65 5.63 9.1 11.34
VD> 0.32 0.61 1.68 2.96 5.08 6.57 8.42
VD3 0.1 0.37 1.75 2.94 4.36 8.47 12.4
VEP 0.05 0.23 1.4 2.25 4.31 7.29 10.77
VBe 0.04 0.23 1.03 2.06 3.71 6.83 8.64

Tillé VT 0.06 0.12 0.75 1.59 3.21 8.42 11.95
VMT1 0.08 0.45 1.58 3.54 5.94 10.35 12.8
VMT2 0.13 0.42 1.84 2.94 4.4 8.5 12.35
VMT; 0.29 0.56 1.7 2.98 5.12 6.72 8.38
VMTy 0.04 0.45 1.35 3.27 7.96 12.57  14.72
VMTs 0.05 1.15 2.32 3.46 794 13.69  16.02
VB; 0.02 0.61 2.12 3.33 4.93 7.58 11.47
VB, 0.14 0.73 2.65 3.96 7.15 10.17  11.6
VB3 0.04 0.1 0.59 1.78 3.23 9.19 12.6
VB, 3.04 5.61 9.73 13.6 17.75 2448 2771
VHT — — - — — — —
vsya — - — — — — —
VMC1 o 0.08 0.3 0.72 1.17 1.86 5.1
VMC2 [¢] 0.08 0.25 0.44 1.17 3.11 3.86
VD1 0.03 0.3 1.11 2.9 6.28 9.48 10.63
VD2 0.02 0.15 1.02 2.8 4.85 7.83 8.06
VD3 0.04 0.31 0.86 1.84 3.25 6.04 7.14
VEP 0.01 0.03 0.23 0.5 1.16 5.15 9.06
VBe 0.01 0.05 0.45 0.77 1.34 2.62 3

CPS VTi [¢) 0.1 0.27 0.66 1.1 2.2 2.56
VMT1 o 0.15 1.37 3.77 7.35 10.97  12.21
VMT2 0.03 0.31 0.86 1.85 3.3 6.11 7.15
VMT;3 o 0.12 0.99 2.79 4.9 7.83 8.12
VMT4 0.15 0.6 1.92 5.36 9.76 14.04  14.36
VMTs 0.03 0.4 1.65 5.18 9.72 14.29  15.45
VB1 o 0.14 0.89 2.27 3.97 7-4 7-85
VB, 0.1 0.26 1.05 4.5 6.86 11.06 119
VB3 0.02 0.13 0.43 0.74 1.35 2.91 5.28
VB, 10.13  11.35 12.97 15.07 18.37  25.21  29.14
VHT — — — — — — —
vsyG — — — — — — —
VMC1 0.02 0.07 0.27 0.71 1.28 2.1 3.65
VMC2 o 0.03 0.23 0.55 1.26 4.28 7.34
VD1 0.03 0.14 1.26 3.69 6.58 10.69 115
VD2 0.01 0.21 0.97 3.2 5.73 8.24 8.8
VD3 0.01 0.07 0.66 2.54 3.73 5.53 7.1
VEP 0.01 0.08 0.26 0.6 1.81 5.3 6.98
VBe 0 0.09 0.31 0.79 1.34 4.51 5.97

Rand. Sys. vy 0.01 0.04 0.21 0.52 1.07 2.02 3.09
VMT1 0.02 0.15 1.57 4.19 7.35 12.28  12.89
VMT2 0.03 0.09 0.68 2.42 3.77 5.34 7.1
VMT3 0.06 0.22 1.01 3.24 5.75 8.43 9.05
VMTy 0.02 0.5 1.58 5.26 10.45 14.09  14.97
VMTs 0.01 0.26 1.63 4.79 9.91 15.52  16.13
VB: 0.01 0.16 0.57 3.17 4.98 6.1 7.37
VB, 0.01 0.14 1.02 5.06 8.27 1141 12.39
VB3 0.02 0.06 0.34 0.94 1.61 2.74 3.06
VB, 10.35 11.2 13.22  15.54 18.08  24.49 27.48
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Table 3.9: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the MUz273 popula-
tion.

Estimator min 5% 25% 50% 75%  95% max

VHT 087 096 1 1.01  2.06 73.94 654.26
VsyGg 1 1 1 1 1 1 1
VMC1 086 o097 101 1TII 3.61 97.2 661.75
VMCa 054 094 1 1 1.02  1.13 2.04
VD1 085 093 097 098 1 1.15 1.78
VD2 08 093 098 098 1 1.15 1.79
VD3 092 096 098 099 1 1.21 2.37
VEpP 08 094 099 1 1 1.15 1.76
VBe 0.9 097 099 1 1 1.17 1.68
VTi 096 099 1 1 1.01 1.2 2.16
VMT1 085 093 097 098 1 1.15 1.79
VMT2 092 096 098 099 1 1.21 2.37
VMT3 08 093 098 098 1 1.15 1.79
VMT, 085 093 096 097 099 1.14 1.76
VMTs 085 092 096 097 099 114 1.78
VB; 092 096 098 099 1 1.2 2.36
VB, 0.9 095 0.97 098 1 1.2 2.4
VB3 093 096 099 1 101  1.21 2.32
VB, 088 0094 096 o097 098 114 2.01

Table 3.10: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the Sukhatme popu-
lation.

Estimator min 5% 25% 50% 75%  95% max

VHT 048 0.93 098 1.03 138 22,97 5843
A\ 7e 1 1 1 1 1 1 1
VMC1 043 0.92 098 104 131 22.88 53.99
VMC2 054 0.96 099 1 1.01  1.08 1.23
VD1 037 o077 085 089 o097 112 1.25
VD> 037 082 088 o091 097 113 1.27
VD3 038 086 091 094 1 1.15 1.34
VEpP 036 085 096 099 1.01 111 1.26
VBe 043 093 097 099 1 1.08 1.3
VTi 043 0.94 0.99 1 1.01  1.08 1.36
VMT1 037 o075 0.83 088 o097 1.16 1.28
VMT2 038 086 091 094 1 1.15 1.34
VMT3 037 0.82 088 o9 0.97 1.12 1.27
VMT, 032 oy1 o079 085 094 1.08 1.23
VMTs5 034 069 078 084 o095 114 1.24
VB; 037 0.83 089 092 098 114 1.33
VB2 035 o075 082 086 o097 121 1.38
VB3 0.4 091 0.96 098 1.01 1.1 1.33

VB4 0.24 0.56 0.7 075 0.8 0.85 1.03




Table 3.11: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the MUz273 popula-
tion, conditioned on sampling design.

3.2 RESULTS

Sampling Estimator min 5% 25%  50%  75%  95% max
VHT 0.92  0.96 1 1.01 2.17 72.32 644.61
VsyG 1 1 1 1 1 1 1
VMC1 086 097 1 1.08 3.2 90.13 642.14
VMC2 082 093 0.99 1 1.03 1.28 1.56
VD4 085 089 097 098 0.99 1 1.06
VD, 086 089 o097 0.98 0.99 1 1.06
VD3 094 096 097 099 I 1.01 1.15
VEP 086 0.9 0.98 0.99 1 1.01 1.06
VBe 0.9 0.94 099  0.99 1 1 1.04

Brewer VT 099 099 1 1 1 1.01 1.01
VMT1 085 089 096 097 099 = 1.01 1.07
VMT2 094 096 097 099 1 1.01 1.15
VMT; 086 089 097 098 0.99 1 1.06
VMTy 0.85 0.89 0.96 0.97 0.98 1 1.06
VMTs 0.85 0.88  0.95 0.97 0.98 1 1.06
VB: 094 096 097 099 099  1.01 1.14
VB> 093 095 096 097 099  1.01 1.15
VB3 094 0.97 098 0.99 1 1.01 1.13
VB4 088 093 0095 096 0.97  0.99 1.08
VHT 087 096 1 1.05 2.21 72.69 603.09
VsyG 1 1 1 1 1 1 1
VMC1 0.87 0.97 1.02 1.15 5 102.02 609.86
VMCa 054 096 1 1 1.02 1.1 1.17
VD; 094 0.96 0.99 1.01 1.11 1.38 1.78
VD2 094 097 099 1.01 111 138 1.79
VD3 094 097 099 1.01 113 1.67 2.37
VEp 0.95 0.98 1 1.02 1.12 1.38 1.76
VBe 0.97 0.99 1 1.01 1.13 1.39 1.68

Tillé VTi 097 099 1 1.02 115 1.68 2.16
VMT1 094 096  0.99 1 1.1 1.38 1.79
VMT2 094 097 099 1.01 1.3 1.67 2.37
VMT; 0.94 0.97  0.99 1.01 1.11 1.38 1.79
VMT, 093 096 098 1 1.1 1.37 1.76
VMTs 0.93 0.95 0.98 1 1.1 1.37 1.78
VB, 0.94 096 0.99 1.01 1.13 1.66 2.36
VB, 0.93 0.95 098 1 112 1.65 2.4
VB3 0.95 097 1 1.02 1.14 1.66 2.32
VBy 092 094 097 099 1.1 1.48 2.01
VHT 092 096 1 1.01 1.88 70.62 635.98
VsyG 1 1 1 1 1 1 1
VMC1 0.92  0.96 1 1.09 3.4 88.02 642.73
VMC2 0.78 0.82 1 1 1.01 1.07 1.17
VD1 092 095 097 098 0.99 1 1.11
VD2 092 095 0.98 0.98 0.99 1.01 1.12
VD3 092 097 099 099 I 1.04 1.34
VEP 092 0.95 098 1 1 1.01 1.11
VBe 098 099 1 1 1 1 1

CPS VTi 0.96 1 1 1 1.01 1.08 1.18
VMT1 092 094 0.96 0.98 0.99 1.01 1.12
VMT2 092 097 099 099 I 1.04 1.34
VMT3 092 095 098 0.98 0.99 1.01 1.12
VMTy 091 094 096 0.97  0.99 1 1.11
VMTs 091 094 095 0.97  0.99 1 1.11
VB1 092 097 098 0.99 1 1.04 1.33
VB2 0.9 096 097 098 1 1.04 1.35
VB3 0.93 098 0.99 1 1.01  1.04 1.32
VB, 0.9 0.94 096 097 097 101 1.21
VHT 0.91 0.96 1 1 1.86 69.98 654.26
Vsyg 1 1 1 1 1 1 1
VMC1 0.9 0.97  1.01 1.1 3.62 97.14 661.75
VMCa 074 099 1 1.01  1.03 1.22 2.04
VD1 0.9 093 096 098 099 1 1.09
VD, 0.9 093 0.97 0.98 0.99 1 1.09
VD3 093 095 098 099 1 1.01 1.13
VEP 0.9 093 098 099 1 1 1.09
VBe 0.95 0.97 0.99 1 1 1 1.06

Rand. Sys. VTi 1 1 1 1 1 1 1
VMT1 0.9 0.92  0.96 0.97 0.99 1 1.09
VMT2 093 0.95 098 0.99 1 1.01 1.13
VMT3 0.9 0.93 097 098  0.99 1 1.09
VMT, 0.9 0.92 096 097 098 1 1.09
VMTs 089 092 095 0.96  0.98 1 1.09
VB, 092 095 098 0.98 0.99 1.01 1.13
VB2 092 094 096 097 099  1.01 1.13
VB3 0.93 096 0.99 1 1 1.01 1.13
VBy 092 093 095 096 097  0.99 1.12
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Table 3.12: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the Sukhatme popu-
lation, conditioned on sampling design.

Sampling Estimator min 5% 25% 50%  75%  95% max

VHT 0.9 094 098 1.03 152 2322 5843
VsyG 1 1 1 1 1 1 1
VM C1 089 092 098 102 1.23 2117 53.31
VMCa 0.77 094 099 1.01  1.03  1.09 1.23
VD1 081 082 085 088 095 117 1.21
VD, 0.82 0.83 0.88 0.9 0.96 1.18 1.23
VD3 083 084 0091 0.94 1 1.19 1.26
VEP 0.8 082 097 099 1.03 113 1.2
VBe 093 093 097 0.98 1 1.1 1.12
Brewer VTi 093 0.94 0.99 1 1.02  1.06 1.1
VMT1 0.8 081 083 085  0.95 1.24 1.28
VMT2 083 084 o091 094 1 1.19 1.25
VMT; 0.82 0.83 0.88 0.89 0.96 1.18 1.22
VMTy o071 074 079 084 093 114 1.19
VMTs 075 075 078 0.82 0.93 1.22 1.24
VB 082 083 089 0091 098 119 1.24
VB2 o77 078 081 084 096 127 1.38
VB3 087 088 096 0.98 1.01 1.11 1.16
VB4 052 056 o071 076 08 0.84 0.86
VHT 048 085 1.03 1.07 1.4 23.08 53.8
Vsyg 1 1 1 1 1 1 1
VMC1 043 085 1.01 1.08 1.44 23.07  53.99
VMC2 0.54 096  0.99 1 1.01 1.03 1.06
VD1 037 074 086 0.92 1.03 1.14 1.25
VD2 037 074 089 094 104 115 1.27
VD3 038 o077 092 0.99 1.06 1.18 1.34
VEP 036 082 095 1.01 1.08 1.17 1.26
VBe 043 087 096 1 1.04 1.16 1.3
Tillé VTi 043 088 o097 101 107 118 1.36
VMT1 037 073 083 0.9 1.04 1.15 1.26
VMT2 038 076 092 0.99 1.06  1.17 1.34
VMT; 037 075 089 094 104 115 1.27
VMTy 032 065 081 086 099 112 1.23
VMTs 034 068 08 085 101 112 1.24
VB: 037 074 09 096  1.06 1.17 1.33
VB2 035 069 084 089 1.04 1.19 1.32
VB3 0.4 081  0.96 1.01 1.06  1.18 1.33
VB, 0.24 057 0.69 0.76 0.81 0.97 1.03
VHT 088 093 098 1 122  20.86 50.62
VsyYG 1 1 1 1 1 1 1
VM C1 089 094 098 1.02 124 209 50.74
VMC2 096 098 1 1 1.01 111 1.17
VD1 076 077 085 0.89 0.96 1.09 1.14
VD2 082 082 087y 0.9 0.97 1.1 1.15
VD3 088 089 o091 093 0.99 112 1.17
VEp 086 087 096 0.99 1 1.03 1.09
VBe 093 095 098 099 1 1.02 1.04
CPS VT 096 097 1 1 1 1.02 1.04
VMT1 073 o075 082 088 097 115 1.19
VMT2 088 089 o091 0.93 0.99 1.12 1.17
VMT3 082 082 087y 0.9 0.97 1.1 1.15
VMT, 0.7 0.71 0.78 0.84 0.94 1.06 1.12
VMTs 068 069 078 084 0095 1.12 1.16
VB1 083 084 089 0.91 0.98 111 1.16
VB> o074 o075 082 085 097 119 1.29
VB3 093 094 095 098 1 1.04 1.06
VB, 0.55 0.6 068 o075 079 085 0.89
VHT 0.88 093 o097 1 122 18.26  45.85
VsyG 1 1 1 1 1 1 1
VMC1 0.88 093 o097 1 126  19.52  48.08
VMC2 082 096 0.99 1 1 1.03 1.09
VD1 oyy 081 085 089 094 1.08 1.13
VD2 083 083 087 o9 0.95  1.09 1.14
VD3 086 087 091 093 098 1.1 1.17
VEP 084 088 0095 098 099 1.07 1.09
VBe 094 095 098 099 1 1.01 1.03
Rand. Sys. vty 097 098 1 1 1 1.01 1.01
VMT1 074 078 083 087 094 114 1.17
VMT2 087 087 091 093 098 11 1.16
VMT3 083 084 087 o9 0.95  1.09 1.14
VMT, oy1 o074 o078 085 092 1.04 .11
VMTs 069 o072 078 084 093 112 115
VB, 084 085 089 0.91 0.96 1.1 1.15
VB2 0.75 076 0.81 0.85 0.96 1.19 1.28
VB3 092 093 096 097 099  1.03 1.05

VBy 056 059 0.7 074 078 083 0.85




3.2 RESULTS

Table 3.13: Summary statistics for the distribution of Monte Carlo MSE of

different variance estimators for the MU273 population.

Estimator ~ min 5% 25% 50% 75% 95% max

VHT 3.61e+07  1.15e+08  6.24e+08 1.31e+10 2.74e+13  5.20e+16  4.96e+18
VsyYG 9.49e+05 5.51e+06  1.59e+08  1.23e+10  2.74e+13  5.21e+16  5.02e+18
VMC1 3.64e+07  1.11e+08  6.45€+08  1.76e+10  3.43e+13  5.20e+16  5.09e+18
VMC2 9.46e+05 5.77e+06  1.61e+08  1.40e+10 2.78e+13  4.95e+16  6.57e+18
VD1 9.38e+05  6.23e+06  1.58e+08 1.38e+10 2.73e+13  5.09e+16  4.86e+18
VD> 9.38e+05  6.25e+06  1.58e+08  1.39e+10  2.74e+13  5.09e+16  4.86e+18
VD3 9.39e+05  6.67e+06  1.61e+08 1.41e+10 2.76e+13  5.09e+16  4.87e+18
VEpP 9.39e+05  6.26e+06  1.59e+08  1.42e+10 2.79e+13  5.18e+16  4.96e+18
VBe 9.48e+05  6.65e+06  1.62e+08  1.40e+10 2.77e+13  5.19e+16  4.95e+18
VTi 9.49e+05  7.04e+06  1.64e+08 1.41e+10 2.78e+13  5.20e+16  4.95e+18
VMT1 9.38e+05  6.23e+06  1.58e+08  1.37e+10 2.72e+13 5.08e+16  4.86e+18
VMT2 9.39e+05  6.67e+06  1.61e+08 1.41e+10 2.75e+13  5.09e+16  4.87e+18
VMT3 9.38e+05 6.25e+06 1.58e+08  1.39e+10 2.74e+13  5.09e+16  4.87e+18
VMTy 9.36e+05  6.22e+06 1.58e+08  1.36e+10 2.71e+13  5.00e+16  4.78e+18
VMTs 9.37e+05 6.21e+06  1.58e+08  1.35e+10 2.70e+13  5.02e+16  4.80e+18
VB; 9.38e+05  6.64e+06  1.61e+08 1.39e+10  2.74e+13  5.09e+16  4.87e+18
VB2 9.37e+05  6.60e+06  1.60e+08  1.37e+10 2.71e+13  5.02e+16  4.80e+18
VB3 9.39e+05  6.68e+06  1.62e+08  1.42e+10 2.78e+13  5.16e+16  4.93e+18
VB, 9.20e+05  6.43e+06  1.58e+08  1.37e+10 2.70e+13  4.89e+16  4.68e+18

Table 3.14: Summary statistics for the distribution of Monte Carlo MSE of

different variance estimators for the Sukhatme population.

Estimator min 5% 25% 50% 75% 95% max

VHT 5.27e+10  1.23e+11  7.08e+11  1.54e+13  1.85e+15 5.40e+18  2.71e+20
Vsyg 4.53e+09  1.73e+10  4.31e+11  1.59e+13  1.85e+15 5.25e+18  2.81e+20
VMC1 5.26e+10  1.21e+11  6.68e+11  1.56e+13  1.85e+15 5.32e+18  2.63e+20
VMC2 4.73e+09  1.74e+10  4.19e+11  1.56e+13  1.81e+15 5.39e+18  2.32e+20
VD1 5.05e+09  1.74e+10  4.05e+11  1.38e+13  1.63e+15 4.40e+18  2.39e+20
VD2 5.16e+09  1.77e+10  4.17e+11  1.39e+13  1.66e+15 4.65e+18  2.41e+20
VD3 5.38e+09  1.82e+10 4.40e+11  1.40e+13  1.69e+15 4.87e+18  2.44e+20
VEpP 4.78e+09  1.87e+10  4.57e+11  1.40e+13  1.67e+15 5.40e+18  2.37e+20
VBe 4.90e+09  1.89e+10  4.51e+11  1.47e+13  1.84e+15 5.20e+18  2.80e+20
VTi 4.76e+09  1.93e+10  4.65e+11  1.48e+13  1.86e+15 5.40e+18  2.83e+20
VMT1 5.19e+09  1.71e+10 3.95e+11  1.39e+13 1.58e+15 4.24e+18  2.39e+20
VMT2 5.35e+09  1.82e+10 4.39e+11  1.40e+13  1.69e+15  4.86e+18  2.45e+20
VMT3 5.14€+09  1.77e+10  4.16e+11  1.39e+13  1.66e+15  4.64e+18  2.43e+20
VMTy 4.90e+09  1.69e+10  3.83e+11  1.33e+13  1.51e+15 4.06e+18  2.09e+20
VMTs 5.04e+09  1.67e+10 3.75e+11  1.36e+13  1.51e+15 3.93e+18  2.21e+20
VB: 5.25e+09  1.79e+10  4.28e+11  1.39e+13  1.68e+15 4.72e+18  2.41e+20
VB2 5.83e+09  1.72e+10  3.94e+11  1.36e+13  1.56e+15  4.24e+18  2.24e+20
VB3 4.76e+09  1.86e+10  4.63e+11  1.43e+13  1.77e+15 5.21e+18  2.60e+20
VB, 3.68e+09 1.58e+10 3.57e+11  1.02e+13  1.28e+15  3.71e+18  1.57e+20
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Table 3.15: Summary statistics for the distribution of Monte Carlo MSE of
different variance estimators for the MU273 population, condi-

tioned on sampling design.

Sampling Estimator ~ min 5% 25% 50% 75% 95% max
VHT 5.16e+07  1.33e+08  6.45e+08  1.39e+10  2.78e+13  4.55e+16  4.96e+18
vVsyg 9.50e+05  7.16e+06  1.65e+08  1.38e+10  2.78e+13  4.60e+16  5.02e+18
VMC1 4.36e+07  1.22e+08  6.36e+08  1.64e+10  3.44€+13  4.60e+16  5.09e+18
VMC2 9.46e+05  6.84e+06  1.63e+08  1.37e+10  2.70e+13  6.08e+16  6.57e+18
VD1 9.39e+05  6.37e+06  1.58e+08  1.35e+10  2.73e+13  4.46e+16  4.86e+18
VD> 9.40e+05  6.38e+06  1.58e+08  1.36e+10  2.74e+13  4.47e+16  4.86e+18
VD3 9.41e+05  6.88e+06 1.62e+08 1.38e+10  2.76e+13  4.48e+16  4.87e+18
VEp 9.41e+05  6.40e+06 1.59e+08 1.39e+10  2.79e+13  4.55e+16  4.96e+18
VBe 9.50e+05  6.73e+06  1.64e+08  1.38e+10  2.77e+13  4.57e+16  4.95e+18

Brewer VTi 9.51e+05 7.19e+06 1.65e+08 1.39e+10  2.78e+13  4.57e+16  4.95e+18
VMT1 9.40e+05  6.37e+06  1.58e+08  1.34e+10  2.71e+13  4.44e+16  4.86e+18
VMT2 9.41e+05  6.88e+06  1.62e+08  1.38e+10  2.75e+13  4.48e+16  4.87e+18
VMT3 9.40e+05  6.38e+06  1.58e+08  1.36e+10  2.74e+13  4.47e+16  4.87e+18
VMTy 9.38e+05  6.35e+06  1.57e+08  1.33e+10  2.71e+13  4.41e+16  4.78e+18
VMTs 9.38e+05  6.35e+06 1.57€+08 1.32e+10  2.69e+13  4.39e+16  4.80e+18
VB 9.40e+05  6.85e+06  1.62e+08  1.36e+10  2.74e+13  4.47e+16  4.87e+18
VB, 9.39e+05  6.82e+06  1.61e+08  1.34e+10  2.70e+13  4.40e+16  4.80e+18
VB3 9.41e+05  6.89e+06  1.63e+08  1.39e+10  2.78e+13  4.55e+16  4.93e+18
VB4 9.23e+05  6.61e+06  1.59e+08  1.34e+10  2.70e+13  4.37e+16  4.68e+18
VHT 3.61e+07  7.94e+07  5.56e+08  8.26e+09  2.63e+13  5.01e+16  3.59e+18
Vsyg 9.51e+05  5.28e+06  1.16e+08  6.96e+09  2.59e+13  4.98e+16  3.60e+18
VMC1 3.64e+07  8.91e+07  6.14e+08 1.90e+10  3.43e+13  5.01e+16  3.67e+18
VM Ca 9.49e+05  5.39e+06  1.34e+08  1.22e+10  3.09e+13  4.20e+16  4.00e+18
VD: 9.39e+05  7.17e+06  1.59e+08  1.23e+10  3.03e+13  4.79e+16  3.53e+18
VD2 9.40e+05  7.21e+06  1.60e+08  1.23e+10  3.04e+13  4.79e+16  3.53e+18
VD3 9.40e+05  8.45e+06  1.76e+08  1.24e+10  3.05e+13  4.80e+16  3.53e+18
VEP 9.40e+05  7.22e+06  1.60e+08  1.25e+10  3.09e+13  4.88e+16  3.60e+18
VBe 9.49e+05  7.50e+06  1.62e+08  1.25e+10  3.07e+13  4.85e+16  3.60e+18

Tillé VTi 9.50e+05  8.70e+06  1.65e+08  1.25e+10  3.08e+13  4.85e+16  3.61e+18
VMT1 9.39e+05 7.17e+06 1.61e+08 1.22e+10  3.00e+13  4.78e+16  3.53e+18
VMT2 9.40e+05  8.45e+06  1.76e+08  1.24e+10  3.05e+13  4.80e+16  3.53e+18
VMT; 9.40e+05  7.21e+06  1.60e+08  1.23e+10  3.04e+13  4.79e+16  3.53e+18
VMT, 9.37e+05 7.11e+06 1.58e+08 1.22e+10  3.00e+13  4.74e+16  3.47e+18
VMTs 9.38e+05 7.12e+06 1.60e+08 1.21e+10  2.98e+13  4.74e+16  3.48e+18
VB 9.39e+05  8.40e+06  1.76e+08  1.23e+10  3.04e+13  4.80e+16  3.53e+18
VB, 9.38e+05  8.35e+06  1.77e+08  1.21e+10  3.00e+13  4.75e+16  3.49e+18
VB3 9.40e+05  8.45e+06 1.74e+08 1.25e+10  3.09e+13  4.85e+16  3.58e+18
VBy 9.20e+05  7.78e+06  1.59e+08  1.21e+10  3.00e+13  4.66e+16  3.40e+18
VHT 4.23e+07  1.17e+08  6.37e+08  1.46e+10  2.70e+13  4.93e+16  3.89e+18
Vsyg 9.50e+05  6.67e+06  1.62e+08  1.44e+10  2.70e+13  4.93e+16  3.89e+18
VMC1 4.25e+07  1.18e+08  6.55e+08  1.64e+10  2.77e+13  5.02e+16  3.89e+18
VMC2 9.50e+05  6.69e+06  1.62e+08  1.44e+10  2.79e+13  4.18e+16  3.16e+18
VDy 9.39e+05  6.31e+06  1.57e+08  1.41e+10  2.68e+13  4.83e+16  3.81e+18
VD2 9.40e+05  6.32e+06 1.57€+08 1.42e+10  2.68e+13  4.83e+16  3.81e+18
VD3 9.40e+05  6.79e+06  1.60e+08  1.44e+10  2.68e+13  4.84e+16  3.82e+18
VEP 9.40e+05  6.33e+06  1.58e+08  1.45e+10  2.71e+13  4.93e+16  3.89e+18
VBe 9.49e+05  6.65e+06  1.62e+08  1.42e+10  2.70e+13  4.93e+16  3.89e+18

CPS VTi 9.50e+05  7.10e+06  1.62e+08  1.44e+10  2.70e+13  4.93e+16  3.89e+18
VMT1 9.40e+05  6.30e+06  1.57e+08  1.40e+10  2.68e+13  4.82e+16  3.81e+18
VMT2 9.41e+05  6.79e+06  1.60e+08  1.44e+10  2.68e+13  4.84e+16  3.82e+18
VMT3 9.40e+05  6.32e+06  1.57e+08  1.42e+10  2.68e+13  4.83e+16  3.81e+18
VMTy 9.37e+05  6.29e+06 1.57€+08 1.39e+10  2.66e+13  4.75e+16  3.75e+18
VMTs 9.38e+05  6.29e+06  1.56e+08  1.38e+10  2.67e+13  4.76e+16  3.76e+18
VB 9.40e+05  6.77e+06  1.60e+08  1.42e+10  2.68e+13  4.83e+16  3.81e+18
VB, 9.39e+05  6.74e+06  1.50e+08  1.40e+10  2.67e+13  4.77e+16  3.77e+18
VB3 9.41e+05  6.80e+06  1.61e+08  1.45e+10  2.70e+13  4.90e+16  3.86e+18
VB4 9.22e+05  6.54e+06  1.57e+08  1.39e+10  2.61e+13  4.66e+16  3.67e+18
VHT 4.88e+07  1.32e+08  6.63e+08  1.64e+10  2.68e+13  5.40e+16  4.16e+18
VsyG 9.49e+05  6.98e+06 1.66e+08 1.50e+10  2.70e+13  5.44e+16  4.19e+18
VMC1 4.99e+07  1.32e+08  6.66e+08  1.88e+10  2.71e+13  5.35e+16  4.01e+18
VMC2 9.50e+05  7.00e+06  1.64e+08  1.50e+10  2.77e+13  5.56e+16  4.46e+18
VD; 9.38e+05  6.41e+06  1.58e+08  1.50e+10  2.63e+13  5.30e+16  4.09e+18
VD2 9.38e+05  6.42e+06  1.59e+08  1.50e+10  2.64e+13  5.31e+16  4.09e+18
VD3 9.39e+05  6.64e+06  1.63e+08  1.50e+10  2.66e+13  5.31e+16  4.09e+18
VEP 9.39e+05  6.43e+06  1.59e+08  1.50e+10  2.69e+13  5.40e+16  4.16e+18
VBe 9.48e+05  6.78e+06  1.66e+08  1.50e+10  2.70e+13  5.43e+16  4.19e+18

Rand. Sys. vy 9.49e+05  6.98e+06 1.66e+08 1.50e+10  2.70e+13  5.44e+16  4.19e+18
VMT1 9.38e+05  6.41e+06  1.58e+08  1.51e+10  2.61e+13  5.29e+16  4.08e+18
VMT2 9.39e+05  6.64e+06  1.63e+08  1.51e+10  2.66e+13  5.31e+16  4.09e+18
VMT3 9.38e+05  6.42e+06  1.59e+08  1.50e+10  2.64e+13  5.31e+16  4.09e+18
VMTy 9.36e+05  6.41e+06  1.58e+08  1.50e+10  2.61e+13  5.22e+16  4.01e+18
VMTs 9.37e+05  6.40e+06  1.58e+08  1.50e+10  2.59e+13  5.23e+16  4.03e+18
VB 9.38e+05  6.63e+06  1.63e+08  1.50e+10  2.64e+13  5.31e+16  4.09e+18
VB2 9.37e+05  6.60e+06 1.62e+08 1.50e+10  2.61e+13  5.23e+16  4.03e+18
VB3 9.39e+05  6.65e+06  1.64e+08  1.50e+10  2.68e+13  5.39e+16  4.14e+18
VBy 9.21e+05  6.52e+06  1.60e+08  1.46e+10  2.60e+13  5.12e+16  3.94e+18




3.2 RESULTS

Table 3.16: Summary statistics for the distribution of Monte Carlo MSE of
different variance estimators for the Sukhatme population, con-
ditioned on sampling design.

Sampling Estimator ~ min 5% 25% 50% 75% 95% max
VHT 6.93e+10 1.53e+11 7.30e+11 1.56e+13 1.74e+15  4.49e+18 1.96e+20
Vsya 4.53e+09  1.92e+10  4.78e+11  1.56e+13  1.78e+15  4.36e+18  2.08e+20
VMC1 5.87e+10  1.34e+11  6.54e+11  1.58e+13  1.76e+15  4.96e+18  1.92e+20
VMC2 4.73e+09  1.92e+10  4.67e+11  1.54e+13  1.78e+15  5.29e+18  1.61e+20
VD1 5.05e+09  1.74e+10  4.30e+11  1.41e+13  1.53e+15  3.71e+18  1.68e+20
VD2 5.16e+09  1.77e+10  4.37e+11  1.42e+13  1.57e+15  3.82e+18  1.71e+20
VD3 5.38e+09  1.82e+10  4.60e+11  1.43e+13  1.62e+15  4.01e+18  1.73e+20
VEP 4.78e+09  1.87e+10  4.64e+11  1.42e+13  1.67e+15  4.49e+18  1.67e+20
VBe 4.90e+09  1.89e+10  4.64e+11  1.51e+13  1.74e+15  4.26e+18  1.93e+20

Brewer VTi 4.76e+09  1.93e+10  4.82e+11  1.52e+13  1.76e+15  4.36e+18  1.95e+20
VMT1 5.19e+09  1.71e+10  4.21e+11  1.42e+13  1.49e+15  3.63e+18  1.70e+20
VMT2 5.35e+09  1.82e+10  4.59e+11  1.43e+13  1.61e+15  4.01e+18  1.73e+20
VMT; 5.14e+09  1.77e+10  4.36e+11  1.42e+13  1.56e+15  3.82e+18  1.71e+20
VMTy 4.90e+09  1.69e+10  4.17e+11  1.32e+13  1.45e+15  3.40e+18  1.48e+20
VMTs 5.04e+09 1.67e+10  4.07e+11 1.37e+13 1.43e+15  3.36e+18 1.58e+20
VB1 5.25e+09  1.79e+10  4.53e+11  1.42e+13  1.58e+15  3.89e+18  1.71e+20
VB, 5.85e+09  1.72e+10  4.27e+11  1.38e+13  1.47e+15  3.51e+18  1.60e+20
VB3 4.76e+09  1.86e+10  4.75e+11  1.47e+13  1.70e+15  4.29e+18  1.82e+20
VBy 3.84e+09 1.58e+10  3.83e+11 1.04e+13 1.30e+15  3.05e+18 1.07€+20
VHT 5.27e+10  1.17e+11 7.60e+11 1.62e+13 1.68e+15  4.28e+18 1.82e+20
Vsyg 4.99e+09  1.73e+10  4.31e+11  1.66e+13  1.61e+15  3.91e+18  2.18e+20
VMC1 5.26e+10 1.17€+11 7.64e+11 1.62e+13 1.68e+15  4.44e+18 1.85e+20
VMCa 5.00e+09  1.74e+10  4.19e+11  1.67e+13  1.60e+15  4.04e+18  1.84e+20
VD; 5.07e+09  1.78e+10  4.04e+11  1.37e+13  1.45e+15  3.55e+18  1.61e+20
VD2 5.18e+09  1.81e+10  4.16e+11  1.38e+13  1.48e+15  3.66e+18  1.62e+20
VD3 5.38e+09  1.86e+10  4.40e+11  1.39e+13  1.53e+15  3.83e+18  1.64e+20
VEP 4.82e+09  1.91e+10  4.68e+11  1.40e+13  1.60e+15  4.28e+18  1.59e+20
VBe 4.94e+09  1.91e+10  4.50e+11  1.46e+13  1.62e+15  4.06e+18  1.89e+20

Tillé VTi 4.81e+09  1.95e+10  4.64e+11  1.47e+13  1.64e+15  4.17e+18  1.91e+20
VMT1 5.20e+09  1.75e+10  3.94e+11  1.38e+13  1.41e+15  3.47e+18  1.60e+20
VMT2 5.35e+09  1.86e+10  4.38e+11  1.39e+13  1.52e+15  3.83e+18  1.65e+20
VMT3 5.15e+09  1.81e+10  4.15e+11  1.38e+13  1.48e+15  3.65e+18  1.63e+20
VMT4 4.92e+09  1.72e+10  3.82e+11  1.29e+13  1.37e+15  3.25e+18  1.41e+20
VMTs 5.05e+09  1.70e+10  3.74e+11  1.33e+13  1.35e+15  3.21e+18  1.48e+20
VB 5.26e+09  1.83e+10  4.27e+11  1.38e+13  1.50e+15  3.71e+18  1.62e+20
VB2 5.83e+09  1.76e+10  3.94e+11  1.34e+13  1.39e+15  3.35e+18  1.50e+20
VB3 4.80e+09 1.90e+10  4.62e+11 1.43e+13 1.61e+15  4.10e+18 1.75€+20
VBy 3.99e+09  1.58e+10  3.55e+11  1.01e+13  1.24e+15  2.92e+18  1.06e+20
VHT 5.81e+10 1.35€+11 6.61e+11 1.48e+13 1.85e+15  5.40e+18 1.57€+20
Vsyag 4.79e+09  1.92e+10  4.62e+11  1.50e+13  1.87e+15  5.44e+18  1.51e+20
VMC 5.82e+10  1.35e+11  6.66e+11 1.50e+13 1.85e+15  5.57e+18 1.56€+20
VMC2 4.74€+09  1.92e+10  4.71e+11  1.50e+13  1.85e+15  5.77e+18  1.67e+20
VD: 5.10e+09  1.74e+10  4.23e+11  1.40e+13  1.63e+15  4.45e+18  1.32e+20
VD2 5.22e+09 1.78e+10  4.30e+11 1.41e+13 1.66e+15  4.66e+18 1.34€+20
VD3 5.43e+09  1.82e+10  4.53e+11  1.42e+13  1.70e+15  4.87e+18  1.36e+20
VEP 4.83e+09  1.87e+10  4.56e+11  1.39e+13  1.70e+15  5.40e+18  1.31e+20
VBe 4.96e+09  1.89e+10  4.57e+11  1.50e+13  1.84e+15  5.32e+18  1.49e+20

CPs VTi 4.81e+09  1.93e+10  4.75e+11  1.50e+13  1.86e+15  5.41e+18  1.51e+20
VMT1 5.24e+09  1.72e+10  4.14e+11  1.41e+13  1.58e+15  4.20e+18  1.35€+20
VMT2 5.40e+09  1.82e+10  4.52e+11  1.42e+13  1.70e+15  4.86e+18  1.36e+20
VMT3 5.19e+09  1.77e+10  4.29e+11  1.41e+13  1.66e+15  4.65e+18  1.34e+20
VMTy 4.94e+09  1.69e+10  4.10e+11  1.31e+13  1.51e+15  4.10e+18  1.16e+20
VMTs 5.08e+09  1.67e+10  4.03e+11  1.36e+13  1.51e+15  3.98e+18  1.25e+20
VB1 5.30e+09  1.79e+10  4.46e+11  1.41e+13  1.68e+15  4.72e+18  1.34e+20
VB2 5.91e+09  1.73e+10  4.26e+11  1.36e+13  1.56e+15  4.26e+18  1.27e+20
VB3 4.81e+09  1.86e+10  4.67e+11  1.45e+13  1.78e+15  5.21e+18  1.42e+20
VBy 3.86e+09  1.58e+10  3.77e+11 1.02e+13 1.28e+15  3.71e+18  8.24e+19
VHT 5.96e+10  1.31e+11  6.53e+11  1.58e+13  1.86e+15  4.31e+18 = 2.71e+20
Vsyg 4.94€+09  1.95e+10  4.79e+11  1.57e+13  1.85e+15  4.45e+18  2.81e+20
VMC1 6.11e+10  1.38e+11  6.65e+11  1.60e+13  1.86e+15  4.21e+18  2.63e+20
VMC2 4.76e+09  1.95e+10  4.82e+11  1.55e+13  1.85e+15  4.57e+18  2.32e+20
VD1 5.10e+09 1.75e+10  4.08e+11 1.46e+13 1.62e+15  3.77e+18  2.39e+20
VD2 5.22e+09  1.78e+10  4.19e+11  1.48e+13  1.66e+15  3.83e+18  2.41e+20
VD3 5.45e+09  1.83e+10  4.41e+11  1.49e+13  1.71e+15  3.89e+18  2.44e+20
VEP 4.81e+09  1.88e+10  4.68e+11  1.46e+13  1.79e+15  4.06e+18  2.37e+20
VBe 4.94€+09  1.91e+10  4.70e+11 1.56e+13 1.84e+15  4.41e+18  2.80e+20

Rand. Sys. VTi 4.78e+09 1.95e+10  4.79e+11 1.56e+13 1.85e+15  4.47e+18  2.83e+20
VMT1 5.25e+09  1.72e+10  3.97e+11  1.48e+13  1.58e+15  3.77e+18  2.39e+20
VMT2 5.42e+09  1.82e+10  4.40e+11  1.49e+13  1.71e+15  3.90e+18  2.45e+20
VMT3 5.20e+09  1.78e+10  4.18e+11  1.47e+13  1.66e+15  3.84e+18  2.43e+20
VMT, 4.93e+09  1.70e+10  3.86e+11  1.37e+13  1.54e+15  3.32e+18  2.09e+20
VMTs 5.08e+09  1.67e+10  3.77e+11  1.42e+13  1.51e+15  3.49e+18  2.21e+20
VB 5.32e+09  1.79e+10  4.28e+11  1.48e+13  1.68e+15  3.83e+18  2.41e+20
VB2 5.05e+09  1.73e+10  3.95e+11  1.43e+13  1.56e+15  3.55e+18  2.24e+20
VB3 4.79e+09  1.87e+10  4.64e+11  1.52e+13  1.80e+15  4.13e+18  2.60e+20
VBy 3.68e+09  1.58e+10  3.58e+11  1.02e+13  1.33e+15  2.95e+18  1.57e+20
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3.3 CONCLUSIONS

The simulation study presented in this chapter compared the per-
formances of the main approximate variance estimators with the be-
haviour of variance estimates obtained by means of the Monte Carlo
approach.

The study confirmed the results available in literature concern-
ing the approximate variance estimators, in particular their low bias
when CV(X) is low (Haziza et al., 2008). This behaviour may be ex-
plained by considering that when the variability of X is low, so is the
variability of the inclusion probabilities 7r;. The high homogeneity
among the 7t; leads to a high—entropy condition, which is when these
estimators are more effective.

Simulation results suggested that Monte Carlo estimators may be
preferable when the population is small, due to their lower bias, es-
pecially in those cases when approximate estimators show poor per-
formances, namely when CV(X) is high. In particular, if n is fixed,
the choice should go for the va1c, estimator, as it is more stable than
vmc:. In the class of Approximate variance estimators, v1i seems
to be the best choice with small populations. With larger popula-
tions, the approximate estimators performed well overall, especially
with designs with higher entropy, and generally had lower bias than
Monte Carlo estimates. However, the latter behaved reasonably well
when CV(X) < 1, in particular with Brewer sampling, under which
showed lower bias than with the designs with higher entropy. The
coefficient of variation of the target variable Y does not seem to influ-
ence the bias, however it appears to influence the relative stability, in
combination with the coefficient of variation of X.

Thus, Monte Carlo estimators appear to be more effective with
small populations, while approximate variance estimators seem prefer-
able with larger ones. Among approximate estimators, vri seems to
be the best choice with small N, while estimators vep and vge per-
form generally well with larger populations.

As noted by Haziza et al. (2008), in stratified designs the bias of
the approximate variance estimators may sum up over the strata and
generate a considerable bias. In such cases, the Monte Carlo estimates
may be a good alternative, provided that strata are not too large.

Finally, it should be considered that the bias of the Monte Carlo
estimators can be reduced by increasing the number of replications
performed to approximate the inclusion probabilities. This would
naturally increase the computational time required, however, with
modern computers and the use of dedicated routines, such as func-
tion jip_MonteCarlo() in the jipApprox R package, one can perform
many millions Monte Carlo replicates in a relatively short time. This
is especially true for real studies, where joint-inclusion probabilities
must be computed only for sample units.



INFLUENCE AND ROBUST ESTIMATION

The Horvitz-Thompson estimator is sensitive to outliers because it
is linear in the observed values. Thus, large observations have large
influence on the total estimates, in particular when associated with
small inclusion probabilities. Discarding an outlier always leads to
variance reduction, however, if such outlier is a correct value, ignor-
ing it would introduce bias in the estimation (Hulliger, 1995). Hence,
particular care must be taken when identifying outliers.

In this chapter, the Robust Horvitz-Thompson estimator by Beau-
mont, Haziza, et al. (2013) will be introduced after giving a brief
review of some of the finite—-population influence measures available
in literature. In particular, the conditional bias approach will be de-
scribed, on which the robust total estimator is based.

Finally, variance estimation of the robust total estimator will be
discussed. Some new MSE estimators will be defined, and a robust
bootstrap procedure will be proposed.

4.1 INFLUENCE MEASURES

Hulliger (1995) and Barranco—Chamorro et al. (2007) proposed influ-
ence measures based on models. The latter developed a diagnos-
tic procedure for local influence in survey sampling based on Cook
(1986) distance and the second—order method by Wu and Luo (1993),
while the former introduced an influence measure based on a sensi-
tivity curve, obtained by expressing the Horvitz—Thompson estimator
as a least squares functional. Hulliger’s sensitivity curve is given by

= S, (4-1)

ZiEs yin'il
where =&ies =t i
BLS Zies Xiﬂi !

On the other hand, Moreno—Rebollo et al. (1999) proposed a design—
based approach using conditional bias to measure the influence of the
i~th sample unit on the Horvitz-Thompson total. For the i-th sample
unit, the conditional bias of the Horvitz-Thompson estimator, due to
the inclusion of the i-th unit in the sample, is defined as

R 7'[..
Bi'T = E[dnr |6 =1]—9 = Z(”.ﬂ)yJw (4-2)
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which can be estimated by

BIT=3% <mj T )Uj (4.3)
=\
and has the appealing property of being null when 7t; = 1 (Beaumont,
Haziza, et al., 2013).

By considering the quantities A; = BT /3, Moreno-Rebollo et al.
(1999) showed through an example that their influence measure is
highly correlated with Hulliger’s sensitivity curve in equation (4.1).

Poisson sampling is an interesting special case because, reminding
that in this case 7tj; = 7;71;, equation (4.2) reduces to

BT = (1 — 1)91- (4.4)

7-[1
Hence, conditional bias can be computed exactly under Poisson sam-
pling.

4.2 ROBUST HORVITZ-THOMPSON ESTIMATOR

Beaumont, Haziza, et al. (2013) have used the idea of conditional
bias as an influence measure to develop a Robust Horvitz-Thompson
estimator:

Srur = dnr —ZB?T +Z¢(BiHT) = dnr +Z[¢‘(BiHT)_BiHT] ;
i€s i€s i€s
which is obtained by reducing the contribution of influential units
by the quantity (ll)(B{*T) — BiHT), where 1(-) is any bounded function
such that {(z) ~ z when z is close to o. In general B{*T is unknown
and must be estimated as in equation (4.3), which leads to

Irnt =t +Z [IP(BPT&) —giHT] .
i€s

A typical choice for \(-) is the Huber function (Huber, 1964):
ll)(gli_n—a c) = Sign(EiHT) min(“,g{_lna c),

where c is a constant that determines the magnitude of the bias re-
duction operated by the robust estimator, where ¢ € [BHT /BHT ],

with BnHl—{n = min(B-lHT) and BHT = max(BiHT), for i € s. In other
words, ¢ is a tuning constant that acts as a threshold for the bias-
variance trade—off: if B{*T > ¢, unit 1 will be considered influential,
and the Horvitz-Thompson estimate will be curbed by a quantity
equal to Ll)(lABiHT, c)— EPT. Otherwise, the conditional bias related to
the i-th will produce no penalisation as, for B{*T < ¢, we have that

B(BHT, c)— BHT = BHT —BHT =,
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However, c is an arbitrary constant and must be estimated in some
way. Beaumont, Haziza, et al. (2013) suggest to do so by minimising
the maximum absolute conditional bias of the robust estimator. That

is, to solve
;1€ s) } ,

where BFHT(C) is the conditional bias of the robust estimator, given
unit 1 and a threshold ¢, and is given by

BRHT(c) = E[dRMT(¢) | 8; = 1] — D =

=B +E[Z {WBHT o)~ BIT} |5 = 1] .

jEs

arg min{max(‘ EFHT(C)
C

The second term of the right-hand side of the previous equation can
be estimated without bias by A(c) = } i, [11)(1%{”, c)— 3{”]. Hence
an estimator for BRMT(c) is

BEMT () = B{'T(0) + A(0). (4-5)
The authors show that the optimum threshold c,p¢ must be such that
BHT L BHT
A(Copt) - _ mln: max

Hence, the Robust Horvitz-Thompson estimator with optimum c is

obtained as

N A N 1 A A
19RHT(Copt) = VT + A(Copt) =OHT — 5 (Bﬁlh{‘n + BEL_LX) . (46)

The dryT estimator is biased, however, the authors show through
a simulation study that such bias is negligible with relatively large
populations.

As for the estimation of the variability of druT, Beaumont, Haziza,
et al. (2013) expressed the MSE as

MSE[dgp7] = Var[dgp7] + {ED@RHT — 1] + Var[drnr _SHT]} ;
for which they proposed the following estimator:

mseo[drpt] = vIOrHT] + max{o, Arut =) +vidruT — ‘(»A}HT]} .

4.3 ESTIMATING THE MSE OF THE ROBUST HORVITZ-THOMPSON
ESTIMATOR

4.3.1 Analytic estimators

In this subsection, we will define a set of estimators for the MSE of
the Robust Horvitz-Thompson estimator. Then, they will be anal-
ysed and compared to Beaumont, Haziza, et al. (2013) MSE estimator,
mse,, by means of a simulation study.
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The MSE may be written as

MSE[Sgmt] = Edrpt — 917 =
= E[dnr + Ac) =9 = E[(Onr —9) + A(Q)* =

= E[@nt =9 + A)* + 2Ot —9) A(c)l =
= E[dnt — 91 + E[A(c)*] +2 B[Bnt —9) A(0)] =

= Var[d1] + E[A(c)*] + 2 E[Bnt —9) Ac)] =

— Var[§7] + Var[A()] + {E[A@)}}Z 2 E[Br —9) A©)],

47)
where the last equality is obtained by considering that Var[A(c)] =
E[A(c)?] —{E[A(c)]}*. Alternatively, by considering the decomposition
in variance plus square bias, the MSE may be written as

MSE[dgrnt] = Var[drpr] + {E[éRHT —19]}2 =
= {Varfdyr + A©)1} + {Elrr + A) —19}2 -
- {Var[éHT] + Var[A(c)] + 2 Cov[dnT, A(c)]} + {E[ﬁHT] +E[AQ)] ﬂs}}z -

= Var[dy7] + Var[A(©)] + 2 Cov[diT, AC)] + {E[A(c)]}z .
(4-8)

Moreover, it should be noted that the variability of the robust total
estimator gy is affected by two different components: the variabil-
ity of the estimator itself, and that of the tuning constant ¢, which is
estimated on the sample as explained in the previous section. Taking
this into account, and considering the decomposition (Cochran, 1977,

p- 276):
Var(d) = E; {E.[§ —9]*} = Var, {E.[8]} + E; {Var,[0]} (4.9)

one may write

MSE[dgrnt] = Var[drpr] + {E[éRHT —19]}2 =

= Ep {Ecldrnr — 9} + {EIA@]} =

= Ep { Varedgrirl} + Var, {Ec[drur]} + Ep {Ecla@1}
(4.10)
where Var, and E, are the design variance and design expectation,
while Var. and E. are the variance and expectation taken over the
c values.
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From what precedes, the following estimators may be derived:
mseo[SruT] = virHT] + maX{O , Ormt —dnT)* + V[A(C)]} )

mse; [Drut] = VIO HT] +VIAE)] + A0)* + 2 Orut —I1T) AlC)

mse; [Orir] = VIO T] +V[A()] + A(c)* + 2 cov[dyT, A(C)],
msepco[OrmT] = VIORHT] +Vp {ecDruT]} + maX{O y Orur —dnr)? +V[A(C)]} ,

msepci[Orrt] = V[IOrnT] +vp {ec[Orrrl} +AC)?,

where mse, is the estimator proposed by Beaumont, Haziza, et al.
(2013), mse; and mse, are estimators of the MSE in equations (4.7)
and (4.8), respectively, and msepco, msep; are estimators based on
the decomposition (4.9) and equation (4.10). Additionally, the follow-
ing estimator will be considered:

mse;[Ornt] = VIdT] + VIA(C)] + 2 cov[diT, Alc)] + 2 A(c)?

In the estimators defined above, v[917] is the variance of the Horvitz—
Thompson estimator, v[¥rnuT] is the Horvitz-Thompson variance of
the robust estimator, expressed as

~ Ui
URHT = e
TT-
ies 1

where §; = yi + m[tb(l%'iﬂ,c) — EFT], and v[A(c)] is the variance
of Alc) = Y ics 7%, where &; = 7 {G(BHT, copt) — BHT). Moreover,
cov[d1T, A(c)] is the covariance between the Horvitz-Thompson esti-
mator and A(c), and is estimated by

Finally, v, {ec[Or1i7]} can be estimated through the following proce-
dure:

1. Given a sample s drawn from a population U, perform B boot-
strap resamples from s;
2. For each bootstrap replicate b = 1,...,B:

a) Select a set of ¢ values. For instance, take values equal to
the set of conditional bias: C ={ci|c; = B{”,i =1,...,n}

b) Compute the Robust Horvitz-Thompson estimator for ev-
ery c value of the set C generated at the previous step, and
denote it with drp1(c);

c) Compute Ap =LY - drnr(c).

3. Compute the bootstrap variance v+ = g2~ ZEzI(Ab —A)?, where
A=150 Ap.
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Simulation study

For assessing the behaviour of the estimators defined above, we set
up a Monte Carlo simulation with K = 5000 replicates.

Artificial asymmetric populations with different size and different
percentages of outliers were generated similarly to Beaumont, Haziza,
et al. (2013) by considering the model

Yi = (1 —up)|2xi +3.7v/Xi € [+ uwy,

where &; ~ N(o, 1), the w; were generated from a Normal distribu-
tion with mean 1200 and standard deviation 200, and u; were inde-
pendently generated from a Bernoulli distribution with probability p
equal to the desired proportion of outliers in the population. The val-
ues x; of the size variable were generates from a Gamma distribution
with mean 50 and variance 500.

Small and large populations were generated, with N = 250, 500,
2500, 5000 and with different amounts of outliers (0%, 2% and 5%).
Samples were drawn with sampling fractions f = 2%, 5%, 10% of
the population size, according to Poisson sampling. The choice of
the Poisson sampling is convenient because, under this design, con-
ditional bias can be computed exactly, thus there is no variability due
to the estimation of Bj, giving more control on the study and bet-
ter interpretation of the results. For estimators msep,c, and msepcy,
Chauvet bootstrap with B = 100 and D = 5 replications was employed
for the estimation of the vy, {ec[Orri7]} component.

The estimators under study have been compared in terms of Rela-
tive Bias, expressed as

Emclmse.®rit)] — MSEmc[driT]

RB = 100 x =
MSEmc[OrnT]

b

where mse*(éRHT) is one of the estimators under study, and Enic
and MSEp, ¢ are the Monte Carlo Expectation and Monte Carlo MSE.

Results are showed in table 4.1. Estimator mse, appears to be heav-
ily biased, and to consistently underestimate the MSE. Estimator
mse, also underestimates the MSE and is comparable to mse, when
outliers are absent, but is less biased than mse, when the population
has outliers. Estimator mse; shows reasonably low bias for large pop-
ulations with N = 2500, 5000, and for populations without outliers,
while it strongly overestimates under small populations with outliers.
Taking into account the variability of the tuning constant c seems to
improve the accuracy. Indeed, estimators mse, ¢, and msep; are over-
all less biased than mse, and mse;, respectively. Estimator msepc,
performs reasonably well with large populations, however both esti-
mators msep ¢, and msepc; show high bias when there are no outliers.
Finally, mse; performs very poorly and should be avoided.

To sum up, estimator mse, should always be preferred to mse,,
and estimator mse; seems to be a reasonable choice with large pop-
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Table 4.1: Relative Bias of the MSE estimators of drur.

outliers N f RB(mse,) RB(mse;) RB(mse,) RB(mse;) RB(msepco) RB(msepcs)
250 0.02 -0.77 82.91 5.29 21.94 93.11 99.17

0.05 -15.45 15.56 -13.83 -7-43 59.96 61.59

0.10 -10.15 5.37 -9.49 -6.40 65.42 66.08

500  0.02 -18.34 24.98 -15.61 -6.78 55.12 57.84

0.05 -9.12 9.72 -8.13 -4.41 65.72 66.71

o% 0.10 -2.38 7.95 -1.86 0.12 75.47 75.99
2500  0.02 -0.75 9.60 -0.24 1.73 78.48 78.98

0.05 -1.42 2.86 -1.22 -0.44 75.75 75.95

0.10 -3.75 -1.56 -3.65 -3.26 71.23 71.33

5000  0.02 -3.03 2.03 -2.81 -1.87 72.72 72.94

0.05 -2.07 0.07 -1.98 -1.60 73.82 73.91

0.10 -1.67 -0.54 -1.63 -1.43 74.63 74.67

250  0.02 -19.48 289.47 22.90 70.26 60.80 103.18

0.05 -28.95 167.92 -2.74 27.05 13.01 39.22

0.10 -27.44 117.98 -9.14 12.81 8.30 26.60

500 0.02 -33.28 190.85 -2.64 31.13 8.36 38.99

0.05 -29.51 158.41 -4.23 23.64 0.21 25.49

2% 0.10 -28.07 117.65 -9.40 12.27 -2.47 16.20
2500  0.02 -29.87 100.27 -13.05 6.38 -4.35 12.48

0.05 -27.48 55.29 -17.76 -5.24 -5.96 3.76

0.10 -22.21 34.67 -16.05 -7.35 -0.86 5.30

5000  0.02 -29.05 86.59 -14.42 2.80 -7.57 7.06

0.05 -26.94 44.21 -18.75 -7-99 -8.69 -0.50

0.10 -18.61 31.75 -13.15 -5.47 0.33 5.78

250  0.02 -25.56 291.16 18.17 66.14 45.17 88.90

0.05 -34.12 154.43 -9.47 19.02 -2.58 22.07

0.10 -31.15 102.74 -15.05 5.33 -6.94 9.16

500  0.02 -36.47 205.53 -3.23 32.89 -2.33 30.90

0.05 -34.07 131.31 -12.49 12.18 -13.63 7.95

% 0.10 -29.34 89.85 -14.79 3.14 -11.37 3.18
2500 0.02 -35.37 68.71 -22.77 -7.04 -22.34 -9.74

0.05 -25.99 3745 -19.09 -9-36 -14.03 714

0.10 -17.50 27.00 -12.95 -6.08 -4.55 0.00

5000  0.02 -27.72 54.38 -18.33 -5.85 -17.74 -8.36

0.05 -19.52 30.03 -14.36 -6.73 -9.91 “4.75

0.10 -14.81 18.61 -11.49 -6.31 -4.48 -1.16
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ulations. Nonetheless, further studies are needed to derive an esti-
mator with improved performance and more consistent behaviour,
especially with small populations.

In the next subsection an alternative approach for estimating the
variability of druT is discussed.

4.3.2 Bootstrap

Here, we propose a bootstrap approach for estimating the variance
of the Robust Horvitz-Thompson estimator, to which we will refer as
robust bootstrap. The method described below is inspired by the robust
bootstrap proposed by Amado and Pires (2004) for infinite popula-
tion bootstrap. The main idea is to perform a bootstrap procedure
where the sample observations y; are penalised by a function of the
conditional bias.

The algorithm is described below. To illustrate our robust bootstrap
procedure, we will consider Chauvet bootstrap (see section 2.5.1):

1. Given the original sample s with observations y;, compute the
Horvitz-Thompson estimator 8447 and the conditional bias B;

2. Compute the relative conditional bias with regards to the Horvitz—-
Thompson estimator: rb; = B{*T /T

3. Estimate the optimum value ¢ that minimizes the maximum of
| tbi + ) i [W(rby, c) —1bi]|, where P(rb;, c) = sign(rb;) min(|rb;|, c)
is the Huber function of rb;. In practice, the optimum tuning
constant ¢ can be approximated by generating a grid of values
in the interval [min(rb;), max(rb;)] and by identifying the value
that satisfies the optimal condition;

4. Penalise sample observations by a function of rb;:
g1 = max{ o, yi (1~ lsbs (05, 0) |

5. Repeat |7, *| times the pair (§i,7;) to create Uf, where |z] in-
dicates the greatest integer less than or equal to z;

6. Perform a Poisson sampling on the original sample, drawing
units with probability n~* — [17"|, and call this sample U€.
Add these units to U to complete the pseudo-population, ob-
taining U* = Uf U US;

7. Draw a large number B of bootstrap samples s* from U* through
Poisson sampling. At each iteration compute the HT estimator

A

b =2 ics Ui ', then compute the bootstrap variance as
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with 3% = LY B_ 9 ;

8. Repeat steps 67 a large number of times D to get vj,...,v[.
Finally, estimate the variance of Srut by

Note that, as this algorithm considers Chauvet bootstrap, which is em-
ployed under Poisson sampling, the conditional bias does not need to
be estimated. Under different sampling designs (and different boot-
strap procedures), the B!'T in the bootstrap algorithm must be re-
placed by BIT.

An alternative estimation method could be a Chauvet bootstrap
performed using the robust total estimator, rather then dy7. The per-
formances of both these approaches were assessed through an empir-
ical study.

Simulation Study

A simulation study was carried out to study the behaviour of the
robust bootstrap introduced above. Population data have been gener-
ated as in the previous simulation, with N = 250, 500, 1000 and with
different percentages of outliers (0%, 2% and 5%). K = 1000 Monte
Carlo samples were drawn from each population by means of Pois-
son sampling, with sampling fractions f = 0.02,0.10. Bootstrap was
performed with B = 1000, D = 100. Besides the robust bootstrap and
the bootstrap with druT, a classic Chauvet bootstrap on the Horvitz—
Thompson estimator was also performed for comparison.

Performances were evaluated by means of Monte Carlo Relative
Bias. As the bootstrap procedures analysed aim to estimate the vari-
ability of different estimators, the Relative bias was computed in dif-
ferent ways. For the classic Chauvet bootstrap, Relative Bias is ob-
tained with respect to the Horvitz-Thompson estimator:

Emc v ®nt)] = MSEmc[OnT]
MSEmc[Vnr]
While for the robust bootstrap and the bootstrap with the robust esti-

mator the Relative Bias was computed with regard to the robust total
estimator:

RB = 100 x

Emclv*@®rut)] — MSEmc[driT]
MSEmc[OruT]

RB = 100 % ,
where v*(d17) and v*(dr) are, respectively, the bootstrap variance
of the Horvitz-Thompson and Robust Horvitz-Thompson estima-
tors.
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Table 4.2: Relative Bias of the bootstrap variance estimators under different

scenario.
outliers N f RBVos(Bur)]  RBVpsBrur)]  RB[Vrps Orut)]
o 250 0.02 11.62 -9.13 -9.60
0.10 3.23 -0.85 -1.17
500  0.02 3.73 -6.06 -7.77
0.10 0.89 0.16 0.25
1000  0.02 1.78 -3.29 -3.78
0.10 4.88 4.10 4.20
2 250  0.02 2.91 33.02 -5.91
0.10 -8.01 11.20 7.65
500  0.02 1.92 36.80 1.64
0.10 9.48 23.46 23.57
1000  0.02 5.30 38.78 16.96
0.10 4.28 9.19 14.66
5 250  0.02 6.57 49.58 0.75
0.10 -0.48 6.52 2.89
500  0.02 3.00 43.11 6.33
0.10 -3.51 -0.41 -0.69
1000  0.02 0.74 15.74 2.14
0.10 9.68 3.26 5.90

In table 4.2, results are presented by percentage of outliers, popu-
lation size, and sampling fraction. The last three columns, from left
to right, represent the relative bias of the bootstrap variance of the
Horvitz-Thompson estimator (vbs[OnT]), the bootstrap variance of
the Robust Horvitz-Thompson estimator (v s[OruT]), and the vari-
ance of the robust estimator computed under the robust bootstrap
(Vrbs[DrHT]).

The use of the robust estimator in the classic bootstrap procedure
is not suggested, as it returns very large bias under most scenarios.
On the other hand, the proposed robust bootstrap shows reasonably
low bias, overall comparable with that of Chauvet bootstrap, except
for the scenarios with 2% of outliers in the population and N = 1000,
and when N = 500 and f = 0.1, where the bias is large.

4.4 CONCLUSIONS

The Robust Horvitz-Thompson estimator Srut let us perform robust
estimation of the Horvitz-Thomson total in a simple and intuitive
way, by employing the appealing concept of conditional bias as a
design—-based influence measure.

The work of this chapter was dedicated to researching a proper es-
timator of the variability of dry1, by pursuing two approaches. An
analytic and a bootstrap approach were defined, with different re-
sults.

Further studies are certainly needed to refine the two approaches
proposed, nonetheless the results of the study presented in these
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pages suggest that the analytic estimator mse; may be reasonably
reliable in estimating the MSE of dgryT when the population is large,
while the robust bootstrap should give acceptable results with small
populations.






AN APPLICATION TO A REAL STUDY:
ESTIMATING THE NUMBER OF ROAMING DOGS IN
AN URBAN AREA

As was mentioned in the introduction to this thesis, the motivation of
this PhD project comes from a real study that we carried out for esti-
mating the number of roaming dogs in an area of the city of Palermo,
Italy. This chapter will be dedicated to the application of the meth-
ods discussed in this thesis to such study. First, we will describe the
characteristics and methodology of the survey. Then, estimates of
the total number of roaming dogs in the first city district will be pre-
sented, and its variance will be estimated by employing some of the
estimation methods that have been discussed throughout the thesis.
Robust estimation will be performed as well.

5.1 BACKGROUND

The presence of roaming dogs in urban areas is an important issue
that municipalities have to deal with, especially in big cities of South-
ern Italy, where such phenomenon is widespread and represents a
source of risk for people and public security, as well as being a con-
cern for public hygiene. In these areas, policy-makers need to un-
dertake actions focused on keeping under control the growth of such
population and aimed to reduce its size in the long run. In Italy, the
main control technique applied is the capture-sterilization-release
procedure which, to be effective, needs to be applied to most of the
roaming dogs populating a given area (Jackman and Rowan, 2007).
Knowing the roaming-dog-population size is thus necessary; how-
ever, despite its importance, the size estimation of roaming dogs is a
little-covered subject.

Different sources presented figures about this phenomenon, but
the methodology used is either omitted (partially or completely) or
not statistically accurate. In Italy, among the attempts made to find a
measure for this phenomenon, an example is a 2006 census arranged
by the Italian Ministry of Health (Italian Ministry of Health, 2006). In
accordance with this study, in that year around 590, 000 roaming dogs
were in Italy. However, only the dogs that spent some time in pub-
lic kennels were considered and the estimation/counting procedures
are unknown. More data have been released by Italian regions and
animal associations, but without relevant results. In late 2010, the
World Society for the Protection of Animals (WSPA, now World Animal
Protection) released a report titled Surveying roaming dog populations:
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guidelines on methodology, where a formal procedure to get a count of
roaming dogs is proposed. WSPA suggests a way to elicit a sample
of sub—areas from the area of interest and find an estimate of the to-
tal number of roaming dogs in that territory by means of a simple
random sampling with systematic sample selection.

For these reasons, we carried out a survey in the city of Palermo,
Italy, in collaboration with the local health authority, whose help was
important to shape the survey procedure to the dog behaviour. The
study consisted in two subsequent surveys and had two aims: first, to
formalize a simple and reproducible survey sampling procedure, in
order to obtain a statistically reliable estimate and be able to monitor
the phenomenon through time in a consistent and comparable way;
second, to provide local authorities with an estimate of the roaming—
dog—population size and help them plan proper prevention measures.

Section 5.2 describes the characteristics of the two surveys and of
the data collection procedure. Sampling procedure and estimation
methodology are introduced in section 5.3, while estimation results
are presented in section 5.4.

5.2 FEATURES OF THE SURVEY AND DATA COLLECTION

The study started in 2010 with a pilot survey. With the aim of setting
up an effective methodology for the study, we first defined assump-
tions concerning the distribution of the dogs over territory and their
presence along the day considering, together with veterinarians of the
local public health authority, their nature and habits. These assump-
tions had naturally driven to the choices that defined the sampling
design illustrated in this section.

However, the 2010 pilot survey came with some flaws, consisting
mostly in lack of precision by data collectors. This led to some issues
during the identification process of dogs observed at different times.

As our main focus was to assess the effectiveness of the method, in
2014 we set up a new survey with the same characteristics, except for
data collection, which we updated with some modifications in order
to remove, or at least reduce, non-sampling errors introduced by data
collectors” imprecision.

The data collection procedure that we are going to describe is in
some aspects similar to the method proposed in WSPA'’s report (World
Society for the Protection of Animals, 2010).

5.2.1 Data collection settings and procedure

The surveys were carried out in the first district of Palermo, Sicily, a
249.7-hectares—large area, which was divided into 76 sub-areas, de-
fined in such a way that each was large approximately 3 hectares
and surrounded by a path that could be covered during data collec-
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tion. The number of roaming dogs was observed in a sample of 12
sub-areas, selected according to a FPDUST sampling, which will be
described in section 5.3.

Data collection occurred during the second week of June, due to its
stable weather; per each area in the sample, data have been gathered
at 13:00 and 20:00 on Monday, Thursday and Sunday. These choices
are in line with the World Organization for Animal Health (2010)
guidelines and they are aimed to maximize the chances of observing
all roaming dogs which dwelt the sample areas.

At the times indicated, each person in charge for data collection vis-
ited the assigned location, where they followed a given path. Paths
were designed to have approximately equal length among all areas
and had been kept fixed over all observations. Data collection ses-
sions lasted at least thirty minutes and the path were completed at
least twice throughout each observation session. Data collectors were
veterinarians and volunteers of the public local kennel, as well as com-
ponents of local animal associations. In order to have consistent data
entries over all the observations, each person was assigned to one
specific area. Although being advised of the importance of collect-
ing data with careful attention to any distinctive trait of the observed
dogs and being asked to report all of them in the form, during the
pilot survey of 2010, some of the field workers partially or completely
neglected this task. The result was that a number of observations
could not be identified as belonging to the same dog with a sufficient
degree of confidence, leading to inaccurate data.

In 2014, the survey was repeated with exact conditions, the only
addition made to this procedure was taking a photo of the observed
roaming dogs, made possible by the larger diffusion of devices capa-
ble of taking pictures of sufficient quality.

Collected information has then been manipulated to get a consis-
tent dataset of the overall presence of dogs per each sampled area,
consisting in a dataset in which the total number of observed roam-
ing dogs was recorded for each unit of the sample. In the next sub-
section we will talk about the form used to register observations and
how we changed it to improve precision in 2014 survey.

5.2.2  Data collection form

In both surveys, each data collector received six forms to fill in with
observed information, one per each observation time.

The 2010 form included information about gender, size and health
conditions (good, bad) of the dogs observed, as well as a section
for the observer to write down any other significant information he
would have found. As said in the previous Section, the last point had
been quite neglected, thus some changes were implemented in the
2014 survey. Dog coat colour, a field to indicate whether or not a pic-
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ture of the observed dog had been taken and one to write down the
picture file name were added to the observed variables. Furthermore,
the section dedicated to additional information was reorganised to
be easier to fill in and highlighted to be simply reminded to the field
workers. In addition, a meeting was held with veterinarians and fu-
ture field workers in order to explain the details of the data collection
procedure.

Applying these simple changes, we achieved a much higher qual-
ity of data, with no more issues in identifying different observations
of the same dog over different times, and thus improving precision.
Figures 5.1 and 5.2 show the form for 2014 survey.

5.3 SAMPLING PROCEDURE

The sample was drawn according to the PPS FPDUST spatial sam-
pling (Barabesi et al., 1997), which is a probability—proportional-to—
size (PPS) version of the FPDUST sampling proposed by Fattorini and
Ridolfi (1997). The use of this design was appealing for our study as
it modifies the probability of selecting spatially contiguous units by a
parameter f3.

Denote with Y the variable of interest, with X the size variable, and
with y; and x; their values for the i-th unit in population U. PPS
FPDUST design draws a sample through the following procedure:

1. Select the first unit with probability

Xi
Pi=<——
2icuXi

2. Select the k—th unit, k = 2,...,n, with probability

(@—B)xi

Zi¢8k Xi—B Liccisy X1 i€ c(sk)
Pili,.ei = xq h . (5.1)
Zi¢5k Xi—B Liceep) X1 otherwise
where sy = {i;,...,1k_1} is the set of units selected up to step k, [sk|

is its cardinality and c(sy) is the set of non—sampled units which are
contiguous to at least one sampled unit. 3 is a parameter that modi-
fies selection probabilities for units belonging to c(sx) and must take
values in the interval (—o0, 1) to ensure the existence of the design;
when 3 = 0, one obtains the simple random sampling.

In our study, the size variable X is represented by the walkable
area of each unit, that is, the total area excluding buildings and closed
spaces such as private parks and parkings, or any surface where dogs
could not be found. We have set 3 = 0.5, in order to penalize selection
of contiguous units, but not too much as sampling close units would
have resulted in reduced costs.



5.3 SAMPLING PROCEDURE

Compilare in stampatello

Rilevatore:

Nome

Cognome

Data:

Ora inizio:

Sede Rilevazione:

1B

Ora fine:

Presenza rifiuti “liberi’ Osi  ONO
Condizioni meteorologiche
Taglia Sesso Stato di Salute | Colore Segni particolari | Foto
(se presenti,
specificare sul retro)

1 | OpPOMOG |OMOFONS | OSOMONS | ON OB OM OAltro Osi  ONo ONo OSi
2 |OpPOMOG |OMOFONS | OSOMONS | ON OB OM OAltro Osi  ONo ONo OSi
3 |OpOMOG |OMOFONS | OSOMONS | ON OB OM OAltro, Osi  ONo ONo OSi
4 |OpPOMOG |OMOFONS | OSOMONS | ON OB OM OAltro, Osi  ONo ONo OSi
5 Op OM OG OM OF ONS Os OM ONS ON OB OM OAltro, asi ONo ONo Osi
6 |OpPOMOG |OMOFONS | OSOMONS | ON OB OM OAltro, Osi  ONo ONo OSi
7 Op OM OG OM OF ONS 0Os OM ONS ON OB OM OAltro, asi ONo ONo OSsi
8 Op OM OG OM OF ONS 0Os OM ONS ON OB OM DOAltro. asi ONo ONo OSi
9 0Op OM OG OM OF ONS 0Os OM ONS ON OB OM DOAltro. asi ONo ONo OSi
10 | OpPOMOG OM OF ONS 0Os OM ONS ON OB OM DOAltro. asi ONo ONo OSi
11 | OpOMOG OM OF ONS 0Os OM ONS ON OB OM DOAltro. asi ONo ONo OSi
12 | OpOMOG | OMOFONS Os OM ONS ON OB OM OAltro, Osi - ONo ONo OSi
13 | OPOMOG | OMOFONS | OSOMONS | ON OB OM OAltro Osi  ONo ONo OSi
14 | OpOMOG OM OF ONS 0Os OM ONS ON OB OM DOAltro. asi ONo ONo OSi
15 | OpOMOG OM OF ONS Os OM ONS ON OB OM OAltro, asi ONo ONo Osi
16 | OpPOMOG OM OF ONS 0Os OM ONS ON OB OM OAltro, asi ONo ONo Osi
17 | OpOMOG OM OF ONS 0Os OM ONS ON OB OM OAltro, asi ONo ONo Osi
18 | OpPOMOG OM OF ONS 0Os OM ONS ON OB OM OAltro. asi ONo ONo Osi
19 | OpPOMOG OM OF ONS 0Os OM ONS ON OB OM OAltro. asi ONo ONo Osi

Figure 5.1: Data collection form from 2014 survey — front

83



84 AN APPLICATION TO A REAL STUDY

Legenda Segni particolari:
Taglia: P = piccolo, M = medio, G = grande; 1.
2.
Sesso: M = maschio, F = femmina, NS = non so; 3.
4.
Stato di salute: S = sano, M = malato, NS = non so 5.
6.
Colore: N = nero, B = bianco, M = marrone, Altro; 7.
s ) 8.
Eta: A = adulto, C = cucciolo; 9
. . " - . 10.
Segni particolari: qualsiasi informazione 1
aggiuntiva (razza, microchip, ... ); 12'
. \ 13.
Foto: Specificare se & stata scattata una foto o 14
meno. In caso affermativo, inserire il nome del 15:
file nello spazio apposito accanto al campo “Si”. 16.
17.
18.
19.

g 2

Figure 5.2: Data collection form from 2014 survey — back
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5.4 ESTIMATION

Estimation of the total number of roaming dogs in the urban area
under study can be carried out through the Horvitz-Thompson es-
timator. In order to reduce the effect of outliers on the estimates,
and especially for the 2010 study, robust estimation of the the total
will also be performed by using the robust estimator defined in equa-
tion (4.6).

Unfortunately, for FPDUST sampling exact inclusion probabilities
are not available, not even of the first order. However, they can be ac-
curately approximated by using the Monte Carlo approach described
in section 2.7.

In our study, first and second-order inclusion probabilities were es-
timated through Monte Carlo simulation with ten million replicates,
which guarantees negligible bias of the Horvitz-Thompson estima-
tor. Indeed, considering the upper bound equation (2.20) by Fattorini
(2006), and a conservative value of 0.01 for 7, = min(7;), we can rely
on the fact that the bias of the Horvitz-Thompson estimator will be
lower than 1075.

Different variance estimation methods were applied, among those
described throughout the thesis. For the Horvitz-Thompson total,
variance estimates were obtained by means of the Monte Carlo method
and Tillé’s approximate variance estimator vr; which, the use of these
estimators is justified by the good performances showed with small
populations in the simulation study presented in chapter 3. Addition-
ally, these estimates will be compared to bootstrap variance estimates
obtained by means of the Holmberg pseudo—population algorithm
(see section 2.5.1), with B = 1000 and D = 100. For the robust esti-
mator dgrpT, estimates were obtained through the robust bootstrap
proposed in section 4.3.2. The robust bootstrap used was based on
the Holmberg algorithm, with B = 1000 and D = 100. The conditional
bias was estimated by using Monte Carlo inclusion probabilities.

Computations were performed through the R software and the
packages sampling by Tillé and Matei (2016), Frames2 by Arcos et al.
(2015), and the self-written packages jipApprox, bootstrapFP, fpdust,
and robustHT (see appendix C).

Table 5.1 presents sample data for the two studies of years 2010 and
2014. The table reports the unit ID, the size measure X, namely the
walkable area of each unit, the Monte Carlo inclusion probabilities
t;, and the observed number of roaming dogs in the 2010 and 2014
study. The two last rows of table 5.1 show the Horvitz-Thompson
and the Robust Horvitz-Thompson total estimates.

It can be seen that the number of observed dogs in 2010 presents
some values that are noticeably higher than others, in particular unit
9. As we mentioned earlier, indeed, the first study was affected by
errors during data collection, which nonetheless seem to have been
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Table 5.1: Sample data for the roaming dogs studies carried out in 2010 and

2014.
Y

1D X 7ty 2010 2014
1 3.17 0.31 5 6
2 274 0.29 15 7
3 1.20 0.13 5 1
4 1.13 0.14 3 0
5 1.14 0.13 1 3
6 294 0.24 14 9
7 146 0.16 1 2
8 207 o022 6 4
9 1.07 0.12 36 13

10 2.66 0.25 8 2

11 1.28 0.15 6

12 1.14 0.12 12 1

A

OHT 692 298
drur 608 273

successfully reduced in the 2014 survey by the modifications applied
to the data collection form. In fact, besides a general reduction in
the presence of roaming dogs, which was likely caused by the inter-
ventions of local health authorities, the observed values seem more
regular. Unit g still exhibits an unusually high value, however it is
now much closer to the general distribution of the observations, by
analysing data collection forms it seems to be a correct outlier, prob-
ably due to a particular concentration of dogs in that area.

The estimated total number of roaming dogs in the first district
of Palermo, Italy, more than halved in the four-year-long period be-
tween the two studies. The reduction appears too large to be due only
to outliers, and this is confirmed by the robust estimates, which show
a very similar trend. Hence, it seems that the interventions made by
the local health authorities to stop the spread of the dog population
were effective.

The square root of the estimates of the variance for the Horvitz—
Thompson total and the robust total estimator are presented in ta-
ble 5.2. As for 417, the Monte Carlo approach and Tillé’s approxi-
mate variance estimators returned very similar results, which could
be expected as they both showed good performances in the simula-
tion study described in chapter 3. On the other hand, the bootstrap
returns higher estimates, which could be due to the presence of out-
liers. Finally, the standard errors for Srut produced by the robust
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Table 5.2: Variance estimates for the Horvitz-Thompson and the Robust
Horvitz-Thompson total estimators, using different approaches.

V]

Estimation method 2010 2014

HT estimation

Monte Carlo 258.17  92.28

Approximate variance estimators 260.00  92.43

Bootstrap 302.29 104.84
RHT estimation

Robust Bootstrap 263.30  94.26

bootstrap are similar to the Monte Carlo and approximate variance
estimates for dyy.

5.5 CONCLUSIONS

The widespread of roaming—dog populations in urban areas is an im-
portant issue for local administrations. Despite being essential for a
proper planning of health and security actions, no reliable and repro-
ducible procedure for the estimation of such phenomenon have been
adopted yet.

With this study we have proposed a first attempt to define a sim-
ple, reproducible survey sampling procedure to estimate the total of
roaming dogs on an urban area. The procedure proposed was first im-
plemented through a pilot survey on a reduced portion of the city of
Palermo, Italy. Some imprecisions in data collection were identified,
so a few years later the study was replicated with same characteristics
and an enhanced data collection form.

A sample of sub-areas from the first district of Palermo has been
drawn by means of a FPDUST spatial sampling with selection proba-
bilities proportional to a size variable. For this sampling design exact
inclusion probabilities are not available, however they can be easily
estimated through Monte Carlo simulation.

The main estimation techniques discussed in this thesis were em-
ployed to obtain variance estimates for the total of roaming dogs.
Moreover, robust estimation was possible by means of the Robust
Horvitz-Thompson total estimator druT and the robust bootstrap.

A reduction in the estimated size of the roaming—dog population
was registered over the time period between the two studies. This was
expected due to the interventions promoted by the health authority
after the results of the first survey.

Although the work for this thesis let us obtain variance estimates
for the this survey and the results were satisfactory for local health
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authorities, further studies are required to improve the efficiency of
the survey, for example by defining stratification variables and bet-
ter size measures to improve precision. Also, the sampling design
might be replaced with the doubly balanced spatial sampling proposed
by Grafstrom and Tillé (2012). More work is also needed to extend
the survey to larger areas; this could be done, depending on avail-
able human and financial resources, either by including all the city
districts in the study or by means of a two—stage design with districts
as primary units and their sub—areas as second-stage units.



CONCLUSIONS

This thesis focused on variance estimation for the Horvitz-Thompson
total estimator in Unequal Probability Sampling, with particular fo-
cus on small population and the presence of outliers.

The motivation for this project came from a study carried out in
Palermo, Italy, which proposed a survey procedure for estimating
the roaming—dog total in the first city district. The study involved
an Unequal Probability Sampling design, the PPS FPDUST spatial
sampling, which however presented two issues. First, variance could
not be directly estimated because exact inclusion probabilities are not
available for this design. Second, observations presented some out-
liers.

By analysing the solutions available in literature, two of them ap-
peared particularly appealing for their general applicability: approxi-
mate variance estimators and the Monte Carlo method. Approximate
estimators are known to perform well with large populations and
under high-entropy designs, while other scenarios have not been ex-
plored broadly. The Monte Carlo method is extremely flexible and
asymptotically unbiased as the number of replicates increases, how-
ever its behaviour has not been largely studied under empirical sce-
narios.

We hypothesised that these two methods could be used comple-
mentarily, in the sense that approximate variance estimators should
probably be preferred with large populations and with high—entropy
designs, while the Monte Carlo method could behave better with
smaller populations. This hypothesis was assessed through an ex-
tensive simulation study that considered a large number of scenarios,
different for population and sampling size, coefficient of variation of
the target variable and size measure, and for the sampling designs
employed. Overall, the study confirmed our hypothesis, and sug-
gested that Monte Carlo estimates should be preferred with small
populations, while approximate estimators generally have better be-
haviour with larger ones.

Then, to reduce the sensitivity to outliers of our estimates, the Ro-
bust Horvitz-Thompson estimator was considered. An estimator for
its MSE was proposed, that in a simulation study showed to be gen-
erally less biased than the one provided by the authors of the robust
estimator. However, the bias was still too large for the estimator to be
considered reliable. Another MSE estimator was proposed that had
relatively low bias with large populations, but performed poorly with
smaller ones. Finally, a robust bootstrap approach was proposed, that
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in our simulations assumed reasonably low bias with small popula-
tions.

Finally, the results of the thesis were applied to the roaming-dog
survey. Variance estimates for the Horvitz—Thompson total have been
obtained through Monte Carlo approach and approximate variance
estimators and robust estimation have been achieved by employing
the Robust Horvitz-Thompson estimator and the robust bootstrap.



SAMPLING PROCEDURES

In this appendix are presented a few sampling procedures that were
mentioned but not described in the body of the thesis.

A.1 SIMPLE RANDOM SAMPLING WITHOUT REPLACEMENT

Given a population U = {1,...,N} with N units, random sampling
without replacement draws a sample s of size n with probability

Ps) = e
(W)

Each population unit is included in s with probability f = n/N, ac-
cording to the following procedure. At each step k, k =o0,...,n—1,
draw one unit from the population with probability py = x, then
remove the selected unit from the population and repeat, until the
sample is complete.

A.2 STRATIFIED RANDOM SAMPLING

Sometimes population units can be grouped, or stratified, by means
of additional information provided by a so called stratification variable.
If it is possible to stratify the population in such a way that units are
homogeneous within the strata and heterogeneous among them, then
a stratified sampling is usually more efficient that a simple random
sampling.

A stratified simple random sampling consists in dividing popula-
tion units in H strata and perform a simple random sample inside
each stratum.

For more information about stratified sampling and how to allocate
units to strata see Cochran (1977).

A.3 BREWER METHOD

Brewer, 1975 introduced a method for the selection of a sample of
size n with probability proportional to size and without replacement.
The method has simple working selection probabilities and first order
inclusion probabilities, but joint inclusion probabilities are hard to
compute for n > 2.
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A.3.1  Derivation of working probabilities

Let us define the following quantities:
P1 normed measure of size;

P1(r) working selection probability defined on the (n —r + 1)th draw
(the r-last draw);

The selection procedure described below is such that 7ty = nP; and
has working selection probabilities Pi(r) such that the conditional
probability of inclusion of the i-th unit in the last r draws, given
that it was not selected in the n —r, is

TPI

<1 B ngrpi)

where the p; are the sample values of the Pj.

Pr{l € s[r,n]|I ¢ s[1,7— 1]} = (A1)

The conditional probabilities of inclusion in the last v draws are therefore
proportional to the measures of size of the remaining (not yet selected) units.

The formulae for the working probabilities of selection are obtained
by induction. Let’s assume that the method works for (n — 1); select-
ing the first unit with working probability Pi(n), the probability of
including the Ith unit in the next (n — 1) draws, given that it hasn’t
been selected yet, is

N
(n—1)Py
m =nPy = Pr(n) + ) P (A.2)
~—— 11— P]
probability of selecting J71
unit I at first draw

conditional inclusion probability
for unit I in the next (n — 1) draws

Putting
Ui(n) = fI_(T;)I
N
Um) =) Ujn)
J=1

equation (A.2) becomes (for the proof, see Appendix A.3.4):

_ Piln— (n— nU(m)]

Ui(n) (1—mPy)

(A.3)

summing over (A.3),

N PI
U = [n— (- U] y_ L = an]
I=1



A.3 BREWER METHOD

putting T(n) = I\ [P1/(1 —nPy)] and collecting terms in U(n),
nT(n)

e DTy -

Substituting (A.4) in (A.3) we obtain the working selection probabili-

ties

Um) =

P1(1—Py)

me=am)1_nm (A.5)

where N
amyﬂqyun—nnm]1=z:if;$?. (A.6)

J=1

The Pr(n) sum to unity and each lies in the range o < Pi(n) < 1, as
o0 <nP; < 1and Py(n) < nPp = ;.

A.3.2  Sampling procedure

The procedure for selecting a sample of size n from population U
with Brewer’s method consists in selecting, at each selection step k, a
unit from the remaining ones with probability
Pi(1 —Py)
D®(1 —1P;)’
where 1 =n —k +1 and U® is the population at step k, consisting of

population U minus the units already included in the sample. More-
over,

iecu®

DM = Y Pi(1 —Pj)

1—1P;
jeu®
Thus, sample selection procedure is given by:

e Select the first unit with probability

N
Pi(1 —Py) . Pi(1 —Py)
P(1) - i i th D. = i i
v Dy(1—12Py)] wi ! — 1-nP;

o Let I; be the unit selected at first step. At the second step (k=2),
select unit i with probability

N

Pi(1 —Py) . Pi(1 —Py)

| AV th D, = LAY

o Dy(1—11Py)° wi 2 '%} 1—(n—1)P;
1 1

e At last step (k = n), select one unit with probability

N
P:(1 — P:
with Dp= Y ‘ALFQ
(L, L)

Pi(1 —Py)

piv = B
' Dn(l - Pi) ’
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A.3.3 Joint inclusion probabilities

For this selection procedure, joint probabilities of inclusion are as
follows:

1)

oty () = PI(“)T[II(% mn—1)

P
* ](TL) I—P]

N
+ ) PkmrPm-1 (A7)
KA1,J

where 7;(n — 1) = (n — 1)Pj is the unconditional probability of inclu-
sion of the Jth unit in a sample of (n — 1) units and njl(fp_l L (n;lp)rl
is the conditional probability of inclusion of the Jth unit in the last
(n — 1) draws, given that the Ith unit has been selected at first draw
(see equation (A.1)). 71(11;) is the joint probability of inclusion of the Ith
and Jth units in the remaining (n — 1) units, given that the Kth unit

was selected first. Equation (A.7) can be rewritten as:

N
() = (= DUP+ WP+ Y PrmmPn—1)  (A8)
KA1,]

Formula (A.8) can be applied recursively, until when only a single unit
remains to be drawn, at which point the final term disappears.
However, all possible samples of (n — 2) from the (N — 2) units other
than the 1th and the Jth must be considered when calculating myy. This sets
a serious limit to the usefulness of the method for n > 2.

A.3.4 Proofs
e Proof of equation (A.3):

N
nPr=Pi(n)+ ) P](n)i(nl__l)PI '

P 7
J71 J
N
P
nPr=  Pi(n) +Z T ]_(T;)I (n—1)Pg;

Uin)a—py 7
N

nPy = Usm(a — Py + (- Py ) I
JA1 J
N

nPp = Ui(n)(1 — P +m—1)Pr ) Ujn);
J#1

nPr = Uy(n)(1 — Pr) + (n — )Pr[UM) — Ur(n)];
nPr = Uy(n)(1 — Pp) + (n — )PrU(m) — (n — 1)PrUi(n);
nP_U(m)[(1 — Py) — Pi(n — )] + (n — 1)P1U(M) ;
nPr—(n—1)PiUn
UI(n) - 11— P(I—T'LIZI-IFP(I )
_Piln—(n—1Um)]

1 —nP;

Ur(m)




A4 RAO-SAMPFORD SAMPLING

e Proof of equation (A.6):

1+(n—1)T(M) nTm)—TMn)+1
n a n

[o]

1 r N P, N
- E TIZ 1 —TLPI Z 1— TLPI 1 -
L I= I=1 ZPI

r N
P1
") T

I=1

TI\/]Z

1—nP1+ZPI] )

1=

31n

Il
=R
I\/]z

TLPI PI + PI(I — TlPI) _
1—nPg -

»—4
Il
[

I\/]z
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1—nP; B

—
Il
[SY

M z

nPr—npPz| 1 inPI(I—PI) B
1—nP; | n —~ 1-nP; -
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A.4 RAO—-SAMPFORD SAMPLING

Rao-Sampford sampling (Rao, 1965; Sampford, 1967) is an UPS rejec-
tive procedure with fixed size, that is, units are selected with unequal
probabilities and with replacement and, if any unit is selected more
than once, the entire sample is rejected and the procedure starts over.
As any rejective design, it can be computationally very demanding,
but it has some advantages (Haziza et al., 2008):

e Inclusion probabilities 7t; are exactly proportional to the size
variable;

e Joint-inclusion probabilities 7t;; are strictly positive, which is
necessary for the existence of an unbiased variance estimator of
the Horvitz-Thompson total;

e The condition 7ty7t; — 745 > 0 is satisfied, which ensure that the
Sen—Yates—Grundy variance is nonnegative.

After computing probabilities p; = xi/) ;cy xi, Vi € U, the sam-
pling procedure selects unit i at the first step with probability p;, and
the successive k units, k = o,...,n — 1, with probability p;/(1 —np;i)
and with replacement. If any unit appears in the sample more than
once, the sample is discarded and the procedure starts over.
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A.5 RANDOMISED SYSTEMATIC SAMPLING

Randomised Systematic sampling is a variant of the Systematic de-
sign where population units are randomly ordered before sampling
(step 1 of the sampling procedure shown below). Systematic sam-
pling, which is represented by steps 2—4 of the following procedure,
has often lower variance than other designs included the SRS, but it
can produce biased variance estimates as many joint-inclusion prob-
abilities can be null.

Given a set of inclusion probabilities 7;, the Randomised System-
atic sampling procedure is:

1. Sort the list of population units in random order;

2. For each k =o,...,N, compute values

k
Wi=) m
i=1

clearly, W, = 0 and Wn =n;

3. Generate a random value u from an Uniform distribution on
(0,1];

4. Select all units that satisfy

W1 < u+j < W, j=0y...,m—1

Due to randomisation of the list, this design has high—entropy, but
joint-inclusion probabilities are too complex to compute. However,
Hartley and Rao (1962) derived an approximation for 7j; of order
O(N™4) (see section 2.6).



RESULTS FROM THE SIMULATION STUDY ON
VARIANCE APPROXIMATIONS

In this appendix are included the tables that report the results of
the extensive simulation described in chapter 3, which studies the
behaviour of the approximate variance estimators and of variance
estimates obtained through the Monte Carlo method.

Tables B.1 to B.6 give an overview of the results by presenting some
summary statistics of the distribution of RB, RS and MSE over all
scenarios, while tables B.7 to B.12 show these summaries divided by
sampling design.

The results of the simulation study are reported in details by ta-
bles B.13 to B.62, which show the Monte Carlo Relative Bias (RB),
Relative Stability (RS) and Mean Square Error (MSE) of the estima-
tors considered, by N, CV(X), CV(Y), sampling design and sampling
fraction.

In the tables, RB values greater than 5 and RS values greater than 1
are in bold. As the Horvitz-Thompson and Sen-Yates-Grundy vari-
ance estimators are design—unbiased, their RB was omitted. Further-
more, in some scenarios, under Tillé’s elimination procedure some
null joint-inclusion probabilities were produced, leading to inadmis-
sible values for the relative stability, which were omitted.

The nomenclature used for the approximate variance estimators is
consistent with the notation used in chapter 2, while vap1c; and vmc,
indicate the estimators obtained by using Monte Carlo 7tj; approxima-
tions with the Horvitz-Thompson and Sen—Yates-Grundy estimators,
respectively.
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Table B.1: Summary statistics for the distribution of Monte Carlo Relative
Bias of different variance estimators for the MUz273 population.

Estimator min 5% 25% 50% 75% 95%  max

VHT — — — — — — —
VSyG — — — — — — —
VMC1 001 0.08 o0.27 o0.57 116 266 17.14
VMC2 o 0.05 0.23 0.5 093 3.8 26.3
VD1 0 007 033 073 156 489 1237
VD2 o 006 027 0.67 143 495 1258
VD3 0.01 0.07 0.32 072 1.5 6.48 1845
VEP o 0.05 0.3 0.62 1.24 5.03 12.83
VBe o 007 0.29 0.59 1.25 4.97 12.64
VTi o 0.06 0.29 0.7 1.52 6.53 1843
VMT1 o 0.1 036 078 1.67 495 12.29
VMT2 0.01 0.07 0.32 071 1.5 6.47 18.45
VMT3 o 0.06 0.27 0.67 143 495 1258
VMTy 001 009 048 099 182 476 12.09
VMTs 0.01 0.08 045 1 1.88 475 12.02
VB; o 0.06 03 0.72 1.47 6.33 18.22
VBa o 007 037 084 171 6.1 17.88
VB3 o 003 028 0.69 1.6 6.66 1856
VBy 0.01 0.27 0.9 1.45 213 5.06 16.73

Table B.2: Summary statistics for the distribution of Monte Carlo Relative
Bias of different variance estimators for the Sukhatme population.

Estimator min 5% 25% 50% 75% 95% max

VHT — — — — — — —
VsyG — — — — — - —
VMC1 o 0.08 0.36 0.73 1.19 2.48 5.1
VMCa o 0.07 0.28 0.69 1.3 4.04 7.34
VD1 0.02 022 1.2 2.92 6.15 10.33 115
VD2 0.01 0.24 1.24 2.96 5.13 7.48 8.8
VD3 0.01 017 1.1 2.29 3.56 6.06 12.4
VEP 0.01 0.06 0.3 0.82 2.18 6.94 10.77
VBe o 0.1 0.47 0.98 1.9 5.67 8.64
VTi o 0.07 0.32 0.79 1.43 4.3 11.95
VMT1 o 0.25 1.48 3.79 6.82 11.38  12.89
VMT2 0.03 017 1.05 2.34 3.6 6.12 12.35
VMT3 o 0.24 1.22 2.97 5.22 7.64 9.05
VMTy 0.02 041 1.61 4.76 9.74 13.99 14.97
VMTs 0.01 036 175 4.22 9.42 14.62  16.13
VB: 0 0.16  1.16 2.85 4.54 6.55 11.47
VB2 0.01 021 1.6 4.57 7.24 11.09  12.39
VB3 o 0.1 0.43 0.88 1.95 5.17 12.6

VB, 3.04 85 1255 14.99 18.32 24.55 29.14
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Table B.3: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the MUz273 popula-

tion.
Estimator min 5% 25% 50% 75%  95% max
VHT 087 096 1 1.01  2.06 73.94 654.26
vsyG 1 1 1 1 1 1 1
VMC1 086 o097 101 1TII 3.61 97.2 661.75
VMCa 054 0.94 1 1 1.02  1.13 2.04
VD1 085 093 097 098 1 1.15 1.78
VD2 08 093 098 098 1 1.15 1.79
VD3 092 096 098 099 1 1.21 2.37
VEP 08 094 099 1 1 1.15 1.76
VBe 0.9 0.97 0.99 1 1 1.17 1.68
VT 096 0.99 1 1 101 1.2 2.16
VMT1 085 093 097 098 1 1.15 1.79
VMT2 092 096 098 099 1 1.21 2.37
VMT3 08 093 098 098 1 1.15 1.79
VMT, 085 093 096 097 0.99 1.14 1.76
VMTs 085 092 096 097 099 114 1.78
VB1 092 096 098 099 1 1.2 2.36
VB, 0.9 095 0.97 098 1 1.2 2.4
VB3 093 096 099 1 101  1.21 2.32
VB4 088 094 096 097 098 114 2.01

Table B.4: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the Sukhatme popu-

lation.
Estimator min 5% 25% 50% 75%  95% max
VHT 048 0.93 098 1.03 138 22,97 5843
VsYG 1 1 1 1 1 1 1
VMC1 043 092 098 104 131 22.88 53.99
VMC2 054 0.96 0.99 1 1.01  1.08 1.23
VD1 037 o077 o085 089 o097 112 1.25
VD2 037 o082 088 o091 097 113 1.27
VD3 038 086 091 094 1 1.15 1.34
VEp 036 085 096 099 1.01 T1.11 1.26
VBe 043 093 097 099 1 1.08 1.3
VTi 043 0.94 0.99 1 1.01  1.08 1.36
VMT1 037 o075 083 088 o097 116 1.28
VMT2 038 086 091 094 1 1.15 1.34
VMT3 037 0.82 0.88 09 0.97 1.12 1.27
VMT, 032 oy1 o079 085 094 1.08 1.23
VMTs 034 069 078 084 095 114 1.24
VB: 037 0.83 089 092 098 114 1.33
VB2 035 o075 o082 086 o0.97 121 1.38
VB3 0.4 091 0.96 098 1.01 1.1 1.33
VB4 0.24 0.56 0.7 o075 0.8 0.85 1.03
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Table B.5: Summary statistics for the distribution of Monte Carlo MSE of
different variance estimators for the MU273 population.

Estimator ~ min 5% 25% 50% 75% 95% max

VHT 3.61e+07 1.15e+08  6.24e+08  1.31e+10 2.74€+13  5.20e+16  4.96e+18
VsyG 9.49e+05 5.51e+06  1.59e+08  1.23e+10  2.74e+13  5.21e+16  5.02e+18
VMC1 3.64e+07  1.11e+08  6.45e+08  1.76e+10  3.43e+13  5.29e+16  5.09e+18
VMC2 9.46e+05  5.77e+06  1.61e+08  1.40e+10 2.78e+13  4.95e+16  6.57e+18
VD1 9.38e+05  6.23e+06  1.58e+08 1.38e+10 2.73e+13  5.09e+16  4.86e+18
VD> 9.38e+05  6.25e+06  1.58e+08  1.39e+10  2.74e+13  5.09e+16  4.86e+18
VD3 9.39e+05  6.67e+06  1.61e+08  1.41e+10 2.76e+13  5.09e+16  4.87e+18
VEpP 9.39e+05  6.26e+06  1.59e+08  1.42e+10 2.79e+13  5.18e+16  4.96e+18
VBe 9.48e+05  6.65e+06  1.62e+08  1.40e+10 2.77e+13  5.19e+16  4.95e+18
VTi 9.49e+05  7.04e+06  1.64e+08  1.41e+10 2.78e+13  5.20e+16  4.95e+18
VMT1 9.38e+05  6.23e+06  1.58e+08  1.37e+10 2.72e+13  5.08e+16  4.86e+18
VMT2 9.39e+05  6.67e+06  1.61e+08 1.41e+10 2.75e+13  5.09e+16  4.87e+18
VMT3 9.38e+05 6.25e+06  1.58e+08  1.39e+10 2.74e+13  5.09e+16  4.87e+18
VMTy 9.36e+05  6.22e+06  1.58e+08  1.36e+10 2.71e+13  5.00e+16  4.78e+18
VMTs 9.37e+05 6.21e+06  1.58e+08  1.35e+10 2.70e+13  5.02e+16  4.80e+18
VB; 9.38e+05  6.64e+06  1.61e+08 1.39e+10  2.74e+13  5.09e+16  4.87e+18
VB, 9.37e+05  6.60e+06  1.60e+08  1.37e+10 2.71e+13  5.02e+16  4.80e+18
VB3 9.39e+05  6.68e+06  1.62e+08  1.42e+10 2.78e+13  5.16e+16  4.93e+18
VB4 9.20e+05  6.43e+06  1.58e+08  1.37e+10 2.70e+13  4.89e+16  4.68e+18

Table B.6: Summary statistics for the distribution of Monte Carlo MSE of
different variance estimators for the Sukhatme population.

Estimator min 5% 25% 50% 75% 95% max

VHT 5.27e+10  1.23e+11  7.08e+11  1.54e+13  1.85e+15 5.40e+18  2.71e+20
VsSYG 4.53e+09  1.73e+10  4.31e+11  1.59e+13  1.85e+15 5.25e+18  2.81e+20
VMC1 5.26e+10  1.21e+11  6.68e+11  1.56e+13  1.85e+15 5.32e+18  2.63e+20
VMC2 4.73e+09  1.74e+10  4.19e+11  1.56e+13  1.81e+15 5.39e+18  2.32e+20
VD1 5.05e+09  1.74e+10  4.05e+11  1.38e+13 1.63e+15 4.40e+18  2.39e+20
VD2 5.16e+09  1.77e+10 4.17e+11  1.39e+13  1.66e+15 4.65e+18  2.41e+20
VD3 5.38e+09  1.82e+10 4.40e+11  1.40e+13  1.69e+15 4.87e+18  2.44e+20
VEpP 4.78e+09  1.87e+10  4.57e+11  1.40e+13  1.67e+15  5.40e+18  2.37e+20
VBe 4.90e+09  1.89e+10  4.51e+11  1.47e+13  1.84e+15 5.20e+18  2.80e+20
VTi 4.76e+09  1.93e+10  4.65e+11  1.48e+13 1.86e+15 5.40e+18  2.83e+20
VMT1 5.19e+09  1.71e+10 3.95e+11  1.39e+13 1.58e+15 4.24e+18  2.39e+20
VMT2 5.35e+09  1.82e+10  4.39e+11  1.40e+13  1.69e+15  4.86e+18  2.45e+20
VMT3 5.14e+09  1.77e+10 4.16e+11  1.39e+13  1.66e+15  4.64e+18  2.43e+20
VMTy 4.90e+09  1.69e+10  3.83e+11  1.33e+13  1.51e+15 4.06e+18  2.09e+20
VMTs 5.04e+09  1.67e+10 3.75e+11  1.36e+13 1.51e+15 3.93e+18  2.21e+20
VB: 5.25e+09  1.79e+10  4.28e+11  1.39e+13  1.68e+15 4.72e+18  2.41e+20
VB, 5.83e+09  1.72e+10 3.94e+11  1.36e+13  1.56e+15  4.24e+18  2.24e+20
VB3 4.76e+09  1.86e+10  4.63e+11  1.43e+13  1.77e+15 5.21e+18  2.60e+20

VB4 3.68e+09 1.58e+10 3.57e+11  1.02e+13  1.28e+15 3.71e+18  1.57e+20
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Table B.7: Summary statistics for the distribution of Monte Carlo Relative
Bias of different variance estimators for the MU273 population,
conditioned on sampling design.

Sampling Estimator min 5% 25%  50%  75%  95% max
VHT — — — — — — —
VsyG - — — - — — —
VMC1 0.02 0.09 021 0.4 1.18  2.78 17.14
VMCa o 006 021 04 0.9 1.78 9.35
VD1 o 006 0.3 057 095 1.57 2.13
VD2 o 0.03 019 049 0.9 1.38 1.81
VD3 001 006 032 061 1.11 3.01 3.58
VEp o 0.02  0.22 0.45 0.83 1.14 1.6
VBe 001 0.7 022 041 075 119 1.7

Brewer VTi 0.02 0.06 025 0.64 112 2.89 3.52
VMT1 001 0.07 032 0.56 1.15 1.82 2.39
VMT2 0.01 0.06  0.32 0.61 1.11 3.01 3.58
VMT3 o 0.03 019 049 0.9 1.38 1.81
VMT, 001 007 041 078 137 222 2.49
VMTs 0.01 0.08 0.39 0.76 1.55 2.33 2.75
VB1 0.01 0.03 0.23 0.62 1.08 2.73 3.46
VB2 001 0.09 0.3 0.65 1.45 2.72 3.36
VB3 o 002 025 0.63 1.04  3.08 3.56
VBy 0.04 023 075 1.14 1.81 2.28 3.66
VHT — — — — — — —
VsyaG - — - — - - -
VMC1 0.02 0.09 0.35 0.72 1.02 2.68 7.29
VMC2 0.01 0.04 0.25 0.57 0.89 6.64 25.05
VD; 001 0.08 0.6 1.68  4.21 8.48 12.37
VD, 001 009 058 176 427 8.6 12.58
VD3 0.01 0.07  0.65 2.05 5.89 12,18 1845
VEP o 0.06 0.6 215  4.63 88 12.83
VBe o 0.11  0.56 1.96  4.44 8.7 12.64

Tillé VT o 011 0.7 227 579 12 18.43
VMT1 o 0.13  0.58 1.53 4.3 8.45 12.29
VMT2 0.02 007 0.65 2.05 5.89 12.18  18.45
VMT; 001 0.08 058 1.76 427 8.6 12.58
VMTy 001 012 059 1.62 4.1 8.23 12.09
VMTs 003 011 054 1.44 416 8.2 12.02
VB1 0.01 0.09  0.61 2.03 5.65 12.05 18.22
VB2 0.03 0.1 0.63 1.83  5.13 12.05  17.88
VB3 0.01 0.07  0.64 2.29 5.82 12.06  18.56
VBy 0.04 03 1.07 225 422 1037  16.73
VHT - — — - — — —
VsyG - — — — - — —
VM C1 001 008 028 o057 111 25 3.71
VMC2 0.01 0.06 0.2 0.5 1.05 11.87  26.3
VD, o 0.03 0.2 0.47  0.74 1.69 2.08
VD2 o 0.04 02 041 069  1.43 17
VD3 0.01 0.06 0.27 0.63 1.2 3.52 4.96
VEp o 0.05 021 043 072 1.31 1.59
VBe o 0.03 0.2 0.44  0.69 1.33 1.61

CPS VT 001 0.04 034 0.63 1.23  3.28 5
VMT1 002 009 026 052 0388 1.83 2.37
VMT2 001 0.06 027 0.63 1.2 3.52 4.96
VMT; o 0.04 02 041 069  1.44 17
VMT, 0.02 0.1 0.38 0.65 1.23 2.13 2.67
VMTs 001 007 032 0.7 133 229 2.95
VB1 0.01 006 026 0.66 1.2 3.27 4.76
VB> 002 007 039 0.8 1.34  3.05 4.45
VB3 001 0.05 029 064 123 3.5 5.06
VBy 001 0.1 0.88 1.35 1.88  2.57 3.44
VHT — — — — — — —
Vsya — — — — — — —
VMC1 0.03 0.07 028 073 1.38  2.64 12.08
VMC:2 o 0.08 027 054 092 3.11 10.18
VD; 001 012 05 1.08 1.88  3.61 5.14
VD2 002 014 042 1.04 179 3.14 4.96
VD3 002 0.08 025 057 092 158 2.3
VEP 004 011 035 071 129  2.69 4.75
VBe 0.02 0.1 0.37 0.84 1.39 2.74 4.82

Rand. Sys. vy o 0.05 0.23 0.45 0.81 1.24 2.37
VMT1 0.05 012 057 119 209  3.64 5.2
VMTa2 0.02 0.08 025 0.57  0.92 1.58 2.3
VMT3 002 014 042 1.04 179  3.13 4.96
VMT, 001 0.08 068 143 231 3.82 5.37
VMTs 002 0.08 0.65 146 244  3.96 5.43
VB1 o 0.07  0.25 0.58 1 1.88 2.3
VB2 o 0.06 031 072 157 247 2.99
VB3 o 0.03 021 044 082 1.2 2.35
VBy 0.12 0.44 0.99 1.45 1.99 285 3.16
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Table B.8: Summary statistics for the distribution of Monte Carlo Relative
Bias of different variance estimators for the Sukhatme population,
conditioned on sampling design.

Sampling Estimator ~ min 5% 25% 50% 75% 95% max
VHT — — — — — — —
vsya — - — — — - -
VMC1 0.01 0.09 0.46 0.73 1.16 2.54 3.72
VMC2 0.01 0.15 0.42 0.76 1.18 4.76 7.24
VD, 0.02 0.28 1.08 3.24 6.34 9.84 11.33
VD2 0.04 0.29 1.05 2.46 4.92 7.18 7.53
VD3 0.04 0.15 1.06 2.01 3.34 5.01 5.9
VEp 0.02 0.04 0.28 0.62 1.07 5.41 7.71
VBe 0.01 0.11 0.52 0.78 1.39 2.62 6.24

Brewer VTi o 0.06 0.38 0.68 1.15 2 2.36
VMT1 0.1 0.3 1.41 3.72 6.76 11.31 12.84
VMT2 0.03 0.16 1.04 2.08 3.4 5.06 5.86
VMT; 0.02 0.32 1.06 2.49 4.99 7.35 7.84
VMT, 0.07 0.23 1.58 5.28 9.79 13.37  14.72
VMTs 0.07 0.35 1.33 4.67 9.83 14.62  16.06
VB 0.01 0.16 1 2.38 4.04 6.37 6.57
VB2 0.05 0.22 1.53 4.72 6.78 11.09  11.31
VB3 o 0.11 0.45 0.85 1.69 3.05 3.69
VB, 9.75 1115 1256 1514 17.89  24.91  27.41
VHT — — — — — — —
VsyaG — — — — — — -
VMC1 0.03 0.07 0.37 0.76 1.31 2.36 2.55
VMC2 0.03 0.07 0.39 1.05 1.84 4.03 6.44
VD1 0.02 0.22 1.57 2.65 5.63 9.1 11.34
VD> 0.32 0.61 1.68 2.96 5.08 6.57 8.42
VD3 0.1 0.37 1.75 2.94 4.36 8.47 12.4
VEP 0.05 0.23 1.4 2.25 4.31 7.29 10.77
VBe 0.04 0.23 1.03 2.06 3.71 6.83 8.64

Tillé VT 0.06 0.12 0.75 1.59 3.21 8.42 11.95
VMT1 0.08 0.45 1.58 3.54 5.94 10.35 12.8
VMT2 0.13 0.42 1.84 2.94 4.4 8.5 12.35
VMT; 0.29 0.56 1.7 2.98 5.12 6.72 8.38
VMTy 0.04 0.45 1.35 3.27 7.96 1257  14.72
VMTs 0.05 1.15 2.32 3.46 7-94 13.69  16.02
VBq 0.02 0.61 2.12 3.33 4.93 7.58 11.47
VB, 0.14 0.73 2.65 3.96 7.15 10.17  11.6
VB3 0.04 0.1 0.59 1.78 3.23 9.19 12.6
VB, 3.04 5.61 9.73 13.6 17.75 2448 2771
VHT — - — — — - -
vsyaG — - — — — — -
VMC1 o 0.08 0.3 0.72 1.17 1.86 5.1
VMC2 (o] 0.08 0.25 0.44 1.17 3.11 3.86
VD1 0.03 0.3 1.11 2.9 6.28 9.48 10.63
VD2 0.02 0.15 1.02 2.8 4.85 7.83 8.06
VD3 0.04 0.31 0.86 1.84 3.25 6.04 7.14
VEpP 0.01 0.03 0.23 0.5 1.16 5.15 9.06
VBe 0.01 0.05 0.45 0.77 1.34 2.62 3

CPS VTi [¢) 0.1 0.27 0.66 1.1 2.2 2.56
VMT1 o 0.15 1.37 3.77 7.35 10.97  12.21
VMT2 0.03 0.31 0.86 1.85 3.3 6.11 7.15
VMT; o 0.12 0.99 2.79 4.9 7.83 8.12
VMTy 0.15 0.6 1.92 5.36 9.76 14.04  14.36
VMTs 0.03 0.4 1.65 5.18 9.72 14.29  15.45
VB o 0.14 0.89 2.27 3.97 7.4 7.85
VB, 0.1 0.26 1.05 4.5 6.86 11.06 119
VB3 0.02 0.13 0.43 0.74 1.35 2.91 5.28
VB, 1013  11.35 12.97 15.07 18.37  25.21  29.14
VHT — — — — — — —
vsya — — — — — — —
VMC1 0.02 0.07 0.27 0.71 1.28 2.1 3.65
VMCa o 0.03 0.23 0.55 1.26 4.28 7.34
VD1 0.03 0.14 1.26 3.69 6.58 10.69 115
VD2 0.01 0.21 0.97 3.2 5.73 8.24 8.8
VD3 0.01 0.07 0.66 2.54 3.73 5.53 7.1
VEpP 0.01 0.08 0.26 0.6 1.81 5.3 6.98
VBe o 0.09 0.31 0.79 1.34 4.51 5.97

Rand. Sys. vy 0.01 0.04 0.21 0.52 1.07 2.02 3.09
VMT1 0.02 0.15 1.57 4.19 7.35 12.28  12.89
VMT2 0.03 0.09 0.68 2.42 3.77 5.34 7.1
VMT3 0.06 0.22 1.01 3.24 5.75 8.43 9.05
VMTy 0.02 0.5 1.58 5.26 10.45 14.09  14.97
VMTs 0.01 0.26 1.63 4.79 9.91 15.52  16.13
VB 0.01 0.16 0.57 3.17 4.98 6.1 7.37
VB, 0.01 0.14 1.02 5.06 8.27 1141 12.39
VB3 0.02 0.06 0.34 0.94 1.61 2.74 3.06

VB, 10.35 11.2 13.22  15.54 18.08  24.49 27.48
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Table B.9: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the MUz273 popula-
tion, conditioned on sampling design.

Sampling Estimator min 5% 25%  50%  75%  95% max
VHT 0.92  0.96 1 1.01 2.17 72.32 644.61
VsyG 1 1 1 1 1 1 1
VMC1 086 097 1 1.08 3.2 90.13 642.14
VMC2 082 093 0.99 1 1.03 1.28 1.56
VD4 085 089 097 098 0.99 1 1.06
VD, 086 089 o097 0.98 0.99 1 1.06
VD3 094 096 097 099 I 1.01 1.15
VEP 086 0.9 0.98 0.99 1 1.01 1.06
VBe 0.9 0.94 099  0.99 1 1 1.04

Brewer VT 099 099 1 1 1 1.01 1.01
VMT1 085 089 096 097 099 = 1.01 1.07
VMT2 094 096 097 099 1 1.01 1.15
VMT; 086 089 097 098 0.99 1 1.06
VMTy 0.85 0.89 0.96 0.97 0.98 1 1.06
VMTs 0.85 0.88  0.95 0.97 0.98 1 1.06
VB: 094 096 097 099 099  1.01 1.14
VB> 093 095 096 097 099  1.01 1.15
VB3 094 0.97 098 0.99 1 1.01 1.13
VB4 088 093 0095 096 0.97  0.99 1.08
VHT 087 096 1 1.05 2.21 72.69 603.09
VsyG 1 1 1 1 1 1 1
VMC1 0.87 0.97 1.02 1.15 5 102.02 609.86
VMCa 054 096 1 1 1.02 1.1 1.17
VD; 094 0.96 0.99 1.01 1.11 1.38 1.78
VD2 094 097 099 1.01 111 138 1.79
VD3 094 097 099 1.01 113 1.67 2.37
VEp 0.95 0.98 1 1.02 1.12 1.38 1.76
VBe 0.97 0.99 1 1.01 1.13 1.39 1.68

Tillé VTi 097 099 1 1.02 115 1.68 2.16
VMT1 094 096  0.99 1 1.1 1.38 1.79
VMT2 094 097 099 1.01 1.3 1.67 2.37
VMT; 0.94 0.97  0.99 1.01 1.11 1.38 1.79
VMT, 093 096 098 1 1.1 1.37 1.76
VMTs 0.93 0.95 0.98 1 1.1 1.37 1.78
VB, 0.94 096 0.99 1.01 1.13 1.66 2.36
VB, 0.93 0.95 098 1 112 1.65 2.4
VB3 0.95 097 1 1.02 1.14 1.66 2.32
VBy 092 094 097 099 1.1 1.48 2.01
VHT 092 096 1 1.01 1.88 70.62 635.98
VsyG 1 1 1 1 1 1 1
VMC1 0.92  0.96 1 1.09 3.4 88.02 642.73
VMC2 0.78 0.82 1 1 1.01 1.07 1.17
VD1 092 095 097 098 0.99 1 1.11
VD2 092 095 0.98 0.98 0.99 1.01 1.12
VD3 092 097 099 099 I 1.04 1.34
VEP 092 0.95 098 1 1 1.01 1.11
VBe 098 099 1 1 1 1 1

CPS VTi 0.96 1 1 1 1.01 1.08 1.18
VMT1 092 094 0.96 0.98 0.99 1.01 1.12
VMT2 092 097 099 099 I 1.04 1.34
VMT3 092 095 098 0.98 0.99 1.01 1.12
VMTy 091 094 096 0.97  0.99 1 1.11
VMTs 091 094 095 0.97  0.99 1 1.11
VB1 092 097 098 0.99 1 1.04 1.33
VB2 0.9 096 097 098 1 1.04 1.35
VB3 0.93 098 0.99 1 1.01  1.04 1.32
VB, 0.9 0.94 096 097 097 101 1.21
VHT 0.91 0.96 1 1 1.86 69.98 654.26
Vsyg 1 1 1 1 1 1 1
VMC1 0.9 0.97  1.01 1.1 3.62 97.14 661.75
VMCa 074 099 1 1.01  1.03 1.22 2.04
VD1 0.9 093 096 098 099 1 1.09
VD, 0.9 093 0.97 0.98 0.99 1 1.09
VD3 093 095 098 099 1 1.01 1.13
VEP 0.9 093 098 099 1 1 1.09
VBe 0.95 0.97 0.99 1 1 1 1.06

Rand. Sys. VTi 1 1 1 1 1 1 1
VMT1 0.9 0.92  0.96 0.97 0.99 1 1.09
VMT2 093 0.95 098 0.99 1 1.01 1.13
VMT3 0.9 0.93 097 098  0.99 1 1.09
VMT, 0.9 0.92 096 097 098 1 1.09
VMTs 089 092 095 0.96  0.98 1 1.09
VB, 092 095 098 0.98 0.99 1.01 1.13
VB2 092 094 096 097 099  1.01 1.13
VB3 0.93 096 0.99 1 1 1.01 1.13
VBy 092 093 095 096 097  0.99 1.12
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Table B.10: Summary statistics for the distribution of Monte Carlo Relative
Stability of different variance estimators for the Sukhatme popu-
lation, conditioned on sampling design.

Sampling Estimator min 5% 25% 50%  75%  95% max

VHT 0.9 094 098 1.03 152 2322 5843
VsyG 1 1 1 1 1 1 1
VM C1 089 092 098 102 1.23 2117 53.31
VMCa 0.77 094 099 1.01  1.03  1.09 1.23
VD1 081 082 085 088 095 117 1.21
VD, 0.82 0.83 0.88 0.9 0.96 1.18 1.23
VD3 083 084 0091 0.94 1 1.19 1.26
VEP 0.8 082 097 099 1.03 113 1.2
VBe 093 093 097 0.98 1 1.1 1.12
Brewer VTi 093 0.94 0.99 1 1.02  1.06 1.1
VMT1 0.8 081 083 085  0.95 1.24 1.28
VMT2 083 084 o091 094 1 1.19 1.25
VMT; 0.82 0.83 0.88 0.89 0.96 1.18 1.22
VMTy o071 074 079 084 093 114 1.19
VMTs 075 075 078 0.82 0.93 1.22 1.24
VB 082 083 089 0091 098 119 1.24
VB2 o77 078 081 084 096 127 1.38
VB3 087 088 096 0.98 1.01 1.11 1.16
VB4 052 056 o071 076 08 0.84 0.86
VHT 048 085 1.03 1.07 1.4 23.08 53.8
Vsyg 1 1 1 1 1 1 1
VMC1 043 085 1.01 1.08 1.44 23.07  53.99
VMC2 0.54 096  0.99 1 1.01 1.03 1.06
VD1 037 074 086 0.92 1.03 1.14 1.25
VD2 037 074 089 094 104 115 1.27
VD3 038 o077 092 0.99 1.06 1.18 1.34
VEP 036 082 095 1.01 1.08 1.17 1.26
VBe 043 087 096 1 1.04 1.16 1.3
Tillé VTi 043 088 o097 101 107 118 1.36
VMT1 037 073 083 0.9 1.04 1.15 1.26
VMT2 038 076 092 0.99 1.06  1.17 1.34
VMT; 037 075 089 094 104 115 1.27
VMTy 032 065 081 086 099 112 1.23
VMTs 034 068 08 085 101 112 1.24
VB: 037 074 09 096  1.06 1.17 1.33
VB2 035 069 084 089 1.04 1.19 1.32
VB3 0.4 081  0.96 1.01 1.06  1.18 1.33
VB, 0.24 057 0.69 0.76 0.81 0.97 1.03
VHT 088 093 098 1 122  20.86 50.62
VsyYG 1 1 1 1 1 1 1
VM C1 089 094 098 1.02 124 209 50.74
VMC2 096 098 1 1 1.01 111 1.17
VD1 076 077 085 0.89 0.96 1.09 1.14
VD2 082 082 087y 0.9 0.97 1.1 1.15
VD3 088 089 o091 093 0.99 112 1.17
VEp 086 087 096 0.99 1 1.03 1.09
VBe 093 095 098 099 1 1.02 1.04
CPS VT 096 097 1 1 1 1.02 1.04
VMT1 073 o075 082 088 097 115 1.19
VMT2 088 089 o091 0.93 0.99 1.12 1.17
VMT3 082 082 087y 0.9 0.97 1.1 1.15
VMT, 0.7 0.71 0.78 0.84 0.94 1.06 1.12
VMTs 068 069 078 084 0095 1.12 1.16
VB1 083 084 089 0.91 0.98 111 1.16
VB> o074 o075 082 085 097 119 1.29
VB3 093 094 095 098 1 1.04 1.06
VB, 0.55 0.6 068 o075 079 085 0.89
VHT 0.88 093 o097 1 122 18.26  45.85
VsyG 1 1 1 1 1 1 1
VMC1 0.88 093 o097 1 126  19.52  48.08
VMC2 082 096 0.99 1 1 1.03 1.09
VD1 oyy 081 085 089 094 1.08 1.13
VD2 083 083 087 o9 0.95  1.09 1.14
VD3 086 087 091 093 098 1.1 1.17
VEP 084 088 0095 098 099 1.07 1.09
VBe 094 095 098 099 1 1.01 1.03
Rand. Sys. vty 097 098 1 1 1 1.01 1.01
VMT1 074 078 083 087 094 114 1.17
VMT2 087 087 091 093 098 11 1.16
VMT3 083 084 087 o9 0.95  1.09 1.14
VMT, oy1 o074 o078 085 092 1.04 .11
VMTs 069 o072 078 084 093 112 115
VB, 084 085 089 0.91 0.96 1.1 1.15
VB2 0.75 076 0.81 0.85 0.96 1.19 1.28
VB3 092 093 096 097 099  1.03 1.05

VBy 056 059 0.7 074 078 083 0.85
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Table B.11: Summary statistics for the distribution of Monte Carlo MSE of
different variance estimators for the MU273 population, condi-
tioned on sampling design.

Sampling Estimator ~ min 5% 25% 50% 75% 95% max
VHT 5.16e+07  1.33e+08  6.45e+08  1.39e+10  2.78e+13  4.55e+16  4.96e+18
Vsyg 9.50e+05  7.16e+06  1.65e+08  1.38e+10  2.78e+13  4.60e+16  5.02e+18
VMC1 4.36e+07  1.22e+08  6.36e+08  1.64e+10  3.44e+13  4.60e+16  5.09e+18
VMC2 9.46e+05  6.84e+06  1.63e+08  1.37e+10  2.70e+13  6.08e+16  6.57e+18
VD1 9.39e+05  6.37e+06  1.58e+08  1.35e+10  2.73e+13  4.46e+16  4.86e+18
VD> 9.40e+05  6.38e+06  1.58e+08  1.36e+10  2.74e+13  4.47e+16  4.86e+18
VD3 9.41e+05  6.88e+06 1.62e+08 1.38e+10  2.76e+13  4.48e+16  4.87e+18
VEp 9.41e+05  6.40e+06 1.59e+08 1.39e+10  2.79e+13  4.55€+16  4.96e+18
VBe 9.50e+05  6.73e+06  1.64e+08  1.38e+10  2.77e+13  4.57e+16  4.95e+18

Brewer VTi 9.51e+05 7.19e+06 1.65e+08 1.39e+10  2.78e+13  4.57e+16  4.95e+18
VMT1 9.40e+05  6.37e+06  1.58e+08  1.34e+10  2.71e+13  4.44e+16  4.86e+18
VMT2 9.41e+05  6.88e+06 1.62e+08 1.38e+10  2.75e+13  4.48e+16  4.87e+18
VMT; 9.40e+05  6.38e+06 1.58e+08 1.36e+10  2.74e+13  4.47e+16  4.87e+18
VMT, 9.38e+05  6.35e+06  1.57e+08  1.33e+10  2.71e+13  4.41e+16  4.78e+18
VMTs 9.38e+05  6.35e+06 1.57€+08 1.32e+10  2.69e+13  4.39e+16  4.80e+18
VB1 9.40e+05  6.85e+06  1.62e+08  1.36e+10  2.74e+13  4.47e+16  4.87e+18
VB, 9.39e+05  6.82e+06  1.61e+08  1.34e+10  2.70e+13  4.40e+16  4.80e+18
VB3 9.41e+05  6.89e+06  1.63e+08  1.39e+10  2.78e+13  4.55e+16  4.93e+18
VBy 9.23e+05  6.61e+06 1.59e+08 1.34e+10  2.70e+13  4.37e+16  4.68e+18
VHT 3.61e+07  7.94e+07  5.56e+08  8.26e+09  2.63e+13  5.01e+16  3.59e+18
Vsyg 9.51e+05  5.28e+06  1.16e+08  6.96e+09  2.59e+13  4.98e+16  3.60e+18
VMC1 3.64e+07  8.91e+07  6.14e+08 1.90e+10  3.43e+13  5.01e+16  3.67e+18
VMCa 9.49e+05  5.39e+06  1.34e+08  1.22e+10  3.09e+13  4.20e+16  4.00e+18
VD; 9.39e+05  7.17e+06  1.59e+08  1.23e+10  3.03e+13  4.79e+16  3.53e+18
VD2 9.40e+05  7.21e+06  1.60e+08  1.23e+10  3.04e+13  4.79e+16  3.53e+18
VD3 9.40e+05  8.45e+06  1.76e+08  1.24e+10  3.05e+13  4.80e+16  3.53e+18
VEP 9.40e+05  7.22e+06  1.60e+08  1.25e+10  3.09e+13  4.88e+16  3.60e+18
VBe 9.49e+05  7.50e+06  1.62e+08  1.25e+10  3.07e+13  4.85e+16  3.60e+18

Tillé VTi 9.50e+05  8.70e+06  1.65e+08  1.25e+10  3.08e+13  4.85e+16  3.61e+18
VMT1 9.39e+05 7.17e+06 1.61e+08 1.22e+10  3.00e+13  4.78e+16  3.53e+18
VMT2 9.40e+05  8.45e+06  1.76e+08  1.24e+10  3.05e+13  4.80e+16  3.53e+18
VMT3 9.40e+05  7.21e+06  1.60e+08  1.23e+10  3.04e+13  4.79e+16  3.53e+18
VMT, 9.37e+05 7.11e+06 1.58e+08 1.22e+10  3.00e+13  4.74e+16  3.47e+18
VMTs 9.38e+05 7.12e+06 1.60e+08 1.21e+10  2.98e+13  4.74e+16  3.48e+18
VB1 9.39e+05  8.40e+06  1.76e+08  1.23e+10  3.04e+13  4.80e+16  3.53e+18
VB, 9.38e+05  8.35e+06  1.77e+08  1.21e+10  3.00e+13  4.75e+16  3.49e+18
VB3 9.40e+05  8.45e+06 1.74e+08 1.25e+10  3.09e+13  4.85e+16  3.58e+18
VBy 9.20e+05  7.78e+06  1.59e+08  1.21e+10  3.00e+13  4.66e+16  3.40e+18
VHT 4.23e+07  1.17e+08  6.37e+08  1.46e+10  2.70e+13  4.93e+16  3.89e+18
vVsyg 9.50e+05  6.67e+06  1.62e+08  1.44e+10  2.70e+13  4.93e+16  3.89e+18
VMC 4.25e+07  1.18e+08  6.55e+08 1.64e+10  2.77e+13  5.02¢e+16  3.89e+18
VMC2 9.50e+05  6.69e+06  1.62e+08  1.44e+10  2.79e+13  4.18e+16  3.16e+18
VDy 9.39e+05  6.31e+06  1.57e+08  1.41e+10  2.68e+13  4.83e+16  3.81e+18
VD2 9.40e+05  6.32e+06 1.57€+08 1.42e+10  2.68e+13  4.83e+16  3.81e+18
VD3 9.40e+05  6.79e+06  1.60e+08  1.44e+10  2.68e+13  4.84e+16  3.82e+18
VEP 9.40e+05  6.33e+06  1.58e+08  1.45e+10  2.71e+13  4.93e+16  3.89e+18
VBe 9.49e+05  6.65e+06  1.62e+08  1.42e+10  2.70e+13  4.93e+16  3.89e+18

CPS VTi 9.50e+05  7.10e+06  1.62e+08  1.44e+10  2.70e+13  4.93e+16  3.89e+18
VMT1 9.40e+05  6.30e+06  1.57e+08  1.40e+10  2.68e+13  4.82e+16  3.81e+18
VMT2 9.41e+05  6.79e+06  1.60e+08  1.44e+10  2.68e+13  4.84e+16  3.82e+18
VMT3 9.40e+05  6.32e+06  1.57e+08  1.42e+10  2.68e+13  4.83e+16  3.81e+18
VMTy 9.37e+05  6.29e+06 1.57€+08 1.39e+10  2.66e+13  4.75e+16  3.75e+18
VMTs 9.38e+05  6.29e+06  1.56e+08  1.38e+10  2.67e+13  4.76e+16  3.76e+18
VB1 9.40e+05  6.77e+06  1.60e+08  1.42e+10  2.68e+13  4.83e+16  3.81e+18
VB2 9.39e+05  6.74e+06  1.59e+08  1.40e+10  2.67e+13  4.77e+16  3.77e+18
VB3 9.41e+05  6.80e+06  1.61e+08  1.45e+10  2.70e+13  4.90e+16  3.86e+18
VB, 9.22e+05  6.54e+06  1.57e+08  1.39e+10  2.61e+13  4.66e+16  3.67e+18
VHT 4.88e+07  1.32e+08  6.63e+08  1.64e+10  2.68e+13  5.40e+16  4.16e+18
VsyG 9.49e+05  6.98e+06 1.66e+08 1.50e+10  2.70e+13  5.44e+16  4.19e+18
VMC1 4.99e+07  1.32e+08  6.66e+08  1.88e+10  2.71e+13  5.35e+16  4.01e+18
VMC2 9.50e+05  7.00e+06  1.64e+08  1.50e+10  2.77e+13  5.56e+16  4.46e+18
VD; 9.38e+05  6.41e+06  1.58e+08  1.50e+10  2.63e+13  5.30e+16  4.09e+18
VD2 9.38e+05  6.42e+06  1.59e+08  1.50e+10  2.64e+13  5.31e+16  4.09e+18
VD3 9.39e+05  6.64e+06  1.63e+08  1.50e+10  2.66e+13  5.31e+16  4.09e+18
VEP 9.39e+05  6.43e+06  1.59e+08  1.50e+10  2.69e+13  5.40e+16  4.16e+18
VBe 9.48e+05  6.78e+06  1.66e+08  1.50e+10  2.70e+13  5.43e+16  4.19e+18

Rand. Sys. VTi 9.49e+05  6.98e+06 1.66e+08 1.50e+10  2.70e+13  5.44e+16  4.19e+18
VMT1 9.38e+05  6.41e+06  1.58e+08  1.51e+10  2.61e+13  5.29e+16  4.08e+18
VMT2 9.39e+05  6.64e+06  1.63e+08  1.51e+10  2.66e+13  5.31e+16  4.09e+18
VMT3 9.38e+05  6.42e+06  1.59e+08  1.50e+10  2.64e+13  5.31e+16  4.09e+18
VMT, 9.36e+05  6.41e+06  1.58e+08  1.50e+10  2.61e+13  5.22e+16  4.01e+18
VMTs 9.37e+05  6.40e+06  1.58e+08  1.50e+10  2.59e+13  5.23e+16  4.03e+18
VB 9.38e+05  6.63e+06  1.63e+08  1.50e+10  2.64e+13  5.31e+16  4.09e+18
VB2 9.37e+05  6.60e+06 1.62e+08 1.50e+10  2.61e+13  5.23e+16  4.03e+18
VB3 9.39e+05  6.65e+06  1.64e+08  1.50e+10  2.68e+13  5.39e+16  4.14e+18
VBy 9.21e+05  6.52e+06  1.60e+08  1.46e+10  2.60e+13  5.12e+16  3.94e+18
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Table B.12: Summary statistics for the distribution of Monte Carlo MSE of
different variance estimators for the Sukhatme population, con-
ditioned on sampling design.

Sampling Estimator ~ min 5% 25% 50% 75% 95% max
VHT 6.93e+10  1.53e+11  7.30e+11  1.56e+13  1.74e+15  4.49e+18  1.96e+20
Vsya 4.53e+09  1.92e+10  4.78e+11  1.56e+13  1.78e+15  4.36e+18  2.08e+20
VMC1 5.87e+10  1.34e+11  6.54e+11  1.58e+13  1.76e+15  4.96e+18  1.92e+20
VMC2 4.73e+09  1.92e+10  4.67e+11  1.54e+13  1.78e+15  5.29e+18  1.61e+20
VD1 5.05e+09  1.74e+10  4.30e+11  1.41e+13  1.53e+15  3.71e+18  1.68e+20
VD2 5.16e+09  1.77e+10  4.37e+11  1.42e+13  1.57e+15  3.82e+18  1.71e+20
VD3 5.38e+09  1.82e+10  4.60e+11  1.43e+13  1.62e+15  4.01e+18  1.73e+20
VEP 4.78e+09  1.87e+10  4.64e+11  1.42e+13  1.67e+15  4.49e+18  1.67€+20
VBe 4.90e+09  1.89e+10  4.64e+11  1.51e+13  1.74e+15  4.26e+18  1.93e+20

Brewer VTi 4.76e+09  1.93e+10  4.82e+11  1.52e+13  1.76e+15  4.36e+18  1.95e+20
VMT1 5.19e+09  1.71e+10  4.21e+11  1.42e+13  1.49e+15  3.63e+18  1.70e+20
VMT2 5.35e+09  1.82e+10  4.59e+11  1.43e+13  1.61e+15  4.01e+18  1.73e+20
VMT3 5.14e+09  1.77e+10  4.36e+11  1.42e+13  1.56e+15  3.82e+18  1.71e+20
VMTy 4.90e+09  1.69e+10  4.17e+11  1.32e+13  1.45e+15  3.40e+18  1.48e+20
VMTs 5.04e+09 1.67e+10  4.07e+11 1.37e+13 1.43e+15  3.36e+18 1.58e+20
VB: 5.25e+09  1.79e+10  4.53e+11  1.42e+13  1.58e+15  3.80e+18  1.71e+20
VB, 5.85e+09  1.72e+10  4.27e+11  1.38e+13  1.47e+15  3.51e+18  1.60e+20
VB3 4.76e+09  1.86e+10  4.75e+11  1.47e+13  1.70e+15  4.29e+18  1.82e+20
VBy 3.84e+09  1.58e+10  3.83e+11  1.04e+13  1.30e+15  3.05e+18  1.07e+20
VHT 5.27€+10 1.17e+11 7.60e+11 1.62e+13 1.68e+15  4.28e+18 1.82e+20
Vsyg 4.99e+09  1.73e+10  4.31e+11  1.66e+13  1.61e+15  3.91e+18  2.18e+20
VMC1 5.26e+10 1.17€+11 7.64e+11 1.62e+13 1.68e+15  4.44e+18 1.85e+20
VM Ca 5.00e+09  1.74e+10  4.19e+11  1.67e+13  1.60e+15  4.04e+18  1.84e+20
VD: 5.07e+09  1.78e+10  4.04e+11  1.37e+13  1.45e+15  3.55e+18  1.61e+20
VD2 5.18e+09  1.81e+10  4.16e+11  1.38e+13  1.48e+15  3.66e+18  1.62e+20
VD3 5.38e+09  1.86e+10  4.40e+11  1.39e+13  1.53e+15  3.83e+18  1.64e+20
VEP 4.82e+09  1.91e+10  4.68e+11  1.40e+13  1.60e+15  4.28e+18  1.59e+20
VBe 4.94e+09  1.91e+10  4.50e+11  1.46e+13  1.62e+15  4.06e+18  1.89e+20

Tillé VTi 4.81e+09  1.95e+10  4.64e+11  1.47e+13  1.64e+15  4.17e+18  1.91e+20
VMT1 5.20e+09  1.75e+10  3.94e+11  1.38e+13  1.41e+15  3.47e+18  1.60e+20
VMT2 5.35e+09  1.86e+10  4.38e+11  1.39e+13  1.52e+15  3.83e+18  1.65e+20
VMT3 5.15e+09  1.81e+10  4.15e+11  1.38e+13  1.48e+15  3.65e+18  1.63e+20
VMTy 4.92e+09  1.72e+10  3.82e+11  1.29e+13  1.37e+15  3.25e+18  1.41e+20
VMTs 5.05e+09  1.70e+10  3.74e+11  1.33e+13  1.35e+15  3.21e+18  1.48e+20
VB 5.26e+09  1.83e+10  4.27e+11  1.38e+13  1.50e+15  3.71e+18  1.62e+20
VB2 5.83e+09  1.76e+10  3.94e+11  1.34e+13  1.39e+15  3.35e+18  1.50e+20
VB3 4.80e+09 1.90e+10  4.62e+11 1.43e+13 1.61e+15  4.10e+18 1.75€+20
VBy 3.99e+09  1.58e+10  3.55e+11  1.01e+13  1.24e+15  2.92e+18  1.06e+20
VHT 5.81e+10 1.35€+11 6.61e+11 1.48e+13 1.85e+15  5.40e+18 1.57€+20
Vsyag 4.79e+09  1.92e+10  4.62e+11  1.50e+13  1.87e+15  5.44e+18  1.51e+20
VMCt 5.82e+10 1.35e+11 6.66e+11 1.50e+13 1.85e+15  5.57e+18 1.56e+20
VMC2 4.74€+09  1.92e+10  4.71e+11  1.50e+13  1.85e+15  5.77e+18  1.67e+20
VD 5.10e+09  1.74e+10  4.23e+11  1.40e+13  1.63e+15  4.45e+18  1.32e+20
VD2 5.22e+09 1.78e+10  4.30e+11 1.41e+13 1.66e+15  4.66e+18 1.34€+20
VD3 5.43e+09  1.82e+10  4.53e+11  1.42e+13  1.70e+15  4.87e+18  1.36e+20
VEP 4.83e+09  1.87e+10  4.56e+11  1.39e+13  1.70e+15  5.40e+18  1.31e+20
VBe 4.96e+09  1.89e+10  4.57e+11  1.50e+13  1.84e+15  5.32e+18  1.49e+20

CPs VTi 4.81e+09  1.93e+10  4.75e+11  1.50e+13  1.86e+15  5.41e+18  1.51e+20
VMT1 5.24e+09  1.72e+10  4.14e+11  1.41e+13  1.58e+15  4.20e+18  1.35e+20
VMT2 5.40e+09  1.82e+10  4.52e+11  1.42e+13  1.70e+15  4.86e+18  1.36e+20
VMT3 5.19e+09  1.77e+10  4.29e+11  1.41e+13  1.66e+15  4.65e+18  1.34e+20
VMTy 4.94e+09  1.69e+10  4.10e+11  1.31e+13  1.51e+15  4.10e+18  1.16e+20
VMTs 5.08e+09  1.67e+10  4.03e+11  1.36e+13  1.51e+15  3.98e+18  1.25e+20
VB 5.30e+09  1.79e+10  4.46e+11  1.41e+13  1.68e+15  4.72e+18  1.34e+20
VB2 5.91e+09  1.73e+10  4.26e+11  1.36e+13  1.56e+15  4.26e+18  1.27e+20
VB3 4.81e+09  1.86e+10  4.67e+11  1.45e+13  1.78e+15  5.21e+18  1.42e+20
VBy 3.86e+09 1.58e+10  3.77e+11 1.02e+13 1.28e+15  3.71e+18  8.24e+19
VHT 5.96e+10  1.31e+11  6.53e+11  1.58e+13  1.86e+15  4.31e+18  2.71e+20
VsyG 4.94e+09  1.95e+10  4.79e+11  1.57e+13  1.85e+15  4.45e+18  2.81e+20
VMC1 6.11e+10  1.38e+11  6.65e+11  1.60e+13  1.86e+15  4.21e+18  2.63e+20
VMC2 4.76e+09  1.95e+10  4.82e+11  1.55e+13  1.85e+15  4.57e+18  2.32e+20
VD: 5.10e+09 1.75e+10  4.08e+11 1.46e+13 1.62e+15  3.77e+18  2.39e+20
VD2 5.22e+09  1.78e+10  4.19e+11  1.48e+13  1.66e+15  3.83e+18  2.41e+20
VD3 5.45e+09  1.83e+10  4.41e+11  1.49e+13  1.71e+15  3.89e+18  2.44e+20
VEP 4.81e+09  1.88e+10  4.68e+11  1.46e+13  1.79e+15  4.06e+18  2.37e+20
VBe 4.94e+09  1.91e+10  4.70e+11  1.56e+13  1.84e+15  4.41e+18  2.80e+20

Rand. Sys. vy 4.78e+09 1.95e+10  4.79e+11 1.56e+13 1.85e+15  4.47e+18  2.83e+20
VMT1 5.25e+09  1.72e+10  3.97e+11  1.48e+13  1.58e+15  3.77e+18  2.39e+20
VMT2 5.42e+09  1.82e+10  4.40e+11  1.49e+13  1.71e+15  3.90e+18  2.45e+20
VMT3 5.20e+09  1.78e+10  4.18e+11  1.47e+13  1.66e+15  3.84e+18  2.43e+20
VMTy 4.93e+09  1.y0e+10  3.86e+11  1.37e+13  1.54e+15  3.32e+18  2.09e+20
VMTs 5.08e+09  1.67e+10  3.77e+11  1.42e+13  1.51e+15  3.49e+18  2.21e+20
VB 5.32e+09  1.79e+10  4.28e+11  1.48e+13  1.68e+15  3.83e+18  2.41e+20
VB2 5.95e+09  1.73e+10  3.95e+11  1.43e+13  1.56e+15  3.55e+18  2.24e+20
VB3 4.79e+09  1.87e+10  4.64e+11  1.52e+13  1.80e+15  4.13e+18  2.60e+20
VBy 3.68e+09  1.58e+10  3.58e+11  1.02e+13  1.33e+15  2.95e+18  1.57e+20
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Table B.13: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

MUz273 population (N = 273), CV(Y) = 1.29, CV(X) = 1.27

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 101 3.9e+13 — 0.99  4ie+11  — 0.99  4e+10 — 101 14e+10  — 101 5.1e+09
vsve — 1 3.9e+13  — 1 42e+11  — 1 41e+10  — 1 14e+10  — 1 5e+09
VMC1 0.96  3.7e+13 -1.62 086  3.6e+11 0.98  ge+10 032 098  14e+10 038 0.99  5e+09
VM 121 47e+13  -179 09  38e+11 103 42e+10 051 099 14e+10 0 099  5e+09
VD: 098 38e+13 -0.73 097 4e+11 096  3.9e+10 -0.21 097 1.3e+10  -0.9 0.98  4.9e+09
VD2 098 3.8e+13 -065 097 4.1e+11 0.97  3.9e+10  0.31 098  1.4e+10 -0.1 0.99  5e+09
Vs 098  38e+13  -0.53 097  4ie+11 098 geti0 083 1 14e+10 136 101 5e+09
VEP 101 3.9e+13 019 099  4.1e+11 0.99  4e+10 119 101 14e+10 071 101 5.1e+09
VBe 0.99  3.9e+13  0.23 0.99  4.2e+11 1 4.1e+10 075 1 1.4e+10 -0.08 1 5e+09
Brewer Vi 099  39e+13 03 1 420411 1 416410 112 101 146410 116 1.01  5e+09
VMT1 098 38e+13  -089 096 ge+11 0.96  3.9e+10  -0.4 0.97 1.3e+10  -1.09  0.97  4.9e+09
VMT2 098 3.8e+13 -0.53 097 4.1e+11 0.98  ge+10 0.83 1 1.4e+10  1.36 1.01  5e+09
VmTs 098  38e+13  -0.64 097  gie+il 097 39e+10 032 098 14e+10  -0.1 099  5e+09
VMTy 096  3.8e+13  -1.36 095  4e+11 0.95 3.9e+10 -081 096 1.3e+10 -1.44 0.97  4.8e+09
VMTs 0.97 3.8e+13 -148 0095 ge+1i1 0.95 3.8e+10 -1 096 13e+10 -1.63 096 4.8e+09
Vi 098  38e+13 062 097  gie+it 097 39e+10 03 099 14e+10 056 099  5e+09
VB2 097 38e+13  -1.37 095 4e+11 0.95  3.9e+10 -0.53 097 13e+10 -0.19  0.97  4.9e+09
VB, 099  3.9e+13 013 099  4.1e+11 099  4e+10 114 1 14e+10 131 101 5e+09
Viy 004 37€+13  -1.92 095  4e+1t 214 095 39e+10  -098 097 13e+10  -087 097  4.9e+09
VHT —_ 101 4.5e+13 — 0.96  3.5e+11 — 101 38e+10 — 1 1.3e+10 — —_ —_
vsva — 1 456413 — 1 J7et1n — 1 37et10  — 1 13e+10  — — —
v 3 107 48e+13 244 101 37e+11  -063 1.03 38e+10 065 099 1.2e+10 055 —  5.5e+09
VMC2 -6.66 074  3.3e+13 143 0.98  3.6e+11 -0.98 104 3.9e+10 035 096  1.20e+10 -039 — 5.5e+09
VD: 0.16 0.99  4.4e+13 0.5 0.94 3.5e+11  -1.76  1.01  3.7e+10 -0.39 097 1.2e+10 -1 — 5.4e+09
VD2 018 099  44e+13 059 004 35e+11  -152 101 38e+10 013 098  12e+10 0.2  —  55e+09
VD3 0.2 0.99  4.4e+13 071 0.95  3.5e+11 -1.23 102 3.8e+10 0.64 0.99  1.2e+10  1.25 —_ 5.5e+09
VP 0.99 101 4.5€+13 1.44 0.96  3.5e+11  -0.64 1.03 3.8e+10 0.99 1 1.3e+10  0.63 — 5.6e+09
Ve 101 101 45e+13 139 097  3.6e+i1  -127 101 38e+10 043 1 120410 033 —  5.5e+09
Tille vTi 1.02 1.01  4.5e+13  1.47 097 3.6e+11  -0.97 1.0z 38e+10 084 1 1.3e+10  0.96 — 5.5e+09
VMT: 0.22 0.99  4.4e+13  0.35 0.94  3.4e+11  -1.93 1 3.7e+10 -0.58 096  1.2e+10 -1.19 — 5.3e+09
VMTa 0.2 099  44e+13 071 095 35e+11  -123 1.02  38e+10 064 099 1.2e+10 125 —  5.5e+09
VMT3 0.18 099  4.4e+13  0.59 0.95  3.5e+11 -1.52 101 38et+10 0.3 098  1.20+10 -0.2 —_ 5.5e+09
VMTy -0.72 097 4.3e+13 -0.14 093 3.4e+11  -236 099 3.7e+10 -1 0.96  1.2e+10 -1.54 — 5.3e+09
VmTs 038 097 43e+13 025 003 34e+11 252 099 37e+10 -1i8 095 1.2e+10 -173 —  5.3e+09
VB 0.18 0.99  4.4e+13  0.62 0.95  3.5e+11 -1.47 101 38e+10 o0.12 098  1.2e+10 044 —_ 5.5e+09
VB2 -0.36 097 4.3e+13 -0.14 0.93 3.4e+11  -226 099 3.7e+10 -0.71  0.96  1.2e+10 -0.31 — 5.4e+09
Vi, o072 1 456413 138 096  35e+11  -0.69 1.03 38e+10 095 1 13e+10 12—  56e+09
VBy -1.92  0.95  4.2e+13  -0.71  0.92  3.4e+11 -2.74 099 3.7e+10 -1.17 096  1.2e+10 -0.97 — 5.4e+09
VHT — 0.99  2e+13 — 1.02  3e+11 — 098  53e+10  — 1.01  1.5e+10 — 1.01  5.7e+09
vsve — 1 21e+13  — 1 3e+11 — 1 5.4e+10  — 1 14e+10  — 1 5.7€+09
vMC 3.58 122 25e+13  -0.37 1.09  3.2e+11 -0.73 0.99 5.4e+10 -0.32  1.05 1.5e+10  1.16 1.03  5.8e+09
VMCa 0.03 085  17e+13  -3.1 091  27e+11  -037 103 56e+10  -1.01 1 1.4e+10  1.25 1.03  5.8e+09
VD1 0.45 0.97  2e+13 -1.72 099  29e+11  -1.52  0.96  5.2e+10 -1.97 098  1.4e+10 -0.59 0.97  5.5e+09
VD2 0.47 0.97  2e+13 -1.63 1 2.9e+11 -1.28 096 5.2e+10 -1.46 0.9 1.4e+10 0.2 0.98  5.6e+09
VDs 0.49 0.97  2e+13 -1.51 1 3e+11 -1 0.97 5.3e+10  -0.94 1 14e+10  1.64 1 5.7€+09
VEp 1.19 0.99  2e+13 -079 1.0z 3e+11 -041 098 53e+10 -0.59 101  1.5e+10  1.04 1 5.7€+09
VBe 135 1 2.1e+13 -1.09 1 3e+11 -042 1 5.4e+10  -1.34 099  1.4e+10 0.1 0.98  5.6e+09
CPs VTi 1.36 1 2.1e+13 =099 1 3e+11 -027 099 5.4e+10  -0.85 1 1.4e+10  1.36 0.99  5.6e+09
VMT: 052 097 2e+13 4186 099 29e+11 -1yl 095 52e+10 -216 097 1.4e+10  -079 096  5.5+09
VMT2 0.49 0.97  2e+13 -1.51 1 3e+11 -0.99 097 53e+10 -0.94 1 1.4e+10  1.64 1 5.7e+09
VMT3 0.47 0.97  2e+13 -1.63 1 2.9e+11 -1.28 096 5.2e+10 -146 0.9  1.4e+10 0.2 0.98  5.6e+09
VMTy -043 096  2e+13 -2.34 098  209e+11  -212 095 5.1e+10  -2.56 097 1.4e+10 -1.14 0.96  5.4e+09
VMTs -009 096  2e+13 -245 098  2.9et+11 -2.3 0.94 5.1e+10 -2.75 096 1.4e+10 -1.33 0.95  5.4€+09
VB 0.47 0.97  2e+13 -1.6 1 2.9e+11  -1.24  0.97 5.2e+10 -1.45 0.9 1.4e+10  0.83 0.98  5.6e+09
Via 006 096 20413 233 098 29e+11 204 095 51e+10 228 097 1.4e+10 007 097  5.5e+09
VB3 1 0.99  2e+13 -0.87 101 3e+11 -0.44 098 53e+10 -0.63 1.01 1.4e+10  1.59 1 5.7e+09
Viy -1.66 094  1.9e+13  -2.91 0.97 2.9e+11  -248 095 5.1e+10  -2.71 0.97 1.4e+10 -0.59 0.96  5.5e+09
Vit — 098 20413 — 1 g5e+11 — 1 440410 — 099 1et10  — 1 5.5e+09
vsva — 1 21e+13  — 1 45et11 — 1 44et10  — 1 1e+10 — 1 5.5e+09
vmer 266 131 27e+13  -054 103  46e+11  -0.04 102 45e+10 076 097 1e+10 082 103  5.7e+09
VMmea 511 074 15e+13 34 138 620411 072 108 48¢+10 027 097 1e+10 146 107  5.8e+09
VD: -0.11  0.97  2e+13 -1.85 098  4.4e+11 -1.05 097 4.3e+10 -0.69 096 1e+10 -1.01 097  5.3e+09
Vba 01 097 2e413  -176 098 44e+11 081 098 43e+10  -0.17 097 1e+10  -022 098  5.4e+09
vp; 008 097 20413 “1.64 099  44e+11  -052 098  44e+10 034 099  1e+10 122 1 5.46+09
Vip 0.65 0.98  2e+13 -0.92 1 4.5e+11  0.07 1 4.4e+10  0.68 0.99  1e+10 0.6 1 5.5e+09
Vie o076 1 210413 106 1 450411 -0.05 1 440410 039 1 le+i0 007 1 5.50+00
Rand. Sys.  vrq o771 210413 097 1 450411 012 1 44e+10 0y 1 leti0 115 1 5.50+09
VMT: -0.05 0.97 2e+13 -2.01 098  4.4e+11 -1.24 096 43e+10 -0.87 096 1e+10 -1.2 0.96  5.2e+09
VM 008 007 20413  -164 009 44e+11 052 098 44e+10 034 099 1eti0 122 1 5.40+00
VMT3 -0.09 097  2e+13 -1.76 098  4.4e+11 -0.81 098 43e+10 -0.17 097  1e+10 -0.22 098  5.4e+09
VMTy -0.99 095  2e+13 -2.47 097  4.4e+11 -1.66 096  4.2e+10 -1.29 0.95 9.9e+09  -1.55 0.96  5.2e+09
VmTs 065 096 20413 26 096 43e+11  -1.83 005 42e+10 -146 095 0.0e+09  -174 095  5.2e+09
VB -0.1 0.97  2e+13 -1.73 098  4.4e+11 -0.77 098 43e+10 -018 098  1e+10 0.42 0.98  5.4e+09
VB2 -0.63 096  2e+13 -248 097  4.4e+11 -1.57  0.96  4.3e+10 -1 0.96  1e+10 -0.33 096  5.3e+09
Vi, 043 098 20413 -0.98 1 450411 003 1 44et10 064 099 lett0 117 1 5.50+00
VBy -2.21 094 1.9e+13  -3.02 096  4.3e+11 -2.03 096 4.2e+10 -148 096  1e+10 -1 0.96  5.3e+09
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Table B.14: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 1.29, CV(X) = 1

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.99 58e+16 — 1 6.8e+14 — 1 1e+14 —_ 1 2.8e+13  — 1 1.2e+13
Vsva — 1 5.9e+16 — 1 68e+14  — 1 1er14  — 1 28e+13  — 1 120413
VM 0.12 099 58e+16 023 099 67e+t14 038 102  1e+14  -053 099 27e+13 05 103  1.3e+13
VMCa -9.35 133 7.8e+16 -052 104 7.1e+14 177 1.09 1.le+14 -1.76 097 2.7e+13 -0.25 103  1.3e+13
Vor 083 098 57e+16 -023 098 67e+14 138 0098  1e+14  -004 008 27e+13 -206 098  1.2e+13
VD2 -0.82 098  57e+16  -0.19 098  67e+14 -1.28 098  1e+i4 -0.74 099  27e+13  -17 099  1.2e+13
Vs 081 098 5ye+16  -01 098 67e+i4 -107 099  1e+1q  -0.35 099 28e+13  -1.05 1 126413
vip 011 099 58e+16 055 1 68e+14  -05 1 1e+14 007 1 28e+13  -089 101 1.2e+13
VBe 018 099 58e+16 043 099 6.8et1s -068 1 1e+14  -023 1 28e+13 12 1 1.20413
Brewer VTi -0.17 0.99 5.8e+16 048 1 6.8e+14 -055 1 1e+14 0.05 1 2.8e+13  -0.75 1 1.2e+13
VMT1 -0.91 0.97 5.7e+16  -0.51 097 6.6et14 -1.69 0.7  1e+iq -1.25 098  27e+13  -237 0.97  1.2e+13
VM 081 098 57e+16  -0.1 098 67e+14 -1.07 099 1e+i4  -035 099 28e+13 -1.05 1 1.2e413
VMTs -0.82 098 57e+16  -0.19 098  6.7e+14 -1.28 098  1e+14 -074 099  27e+13  -17 0.99  1.2e+13
VMT4 -137 097  57e+16  -062 097 66e+is 176 097  99e+13  -131 098 27413 242 097  1.2e+13
VMTs s128 097 57e+16  -088 097 6.6et14 -205 097 99e+13  -1.62 097 276413 273 097  1.2e+13
VB -0.82 098 57e+16  -0.15 098 6.7e+14 -1.17 098  1e+14 -0.55 099 27e+13  -1.4 0.99  1.2e+13
VB2 -1.27 0.97 5.7e+16 -0.79 0.97 6.6e+14 -1.85 097 9.9e+13 -1.23 0.97 2.7e+13 -2.09 098  1.2e+13
Vi, 037 099 58e+16 05 1 68e+14 0.5 1 leri4 014 1 28413 071 1 1.2e413
Vi, 234 095 5.6e+16 -1.04 097 6.6e+14 -2 097 9.9e+13 -1.37 097 27e+13 221 097  1.2e+13
Vit — 101 68e+16 — 101 6get1y — 097 89e+13 — 1 J1e+13  — B —
Vsva — 1 67e+16 — 1 68e+14 — 1 g1e+13 — 1 J1e+13  — B —
VMC1 -0.33 1 6.7e+16  0.65 1.02  6.9e+14 -0.63 097 8.9e+13 -0.09 099  3e+13 0.57 — 1.2e+13
VMCa -25.05 0.68 4.5e+16 212 113 7.7e+14 085 1.04 9.5e+13  -0.35 101  3.1e+13  -0.32 — 1.2e+13
Vou -1.09 099  67e+16  -02 1 68e+14 -058 097 88e+13 009 099 313 019  — 1.2e+13
VD2 -1.08 099 67e+16  -016 1 68e+14 -047 097 88e+13 03 099 3e+13 056  — 126413
vDs o7 1 67e+16  -007 1 68e+14 -025 097 89e+13 068 1 3ae+13 123 —  1.2e+13
Vip 031 101  68e+16 058 101  69et1 0.3 098  ge+13 111 101 3ae+13 139 — 12413
VBe -0.56 101 6.8e+16 045 1.01  6.9e+14 021 0.98  ge+13 0.79 1 3.1e+13 078 — 1.2e+13
Tillé Vi 055 101 68e+16 05 101 69et14 033 098  ge+13 106 1 Jae+13 135 —  1.2e+13
VM -6 099 67e+16 -048 099 67e+14 -088 096 88e+13 -022 098 3e+13  -013 — 1.20+13
VMT2 -107 099  6ge+16  -0.07 1 68et+14 -026 097 89e+13 068 1 31e+13 123 — 1.2e+13
VMTs -1.08 099 67e+16  -016 1 68e+14 -047 097 88e+13 029 099 3e+13 055 — 120413
VMTy 4163 098  6.6e+16  -059 099 67e+14 -095 096 B87e+13 028 098 3e+13 018 —  L2e+13
VMTs -1.52 099 6.6e+16 -085 098 6.7et14 -1.25 095 8.7e+13 -0.59 097  3e+13 -0.5 — 1.2e+13
Vi S1.08 099 6ye+16  -012 1 68e+14 -036 097 88e+13 048 099 3e+13 086 —  12e+13
Via “1.51 099 6.6e+16 -076 099 67e+14 -1.04 095 B7e+13 -022 098 3e+13 016  — 1.20+13
Ve, 065 1 67¢+16 053 101 69e+is 031 098 9e+13 118 101 3ae+i3 157  —  12e+13
Vi 262 096 6.5e+16  -1.01 098 67e+i4 -12 095 B87e+13  -035 098  3e+13 004 — 126413
VhT — 1 67e+16 — 1 83e+t14 — 1 ge+13  — 1 28e+13  — 1 13e+13
VsyG — 1 6.7e+16  — 1 8.3e+14 — 1 9e+13 — 1 2.8e+13 — 1 1.3e+13
VMCt 0.27 1 6.6e+16  -1.91  0.95 7.9e+14 132 1.03 93e+13 -021 099 2.8e+13 077 0.99  1.2e+13
vmes 263 078 520416 142 11 gde+i4 206 108  0.8e+13  -0.42 102 28e+13 121 102 L3e+13
VD, 024 099 66e+16 -067 099 82e+14 -0.58 099 B89e+13 -088 008 27e+13 0.1 097  1.2e+13
Vb2 023 099 6.6e+16 -062 099 8.2e+14 -047 099 B9e+13  -0.69 098  27e+13 026 098  1.2e+13
VDs 021 099 6.6e+16 -054 099 8.2e+14 -025 099 B89e+13 029 099 28e+13 091 099  1.2e+13
VP 0.49 1 6.7e+16  0.12 1 8.3e+14 031 1 9e+13 0.12 1 2.8e+13 109 1 1.3e+13
VBe 043 1 6.6e+16  -008 1 83e+14 O 1 ge+13 006 1 28e+13 074 099  1.3e+13
CPs vri 043 1 67e+16  -0.02 1 83e+14 o017 1 ge+13 019 1 28e+13 119 1 130413
VMT 033 098 65e+16  -095 098 Sae+14 -0.88 098 B88e+13 12 097 27e+13 043 097  1.2e+13
VMT2 021 099 6.6e+16  -054 099 82e+14 -025 099 B89e+13  -029 099 28e+13 091 099  1.2e+13
VMT 023 099 6.6e+16  -063 099 8.2e+14 -047 099 B89e+13 -0.68 098 27e+13 025 098  1.2e+13
VMTy 078 098 6.5e+16 -1.06 098 S8.1et14 -095 098 B88e+13 -125 097 27413  -0.47 097  1.2e+13
VMTs 07 008 6.5e+16 -132 097 8.iet14 125 097 88e+13 156 096 27e+13  -079 096  1.2e+13
Ve, 023 099 66e+16 -059 099 8.2e+14 -036 099 B8.9e+13 -049 008 27e+13 055 098  1.2e+13
Via 068 098 6.5e+16 -123 098 8ae+14 -104 098 B88e+13  -118 097 27e+13 015 097  1.2e+13
VB; 0.23 1 6.6e+16  0.06 1 8.3e+14 032 1 9e+13 0.19 1 2.8e+13  1.25 1 1.3e+13
Ve, s175 096  6.4e+16 <147 097 8et14 119 097 B88e+13  -131 097 27413  -0.27 097  1.2e+13
T — 099 82e+16 — 1 7.5e+14  — 1 89e+13 — 1 27e+13  — 1 120413
Vsyg — 1 8.3e+16 — 1 7.6e+14 — 1 8.9e+13 — 1 2.7e+13 — 1 1.2e+13
vMmes 278 105 87e+16 3 107 81et14 -028 099 88e+13 037 101  27e+13 038 1 120413
vMmes 451 191 1be+1y 327 117 88e+14  -0.04 103  0.2e+13 062 103 28e+13 044 099  1.2e+13
Vo 0.01 098 81e+16 -037 098 7.4e+14 -08 098 87e+13 -108 098  26e+13 075 098  1.2e+13
VD2 0.02 098 81e+16 -033 098 7.4e+14 -069 098 8ye+13 -085 098  26e+13 -039 098  1.2e+13
VD, 0.03 098 81e+16 -025 098 7.4e+14 -048 099 88e+13 -049 099 27e+13 028 099  1.2e+13
VEip 0.64 0.99 8.2e+16 039 1 7.5e+14  0.08 1 8.9e+13  -0.09 1 2.7e+13 043 1 1.2e+13
VBe 0.9 1 8.3e+16  0.47 1 7.6e+14 0.1 1 8.9e+13  -0.02 1 2.7e+13  0.18 1 1.2e+13
Rand. Sys.  vri 09 1 83e+16 051 1 760414 02 1 89e+13 016 1 27e413 06 1 1.2e413
VMT 011 098 81e+16 -065 008 7.4e+14 11 097 B87e+13 139 097 26e+13 107 097  1.2e+13
VMT2 0.03 098 81e+16 -025 0098 7.4e+14 -048 099 88e+13 -049 099 27e+13 028 099  1.2e+13
VMT 0.02 098 81e+16 -033 098 7.4et14 -069 098 8ye+13 -085 098 26e+13 -039 098  1.2e+13
VMTy 053 097 81e+16 -076 097 7.4e+14 117 097 87e+13 145 097 2.6e+13 111 097  1.2e+13
VMTs 048 097 81e+16 102 097 7.3e+14 147 097 86e+13 175 096 2.6e+13 143 096  1.1e+13
Vi, 0.02 008 81e+16 -029 0098 7.4e+14 -058 098 B87e+13 -069 008 26e+13 -008 099  1.2e+13
Via 047 097 81e+16 -094 097 7.3e+14 -126 097 86e+13 137 097 26e+13 -078 097  1.2e+13
Vis 052 099 B82e+16 036 1 7.5e+14 009 1 89e+13 0 1 27e+13 061 1 126413

Vi 144 095 79e+16  -1.18 097  73e+14 -142 097 86e+13  -151 097 26e+13 0.9 097 120+13
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Table B.15: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

MUz273 population (N = 273), CV(Y) = 1.29, CV(X) = 0.81

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
Vit — 097 a25eti2  — 095 22e+10 — 094 26et09 — 093 8eto8  — 092 33e+08
VsYG — 1 2.6et12  — 1 2.3e+10  — 1 2.8etog  — 1 8.6e+08  — 1 3.6e+08
VMC1 0.09 1.02  2.7e+12  0.21 0.97 22e+10 -0.12 095 2.6e+09  -0.1 0.93 8.1e+08 -032 0095 3.4e+08
VM 026 104 27e+12 021 101 23e+10 -012 1.01  28e+09 -0.09 101 87e+08 -029 104  3.7e+08
vb: 007 098 26et12  -006 097 23e+10  -056 097 27¢+09 -0.78 098  8.4et08 -139 099  3.5e+08
VD2 0.07 098  26e+12 -0.03 098 23e+10 -0.5 0.97 27e+09 -0.67 098 8.4e+08  -1.2 0.99  3.5e+08
Vo, 008 098 26e+12 012 097 23e+10 014 097 27¢+09 092 096 83e+08 228 096  3.4e+08
vip 026 099 26e+12 016 099 23e+10  -031 099 27¢+09 -0.48 099 8.5e+08 -1.01 101 3.6e+08
VBe 0.24 0.99  26e+12  0.15 1 2.3e+10  -0.33 1 2.8¢e+09 -0.53 1.02 88e+08 -1.11  1.04 3.7e+08
Brewer vri 025 099 26e+12 027 1 23e+10 026 1 28e+09 1 1 86e+08 227 1 3.6e+08
VMT:1 0.19 098  25e+12  -0.01 097 22e+10 -0.55 097 2.7e+09  -0.8 0.97 84e+08 -1.44 0098  3.5e+08
VMT2 0.08 098  26e+12 0.2 0.97 23e+10  0.14 0.97 2.7e+09  0.92 0.96 83e+08  2.28 0.96  3.4e+08
vmTs 007 008 26e+12  -003 098 23e+10 -0.5 097 27e+09 -0.67 098 84e+o8 1.2 099  3.5e+08
VMTy -029 097 25e+12  -031 097 22e+10 -081 097 27e+09 -1.02 097 84eto8 -1.63 098  3.5e+08
VMTs 006 097 25e+12  -025 096 220410 -0.79 096 27e+09  -1.04 097 83e+08 -1.68 098  3.50+08
Ve 008 098 26e+12 009 097 220410 007 097 27¢+09 081 096 83e+08 208 096  3.4e+08
VB2 -004 097 25e+12  -0.09 096 22e+10 -0.13 096  2.7e+09  0.59 0.95  8.2e+08 1.84 0.94  3.4e+08
VB3 0.2 0.99  26e+12  0.27 098  23e+10  0.27 098  27e+09  1.02 0.97 8.4e+08 232 0.97  3.5e+08
Vg 159 005 25e+12 111 096 220410  -115 095 27e+09 049 095 8.2e+08 067 004  3.4e+08
VHT —_ 0.99  26e+12 — 096  2.2e+10 — 093 26e+09 — 089 7.7e+08 — 087  3.1e+08
Vsyg — 1 2.6e+12 — 1 2.3e+10  — 1 2.8e+09 — 1 8.6e+08 — 1 3.5e+08
vmes 143 102 27e+12 076 096  22e+10 002 094 26e+09 016 089 77e+o8 045 087  3.1e+08
VMC2 -1.31 102 27e+12 075 1 2.3e+10  -007 101 28e+o9 0.8 1 8.6e+08 -048 1 3.5e+08
VD: -1.16 099  2.6e+12 242 0.97 22e+10 2.86 0.96  2.7e+09  4.74 0.96 83e+08 s5.01 0.97  3.4e+08
Vb2 115 099  26e+12 245 097  22e+10 293 096 27e+09 486 096 B8.3e+o8 521 097  3.4e+08
VD3 -1.14  0.99  26e+12 2.6 0.97  2.2e+10  3.59 0.96  2.7e+09  6.55 0.96  8.2e+08  8.92 0.97  3.4e+08
VEip -0.96 1 2.6e+12  2.64 0.99  22e+10 312 098  2.7e+09  5.06 098  8.4e+08 542 0.99  3.5e+08
Vee 097 1 26e+12 261 099 23e+10 306 099  27e+09 497 1 8.6e+08 525 101  3.6e+08
Tillé Vi 097 1 26e+12 274 099 23e+10  3.68 099 27e+09 6.6 099 8.5e+08 888 1 3.5e+08
VMT1 -1.04 098  2.6e+12 247 0.97 22e+10 287 0.96  2.6e+09  4.73 0.96  8.2e+08  4.96 0.96  3.4e+08
VmTa 114 099 26e+12 26 097 22e+10 359 096 27e+09 655 096 B2e+08 892 097  3.4e+08
AIVES 115 099  26et12 245 097 220410 293 096 27et09 486 096 83et08 522 097  3.4e+08
VMTy -151 098 26e+12 216 097 220410 261 096 26e+09 449 096 8.2e+08 476 096  3.4e+08
VMTs -1.28 098  26e+12 222 0.96  2.2e+10 2,62 0.95  2.6e+09  4.47 0.95 8.2e+08 471 0.96  3.4e+08
VB -1.15  0.99  2.6e+12  2.57 0.97  2.2e+10  3.52 0.96  2.7e+09  6.43 0.96  8.2e+08 8.71 0.96  3.4e+08
VB2 -1.27 098  2.6e+12 239 0.96  2.2e+10  3.31 0.95 2.6e+09 6.2 0.94 8.1e+08 846 0.95  3.3e+08
Ve, 103 099 26e+12 275 098 220410 372 097 27e+09 666 097 83e+08 8.97 097  3.4e+08
VBy -2.79 096  2.5e+12 1.34 0.96  2.2e+10  2.26 0.94 26e+09  5.06 0.94 8.1e+o8  7.22 0.94  3.3e+08
VHT — 098  26e+12  — 096  2.2e+10 — 0.94 2.6e+tog — 0.93 8.3e+08 — 0.02  3.4e+08
VsyG — 1 2.6e+12 — 1 2.3e+10  — 1 2.8e+09 — 1 9e+08 — 1 3.7e+08
vMC 0.36 1.03 27e+12 08 0.97 22e+10 073 0.94 26e+09  0.08 0.93 83e+08 -1.49 092  3.4e+08
VMmCa 0.48 1.05 2.8e+12 085 101 2.3e+10  0.76 1 2.8e+09  0.09 1 8.9e+08  -1.43 1 3.7e+08
Vs 016 099 26e+12 047 098 22e+10 05 097 27e+09 -0.27 096 86e+o8 -1.89 095  3.50+08
VD2 0.17 0.99  2.6e+12 049 098  22e+10 0.57 0.97 27et0o9 -0.16 096 8.6e+to8  -1.7 0.95  3.5e+08
VDs 0.18 0.99  2.6e+12  0.64 0.98 22e+10  1.21 0.96  2.7e+09 143 0.94  8.5e+08 175 0.02  3.4e+08
vip 036 1 26e+12 068 099 23e+10 076 098 27e+09 004 097 87e+08 151 096  3.6e+08
VBe 0.34 1 2.6e+12  0.68 1 2.3e+10 073 1 2.8e+09  -0.02 1 8.9e+08  -1.61 1 3.7e+08
CPS VTi 0.35 1 2.6e+12  0.81 1 2.3e+10 134 0.99  2.8e+09 1.5 0.98  8.8e+08 175 0.96  3.5e+08
VMmT 028 098 26e+12 052 097 22e+10 052 096 27e+09  -0.29 095 85e+08 194 094  3.50+08
VMT2 0.18 0.99 26e+12  0.64 098  22e+10  1.21 0.96  2.7e+09  1.43 0.94 85e+08 175 0.92  3.4e+08
VMT; 0.17 0.99 2.6e+12 05 0.98 2.2e+10 057 0.97 2.7e+09  -0.16 096  8.6e+08  -1.7 0.95  3.5e+08
VMT, -0.2 098  2.6e+12 021 0.97  2.2e+10  0.26 0.96  2.7e+09  -0.51  0.95 8.5e+08 -2.13 094  3.5e+08
VMTs 0.04 098  2.6e+12 027 097  22e+10  0.27 096 27e+09 -0.53 0.95 8.5e+o8 -2.18 094  3.5e+08
VB 0.17 0.99  2.6e+12 061 0.98  22e+10 115 0.96  2.7e+09 131 0.94  8.4e+08 1.55 0.92  3.4e+08
VB2 0.05 0.98  2.6e+12 043 0.97  2.2e+10  0.95 0.95 2.7e+09  1.09 0.93  8.3e+08  1.32 0.9 3.3e+08
VB3 0.29 0.99 26e+12 079 0.99  22e+10 1.35 0.97 27e+09  1.53 0.95 85e+08  1.79 0.93  3.4e+08
Viy -1.49 096 25e+12  -0.59 0.96  22e+10 -0.09 0.95 2.6e+09  0.01 0.93 8.3e+08  0.16 0.9 3.3e+08
Vit — 098  27e+12  — 096 220410 — 094  26e+09 — 093 8eto8  — 091 3.2¢+08
VsyG — 1 2.7e+12 — 1 2.3e+10 — 1 2.8e+09  — 1 8.6e+08  — 1 3.5e+08
Vames 085 102 28e+12  -14 096 220410 047 004 26e+09 -1.23 093 8e+o8 066 09  32e+08
VMmea 085 101 27e+12  -127 101 23e+10 048 1 28e+09  -132 1 86e+08 074 099  3.5¢+08
VD -087 099 27e+12 -1.68 098 22e+10 -04 0.97 27e+09 -296 098 85e+08 -3.05 0.99  3.5e+08
VD2 087 099 27e+12  -166 098 22e+10 -0.34 098 27e+09 285 098 85e+08 287 1 3.5e+08
vp; 086 099 27e+12 152 098 2.2e+10 03 097 27e409 -1.3 096 B83e+08 054 096  3.4e+08
Vip -0.68 1 2.7e+12  -1.47 099 23e+10 -0.15 099 2.7e+09 -2.67 0.99 8.6e+o8 -2.67 101  3.6e+08
Vie 069 1 27412 147 1 23e410  -017  1.01  28e+09 274 1.02  88e+08 -2.74 1.05  3.7e+08
Rand. Sys.  vTi 068 1 27et12 135 1 23e+10 042 1 28e+09 <125 1 86e+08 056 1 3.5¢+08
VMT1 -0.76 098 27e+12 -1.64 097 22e+10 -039 097 27e+09 -298 098 84e+08  -3.1 0.99  3.5e+08
VMmTs 086 099 27e+12  -151 098 22e+10 03 097 27e+09 -13 096 B8.3e+08 054 096  3.4e+08
M 087 099 27e+12  -1.66 098 22e+10 -0.33 098 27e+09 -285 098 85e+o8 287 1 3.5¢+08
VMTy -1.23 098 27e+12  -1.93 097 22e+10 -0.64 097 27e+09  -3.2 098 84e+08 -3.29 099  3.5e+08
VamTs 1 098 27e+12  -1.87 097 22e+10 063 096 27e+09 322 097 B84e+08 333 098  3.5e+08
Vi, 086 099 27e+12 154 098 22e+10 024 097 27e+09 -142 096 83e+08 035 095  3.4e+08
VB2 -0.99 098 27e+12 -1.72 097 2.2e+10 0.04 0.96  2.6e+09 -1.63 095 8.2e+08 0.1 0.94  3.3e+08
Vi, 074 099 27e+12  -136 099 23e+10 044 098 27e+09 -12 097 B4e+08 058 096  3.4e+08
Vi, 251 096 26e+12  -272 097 22e+10  -0.99 096  26e+09 -268 095 8.2e+08 -1.03 094  3.3¢+08
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Table B.16: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 1.29, CV(X) = 0.67

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
it — 097  92e+11  — 1 456409  — 104  46e+08 — 109  13e+08 — 113 5.2e+07
vsva — 1 g.5e+11  — 1 450409 — 1 440408  — 1 120408 — 1 4.6e+07
VMCt -034 103 9.8e+11 0.2 1 4.5e+09  0.27 1.02  4.5e+08 -027 1.02 1.2e+08 033 0.96  4.4e+07
VMmea 024 102 g96et11 0.1 1 45e+09 025 1 44e+08  -027 099 120408 037 095  4.3e+07
VD1 -0.2 1 9.5e+11  0.09 099  4.5e+09 0.1 097  4.3e+08  -0.64 094 1.1e+08 -0.5 087  get+o7
VD2 019 1 g.5e+11 011 1 450409 014 097 43e+08 -057 094 1ie+o8 -039 087  4e+o7
VD3 -018 1 9.5e+11  0.25 1 4.5e+09 0.8 0.99  4.4e+08 111 0.97 1.2e+08  3.38 0.95  4.3e+07
vep 02 1 95e+11 009 1 450409 01 008  43e408 062 095 11e+08 045 088  4e+07
Ve 02 1 95e+11 009 1 456409 011 099  44e+08 -0.61 098  1.2e+08  -044 095  4.3€+07
Brewer vri 02 1 g.5e+11 021 1 45409 072 1 440408 099 1 120408 3.2 101 4.6e+07
VMT1 -0.03 1 9.5e+11  0.24 1 4.5e+09  0.22 0.97  4.3e+08  -0.55 0.94 1.1e+08  -0.45 087  geto7
VmTa 018 1 95e+11 026 1 456409 08 099 446408 111 097 12e+08 338 095  4.3e+07
VMT; 019 1 g.5e+11 011 1 450409 014 097 43e+08 -057 094 1ieto8 -039 087  4eto7
VMTy -0.44 1 9.4e+11  -0.08 0.99 4.5e+09 -0.07 0.97 4.3e+08  -0.8 0.94 1.1e+08  -0.66 087  ge+o7
VatTs 019 1 95e+11 008 099  4.5e+09 005 097 4.3e+08 072 094 1ie+o8 -062 087  3.9e+07
Vi 019 1 95e+11 024 1 456409 076 098  44e+08 1.04 096  1.2e+08 326 094  4.3e+07
ves 018 1 9.5e+11 025 1 450409 078 098  44e+08 106 096 120408 328 094  4.3e+07
VB3 -0.2 1 9.5e+11  0.23 1 4.5e+09  0.75 0.99  4.4e+08 1.03 0.97 1.2e+08  3.24 0.94  4.3e+07
Vi <181 097  92e+11 <101 098  44e+09 055 096 43e+08 038 004 1ie+08 1.66 088  ge+o7
vuT — 099  93ef11  — 101 43e+09 — 1 pie+08  — 096 1ie+o8 — 091 3.6e+07
Vsyg — 1 9.4e+11 — 1 4.3e+09  — 1 4.1e+08  — 1 1.1e+08 — 1 4e+07
Vates 214 104 98e+11 007 102  43e+09 061 1 41e+08 009 097 1ae+o8 086 092  3.6e+07
VMmCa 2.27 1.03  9.6e+11 -0.1 1 43e+09  -0.63 1 4.1e+08  -0.05 1 1.1e+08  0.84 1 4e+07
by 25 101 gset11 1.8 104 45e+09 318 1.0y  44e+08 547 113  12e+08 8.06 126 50407
VD2 2.5 101 Q.5e+11 1.82 1.04  4.5e+09  3.22 1.07  4.4e+08  5.54 1.13 1.2e+08 8.8 127  5€+07
Vb, 251 101 95e+11  1.96  1.04 4.56+09 391 109  45e+08 7.33 125 1.4e+08 1229 169  67e+07
vEp 249 101 95e+11 179 104  4.5e+09 318  1.07  44e+08 548 113  12e+08 811 127 50407
VBe 2.49 1.01  9.5e+11 1.79 1.04  4.5e+09  3.19 1.08  4.4e+08 5.51 118  1.3e+08 8.1 1.34 5.3e+07
Tillé Vi 249 101 g.5e+1l 191 104 456409 382 111 45e408  7.21 128  14e+08 1208 173  69e+07
VMT 267 101 95e+11 195 104  4.5€+09 3.3 1.07 440408 556 113 120408 811 127 50407
VMT2 251 101 95e+11  1.96 104  4.5€+09 391  1.09  45e+08 733 125 14e+08 1229 169  67e+07
VMT3 25 101 9.5e+11 1.82 1.04  4.5e+09  3.22 1.07  4.4e+08  5.54 113  1.2e+08  8.18 127  5€+07
VMTy 225 101 Q4e+11  1.62  1.03  4.4e+09 301  1.06  4.3e+08 529  Tiz  1.2e+08  7.88 125  4.9e+07
VMTs 25 101 95e+11 178 1.04  4.4€+09 313 1.06  43e+08 538 112 120408  7.94 125  4.9e+07
iy 251 101 95e+11  1.94 104 4.5e+09 387  1.09  45e+08 725 124 14e+08 1216 167  6.6e+o7
VB2 2.51 101 Q.5e+11 1.96 1.04 4.5e+09  3.88 1.09  4.5e+08  7.27 1.24 1.4e+08 1218 1.67  6.6e+07
v, 25 101 95e+11 193 104 456409 385 109  45e+08 724 124 14e+08 1214 167  6.6e+07
Vi, 084 098 92e+11 068  1.02  4.4e+09 251  1.04 43e+08 575 114 130408 1043 147  5.8e+07
VHT — 098  93e+11  — 0.99  4.5e+09 — 101 4.4e+08 — 1.02  1.2e4+08 — 0.99  4.2e+07
vsye — 1 g5e+11  — 1 45e409  — 1 440408 — 1 1.2e408 — 1 43e+07
VMmCr 072 103 98e+t11  -03 1 450409  -0.57 1.0z 44e+08 -077 102  12e+08 023 1 4.36+07
VMCa 0.68 1.02  97e+11  -026 1 4.6e+09  -059 1 4.4e+08 076 1 1.2¢+08 027 1 4.3e+07
VD: 0.69 1 9.5e+11 -0.3 1 4.5e+09  -0.6 0.98  4.3e+08 -0.83 0.5 1.1e+08  0.14 0.92  3.9e+07
Vba 069 1 95e+11 029 1 456409  -056 098  43e+08  -0.76 096 11e+08 026 092  3.9e+07
Vb3 07 1 g.5e+11  -0.14 1 450409 0.1 099 43408 091 098 120408 405  1.02  4.4e+07
VEpP 0.68 1 9.5e+11  -0.31 1 4.5e+09  -0.6 098 43e+08 -081 096 1.1e+08  0.19 0.92  3.9e+07
Vie 068 1 gs5e+11 0.3 1 45e409  -059 1 440408 08 1 1.2e408 0.2 1 43e+07
CPS vri 068 1 95e+11  -018 1 460409 002 101 44e+08 08 101 120408 387 109  4.6e+07
VMT: 085 1 g.5e+11  -0.16 1 450409 049 098  43e+08 -0.75 095 11e+08 019 092  3.9e+07
VMT2 0.7 1 9.5e+11 -0.14 1 4.5e+09 0.1 0.99  4.3e+08  0.91 0.98  1.2e+08  4.05 102 4.4e+07
VmTs 069 1 95e+11 029 1 456409  -056 098  43e408  -0.76 095 11e+08 026 092  3.9e+07
VMTs o44 1 9.5e+11  -0.48 099  45e+09  -0.77 098  43e+08 -1 095 1.1e+08 -0.02 091  3.9¢+07
VMTs 0.69 1 9.5e+11  -0.32  0.99 4.5e+09  -0.65 098 4.3e+08 -0.91 095 1.1e+08  0.02 091 3.9e+07
Vi1 0.69 1 9.5e+11  -0.16 1 4.5e+09  0.05 099  4.3e+08 084 097 1.2e+08  3.93 102 4.3e+07
Ve: o7 1 g5e+11 015 1 456409 007 099  43e+08 086 097 12e+08  3.95 101  43e+07
Vs 069 1 9.5e+11  -017 1 460409 004 099 43e+08 083 098 120408 391 1.0z  4.4e+07
VBy -0.94 0.97 9.2e+11  -1.4 098  4.5e+09 -1.25 0.97 4.3e+08 -0.57 0.95 1.1e+08  2.32 0.95  4e+07
var — 098  gget1r  — 099  45e+09 — 103 46e+08 — 108 13e+08 — 113 4.9e+07
vsva — 1 g7e+11 — 1 PR — 1 440408  — 1 120408 — 1 436407
vMCt 0.83 1.03 1e+12 0.11 1 4.6e+09  -071  1.03  4.6e+08  0.05 1.08 1.3e+08  0.27 115  5e+07
Vmes 082 102 98etir o012 1 46e+09 067 1 45408 006 1 12e408 033 1 43e+07
VDs 08 1 97e+11 004 099  4.6e+09 -131 097 4.3e+08  -149 095 11e+o8 364 097  4.2e+07
VD2 081 1 97e+11 006 099 46e+09 -1.27 098  43e+08 -142 095 11e+08  -353 097  4.2€+07
VD3 0.81 1 9.7e+11 0.2 1 4.6e+09  -0.61 098  4.4e+08  0.25 0.96  1.2e+08  0.12 0.93  4e+07
Vip 08 1 97e+11 004 1 46e409  -13 098  43e408 147 095 1Li1e+08 3.6 098  42e+07
Vie 079 1 97e+11 004 1 460409  -1.28 099  44e+08 -146 099 1.2e+08 -358  1.06  4.6e+07
Rand. Sys. vy 079 1 g7e+11 016 1 pbetog 068 1 440408 014 1 120408  -004 1 4.3e+07
VMT 0.97 1 9.7e+11  0.19 1 4.6e+09  -1.19 097  4.3e+08  -1.4 0.95 1.1e+08  -3.59 0.97  4.2e+07
VmTa 081 1 g7e+11 02 1 466409  -061 098  44e+08 025 096 12e+08 012 093  4e+07
VMT3 0.81 1 9.7e+11  0.06 099  4.6e+09 -1.27 098  4.3e+08 -142 095 L.1e+08  -3.53 0.97  4.2e+07
VMTy 0.56 1 9.6e+11  -0.13 0.99 4.5e+09 -1.47 097 4.3e+08 -1.65 095 1.1e+08  -3.8 0.98  4.2e+07
VMTs 0.81 1 9.7e+11  0.02 099  4.6e+09 -1.35 097 4.3e+08 -1.56 0.95 1.1e+08  -3.75 097  4.2e+07
Vi1 0.81 1 9.7e+11 0.8 1 4.6e+09  -0.65 098  4.4e+08 018 096  1.2e+08  0.01 0.92  4e+07
Via 082 1 g7e+11 019 1 460409  -0.64 098  g4e+08 0.2 095 1.1e+08 002 092  4e+07
VB3 0.8 1 9.7e+11  0.17 1 4.6e+09  -0.66 098  4.4e+08 0.7 0.96  1.2e+08  -0.01 0.93  4e+07
Viy 083 097 g4e+il  -1.06 098 456400 -195 097 436408 123 004 11e+08 154 092  4e+07
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Table B.17: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 1.29, CV(X) = 0.5

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
vt — 1 17ev12 — 11 8etog = — 127  78e+08 — 147 20408  — 17 6.9e+o7
VsYG — 1 17e+12 — 1 7.3et09  — 1 6.1e+08  — 1 1.4e+08 — 1 4e+07
VMC1 0.06 102 18e+12 0.1 1.09  7.9e+09 0.4 123  7.5e+08 -043 138 1.9e+08  0.04 145  5.9e+07
vmes 005 101 18e+12 0.1 1 736409 039 099 6.1e+08 -042 098 13e+08 0.07 092  3.7e+07
VD: 0.03 1.01 1.8e+12 019 1.03  7.5e+09  0.41 1.06  6.5e+08 -0.68 1.06 14e+08 -041 1.01  4.1e+07
VD2 0.03 1.01 1.8e+12 0.2 1.03  7.5e+09  0.43 1.06 6.5e+08 -0.64 1.06 1.4e+08 -0.35 1.01  4.1e+07
vbs 004 101 18e+12 03 104 7.5¢+09 087 108  6.6e+08 046 111 1.50+08 115 4.6e+07
VFP -0.07  1.01 1.8e+12  0.08 1.03  7.5e+09  0.29 1.05  6.4e+08  -0.8 1.06  1.4e+08 101 4.1€+07
VBe -0.08 1 1.7e+12  0.09 1 7.3e+09  0.32 0.99  6e+o8 -0.75 0.97  1.3e+08 . 091  3.7e+07
Brewer vri 007 1 17e+12 016 1 736409 0.7 1 61e+08 026 1 14e408 183 101 4.1e+07
VMT:1 0.19 1.01 1.8e+12 036 1.04  7.5e+09  0.56 1.06  6.5e+08 -0.56 1.07  1.4e+08 -0.32 1.01  4.1€+07
VMT2 0.04 1.01 1.8e+12 03 1.04 7.5e+09  0.87 1.08  6.6e+08  0.46 111 1.5e+08  2.07 115  4.6e+07
VmTs 003 101 18e+12 02  1.03  75¢+09 043  1.06  65¢+08  -0.64 1.06  14e+08 -0.35 101  4.1e+07
VMTy -0.11  1.01 1.8e+12  0.09 1.03  7.5e+09  0.31 1.05  6.4e+08 -0.77  1.06  1.4e+08  -0.5 101 4.1€+07
VMTs 0.1 1.01 1.8e+12 027 1.03  7.5e+09  0.47 1.06 6.5e+08 -0.65 1.06 1.4e+08 -0.41 1.01  4.1e+07
Vi 003 101 18e+12 029 104 75e+09 085 108  6.6e+08 042 111 L5e+08 201 114  4.6e+07
VB2 0.11 1.01 1.8e+12 0.4 1.04 7.6et09  0.97 1.08  6.6et08  0.56 111 1.5e+08 217 115  4.6e+07
VB3 -0.04  1.01 1.8e+12 018 1.03  7.5e+09  0.73 1.07  6.6e+08  0.28 .1 1.5e+08  1.86 113 4.6e+07
Viy ‘147 098  17e+12  -09  1.01  7.4e+09 041 105 6.4e+08 -0.94 108  1.5e+08 048  1.07  4.3e+07
VHT —_ 1 17e+12 — 1.06  7.4e+09 < — 115 6.1e+08 — 1.24 1.4e+08 — 131 4e+07
Vsyg — 1 17e+12 — 1 7€+09 — 1 5.3e+08 — 1 1.1e+08 — 1 3e+07
Vmes 022 103 18e+12  -011 106  74et09 021 115 6a1e+08 027 124 14e+08 0.5 131 4e+07
VMC2 0.24 1.01 1.8e+12  -0.11 1 7€+09 0.2 1 5.3e+08 -028 1 1.1e+08  -0.5 1 3e+07
VD: 0.67 102 1.8e+12 1.5 1.09  7.6e+09  3.48 123 6.6e+08 4.5 142  1.6e+08  6.06 1.78  5.4e+07
VD2 067 102 18et12 151 109  76e+09 3.5 123  66e+08 453 143 16e+08 612 179  54e+07
VD; 0.67 1.02  1.8e+12 1.61 1.09  7.6e+09  3.95 1.26  6.8e+08  5.69 157 1.8e+08 8.7 237  7.2e+07
VP 0.56 1.01 1.8e+12 1.39 1.08  7.5e+09  3.35 122 6.5e+08  4.37 1.41 1.6e+08  5.93 1.76  5.3e+07
Ve 056 101 18e+12 14 105 7.36+09 339 115  6.2e+08 441 131 15¢408 6 164 se+07
Tillé Vi 056 101 18e+12 147 106 7.3e+09 379 118  63e+08 548 143 1.6e+08 845 216  6.5e+07
VMT1 0.83 102  1.8e+12 1.68 1.09  7.6e+09  3.63 124 6.6e+08  4.62 1.43 1.6e+08  6.16 1.79  5.4e+07
VMTs 067 102 18et12 161 109 76e+09 3.95 126 68e+08 5.69 157 18e+o8 8y 237  72e+oy
VMT; 067 102 18et12 151 109  7.6e+09 3.5 123  6.6e+08 453 142 16e+08 612 179  5.4e+07
VMTy 0.53 1.01 1.8e+12 14 1.08  7.5e+09  3.38 122 6.5e+08 4.4 1.41 1.6e+08  5.96 176  5.3e+07
Vs 074 102 18et12 158 109 7.6etog 353 123  66eto8 453 143 1.6e+08 606 178  5.4e+07
Vi, 067 10z 18e+12 1.6 109  7.6e409 393 126 68e+08 565 157 1.8e+08 8.64 236  7.1eto7
VB2 0.74 102 1.8e+12 171 1.09  7.6e+09  4.06 127 6.8e+08 5.8 158 1.8e+08  8.81 2.4 7.3e+07
Ve, 06 101 18et12 149 109 7.6etog 38 125 6yeto8 551 155 1ye+o8 848 232  7e+oy
VBy -0.84 098 1ye+12 039 1.06  7.4e+09  2.63 119  6.4e+08  4.22 142 1.6e+08  7.01 2,01 6.1e+07
VHT — 099  17e+12 — 1.08 7.9e+09 — 1.23  7.4e+08 — 139 1.8e+08 — 153  5.7e+07
VsyG — 1 17e+12  — 1 7.3e+09  — 1 6e+08 — 1 1.3e+08 — 1 3.7€+07
vMC -0.09 102 18e+12 -0.06 109 8e+o9 -0.24 123 7.4e+08 -041 139 1.8e+08  0.92 154 5.8e+o7
VMCa -0.08 101 18e+12 -0.07 1 7.3e+09  -0.21 1 6e+08 -0.44 1 1.3e+08  0.94 1 3.7e+07
VD1 0.04 1.01  1.7e+12  -0.01 103 7.5e+09 -0.12 1.07  6.4e+08  -0.3 1.1 1.5e+08  1.02 111 4.2e+07
VD2 0.04 1.01 17e+12 0 1.03  7.5e+09  -0.1 1.07  6.4e+08 -026 1.1 1.5e+08  1.07 112 4.2e+07
VDs 0.05 1.01  1.7e+12 0.1 1.04  7.5e+09  0.34 1.09  6.5e+08 084 115  1.5e+08 353 134  5e+07
VEp -006 1 17e+12  -0.12  1.03  7.5e+09  -0.24 1.07 6.4e+08  -042 1.1 1.5e+08 089 111 4.2e+07
VBe -0.07 1 17e+12  -0.11 1 7.3e+09  -0.2 1 6e+08 -039 1 1.3e+08  0.95 1 3.7e+07
CPs VTi -006 1 17e+12  -0.04 1 7.3e+09  0.18 1.01  6.1e4+08  0.63 1.04  1.4e+08  3.29 118  4.4e+07
VMT1 0.2 101 1.8e+12 017 1.04  7.5e+09  0.03 1.07  6.4e+08  -018 1.1 1.5e+08 1.1 112 4.2e+07
VMT2 0.05 1.01 17e+12 0.1 1.04 7.5e+09  0.34 1.09 6.5e+08  0.84 1.15 1.5e+08  3.53 1.34 5e+07
VMT; 0.04 1.01 17e+12 0 1.03  7.5e+09  -0.1 1.07  6.4e+08 -026 1.1 1.5e+08 1.07 112 4.2e+07
VMTy -0.1 1 1.7e+12  -0.1 1.03  7.5e+09  -0.22 107 6.4e+08 -039 1.09 1.5e+08  0.92 111 4.2e+07
VMTs 0.11 1.01 1.8e+12  0.07 1.03 7.5e+09  -0.07 107  6.4e+08  -027 1.1 1.5e+08  1.01 111 4.2e+07
VB 0.05 1.01  1.7e+12  0.09 1.04 7.5e+09  0.31 1.09  6.5e+08 081 115  1.5e+08  3.47 133 5e+07
VB2 0.12 101 1.8e+12 02 1.04  7.6e+09  0.44 1.09  6.6e+08  0.94 115  1.5e+08  3.63 1.35  5.1e+07
VB3 -0.03 1 17e+12  -0.02 103 7.5e+09  0.19 1.08 6.5e+08  0.67 1.14 1.5e+08  3.32 132 4.9e+07
Viy -1.46 097  1Lyetiz  -1.1 1.01  7.4e+09  -0.94 106 6.4e+08 -0.56 112  1.5¢+08 1.92 121 4.5e+07
Vit — 099  18e+12  — 108  8etog = — 125 7.6e+408 — 145 20408  — 17 68e+oy
VsyG — 1 1.8e+12  — 1 7.4e+09  — 1 6e+08 — 1 1.4e+08 — 1 4e+07
VM 1 102 18e+12  -1.22 108  8e+og 075 125 7.6e+08 021 145 2e+08 171 68e+o7
VMmea 108 101 18e+12  -1.23 1 7.4e409 076 1 6e+08 02 1 146408  -003 1 qe+07
VD: 1.14 1.01 1.8e+12  -1.07 103 7.6e+09 -1.02 105 6.4e+08 -071 106 1.5e+08 -2.24 1.09  4.3e+07
V. 114 101 18e+12  -106 103 7.6e409 -1 105 64e+08 068 106  1.5e+08 109 4.3e+07
VD3 115 1.01 1.8e+12  -0.97 103 7.6e+09 -0.57 107 6.5e+08  0.42 111 1.5e+08 113 4.5€+07
Vip 1.03 1 1.8e+12  -1.18 103 7.6eto9 -1.14 105 6.4e+08 -0.84 1.06  1.5¢+08 1.09  4.3e+07
Ve 103 1 18e+12  -117 1 74e+09 112 099  6e+08 08 097 13e+08 099  3.9¢+07
Rand. Sys.  vTi 103 1 18e+12 11 1 7.4e+09  -074 1 6e+08 022 1 1.4e+08 1 4e+o07
VMT1 13 1.01 1.8e+12  -0.9 1.03 7.6e+0o9 -0.88 1.06 6.4e+08 -0.59 1.06 1.5¢e+08 -2.15 1.09  4.3e+07
VMTa 115 101 18e+12  -0.97 103 7.6e+09 057 107 65e+08 042 111 1.5¢+08 02 113 4.50+07
AIVES 114 101 18e+12  -1.06 103  7.6e+09 -1 105 6.4e+08 -0.68 106 15e+08 -218 109  4.3e+07
VMTy 1 1 18e+12  -1.17 103 7.6eto9 -1.12 1.05 64e+08 -081 106 1.5e+08 -2.33 1.09  4.3e+07
VmTs 121 101 18e+12  -0.99 103 7.6e+09 -0.97 1.06 6.4e+08 -069 1.06 1.5¢+08  -2.24 109  4.3e+07
VB 114 101 18e+12  -0.98 103  7.6e+09 -059 1.07 6.5¢+08 038 111 15e+08 014 113 4.5€+07
VB2 1.22 1.01 1.8e+12  -087 103 7.6e+o9 -047 107 6.5¢+08  0.52 111 1.5e+08  0.29 113 4.5€+07
Vi, Loy 1 18e+12  -1.08 103 7.6e+09 071 107 6.4e+08 025 11  L15e+08  -0.01 113  4.5€+07
Vi, 038 097 17e+12  -215 101 7.5¢+09  -1.84 105 6.4e+08 -098 108  15e+08 137 112 4.4e+07
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Table B.18: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 1, CV(X) = 1.27

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 099 6.8e+16 — 099 b.4et14 — 1 7.4€+13  — 1.01  24e+13  — 101 85e+12
Vsva — 1 6.8e+16 — 1 6.5e+14 — 1 756413  — 1 23e+13  — 1 8.4e+12
VM 173 101 6.9e+16 0.1 098  64et1q4 006 1 75e+13 122 101 24e+13 078 1 8.5e+12
VMCa -0.59 127 86e+16 -0.12 102 6.7e+14 1.04 7.7e+13  0.97 1.01  2.4e+13  0.57 101 85e+12
Vor 011 097 66e+16 101 097  6.3e+14 097 7.3e+13 -034 008 23e+13 -107 097 B8.2e+12
VD2 009 097 6.6e+16 -092 097 6.3e+14 008 7.3e+13 018 099 23e+13 -028 099 B8.3e+12
Vs 007 097 66e+16 -076 097  6.3e+14 098  7.3e+13 1.2 1 23e+13 121 101 85e+12
vip 087 099 68e+16 004 099 6.4e+14 1 746413 1.2 101 24e+13 07 101 8.5e+12
VBe 0.79 099  67e+16 0.1 099  6.5e+14 1 7.4e+13 049 099  23e+13 017 099  B84e+12
Brewer VTi 0.8 0.99 6.7e+16  0.19 1 6.5e+14 1 7.5e+13 138 1.01  2.4e+13  1.07 101 8.5e+12
VML 012 097 66e+16 127 096  6.3e+14 097 7.2e+13 -064 097 23e+13 136 096  B.ie+12
VMmTs 006 097 66e+16 -076 097 63e+14 098  7.3e+13 12 1 23e413 121 101 B8.5e+12
VMTs 009 097 66e+16 -092 097 6.3e+14 008 7.3e+13 018 099 23e+13 -028 099 B8.3e+12
VMT4 099 095 6.5e+16 164 096  6.2e+14 096  7.2¢+13  -0.94 096 23e+13 161 096 S.ie+12
VMTs 072 096 6.5e+16 -1.86 095 6.2e+14 095 7.4e+13 124 096 220413 -19 095 Be+12
Vi, 009 097 66e+16 -085 097 63e+1s 098 7.3e+13 067 099 23e+13 04 099 8.4e+12
Via 069 096 6.5e+16  -17 096  6.2e+14 096  7.2e+13  -025 097 23e+13  -048 098  8.2e+12
Vi, 052 098 67e+16 001 099  64e+14 1 740413 159 101 24e+13 120  1.01  8.5e+12
Vi -2.08 093 6.4e+16  -2.01 095 6.2e+14 0.96  7.2e+13  -042 097 23e+13 -0.62 097 8.2e+12
Vit — 1 520416 — 1 6get1y  — o1 7et13 — 101 220413 — B —
Vsva — 1 520416 — 1 6.4et14 — 1 6.9e+13 — 1 22e+13  — B —
VMC1 1.1 1.02  53e+16  0.96 1.02  6.5e+14  0.57 102 7.1e+13 112 1.01  2.2e+13 081 — 8.5e+12
VMCa -6.76 1.09 5.7e+16 0.6 1.06 6.8e+14 -0.57 1.02 7.1e+13 0.9 1.02  2.2e+13  0.25 — 8.5e+12
vou 077 098 51e+16 -007 099 6.3e+14 036 1 7e+13 107 099 22e+13 172 —  B8.5e+12
VD2 -0.75 098  5.1e+16  0.02 0.99  6.3e+14  0.61 1.01  7e+13 1.6 1 2.2e+13 253 — 8.7e+12
vDs 073 098 5ae+16 019 099 63e+i4 111 102  7e+i3 263 102 220413 404 —  89e+12
Vip 014 1 520416  1.02 101 b4e+14 1.65 103  71e+13 264 102 23e+13 354 —  88e+12
VBe 0.2 1 5.2e+16  0.68 101 6.4e+14 1.07 102 7.1e+13 1.96 1.01  2.2e+13  2.64 — 8.7e+12
Tillé Vi 0.22 1 52e+16 082 101 64e+14 151 102 7ie+13 284 102 23e+13 389 —  88e+12
VmT 079 098 51e+16 -033 098 63e+14 006 1 69e+13 077 098 220413 142 —  85e+12
VMT2 073 098 5ae+16 019 099  6.3e+14 1I1 1.0z 7e+13 263 102 220413 403 — 8.9e+12
VMTs 075 098 51e+16 002 099 63e+14 0.6 101 7e+13 1.6 1 22e+13 253 —  87e+12
VMTy -1.64 096 5e+16  -071 098 6.2e+14 -026 099 6.9e+13 046 098 220413 116 —  Bge+12
VMTs -39 097 51e+16  -093 097 6.2e+14 -054 098 68e+13 017 097 21e+13 086 —  Bge+i2
VB -0.75 098 s5.1e+16 0.1 0.99 6.3e+14 085 101 7e+13 2.09 1.01  2.2e+13  3.21 — 8.7e+12
Vil 4136 097 51e+16  -076 097 6.2e+14 005 099 6.9e+13 116 099 22e+13 23 —  B6e+12
Vi, 099 52e+16 096 101  64e+14 176 103  7.1e+13 303 103  23e+13 412 —  Bget12
Vi, 094  49e+16  -1.07 097 6.2e+14 -026 099 69e+13 099 099  22e+13 216 —  Bbetr1z
VhT — 1 520416 — 1 5.2e+14  — 1 76e+13  — 1 240413 — 1 9.50+12
VsyG — 1 5.2e+16 — 1 5.2e+14 < — 1 7.6e+13 — 1 2.4e+13  — 1 9.4e+12
VMCt 0.58 1.02  53e+16  -0.4 1.02  5.3e+14 0.2 0.99  7.6e+13  -0.41 1.02  2.4e+13  0.94 1 9.5e+12
VMmea 1174 082  43e+16 263 008  5ie+14 008  1.01  7.7e+13 031  1.02  24e+13 077 101 9.5e+12
VD, 05 098  51e+16  -142 098  5de+14  -0.74 097  7.4e+13  -208 097 23e+13 08 097  g.de+12
Vb2 048 098 51e+16 133 098  5detis4 098  7.4e+13  -156 098 23e+13 0 098  9.3e+12
VDs 046 098 51e+16 -1.16 099  5.1e+14 098  7.5e+13  -0.55 1 24e+13 147 101 95e+12
VP 0.42 1 5.2e+16  -0.36 1 5.2e+14 1 7.6e+13  -0.56 1 2.4e+13  0.98 1 9.5e+12
VBe 0.47 1 5.2e+16  -0.54 1 5.2e+14 1 7.6e+13  -1.19  0.99  2.4e+13 -0.01 098  9.3e+12
CPs Vi 048 1 520416 042 1 520414 1 760413 034 1 240413 127 1 95e+12
VMT 052 098 51e+16  -167 098  5ie+i4 096  7.3e+13  -237 096 23e+13 -1.09 096  g.1e+12
VMT2 045 098 51e+16 -116 099  5.1e+14 098  7.5e+13  -0.56 1 246413 146 101 95e+12
VMT 048 098 51e+16 -133 008  5.e+14 098  7.4e+13  -1.56 0098  23e+13  -001 098  93e+12
VMTy -1.37 0.96  5e+16 -2.04 097 5e+14 0.96 7.3e+13 -267 096 23e+13 -1.34 0.96 ge+12
VMTs “12 097  5e+16 226 096  5e+i4 095 7.2e+13  -2.95 095 23e+13 -164 095 ge+12
Vi, 048 098 5.1e+16 125 008  5.e+i4 008 7.4e+13 -1.07 099 2.4e+13 066 099  9.3e+12
Via “1.09 097  5e+16 209 097  5e+14 006  7.3e+13  -198 097 2.3e+13  -023 097  Q.2e+12
VB; 0.14 0.99 5.2e+16  -0.4 1 5.2e+14 1 7.6e+13  -0.17 1 2.4e+13 155 101 9.5e+12
Ve, 245 094  49e+16  -241 096 5e+14  -135 096  73e+13  -215 097  23e+13 036 097  9.2e+12
T — 099  5.6e+16 — 1 6.6e+1y — 1 73e+13  — 1 22e+13  — 1 8.ge+12
Vsyg — 1 5.6e+16 — 1 6.6e+14 — 1 7.3e+413 — 1 2.2e+13 — 1 8.9e+12
vMmes -1.38 098  5.5e+16  -156 102 67et14 004 1 73e413  -0.98 1 220413 0.1 101 ge+12
vmes -1018 102 5ye+16 016  1.09  7.2e+14 1.05 7.7e+13  -0.77  1.02  23e+13 004  1.02  Qae+12
Vou 081 098 55e+16  -1.88 098  b4etisq 097 7.4e+13  -3.09 096 21e+13 -235 096  8.6e+12
VD2 079 098 5.5e+16 179 098  6.4e+1q 098  7.2e+13  -259 097 21e+13 157 097 87e+12
VD, 077 098 5.5e+16  -1.62 098  6.5e+14 098  7.2e+13 159 099 220413 -011 1 8.ge+12
vip 0.04 099  5.6e+16 -082 1 6.6e+14 1 73e+13  -161 099 220413 -062 099 B8.ge+1z
Vie 03 1 560416 -099 1 6.6e+14 1 736413 -1.83 099 220413 -11 099 88e+12
Rand. Sys.  vri 031 1 56e+16 087 1 6.60+14 1 73e+13  -112 1 220413 -0.05 1 8.ge+12
VMT: 085 097 5.5e+16 -213 097  6.4e+14 006 7.1e+13 -338 006 21e+13 -264 095 B8.5e+12
VMT2 077 098 55e+16 162 098  6.5e+14 098  7.2e+13 158 099 220413 -011 1 B.ge+12
VMT3 -0.79 098 55e+16 -1.79 098  6.4e+14 098 7.2e+13 -258 097 21e+13 -157 097 8.7e+12
VMTy 4168 096 5.4e+16 -25 097  6.3e+14 096  7e+13 368 095 21e+13 289 095 8.5e+12
VMTs -1.45 096  5.4e+16 -272 096  6.3e+14 095  7e+13 396 094 21e+13 317 094 8.4e+12
Vi, 079 098 5.5e+16 171 098  6.4e+14 008 7.2e+13 -21 098 22e+13 -09 098 88e+12
Vea -143 096  5.4e+16  -2.55 097  6.3e+14 096  7.ae+13 299 096 21e+13 177 096  8.6e+12
Vi, 015 099 56e+16  -086 1 6.6e+14 1 73e+13 12 1 220413 -003 1 B.ge+12
Vi, 271 094 53e+16  -286 096  63e+14 096 7e+13 316 096  21e+13  -1.91 096  8.6e+12
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Table B.19: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) =1, CV(X) =1

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
v — 1 150412 — 106  13et10 — 118 1.9et09 — 138 6.3et08 — 137 2.9e+08
VsYG — 1 1.5e+12 — 1 1.2e+10  — 1 1.6e+09 — 1 4.6e+08  — 1 2.1e+08
VMC1 5.54 1.26  1.9e+12  0.58 1.08 13e+10 0.12 1.16 1.9e+09 -0.77 133 6.1e+08 1.36  2.9e+08
vmes 22 082 12et12  -089 09  11e+10  -046 104 17e+09 -0.67 092  4.2e+08 103 2.2e+08
vb: 001 098 15et12  -048 099 1.2e+10 119 098  16e+09 086 099  4.5e+08 098  2.1e+08
VD2 0.02 098 15e+12  -044 099 1.2e+10 -1.08 098 1.6etog -0.66 0.99  4.5e+08 0.99  2.1e+08
vbs 003 098 L5e+12  -0.39 099 12e+10  -0.97 098 16e+09 -0.47 1 46e+08 1 2.1e+08
VFP 0.45 1 1.5e+12  -0.01 1 1.2e+10  -0.63 099  1.6etog  -0.2 101 4.6e+08 1 2.1e+08
VBe 0.36 0.99  15e+12 -0.09 099 1.2e+10 -0.74 1 1.6e+09  -0.41 1 4.6e+08 1 2.1e+08
Brewer Vi 036 099 Lse+iz  -0.05 1 12e+10 065 1 16e+0g 024 1 46e+08 1 2.1e+08
VMT:1 0.12 098  15e+12  -0.5 098 1.20+10 -1.24 097 1.6e+t09 -0.92 098  4.5e+08 0.97  2.1e+08
VMT2 0.03 098 1.5e+12  -0.39 099 1.2e+10 -0.97 098 1.6e+t09 -047 1 4.6e+08 1 2.1e+08
VMTs 0.02 0.98 1.5e+12  -0.44 0.99 1.2e+10 -1.08 098 1.6e+09 -0.66 099  4.5e+08 0.99  2.1e+08
VMT, -0.54 097 15e+12  -087 098 1.2e+10 -1.56 097 1.6e+o9  -1.23 098  4.5e+08 0.97  2.1e+08
VMTs -025 098 15e+12  -087 097 1.2e+10 -1.6 0.96  1.6e+09 -1.29 097  4.5e+08 0.97  2e+08
Vi, 002 008 L5et12  -043 099 12e+10  -1.08 098 16e+0g -0.67 099  4.6e+08 099  2.1e+08
VB2 -024 098 1.5e+12  -0.82 097 1.2e+10 15 097  1.6etog  -1.12 098  4.5e+08 0.98  2.1e+08
VB3 0.28 0.99  15e+12  -0.04 1 1.2e+10 -0.65 0.99 1.6e+09 -0.22 101  4.6e+08 1 2.1e+08
Viy 4182 095 14e+12 <166 097 12e+10 229 097 1.6e+09  -1.93 098  4.5¢+08 008  2.1e+08
VHT —_ 1.03 1.8e+12  — 1.09  13e+10 — 116  1.9e+09 — 1.35  6.6e+08 —_ —_
vsyG — 1 1.8e+12 — 1 1.2e410 — 1 1.6e+09 — 1 4.9e+08 — —
vmes 534 128 22e+12 061 122 15e+10 036 115  19e+09  -0.99 133  6.5e+08 —  ase+08
VMC2 -1.21 105 1.8e+12 o011 1 1.2e+10  0.63 1.05 1.7e+09  -1.07  0.94  4.6e+08 —_ 2e+08
VD: 0.6 1.01 1.8e+12  -0.13  1.01 1.2e+10 -0.32 0.97 1.6e+09 -1.28 101  4.9e+08 — 1.8e+08
Vb2 061 101 18et12  -009 101  12e+10  -0.21 097 16e+09 -1.09 101  4.9e+08 —  18e+08
VD3 0.62 1.01 1.8e+12  -0.04 101 1.2e+10  -0.1 097 16etog -089 1.02 5e+08 —_ 1.9e+08
VEip 1.05 1.02  1.8e+12 034 1.03 1.2e+10  0.24 098 1.6et0o9 -0.62 1.03 5e+08 — 1.9e+08
Vee 098 101 18e+12 025 102 12e+10 012 098 16etog 089 1.0z  5e+o8 —  1ge+o8
Tille vTi 0.99 101 1.8e+12  0.29 1.02  1.2e+10 021 099  1.6e+09  -0.7 1.03  5e+08 — 1.9e+08
VMT1 0.69 1 1.8e+12  -0.15 1 1.2e+10 -0.37 0.96  1.5e+09  -1.35 1 4.9e+08 — 1.8e+08
VmTa 062 101 18e+12  -004 101 12e+10 -0 097 1betog 089 1.0z  5e+o8 —  1ge+08
VMT3 0.61 1.01 1.8e+12  -0.09  1.01 1.2e+10  -0.21 097  1.6et0o9  -1.09  1.01  4.9e+08 —_ 1.8e+08
VMTy 0.05 0.99 1.8e+12 -052 1 1.2e+10 -0.69 0.96  1.5e+09  -1.65 1 4.9e+08 — 1.8e+08
VMTs 0.32 1 1.8e+12  -0.52 1 1.2e+10  -0.74 095 1.5e+09  -1.71 1 4.9e+08 - 1.8e+08
VB 0.61 1.01 1.8e+12  -0.08  1.01 1.2e+10 -0.21  0.97 1.6e+09 -1.09 102  5e+08 —_ 1.8e+08
VB2 033 1 1.8e+12  -048 1 1.2e+10 -0.63 096 1.5e+09 -1.54 1 4.9e+08 — 1.8e+08
Ve, 088 101 18e+12 031 103 12e+10 022 098 16etog -0.64 103  5e+o8 —  1ge+o8
VBy -1.22 097 Lye+l2  -1.32  0.99 1.2e+10 -1.44  0.95 1.5e+09  -2.35 1 4.9e+08 - 1.8e+08
VT — 1.03  1e+12 — 1.04 1.3e+10 — 122 1.7e+09 — 1.36  6.4e+08 1.37  2.9e+08
VsyG — 1 9.8e+11 — 1 12410 — 1 1.4e+09 < — 1 4.7e+08 1 2.1e+08
vMC 2.51 1.34 1.3e+12 -0.16  1.01 1.3e+10  1.19 1.35 1.9e+09  1.69 1.4 6.5e+08 1.36  2.9e+08
VMcCa 0.2 087  8.5e+11 -0.6 0.94 1.2e+10 06 117  1.6e+09  0.69 1.05  4.9e+08 1.03  2.2e+08
Vs 003 1 98e+11  -069 098 12e+10  -0.25 099 14e+09 -0.02 098  4.6e+08 098  2.1e+08
VD2 0.04 1 9.8e+11 -0.65 098 1.2e+10 -0.14 099 1.4e+09  0.17 0.99  4.6e+08 0.99  2.1e+08
VDs 0.05 1 9.8e+11 -0.6 0.99  1.2e+10 -0.03 0.99 1.4e+09  0.37 0.99  4.7e+08 1 2.1e+08
vip 048 102 1et12 022 1 12e+10 031 101 14e+09 064 1 4.7e+08 101 2.2e+08
VBe 0.36 1 9.8e+11 -024 1 1.2e+10  0.16 1 1.4e+09 039 1 4.7e+08 0.99  2.1e+08
CPs VTi 0.37 1 9.8e+11 -0.2 1 1.2e+10  0.26 1 1.4e+09  0.57 1 4.7e+08 1 2.1e+08
VMmT o014 1 98e+11  -071 098 120410  -029 098  14e+09 -0.09 098  4.6e+08 098  2.1e+08
VMT2 0.05 1 9.8e+11 -0.6 0.99  1.2e+10 -0.03 0.99  1.4e+09  0.37 0.99  4.7e+08 1 2.1e+08
VMT3 0.04 1 9.8e+11  -0.65 098 1.2e+10 -0.14 0.99 1.4e+09  0.18 0.99  4.6e+08 0.99  2.1e+08
VM, 052 099 9yet11  -1.08 098 1.2e+10 -0.62 098 1.4e+09 04 097  4.6e+08 098  2.1e+08
VMTs -0.23 099  9.7e+11 -1.08 097 1.2e+10 -0.66 098 14et09 -046 097  4.5e+08 0.97  2.1e+08
VB 0.04 1 9.8e+11 -0.65 098 1.2e+10 -0.14 0.99 1.4e+09  0.17 0.99  4.6e+08 0.99  2.1e+08
VB2 -022 1 9.7e+11  -1.03  0.97 1.2e+10 -0.56 098  1.4e+09 -0.29 097  4.6e+08 0.98  2.1e+08
VB3 0.29 101 9.9e+11 026 1 1.2e+10  0.29 1.01 1.4e+09  0.62 1 4.7e+08 . 101 2.2e+08
Viy -1.8 0.97  9.5e+11 -1.87 097 1.2e+10 -1.37 098 14e+09 -1.12 097 4.6e+08 -225 098  2.1e+08
Vit — 098  18e+12  — 103  1.6e+10 — 12 18e+09 — 137 6.6e+08 — 141 2.9e+08
vsyG — 1 1.8e+12 — 1 1.6e+10 — 1 1.5e+09 — 1 4.8e+08 — 1 2.1e+08
vmer -145 12 22e+12 0a1 118 1.9e+10 132 117  17e+09  -003 138  67e+08  -042 147  3.1e+08
VMmea 085 147 27e+12 068 123  2e+10 133 107 1.6e+09 -0.57 098  4.7e+08 104 220408
VD -0.12 098 1.8e+12 -021 098 1.6e+t10 044 098 15e+09 -1.06 098  4.7e+08 0.97  2e+08
Vo2 011 098 18et12  -017 098 1.6e+10 055 098 1.5e+09 086 098  4.8e+08 098  2e+08
vp; 01 098 18e+12  -013 098 1.6e+10 066 099 15e+09 -067 099  4.8e+08 099  2.1e+08
Vip 0.28 0.99 1.8e+12  0.26 1 1.6e+10 1 1 1.5e+09  -0.4 1 4.8e+08 1 2.1e+08
Vie 037 1 18e+12 026 1 16e+10 09 1 L5e+0g 057 1 48e+08 1 2.1e+08
Rand. Sys. vy 038 1 18e+12 029 1 16e+10 099 1 156409 -041 1 48e+08 0.3 1 2.1e+08
VMT1 -0.05 098 18e+12 -025 097 1.6et10 039 0.97 15e+09 -1.12 097 4.7e+08 -0.58 0.97 2e+08
VMTa 01 098 18e+12 -012 098 16e+10 066 099 1.5e+09 067 099  4.8e+08 099  2.1e+08
M 011 098 18e+12  -017 098 1.6e+10 055 098 15e+09 -086 098  4.8e+08 098  2e+08
VMTy <066 097 18et12 -06 097 L5e+10 006 097 1.4e+09 -143 097  4.7e+08 096  2e+08
VMTs -042 097 18e+12 -0.61 097 1.5e+10  0.02 0.97  1.4e+09  -1.49  0.97  4.7e+08 0.96  2e+08
Vi, 011 098 18e+12  -017 098 1.6e+10 055 098 15e+09 -087 099  4.8e+08 098  2.1e+08
VB2 -0.4 0.97 18e+12 -0.57 097 1.5e+10 0.12 0.97 1.4e+09 -1.32 097  4.7e+08 0.97  2e+08
Vi, 018 099 18e+12 023 1 16410 098 1 150409 -0.42 1 48¢+08 o 1 2.1e+08
VB -1.89 095 1ye+12  -1.39 0.7 15e+10  -0.69 097  1.4e+09  -2.13  0.97 4.7e+08  -1.53 097  2e+08
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Table B.2o: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 1, CV(X) = 0.81

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
var — 094 23et11  — 106 21et09 — 168 38e+08 — 253 17e+08 — 335  84e+oy
vsva — 1 250411 — 1 2e+09  — 1 23e+08  — 1 6.6e+07 — 1 2.50+07
VMCt -0.2 1.58 3.9e+11  -0.52 1.09 2.1e+09 0.4 159 3.6e+08 0.29 2.3 1.5e+08  -0.38 2.88  7.2e+07
Vatca 033 102 25e+11 05 1 26409 053 099 22e+08 024 098 656407 033 095  24e+07
VD o 0.99 2.5e+11  -0.62 098 1.9e+09 -0.03 096 2.2e+08 -0.66 093 6.1e+07 -1.49 088  2.2e+07
VD2 o 099  25e+11  -0.59 098 1.9e+09 003 096 220408 -054 093 6.1e+07 -13 089 220407
VD3 0.01 0.99  2.5e+11 -0.43 098 1.9e+09 078 0.97  2.2e+08 133 0.96  6.3e+07  2.81 0.96  2.4e+07
ViR 021 1 25e411 -0.39 098  19e+09 023 096  22e+08 -036 004 6.aetoy -113 089  2.2e+07
Vie 0.2 1 2.5e+11  -0.41 099 20409 02 099 220408 -0.42 097 64407 -124 094  2.4€+07
Brewer vri 0.2 1 250411 -0.25 1 20409 093 1 22e+08 142 1 6.6e+07 282 1 2.5e+07
VMT1 0.1 0.99  2.5e+11 -0.58  0.98 1.9e+09 -0.02 095 21e+08 -0.67 093 6.1e+07  -1.52 0.88  2.2e+07
VmTa 001 099 25e+11  -043 098 1.9e+09 078 097 220408 133 096 63e+0y 281 096  24e+07
VMT3 o 0.99 25e+11  -0.59  0.98 1.9e+09  0.04 096 22e+08 -0.54 093 6.1e+07 1.3 089  2.2e+07
VMTy -036 098 24et11  -087 097 1.9e+09 -0.28 095 2.1e+08 -0.9 092 6.1e+07  -1.73 088  2.2e+07
VMTs -0.14 098 24e+11  -082 097 1.9e+09 -026 095 2.1e+08 -0.91 092 6.1e+07 -1.75 088  2.2e+07
VB1 0.01 0.99  2.5e+11 -0.45 098 1.9e+09  0.72 0.97  2.2e+08 1.21 0.96  6.3e+07  2.61 0.95  2.4e+07
Ves 013 098 24e+11  -065 097 1.9e+09 049 096 2.2e+08 097 095 63407 235 094  24e+07
VB3 0.14 0.99  2.5e+11 -0.25  0.99 1.9e+09  0.94 0.98  2.2e+08 1.45 0.97 6.4e+07 287 0.96  2.4e+07
Viy 4163 096 24e+11 <162 096 1.9e+09 048 095 21e+08 -0.05 004 6.2e+07 125 093  23e+07
vuT — 098 250411 — 105  1.9e+09 — 147 29e+08 — 21 1ie+o8 — 27 se+o7
Vsyg — 1 2.5e+11 — 1 1.8¢e+09 — 1 2e+08 — 1 5.2e+07 — 1 1.8e+07
vmes 034 164 4ietil 126 11z 20409 092 15  29e408 029 212  Lie+08 -0.61 272  5e+07
vMca 069 102 26e+11 133 1 18¢+09 078 1 2e+08 036 1 520407  -048 1 1.8e+07
by 057 101 25e+11  3.62 104 1.9e+09 553 11 2.1e+08 744 116  6ieroy  8.64 123  23e+07
VD2 0.58 101 2.5e+11 3.65 1.04 1.9e+09 5.6 1.1 2.2e+08  7.56 1.16  6.1e+07  8.85 124  2.3e+07
Vb, 059 101  25e+11 382  1.05 1.9e+09 639  Taz  22e+08 959 123  6.4e+07 1338 142 2.6e+07
vEp 079 102 25e+11 386 105 1.9e+09 581 111 220408 776 117  61e+07 903 125  23e+07
VBe 0.78 1.01  2.5e+11 3.83 1.06  1.9e+09  5.75 113 2.2e+08  7.67 121 6.3e+07  8.86 1.29  2.4e+07
Tillé VTi 0.79 101 2.5e+11  3.99 1.06  1.9e+09  6.52 115  23e+08  9.66 127 6.6e+07  13.35 147  2.7e+07
VMT: 067 101 25e+11 366  1.04 1.9e+09 554 11 21e+08 743 116  6e+oy 8.6 122 220407
VMT2 059 101 25e+11 382 105 1.9e+09 639 112  2.2e+08 959 123 64e+oy 1338 142  2.6e+07
VMT3 0.58 101 2.5e+11  3.65 1.04 1.9e+09 5.6 11 2.2e+08  7.56 1.16  6.1e+07  8.85 124 2.3e+07
VMTy 0.21 1 2.5e+11 335 1.04  1.9e+09  5.27 1.09  2.1e+08  7.18 115  6e+oy 8.37 122 2.2e+07
VMTs 043 1 25e+11 341 1.04 1.9e+09 529  1.09 21e+08 7.a7 115  6e+07 834 121 2.2e+07
Vi: 058 101 25e+11 379 105  1.9e+09 633 112 2.2e+08 947 122 64e+07 1316 141 2.6e+07
VB2 0.44 1 2.5e+11 3.58 1.04 1.9e+09  6.09 111 2.2e+08  9.21 121 63e+07 1287 1.39  2.6e+07
Vi, 072 101 25e+11 4 1.06  1.9e+09 656 113  22e+08 973 124 6.5e+07  13.45 143  2.6e+07
Vg -1.06 098  24e+11 258 103 1.9e+09 506  1.09  2.1e+08 8.1 118 6.2e+07  11.66 135  2.50+07
VHT — 0.94 23e+11  — 1.02  2e+09 — 156  3.4e+08 — 227 1.5e+08 — 297 6.9e+07
vsye — 1 250411 — 1 1.9e+09 — 1 220408 — 1 640+07  — 1 23e+07
VMmCr 019 16  4e+11 056 109 21e+09 078 159 3.5¢+08 -0.87 228 15e+08 -0.63 298  6.9e+07
VMCa 0.03 1.01  2.5e+11 071 1.01  2e+09 0.89 1.01  2.2e+08  -0.83 1 6.4e+07  -0.28 1 2.3e+07
VD: -0.19  0.99  25e+11  0.34 0.98 1.9e+09  0.48 0.97 2.1e+08 -1.24 0.95 6.1e+07  -0.7 0.94  2.2e+07
VD2 -0.19 099  2.5e+11 037 0.98  1.9e+09  0.54 097 2.1e+08  -1.13 096 6.1e+07  -0.51 0.94  2.2e+07
Vb3 018 099 25e+11 054 099 1.9e+09 129 098 22e+08 074 099 6.3e+07 3.63 102  24e+07
VEpP 0.03 1 2.5e+11 057 0.99  1.9e+09  0.74 0.97 21e+08 -0.94 096 6.2e+07  -0.34 0.95  2.2e+07
Vie o011 25e+11 056 1 1.9e+09 071 1 22e+08 -1 1 64e+07 044 1 2.3e+07
CPs VTi 0.02 1 2.5e+11  0.72 1 1.9e+09  1.44 1.01  2.2e+08  0.83 1.03  6.6e+07  3.64 1.07  2.5e+07
VMT: 009 099 25e+11 038 098 1.9e+09 049 096 2.1e+08 -1.25 095 6.1e+07 073 093  2.2e+07
VMT2 -0.18 0.99  2.5e+11  0.54 0.99 1.9e+09  1.29 0.98  22e+08 0.74 0.99 6.3e+07  3.63 102 2.4e+07
VmTs 018 099 25e+11 037 098  1.9e409 054 097 21e408 -113 096  6.1e+07 -0.51 094 220407
VMT, 055 099 25e+11 009 098 1.9e+09 023 096 21e+08 -1.48 095 6.1e+07  -0.94 093  2.2e+07
VMTs -0.33 0.99 25e+11  0.14 098  1.9e+09  0.25 096 2.1e+08 -1.49 0.95 6.1e+07  -0.97 0.93  2.2e+07
VB -0.18 099  2.5e+11  0.51 0.99 1.9e+09  1.23 0.98  2.2e+08  0.62 099  6.3e+07 343 102 2.4e+07
VB2 -0.32 099  2.5e+11 031 098  1.9e+09  1.01 097 2.1e+08 038 098  6.3e+07  3.16 101 2.3e+07
Vs 005 1 25e+11 071 099  1.9e+09 145 099 22e+08 086 099 64et0y 369  1.03  2.4e+07
VBy -1.81 096 24e+11  -0.67 097 1.9e+09  0.03 0.96 2.1e+08 -0.63 0.97 6.2e+07  2.06 0.99  2.3e+07
var — 094 24et11  — 102 2et0g  — 165  3.6e+08 — 257  17e+08 — 353 88e+oy
vsya — 1 250411 — 1 20+09 — 1 200+08  — 1 6.6e+07 — 1 2.50+07
VMCt 0.51 1.59  4.1e+11 -0.45 11 2.2e409  -0.11 168  3.7e+08  0.53 2.6 1.7¢+08  -0.07 3.62  ge+o7
Vmes 066 103 26e+11 008 1 2et09 003 1 220408 013 1 6.6e+07 03 1 250407
VD1 0.22 0.99 2.5e+11  -0.45 098  1.9e+09 -0.94 096 2.1e+08 -2.04 093 6.1e+07  -4.3 0.9 2.2e+07
Vb2 023 099 25e+11  -042 098 1.9e+09 -0.88 096 2.1e+08 -1.92 093 6.1e+07 411 09  2.2e+07
VD3 0.24 0.99 25e+11  -0.26  0.98 1.9e+09 -0.14 097 2.1e+08 -0.08 096 6.3e+07  -0.13 0.95  2.4e+07
Vip 044 1 25e411 -0.22 099 20409  -0.68 096  21e+08 -174 004 6.1e+07 395 091  2.2e407
Vie 043 1 25e+11 022 1 20409 -071 099 22e+08 -1.82 097 6.4e+07 403 096  24e+07
Rand. Sys. vy 043 1 2.5e+11 006 1 2e409 001 1 22e+08 0 1 6.6e+07 -01 1 2.5e+07
VMT:1 0.32 0.99  2.5e+11 -041  0.98 1.9e+09 -0.93 095 2.1e+08 -2.05 0093 6.1e+07  -4.32 0.9 2.2e+07
VmTa 024 099 25e+11 026 098 1.9e+09 -014 097 21e408 -008 096 63e+07 -013 095 2.4e+07
VMT; 023 099 25e+11  -042 098 1.9e+09 -088 096 21e+08 -1.92 093 6.1e+07 411 09  2.2e+07
VMTy -0.14 0.99 25e+11 0.7 098 1.9e+09 -1.19 095 2.1e+08 -2.27 093 6.1e+07  -4.53 0.9 2.2e+07
VmTs 008 099 25e+11  -065 097 1.9¢+09 -117 095 21e+08 -228 092 6.1e+07 456 089 220407
Vi1 0.23 0.99 2.5e+11  -0.29 0.98  1.9e+09  -0.2 097 2.1e+08 -0.19 0.96 6.3e+07 -0.32  0.94  2.3e+07
vis 009 099 25e+11  -049 008 1.9e+09 -042 096 2.1e+08 -0.43 095 620407 -0.58 094 23e+07
VB3 0.37 1 2.5e+11 -0.08 099 2e+09 0.02 0.98  22e+08 0.05 0.97 6.3e+07  -0.07 0.95  2.4e+07

Vi, S141 096 25e+11 -145 096  1.9e409  -139 095 2.1e408  -143 094 620407 165 093  23e+07
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Table B.21: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 1, CV(X) = 0.67

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
var — 096  63et11  — 097  41e+09 — 116 52e+08 — 146 1.9e+08 — 182 86e+oy
vsva — 1 6.6e+11  — 1 430409  — 1 450408  — 1 13e+08 — 1 4.7e+07
VMCt 0.13 119  7.9e+11  -0.17 099  4.2e+09  1.28 111 5e+08 031 132  1.7e+08  0.63 5 7.1e+07
VMmes 027 102 6get11  -023 1 42e+09 123 099 4.5¢+08 029 097 120408 0.7 093 4.4e+07
VD 0.21 1 6.6e+11  -0.39  0.99  4.2e+09  0.95 0.96  4.3e+08  -0.2 0.92 120408 -036 085 getoy7
VD2 022 1 6.6e+11  -0.37 099 420409 099 096 43e+08 -013 092 1.2e+08 -025 086  4eto7
vb; 023 1 6.6e+11 022 099 420409 169 098 g4e+to8 162 096 120408 3.58 095  4.5€+07
Vep 03 1 6.6e+11  -03 099 420+09 105 096 43e+08 -0.09 003 1.2e+08 -022 086  4.1e+07
Vie 029 1 66e+11  -031 1 420409 103 098  44e+08 -0 096 120408 -024 092  4.3e+07
Brewer vri 029 1 66e+11  -017 1 20409 171 1 45e+08 1.6 1 13e+08 352 101 48e+07
VMT1 0.33 1 6.6e+11  -0.31  0.99  4.2e409 1 0.96  4.3e+08 -0.17 0.92 1.2e+08  -0.35 085  geto7
VmTs 023 1 66e+11  -022 099 42e+09 169 098  44e+08 162 096 1.2e+08 358 095 456407
VMT3 0.22 1 6.6e+11 -0.37 0.99  4.2e+09  0.99 096 43e+08 -013 092 1.2e+08  -0.25 086  geto7
VMTy 003 099 65e+11  -056 098 420409 078 095 43e+08 -037 092 1.2¢+08 -0.53 085  4e+07
VMTs 0.16 099  6.6e+11  -047 098  4.2e+09  0.84 095 43e+08 -033 092 1.2e+08 -052 085  ge+o7
Vi 022 1 6.6e+11  -0.24 099 420409 165 098  44e+08 154 096  1.2e+08 346 095  4.5€+07
VEa 017 099 6.6e+11  -031 099 4.2e+09 156 097 44e+08 145 096 120408 336 094  4.4e+07
Vi, 027 1 6.6e+11  -0.16 099 420409 173 098  44e+08 1.64 097 120408 3.56 095  4.5€+07
Vi, “1.32 097 64et11 <137 097  41e+09 046 095 43¢+08 029 004 1.2e+08 208 091  4.3e+07
vuT — 1 6.5e+11  — Lo1  g4etog  — 111 43e+08 — 126 13e+08 — 146 4.8e+07
VsyG — 1 6.5e+11 — 1 3.9e+09 — 1 3.8e+08 — 1 1e+08 — 1 3.3e+07
vmes 322 123 8etil 019 105  41e409 084 112  43e408 -096 127 13e+08 028 147  48e+07
vMmca 363 101 66e+11 013 101 4eto9 082 1 38e+08  -089 1 1e+08 021 1 3.3e+07
Dy 402 101 66e+11 253 106  4.2e+09 6.03 115  4.4e+08 664 123 120408 1045 146  4.8e+07
VD2 4.03 101 6.6e+11 2.55 1.06  4.2e+09  6.07 115  4.4e+08  6.72 1.23 1.2e+08 1058 147  4.8e+07
Vb, 403 101 66e+11 271 1.06  42e+09 681 118  45e+08 859 133 1.3e+08 1483 184  6e+o7
VEp 411 102 66e+11 262 106  4.2e+09 613 116  44e+08 676 123 120408 106 147  4.8e+07
VBe 4.1 1.02  6.6e+11 2.61 1.07  4.2e+09  6.11 118  4.5e+08  6.75 1.28 1.3e+08 1055 154  5e+07
Tille vt 41 102 66e+11 275 107 420409 682 121 46e+08 857 138  14e+08 1473 1.9  6.2e+07
VMT: 414 102 66e+11 261 106 4.2e+09 609 115 44e+08 668  1.23 1.2e+08 1046 146  4.8e+07
VMTa2 403 101 66e+11 271 106 4.2e+09 681 118  4.5e+08 859 133 13e+08 14.83 184  6e+oy
VMT; 4.03 101 6.6e+11 2.55 1.06  4.2e+09  6.07 115  4.4e+08  6.72 1.23 1.2e+08 1058 147 4.8e+07
VmTs 377 101 66etil 236 105 420400 585 114 440408 646 122 120408 1027 145 470407
VMTs 397 101 6.6e+11 245 106  4.2e+09 591 114  4.4e+08 65 122 120408 1028 144  4.7e+07
Vi 403 101 66e+11 269 106 4.2e+09 677 118  45e+08 851 132 1.3e+08 147 182  6e+oy
VB2 3.98 101 6.6e+11 2.61 1.06  4.2e+09  6.68 117  4.5e+08  8.41 132  1.3e+08 14.59 1.81  5.9e+07
Vi, 408 102 66e+11 277 107 420+09 686 119  46e+08 861 133 1.3e+08 1481 184  6e+07
Vg 244 098 64e+11 152 104 41€+09 552 114  4.4e+08 716  1.26 130408 1317 169  5.5e+07
VHT — 0.96  6.2e+11  — 096  4.1e+09 — 11 4.9e+08  — 132 1.6e+08 — 156  6.7e+07
vsyG — 1 650411 — 1 420409 — 1 450408 — 1 1.2e408 — 1 43e+07
VmCr 034 12  78e+11  -035 099 4.2e+09 11 1a1  5e+08 05 133 16e+08 -004 157 6.8e+07
VMmC2 -0.33 102 6.6e+11  -027 1 43e+09  -1.14 1 4.5e+08  -0.5 1 1.2e+08  0.07 1 4.3e+07
VD: -038 1 6.5e+11  -0.44  0.99  4.2e409 -1.35 097 4.4e+08 -0.63 0095 1.2e+08  -0.23 0.93  4e+07
Vb2 038 1 65e+11  -042 099 420409 -1.31 097  4.4e+08 056 096 1.2e+08 -012 093  4e+07
Vs 037 1 6.5e+11 <027 099 420409 -0.62 099 44e+08 118 099 120408 372 1.04  4.5€+07
VEP -0.3 1 6.5e+11  -0.36 099  4.2e+09 -1.26 098  4.4e+08 -0.51 096 1.2e+08  -0.09 0.94  4.1e+07
Vie 03 1 650411 -0.35 1 42409 126 1 450408  -0.52 1 12e408 01 1 430407
CPS vri 03 1 65e+11  -022 1 430409  -0.6 101  45e+08 117 103 13e+08 366 11 48e+07
VMT: 027 1 6.5e+11  -0.36 099 420409 -1.3 097 4.4e+08 -0.59 095 1.2e+08 -022 093  4e+07
VMT2 -037 1 6.5e+11  -0.27 099  4.2e+09  -0.62 0.99  4.4e+08  1.18 0.99 1.2e+08  3.72 1.04  4.5e+07
VMT; -038 1 6.5e+11 <042 0.99  4.2e+09  -1.31 097  4.4e+08 -0.56 096  1.2e+08  -0.12 093  4e+07
VMT, 062 099 65e+11  -061 099  4.20+09 152 097 44e+08 079 095 120408 0.4 093  4e+07
VMTs -0.43 1 6.5e+11  -0.53  0.99  4.2e+09 -1.46 097 4.3e+08 -0.76 0095 1.2e+08  -0.39 0.93  4e+07
VB1 -037 1 6.5e+11  -0.29  0.99  4.2e+09 -0.67 099  4.4e+08 111 0.99 1.2e+08 3.6 1.04  4.5e+07
VB2 -0.42 1 6.5e+11  -0.36  0.99  4.2e+09 -0.75 098  4.4e+08  1.02 0.99 1.2e+08 3.5 1.03  4.5e+07
Vs 032 1 6.5e+11  -0.22 1 420409  -0.58 099  44e+08 1.2 1 120408 3.7 104  4.5e+07
VBy -1.9 0.97 63e+11  -1.42 097 4.1e+09 -1.83 097 4.3e+08 -0.14 097 1.2e+08  2.22 0.99  4.3e+07
var — 096  bget11  — 096 41e+09 — 113 51eto8  — 142 18e+08 — 186 8.6e+oy
vsva — 1 6e+11 — 1 430409  — 1 450408  — 1 13e+08 — 1 4.6e+07
VMCt 1.98 119  8e+11 0.23 0.99  4.2e+09  -0.3 115 5.2e+08 -049 143 1.8e+08  0.16 1.9 8.7e+07
Vmes 188 101 68e+11 023 1 43e+09  -018 1 456408  -048 1 13e+08 032 1 46e+07
VD, 186 1 67e+11 003 099 420409 094 096 4.3e+08 228 093 120408 363 09  41e+07
VD2 186 1 67e+11 005 099 420409 0.9 096 43e+08 -221 093 120408 -352 09  4.1e+07
VD3 1.87 1 6.7e+11 0.2 0.99 4.2e409 -021  0.97 4.4e+08  -0.5 096 1.2e+08 0.8 0.94  4.3e+07
Vip 194 1 67e+11 011 099 420+09 085 096 43e+08 -217 003 1.2e+08 35 09  4.2e407
VBe 193 1 67e+11 o012 1 420409 084 099  44e+08 -217 098 120408 -351 097  4.4€+07
Rand. Sys. vy 194 1 67e+11 025 1 430409 018 1 45e+08  -0.51 1 13e+08 013 1 4.6e+07
VMT 1.97 1 6.7e+11  0.11 0.99 4.2e+09 -0.89 096 4.3e+08 -2.25 093 1.2e+08  -3.63 0.9 4.1e+07
VMTa 187 1 67e+11 02 099 420409 021 097 44e+08 -05 096 12e+08 018 094  4.3e+07
VMT; 186 1 67e+11 005 099 420409 0.9 096 43e+08 -221 093 120408 -352 09  4.1e+07
VMTy 1.61 099 6.6et11  -0.15 098 4.2e+09 -1.11 096 4.3e+08 -244 093 1.2e+08  -3.79 0.9 4.1e+07
VMTs 1.8 1 67e+11  -006 098  4.20+09 -1.05 096 43e+08 -241 093 1.2e+08 -378 09  4.1e+07
Vi 186 1 67e+11 018 099  42e+09 025 097 4.4e+08 057 096 1.2e+08 007 094  43e+07
Via 181 1 67e+11 0.1 099 420409 034 097 4.4e+08 -066 095 1.2e+08 -003 093  4.3e+07
VBs 1.91 1 6.7e+11  0.25 0.99 4.2e+09 -0.17 098  4.4e+08 -048 096 1.2¢+08  0.16 0.94  4.3e+07
Vi, 03 097 65etil  -096 097 416409 -142 096  43e408 -18 004 12e+08 -1.27 092  4.2e+07
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Table B.22: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) =1, CV(X) = 0.5

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
var — 098  1get12  — 105 B8getog — 117 96eto8 — 132 28e+08 — 153 1.1e+o8
vsva — 1 17e+12 — 1 85e+09 — 1 82e+08 — 1 216408  — 1 7.56+07
VMCt -0.53 108 1.8e+12 043 1.05  9e+09 -026 114 93e+08 -0.19 1.25 2.6e+08  1.44 1.3 9.8e+07
VMmea 075 101 17e+12 o411 85e+09 -028 099 8.1e+08 -0.18 098 21e+08 1.5 093 7e+o7
VD1 -082 1 1.7e+12  0.44 1 8.6e+09  -0.31 0.99 82e+08 -0.53 097 21e+08 086 089  6.7e+07
VD2 082 1 17e+12 045 1 86e+09 -029 099 8.2e+08 -049 097 21e+08 091 089 67e+07
VD3 -0.81 1 1.7e+12  0.55 101 8.6e+09  0.15 101 83e+08 0.6 1 2.1e+08 331 1 7.5e+07
vip 08 1 17e412 041 1 86e+09 034 099 82e+08 -0.55 097 21e+08 083 089  67e+07
Ve 084 1 170412 041 1 85e+09 -033 099 8.1e+08 -0.53 097 21e+08 087 09  68eto7
Brewer vri 084 1 17e+12 049 1 85e+09 008 1 82e+08 051 1 21e+08 318 101 7.6e+07
VM. 071 101 17e+12 054 101 86e+09 023 1 8.2e+08 -046 097 21e+08 09 089  6.7e+07
VMTa 081 1 17e412 055 101 86e+09 015 101 B83e+08 06 1 21e+08 331 1 7.5e+07
VMT; 082 1 17e+12 045 1 8.6e+09 -029 099 8.2e+08 -049 097 21e+08 091 089 67e+07
VMTy -0.95 1 1.7e+12 034 1 8.5e+09  -0.41 099 8.2e+08 -062 097 21e+08 076 089  6.7e+07
VmTs 08 1 17et12 045 1 86e+09 032 099 B82e+08 -055 097 21e+08 081 089 67e+07
Vi 081 1 17e+12 054 101 86e+09 013 101 83e+08 057 1 21e+08 325 1 7.56+07
ves 08 1 17e+12 057 101 86e+09 016 101 8.3e+08 061 1 21e+08 329 1 7.5e+07
VB3 -083 1 1.7e+12  0.51 101 8.6e+09  0.09 101  83e+08 0.53 1 2.1e+08  3.21 1 7.5e+07
Ve, 222 098 16eti2  -056 099 B84e+09 -101 099 8.1e408 -065 008 2.1e+08 189 094 7.1e+07
vuT — 101 17et12  — 106  83e+09 — 114 81e+o8 — 123 21e+08 — 131 6.9e+07
Vsyg — 1 17e+12 — 1 7.8e+09 — 1 7.1e+08  — 1 1.7¢+08 — 1 5.2e+07
vmes 0.5 111 1.9e+12  -046 108 B84e+09 068 115 8.1e408 -031 1.23 21e+08 -0.12 132 69e+07
vMmca 047 101 17e+12 -045 1 78e+09 067 1 71e+08  -031 1 176408 011 1 5.2e+07
by 002 101 17e+12 142 107 83e+09 4.7 119  84e+08 562 133 23e+08 81 1.65 8.6e+07
VD2 0.02 101 L7e+12  1.43 1.07  8.3e+09  4.72 119 8.4e+08  5.66 1.33 23e+08  8.16 1.66  8.7e+07
Vo, 003 101  17et12 153 107 84e+09 518 122  87e+08 682 144 24e+08 1073 206  1i1e+08
vEp 001 101 17e+12 139 107 83e+09 467 119 84e+08 559 133 220408 8.07 165 8.6e+o7
VBe 001 101 17e+12 139 106 83e+09 468 118 84eto8 561 133 23e+08 8.1 1.68  8.8e+o7
Tillé vt o 101 17e+12 147 106  83e+09 511 121 8.6e+08 671 143  24e+08 1059  2.05  1.1e+08
VMT1 0.13 1.02  17e+12  1.53 1.07  8.3e+09  4.79 119  8.5e+08  5.69 1.33 23e+08 815 1.66  8.7e+07
VMT2 003 101  17e+12 153 107 83e+09 518 122  86e+08 682 144 24e+08 1073 2,06  1.1e+08
VMT3 0.02 101 17e+12 143 1.07  8.3e+09  4.72 119 8.4e+08  5.66 1.33 23e+08  8.16 1.66  8.7e+07
vmTy 012 101 17et12 132 106 83e+09 46 118 84e+08 552 132 220408 8 164 8.6e+oy
VMTs 004 102  17e+12 143 107 83e+09 469 119 84e+08 559 133 220408 805 165 8.6e+07
iy 003 101  17e+12 152 107 83e+09 516 122 8.6e+08 678 143 24e+08 1067 205 1ie+o8
VB2 0.05 1.02  17e+12  1.55 1.07  8.4e+09 5.2 122 8.6e+08  6.82 1.44 2.4e+08 1071  2.05 1.1e+08
v, 001 101 17e+12 149 107 83e+09 513 122  8.6e+08 675 143 24e+08 1062 204  1ie+o8
Vi, S14 099 17e+12 041 105 8.2e+09 397 116 8.2e+08 549 133 23e+08 921 183  9.be+o7
VHT — 098  17e+12  — 103 87etog — 113 9e+08 — 125 2.6e+08 — 137  9.1e+07
vsva — 1 17e+12 — 1 8.4e+09 — 1 8e+08 — 1 21e+08  — 1 6.7e+07
VMmCr 043 108 1ge+12 008 106 8.9e+09 -137 114 9.de+08 014 126 26e+08 013 138  9.2e+07
VMCa -0.45 102 1.8e+12  0.06 101 84e+09  -1.33 1 8e+08 0.09 1 2.1e+08  o0.17 1 6.6e+07
VD: -047 1 1.7e+12 0 1.01  8.5e+09  -1.33 1 8e+08 0.15 1 2.1e+08  0.19 0.98  6.5e+07
Vba 046 1 176412 o 101 8setog  -131 1 Se+o8 018 1 21e+08 024 098  65e+07
Vb3 046 1 17e+12 041 101 85e+09 -0.88 1.0z B81eto8 129 10§ 220408 263  1.08  7.2e+07
VEpP -0.49 1 1.7e+12  -0.03 101 85e+09 -1.36 1.01  8e+o8 0.12 1 2.1e+08  0.16 0.98  6.5e+07
Vie 049 1 17e412 003 1 84e+09 133 1 8e+o8 013 1 21408 0.2 1 6.7e+07
CPs VTi -0.49 1 1.7e+12  0.05 1 8.4e+09  -0.93 101 8.1e+o8 1.18 1.04 2.2e+08 25 11 7.3e+07
VMT: 036 1 17e412 01 101 85e+09 -1.25 101 8eto8 022 1 21e+08 023 098  6.5e+07
VMT2 -0.46 1 1.7e+12 0.1 101 85e+09 -0.88 1.02 8.1e+08 1.29 1.04 2.2e+08  2.63 1.08  7.2e+07
VMT; -0.46 1 1.7e+12  0.01 101 85e+09 -1.31 1 8e+08 0.18 1 2.1e+08  0.24 098  6.5e+07
VMT, 06 1 17e412 01 1 84e+09 142 1 8e+08 006 1 21e+08 009 098  6.5e+07
VMTs -045 1 1.7e+12  0.01 101 8.5e+09  -1.34 1 8e+08 0.12 1 2.1e+08  0.14 0.98  6.5e+07
VB -046 1 1.7e+12  0.09 101 8.5e+09  -0.9 102 8.1e+08 1.25 1.04 2.2e+08 257 1.08  7.2e+07
Ve: 044 1 17e+12 012 101 8.5e+09 -086 102 S8.1e+08 129  1.04 220408 261 108  7.2e+07
Vs 048 1 17e+12 006 101 8.5e+09 -093 1.0z 8.1e+08 122  1.04 220408 253 108  7.2e+07
VBy -1.88 097 17e+12 -1 0.99 83e+09 -202 1 8e+08 0.03 1.01  2.1e+08  1.22 1.03  6.8e+07
var — 098  1get1z  — 103 88etog — 116 g4eto8 — 131 28e+08 — 152 1.1e+08
vsya — 1 17e+12 — 1 85e+09 — 1 8.1et08  — 1 210408  — 1 7.2¢+07
vMCt 1.92 1.08 18e+12 -049 105 89e+09 -0.83 116 9.4e+o8 0.89 131 2.8e+o8 -0.18 1.52  1.1e+08
VMmea 206 101 17e+12  -051 1 85e+09 -085 1 81e+08 087 1 21408  -016 1 7.2e+07
VD1 2.04 1 17e+12  -0.42 1 8.5e+09  -1.19 1 8.1e+08  -0.18  0.97  2e+08 -2.45 096  6.9e+07
Vb2 204 1 17e+12 041 1 85e+09 117 1 81e+08 -0.15 097 20408 239 096  6.9e+07
VD3 2.04 1 1.7e+12  -031 101 8.6e+09 -073 1.01 8.2e+08  0.95 1 2.1e+08  -0.08 0.99  7e+07
vip 201 1 17e412 045 1 85e+09 122 1 81e+08 -021 097 2e+08 247 096  6.9e+07
Vee 201 1 170412 044 1 8.5e+09 -121 099  8e+to8 019 097 21e+08 -244 098  7eto7
Rand. Sys. vy 201 1 17e+12  -036 1 85e+09 -081 1 81e+08 085 1 21e+08 02 1 7.1e407
VM. 215 1 17e412 032 1 86e+09 11 1 81e+08 -0.11 097 2e+08 24 096  6.8e+07
Vs 204 1 17e412 031 101 86e+09 -0.73 101 8.2e+08 095 1 216408 008 098  7e+07
VMT; 204 1 17e+12 041 1 85e+09 117 1 81e+08 -0.15 097 2e+08  -239 096  6.9e+07
VMT, 19 1 17e412 052 1 85e+09 -128 099 8.1e+08 -0.27 096 20408 254 096  6.9e+07
VMTs 2.06 1 176412 -041 1 8.5e+09  -1.19 1 8.1e+08 -0.21  0.96  2e+08 -249 096  6.9e+07
Vi1 2.04 1 1.7e+12  -0.32  1.01  8.6e+09 -0.75 101  8.2e+08  0.92 1 2.1e+08  -0.13 0.98  7e+o7
via 206 1 17e+12  -029 101 86e+09 -072 101  8.2e+08 095 1 21e+08  -009 098  7e+07
VB3 2.02 1 1.7e+12  -035 101 8.6e+09 -079 1.01 8.2e+08 0.88 1 2.1e+08  -0.17 0.98  7e+o7
Vi 059 097 17e+12 141 099 B84e+09 -188 099 Bieto8 03 098 21e+08 144 097  7e+07
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Table B.23: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.

MUz273 population (N = 273), CV(Y) = 0.82, CV(X) = 1.27

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.99 28e+17 — 099  26et+15 < — 1 3.1e+14 — 101 9.6e+13 — 101 3.5e+13
Vsva — 1 28e+17  — 1 26e+15  — 1 31e+14  — 1 9.5e+13  — 1 3.4e+13
VMCt 1.97 101 28e+17 0.99  2.6e+15  -0.23 1 3.1e+14  1.22 1.01  9.6e+13  0.98 1 3.4e+13
VMC2 -0.19 129  3.6e+17 1.03  2.7e+15 0.4 1.04 3.2e+14 098 1.01  9.6e+13 078 1.01  3.5e+13
Vou 0.07 097 2.7e+17 097  2.50+15 <146 097 3e+14 042 098  9.3e+13  -0.95 097  3.3e+13
VDa 009 097 27e+17 097 26e+15 -122 098 3e+14 0.1 099  9.4e+13  -0.16 098  34e+13
VD, 011 097  27e+17 097 26e+15 062 098  3e+14 144 1 9.5e+13 197 101 3.5e+13
vip 1.04 099  2.8e+17 099  26e+15  -0.22 1 31e+14 111 101 96e+13 081 101 3.4e+13
VBe 0.96 0.99  28e+17 0.99 26e+15 -038 1 3.1e+14 041 099 9.4e+13  -0.06 099  3.4e+13
Brewer VTi 0.98 0.99  28e+17 1 2.6e+15  0.07 1 3.1e+14  1.61 1.01  9.6e+13 1.82 1.01  3.5e+13
VMT1 0.06 0.97  2.7e+17 0.96  2.5e+15 -1.74 097  3e+14 -0.72 097  9.2e+13 0.96  3.3e+13
VMTa 011 097 27e+17 097 26e+15  -062 098 3e+14 144 1 9.50+13 101 3.5e+13
VMT3 0.09 0.97  27e+17 0.97  26e+15  -1.22 098  3e+14 0.1 0.99  9.4e+13 098  3.4e+13
VM, 081 095 27e+17 096  2.5e+15  -206 096 2.9e+14 102 096  9.2e+13 096 3.3e+13
VMTs -0.54 0.96  2.7e+17 0.95  2.5e+15  -2.34 095 29e+14 -1.31 096 9.1e+13 -1.79 0.95 3.3e+13
VB1 0.09 0.97  2.7e+17 0.97 26e+15 -086 098  3e+14 0.91 0.99  9.4e+13 1.15 0.99  3.4e+13
VB2 -0.51 0.96  2.7e+17 0.96  2.5e+15 -1.75 0.96 2.9e+14 -0.01 097 9.2e+13  0.27 0.98  3.3e+13
Ve, 07 098  27e+17 099 26e+15 o002 1 Jae+14 182 101 9.6e+13 204 101 350413
Viy 191 093 2.6e+17 095 25e+15 -1.96 096 29e+14 02 097 9.2e+13 012 098  3.3e+13
viT — 1 216417 — 1 26e+15  — 101 29e+14  — 101 ge+13 — [ —
vsyG — 1 2.1e+17 — 1 2.6e+15 — 1 2.9e+14 — 1 9e+13 — — —
VMCt 1.05 1.02  2.1e+17  0.93 1.02  2.6e+15 0.7 1.02  29e+14  1.07 1.01  9.1e+13  0.59 — 3.4e+13
VMmCa -6.68 1.1 2.3e+17  0.62 1.07 28e+15 -049 101  29e+14 0.87 1.02  Q.1e+13  0.05 — 3.4e+13
VD, 066 098 2e+17 02 099 26e+15 103 1 29e+14 168 099 89e+13 218 —  3.5e+13
VD2 -0.64 0.98  2e+17 03 0.99  2.6e+15  1.28 1.01  2.9e+14 222 1.01  ge+13 3 — 3.5e+13
vDs 062 098 20417 049 1 26e+15 191 102 29e+14 358 102  92e+13 515 —  3.6e+13
VEp 0.25 1 2.1e+17  1.29 1.01  2.6e+15 232 1.03  29e+14  3.25 1.03  9.2e+13 4 — 3.6e+13
VBe 0.3 1 2.1e+17  0.95 1.01  2.6e+15 175 1.02  29e+14 257 1.02  9.1e+13  3.11 — 3.5e+13
Tillé VTi 0.32 1 2.1e+17 1.1 1.01  2.6e+15 231 1.03  2.9e+14  3.77 1.03  9.2e+13 5 — 3.6e+13
VMmT 067 098 2e+17  -005 099 26e+15 074 1 28e+14 138 099 89e+13 188 —  34e+13
VMT2 -0.61 098  2e+17 0.49 1 2.6e+15 191 102 29e+14  3.58 102 9.2e+13 5.5 - 3.6e+13
VMTs 064 098 2e+17 029 099 26e+15 1.28 101  29e+14 221 10T 9e+l3 3 — 350413
VMTy -1.53 0.96  2e+17 -0.43 098  2.5e+15 041 0.99 28e+14 107 098  8.8e+13 1.62 — 3.4e+13
VMTs -1.27 0.97  2e+17 -0.65 097 25e+15  0.14 0.98 28et+14 077 098  8.8e+13 1.32 - 3.4e+13
VB -0.63 0.98  2e+17 0.4 0.99  2.6e+15  1.65 101 29e+14  3.04 1.01  9.1e+13  4.32 — 3.5e+13
Via “1.24 097 20417 -046 008  2.5e+15 075 099 28e+14 2.1 099 89e+13 34 — 350413
Ve, 003 099 21e+17 126 101 26e+15 256 103  29e+14 397 103  92e+13 523 —  3.6e+13
Viy 261 094 2e+17  -079 097 25e+15 052 099 28e+14 191 099 8.9e+13 325 —  3.50+13
VHT - 1 2.1e+17 — 1 2.1e+15 — 1 3.1e+14 — 1 9.7e+13  — 1 3.8e+13
VsyG — 1 2.1e+17 — 1 2.1e+15  — 1 3.ae+14 — 1 9.7e+13  — 1 3.8e+13
VMCt 0.28 101 2.2e+17 1.01  2.2e+15 031 0.99  3e+i4 -037 1.02  9.9e+13 1.16 1 3.8e+13
vmes 1204 082 1ye+1y 099  24e+15 017 101  3de+14  -0.23 10z  9.9e+13 1 101 3.9e+13
VD, 062 098 21e+1y 098  21e+15 -063 097 3e+14  -201 097 9.4e+13 058 097  37e+13
VD2 -0.6 098  2.1e+17 098  21e+15  -038 0098  3e+14 -1.49 098  9.5e+13 022 098  3.8e+13
VDs 058 098  21e+17 099 21e+15 022 098  3et14  -017 1 97e+13 229 101 3.9e+13
VEp 0.29 1 2.1e+17 1 2.1e+15  0.62 1 3.1e+14 0.5 1 9.7e+13 1.2 1 3.8e+13
VBe 0.33 1 2.1e+17 1 2.1e+15 041 1 3e+14 -1.13  0.99 9.6e+13  0.22 098  3.8e+13
CPs Vi 035 1 210417 1 210415 087 1 Jae+14 003 1 97e+13 209 1 3.8e+13
VMT 063 098 21e+1y 097 21e+15 -091 097 3e+i4  -23 096 0.4e+13  -088 096  37e+13
VMT2 058 098 2de+17 099 21e+15 022 098 3e+14  -018 1 97e+13 229 101 3.9e+13
VMT 0.6 098  2.1e+17 098  21e+15 -038 098  3e+14 -5 098  9s5e+13 022 098  3.8e+13
VMTy -1.5 0.96  2.1e+17 0.97 2.1e+15 -1.23 096 29e+14 -2.6 096 9.3e+13 -1.13 096  3.7e+13
VMTs -1.23 0.97  2.1e+17 0.96  2.1e+15 -1.51 0.5 2.9e+14 -289 095 9.2e+13 -1.42 095  3.6e+13
Vi, 0.6 098  2.1e+17 008  21e+15 -003 098  3e+14 07 099 96e+13 148 099  3.8e+13
Via 121 097 2de+17 097 21e+15 092 096 29e+14 1.6 097 9.4e+13 059 097  3.7e+13
Ve, 0.01 099  2.1e+17 1 21e+15 087 1 31e+14 021 1 98e+13 237 101 3.9e+13
Vi, 258 094 2e+17 096  21e+15  -114 096  29e+14 -179 097  9.4e+13 044 097  37e+13
VHT — 0.99  2.3e+17 1 2.7e+15  — 1 3e+14 - 1 9.1e+13 — 1 3.6e+13
Vsyg — 1 2.3e+17 1 2.6e+15 — 1 3e+14 — 1 9.1e+13 — 1 3.6e+13
vMmes “142 097 22e+17 101 27e+15  -0.19 1 3e+14 -0.91 1 9.1e+13 101 3.7e+13
VMes 981 1.04 2.4e+17 1.08  29e+15 073 105  3de+14 069 1.0z  9.3e+13 102 37e+13
Vou 0.7 098  2.3e+17 098  26e+15 -1.62 097 29e+14 -336 096  8.8e+13 096 3.5e+13
VD2 068 098 23e+17 098  26e+15 -138 098 29e+14 -285 097  8.9e+13 097  3.5e+13
VD, 066 098  23e+17 098  26e+15 -078 098 3et14  -154 099  ge+13 1 3.6e+13
VEp 0.15 0.99  2.3e+17 1 2.7e+15  -039 1 3e+14 -1.88 099 ge+13 0.99  3.6e+13
VBe 0.4 1 2.3e+17 1 2.6e+15  -0.52 1 3e+14 2.1 0.99  9e+13 0.99  3.6e+13
Rand. Sys.  vri 041 1 23e+17 1 260415 -0.08 1 Je+14 109 1 910413 1 360413
VMT: -0.73 0.97  23e+17 0.97 26e+15 -1.91 096 29e+14 -3.64 096 8.7e+13 0.95  3.5e+13
VMT2 066 098  2.3e+17 098  26e+15 -078 098  3e+14 “154 099  9et13 1 3.6e+13
VMTS 068 098 23e+17 098  26e+15 -1.38 098 29e+14 -285 097 B8.9e+13 097  3.5e+13
VMTy -1.57 0.96  2.2e+17 097  2.6e+15 -222 096 2.9e+14 -3.94 095 8.7e+13 0.95  3.4e+13
VMTs 133 096 2.2e+17 096  2.50+15 25 095 29e+14 422 094 8.6e+13 094 3.4e+13
Vi 068 098 23e+17 098  26e+15 -1.03 098 29e+14 205 098  8.ge+13 098  3.6e+13
Via 131 096 2.2e+17 097 26e+15 -1.91 096 29e+14 294 096 B.re+13 006 3.5e+13
Vis 005 099 23e+17 1 26e+15  -014 1 3e+14 116 1 9.1e+13 1 3.6e+13
Vi, 261 094 2.2e+17 096  2.5e+15 -213 096 29e+14 313 096  B7e+13 096  3.50+13
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Table B.24: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.82, CV(X) =1

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 099 1.3e+15 — 099  17e+13  — 1 27e+12 — 1 726411 — 1 3.2e+11
Vsva — 1 136415 — 1 18e+13 — 1 27e+12 — 1 72e+11  — 1 3.2e+11
VM 3.67 1.05 1.4e+15 056 1 176413 061 103  27e+12  -0.04 099 7.2e+11  -0.44 102  3.2e+11
VMCa -3.59 1.56  2.1e+15  0.44 1.07  1.9e+13  1.55 1.09 29e+12 -082 098 7.1e+11  -0.33  L.03  3.2e+11
Vor 048 097 13e+15 -015 098  1.7e+13 008 26e+12  -09 098 7.de+11  -213 098  3ae+11
VD2 0.49 097 13e+15 -011 098  1.7e+13 008 26e+12  -07 008 7.de+i1 177 098  3de+11
VD3 0.5 0.97  1.3e+15  0.03 098  17e+13 0.99  26e+12 039 0.99  7.1e+11  0.32 1 3.1e+11
vip 11 099 13e+15 054 1 176413 1 27e+12 001 1 720411 106 1 3.2e+11
VBe 1.08 099 1.3e+15 047 099  1.7e+13 1 26e+12  -02 1 72e+11 134 1 31e+11
Brewer VTi 1.09 0.99 1.3e+15 058 1 1.7e+13 1 2.6e+12 077 1 7.2e+11 057 1 3.2e+11
VMT1 0.44 0.97 1.3e+15 -037 0.97  1.7e+13 0.97  26e+12  -1.15 097  7e+11 -239 097  3.1e+11
VM 05 097 13e+15 003 098  17e+13 099 26e+12 039 099 7ie+it 032 1 3e+11
VMT; 0.49 0.97 1.3e+15 -0.11  0.98  1.7e+13 098  26e+12  -0.7 098 7a1e+11  -177 098  3.1e+11
VMT4 007 096 13e+15 -054 097 17e+13 097 26e+12 <127 097  7e+il 249 097  3ae+11
VMTs 0.07 0.96 1.3e+15 -0.73 0.97 1L7e+13 0.97 26e+12 -1.52 0.97 7e+11 -275 096  3e+11
VB 0.49 0.97 1.3e+15 -0.02 098 17e+13 -0.72 0.99 26e+i2  0.19 0.99 7.1e+11  -0.04 0.99  3.1e+11
VB2 0.09 0.96 1.3e+15  -0.6 0.97 1L7e+13 -1.34 0.97 2.6e+12  -045 0.97  7e+11 -0.69 098  3.1e+11
Vi, 0.89 008 1.3e+15 057 099 17e+13 01 1 27e+12 082 1 72e+11 061 1 3.2e+11
Vi S113 095 1.3e+15 -1 096  17e+13  -1.64 097 26e+12  -0.75 097  7e+il 097 097  3aet11
Vit — 101 1se+1s  — o1 17e+13  — 097 22e+12  — 099  78e+11  — B —
Vsva — 1 156415  — 1 176413 — 1 23e+12  — 1 78e+11  — B —
VMC1 2.55 1.09  1.6e+15 033 1.01  1.7e+13 -1.22 097 22e+12 -087 099 7.7e+11 1.01 — 3.1e+11
VMCa -17.23  0.54 8.1e+14 222 117 2e+13 -0.09 104 24e+12  -0.71 1.02  8et11 -0.01  — 3.1e+11
Vou <067 099 1.5e+15 092 1 176413 09 097 22e+12 208 1 78e+11 389 —  3de+11
VD2 066 099 1.5e+15 097 1 17e+13 1 008 22e+12 229 1 78e+11 426 —  3ae+11
vDs 065 099 1Se+15 111 1 176413 149 098  23e+12 336 101 7.9e+11 647 —  3de+11
Vip -0.01 1.01 1.5€+15 1.63 1.01  1.7e+13 1.7 0.99  23e+12  3.02 1.02  8e+11 5.03 - 3.1e+11
VBe -0.15 1 15e+15 154 L0  17e+13 159 099  23e+12 275  LOI  7.9e+11 444  — 3.1e+11
Tillé Vi 014 1 156415  1.65 101 17e+13 201 099 23e+12 372 1.0z 8e+ir 655 —  3ae+11
VMmTe 0.7 099 1.5e+15 071 099 17e+13 065 097 22e+12 181 099 7.8e+11 361  —  3e+11
VMT2 065 099 1.5e+15 L1 1 17e+13 149 098  23e+12 336 101 7.9e+11 647  — 3.1e+11
VMTs 066 099 15e+15 097 1 176413 1 098 22e+12 228 1 78e+11 426 —  3de+11
VMTy -1.21 098  1.5e+15 053 099 17e+13  0.52 0.97 22e+12 17 099 7.7e+11 3.5 - 3e+11
VMTs -1.07 0.98  1.5e+15 033 098 17e+13  0.28 0.96  22e+12 144 098  7.7e+11  3.23 — 3e+11
VB -0.66 0.99  1.5e+15 1.06 1 1.7e+13  1.38 098  22e+12  3.15 1 7.9e+11  6.09 — 3.1e+11
Via -1.05 008  1.5e+15 047 098 17e+13 076 096 22e+12 249 099 7.8e+11 54 —  3aesmn
Vi, 027 1 L5e+15 165 101 17e+13 201 099 23e+12 381  1.02  8et11 678 —  32e+1
VBy -2.27 0.96  1.4e+15  0.07 098  17e+13 044 0.96  22e+12 2.2 099 7.7e+11 5.1 - 3.1e+11
VhT — 1 18e+15 — 1 22e+13  — 1 240412 — 1 71e+11 — 099  3.2e+11
VsyG — 1 1.8e+15 — 1 2.2e+13  — 1 240412 — 1 7.2e+11 — 1 3.2e+11
VMCt 3.05 1.08 1.9e+15 -1.95 0.95  2.1e+13 101 24e+12  0.67 0.98  7e+11 0.62 0.99  3.2e+11
vmes 41726 079  14e+15 091 113 2.50+13 107  2.5e+12 064 101 72e+11 105 101 3.2e411
v, o011 098 18e+15 -105 099 22e+13 099 23e+12 003 098 7e+il  -0.09 097  3de+ii
Vb2 012 098  1.8e+15 <101 099  2.2e+13 099 23e+12 023 098  7e+il 027 098  3ae+11
VDs 0.14 098 18e+15 -0.88 099  2.2e+13 099 23e+12 133 099  7iet11 238 099  3.2e+11
VP 0.74 1 1.8e+15 -034 1 2.2e+13 1 2.4e+12  0.94 1 7.1e+11 1 1 3.2e+11
VBe 0.76 1 1.8e+15  -0.5 1 2.2e+13 1 2.4e+12 078 1 7.1e+11 071 0.99  3.2e+11
CPs vri 077 1 18e+15  -039 1 2.2e+13 1 246412 175 1 720411 263 1 3.2e+11
VMT 007 098 18e+15 -127 098  2.1e+13 098 23e+12  -023 097 69e+11  -0.36 097  3.de+ii
VMT2 0.14 098  18e+15 -0.88 099  2.2e+13 099 23e+12 133 099 7ietil 238 099  3.2e+11
VMT3 0.12 098 1.8e+15 -1.01 099  2.2e+13 0.99  23e+12 023 098  7e+11 0.27 0.98  3.1e+11
VMTy -0.43 0.97 1L7e+15 -1.44 098  2.1e+13 098 23e+12  -034 097 6.9e+11  -046 097  3.1e+11
VMTs 0.3 097 17e+15 -164 097  2.1e+13 097 23e+12  -06 096 6.9e+11  -073 096  31e+11
Vi, 0.13 008 1.8e+15 -092 099  2.2e+13 099 23e+12 112 098  7.4e+11 201 099  3.2e+11
Via 029 097 Lye+is -151 098 21e413  -0.52 098  23e+12 048 097 e+l 134 097  3de+1r
VB; 0.54 0.99 18e+15  -0.33 1 2.2e+13 072 1 2.4e+12 176 1 7.2e+11 267 1 3.2e+11
VB, s147 096 1ye+15  -1.88 097 21e+13  -084 097 23e+12 018 097  69e+11 106 097  3.ae+11
T — 099 19e+15 — 1 18e+13 — 1 23e+12  — 099 68e+11  — 1 3e+11
Vsyg — 1 2e+15 — 1 1.8e+13 — 1 2.3e+12  — 1 6.9e+11 — 1 3e+11
Vmer 0.65 11 21e+15 098  1.06  1.9e+13 099 23e+12  -004 101  6.9e+11 057 099  3e+it
vMmes 177 204  4e+15 133 114 21e+13 102 23e+12 028 104 72e+11 O 098  2.9e+11
vou “1.53 098  1.9e+15 116 008  1.8e+13 098 23e+12  -208 097 67e+11  -159 097  2.9e+11
VD2 ‘152 098  1.9e+15 111 098  1.8e+13 098 23e+12  -1.88 098  67e+11  -124 098  2.9e+11
VD, 15 098  1.9e+15 -098 0098  1.8e+13 098 23e+12  -08 098 67et11 088 099  3e+11
VEip -0.95 1 1.9e+15 -047 1 1.8e+13 1 2.3e+12  -1.19 099 6.8e+11  -052 1 3e+11
VBe -0.79 1 20415 -0.43 1 1.8e+13 1 2.3e+12 -1.15 1 6.8e+11 -0.78 0.99 3e+11
Rand. Sys.  vri 078 1 2e+15 034 1 1.8e+13 1 23e+12 024 1 6ge+11 115 1 Je+11
VMT: -1.59 098 19e+15 -1.37 098  1.8e+13 0.97 22e+12 -233 097 6.6e+11  -1.86 097  2.9e+11
VMTa 15 098  1.9e+15 -098 098  1.8e+13 098 23e+12  -08 098 67et11 088 099  3e+11
VMT3 -1.51 098 1.9e+15 -1.11 098  1.8e+13 098 23e+12  -1.88 098 6.7e+11  -1.24 098  2.9e+11
VMTy 206 097 1.9e+15 154 097  1.8¢+13 097 22e+12  -244 096 6.6e+11  -1.96 096  2.9e+11
VMTs -1.96 097 1.9e+15 173 097  1.8e+13 096 22e+12  -269 096 6.6e+11  -222 096  2.9e+11
Vi, “1.51 098  1.9e+15 102 098  1.8e+13 008 23e+12  -099 008 67e+11 052 099  3e+11
Vea -1.94 097 1.9e+15 16 097  1.8e+13 097 22e+12  -162 097 66e+i1  -013 097  2.9e+11
Vi, ‘108 099 1.9e+15 044 1 1.8¢+13 1 23e+12  -037 099 68e+11 117 1 3e+11

Vi 305 095 19e+15  -1.99 097  18e+13 097 22et12  -192 096 66et1l  -042 097  29e+11
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Table B.25: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

MUz273 population (N = 273), CV(Y) = 0.82, CV(X) = 0.81

=1% f=5% f=10% f=15% f=20%
sampling  estimator RB RS MSE RB RS  MSE RB RS  MSE RB RS  MSE RB RS MSE
Vit — 145  3erio — 94 16et0g  — 3262 50e408 — 6283 32e408 — 9347  18e+o8
vsve — 1 21e+10  — 1 1.6e+08 — 1 18e+07  — 1 5161897 — 1 1900361
vames 378 2767 s58e+11  -054 1156 19et09 082 3233 590+08 0a2 6199 32e+08 037 9255  18¢+08
vames 002 1 2.1e+10 099  16eto8 -02 o1  18e+oy -0.13 102 5242845 058 102 1941571
vou 018 099  2.1et10 098  16eto8 -064 097  18eto; -0.56 096  seto6 022 096 1822186
voa 018 099  21e+10 098  16e+08 -058 097  18e+07 -045 097  5e+06 041 096 1829226
Vo, 018 099  z21etio 008  16et08 054 097  18eto7 037 097  setob 053 096 1829677
VEp 034 099  21et10 099  16et08 -041 098  18eto; -028 097  5eto6 057 097 1843651
Vee 034 099  21et10 1 16e+08  -046 1 18et07  -038 1 5172080 04 101 1913203
Brewer vri 035 1 2.1e+10 1 16e+08  -041 1 18e+07 029 1 5164063 054 1 1904784
VT 031 099  21e+10 008  16et08 059 097  18eto; 052 096  setob 025  0.96 1818400
VMTs 019 099  21et10 -048 098  16e+o8 -0.54 097  18etoy 037 097  5eto6 053 096 1820897
vmTs 018 099  21e+10 -05 098  16eto8 -0.58 097  18e+07 -0.44 097  5e+06 041 096 1820445
vmTy 018 098  2e410  -078 098  16e+08 -089 097  18e+07 -08 096  5e406  -0.02  0.95 1813276
vMmTs 006 098  zieti0 069 098  1.6e+08 -083 097  18et07 076 096 4947537 001 095 1809522
Ve, 018 099  21et10 -051 098  16e+to8 -0.6 097  18e+07 049 097  5e+06 033 096 1822562
Vs 007 098  21et10 -067 0098  L1beto8 -078 097  18e+07 -0.68 096 4944501 012 095 1806670
Vi, 020 099  21e+10  -0.35 099  16e+08 -042 098  18e+07 -029 097 56406 055  0.97 1838688
Vi -L51 096 20410 -172 096  16e+08 -1.84 096  1yetoy -18 095 4808173 -109 0.94 1789319
Vit — 134 28e+10  — 878  1ger09 — 2062 s54e408 — 5487 28e+08 — 7811 15e+08
vsve — 1 21e+10  — 1 166408  — 1 18e+07  — 1 5187825 — 1 1926260
vmes 729 288  6et11  -01 1206 20409 144 3104 560408 -0.23 55.63 29e+08  -129  78.66  15e+08
vames o1 103 21et10 016 1 16e+08 072 101 18etoy 007 101 5233973 053 009 1909994
vou 001 099  21e+10 01 098  1.6e+08 033 096  17e+07  -0.24 095 4926510 061 004 1809901
Vo 001 099  21e+10 013 098  1.6e+08 039 096  17e+o7 -0.13 095 4937189 -042 094 1816399
vby 001 099  21et10 015 098  16e+08 044 096  18e+07 -0.05 095 4939680 -03 0094 1816591
vip 018 1 21e+10 03 099  16eto8 057 097  18e+07 004 096  5e+06 026 095 1830378
Vee 018 1 21e+10 027 099  16e+08 049 099  18e+07 -0.07 098 5004807 045 008 1885093
Tillé Vit 018 1 21e+10 029 099  16et08 055 099  18et07 002 098 5080061 03  0.98 1878730
mMT 013 099  21e+10 018 098  16eto8 038 096  17etoy 0.2 095 4916383 -058 0094 1806136
VMTa 002 099  21e+10 015 098  16e+08 044 096  18e+07 -0.05 095 4940105 03 004 1816762
vmTs 001 099  21e+10 013 098  16e+08 04 096  17e+07  -0.13 095 4937614 042 004 1816569
vMmTy 035 008 2et10  -015 097  16et08 008 096  17et07 048 095 4903115 085 094 1801735
vMTs 011 099 20410  -006 097  16e+08 0.4 096  17etoy -044 094 4893173 -082  0.93 1797997
Vs 001 099  21e+10 o012 098  16eto8 037 096  17e+oy -0.17 095 4928036 049 004 1810018
Vs 01 099  2e410  -004 097  16e+08 019 096  17etoy 036 094 4800263 -07  0.93 1794931
Vi, o1z 1 21e+10 029 099  16et08 056 097  18et07 003 096  setob 028  0.95 1825338
Ve, 167 096 20410  -L1 096  16e+08 -0.88 094  1yetoy -148 093 4841208 -19 092 1780798
VT — 116 24e410  — 842  14et09 — 3139  56et08  — 61 310408 — 8885  17e+08
vsve — 1 21et10  — 1 1.6e+08  — 1 18et0;  — 1 5117030  — 1 1937222
vames 088 2857 50e+1l  -072 1157 19e+09 -0.35 3291  5.0e+08 -1.03 6169 3.2e+08 295 8936  17e+o8
vames 109 101 21e+10 07 1 16e+08 0.3 1 18e+07  -002 1 5122315 087 1 1946204
vou 118 099  2e+10 33 098  16e+08 012 097  1yetoy -133 096 4917300 128 095 1839198
vba 118 099  21e+10 03 098  16eto8 018 097  Lyetoy 122 096 4927039 -1.09 095 1845308
Vo, 119 099  21e+10 028 098  16eto8 022 097  Lyetoy -L15 096 4920383 097 095 1845191
vip 136 1 21e+10  -014 099  16e+08 035 098  17e+oy -1.06 097  5e+06 093 096 1850057
Vee 134 1 21e+10 016 1 16e+08 03 1 18e+07 116 1 5103066 -1.08 1 1928750
crs vri 135 1 21et10 013 1 16e+08 035 1 18et07 107 1 5095141 -0.94 099 1919760
VM 131 099  21e+10 026 098  16eto8 017 097  Lyetoy L3 096 4906856 -125 095 1835233
VT2 119 099  21e+10 028 008  16e+08 023 097  1ye+oy -L15 096 4920813 097 005 1845409
VT 119 099  21e+10 03 098  16e+08 018 097  17e+07 122 096 4927469 -1.08 095 1845526
VM, 082 099  2e+10  -059 098  16e+08 -043 097  17e+07 -157 096 4895005 -151 095 1831458
vmTs 106 099  2e+10 05 098  16eto8 007 097  Lyetoy -L53 095 4885628 -1.49 004 1827520
Vs 118 099  21e+10 031 098  16et08 016 097  Lye+o; 126 096 4910579 -1.16 005 1839006
Vs 107 099  2e+10  -047 098  1.6e+08 -0.02 097  17e+o7  -145 095 4882438 -137 094 1824001
Ve, 129 1 21e+10  -015 099  16e+08 034 098  Lyetoy -1.07 097  5e+06 095 096 1854156
Vi 051 096 20410  -L52 097  16e+08 -1.09 095  Lyeto7 256 0095 4842743 -256 0.04 1812602
vHT — 115 24e410  — 833  14et09 — 3201 570408 — 63.95 33et08 — 9982 1.9e+08
vsve — 1 210410 — 1 17e+08 — 1 18et0;  — 1 5166480 — 1 1918869
Vamer 095 2822 6et11  -158 1147 19e+09 0.2 3344 6e+o8 265  65.09 34e+08  -17 10101  19e+08
vames 029 102  22e+10 069 099  1.6e+08 073 101 18e+07 052 1 5150653 019 1 1911383
Vs 033 099  21e+10 067 098  16e+08 027 097  1yetoy 028 096  5e+06  -013  0.95 1828106
VD2 032 099 21e+10 069 098  16e+08 033 097  Lyetoy 039 097  5e406 006 096 1834866
Vo, 032 099  21e+10 o071 098  16e+08 037 098  Lyetoy o047 097  5e406 017 096 1835036
VEp 016 1 21e+10 086 099  16et08 05 098  18et07 056 097  setob 021 096 1848087
Ve 016 1 21et10 085 1 170408 045 1 18et07 046 1 5175629 008 101 1929516
Rand. Sys.  vr; 016 1 21et10 087 1 17e408 05 1 18et07 054 1 5167003 o021 1 1919139
VT 019 099  21e+10 074 098  16e+08 032 097  17etoy 032 096  5e406  -0a1  0.95 1824316
VMT2 031 099  21e+10 071 098  16e+08 038 098  17eto7 o047 097  5e406 017 096 1835329
vMmTs 032 099  21e+10 069 098  16e+08 033 097  1Lyetoy 04 097  5e406 006 096 1835158
VmTy 068 099  21e+10 041 098  16e+08 002 097  1Lyetoy 004 096  5e406  -038  0.95 1819457
vmTs 044 099  21e+10 049 098  16e+08 008 097  17eto; 008 096 4940185 -035  0.95 1815606
Ve, 032 099  21e+10 069 098  16e+08 031 097  17e+07 035 096 56406  -0.02  0.95 1828202
V. 043 099  21e+10 052 098  16e+08 013 097  1yetoy 016 096 4937382 -023  0.94 1812525
Vi, 021 1 21e+10 085 099  16e+o8 049 098  18et07 055 097  5e+06 019 096 1844114
Vi 2 006  2et10  -054 096  1.6e+08 -0.94 096  1ye+oy -0.97 095 4884620 -144 004 1796522
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Table B.26: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.82, CV(X) = 0.67

f=1% f=5% f=10% f=15% f=20%

sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE

vuT - 098 1er11  — 217 14et09 — 617  43e+08 — 1217 23e+08 — 1913 1.4e+08
vsve - 1 Tet11 — 1 6.6e+08 — 1 po s a— 1 196407  — 1 7080519
vmes -028 504 5i1e+11 023 254 17e+09 128 589  41e+08 -0 11.25 220408 024 1717  1.2e+08
Vmea 048 102 1e+11 005 1 66e+08 111 1 6.9e+07 015 098  1.9e+07 046 096 6762349
Vo, 042 099 1e+11 021 099 6.5e+08 085 096 67eto; -0.57 093  18e+07 -041 088 6236325
Vb2 042 1 1e+11 -0.19 099 65e+08 089 096 6retoy; -05 094  18e+0y  -0.3 088 6249746
VD, 043 1 1e+11 -007 099 6.6e+08 145 098 68etoy; 087 096  19etoy 271 095 6726486
Vip 05 1 1e+11  -0.13 099 6.6e+08 095 097 67e+to7 -045 094  18e+07 -027 088 6265302
VBe 05 1 1e+11 014 1 6.6e+08 093 099 6g9eto7 048 098  1.9e+07 -03 094 6657146
Brewer vri 05 1 1e+11 1 6.6e+08 147 1 7e+07 086 1 19e+07 266 1 7109427
VMT 053 1 1e+11  -013 099 65e+08 091 096 67e+07 -053 093  18e+07 -039 088 6220185
VMT2 043 1 1e+11 007 099 6.6e+08 145 098 68e+07 088 096  1.9e+07 271 095 6725772
VM, 042 1 1e+11 -019 099 6.5e+08 089 096 67eto7 -0.5 094  18e+07 03 088 6249252
VMTy 018 099 1e+11 038 098 6.5e+08 068 096 6ge+oy -073 093  18e+07 058 088 6218300
VMTs 037 099 1e+11  -029 098 6.5e+08 075 096 6ge+oy -069 093  18e+07 -0.56 088 6211166
Vi, 043 1 1e+11  -009 099 6.6e+08 141 098 68etoy 08 096  1.9e+07 259 095 6701161
VB2 038 099 1et11  -016 098 65e+08 133 097 68e+07 072 096  1.8e+07 249 094 6661396
VB3 048 1 1e+11  -002 099 6.6e+08 149 098 68e+o7 089 097  19e+07 269 095 6741353
Vey S112 097 99e+10  -1.23 097  64e+08 022 095 67e+07  -045 094  1.8e+07 122 092 6479675
var — 104 1e+11 — 188 12ev09 — 496 3e+08  — 964  1.6e+08 — 1583  B8.4e+o7
Vsve — 1 1e+11 — 1 620408 — 1 [RT — 1 16e+07  — 1 5314833
VM 243 524 53e+11 035 249 156409 035 522  3.2e+08 -1.21 9.8 1.6e+08 07 15.95  8.5e+07
VMmCea 376 102 1et11 003 1 6.2e+08 025 1 6.1e+07 091 1 16e+07 044 099 5286579
Vi, 398 101 1e+1n 191 104 64e+08 427 11 6reroy 487 115 1getoy 834 1.3 6911886
VD2 399 101 1e+11 193 104 64e+08 431 11 67e+07 495 115 19e+07 847 131 7e+ob
VDs 399 101 1e+11 205 105 65e+08 489 112 6.9e+07 6.4 121 2etoy 1175 154 8170039
VEp 407 101 1et1n 199 105 65e+08 437 111 68e+07 499 115  1.9e+07 85 131 7e+ob
VBe 406 101 1e+11 198 105 65e+08 435 113 69e+07 498 12 19e+07 844 137 7303180
Tillé vri 407 101 1e+11 209 106 6.5e+08 491 115  7e+oy 6.4 126 2e+07 1167 16 8485016
VMmT 41 101 1e+11 199 104 64e+08 433 11 67e+07 492 115  1.9e+07 836 13 6909707
VMTa 4 101 1e+11 205 105 65e+08 489 112 6.9e+07 6.4 121 2etoy 1175 154 8169339
VTS 399 101 1e+11 193 104 64e+08 432 11 67e+07 495 115 1.9e+07 847 131 7e+ob
VMT, 373 1 1e+11 173 104 64e+08 41 109 67eto; 47 114  18e+oy 817 129 6853441
VmTs 393 101 1e+11 182 104 64e+08 416 109 6rero7 474 114 18e+o; 819 129 6851433
VB 399 101 1e+11 203 105 65e+08 485 112 69e+o7 633 121 20407 1162 153 8116048
VB2 394 101 1etin 196 104 64e+08 476 111 68e+07 623 12 19e+07 1152 152 8052803
Ve, 404 101 1e+11 2.1 105 65e+08 493 112 69etoy 642 121 20407 1173 154 8179623
Vi 24 098 9ge+10 087  1.02  63e+08 362  1.08 6.6e+07 501 116  1.9e+07 1013 142 7554775
Vit — 094 9ge+10  — 194 13et09 — 573  4e+o8  — 1108 2.1e+08 — 1755  1.2e+08
vsva — 1 9.9e+10  — 1 67e+08 — 1 6.9e+07  — 1 19e+07  — 1 6614490
VM 096 526 520411  -0.64 25  1.7e+09 599 4.1e+08 -047 1122  2.1e+08 177 1.2e+08
vMmCa 049 102 1e+11 035 1 6.7e+08 101 geroy 044 1 1.9e+07 101 6652671
VD, 052 1 9.9e+10 063 099  6.6e+08 097 67eto7 059 096  1.8e+07 094 6194352
Vb2 051 1 9.9e+10  -0.61 099  6.6e+08 097 68e+07 052 096  1.8e+07 094 6207402
Vb, 051 1 9.9e+10 049 099  6.7e+08 098 68e+07 086 099  1.9e+07 101 6675805
Vip 044 1 99e+10  -055 099  6.7e+08 098  68e+o7 047 096  1.8e+07 004 6222885
Vie 044 1 9.9e+10 054 1 6.7e+08 1 6.9e+07 049 1 1.9e+07 1 6599270
CPS vri 044 1 9.9e+10  -043 1 6.7e+08 101 7e+o; 085 102  1.9e+07 107 7e+ob
VM 04 1 9.9e+10  -0.55 099  6.6e+08 097 6geto; 055 096  1.8e+07 094 6187124
VMTa 051 1 9.9e+10  -0.49 099  6.7e+08 098 68et07 086 099  1.9e+07 101 6674957
VMTs 051 1 9.9e+10 061 099  6.6e+08 097 68eto; -0.52 096  1.8e+07 094 6206791
vmTy 076 099 99e+10 08 098  6.6e+08 097 67eto7 075 095  1.8e+07 093 6177034
VMTs -0.57 099  9.9e+10  -0.71 0.98  6.6e+08 0.97 6.e+07  -0.71 0.95 1.8e+07 0.93 6169809
Vi, 051 1 9.9e+10  -0.51 099  6.7e+08 098  68e+07 079 098  1.9e+07 101 6650834
VB2 -056 1 9.9e+10  -058 099  6.6e+08 098  6.8eto7 0.7 0.98 1.9e+07 1 6611639
Vi, 046 1 9.9e+10  -0.44 099  6.7e+08 099 68e+07 088 099  1.9e+07 101 6690453
Vg 204 097 9be+tio -1.64 097  6.5e+08 097 6geto; 047 096  1.8e+07 097 6434789
VhT — 094 98et10 — 196 13et09 — 592  41eto8 — 1188  23e+08 — 2041 1.4e+08
Vsve — 1 ter11 — 1 6.7e+08 — 1 7eroy  — 1 1.9e+07  — 1 6912503
vMmer 27 504 520411 032 252  1.e+09 618  43e+08  -0.54 1205 23e+08 -026 2073  1.4e+08
vMme: 235 101 Liet11 029 1 6.6e+08 1 7eto7 052 1 2et07 033 1 6925136
vo. 229 1 1e+11 017 099 6.6e+08 096 67e+07 201 094  18eto7 -283 091 6263978
Vba 229 1 1e+11 018 099 6.6e+08 096 6getoy  -1.95 094  1.8e+07 272 091 6268386
Vb, 23 1 1e+11 03 099  6.6e+08 098  68e+07 059 0096  1.9e+07 021 094 6505837
vip 237 1 1e+11 025 099  6.6e+08 097 68eto; -1.9 094  18e+o7 -27 091 6281534
Vee 237 1 1e+11 025 1 6.7e+08 099 69e+07 -1.92 098  1.9e+0y -272 097 6691911
Rand. Sys.  v; 237 1 1e+11 036 1 6.7e+08 1 7eto7 06 1 19e+07 017 1 6907817
VMT 24 1 1e+11 025 099  6.6e+08 096 67et07 -1.98 094  18e+07 -281 09 6255429
VMT2 23 1 Te+11 03 099  6.6e+08 098  68e+07 -0.59 0096  1.9e+07 021 094 6505168
vmTy 229 1 1Te+11 018 099  6.6e+08 096  67e+07  -1.95 094  18e+07 -272 091 6267937
Vs 204 099 1e+11 001 098  6.6e+08 096  67e+07 218 094  18e+07 -209 091 6258066
VMTs 224 099 te+it 008 098  6.6e+08 096  67e+07 214 094  18e+07 -297 09 6250370
iy 23 1 1e+11 029 099  6.6e+08 097 68eto; 066 096  1.9e+07 0.1 094 6489832
VB2 225 099 1e+11 021 098  6.6e+08 097 68et07 075 095  1.9e+07 0 093 6458135
Ve 235 1 1e+11 036 099  6.6e+08 098 68et07 -0.57 096  1.9e+0y 0.2 094 6521953

Vi 073 097 1e+11 086 097 65e+o8  -1.63 096 byeto; 1.9 094  18etoy 124 092 6377179
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Table B.27: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.82, CV(X) = 0.5

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
var — 099  68et11  — 12 g3et09  — 176 62e+o8 — 259  23e+08 — 371 1.2e+08
vsva — 1 6.9e+11  — 36e+09 — 1 3.5e+08  — 1 g1eroy  — 1 3.2¢+07
VMCt -0.16 154 1.1e+12 0.4 1.26  4.5e+09  -0.2 7 6e+08 -0.22 242 22e+08 1.36 3.2 1e+08
VMmes <066 101 7e+1t 036 1 3.6e+09  -026 099 35e408 0.2 098 8.9e+0y 147  0.94  3e+07
VD -0.76 1 7e+11 0.38 1 3.6e+09  -0.3 099 3.5e+08 -0.57 097 88etoy 085 0.9 2.9e+07
VD2 076 1 7e+11 039 1 36e+09 -028 099 3.5¢+08 -0.54 097 88e+07 09 09 2.9e+07
VD3 -0.75 1 7e+11 0.48 1.01  3.6e+09  0.14 1.01  3.5e+08  0.52 1 9.1e+07 3.2 1 3.2e+07
Vep 078 1 Je+11 036 1 36e+09 033 099 3.5e+08 06 097 88e+oy 083 09  2.9e+07
Ve 078 1 69e+11 036 1 36e+09 -032 099 3.5¢+08 -0.57 098 88e+o; 086 091  2.9e+07
Brewer vri o078 1 6.9e+11 043 1 36e+09 007 1 3.5e+08 043 1 g1e+07 308 101 3.2e+07
VMT1 -0.65 1 7e+11 0.49 1 3.6e+09 -0.22 099  3.5e+08  -0.5 0.97 88e+o7 0.89 0.9 2.9e+07
VMTa 075 1 7e+11 049 101 3.6e+09 014  1.01  3.5e+08 052 1 g1e+07 32 1 3.2e+07
VMT3 -076 1 7e+11 0.39 1 3.6e+09  -028 099 3.5e+08 -0.54 097 88etoy 0.9 0.9 2.9e+07
VMTy 09 1 69e+11 028 1 3.6e+09 -04 099 35e408 -0.66 097 88etoy 075 09  2.9e407
VaTs 075 1 Je+11 039 1 366409 -031 099 35e+08 -0.6 097 88e+oy 08 09  2.9e+07
VB1 -0.76 1 7e+11 0.48 101 3.6e+09  0.12 101 3.5e+08 048 1 9.1e+07  3.14 1 3.2e+07
VEa 074 1 7e+11 05 101 3.6e+09 015 101  3.5e408 052 1 ge+oy 318 1 3.2e+07
VB3 077 1 7e+11 0.45 1.01  3.6e+09  0.09 101 3.5e+08 045 1 9.1e+07 3.1 1 3.2e+07
Vi, 216 097 68e+11  -062 099 35e+09 -1.01 099 35e+08 -073 0098 B8.9e+oy 179 094  3e+07
vuT — 102 72et11 — 118 3.9e+09 — 153 47e+08 — 209 15e+08 — 284 650407
VsyG — 1 7e+11 — 1 3.3e+09 < — 1 3.1e+08 — 1 7.3e+07  — 1 2.3e+07
vmes 056 159 1ieti2  -054 13 436409 073 158 48¢408 -022 212  16e+08 -0.04 286 6.5e+07
VMmCa -0.47 101 7.1e+11 -0.5 1 3.3e+09 0.7 1 3e+08 -0.22 1 7.3e+07  -0.02 1 2.3e+07
Dy 002 101 7iet11 131 106  3.5e+09 459 117  3.6e+08 548 1.3 9.5e+07  7.86 158  3.6e+07
VD2 0.03 101 7.1e+11 1.32 1.06  3.5e+09  4.61 117  3.6e+08  5.52 1.3 9.6e+07  7.92 159  3.6e+07
Vb, 003 101  71e+11 141 107  3.5€+09 505 12 37¢+08  6.64 139 1e+08 1038 193  4.4e+07
VEp o 101 7.ae+11 128 106 3.5e409 456 117 3.6e+08 546 13  95e+07 7.8 158  3.6e+07
VBe o 101 7.1e+11 1.29 1.06  3.5e+09  4.57 117  3.6e+08  5.47 1.3 9.5e+07  7.86 1.6 3.7e+07
Tillé Vi o 101 7ie+11 136 106  3.5e+00 498 119 3.6e+08 653 138  1e+08 1025 1.92  44e+07
VMT: 0.13 102 7ae+11 141 1.06  3.5e+09  4.67 118  3.6e+08  5.55 1.3 9.6e+07  7.91 158  3.6e+07
VMTa 003 101 7ie+i1 141 107  3.5e+09 505 1.2 37e+08 664 139 1e+08 1038 193  4.4e+07
VMT3 0.03 101 7.1e+11 1.32 1.06  3.5e+09  4.61 117  3.6e+08  5.52 1.3 9.6e+07  7.92 159  3.6e+07
VMT, -011 101 7ae+1l  1.21 1.06 356409 449 117 3.6e+08 539 129 95e+07  7.76 157  3.6e+07
VMTs 004 101 7ie+11 132 106 3.5e+09 458 117  3.6e+08 546 1.3 9.5e+07 781 157  3.6e+07
Vi, 003 101 giet11 1.4 107  3.5€+09 503 1.2 37e+08 6.6 139 1e+08 1032 192  4.4e+07
VB2 0.05 101 7.1e+11 143 1.07  3.5€+09  5.06 1.2 3.7e+08  6.64 1.39  1e+08 1037 192  4.4e+07
Vi, 001 101 71e+11 137 107 350409 5 12 37e+08 656 139 1e+08 1028  1.91  4.4e+07
Vg -39 099 69et11 03 104 3.4e+09 384 115 350408 531 13 95etoy 888 172 3.9e+07
VHT — 098  6.9e+11  — 116  4.2e+09 — 1.66  5.7e+08 — 237  21e+08 — 3.38  9.6e+07
vsyG — 1 711 — 1 360409 — 1 340408  — 1 89e+07  — 1 2.9e+07
VmCr 04 152 Lieti2 043 127 456409 152 171 58e+08 022 2.4  21e+08 011 34  97e+07
VMmC2 -0.41 102  7.2e+11  0.08 101 3.6e+09  -1.44 1 3.4e+08  0.11 1 8.9e+07 0.2 1 2.8e+07
VD1 -0.42 1 7.1e+11 -0.04 1 3.6e+09 -1.43 1 3.4e+08 0.17 1 8.9e+07 0.23 0.98 2.8e+07
Vb2 042 1 71e+11  -003 101 36e+09 141 1 J4e+08 021 1 89e+07 029 098  2.8e+07
Vs 041 1 71e+11 006  1.01  3.6e+09  -0.99 101  3.5e+08 127 103 92e+0y 258  1.08  3.1e+07
VEP -0.45 1 7.1e+11  -0.07 101  3.6e+09  -1.46 1 3.4e+08 0.5 1 8.9e+07  0.21 0.98  2.8e+o7
Vie 045 1 7ie+11 007 1 36e409 143 1 34e+08 016 1 89et07 024 1 2.9e+07
crs Vi 044 1 7ie+11 001 1 360+09 105 101 34e+08 117 103  9.2e+07 246 109  3.1e+07
VMT: 031 1 7.1e+11 006  1.01  3.6e+09  -1.35 1 3.4e+08 024 1 8ge+o; 028 098  28etoy
VMT2 -0.41 1 7.1e+11  0.06 101 3.6e+09 -0.99 101  3.5e+08  1.27 1.03  9.2e+07  2.58 1.07  3.1e+07
VMTy 042 1 7ae+11 -0.03 101 36e+09  -141 1 34e408 021 1 89e+07 029 098  2.8e+07
VMT, 056 1 71e+11 014 1 36e+09 152 1 3.4e+08 008 1 8ge+o; 014 098  28etoy
VMTs -0.41 1 7.1e+11  -0.03 1 3.6e+09  -1.44 1 3.4e+08  0.15 1 8.9e+07  0.19 0.98  2.8e+o7
Vi1 042 1 7.1e+11  0.05 101 3.6e+09 -1.01  1.01  3.5e+08  1.23 1.03  9.2e+07  2.52 1.07  3.1e+07
Vis 04 1 71e+11 008 101 36e+09 098 101  3.5e+08 127 103  9.2e+07 256 107  3.1e+07
Vs 044 1 74e+11 002 101  3.6e+09 -1.04 101  35e+08 1.2 103 9.2e+07 248 1.0y 3.1e+07
VBy -1.83 097 6.9e+11  -1.04 099  3.5e+09  -2.13 1 3.4e+08  0.01 1 9e+07 1.18 102 2.9e+07
var — 098  6get1r — 117 goetog  — 173 6eto8  — 254  23e+08 — 378 1.2e+08
vsva — 1 7ae+11 — 1 36e+09 — 1 350408  — 1 g1eroy  — 1 3.1e+07
VMCt 1.52 152  Lie+12  -0.51 1.26  4.6e+o9 -086 177 6.1e+08 087 257 23e+08  -0.22 3.8 1.2e+08
Vmes 186 101 gie+11 -0.57 1 36e+09  -0.91 1 34e+08 082 1 g1e+o; 018 1 3.1e+07
VD, 188 1 7111 047 1 36e+09 124 1 34e+08  -018 097 88etoy 239 096  2.9e+07
VD2 189 1 7ae+11  -0.46 1 36e+09 122 1 3.4e+08  -0.15 097 88e+oy 234 096  2.9e+07
VD3 1.89 1 7.1e+11  -0.37 101 3.6e+09  -0.8 1.01  3.5e+08  0.91 1 9.1e+07  -0.11 0.99  3e+07
Vip 186 1 7ie+11 049 1 36e+09  -127 1 34e408  -0.21 097 88e+07 241 096  2.9e+07
Ve 186 1 71e+11  -049 1 3.6e+09 <126 099 3.4e+08 -0.2 097 B88e+oy 238 098  3e+07
Rand. Sys. vy 186 1 71e+11 -041 1 36e+09 -087 1 3.5e+08 081 1 g1e+o; 023 1 3.1e+07
VMT: 2 1 7.1e+11  -0.36 1 3.6e+09  -1.15 1 3.4e+08 -0.12 097 8.8e+oy -2.35 0.96  2.9e+07
VMTa 189 1 71e+11  -037 101 36e+09 08 101 35e+08 091 1 g1e+07 011 099  3e+07
VMT; 189 1 7ae+11 -046 1 36e+09 122 1 3.4e+08  -0.15 097 88e+o0y 096 2.9e+07
VMTy 175 1 7e+11 -0.56 1 3.6e+t09  -1.33 099 3.4e+o8 -0.28 0.97 8.8e+o7 0.96  2.9e+07
VatTs 19 1 7ieH11 046 1 360409 125 099 3.4e+08 021 097  8.8e+07 096  2.9e+07
VB1 1.89 1 71e+11  -037 101 3.6e+09 -0.82 101  3.5e+08 087 1 9.1e+07 X 098  3e+o7
VEa 191 1 71e+11 <035 1 36e+09 -079 101  3.5e+08 091 1 g1e+07 013 098  3e+07
VBs 1.87 1 7.1e+11  -0.4 101 3.6e+09 -0.85 101 3.5e+08  0.84 1 9.1e+07  -0.2 0.99  3e+07
Vi, 044 097 69et11  -146 099  3.6e+09 -194 099 34408 -034 0098 88etoy 147 097  3e+07
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Table B.28: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.67, CV(X) = 1.27

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 099  1e+18 —_ 099  9.4et+15  — 1 Lie+15  — 1.01  3.5e+14 < — 1.01 1.3e+14
Vsva — 1 1e+18 — 1 94e+15  — 1 Lie+15  — 1 J4et14  — 1 1.2e+14
VM 211 101 1e+18 019 099  9.4e+15 1 11415 1.2 101 35et14 109 1 1.2e4+14
VMCa 0.08 13 1.3e+18  0.06 1.04 9.8e+15 1.04 1.1e+15  0.97 1.01  3.5e+14 0.9 101 1.2e+14
Vor 018 097 98e+17 <103 097  9.2e+15 097 11e+15 -049 008  3.3e+14 09 097  1.2e+14
V. 02 097 98e+1y  -094 097 92e+15 098 1ie+i5 004 099 34e+14 0.1 098  1.2e+i4
VD, 022 097 9Be+1y  -074 097  9.2e+15 099 1ae+1s 161 1 34e+14 253 101 13e+14
vip 114 099 1e+18  o© 099 9.4e+15 1 11e+15 104 101 34e+14 085 1 1.2e+14
Vie 107 099 1e+18 007 099  9.4e+15 1 11e+15 034 099  34e+14 -001 099  1.2e+14
Brewer VTi 1.09 0.99  1e+18 0.19 1 9.4e+15 1 1.1e+15 177 1.01  3.4e+14 237 101 1.2e+14
VMT1 0.18 0.97 98e+17 -1.27 096 9.1e+15 0.97 1ie+15 -0.78 097 3.3e+14 -1.19 096  1.2e+14
VmTs 023 097 98e+1y -074 097 92e+15 099 1ietis 161 1 340414 253 101 13e+i4
VMmTs 0.2 097 98e+17 -094 097  9.2e+15 008 1.1e+15 003 099 3.4e+14 -011 098  1.2e+14
VMT4 0.7 095 9.6e+17  -1.65 096  ge+is 096  1ae+15 -1.09 096  33e+14  -144 096  1.2e+14
VMTs -0.42 096 9ye+17 -1.87 095 ge+i5 0.95 11e+15 -1.37 096 3.3e+14 -173  0.95  1.2e+14
VB 0.21 0.97 98e+17 -083 097 9.2e+15 0.98  1.1e+15 1.08 0.99  3.4e+14 171 0.99  1.2e+14
Via 04 096  97e+17  -1.67 096  ge+is 096 1ie+15 016 097 33e+14 083 098  1.2e+14
Vi, 081 008  9.9e+17 001 099 9.4e+15 O 1 1Tie+15 199 101 3.5e+14 26 101 13e+14
Viy 18 093  g4e+17 -2 095 9e+15  -1.99 096 Lie+15  -0.04 097 33e+14 065 098  L2e+i4
vHT — 1 738417  — 1 9.3e+15  — 101 1e+15 — 101 33e+14 — — —
Vsya — 1 740417 — 1 9.3e+15  — 1 1€+15 — 1 3.2e+14  — — —
VMC1 0.97 1.02  7.5e+17 091 1.02  9.5e+15 078 102 1.1e+15 1.02 1.01  3.3e+14 042 — 1.2e+14
VMCa -6.55 111 8.1e+17  0.66 1.07  1e+16 -0.44  1.01 1e+15 0.84 1.02  3.3e+14 -0.1 — 1.2e+14
VD, 0.6 098  7.2e+17 043 099 93e+15 151 1 ler15 213 1 320414 252 —  1ae+ig
Vb 058 098 72e+17 052 099 93e+15 176 101 1et15 267 101 33e+14 334  —  L3etiq
vDs 056 098 72e+17 o4 1 9.3e+15 248 1.0z Lie+15 428 103  33e+14 601  —  13e+14
Vip 0.3 1 73e+17 151 102 95e+15 279 103  1i1e+15  3.69 103  3.3e+14 433 —  L3e+ig
VBe 0.35 1 7.4e+17  1.16 1.01  9.4e+15 223 1.02  1.1e+15  3.01 1.02  3.3e+14  3.45 — 1.3e+14
Tillé Vi 0.36 1 7.4e+17 134 101 94e+15 288 103  L1e+15 447 103  3.3e+14 585  —  Lje+ig
VM 0.6 008 7.2e+17 018 099 9.2e+15 122 1 1e+15 183 099 32et14 221 — 1.20+14
VM 055 098 72e+17 073 1 93e+15 248 102 1ie+is 428 102 33e+14 601 —  L3etig
VMTs 058 098 7.2e+17 052 099 93e+l5 176 101 1e+15 266 101 33e+14 334 — 13e+14
VMTy -1.47 096  7.1e+17  -021 098 9.2e+15 089 0.99  1e+15 1.51 0.99  3.2e+14 195 - 1.2e+14
VMTs -1.2 097 7.1e+17  -042 098 9.1e+15  0.62 0.99  1e+15 1.22 098  3.2e+14 165 — 1.2e+14
VB -0.58 0.98  7.2e+17  0.64 1 9.3e+15  2.22 1.01 1e+15 3.73 1.01  3.3e+14 5.7 — 1.3e+14
Vil -118 097 7.e+17  -021 098  gde+l5 132 099  1e+15 279 1 320414 425 @ — 1.30+14
Vi, 0.03 099 7.3e+17 149 101 95e+15 313 1.03  Lie+15 467 103  33e+t14  6.08  — 1.3e+14
VBy -2.56 0.94 6.9e+17  -056 097 9.1e+15  1.07 0.99  1e+15 2.58 099  3.2e+14  4.08 - 1.3e+14
VhT — 1 78e+17  — 1 78e+15  — 1 Lie+15  — 1 35e+14  — 1 1.4e+14
VsyG — 1 7.8e+17  — 1 7.8e+15  — 1 1.1e+15 — 1 3.5e+14  — 1 1.4e+14
VMCt 0.08 1 7.8e+17  -0.44 101  7.9e+15 0.4 1 1.1e+15 -0.34 101 3.6e+14 1.29 1 1.4e+14
vmes 41203 081  63e+17 24 099 77e+15 025 101 Lietis -0a8 102 36e+14 113 101 L4etig
VD, 071 098  7.6e+17  -141 098  7.6e+15  -0.54 097 1ie+15  -196 097  34e+14 045 097  1.3e+ig
Vb2 069 098 7.6e+17  -131 098  77e+15 098  1ae+15 144 098  34e+14 035 098  14e+14
VDs 067 098 7.6e+17  -11 099 77e+15 0.4 099 1ae+15 o011 1 3.5e+14 201 101 14e+14
VP 0.19 1 7.8e+17  -037 1 7.8e+15 0.7 1 1.1e+15 -046 1 3.5e+14 132 1 1.4e+14
VBe 0.23 1 7.8e+17  -0.52 1 7.8e+15 048 1 1.1e+15 -1.08 099  3.5e+14  0.35 0.98  1.4e+14
CPs Vi 0.25 1 78e+17 036 1 78e+15 104 1 Lietis 031 1 35414 27 101 l4etig
VMT 071 098 7.6e+1y  -164 097 7.6e+15 082 097 1ie+i5s -224 096  34e+14 074 096  1.3e+i4
VMT2 066 098 7ge+17  -11 098  77e+15 04 099 1ae+is 011 1 3.5e+14 201 101 14e+14
VMT; 069 098 7.6e+17  -131 098  7.6e+15 -029 098  11e+15  -1.44 098  34e+14 035 098  1ge+iq
VMTy -1.58 096  7.5e+17  -2.03 097  7.5e+15 -1.15 096  1.1e+15 -2.55 096  3.4e+14 -0.99 096  1.3e+14
VMTs -1.31 0.97 7.5e+17  -2.23 096  7.5e+15 -1.42 095 1.1e+15 -2.83 095 33eti4 -1.29 095  1.3e+14
Vi, 069 008 7.6e+17 -119 098 7.7e+15 015 098  1ie+15  -041 099  3.5¢+14 209 099  14e+iq
Via s129 097  7.5e+17 202 097  7.5¢+15  -074 096  1ie+15  -132 097  34e+is 12 008  1.3e+14
VB; -0.09 0.99 7.7e+17  -036 1 7.8e+15  1.04 1 11e+15 049 1.01  3.5e+14  2.98 1.01 1.4e+14
Ve, 267 094 7.4e+17  -238 096  75e+15 -097 096  1i1e+15  -152 097  34e+14 103 097  1.3e+14
T — 099 83e+17 — 1 g.5e+15  — 1 11415 — 1 33e+14  — 1 13e+14
Vsyg — 1 8.4e+17  — 1 9.5e+15 — 1 1.1e+15 — 1 3.3e+14  — 1 1.3e+14
vMmer “144 096 Bietly  -141 101 96e+1s5 1 Liet1s  -085 1 33e+14 021 101 Ljetis
vMmes 945 105 B89e+17 -039 107  1e+16 104 1ie+15  -061 103  34e+14 014 101 L3etig
Vou 066 098 82e+17 1.8 098  93et+15 097 1ae+15  -3.53 0096 3.2e+14 -285 096  13e+14
VD2 064 098 82e+17 -171 098  9.3e+15 098  1ie+15 -3.02 097 32e+14 211 097  13e+14
VDs 062 098 82e+17 151 098  94et15 098 1ie+15 -148 099 33et14 044 1 13e+14
VEip 0.18 0.99 83e+17 -076 1 9.5e+15 1 1.1e+15 -2.07 099 3.3e+14 -1.18 099 1.3e+14
VBe 0.42 1 8.4e+17  -0.94 1 9.5e+15 1 1.1e+15  -2.29  0.99  3.3e+14 -1.64 0.9  1.3e+14
Rand. Sys.  vri 044 1 84e+17 078 1 9.5e+15 1 Liet1s  -104 1 330414 049 1 136414
VMT1 -0.69 097 8.2e+17  -2.04 097  9.3e+15 096  1.1e+15 -3.81 095 3.2e+14 -3.17 095  L.2e+14
VMT2 062 098 82e+17 151 098  94et15 098 1ie+15 148 099 33e+14 045 1 13e+14
VMT3 -0.64 098  8.2e+17 -1.71 098  9.3e+15 098  1.1e+15 -3.02 097 3.2e+14 -211 097  1.3e+14
VMTy -1.53 096 8.1e+17 -242 097  9.2e+15 096  1e+15 411 095 320414  3.42 094  1.2e+14
VMTs -1.29 096 81e+17 -263 096  g.2e+15 095  1e+15 438 004 3ae+14 37 094 12e+14
Ve 064 098 B2e+1y  -16 098  93e+is5 008 1ie+i5s  -199 098 32e+14 -0.35 098  L3etis
Vea 4126 096 8.1e+17  -243 097  9.2e+15 096  1e+15 288 096 32e+14 122 096  13e+14
Vi, 001 099 83e+17 076 1 9.5¢+15 1 11e+15  -111 1 33e+14 052 1 1.3e+14
Vi, 259 094 7.9e+17  -277 096  9.1e+15 096  1e+15 308 096 320414 -139 096  1.3e+14
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Table B.29: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.

MUz273 population (N = 273), CV(Y) = 0.67, CV(X) =1

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.99  4.3e+16 — 1 5.4e+14 — 1 8.2e+13 — 1 2.2e+13  — 1 9.9e+12
Vsva — 1 430416 — 1 54et14  — 1 82e+13  — 1 220413 — 1 9.8e+12
Vmer 2.66 102 44e+16 052 099 54e+14 051 103  B4e+13  -014 099 220413  -0.35 102  1e+13
VMC2 -4.69 148  6.4e+16  0.26 1.06 58e+14 1.6 1.09 89e+13 -1.05 098  22e+13 -0.2 1.03  1e+13
Vou 053 097 42e+16 -007 098 5.3e+14 -126 098 8e+13  -091 008 22e+13 -207 098  g.6e+12
VDa 054 098 42e+16 -002 098 53e+14 -1.16 098 B8ie+13 -071 098 220413 -172 098  9.6e+12
Vs 0,56 098  42e+16 012 098 53e+14 -07 099 Bae+13 037 099 22413 037 1 9.8e+12
vip 119 099  43e+16 065 1 54e+14  -044 1 82e+13 002 1 22e+13  -098 1 9.8e+12
Vie 115 099  43e+16 057 099 54et14 061 1 82e+13  -022 1 220413 127 1 9.8e+12
Brewer VTi 1.16 0.99  4.3e+16  0.67 1 5.4e+14 -022 1 8.2e+13  0.76 1 2.2e+13  0.63 1 9.9e+12
VMT1 0.49 0.97  4.2e+16  -0.3 097 5.3e+14 -1.53 097 8e+13 -1.18 097  2.2e+13  -2.35 097  9.5e+12
VMTa 056 098 42e+16 012 098 53e+14 07 099 B81e+13 037 099 220+13 037 1 9.8e+12
VMTs 0,54 008  42e+16 -002 098 53e+14 -116 098 B1e+13 -071 098 22e+13 172 098  g.6e+12
VMTy -0.01 0.96  4.2e+16 -046 097 53e+14 -1.63 097 8e+13 -1.28 097  2.2e+13  -243 097  9.5e+12
VMTs 0.11 097 42e+16  -067 097 52et14 189 097 7.9e+13 -155 097  21e+13 271 096  9.4e+12
VB1 0.55 098  4.2e+16  0.07 098 53e+14 -0.8 0.99 8.1e+13 017 0.99  2.2e+13  0.01 0.99  9.7e+12
VB2 0.13 0.97 4.2e+16 -0.53 0.97 53e+14 -1.44 097 8e+1i3 -048 097 22e+13 -065 098 9g.be+i2
Ve, 0.96 008 42e+16 067 099 54e+14 017 1 82e+13 082 1 220413 068 1 9.9e+12
vy 1105 095 41e+16  -089 096 52e+14 17 097 Se+13  -073 097 220413 089 097  9.be+12
viT — 101 49e+16 — 101 54et14  — 097 69e+13  — 1 240413 — [ —
VsyG — 1 4.9e+16  — 1 5.4e+14 — 1 7.2e+13 — 1 2.4e+13 — — —
VMCt 112 1.04 5.1e+16  0.62 1.01  5.4e+14 -1.24 097 6.9e+13 -0.64 0.99  2.4e+13  0.93 — 9.6e+12
VM2 -19.27  0.58  2.9e+16 232 116  6.2e+14 -0.04 1.04 7.4e+13 -0.63 1.02  2.5e+13 -0.02 — 9.5e+12
VD, 069 099 48e+16 106 1 54e+14 086 097 7e+13 222 1 240413 377  —  95e+12
VD2 -0.67 099  48e+16 1.1 1 5.4e+14  0.97 0.98  7e+13 242 1 2.4e+13  4.15 — 9.5e+12
Vb, 066 099 48e+16 124 1 5.4e+14 146 098  7e+13 35 101 24e+13 636 —  gge+12
VEp 0.02 101 4.9e+16  1.79 1.01  5.4e+14  1.68 0.99  7.1e+13  3.19 1.02  2.5e+13  4.94 — 9.7e+12
VBe -0.16 1 4.9e+16  1.69 1.01  5.4e+14  1.58 0.99 7.1e+13  2.89 1.01  2.5e+13  4.34 — 9.6e+12
Tillé vy 015 1 49e+16 1.8 101 54e+14 199 099 71e+13 3.86 102 250413 644 —  Qye+12
VM. 072 099 48e+16 083 099 5.3e+14 059 097 6.9e+13 193 099 2.4e+13 347 —  g4e+12
VM2 066 099 48e+16 124 1 54e+14 146 098  7e+13 349 101 24e+13 636 —  g7e+12
VMTs 067 099 48e+16 1.1 1 5.4e+14 097 098  7e+13 242 1 240413 414 —  95e+12
VMT, s1.23 098  48e+16 066 099 53e+14 048 097 6.9e+13  1.84 099 24e+13 339 —  g.4e+12
VMTs -1.09 098 48¢+16 045 0098 53e+14 022 096 6.9e+13 156 098 240413 3.1 —  g3e+12
VB -0.67 0.99 4.8e+16 1.2 1 5.4e+14 135 0.98  7e+13 3.29 1 2.4e+13  5.97 — 9.6e+12
Via -1.07 098 48e+16 059 099 5.3e+14 071 096  6.9e+13 261 099 24e+13 527 —  g4e+12
vis 027 1 49e+16 181  1.01  54e+14 199 099  7.1e+13  3.96 1.0z  25e+13 668 —  gge+i2
iy 227 096 47e+16 023 098 53e+14 043 096  6.9e+13 236 099  24e+13 502  —  g.4e+12
VHT - 1 5.5e+16 ~ — 1 6.7e+14 — 1 7.3e+13 — 1 2.2e+13 — 1 9.9e+12
VsyG — 1 5.5e+16 ~— 1 6.7e+14 — 1 7.3e+13 — 1 2.2e+13 — 1 9.9e+12
VMCt 1.78 1.04 5.7e+16 -2.07 096  6.4e+14  1.11 102 7.4e+13 057 0.99  2.2e+13 071 0.99  9.8e+12
vmes 1196 079 43e+16 086 112  75e+i4 171 107 7.8e+13 062 101 220413 108 101 1e+13
VD, 008 098 54e+16  -114 099 6.6e+14 -0.27 099 7.2e+13  -005 098 220+13 -0.11 097  9.7e+12
Vb2 007 098 54e+16  -1.09 099 6.6e+14 -016 099 7.2e+13 015 098 220413 025 098  Q7e+12
VDs 2005 099 54e+16  -096 099 67e+14 032 099 720413 124 099 220413 236 099  9.9e+12
VEp 0.58 1 5.5e+16  -0.41 1 6.7e+14 055 1 7.3e+13  0.89 1 2.2e+13 1 1 9.9e+12
VBe 0.57 1 5.5e+16  -0.57 1 6.7e+14 031 1 7.3e+13 072 1 2.2e+13 0.7 0.99  9.9e+12
CPs Vi 0.58 1 550416 046 1 67e+14 073 1 73e+13 168 1 220413 261 1 9.9e+12
VMT 013 098 54e+16  -137 098  66e+14 -0.53 098 7.1e+13  -032 097 220413 0.4 097  9.6e+12
VMT2 -0.05 0.99 54e+16  -0.96 099 6.7e+14 032 0.99  7.2e+13 1.24 099  22e+13 236 0.99  9.9e+12
VMT3 -0.07 098  54e+16 -1.09 099 6.6e+14 -0.16 099 7.2e+13 0.5 098  22e+13 025 098  97e+12
VMT, 062 097 53e+16  -152 098 6.6et14 -065 098 71e+13 042 097 220413 -0.48 097  9.6e+12
VMTs 0.5 008 53e+16 -174 097 6.5e+14 -09 097 7.4e+13 -069 096 2.1e+13 -076 096  9.5e+12
Vi, 006 098 54e+16 -1 099 66e+14 021 099 7.2e+13 104 099 220413 199 099  9.8e+12
Via 049 098 53e+16 -16 098 6.6e+14 042 098 71e+13 039 097 220413 131 097  97e+12
VB; 0.36 0.99  5.4e+16  -0.4 1 6.7e+14  0.85 1 7.3e+13 17 1 2.2e+13 267 1 9.9e+12
Vi -1.63 096 5.2e+16  -1.94 097 65e+14 -07 097 7i1e+13 013 097 220413 107 097  9.6e+12
VHT — 0.99 6.2e+16 — 1 5.7e+14 < — 1 7.1e+13 — 0.99  2.1e+13 — 1 9.4e+12
Vsyg — 1 6.2e4+416 — 1 5.8e+14 — 1 7.1e413 — 1 2.1e+13 — 1 9.4e+12
VMmes 127 108  67e+16 15 106  61e+14 -081 099 7.de+13 -009 101  2.2e+13 055 099  9.3e+12
vmes 247 2 12e+17 179 115  66e+14 075 102  7.3e+13 022 104 220413 0.1 098  g.2e+12
Vb s1.28 098  61e+16  -1.04 098  57e+14 174 098  7e+13 214 097 21e+13  -175 097  9ae+12
VD2 s127 098  6ae+16 -1 098  57e+14 -1.64 098  7e+13 -1.95 098  21e+13  -1.4 098  g.2e+12
VDs s1.26 098  6.1e+16  -086 098 57et14 116 099  7e+13 086 098 21e+13 o072 099 93e+12
VEp -0.69 0.99 6.2e+16 -033 1 5.7e+14  -0.94 1 7.1€+13  -1.24 099  2.1e+13 -0.66 1 9.3e+12
VBe -0.51 1 6.2e+16  -0.28 1 5.8e+14  -0.92 1 7.1e+13  -1.19 1 2.1e+13  -0.91  0.99  9.3e+12
Rand. Sys.  vri 05 1 620416 -0.19 1 58e+14 055 1 7ie+13 029 1 210413 1 1 94e+12
VMT: -1.36 098  6.1e+16  -1.27 098  56e+14 -2 0.97 6.9e+13  -241 097 2.1e+13  -2.03 0.97  9e+12
VMT2 -1.26 098  6.1e+16  -086 098 57et14 -116 098  7e+13 086 098 21e+13 072 099  9.3e+12
VMT s127 098  6.ae+16 -1 098  57e+14 -1.64 098  7e+13 195 098  21e+13  -1.4 098  g2e+12
VMTy 4182 097 6e+16  -143 097 5.6e+i4 -211 097 6.9e+13 -251 097  24e+13  -212 096  ge+12
VMTs -173 097 6.1e+16 -1.63 097 5.6e+14 236 096  6.9e+13 277 096  20+13 239 096 ge+12
Vi, s127 098  61e+16  -09 098  57e+14 127 098  7e+13 <106 098  21e+13 036 099  g.2e+12
Vea 171 097 6.ae+16 -1.5 097 56e+14 -1.89 097 6.9e+13 -1y 097 21e+13 031 097  9.de+12
Vi, 082 099 62e+16 -031 1 57e+14  -064 1 71e+13  -042 099  21e+13 103 1 9.4e+12
Vi, 278 095 59e+16 -1.85 097 56e+14 -216 097 6.9e+13 -1.95 096  21e+13  -0.54 097  9.1e+12
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Table B.30: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MU273 population (N = 273), CV(Y) = 0.67, CV(X) = 0.81

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
Vit - 097 54e+11 — 135  65et09 — 279  1setoy — 462 750408 — 6.45  4e+08
Vsve - 1 56e+11  — 1 48et09  — 1 55e+08  — 1 1.6e+08 — 1 6.2e+07
vMmer 282 477 27e+12 038 175 B4etog 018 297 1.6e+09 0.2 492 8eto8  -021 7.3 4.4e+08
vMmCa s128 102 S7e+11 042 1 48e+09  -003 099 54e+08 016 098 1.6e+08 -0.14 096  be+oy
Vo, s123 099  5.5e+11  -007 098  47e+09 045 096 5.3e+08 -058 093 15e+08 -1.55 089  5.5e+07
VD2 S22 099  5.5e+11 -005 098  47e+09 039 096 5.3e+08 -046 093 15e+08 -1.34 089  5.5e+07
VD3 -1.21 099 5.5e+11  0.13 098  4.7e+09  0.39 0.97 53e+08 147 097 1.6e+08  2.87 0.96 5.9e+07
Vip -1 1 5.5e+11  0.18 0.99 4.7e+09 -0.16 097 5.3e+08  -0.24 0.94 1.5e+08  -1.13 0.9 5.6e+07
VBe -1.01 1 5.5e+11  0.17 0.99 4.8¢+09 -0.19 099 54e+08 -0.3 097 1.6e+08  -1.25 0.94 5.8e+07
Brewer vt 1 1 55e+11 032 1 48e+09 055 1 550408 159 1 1.6e+08 2.9 1 6.2e+07
VM S114 099 5.5e+11 -006 098  47e+09  -0.47 096 5.2e+08 -061 093 15e+08 -1.58 089  5.5e+07
VMTa s121 099  5.5e+11 013 098  47e+09 039 097 53e+08 147 097 16e+08 287 096  5.9e+07
VMTS 122 099  55e+11 004 098 47409 039 096 53e+08 046 093 15e+08 134 089  55e+07
VMT4 -1.58 098  55e+11  -0.33 097  4.7e+09 0.7 095  52e+08 -082 093 1.5e+08 -1.77 089 5.5e+07
VMTs -1.38 098  55e+11 -0.3 097  47e+09 -071 095 5.2e+08 -085 092 1.5e+08 -1.82  0.88 5.5e+07
Ve, 122 099  55e+11 041 008 47e+09 032 097 53e+08 136 096 1.6e+08 267 096  59e+07
Vea 4137 098  55e+11 -012 098  47e+09 008 097 53e+08 109 096 16e+08 238 095  5.9e+07
Vi, “1.07 099 55e+11 032 099 48e+09 057 098 54e+08 162 097 16e+o8 296 097  6e+oy
Vey 282 096  5.3e+11  -1.04 096  4.6e+09  -0.84 095 5.2e+08 013 094 15e+08 136 093  5.8e+07
VuT - 11 6set11 — 164 73et09 — 385 18etog — 7.07  92e+08  — 1085  4.9e+08
Vsve - 1 5.9e+11  — 1 450409  — 1 48e+08  — 1 136408 — 1 4.6e+07
vMmer 414 479 28e+12 073 243 956409 041 407 1.9e+09 087 72 94e+08 009 1095  5e+08
vMmCa 082 101 6et11 078 1 45e+09 <066 1 48e+08 095 1 13e+08 017 1 4.5e+07
VD: 035 101 6e+11 332 1.04 47e+09 421 109 520408 851 116 1.5e+08 1003 123  5.6e+07
VD2 034 101 6e+11 335 10§  47e+09 427  1.09 5.2e+08 8.63 116 15e+08 1024 124  5.6e+07
VDs 033 101 6e+11 353 105 47e+09 509 111 53e+08 1075 123  1.6e+08 1495 142  6.4e+07
Vip -0.11  1.02  6e+11 3.59 1.05  4.7€+09  4.51 1 5.3e+08  8.88 118  1.5e+08 1048 1.25 5.7€+07
VBe -0.12  1.01  6e+11 3.55 1.06  4.7€+09  4.44 112 54e+08 877 121 1.6e+08 1029  1.29 5.9e+07
Tillé vt “011 101 6e+11 372 106 476409 523 114  5.4e+08 1084 127  1.6e+08 1494 146  6.7e+07
VMT: -0.26  1.01  6e+11 334 1.04 4.7e+09  4.19 1.09 52e+08 847 116  1.5e+08  9.97 1.23 5.6e+07
VMT2 -0.33  1.01  6e+11 3.53 1.05 4.7€+09  5.09 111 53e+08 1075 123  1.6e+08  14.95 142 6.4e+07
VMTs 034 101 6e+t 335 104 47409 427  1.09 5.2e+08 863 116 1.5e+08 1024 124  5.6e+07
VMT, o7 1 506411 3.06 104 46e+09 395  1.08 5.2e+08 8.24 115  15e+08 976 122 5.6e+07
vmTs 05 1 59e+11 308 104 46e+09 3.04 108 52e+08 821 115  15e408 97 122 550407
Ve, 034 101 6e+11 35 105  470+09 502 111  53e+08  10.62 122  1.6e+08 1473 141 64e+07
Vi 049 1 506411 327 104 46e+09 476 11 53e+08 1034 121  16e+08 144 139  6.3e+07
Vi, 019 101 be+11 373 106  47e+09 528 112 53e+08 1091 124 1.6e+08 1505 142  6.5¢+07
Vi 195 098  58e+11 232 103  46e+09 381 108 520408 929 118  15e+08  13.26 135  6.1e+0y
VHT — 099 58e+11  — 131 6.3e+09 < — 284 15e+t09 — 5.01  7.9e+08 — 753 4.4e+08
Vsve - 1 58e+11  — 1 48e+09  — 1 54e+08  — 1 1.6e+08 — 1 5.9e+07
VMC 001 468 27e+12  -071 173 83e+09  -0.24 304 1.6e+09 019 511 Bieto8 -0.78  7.61  4.5e+08
vMmca 093 103 Get11  -06 1 48e+09  -003 1 53e+08 0.2 1 166408 -0.07 101  5.9e+07
Vb 07 099 58e+11  -083 098 47e+09 -0.22 097 5.2e+08 -029 096 1.5e+08 -0.54 094  5.5e+07
VD2 071 099 58e+11  -08 098 47e+09 016 097 5.2e+08 -018 096 15e+08 -0.35 095  5.6e+07
VD3 0.72 099 58e+11  -0.63 099 4.7e+09  0.62 098 53e+08  1.76 099 1.6e+t08 3.9 1.02 6e+07
VEp 094 1 58e+11  -057 099 47e409 007 098 520408 005 097 15e+08  -0.14 095  5.6e+07
VBe 093 1 58e+11  -0.58 1 48e+09 004 1 53e+08 002 1 1.6e+08 025 1 5.9e+07
CPS Vi 094 1 58e+11  -043 1 48e+09 078 101 54e+08 188  1.03 1.6e+08 3.94 107  6.3e+07
VMT: 0.79 099 58e+11  -081 098 47e+09 -024 097 52e+08 -0.33 095 1.5e+08  -0.6 0.94 5.5e+07
VMTa 072 099 58e+11  -063 099 47e+09 062 098 53e+08 176 099 1.6e+08 3.9 102 6e+oy
VMTs 071 099 58¢+11  -08 098 47e+09 -016 097 520408 -0.18 096 150408 035 095  5.6e+07
VM, 034 099 58e+11  -1.08 098 47e+09 -047 096 52e408 -0.53 095 15e408 079 094  5.56+07
VMTs 0.54 099 58e+11  -1.05 098 4.7e+09 -048 096 52e+08 -0.57 095 1.5e+08 -0.84  0.94 5.5e+07
Vi, 071 099 58e+11  -065 099 47e+09 055 098 53e+08 165 099 1.6e+08 3.7 102 6e+oy
Vea 056 099 58e+11  -088 008 47e+09 031 098 52408 138 098  1.50+08 3.4 101 59e+07
Vi, 086 1 58e+11  -043 099 47¢+09 08 099 53e+08 191 1 16e+08 399 103 6.ae+o7
Vi, 091 096 56e+11  -179 097 46e+09 -0.61 097 5.2e+08 042 097 15e+08 237 099  5.8e+07
var — 099  57e+11  — 128 64et09 — 27 15etog — 473 76e+o8 — 6.8 426408
Vsve — 1 58e+11  — 1 set09  — 1 55e+08 — 1 1.6e+08 — 1 6.2e+07
vMmes 186 475 28e+12  -112 169 84e+09 074 2.9  16e+09 157 485 7.8e+08 -026 684  4.3e+08
vMme: 117 101 58e+11  -0.31 1 5e+09 092 101 55e+08 094 099 1.6e+08 026 1 6.2e+07
VD, 099 099 58e+11  -073 098  4.9e+09  -0.47 096 5.3e+08 -115 093 15e+08 422 09 5.6e+07
VD2 099 099 58e+11  -071 098  4.9e+09 -0.41 096 5.3e+08 103 093 15e+08  -4.04 09 5.6e+07
vDs 1 099 58e+11  -053 099 49e+09 037 097 53e+08 089 096 1.6e+08 005 095  59e+07
VEp 123 1 58e+11  -048 099 49e+09 -0.18 097 53e+08 -081 094 15e+08 -3.83 091  57e+07
VBe 1.21 1 5.8e+11  -048 1 4.9e+09  -021 099 5.4e+08  -0.88 097 1.6e+08  -3.91 0.96 6e+07
Rand. Sys.  vri 122 1 58e+11  -032 1 set09 053 1 55e+08 099 1 16e+08 o011 1 6.2e+07
VMT: 1.08 0.99 58e+11  -072 098 4.9e+09 -049 096 5.2e+08 -1.18 0.93 1.5e+08  -4.27 0.9 5.6e+07
VMT2 1 0.99 58e+11  -0.53 0.99  4.9e+09  0.37 0.97 53e+08 089 096 1.6e+08  0.05 0.95 5.9e+07
VMTs 099 099 58e+11  -07 098 49e+09 -041 096  53e408 -1.03 093 1.5e408 404 09 5.6e+07
VM, 063 099 57e+11 -099 098 48e+09 -072 095 520408 -1.39 093 1.5¢+08 446 09 5.6e+07
VMTs 083 099 57e+11  -096 097 48e+09 073 095 5.2e+08 142 092  15e+08 45 09 5.6e+07
Vi, 1 099 58e+11  -056 098  4.9e+09 03 097 53e+08 077 096 1.6e+08 -0.14 095  5.9e+07
Vs 084 099 57e+11 078 098 48e+09 006 096 53e+08 051 095 156408  -042 004  59e+07
Vi, 115 1 58¢+11  -0.34 099 4.9e+09 055 008  5.4e+08 1.04 097 1.6e+08 014 096  be+oy

Vi 063 096 56e+11  -1.69 097 48e¢+09 086 005 52e+08 -0.44 094 15e408 -142 093  58e+07




RESULTS FROM THE SIMULATION STUDY ON VARIANCE APPROXIMATIONS

Table B.31: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MU273 population (N = 273), CV(Y)

0.67, CV(X)

0.67

f=1% f=5% f=10% f=15% f=20%
sampling estimator  RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 221 36eti0  — 19.92  24e+09 — 7469 9.4eto8 — 15821 54e+08 — 2628  3.2e+08
vsve — 1 16e+10  — 1 120408 — 1 13et07  — 1 3414933 — 1 1205228
VMes 406 8049 13e+12 192 2752 33e+09 156 7532 9.5e+08 0.5 15715  54e+08  -1.88 26121  3.1e+08
VMmea 114 099  16e+10 04 101 120408 073 101 13etoy 015 1 3418418 094 1 1206138
Vb1 085 099  L6etio 022 099  12e+08 03 098  12eto; -0.06 098 3331320 -113 097 1163892
Vb2 085 099  16e+io 023 099  1.2e+08 033 098  L2e+oy 001 098 3335613  -1.02 097 1165986
VD, 085 099  16e+i0 024 099  1.2e+08 036 098  12e+07 005 098 3339929  -095 097 1168567
vip 092 1 16e+10 03 099  12e+08 041 099  1.2e+07 007 098 3347493 096 097 1170323
Ve 092 1 16e+10 029 1 120408 037 1 13e+07 002 1 3412432 <103 1 1204998
Brewer vri 092 1 160410 03 1 120408 0.4 1 13et07 007 1 3416759  -0.96 1 1206630
VMT: 096 1 160410 03 099  12e+08 036 098  1.2e407 001 098 3329929  -1.08  0.96 1163044
VMT2 085 099  16e+10 025 099  1.2e+08 036 098  12e+07 005 098 3340280  -0.95  0.97 1168735
VMTy 085 099  16e+10 023 099  1.2e+08 034 098  12e+07 001 098 3335964 101 097 1166154
vMTy 06 099  16e+10 004 099 120408 013 098  12e+07 -023 097 3320427  -129 096 1160686
VMTs 079 099  16e+10 013 099  12e+08 02 098  1.2e407 -0.17 097 3319084  -1.25  0.96 1159832
VE: 085 099  16e+o 023 099  1.2e+08 032 098  L2etoy 002 098 3335609 -1.06  0.97 1166443
VB2 08 099  16e+io 016 099  12e+08 024 098  L2etoy; 01 097 3321541 -115  0.96 1161061
VB 09 1 16e+10 03 099  12e+08 04 099  12e+07 007 098 3349796 -0.97 097 1171880
Vi, 07 097  16e+l0 -092 097  12e+08 -086 096  12e+07 127 096 3271518 -239 095 1149115
Vi — 181 209e+10  — 18.69 220409 — 7037  Bgeto8 — 14651 5e+08 — 235 2.8e+08
vsve — 1 16et10  — 1 120408 — 1 13et07  — 1 3434520 — 1 1206374
vMmer 413 8176  13e+12 124 284  3.4e+09 7449 9.4et08 -2 1493 51e+08 065 23678  2.9e+08
vMmes 126 101 16e+io 071 1 1.20+08 102 13eto; 034 1 3430581 -0.54 1 1201921
Dy 125 1 16e+10  -084 099  1.2e+08 098  12e+07 -038 0098 3351032 -066 097 1167153
VDa 125 1 16e+10  -083 099  1.2e+08 098  12e+07 -031 098 3355234 <055 097 1169456
VD, 125 1 16e+10  -081 099  1.2e+08 099  12e+07 027 098 3359291 -048 097 1172241
vEp 132 1 166410 -075 099  1.2e+08 099  12et07 025 098 3367073 049  0.97 1173854
Vee 133 1 16e410  -078 1 1.20+08 1 13e+07  -03 1 3426070 059 1 1203338
Tille vri 133 1 16e410  -076 1 1.20+08 1 13et07  -025 1 3430337 051 1 1205619
VMTs 136 1 160410  -076 099  1.2e+08 098  12et07 -033 098 3349562 -062 097 1166408
VMT2 126 1 16e+10  -081 099  1.2e+08 099  12et0; -027 098 3350612 -048 097 1172378
VMTs 125 1 16e+10  -082 099  1.2e+08 098  12et0; -031 098 3355556 -0.54  0.97 1169594
vMT, 1 099  Lbe+10 101 099  1.2e+08 098  12e+07 -055 097 3340426 082 096 1163686
VMTs 12 099  L6e+10 -092 099  1.2e+08 098  12e+07 -049 097 3339001 -0.78  0.96 1162937
VB: 125 1 16e+10  -083 099  1.2e+08 098  12eto7 034 098 3355063 -0.59  0.97 1169908
VBa 12 099  16e+10 09 099  1.2e+08 098  12e+07 043 097 3341164  -068 097 1164447
Vi 13 1 16e+10  -076 099  1.2e+08 099  12e+07 -026 098 3369078  -05 097 1175422
Ve 031 097  16e+10 -1.96 097  1.2e+08 097  12e+07 158 096 3293089 <193 095 1150313
Vi — 152 25e+10  — 18 2.1409 73.03  9.2et08 — 15291 53e+08  — 2574 3.1e+o08
vsve — 1 16e+10  — 1 1.20+08 1 13et07  — 1 3442012 — 1 1198059
vMmer 371 8264 13e+12  -158 2787  3.3e+09 7741 97e+08 012 15589  5.4e+08  -21  259.55  3.1e+08
vme: 075 103  1L7e+10 031 101  1.2e+08 1 13et07 007 1 3448985 -034 099 1187604
vb: 061 1 16e+10  -074 099  1.2e+08 098  12e+07 003 097 3352828  -034 097 1156342
VDa 061 1 16e+10 073 099  1.2e+08 099  12e+07 004 098 3357160  -023 097 1158719
vD; 0.62 1 1.6e+10  -072  0.99 1.2¢+08 0.99 1.2e+07  0.08 0.98 3361347 -0.16  0.97 1161470
Vip 069 1 160410 -0.66 1 1.20+08 099  1.2et07 0.1 0.98 3368958 017  0.97 1163212
Vee 069 1 16e+10 067 1 120408 1 13et07 006 1 3436058  -025 1 1194816
CPs Vi 069 1 16e+10 066 1 120408 1 13e+07 0.1 1 3440025 017 1 1196776
VMTs 072 1 16e+10  -0.66 099  1.2e+08 098  12eto; 002 097 3351515 03 096 1155599
VMT2 062 1 16e+10  -071 099  1.2e+08 099  12eto; 008 098 3361703 016  0.97 1161623
VMTs 062 1 16e+10 073 099  1.2e+08 099  12e+07 004 098 3357516 -0.23 097 1158871
vMT, 037 099  16et10 092 099  1.2e+08 098  12e+07 -02 097 3341832 05 096 1152746
VMTs 056 099  16eti0 082 099  1.2e+08 098  12e+07 014 097 3340567  -046 096 1151999
Ve 061 1 16e+10  -073 099  1.2e+08 098  12e+07 001 098 3356989 027  0.97 1159063
Via 056 099  16e+10 -08 099  1.2e+08 098 120407 -007 097 3342029 -0.37  0.96 1153485
Vi, 066 1 16e+10 066 1 1.20+08 099 120407 01 0.98 3371167 018  0.97 1164696
Ve, 093 097 16e+10 -187 097  1.2e+08 097  12etoy; 124 096 3202043  -1.61 095 1138505
it — 151 25e+10  — 1754 21e+09  — 7149  9.1e+o8  — 155.05  54e+08  — 27656 3.3e+08
vsva — 1 16e+10  — 1 120408 — 1 13e+07  — 1 3475295 — 1 1202748
VMmer 288 8166 13e+12 041  27.41  33e+09 -179 7611 97e+o8 047 1585  5.5e+08  -2.64 27948  3.4e+08
vMme: 159 102 Lye+io 012 099  1.2e+08 051 1 13e+07 06 1.02 3538728 023 101 1214482
VD, 108 1 166410 013 099  1.2e+08 03 098  13eto; 009 097 3386824 003 096 1157941
VD2 109 1 166410 015 099  1.2e+08 034 098  13e+07 016 098 3391257 014 096 1160430
VDs 109 1 16e410 016 099  1.2e+08 036 099  13e+07 021 098 3395683 02 097 1163325
Vip 116 1 16e410 022 099  1.2e+08 041 099  13e+07 023 098 3403447 02 097 1164959
Vie 116 1 16e+10 021 1 120408 039 1 13et07 018 1 3471204 013 1 1200856
Rand. Sys. vt 116 1 16e+10 022 1 120408 o041 1 13et07 023 1 3475352 0.2 1 1202779
VMTL 12 1 16e+10 022 099  12e+08 036 098  L3eto; 015 097 3385411 007  0.96 1157247
VMT2 109 1 16e+10 016 099  12e+08 037 099  L3eto; 021 098 3396044 021 097 1163498
VMTs 109 1 16e+10 015 099  12e+08 034 098  13e+o7 016 098 3391618 014 096 1160603
vMT, 084 099  16e+l0 -004 099  1.2e+08 013 098  1.3e+07 007 097 3375578 -0.14 096 1154154
VMTs 103 099  1.6e+10 005 099  12e+08 0.2 098  13e+t07 002 097 3374215 01 096 1153456
Ver 109 1 166410 014 099  1.2e+08 032 098  13e+07 014 098 3391224 009 097 1160806
VB 104 099  16et10 007 099 120408 024 098  13etoy 005 097 3376766 © 0.96 1155088
VB 113 1 166410 021 099  1.2e+08 0.4 099  13eto; 022 098 3405801 019 097 1166578
Vi 047 097  16e+10 -1 097  12e+08 -086 096  1.2e407 -L11  0.96 3324824 125 095 1138741
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Table B.32: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.67, CV(X) = 0.5

=1% f=5% f=10% f=15% f=20%
sampling estimator  RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
it — 107 1yet1n — 265 23et09 — 757  64et08 — 15.64  3.4e+08 — 27.05  2e+08
vsve — 1 16e+11 — 1 87e+08 — 1 85e+07  — 1 22et07  — 1 7499017
vMcs 128 728 120412 04 347 3e+09 002 7.47 6.4e+08 -027 1487 32e+08 099 249  1.9e+08
VMmes 043 101 16e+11 03 1 87e+08 021 1 85e407 02 099  22e+07 132 095 7150135
VD: 062 1 16e+11 034 1 87e+08 -031 099 8.5eto7 -06 098  2i1etoy 073 092 6910371
Vs 062 1 16e+11 035 1 87e+08 029 099 B8.5e+07 -057 098  21e+07 079 092 6922241
Vb, 062 1 16e+11 043 1 87e+08 009 1 86e+07 036 1 22e+07 2.8 1 7482424
Vip 064 1 16e+11 032 1 87e+08 033 099 8.5e+07 -062 098  21e+07 072 092 6916395
Vie 064 1 16e+11 032 1 87e+08 032 099 8.5e+07 -06 098  21e+07 074 093  7e+06
Brewer vt 064 1 16e+11 038 1 87e+08 002 1 8.5e+07 028 1 22et07 269 1 7532954
VM o052 1 16e+11 044 1 87e+08 -022 1 85e+0y -0.53 098  21et0; 078 092 6915775
VMTa 062 1 16e+11 043 1 87e+08 009 1 86e+oy 036 1 22e+07 28 1 7480492
VMT; 062 1 L6e+11 035 1 87e+08 -029 099 8.5e+07 -057 098  21etoy 079 092 6920559
VMTy 076 1 16e+11 024 1 87e+08 -04 099 85e+to7 -069 098  21etoy 064 092 6893376
VMTs 061 1 16e+11 035 1 87e+08 -031 099 85e+07 -062 098  21etoy 069 092 6898563
VB, 062 1 166411 042 1 87e+08 o007 1 86e+oy 032 1 22et07 275 1 7462567
VB2 06 1 166411 045 1 87e+08 01 1 8se+07 036 1 22et07 278 099 7461114
VB3 063 1 16e+11 04 1 87e+08 004 1 86e+o7 029 1 22et07 271 1 7464185
Vi 203 097 16e+11  -067 098 85e+08 -1.06 098 84e+07 088 098  21e+07 141 095 7115424
vur — 112 18e+11 — 231 19et09 — 603 460408 — 1278 24e+08 — 2317 1.3e+08
vsva — 1 16e+11  — 1 8.1et08 — 1 7.6et07  — 1 1.8et07  — 1 5758758
vmes 072 743 12e+12  -073 35  28e+09 088 658 5e+08 007 1316  24e408 008 2342  1.3e+08
VMmes 038 101 16e+11  -0.56 1 81e+08 078 099 7.6e+07 012 1 18e+07 018 101 5791851
Vo, 008 101 16e+11 108 105 B8.5e+08 421 113  86e+07 488 122 23e+0y 703 142 8199715
Vb2 008 101 16e+11 109  1.05 835e+08 424 114 8yetoy 491 123 23et07  7.08 143 8232347
Vb, 008 101 16e+11 117  1.05 85e+08 463 115 88e+oy 589 129  24e+07 923 166 9561416
vip 005 101 16e+11 106 105 85e+08 419 113 8betoy 485 122 23et07  7.01 142 8198863
Ve 005 101 16e+11 106  1.05 85e+08 4.2 113 86eto; 486 123  23e+07  7.03 144 8208386
Tillé vri 006 101 16e+11 113 105 85e+08 456 115 88e+0y 579 129  24e+07 91 166 9564069
VMT: 019 101 16e+11 119  1.05 85e+08 43 114 87e+07 495 123  23e+07 7.08 143 8223508
VMT2 008 101 16e+11 118  1.05 85e+08 463 115 88e+0y 589 129  24e+07 923 166 9559504
VMTs 008 101  16e+11 109  1.05 85e+08 424 114 8ye+07 491 123 23e+07  7.08 143 8230787
vmMTy <006 101 16e+11 098  1.05 85e+08 412 113 86e+0y 478 122 23e+07 693 141 8146937
VMTs 009 101  16e+11 109  1.05 85e+08 421 113 86e+07 485 122 23e+07 698 142 8170669
Vi 008 101 16e+11 117  1.05 85e+08 4.6 115  88e+07 585 129  24e+07 917 165 9520353
Via 01 101 16e+11 119  1.05 B8.5e+08 464 115 88c+oy 589 129  24e+07 921 166 9533151
Vs 006  1.01 1.6e+11 114 105 B8.5e+08 457 115 88e+oy 582 129  24e+07 913 165 9507720
Ve, 134 098  1.6e+11 007 103 B8.3e+08 342 111 84e+07 458 122 22e+07 774 15 8659046
Vit — 1 16e+11 — 241 21et09  — 709  59e408 — 1441 3ie+08 — 2629  1.8¢+08
Vsva — 1 16e+11  — 1 87e+08 — 1 83e+07 — 1 22et07  — 1 6882528
Vamer 033 749 12e+12 024 348 3eto9  -1.85 7.62  63e+08 0.5 1475 320408 012 2652  1.8e+08
VMmCa 022 102 1ye+11 o011 101 88eto8  -1.61 1 83e+t07 015 1 22et07 014 099 6841741
by 023 1 16e+11 016 1 88e+08 157 1 83e+07 023 1 22e+07 02 098 6765156
Vb2 023 1 16e+11  -0.15 1 88e+08 155 1 83e+t07 027 1 22e+07 026 098 6774937
VD, 022 1 16e+11  -0.07 101 B88eto8 -1.18 101  B4eto; 12 103 22et07 227 105 7258793
vEp 025 1 L6e+11 -019 1 88eto8  -1.59 1 83e+07 021 1 22et07 019 098 6771389
Vee 025 1 16e+11  -0.18 1 87e+08 157 1 83e+07 022 1 22e+07 021 1 6877356
CPS Vi 025 1 16e+11  -012 1 87e+08 123 101 84et07 1.1 103 22e+07 215 106 7325852
VMT: 012 1 166411 -0.06 1 88e+o8 148 1 83e+07 0.3 1 22e+07 025 098 6768890
VMT2 022 1 166411 -0.07 101 B88e+o8 -1.18 101 B4etoy; 12 103 22e+07 227 105 7256917
VMTs 023 1 16e+11  -015 1 88e+08 155 1 83e+07 027 1 22e+07 026 098 6773318
vmTy 037 1 16e+11  -026 1 87e+08  -1.66 1 83e+07 014 1 22et07 011 098 6751635
VMTs 021 1 166411 -015 1 88e+08 157 1 83et07 021 1 22e+07 016 098 6755136
Ve, 023 1 16e+11  -008 101  88e+08 -12  1.01  84e+07 117 102 22e407 221  1.05 7241044
Vi 021 1 16e+11  -005 101 88e+08 -1.17 101  84e+07 12 102 22et07 225 105 7238619
Vs 024 1 16e+11  -011 101 88e+08 -1.23 1.01  84e+07 113 103  22e407 217  1.05 7243636
Vs s1.64 097 16e+11  -1.16 099  8.6eto8 231 1 83e+07 005 1 22e+07 088 101 6942793
VHT — 1 1.6e+11  — 241 21e+09 < — 7.36  6.2e408 — 15.24  3.3e+08 — 28.03 2e+08
VsyG — 1 1.6e+11  — 1 8.8e+08 — 1 8.4e+07 — 1 2.2e+07  — 1 7272326
Vmer 025 7.28 12e+12  -0.56  3.44 3e+09 079 7.87 6.6e+08 074 1556  3.4e+08 -039 2825 2.1e+08
VM 142 101 16et+11 -0y 1 88e+o8  -096 1 83e+t07 057 1 22et07 026 1 7278645
VD 155 1 166411 -0.58 1 88e+o8 127 1 83e+07 029 098  21et0; -222 096  7e+0b
VD2 156 1 16e+11  -0.57 1 88e+o8 125 1 83e+07 026 098  21et07 -217 097  7e+06
VD3 156 1 166411 -0.49 1 Boge+o8 -088 1 84e+07 067 1 22et07 021 099 7177974
VEp 153 1 166411 -0.61 1 88e+o8 129 1 83e+07 031 098  21et07 -2.24 097  7e+06
VBe 153 1 166411 -0.6 1 88e+08 129 099 8.3e+07 -031 098  21etoy -222 098 7134486
Rand. Sys. vy 153 1 16e+11 053 1 88e+08  -0.94 1 84e+07 058 1 22e+07 033 1 7268558
VMT 166 1 16e+11 048 1 8geto8  -1.18 1 83et07 -022 098 21e+07 217 096 7e+06
VMT2 156 1 16e+11 049 1 8ge+o8  -088 1 84e+07 067 1 22e407 021 099 7176074
VMTs 156 1 16e+11  -057 1 88e+08  -1.25 1 83e407 026 098  21e+0y 217 096  7e+0b
Vs 141 1 16e+11 068 1 88e+08 136 099 8.3e+07 -038 097  21etoy 231 097  7e+ob
VMTs 157 1 16e+11 -057 1 88e+08  -1.27 1 83e+07 032 098  21et0; 226 096  7e+0b
Vi 156 1 16e+11 0.5 1 8ge+o8 -09 1 84e+07 064 1 22et07 027 099 7169200
Via 158 1 16e+11 048 1 8ge+o8 -087 1 84e+07 067 1 22et07 023 098 7160846
VB3 1.54 1 1.6e+11  -0.53 1 8.9e+08  -0.93 1 8.4e+07 0.6 1 2.2e+07  -0.3 0.99 7177718
Vg 012 097 16e+11  -1.58 098 87eto8 -201 099 83et0y -057 098  21etoy -1.57 097 7087801




RESULTS FROM THE SIMULATION STUDY ON VARIANCE APPROXIMATIONS

Table B.33: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.5, CV(X) = 1.27

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
vuT — 099 se+18  — 099  46e+16 — 1 550415 — 101 17etis  — 101 6.2e+14
VsYG — 1 5e+18 — 1 4.7e+16 — 1 5.5e+15  — 1 1.7e+15 — 1 6.1e+14
VMC1 2.21 1.01  5.1e+18  0.23 1 4.7e+16 1 5.5e+15  1.18 1.01 1.7e+15 118 1 6.2e+14
vmes 031 131 66e+18 013 10§  49e+16 104 57e+15 096 102  L7e+15 099 101  6.2e+14
VD: 0.27 097  4.9e+18  -1.02 097  4.5e+16 0.97 5.4e+15 -0.55 097 16e+i5 -087 097  5.9e+14
VD2 0.29 0.97 4.9e+18 -0.93 097  4.5e+16 098 54e+15 -0.03 098 17e+15 -007 098  be+iq
Vs 031 097 49e+18 072 097  46e+16 099 54e+15 176 1 L7e+15 304 101 6.2e+14
VFP 1.23 099  5e+18 o 0.99  4.6e+16 1 5.5e+15  0.96 1.01 1.7e+15 087 1 6.2e+14
VBe 115 0.99  5e+18 0.06 0.99  4.6e+16 1 5.5e+15  0.27 0.99  1L7e+15  0.01 0.99  b.1e+14
Brewer Vi 117 099 se+18 021 1 460416 1 556415 192 101 Lye+15 287 101 62e+14
VMT:1 0.28 0.97  4.9e+18  -1.26 096  4.5e+16 097 53e+15 -084 097 16e+15 -1.16 096  5.9e+14
VMT2 032 0.97 4.9e+18 -071 097  4.6e+16 0.99  5.4e+15  1.76 1 1.7e+15  3.04 101 6.2e+14
VMTs 0.29 0.97  4.9e+18  -0.93 0.97  4.5e+16 0.98 5.4e+15 -003 098 17e+15 -0.08 098  bet+iq
VMTy 061 095 48¢+18 165 096  4.50+16 096  5.3e+15  -115 096  1.6e+15 -141 096  5.9e+14
VMTs -0.33 096 4.8e+18 -1.85 0095 4.4e+16 0.95 53e+15 -1.43 096  1.6e+15  -1.7 0.95 5.8e+14
Vi 03 097 49e+18 081 097  4.5e+16 098 54e+15 123 099 Lye+ls 222 099 6be+ti4
VB2 03 096 48¢+18 164 096  4.5¢+16 096  5.3e+15 032 097 16e+15 134 098  be+is
VB3 0.89 098  4.9e+18  0.03 0.99  4.6e+16 1 5.5e+15 214 1.01 17e+15  3.11 101 6.2e+14
Viy 172 093  47e+18 <199 095  4.4e+16 -2 006  5.3e+15 009 097 16e+15 114 098  be+is
VHT —_ 1 3.6e+18 — 1 4.6e+16  — 101 5.2e+15 — 1.01 1.6e+15 — —_ —_
Vsyg — 1 3.6e+18 — 1 4.6e+16 — 1 5.2e+15 — 1 1.6e+15 — — —
vmes 088 102  37e+18 091  1.02  47e+16 083 101  52e+15 096 101 16e+15 027  —  61e+14
VMC2 -6.39 111 g4e+18 0.69 1.07  4.9e+16 -039 1.01  52e+15 08 1.02  1.6e+15 -0.24 — 6.1e+14
VD: -0.56 098  3.5e+18  0.65 0.99  4.6e+16 1.93 1 5.2e+15  2.53 1 1.6e+15  2.83 — 6.2e+14
VD2 054 098 35e+18 o074 1 460416 219 101 520415 307 101 16e+15 365 —  63e+14
VD; -0.52 098  3.5e+18  0.97 1 4.6e+16  2.99 1.02  53e+15  4.92 1.03 1.6e+15  6.82 —_ 6.4e+14
VEip 033 1 3.6e+18 1.72 1.02  4.7e+16  3.21 1.03  5.3e+15  4.09 1.03 1.7e+15  4.63 — 6.4e+14
Vie 037 1 36e+18 137 101 47e+16 266 102  53e+15 34 102 16e+15 375 —  63e+14
Tille vTi 0.39 1 3.6e+18  1.56 1.01  4.7e+16  3.39 1.03  5.3e+15  5.09 1.03  1.7e+15  6.65 — 6.4e+14
VMT1 -0.55 098 3.5e+18 041 0.99  4.6e+16 1.65 1 5.2e+15  2.24 0.99  1.6e+15  2.53 — 6.1e+14
VMTa 051 098 35e+18 097 1 46e+16 299  1.02  53e+15 491 103 1.6e+15 682 —  b4e+iq
VMT3 -0.54 098  3.5e+18 074 1 4.6e+16 2,19 101 5.2e+15  3.07 1.01 1.6e+15  3.65 —_ 6.3e+14
VMTy -1.43 096  3.5e+18  0.01 0.98  4.5e+16 131 0.99  5.1e+15 1.91 0.99  1.6e+15  2.26 — 6.1e+14
VMTs -1.15 097 3.5e+18  -0.2 098  4.5e+16  1.04 099  51e+15  1.63 098  1.6e+15  1.97 — 6.1e+14
VB -0.53 098 3.5e+18  0.87 1 4.6e+16 273 101 5.2e+15  4.37 1.02  1.6e+15  5.97 —_ 6.3e+14
VB2 -1.13 097  3.5e+18  0.03 0.98  4.5e+16 1.83 1 5.1e+15  3.43 1 1.6e+15  5.05 — 6.2e+14
Vis 0.06 0.99  3.6e+18  1.72 1.02  4.7e+16  3.63 1.03  5.3e+15 5.3 1.04 1.7e+15  6.89 — 6.5e+14
VBy -2.54 094 3.4e+18  -034 098  4.5e+16 1.56 0.99  5.1e+15 3.2 1 1.6e+15  4.85 - 6.2e+14
VHT — 1 3.9e+18  — 1 3.9e+16  — 1 5.4e+15  — 1 17e+15  — 1 6.8e+14
VsyG — 1 3.9e+18  — 1 3.9e+16  — 1 5.4e+15  — 1 1.7e+15 < — 1 6.8e+14
vMC -0.08 1 3.9e+18  -045 1.01  3.9e+16 049 1 5.4e+15  -0.33  1.01 1.8e+15  1.39 1 6.8e+14
VMCa -11.9 081 3.2e+18 229 1 3.9e+16  0.34 1.01  55e+15  -0.14 102  1.8e+15  1.24 1.01  6.9e+14
Vb, 078 098 38e+18 -139 098 38e+16 045 097 53e+15 -1.91 097 17e+1s 034 097  6.be+1q
VD2 -0.76 098  3.8e+18 -1.3 098 3.8e+16 -021 098 53e+15 -1.39 098 1.7e+15 046 098  6.7e+14
VD3 -0.74 098 38e+18 -1.08 098 38e+16  0.56 099  5.4e+15 037 1 1.7e+15 348 1.01  6.9e+14
VEp 0.11 1 3.9e+18 -037 1 3.9e+16  0.78 1 5.4e+15  -043 1 1.7e+15  1.41 1 6.8e+14
VBe 0.15 1 3.9e+18 -0.52 1 3.9e+16  0.56 1 5.4e+15  -1.04 0.99 1.7e+15 045 0.98  6.7e+14
CPS VTi 0.16 1 3.9e+18  -034 1 3.9e+16  1.19 1 5.4e+15  0.56 1 17e+15  3.26 101 6.8e+14
VM 078 098 38¢+18 162 097 38e+16 -0.73 097 53e+15 219 096  17e+15 -063 096  6.5e+14
VMT2 -0.74 098 38e+18 -1.08 098 3.8e+16 056 0.99  5.4e+15  0.37 1 1.7e+15  3.47 101 6.9e+14
VMT; -0.76 098  38e+18 -1.3 098  3.8e+16 -021 098 53e+15  -1.4 098  17e+15 046 0.98  6.7e+14
VM, -1.65 096 37e+18  -202 097 38e+16 -1.06 096  5.2e+15 25 096 17e+15 -089 096  6.5e+14
VMTs 4138 097 38¢+18 -221 096 37e+16  -1.32 095 5.2e+15 278 095 17e+15s  -118 095  6.5e+14
VB -076 098 38e+18 -1.17 098 3.8e+16 032 0.98 5.3e+15 -0.16 0.99 17e+15 265 1 6.8e+14
Via 135 097  38e+18  -1.99 097 38e+16  -057 096 52e+15 -1.05 097  17e+1s 176 098  6.be+t1q
VB3 -0.16  0.99 3.9e+18 -034 1 3.9e+16 1.2 1 5.4e+15  0.74 1.01 1.7e+15  3.54 101 6.9e+14
Viy -2.75 094 37e+18 -236 096 3.7e+16 -0.82 096 5.2e+15 -1.28 097 17e+15 1.57 0.98  6.6e+14
Vit — 099 420418 — 1 470416 — 1 5.4e+15  — 1 176415 — 1 6.50+14
VsyG — 1 4.2e+18  — 1 4.7e+16  — 1 5.4e+15  — 1 17e+15 — 1 6.5e+14
vmer <146 096  4e+18  -134 101 48e+16 048 1 540415 -0.79 1 L7e+15 022 101 6.5e+14
VMmea -9.06  1.06 4.5e+18 -0.45 1.06 5e+16 037 104 56e+15 -0.54 1.03 L7e+15 015 101 6.6e+14
VD: -0.64 098 g4a1e+18 -1.77 098  4.6e+16 -2.05 097 53e+15 -3.67 096 1.6e+15 -3.13 095 6.2e+14
Vo2 062 008 41e+18 -1.68 0098 460416 -18 008 53e+15 316 097 16e+15 236 097  63e+i4
vp; 0.6 098 41e+18 -146 098  4.6e+16 -1.04 098 53e+15 -141 099 1.6e+15 065 1 6.50+14
Vip 0.2 0.99 4.2e+18  -074 1 4.7e+16  -0.84 1 5.4e+15  -2.22 099 1.6e+15 -1.44 099  6.4e+14
Vie 043 1 420418 -0.91 1 47416 -0.97 1 540415  -245 099 16e+15 L9 098  64e+14
Rand. Sys.  vTi 045 1 420418 074 1 476416 -037 1 5.4e+15  -0.99 1 17e+15 069 1 6.50+14
VMT1 -0.66 097 4.1e+18 -2 0.97 4.6e+16  -232 096 52e+15 -3.94 0.95 1.6e+15 -3.41  0.95 6.2e+14
VM 059 008 41e+18 -146 008  46e+16 -1.04 098  53e+15 -141 099  1.6e+is 066 1 6.50+14
VMTs <061 098 41e+18 168 098  4.6e+16 -1.8 098 53e+15  -316 097 1.6e+15 -235 097  6.3e+14
VMTy 151 096  4e+18 239 097 45e+16 -264 096 520415 -425 095 1.6e+15 -3.66 094  6.e+14
VmTs 4126 096 4e+18 250 096  45e+16 -29 095 52e+15 -4.52 004 1.6e+15 -3.94 094  6.1e+14
Vi, <061 098 41e+18 155 0098  4.6e+16 -1.29 098 53e+15 -1.93 098  1.6e+15 -0.14 098  6.4e+14
VB2 -1.23 096  4e+18 -2.37 097 4.5e+16  -216 096 5.2e+15 -281 096 1.6e+15 -1.01 096  6.3e+14
Vi, o 099 41e+18 072 1 47416 042 1 540415 105 1 L7e+15 o2 1 6.50+14
Vi, 257 094 39e+18  -273 096  4.5e+16 241 096  52e+15 -303 096 1.6e+15 -1.2 096  6.3e+14
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Table B.34: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.5, CV(X) = 1

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.99  7.5e+17  — 1 9.3e+15  — 1 1.4e+15  — 1 3.8e+14 — 1 1.7€+14
Vsva — 1 75e+1y  — 1 9.3e+15  — 1 140415 — 1 38e+14  — 1 17e+14
VM 2.26 101 7.6e+17 051 099 9.2e+15 047 103  14e+15 -02 099 38e+14 031 102  17e+14
VMCa -5.12 1.45 11e+18 017 1.06  9.8e+15 1.09 1.5e+15 -1.15 098  3.7e+14 -0.15 103  L7e+14
Vor 054 008 7.3e+17  -003 098  g.1e+1s 008 14e+15 -002 0098 37e+14 -204 098  1.6e+14
Vba 055 098 7.3e+17 001 098  gde+is 098 14e+15  -073 098 37e+14 -1.69 098  17e+i4
Vs 056 098  7.3e+17 015 098  Qde+is 099 14e+15 035 099 38e+14 038 1 1.7e+14
Vip 121 099 7.5e+17 069 1 9.3e+15 1 14415 001 1 38e+14  -095 1 17e+14
VBe 116 099 7.5e+17 0.6 099  9.2e+15  -0.64 1 14e415  -023 1 38e+14 123 1 17e+14
Brewer VTi 117 0.99  7.5e+17 071 1 9.3e+15  -0.25 1 1.4€+15  0.73 1 3.8e+14  0.64 1 1.7e+14
VMT1 0.49 0.97 7.3e+17  -026 097 9.1e+15 0.97  1.4e+15  -1.2 097  3.7e+14 -233 097  1.6et+14
VmTa 057 098 7.3e+17 015 098  gde+is 099 14e+15 035 099 38e+14 038 1 178414
VMTs 055 008 7.3e+17 001 098  g.e+1s 008 1.4e+15 -073 098 37e+14 169 008  1ye+14
VMT4 001 096 7.3e+17 042 097  9e+15 097  14e+15 <129 097  37e+14 241 097  1.6e+14
VMTs 0.12 0.97 7.3e+17  -0.63 097 9e+i5 0.97  1.4e+15 -157 097 3.7e+14 -269 096  1.6e+14
VB 0.55 098  73e+17  o.a11 098 9g.a1e+15 -084 099 14e+15 0.5 099 3.8e+14 0.02 0.99  1.7e+14
VB2 0.13 0.97 7.3e+17  -0.5 0.97  9e+15 -1.48 097 1.4e+15 -051 097 3.7e+14 -0.65 098  1.6e+14
Vi, 0.08 099 7.4e+17 o071 1 93e+15 02 1 146415 08 1 38e+14 069 1 1.7e+14
Viy -1.04 095 7de+17  -085 096 9e+15  -173 097 14e+15 075 097  37e+14  -087 097  1be+ig
Vit — 101 86e+1y  — 101 93et15  — 097 12e+15 — 1 piet1y  — B —
Vsva — 1 8se+1y  — 1 9.2e+15  — 1 120415 — 1 piety  — B —
VMC1 0.57 102 88e+17 073 1.02  9.3e+15 -1.23 097 1.2e+15 -0.54 0.99 4.1e+14 0.88 — 1.6e+14
VMCa -19.82  0.61  5.2e+17 233 1.15 1.1e+16  -0.01  1.04 1.3e+15 -0.59 101  4.2e+14 -0.03 — 1.6e+14
VD, 068 099 B8ser1y 11 1 92e+15 082 097 12e+15 224 1 sle+14 366 —  1berig
VD2 066 099 B8se+1y 114 1 9.2e+15 093 008  1.2e+15 244 1 siet14 403 — 1.6e+14
vDs 065 099 8se+17 128 1 9.2e+15 142 098  1.2e+15 3.5 101 42e+14 622  —  16e+14
Vip 0.04 101 86e+17 183 102  93e+15 165 099 1.2e+15 321 102 42e+14 482 —  17e+14
VBe -0.15 1 8.6e+17 173 1.01  9.3e+15  1.55 0.99  1.2e+15 291 1.01  4.2e+14  4.23 — 1.6e+14
Tillé Vi 014 1 86e+17 183 101 93e+15 195 099 1.2e+15 3.86 102  g2e+14 631  —  Lye+ig
VMmTe 071 099 85e+17 086 099 9.de+i5 055 097 1.2e+15 195 099  41e+14 336  — 1.6e+14
VM 065 099 B8seriy 128 1 92e+15 142 098  1.2e+15 35 101 42e+14 622 —  16e+14
VMTs 066 099 B8se+1y 114 1 9.2e+15 093 098  1.2e+15 244 1 4ie+14 403 — 1.6e+14
VMTy -1.22 098  84e+17 07 0.99  9.1e+15  0.44 0.97  1.2e+15 1.86 0.99  4.1e+14  3.27 - 1.6e+14
VMTs -1.08 098 84e+17 049 099 9.ie+i5 018 096 12e+15 157 098  gie+is 298  —  16e+is
VB -0.66 0.99 85e+17 124 1 9.2e+15  1.31 0.98 1.2e+15 3.3 1 4.2e+14  5.84 — 1.6e+14
Vil -1.06 008 84e+17 063 099 0.de+i5 066 096 1.2e+15 262 099  41e+14 513  — 1.6e+14
Vi, 026 1 86e+17 185 101 93e+15 1.96 099 1.2e+15 3.97 102  42e+14 654 — 17414
VBy -2.25 0.96  82e+17 027 0.98  ge+15 0.39 0.96  1.2e+15 238 099 4.1e+14 489 - 1.6e+14
VhT — 1 93e+17  — 1 120416 — 1 120415 — 1 38e+14  — 1 17e+14
VsyG — 1 9.3e+17 — 1 1.1e+16  — 1 1.2e+15 — 1 3.8e+14 — 1 1.7e+14
VMCt 1.27 1.02  9.5e+17  -2.09 0.96  1.ie+16  1.23 1.02 1.3e+15  0.54 0.99 3.7e+14 072 0.99  1.7e+14
vmes 2028 079 73e+17 083 111 13e+16 184 107  13e+15 06 101 38e+14 109 101 Lyetis
v, 015 099 9.2e+17  -116 099  1ie+16 099 1.2e+15  -009 098 37e+14 013 097  17e+14
Vb2 014 099 92e+17  -LI11 099  1ie+16 3 099 1.2e+15 011 098 37e+14 023 098  17e+14
VDs 012 099 9.2e+17  -098 099 1Lie+t16 035 099 12e+15 119 099  38e+14 232 099  17e+14
VP 0.51 1 9.3e+17  -0.42 1 1.2e+16  0.59 1 1.2e+15  0.85 1 3.8e+14  0.99 1 1.7e+14
VBe 0.5 1 9.3e+17  -0.59 1 1.1e+16  0.34 1 1.2e+15  0.69 1 3.8e+14  0.68 0.99  1.7e+14
CPs Vi 05 1 93e+17 048 1 11e+16 076 1 12e415 163 1 38e+14 257 1 17e+14
VMT 021 098 gde+17 -14 098 Lie+16 -0.51 098  1.2e+15 -037 097 37e+14 042 097  1.be+is
VMT2 012 099 92e+17  -098 0099 1ie+16 035 099 12e+15 119 099  38e+14 232 099  17e+14
VMT3 -0.14 0.99 9.2e+17 -1.I11  0.99 1LIe+16 -0.13 099  1.2e+15  0.11 098  3.7e+14 023 098  17e+14
VMTy -0.69 097 9.1e+17  -1.54 098 1.1e+16 -0.61 098  1.2e+15 -046 097 3.7e+14  -0.5 0.97  1.6e+14
VMTs 058 098 gie+17 -176 097 1ie+16 -087 097 1.2e+15 -073 096 37e+is  -078 096  16e+is
Vi, 014 099 Q.2e+17 -1.02 099 1.1e+16 024 099 1.2e+15 099 099  37e+14 195 099  L7e+is
Vis 056 098 gde+1y -1.63 098 Lie+16 -0.4 098 1.2e+15 033 097 37e+14 127 097  Lyetis
VB; 0.29 1 9.2e+17  -0.42 1 1.1e+16  0.88 1 1.2e+15 1.65 1 3.8e+14 263 1 1.7e+14
Vi, 17 096 89e+17  -1.96 097 1ie+16 -066 097 1.2e+15 009 097 37e+14 104 097  17e+14
T — 099 1ie+18 — 1 9.9e+15  — 1 120415 — 099  36e+1qy — 1 1.6e+14
Vsyg — 1 11e+18 — 1 1e+16 — 1 1.2e+15 — 1 3.6e+14 — 1 1.6e+14
vMmes 15 107 120418 17 106  11e+16  -091 099 1.2e+15 -01 101  37e+14 053 099  1.6e+14
VM 274 198  21e+18 197 115  1.1e+16 102 12e+15 019 104 38e+14 -015 099  1.6e+14
vou -115 098  11e+18 -097 098  9.Be+1s 098  1.2e+15 -214 097 35e+14 181 097  1.6e+14
VD2 “114 098 1.1e+18 -093 098  9.8e+15 098  1.2e+15 195 098 3.6e+14 -146 098  1.6e+14
VDs s113 098  11e+18  -079 098  9.8et15 099 1.2e+15 -087 098 3.6e+14 064 099  1.6e+14
VEip -0.56 0.99 1.1e+18 -026 1 9.9e+15 1 1.2e+15 -1.23 0.99 3.6e+14 -0.71 1 1.6e+14
Vpe 037 1 11e+18 02 1 10416 1 120415  -1.18 1 36e+14  -096 099  1.6e+14
Rand. Sys.  vri 036 1 11e+18 011 1 1e+16 1 12e415  -029 1 360414 093 1 1.6e+14
VMT: -1.24 098 11e+18 -1.21 098  9.7e+15 0.97  1.2e+15 -241 097 3.5e+14 -2.09  0.97  15e+14
VMTa s113 098 1ie+18  -079 098  98et1s 099 1.2e+15 -087 098 3.6e+14 064 099  1.6e+14
VMT3 -1.14 098 1.1e+18 -093 098 98e+ti5 -1.72 098 1.2e+15 -1.95 098 3.6e+i4 -1.46 098  1.6e+14
VMTy -1.69 097 1e+18  -136 097 Q7e+i5  -219 097 1.2e+15 251 097  3.5e+14 217 096  L5e+i4
VMTs 16 097 1e+18  -157 097  9.6e+15 096  1.2e+15 -277 096  3.5e+14  -245 096  1.5e+14
Vi, -1.14 098 1.1e+18 -084 098  9.8e+1s 008 1.2e+15 107 098 3.6e+14 028 099  1.6e+14
Via 4159 097  1e+18  -144 097  97e+15 097 12e+15  -171 097 35e+14 039 097  1.6e+i4
Vi, 069 099 1ie+18 -023 1 9.9e+15 1 120415 042 099 3.6e+14 095 1 1.6e+14

Vi 265 095 1e+18  -178 097 96etis 224 097 12e+15 -1.96 097 350+14 061 097  16e+14
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Table B.35: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MU273 population (N = 273), CV(Y) = 0.5, CV(X) = 0.81

f=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
Vir — 098  26et13  — 094 21et11  — 096  25e+10  — 102 78et0g — 109 3.2e+09
VsYG — 1 2.6e+13 — 1 2.3e+11 — 1 2.6et10  — 1 7.7€+09  — 1 2.9e+09
VMmC -1.58 145 3.8e+13  0.26 1 23e+11  0.21 0.99 26e+10  0.25 1.03  7.9e+09  -0.48 112 3.3e+09
VMCa -0.98  1.02 27e+13  0.26 1 23e+11 0.23 0.99 2.6e+10  0.25 098  7.5e+09  -0.45 0.95  2.8e+o9
Vou 111 099  26e+13  -017 098  22e+11  -024 096 25e+10  -0.62 093  71e+09 -2 089 2.6e+09
Vb2 ST 099 26613 -015 098 22411 -017 096  25e+10  -0.5 093  7.2e+09 -1.81 089  2.6e+09
VD3 -1.1 099  2.6e+13  0.06 098  22e+11 076 098 25e+10  1.84 0.97  7.4e+09 3.3 096  2.8e+o9
Vip -087 1 2.6e+13  0.09 0.99  22e+11  0.06 0.97 25e+10 -0.28 0.94 7.2e+09  -1.6 0.9 2.6e+09
Ve 088 1 26e+13 007 099 23e+11 003 099 26e+10  -0.33 097  74e409 L7 094  2.8e+09
Brewer Vi 088 1 260413 026 1 23e411 093 1 260410 196 1 77e409 333 1 3e+09
VMT: -1.03 099  26e+13  -017 098 220411  -0.26 096 25e+10 -0.66 093 7iet09 -206 088  2.6e+09
VMT2 -11 0.99  2.6e+13  0.06 098  22e+11 076 098  25e+10  1.84 0.97  7.4e+09 3.3 096  2.8e+o9
VMT3 -1.11 099  2.6e+13  -0.15 098 2.2e+11  -0.17 096  2.5e+10  -0.5 0.93 7.2e+09  -1.81 089  2.6e+09
VMT, -147 098  26e+13 -043 097 22e+11  -048 095 25e+10 -0.86 093 7.1e+09 -224 088  2.6e+09
VMTs -1.27 098  2.6e+13  -041 097  2.2e+11 -0.5 0.95  25e+10  -0.9 0.92  7.1e+09  -2.3 088  2.6e+09
VB -1.1 0.99  26e+13  0.03 098 22e+11 07 0.97 25e+10 173 0.97  7.4e+09 3.1 096  2.8e+o9
VB2 -1.26 099  26e+13  -0.2 0.98  22e+11 044 0.97  25e+10 145 0.96  7.4e+09 281 0.95  2.8e+o9
Vi3 -0.95 099 2.6e+13  0.26 0.99  22e+11 095 098 2.5e+10 2 0.97  7.5e+09 3.4 0.97  2.9e+09
iy 269 096 25e+13 11 096 2.2e+11  -045 096 25e+10 052 095 73e+09 181 094  2.8e+09
VHT - 1.03 28e+13 — 0.95  2e+11 - 1.01  2.2e+10 — 119  7.1e+09 — 1.49  3.1e+09
VsyG — 1 2.8e+13 — 1 2.1e+11 — 1 2.2e+10  — 1 6e+09 — 1 2.1e+09
VMC1 -1.91 148  4.1e+13 113 1.01  2.1e+11  -034 1.04 23e+10 0.88 121 7.2e+09  0.05 1.5 3.1e4+09
Vmcs 069 101 28e+13 112 1 21e+11  -042 101 22e+10 09 1 6e+09 o121 2.1e+09
VD1 -0.07  1.01 2.8e+13  4.21 1.05  2.2e+11 5.7 111 2.5e+10  10.33 1.2 7.2e+09  12.37 1.29  2.7e+09
VD2 -0.07 101  28e+13  4.24 1.05  2.2e+11  5.77 111 2.5e+10 1046 1.2 7.2e+09 1258 1.3 2.7e+09
VD3 -0.05 101  28e+13  4.46 1.06  2.2e+11 6.77 114 2.5e+10 13.07 128 7.7e+09 1845 1.53  3.2e+09
vip 017 102 28e+13 449 106  22e+11  6.02 112  25e+10 1071 121 73e+09 1283 132 2.7€+09
Vee 017 102 28e+13 445 107 220411 595 114 25e+10  10.61 124  7.4e+09  12.64 135  2.8e+09
Tille VT 0.17 1.02  28e+13  4.65 1.07  22e+11  6.91 116  26e+10 1316 132 7.9e+09  18.43 1.57  3.3e+09
VMT1 0.01 101 28e+13  4.22 1.05  2.2e+11  5.68 111 2.5e+10 1028 1.2 7.1e+09  12.29 129  2.7e+09
VMT2 -0.05 101  28e+13  4.46 1.06  2.2e+11 6.77 114 2.5e+10  13.07 1.28 7.7e+09 1845 1.53  3.2e+09
vMmTs -0.07  1.01  28e+13 424  1.05 22e+11 577 111 2.5e+10 1046 12 7.2e409 1258 1.3 2.7€+09
vmT, 043 1 28e+13  3.94 105 22e+11 544 111 25e+10 1006 119  7.1€+09  12.09 1.28  2.7€+09
VMTs -023 101 28e+13  3.96 1.04  2.2e+11 542 1.1 2.4e+10  10.01 119  7.1e+09  12.02 1.28  2.7e+09
VB -0.06 101 28e+13  4.43 1.06  2.2e+11 6.7 113  2.5e+10 12,94 1.28 7.6eto9 18.22 152  3.1e+09
VB2 -022 101 28et+13 419 1.05  22e+11 643 112 25e+10 1263 1.26  7.5e+09  17.88 15 3.1e+09
Ve, 0.1 102 28e+13 467 106  22e+11 697 114  25e+10 1324 129  7.7e409 1856 154  3.2e+09
Vi, S1.66 098 27413 325  1.03 220411 548 11 25e410 1159 123 74€+09 1673 145  3+09
VHT - 1 2.7e+13 — 0.95  2.1e+11 — 0.97 25e+10 — 1.06  7.9e+09 — 1.2 3.3e+09
vsva — 1 27e+13  — 1 220411 — 1 25e+10  — 1 7.56409  — 1 2.7e+09
vmer 017 147 4e+13 027 1 23e411 016 1 25e410 003 108 81e+09 018 121 3.3e+09
VMC2 0.56 1.03 28e+13 025 1 2.2e+11  0.23 1 2.5e+10  0.03 1 7.56+09  0.05 1 2.8e+09
VD 0.24 099 27e+13 -0.55 098  22e+11  -0.06 0.97 2.5e+10  -0.45 096  7.2e+09  -0.42 0.95  2.6e+09
Vpa 0.25 0.99 27e+13 -0.52 099  2.2e+I11  0.01 0.97 25e+10  -0.33 096  7.2e+09  -0.23 0.95  2.6e+09
vbs 026 099 27e+13 -0.32 099 22e+11 094 099 25e+10 201 1 7.5e+09 496 104  2.9e+09
VEp 0.5 1 27e+13  -029 099 22e+11 024 098 25e+10  -0.11 097 736409  -0.01 096  2.6e+09
VBe 0.48 1 2.7e+13  -0.3 1 2.2e+11  0.22 1 2.5e+10  -0.16 1 7.5e+09  -0.12 1 2.7e+09
CPS VT 0.49 1 2.7e+13  -0.11 1 2.2e+11 1.12 1.01  2.6e+10 213 1.03 7.7e+09 5 1.08  3e+09
VMT: 0.33 0.99 27e+13 -0.55 0.98 22e+11  -0.08 097 2.5e+10 -0.49 0.96  7.2e+09  -0.49 0.94  2.6e+09
VMmT 026 099 27e+13 -032 099 220411 095 099 25¢+10 201 1 756400 496  1.04  2.9e+09
VMT3 0.25 0.99 27e+13 -0.52 099  2.2e+11  0.01 0.97 25e+10  -0.33 096  7.2e+09  -0.23 0.95  2.6e+09
VMTy -0.11 099 27e+13 -081 098 22e+11  -03 097  25e+10  -0.69 0.95 7.2e+09  -0.66 0.94  2.6e+09
VMTs 0.08 0.99 27e+13 -0.79 098 22e+11 -032 096 24e+10  -0.74 0.95 7.1e+09  -0.73 0.94  2.6e+09
Vo 026 099 27e+13 -035 099 22e+11 088 099 25e+10 19 1 756400 476  1.03  28e+09
VEa 01 099 27e+13  -057 098 220411 063 098 2510 162 099  7.4e+09 445 102  2.8e+09
VB3 0.41 1 27e+13 -0.12 1 2.2e+11 113 099  25e+10 217 1.01  7.5e+09  5.06 1.04  2.9e+09
VB, -1.35 096 26e+13 -1.47 097 2.2e+11  -027 097 2.5e+10  0.69 098  7.3e+09  3.44 101 2.8e+09
VHT — 1 2.8e+13 — 0.95  2.2e+11 — 096  2.5e+10 — 1.03  7.9e+09 — 1.09  3.2e+09
Vsva — 1 28e413  — 1 23e411 — 1 260410 — 1 77e409  — 1 2.9e+09
vMmer 151 145 4e+13 073 1 23e+11 048 099 26e+10 09 104 8etog 018  1.09  3.2e+09
VMC2 1.15 101 28e+13 -044 101  23e+11 054 1.01  2.6e+10 072 1 7.6e+09 032 1 2.9e+09
VD: 1 0.99 27e+13 -094 098 23e+11  -089 096 25e+10 -1.82 0.93  7.1e+09  -5.14 0.9 2.7e+09
VD2 1 099 27e+13  -0.91 098 23e+11  -0.82 096  25e+10 171 093  7.2¢+09 496 09  2.7€+09
VD3 1.02 0.99 27e+13  -0.71  0.99  2.3e+11 0.1 098  2.5e+10 0.6 0.97  7.4e+09  -0.02 096  2.8e+09
Vip 1.25 1 28e+13  -0.67 099 23etI11  -0.59 097 25e+10  -1.49 0.94 7.2e+09  -4.75 0.91 2.7e+09
VBe 1.24 1 2.7e+13  -067 1 23e+11 -0.61 099 2.6e+i0  -1.55 0.97  7.4e+09  -4.82 0.95  2.8e+o9
Rand. Sys. vy 1.24 1 2.8e+13  -049 1 2.3e+11 0.28 1 2.6e+10 0.1 1 7.7€+09  0.04 1 2.9e+09
VM 108 099 27e+13 -093 098 23e+11  -0.91 096 25e410 -1.87 093 7.de+09 52 09  2.6e+09
VMT2 1.02 0.99 27e+13  -0.7 0.99  23e+11 011 098 25e+10 0.6 0.97  7.4€+09  -0.02 0.96  2.8e+o9
VMT3 1.01 099 27e+13 -091 098 23e+11  -082 096 25e+10 -171 0.93  7.2e+09  -4.96 0.9 2.7e+09
VMTy 0.64 0.99 27e+13 -1.19 098  23e+11 -1.13  0.95 25e+10  -2.06 0.93  7.1e409  -5.37 0.9 2.6e+09
VMTs 0.84 099  27e+13  -1.17 098  23e+11  -1.15 095 2.5e+10 -211 092  7.1e+09  -543 0.9 2.6e+09
Ve, 101 099 27e+13 073 099 23e+11 004 097 256410 049 096  74e+09 021 095  2.8e+09
VB2 0.85 099 27e+13  -0.96 098 23e+11  -021 097  25e+10  0.22 096  7.3e+09  -0.5 094 28e+o9
VB3 1.17 1 2.7e+13  -0.5 0.99  23e+11  0.29 098 25e+10 076 0.97 7.5e+09  0.08 0.96  2.8e+o9
Viy -0.61 097 27e+13 -1.85 097 2.2e+11  -1.1 0.96  2.5e+10  -0.71 0.95  7.3e+09  -1.47 0.93  2.8e+o9
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Table B.36: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
MUz273 population (N = 273), CV(Y) = 0.5, CV(X) = 0.67

=1% f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE RB RS MSE
vhT — 106 92e+11  — 196  1ie+10  — 5.08  3aet09 — 9.69  17e+09 — 152 9.6e+08
vsve — 1 88c+11  — 1 57e+09 — 1 6.1e+08 — 1 176408 — 1 6.3e+07
vMCs -1.09 801  geri2 008 289 1.6e+10 159 548 3.4e+09 131 1037 18e+09 015 1658  1e+09
VMmes 032 1 88e+11 026 1 576409 142 099 61e+08 122 097  17e+08 033 094  5.9e+07
Vb, 012 1 87e+11 043 098 5.6e+09 096 096 59e+08 066 092  1.6e+08 -0.72 086  5.4e+07
Vb2 013 1 87e+11  -041 099 56e+09 101 096 5.9e408 073 092  1.6e+08 -0.6 086  54e+07
Vb, 014 1 87e+11 026 099 5.6e+09 1.7 097 6e+08 246 096  17e+08 313 094  be+o7
vip 022 1 88e+11  -033 099 56e+09 108 096 59e408 079 092  1.6e+08 -0.55 086  5.4e+07
Vie 021 1 87e+11 033 1 56e+09 107 098 6e+o8 078 096  17e+08 -0.58 093  5.8¢+07
Brewer vt 022 1 8ye+11 02 1 57e+09 173 1 6.1e+08 246 1 17e+08 308 1 6.3e+07
VM 023 1 8ye+11  -036 098  5.6et09 1 096 59e+08 068 092  1.6e+08 -072 086  5.4e+07
VMTa 014 1 8ye+11  -026 099 5.6e+09 1.7 097 6e+08 246 096  17e+o8 313 094  betoy
VMT; 013 1 87e+11  -041 099 5.6e+09 101 096 59e+08 073 092  1.6e+08 -0.6 086  5.4e+07
VMTy 012 099 8yet11 -0.6 098 s56et09 08 095 59e+08 049 091  1.6e+08 -088 086  5.4e+07
VMTs 006 099 8yet11  -053 098 s56et09 084 095 58e+08 051 091  16e+08 -089 085  5.4e+07
VB, 013 1 87e+11  -028 099 5.6e+09 1.66 097 6e+o8 239 096  17e+08 301 094  5.9e+07
VEa 007 1 87e+11  -036 099 5.6e+09 156 097 6e+o8 229 095  16e+08 2.9 093 5.9e+07
VB3 019 1 88e+11  -019 099 5.6e+09 175 098 6e+o8 2.5 096  17e+08 313 095  Getoy
Vi -39 097  85e+11 -14 097 556409 049 095 58e+08 114 093  16e+08 166 091  5.7e+07
Vit — 122 ter12z — 249 13et10  — 765  4qe+og  — 1603  22e+09 — 2742 1.2e+09
vsva — 1 85e+11  — 1 5.3et09  — 1 5.2e408 — 1 146408 — 1 450407
vMmes 085 839 7iet12 025 359 1.9e+10 215 819  4.2e+09 -1.01 1642 22409  -0.45 2768  1.2e+09
Vamcs 168 1 85e+11 026 1.01  53e+09 1.88 101 520+08 -058 099  1.3e+08 -0.73 101 4.5e+07
Vo, 23 101 86e+11 205 105 5.6e+09 6.8 115  50e408 699 122 17e+08 9.09 136  6.1e+07
Vb2 23 101 86e+11 206  1.05 56e+09 684 115  5.9e+08  7.06 122 17e+08 921 137  6.2e+07
Vb, 231 101 86e+11 222 1.06 56etog 7.58 118  6.1e+o8 891 132 18eto8 13.33 1.68  7.6e+07
vip 24 102 86e+11 215 106 56et09 692 115  6e+o8 713 123  17e+08 927 137  6.2e+07
VBe 2.39 1.02  8.6e+11 213 1.07  5.6e+09 6.9 118  6.1e+08 711 1.28 1.7e+08  9.21 1.44 6.5e+07
Tillé i 239 102 86et11 227 107 57et09 7.6 121 620408 89 137 18e+08 1324 174  7.9e+07
VMT: 241 101 86e+11 211 1.05 56et09 684 115 5.9e+08 7.01 122 16e+08 908 136  6.1e+oy
VMT2 231 101 86e+11 222  1.06 56et09 7.58 118  6.1e+o8 891 132 18e+08  13.33 1.68  7.6e+07
VMT; 23 101 86e+11 206  1.05 56e+09 684 115 5.9e+08  7.06 122 17e+08 921 137 620407
vmMT, 205 101 86e+11 187  1.05 56et09 6.6z 114 59e+08 681 121 16e+08 891 135  6.1e+0y
VMTs 224 101 86e+11 194  1.05 56e+09  6.66 114 5.09e+08 683 121 1.6e+08 8.9 135  6.1e+oy
Vi 231 101 86e+11 22 1.06 56e+09 753 118  6ae+o8 883 131 1.8e+08 132 167  7.5e+07
Via 225 101 86e+11 211 105 56e+09 743 117 6e+o8 872 13 18e+08 1307 165  7.5e+07
Vs 237 102 86e+11 229 106 56e+09 7.63 118 61e+o8 894 132  18e+08 1332 168  7.6e+07
Ve, 075 008 B4e+11 105  1.03  55e409 6.29 113 58¢+08 75 125  17e408  1L71 155  7e+07
T — 104 8ge+11  — 188  1iett0  — 522 3aet09 — 1062 18409 — 179 1.1e+09
Vsva — 1 8be+11  — 1 5.6e+09 — 1 6e+o8  — 1 178408 — 1 5.9e+07
VMmCr -0.73 833 7.1e+12  -0.4 291 1.6e+10 -0.35 5.67 3.4e+09 -0.11  10.95 1.8e+09  0.29 18.1 1.1e+09
VMmCa 06 102 87e+11 018 101 57e+09 045 099 6e+o8  -0.07 1 17e+08 062 099  5.8e+07
VD: 0.44 1 8.6e+11  -0.22 099 56e+09 -0.53 097 58e+08 -0.14 0.95 1.6e+08  0.55 0.93 5.4e+07
VD2 0.45 1 8.6e+11  -0.2 0.99 5.6e+t09 -049 097 58e+08 -0.07 095 1.6e+08  0.66 0.93 5.5e+07
VD, 045 1 86e+11  -005 099 5.6e+09 0.2 099 59e+08 1.65 099  1.6e+08 445 10§  6.1e+07
vEp 054 1 86e+11  -0.12 099 5.6e+09 -041 097 59e+08 0 095  16e+08 072 093  5.5e+07
Vee 054 1 86e+11 012 1 56e+09 042 1 6e+08  -0.01 1 17e+08 069 1 5.9e+07
CPS Vi 054 1 86e+11 002 1 56e+09 023  1.01  6.1e+08 1.65  1.04  17e+08 4.4 11 6.5e+07
VMT: 055 1 86e+11 015 099 5.6e+09 -049 097 58e+08 012 095  16e+08 054 093  5.4e+07
VMT2 046 1 86e+11  -005 099 5.6e+09 0.2 099 59e+08 165 099  1.6e+08 445 104  6.1e+07
VMTs 045 1 86e+11  -02 099 5.6e+09 -049 097 58¢+08 -007 095  1.6e+08 066 093  5.5e+07
VMTy 0.2 0.99  8.5e+11 -0.39 099 55e+09 -0.69 097 58e+08 -03 0.95 1.6e+08  0.38 0.92 5.4e+07
VMTs 038 1 85e+11  -031 099 5.5e+09 -0.65 097 58e+08 -028 095  1.6e+08 038 092  54e+07
Vi, 045 1 86e+11 007 099 5.6e+09 016 098 59e+08 158 099  1.6e+08 433 104  6.1e+07
Via 039 1 85e+11 015 099 5.6e+09 006 098 59e+08 147 098  1.6e+08 421 103  6e+07
Vs 051 1 86e+11 002 1 5.6e+09 025 099  6e+o8 168 099  1.6e+08 445 10§  6.1e+oy
Vi, s1.08 097 83e+11  -119 097  55e+09 -1 097 58e+08 034 096  1.6e+08 296 099  5.8e+07
VT — 104 ge+11 — 183  1e+10 — 498 3e+09 — 9.69  17et09 — 1611 10409
VsyG — 1 8.6e+11 — 1 5.7e+09 — 1 6.1e+08 — 1 1.7e+08 — 1 6.2e+07
VMmC 0.55 812  7e+12 -0.07 2.85 1.6e+10 -0.12 546 3.3e+09  0.13 10.05  1.7e+09  -0.35 16.25  1e+09
VM 041 101  88e+11  -015 1.01  57e+09 035 099 6e+o8 016 1 17e+08 0.2 1 6.2e+07
VD 024 1 86e+11  -045 099 5.6e+09 -023 096 58e+08 -1.69 092  16e+08 -3.66 0.9 5.6e+07
VD2 024 1 86e+11  -043 099 5.6e+09 -019 096 58e+08 -1.62 093  16e+08 -3.55 0.9 5.6e+07
VD3 025 1 86e+11  -028 099 56e+09 0.5 097 59e+08 007 095  1.6e+08 007 093  5.8e+07
VEp 033 1 87e+11  -035 099 5.6e+09 -011 096 58e+08 -155 093  16e+08 3.5 09 5.6e+07
VBe 033 1 86e+11  -035 1 56e+09 011 099 6e+o8  -156 097  17e+08 -3.51 097  6e+oy
Rand. Sys.  vTi 0.33 1 8.6e+11  -0.21 1 5.7€+09  0.54 1 6.1e+08  0.08 1 176408  0.04 1 6.2e+07
VM 034 1 86e+11 038 099 5.6e+09 -019 096 58¢+08 -167 092  1.6e+08 -3.67 09 5.6e+07
VatTa 025 1 86e+11  -028 099 56e+09 05 097 59e408 007 095  1.6e+08 007 093  58e+oy
Vs 024 1 86e+11  -043 099 56e+09 -019 096 58e+08 -1.62 093  1.6e+08 355 09 5.60+07
VMTy -0.01 099 86e+t11  -062 098 56et09 -039 095 58e+08 -1.85 0.92 1.6e+08 -3.82 0.9 5.6e+07
VMTs 018 1 86e+11  -0.55 0098 5.6e+09 -0.35 095 580+08 -183 092  1.6e+08 -382 09 5.6e+07
Vi 024 1 86e+11  -03 099 5.6e+09 046 097 59e+08 0 095  1.6e+08 004 093  58e+07
Via 019 1 86e+11  -038 099 5.6e+09 036 097 59e+08 -0.1 095  16eto8 0.5 093  58e+07
VB3 0.3 1 8.6e+11  -021 099 56e+09  0.55 098  5.9e+08 0.1 0.96 1.6e+08  0.07 0.94 5.8e+07
VBy -1.28 097 84e+11  -142 097 55e+09 -0.7 095 5.8e+08 -1.22 0.4 1.6e+08  -1.35 0.92 5.7e+07
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Table B.37: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.

MUz273 population (N = 273), CV(Y) = 0.5, CV(X) = 0.5

=1% f=5% f=10% f=15% f=20%
sampling  estimator  RB RS MSE RB RS  MSE RB RS MSE RB RS MSE RB RS MSE
it - 359 s5eti0 — 3804 42et09 — 15426  17et09 — 35014  9.9et08  — 64461 6.1e+08
vsve — 1 Lse+io  — 1 Liero8  — 1 Lieto; — 1 2834910 — 1 949842
vames 1714 25971 4etiz 6712 7.4et00 16241 18¢+09 -1.0j 35088  90eto8 3.2 64214  6.1e+oB
vMmea 13 1.03 16e+10 099  11etos 101 Lietoy; -037 099 2818542 -076 1 946400
Vo, 042 1 L5e+10 1 110408 1 Lietoy -032 099 2817206 -0.76 099 939244
VD, 042 1 L5e+10 1 Lie+o8 1 Lieto; -029 099 2819002 -0.7 099 040063
VD3 042 1 L5e+10 1 L1e+08 1 Lietoy; 026 099 2819942 -067 099 940589
vip 042 1 L5e+10 1 110408 1 Lietoy -03 099 2820009 -0.72 099 940571
VBe 043 1 L5e+10 1 Lie+o8 1 Lieto; 031 1 835240 073 1 949741
Brewer v 043 1 Le+10 1 L1e+08 1 Lieto; -029 1 2837003 072 1 950785
VM o511 156410 1 1.1e+08 1 Lietoy  -026 099 2819824 071 099 939762
VMT2 043 1 L5e+10 1 Lie+o8 1 Lieto; -026 099 2820112 -0.67 099 040664
VMTs 042 1 L5e+10 1 L1e+o8 1 Lieto; -028 099 2819171 -0y 099 940138
My 028 1 150410 1 1.1e+08 1 1ieto7 041 099 2812257 -085 099 937733
vMTs 042 1 L5e+10 1 Lie+o8 1 Lietoy -035 099 2814795 -08 099 038244
Vi 042 1 L5e+10 1 L1e+o8 1 Lieto; -03 099 2818231 -072 099 939763
V2 042 1 150410 1 1.1e+08 1 1ieto7  -03 099 2816315 -072 099 938789
Ve, 042 1 Lse+10 1 Lie+o8 1 Lieto; -03 099 2820175 -073 099 0940748
Vi, 097 097 Lse+10 008  1ieto 098 Lietoy -145 097 2763013 -196 097 923380
VHT - 271 gaetio — 3584 390109 — 14672 16e+09 — 33119  94eto8  — 603.09 570408
vsve — 1 L5e+t0 — 1 1iet08  — 1 Lieto;  — 1 2849623 — 1 950934
vamer 271 2651 glesrz 77e+409 125 16208 18e+09 016 34149 97e+o8 072  609.86  5.8e+08
vmes 1.04 16e+10 L1e+o8 Lieto; 044 1 2844463 02 1 948995
vD. 1 150410 1.1e+08 Lietoy -029 099 2830451 007 099 938703
VD2 1 Lse+10 Lie+o8 Lietoy; -026 099 2832180 013 099 939662
vD; 1 L5e+10 1.1e+08 Lieto; -024 099 2833150 016 099 040203
vep 1 L5e+10 L1e+08 Lietoy -027 099 2833149 011 099 940154
Vee 1 Lse+10 L1e+o8 Lietoy  -029 1 84573 009 1 949251
Tille Vi g 1 Le+10 Lieto8 Lieto; 028 1 By7647 01 1 950401
VMTL o 1 L5e+10 L1e+08 Lietoy -023 099 2833058 012 099 939331
VmTs 008 1 L5e+10 110408 Lietoy -024 099 2833320 016 099 940367
vMTs 008 1 L5e+10 Lie+o8 Lietoy -026 099 2832341 013 099 939737
My 022 1 L5e+10 L1e+08 Lietoy -039 099 2825373 -0.02 099 936953
vMTs 1 15e+10 110408 Lietoy -033 099 2827990 003 099 937574
Vi, 1 Lse+10 Lie+o8 Lieto; -027 099 2831424 011 099 939327
VB2 1 Lye+10 L1e+08 Lietoy -027 099 2820585 o011 099 938320
Vi, 1 156410 1.1e+08 Lietoy  -027 099 2833292 01 099 940345
Vi, 097 Lse+10 Lie+o8 Lietoy 143 097 2775618  -114 097 919789
VT — 223 34et10 370409 16et0g  — 34071 9.6eto8  — 635.98  Ge+o8
vsve - 1 Le+10 L1e+08 Lieto; — 1 823413 — 1 950233
vames 245 2646  getiz 7.50+09 18et09 277 35172 99eto8 235 64273  6.1e+08
vMmes L0z Lse+10 Lieto8 Lieto; 011 1 2809880 026 1 950334
VD, 1 L5e+10 L1e+o8 Lietoy 003 099 2806603 -047 099 939055
VD2 1 1.5e+10 1.1e+08 11et07 006 099 2808393 -042 099 939921
Vo, 1 Lse+10 Lie+o8 Lietoy 008 1 2800307 039 009 940493
VEp 1 L5e+10 L1e+o8 Lietoy 005 1 2800332 043 099 940427
VBe 1 150410 1.1e+08 Lietoy 003 1 2821793 045 1 949332
crs Vi 1 Lse+10 Lie+o8 Lieto; oo0p 1 823705 043 1 950428
VMT 1 L5e+10 1.1e+08 Lieto; 009 1 2800317 042 099 939615
VmT: 1 1.50+10 1.1e+08 Lietoy 008 1 2809552 038 099 940570
VMTs 1 L5e+10 Lie+08 Lietoy 006 099 2808549 -042 099 939998
VM, 1 L5e+10 Lie+08 Lieto; -0.07 099 2801374 -0.56 099 937461
vMTs 1 L5e+10 L1e+08 Lietoy -001 099 2804099 -0.52 099 938014
Vi, 1 L5e+10 110408 Lietoy 005 099 2807601 -0.44 099 939621
Vi 1 Le+10 Lie+o8 Lietoy 005 099 2805788 -044 009 038640
Vs 1 L5e+10 L1e+08 Lietoy 005 1 2800442 044 099 940612
vy 097  15e+io 110408 Lietoy -111 097 2749890 168 097 922125
Vit — 22 33e+10 3.7e+09 16e+09  — 33713 9.6ero8  — 65426  6.2e+08
vsve — 1 1.5e+10 1.1e+08 Lietoy — 1 2850044 — 1 949238
vmes 27038 goie+iz 7.5¢+09 18¢+09 211  347.67 9.9eto8  -L58 66175  6.3e+08
vame: 1 L5e+10 L1e+08 Lietoy 049 1 2871458 056 1 949741
vDy 1 L5e+10 Lie+o8 Lietoy 020 099 2843683 -062 099 937560
VD2 1 L5e+10 L1e+08 Lietoy 033 1 2845550 057 099 938398
VD, 1 L5e+10 110408 Lietoy 035 1 2846648 053 099 938917
vip 1 Lse+10 Lie+o8 Lieto; 032 1 2846560 058 009 938929
vie 1 Le+10 L1e+08 Lietoy 03 1 857116 06 1 948091
Rand. Sys.  vri . 1 15e+10  0.54 1.1e+08 Lietoy 031 1 2850008 058 1 949231
VaMT 095 1 Lse+io 062 1 Lie+o8 Lieto; 035 1 2846515 -057 099 938087
VMT2 103 1 L5e+10 056 1 L1e+08 Lietoy 035 1 2846804 053 099 938994
vMT; ‘Log 1 15e+10 055 1 1.1e+08 Lieto7 033 1 By5714 057 099 938476
My ERUE L5et10 044 1 Lie+o8 Lieto; 02 099 2838223 -071 099 936013
VMTs 104 1 Lse+io 053 1 L1e+08 Lietoy 026 099 2841068 -0.66 099 936532
Ve 104 1 L5e+10 055 1 1.1e+08 Lietoy 032 1 2844767 059 099 938072
Ve Log 1 Lse+10 055 1 Lie+o8 Lieto; 032 099 2842021 -0.59 099 937073
Vi, 104 1 Lse+10 055 1 1.1e+08 Lietoy 031 1 2846641 059 099 939082
Ve, 242 097  1se+10  -051 098  Lieto8 Lietoy  -084 097 2784250 183 097 921245
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Table B.38: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 1.05, CV(X) = 1.1

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 094  4.6e+14 — 0.99  4.2e+13 — 1.04  1.2e+13 — 111 8e+12
vsyag — 1 5e+14 — 1 4.3e+13 — 1 1.2e+13 — 1 7.2e+12
VMC 1.19 0.98  4.9e+14  -0.43 1.03  4.4€+13 032 1.03 1.2e+13 1.57 1.1 7-9e+12
VMmC2 -0.21 0.93  4.6e+14  -0.01 1.08  4.6e+13 041 1.05 1.2e+13 0.3 1.06  7.6e+12
VD, -3.94 081 ge+14 -5.46 083  3.6e+13  -7.22 083 9.9e+12  -8.41 085  6.1e+12
Vpa -3.29 082  4.1e+14  -4.13 086  3.7e+13  -4.6 0.88  1e+13 -4.69 092  6.6e+12
VD3 -2.64 084  g1e+14 -2.16 089  3.8e+13  -041 0.96  1.1e+13  1.33 1.04  7.4e+12
VEpP -4.41 0.8 4e+14 -0.63 0.99  4.3e+13 0.8 1.03  1.2e+13  1.16 1.09  7.8e+12
VBe -0.33 0.93  4.6e+14 -0.89 098  g2e+13  -1.34 1 1.2e+13  -2.71 099  7.1e+12
Brewer VTi -0.32 0.94 4.6e+14  -0.75 0.99  4.3e+13  -0.37 1.03 1.2e+13  -0.42 1.05 7.5e+12
VMT1 -2 082  4.1e+14  -5.03 081  3.5e+13  -7.97 081  9.5e+12  -9.51 082  5.9e+12
VMT2 -2.56 084  g1e+14 -2.18 089 3.8e+13  -0.49 096  1.1e+13 118 1.03  7.4e+12
VMT; -3.21 082  4.1e+14  -4.15 0.86  3.7e+13  -4.66 0.88  1e+13 -4.81 0.92  6.6e+12
VMTy4 -10.05 0.71  3.5e+14  -9.56 076  3.3e+13 -10.86 0.77 9.1e+12  -11.91  0.79  5.6e+12
VMTs -5.75 0.76  3.8e+14  -8.63 0.75  3.2e+13  -11.4 o075 88e+12 -12.85 076 5.4e+12
VB1 -3.29 082  41e+14  -3.53 087  37e+13  -3.17 0.9 1.1e+13  -2.65 096  6.8e+12
VB, -4.83 077 38e+14 -5.7 0.78  3.4e+13  -5.79 081 9.5e+12 5.5 085  6.1e+12
VBj -1.76 0.88  43e+14 -1.36 0.96  4.1e+13  -0.55 1.01  1.2e+13 0.2 1.07  7.6e+12
Viy -27.41 052 2.6e+14 -2051 0.68 2.9e+13 -19.94 074 8.7e+12  -19.91 079  5.6e+12
VHT — 048  g4.2e+14 < — 1.04  4.6e+13 — 0.85 1.5e+13  — 1.06  8.1e+12
Vsya —_ 1 8.7e+14 — 1 4.4e+13 — 1 1.76+13 — 1 7.7e+12
VMmC: -1.91 0.43  3.7e+14  1.06 1.06  4.7e+13  -1.14 084  1.5e+13 1.82 1.06  8.2e+12
VMC2 1.08 0.54  4.7e+14  -1.99 102 4.5e+13 113 1.06  1.8e+13  -2.44 0.99  7.6e+12
VD -3.71 037  3.2e+14  -5.55 085 38e+13  -7.77 0.67 1.2e+13  -9.1 079  6.1e+12
VD2 -3.1 037  3.2e+14  -4.18 0.88  3.9e+13  -5.14 0.71 1.2e+13  -5.4 086  6.6e+12
VD3 -2.48 038  33e+14 2.1 0.92  4.1e+13  -0.94 077 13e+13  0.68 0.97  7.5e+12
VEp -4.17 036  3.1e+14 -0.28 1.02  4.5e+13  -0.09 083  1.4e+13  0.64 1.02  7.8e+12
VBe -0.44 043 3.7e+14 -1.6 0.98  4.3e+13  -245 0.78  1.4e+13 4.2 0.9 6.9e+12
Tillé VTi -0.46 043  3.7e+14  -1.19 1 4.4e+13  -1.1 0.81 1.4e+13  -1.43 0.97  7.5e+12
VMT: -1.62 037  3.2e+14  -5.11 083 3.7e+13  -855 0.64 1.1e+13  -10.17 076  5.9e+12
VMT2 -2.36 038  33e+14 -2.16 091  4e+13 -1.04 0.77  1.3e+13  0.54 0.96  7.4e+12
VMT; -2.98 037  3.2e+14  -4.23 0.88  3.9e+13  -5.22 0.7 1.2e+13  -5.52 085  6.6e+12
VMTy -9.84 032  28e+14 -9.64 0.78  3.4e+13  -11.39 0.62 1.1e+13 -12.57 0.73  5.6e+12
VMTs -5.39 034  3e+14 -8.7 077  3.4e+13  -11.96 0.6 1e+13 -13.48 0.1 5.4e+12
VB: -3.1 037  3.2e+14 3.5 089  3.9e+13  -37 072  1.3e+13  -3.27 089  6.9e+12
VB2 -4.47 035  3e+14 -5.74 081  3.6e+13  -6.46 0.65 1.1e+13  -6.14 079  6.1e+12
VB; -1.73 0.4 3.4e+14  -1.26 098  43e+13  -0.95 081  14e+13  -04 1 7.7€+12
Viy -27.71  0.24  21e+14 -20.34 0.69  3.1e+13  -19.97 0.59  1e+13 -20.3 0.73 5.6e+12
VHT — 1.02  3e+14 — 0.98  5.2e+13 — 0.97 1.3e+13 — 0.95  7.6e+12
VsyG — 1 2.9e+14 — 1 5.3e+13  — 1 1.3e+13 — 1 8e+12
vMCt -1.67 1.01  3e+14 -0.39 1.01  53e+13  1.28 1.01  1.3e+13  0.87 099  7.9e+12
VMC2 -2.23 1.05  3.1e+14  0.09 1.07  5.6e+13  1.16 1.03  1.3e+13  1.52 1.04 8.3e+12
VD1 -4.66 087 25e+14 -5.83 0.83  4.4e+13  -7.18 079  1e+13 -9 076 6.1e+12
VD2 -4.02 088  2.6e+14 -4.5 085  4.5e+13  -4.56 084 11e+13  -5.44 082  6.6e+12
VD3 -3.38 0.9 2.6e+14  -2.51 089 4.7e+13  -0.36 0.91 1.2e+13  0.31 0.91 7.3e+12
VEP -5.13 086  2.5e+14  -0.71 099  5.2e+13 031 097  1.3e+13  0.11 096  7.7e+12
VBe -2.01 0.99  2.9e+14  -1.03 0.98  5.2e+13  -1.22 0.95 1.3e+13  -2.2 0.93 7-4€+12
CPrs VTi -2.1 1 2.9e+14  -0.81 0.99  5.2e+13  -0.23 0.98  1.3e+13  -0.49 0.97  7.7e+12
VMT: -2.32 088  2.6e+14 -5.52 081  4.3e+13  -7.94 076  1e+13 -10.09  0.73  5.9e+12
VMT2 -3.29 0.9 2.6e+14  -2.53 089  4.7e+13  -043 0.91 1.2e+13  0.32 0.91 7.3e+12
VMT; -3.93 088  2.6e+14  -4.52 085  4.5e+13  -4.61 084 1.l1e+13  -5.42 082  6.6e+12
VMTy -10.72 076 2.2e+14  -9.91 076 4e+13 -10.81 073 9.6e+12  -1247 0.7 5.6e+12
VMTs -6.06 082  24e+14  -9.09 075  4e+13 -11.37 071 9.3e+12  -13.41  0.68  5.4e+12
VB, -4.02 088  2.6e+14 -3.87 087  4.6e+13  -3.11 086  1.1e+13  -3.48 085  6.8e+12
VB2 -5.09 083  24e+14  -6.25 078  4.1e+13  -5.79 0.77  1e+13 -6.24 075  be+12
VB3 -2.96 0.94  2.7e+14  -1.49 0.95  5e+13 -0.42 0.96  1.3e+13  -0.72 0.95  7.6e+12
Viy -29.14 055 1.6e+14 -20.31 0.68  3.6e+13 -19.72 0.7 9.2e+12  -20.78 0.7 5.6e+12
VHT — 0.98  g7e+14 — 0.96  4e+13 — 101 13e+13 — 0.96  8.3e+12
VsyaG — 1 4.8e+14 — 1 4.2e+13 — 1 1.3e+13 — 1 8.6e+12
VMC: -0.05 0.99  4.8e+14 -1.36 0.96  4e+13 -0.24 1.06  1.3e+13  -0.2 0.96  8.3e+12
VMC2 -1.96 0.92  4.4e+14  0.25 1.03  4.3e+13  -0.49 1.03 1.3e+13  0.47 0.99  8.5e+12
VD -4.13 086  g.1e+14  -4.95 082  3.4e+13  -8.26 0.81 1e+13 -8.51 077  6.6e+12
VD2 -3.53 087  4.2e+14  -3.71 084  3.5e+13  -5.72 0.86 1.1e+13  -5.1 083  7.1e+12
VD3 -2.92 088  g.2e+14 -1.87 087 37e+13  -1.62 0.94 1.2e+13  0.39 0.92  7.9e+12
VEP -4.57 085 g.1e+14 -0.5 0.96  4e+13 -1.03 1 1.3e+13  0.37 0.96  8.3e+12
VBe -0.42 0.99 4.8e+14 032 0.99  4.2e+13  -2.05 0.96  1.2e+13  0.12 0.99  8.5e+12
Rand. Sys. v -0.41 1 4.8e+14 032 1 4.2e+13  -1.28 1 1.3e+13 1.03 1 8.7e+12
VMT1 -2.25 0.86  4.2e+14  -4.54 0.8 3.4e+13 -9 078  1e+13 -9.66 074  6.4e+12
VMT2 -2.8 088  4.2e+14 -1.8 0.88  3.7e+13  -1.64 0.93  1.2e+13  0.57 0.92  7.9e+12
VMT; -3.4 087  g.2e+14 -3.63 085  3.5e+13  -5.73 086  1.1e+13  -4.91 083  7.2e+12
VMT, -10.23 075  3.6e+14  -9.07 075 3.2e+13 -11.86 075 9.5e+12  -12 071 6.2e+12
VMTs -5.99 0.8 3.8e+14  -8.15 0.74  3.1e+13  -12.39 073  9.3e+12  -12.99 0.69  5.9e+12
VB1 -3.53 087  4.2e+14  -3.15 085  3.6e+13  -4.28 0.88 1.1e+13  -3.24 085  7.3e+12
VB2 -5.1 081  3.9e+14  -5.33 077  3.2e+13  -6.91 079  1e+13 -6.2 0.76  6.5e+12
Vij -1.95 0.93  4.5e+14  -0.97 0.94 3.9e+13  -1.66 098  1.3e+13  -0.29 0.95  8.2e+12

VBy -27.48 056  2.7e+14  -20.2 067 28e+13  -20.77 072 9.2e+12  -20.02 0.7 6.1e+12
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Table B.39: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 1.05, CV(X) = 0.96

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.93 1.1e+16  — 0.97  1e+15 — 1 4.1e+14 — 1.01 2.4e+14
vsyag — 1 1.2e+16 ~— 1 1.1e+15 — 1 41e+14  — 1 2.4e+14
VMC 1.13 0.98  1.2e+16  -0.98 0.94  1e+15 0.32 1 4.1e+14  0.65 1.04  2.5e+14
VMC2 0.44 0.97 1.2e+16  -0.79 0.96 1e+15 0.82 1.03  4.3e+14 116 1.07  2.6e+14
VD, -5.75 082  9.9e+15  -6.11 085 9.1e+14 -7.11 085 3.5e+14 -8.35 084 2e+14
Vpa -5.31 0.83  1e+16 -5.26 086  9.2e+14 -5.59 087  3.6e+14 -6.34 0.88  2.1e+14
VD3 -4.87 084  1e+16 -4.07 088 9.5e+14  -3.34 0.92  3.8e+14 -3.39 0.94  23e+14
Vip -6.07 082 9.8e+15  -0.06 0.97  1e+15 0.29 1 4.1e+14  -0.27 1.01  2.4e+14
VBe -0.84 093 1.1e+16  -0.58 0.97  1e+15 -0.64 0.99  4.1e+14  -1.53 1 2.4e+14
Brewer VTi -0.63 0.93 11e+16  -0.09 0.98  1.1e+15  0.26 1.01  4.2e+14  -0.37 102 2.5e+14
VMT1 -5.26 083  9.9e+15  -6.9 082 88e+14 -843 082  34e+14 -9.77 081  2e+14
VMT2 -4.86 084  1e+16 -4.13 088  9.5e+14  -3.42 0.92  3.8e+14  -3.47 0.94  23e+14
VMT3 -5.3 083  1e+16 -5.32 086  9.2e+14  -5.66 087  3.6e+14  -6.41 0.88  2.1e+14
VMTy4 -10.5 074 8.9e+15  -9.32 079 8.5e+14  -9.97 0.8 3.3e+14  -1L.1 079  1.9e+14
VMTs -8.05 0.78 9.3e+15 -9.62 o077 83e+14  -11.08 0.77  3.2e+14  -12.36 0.76 1.9e+14
VB1 -5.31 0.83  1e+16 -4.93 087 9.3e+14 4.9 089  3.7e+14 547 0.9 2.2e+14
VB2 -7.58 0.79  9.4e+15  -8.47 079 8.5e+14  -9.03 081  33e+14 -9.72 081  2e+14
VB3 -3.05 088  1.1e+16  -1.4 0.95  1e+15 -0.77 0.98  ge+14 -1.23 0.99  2.4e+14
Ve, -23.49 056 6.7e+15  -15.76 0.7 7.5e+14  -14.14  0.75  3.1e+14 -14.41 076  1.8e+14
VHT — 1.01  1.1e+16 — 1 1.4e+15 — 1.03  3.7e+14 — 0.98  2.8e+14
VsyG — 1 1.1e+16 — 1 1.4e+15 — 1 3.6e+14 — 1 2.8e+14
VMmC -0.63 0.99 1.1e+16  1.98 1.01  1.4e+15  0.39 1.01  3.6e+14  1.55 0.98  2.8e+14
VMC2 -2.37 0.97  1e+16 0.42 101 1.4e+15  -248 099  3.5e+14  -0.1 1 2.9e+14
VD1 -5.31 088  g.5e+15  -4.84 085 1.2e+15  -6.32 0.86  3.1e+14  -6.49 081  23e+14
VD2 -4.89 089 95e+15  -3.96 087  1.2e+15 -4.73 089  3.2e+14  -4.37 085  2.4e+14
VD3 -4.46 0.9 9.6e+15  -2.68 0.9 1.2e+15  -2.25 0.94  3.4e+14  -1.2 091  2.6e+14
VEP -5.62 088  g.g4e+15  1.68 0.99  1.4e+15  1.62 1.03  3.7e+14 225 0.98  2.8e+14
VBe -0.37 1 1.1e+16 0.4 0.97  1.4e+15  -1.57 0.96  3.5e+14  -1.02 0.93  2.6e+14
Tillé VTi -0.13 1 1.1e+16  1.01 0.98  1.4e+15  -0.12 0.99 3.6e+14 075 0.96  2.7e+14
VMT: -4.82 089 9.5e+15  -5.68 083 1.2e+15 -7.58 083  3e+14 -7.94 078  2.2e+14
VMT2 -4.43 0.9 9.6e+15  -2.76 089  1.2e+15 -2.39 0.94  3.4e+14  -1.35 091  2.6e+14
VMT; -4.86 089  9.5e+15  -4.04 087 1.2e+15 -4.86 089  3.2e+14  -4.51 085  24e+14
VMTy4 -10.08 0.8 8.5e+15  -8.09 0.8 1.1e+15  -9.21 081  2.9e+14  -9.29 076  2.2e+14
VMTs -7.63 083 8.9e+15  -843 078  1.1e+15 -10.26 078 28e+14 -1059 074  2.1e+14
VB1 -4.89 089 9.5e+15  -3.57 088  1.2e+15 -3.89 091  3.3e+14  -3.4 087  2.5e+14
VB2 -7.17 084 o9ge+15 -7.23 0.8 1.1e+15 -8 082  3e+14 =7.77 078  2.2e+14
VB3 -2.6 0.94  1e+16 0.09 096  1.3e+15  0.23 1 3.6e+14  0.98 0.96  2.7e+14
Ve, -23.12 0.6 6.4e+15  -14.4 071  9.9e+14 -13.37 076  2.7e+14  -12.44 0.73  2.1e+14
VHT — 098  1ie+16 ~— 0.97  1.4e+15 — 0.97  4.3e+14 — 1 2.4e+14
VsyG — 1 1.1e+16  — 1 1.4e+15 — 1 4.5e+14  — 1 2.4e+14
VMt -0.11 0.99 1Ie+16 039 0.97  1.4e+15  -0.39 0.99  4.4e+14 045 1.01  2.4e+14
VMC2 -0.32 0.99 1ie+16 083 1 1.4e+15  -0.28 1.01  4.5e+14  -0.12 1 2.4e+14
VD: -5.26 087  9.6e+15  -5.69 085 1.20e+15 -8.16 083 3.7e+14  -8.02 0.83  2e+14
VD2 -4.86 088 9.7e+15  -4.86 086  1.2e+15  -6.62 086 3.8e+14 -5.94 087  2.1e+14
VD3 -4.46 089 9.8e+1i5 -3.67 089  1.3e+15  -4.35 0.9 4e+14 -2.88 0.93  2.2e+14
VEP -5.56 087  9.6e+t15 043 0.97  1.4e+15 -0.83 0.98  4.4e+14 03 1 2.4e+14
VBe -0.03 0.99 1.1e+16  0.32 0.99 1.4e+15  -1.75 0.97  4.3e+14  -1.97 0.96  2.3e+14
CPs vTi 0.19 1 1.1e+16 078 0.99 1.4e+15 -0.86 0.99  4.4e+14  -0.5 0.99  2.4e+14
VMT:1 -4.91 087 9.6e+t15 -6.57 083  1.2e+15 -9.48 0.8 3.6e+14  -9.43 0.8 1.9e+14
VMT2 -4.41 089 9.8e+15 -3.71 089  1.3e+15  -4.46 0.9 4e+14 -3.02 0.93  2.2e+14
VMT; -4.81 088 9.7e+15 -4.9 086  1.2e+15 -6.73 085 3.8e+14  -6.07 087  2.1e+14
VMTy -10.03 079 8.7e+15  -8.91 0.79 1.1e+15 -10.99 078 3.5e+14 -10.78 0.78  1.9e+14
VMTs -7.71 082  ge+15 -9.3 078  1ie+15  -12.1 075  3.4e+14 -12.03 075 1.8e+14
VB, -4.86 088 9.7e+15  -4.51 087 1.3e+15 -5.93 087  3.9e+14  -5.03 089  2.1e+14
VB, -7.27 083 9g.ae+15  -8.a7 0.8 1.1e+15 -10.02 079  3.5e+14  -9.28 0.8 1.9e+14
VBj -2.45 0.94  1e+16 -0.84 0.95 1.4e+15 -1.83 0.96  4.3e+14 -0.78 0.98  23e+14
Viy -22.79 0.6 6.6e+15  -15.15  0.71 1e+15 -15.05 0.73  3.3e+14 -14.05 075 1.8e+14
VHT — 1.03 1.2e4+16  — 0.97  1.4e+15 — 0.99  3.6et14 — 0.99  2.5e+14
VsyG — 1 1.2e+16 — 1 1.4e+15 — 1 3.7e+14 — 1 2.5e+14
VMC: -0.76 0.99  1.2e+16  -1.35 0.94  1.4e+15  -0.49 0.99  3.6e+14 0.22 0.99  2.5e+14
VMC2 -1.71 0.97 1.2e+16  -0.77 0.97  1.4e+15  -0.46 1 3.7e+14  0.22 1 2.5e+14
VD1 -5.68 089 1.1e+16  -6.11 085 1.2e+15 -7.55 084 3.1e+14 -7.87 083  2.1e+14
VD2 -5.21 0.9 1.1e+16  -5.29 087 1.2e+15 -6.03 087 3.2e+14 -5.85 087  2.2e+14
VD3 -4.73 091  11e+16  -4.14 089 1.3e+15 -3.77 091  33e+14 -2.88 092  2.3e+14
VEP -6.03 088 1.1e+16  -0.13 0.98  1.4e+15 -0.25 0.99  3.6e+14 0.28 0.99  2.5e+14
VBe -1.01 0.99 1.2e+16 0.07 1 1.4e+15 -1.13 0.99 3.6e+14 -0.91 0.99 2.5e+14
Rand. Sys. vty -0.8 1 1.2e+16  0.49 1 1.4e+15  -0.25 1 3.7e+14  0.22 1 2.5e+14
VMT1 -5.07 0.9 1.1e+16  -7.01 083 1.2e+15 -8.83 081  3e+14 -9.29 0.8 2e+14
VMT2 -4.75 0.91  1.1e+16  -4.17 089 1.3e+15 -3.85 091  3.3e+14  -2.96 092  2.3e+14
VMT; -5.23 0.9 1.1e+16  -5.32 087  1.2e+15 -6.1 087  3.2e+14 -5.91 086  2.2e+14
VMTy -10.43 0.8 9.8e+15  -9.32 0.8 1.1e+15  -10.4 079  2.9e+14 -10.63 0.78  2e+14
VMTs -7.86 085  1e+16 -9.72 078  1.ie+15 -1147 076  28e+14 -119 0.75  1.9e+14
VB1 -5.21 0.9 1.1e+16  -4.97 087 13e+15 -5.33 0.88  3.2e+14 -4.97 0.88  2.2e+14
VB2 -7.37 086  1e+16 -8.62 0.8 1.2e+15  -9.39 0.8 2.9e+14  -9.25 0.8 2e+14
Vij -3.05 0.95 1.2e+16  -1.31 0.95  1.4e+15 -1.26 0.97 3.6e+14 -0.7 0.98  2.4e+14
VB, -23.68 06 7.3e+15  -15.54 071  1e+15 -14.65 074 27e+14  -13.95 075  1.9e+14

133



134 RESULTS FROM THE SIMULATION STUDY ON VARIANCE APPROXIMATIONS

Table B.40: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 1.05, CV(X) = 0.77

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 098  6.2e+16 — 0.98  1e+16 — 1 2.8e+15 — 0.99  1.7e+15
vsvya — 1 6.3e+16 ~— 1 1.1e+16 — 1 2.8e+15 — 1 1.7e+15
VMC -0.02 0.98  6.2e+16  1.49 1.01  1.1e+16  0.82 1.02  2.9e+15  0.56 1 1.7e+15
VMC2 0.31 1.01  6.4e+16  1.67 1.02 1.1e+16  0.19 102 2.9e+15 1.09 102 1L.7e+15
VD, -4.95 087  5.5e+16  -4.77 087 9.3e+15 -5.78 088 2.5e+15  -5.63 087  1.5e+15
Vpa -4.6 0.88  5.5e+16  -4.23 0.88  94e+15  -4.85 0.9 2.5e+15  -4.49 089  1.5e+15
VD3 -4.26 088  5.6e+16  -3.42 0.9 9.5e+15  -3.36 0.93  2.6e+15  -2.66 0.92  1.6e+15
VEpP 5.2 087 5.5e+16  0.32 0.98  1e+16 -0.02 1 2.8e+15 0.4 0.99  1.7e+15
VBe -1.43 0.95  6e+16 -0.37 0.97  1e+16 -1.21 0.98  28e+15  -0.05 0.99  1L7e+15
Brewer VTi -1.32 0.95 6e+16 -0.01 0.98 1e+16 -0.54 1 2.8e+15 0.59 1 1.7e+15
VMT1 -4.83 087 5.5e+16  -6.03 085  ge+15 -7.38 085 24e+15  -7.35 083  1.4e+15
VMT2 -4.31 088  5.6e+16  -3.48 0.9 9.5e+15  -3.48 0.93  2.6e+15  -2.74 0.92  1.6e+15
VMT; -4.66 0.88  s5.5e+16  -4.29 0.88  9.4e+15  -4.96 0.9 2.5e+15  -4.57 089  1.5e+15
VMTy4 -8.04 081  5.2e+16  -6.86 084 8.9e+15  -7.64 085  24e+15  -7.45 084  1.4e+15
VMTs -6.61 084 53e+16  -7.78 081  8.6e+15  -9.09 082  23e+15  -9.06 0.8 1.4e+15
VB1 -4.6 088  s5.5e+16  -3.97 089  9.4e+15  -4.31 091  2.6e+15  -3.82 0.9 1.5e+15
VB2 -6.25 084 53e+16  -7.04 083 88e+15 -7.73 084 24e+15  -7.39 083  1.4e+15
VBj -2.95 091  58e+16  -0.9 0.95  1e+16 -0.88 0.98 28e+15 -0.26 0.98  1.7e+15
VBy -20.07  0.63  4e+16 -1255 075  8e+15 -11.74 079  22e+15 -11.02 079  1.4e+15
VHT — 1.05  7.4e+16 ~— 0.98 8.yet+ti5 — 1.05  2.7e+15 — 1.04  1.6e+15
VsyG — 1 7.1e+16 — 1 8.9e+15 — 1 2.6e+15 — 1 1.5e+15
VMt -0.04 1.05  7.4e+16  -0.36 0.97 8.7e+15  0.64 1.05 2.7e+15  0.58 1.04  1.6e+15
VMC2 -4.04 0.98  7e+16 -1.88 0.97 8.6e+15  -3.34 1 2.6e+15  -2.71 1 1.5e+15
VD1 -4.81 0.93  6.6e+16  -4.81 087 7.8e+15  -5.24 0.91  24e+15  -5.52 0.9 1.4e+15
VD2 4.5 0.94  6.7e+16  -4.29 0.88  7.9e+15  -4.32 0.93  24e+15  -4.36 0.92  1.4e+15
VDj3 -4.19 0.95 6.7e+16  -3.5 0.9 8e+15 -2.78 0.96  2.5e+15  -2.44 0.96  1.5e+15
VEp -5.05 0.93  6.6e+16 0.1 0.98 8.7e+15  0.66 1.04 2.7e+15  0.72 1.04  1.6e+15
VBe -0.98 1.02  7.3e+16  -0.24 0.98  8.7e+15  -1.04 1.01  2.6e+15  -1.05 1 1.5e+15
Tillé VT -0.84 1.03  7.3e+16  0.09 0.98  88e+15  -0.24 1.03  2.7e+15  -0.06 1.02  1.6e+15
VMT: -4.84 0.93  6.6e+16  -6.03 084 7.5e+15  -6.82 088  23e+15 -7.2 086  1.3e+15
VMT2 -4.21 0.95 6.7e+16  -3.54 0.9 8e+15 -2.88 0.96  2.5e+15 -2.54 0.96 1.5e+15
VMT; -4.52 0.94 6.7e+16  -4.33 088  7.9e+15  -4.42 093 24e+15 445 092  1.4e+15
VMTy -7.91 087  6.2e+16  -6.9 084  7.4e+15  -7.11 088  23e+15  -7.34 087  1.3e+15
VMTs -6.62 089  6.3e+16  -7.78 0.81 7.2e+15  -8.54 085 22e+15 -8.91 0.83 1.3e+15
VB1 4.5 0.94 6.7e+16  -4.03 089  7.9e+15  -3.72 0.94 25e+15  -3.63 0.94  1.4e+15
VB2 -6.3 0.9 6.4e+16  -7.05 0.83  7.4e+15  -7.14 087 23e+15  -7.16 0.86  1.3e+15
VB3 -2.7 098  7e+16 -1.01 0.95 8.5e+15  -0.29 1.02  2.7e+15  -0.09 1.02  1.6e+15
Ve, -19.63 0.68 4.8e+16  -12.69 075 6.7e+15 -11.24 0.82 2.1e+15 -10.93 082  1.3e+15
VHT — 0.98  8.7e+16 — 101  8.1e+15 — 0.99  2.7e+15 — 0.99  1.9e+15
VsyG — 1 8.9e+16 — 1 8e+15 — 1 2.7e+15  — 1 1.9e+15
VMmC: 0.25 098  8.7e+16  0.41 1.02  8.1e+15  -1.75 0.95  2.6e+15  -0.02 0.99  1.9e+15
VMC2 0.1 0.99 8.9e+16  -0.46 1 8e+15 -1.48 0.96  2.6e+15  -0.03 1 1.9e+15
VD1 -4.03 089  8e+16 -4.92 0.9 7.2e+15  -5.73 087  24e+15  -6.27 0.86  1.6e+15
VD2 -3.78 0.9 8e+16 -4.38 091  7.3e+15  -4.84 089  24e+15  -5.13 0.88  1.7e+15
VD3 -3.53 0.9 8e+16 -3.54 0.92  7.4e+15  -3.4 0.91 2.5e+15  -3.25 0.92  1.7e+15
VEP -4.22 089 7.9e+16  0.13 1.01  8.1e+15  -0.11 099  2.7e+15  -0.15 099  1.9e+15
VBe 0.69 1 8.9e+16  -0.81 0.99  7.9e+15  -0.65 098 27e+15 -1 0.98  1.8e+15
CPrs VTi 0.83 1 8.9e+16  -0.44 1 8e+15 -0.1 0.99  2.7e+15  -0.26 0.99  1.9e+15
VMT: -4.47 088  7.8e+16  -6.09 087  7e+15 -7.33 084 23e+15  -7.99 082  1.5e+15
VMT2 -3.49 0.9 8e+16 -3.61 0.92  7.4e+15  -3.47 0.91  2.5e+15  -3.34 0.92  1.7e+15
VMT; -3.74 0.9 8e+16 -4.45 091  7.3e+15  -4.91 089  24e+15  -5.22 0.88  1.7e+15
VMTy -7.16 084  7.4e+16  -7.01 0.86  6.9e+15  -7.6 084 23e+15 -8.07 0.83  1.6e+15
VMTs -6.26 085 7.5e+16  -7.84 084 6.7e+15  -9.04 0.8 2.2e+15  -9.68 0.79  1.5e+15
VB, -3.78 0.9 8e+16 -4.09 091  7.3e+15  -4.3 0.9 2.4e+15 442 0.9 1.7e+15
VB2 -5.99 085  7.6e+16  -7.06 085 6.8e+15  -7.72 0.83  22e+15  -7.98 082  1.5e+15
VB3 -1.58 0.94  8.4e+16  -1.12 0.98  7.8e+15 -0.88 0.97 26e+15 -0.85 0.97  1.8e+15
Viy -18.09 0.66 5.9e+16 -12.85 077 6.2e+15 -1L75 078  2.1e+15 -11.52 078  1.5e+15
VHT — 1.02  58e+16 — 101 9.1e+15 — 098 209e+15 — 1 1.8e+15
VsyaG — 1 5.6e+16 ~— 1 9.1e+15  — 1 2.9e+15 — 1 1.8e+15
VMC: 2.09 1.07  6e+16 -0.45 0.99  9e+15 -1.17 0.97 28e+15 0.8 1 1.8e+15
VMC2 -0.64 1.02  5.7e+16  -1.05 0.98 8.9e+15  -0.55 0.99  2.9e+15  0.03 1 1.8e+15
VD -4.54 091  5.1e+16  -4.82 0.9 8.1e+15  -5.95 087  2.5e+15  -5.99 087  1.6e+15
VD2 -4.2 0.92  5.2e+16  -4.28 091  82e+15  -5.1 089 26e+15 -4.85 089  1.6e+15
VD3 -3.86 0.92  5.2e+16  -3.47 092  84et+15  -3.73 091  2.7e+15  -2.99 093  1.7e+15
VEP -4.79 091  5.1e+16  0.22 1.01  Q.1e+15  -0.49 0.98  2.9e+15  0.11 1 1.8e+15
VBe -0.88 1 5.6e+16  -0.53 0.99  9e+15 -0.28 1 2.9e+15  -0.68 0.99 1.8e+15
Rand. Sys. v -0.79 1 5.6e+16  -0.16 1 9.1e+15  0.14 1 2.9e+15  0.05 1 1.8e+15
VMT1 -4.47 0.91  5.1e+16  -6.04 087 7.9e+15  -7.58 0.83  24e+15  -7.71 0.83  1.5e+15
VMT2 -3.91 0.92  52e+16  -3.54 092  84et+15  -3.76 091  2.7e+15  -3.08 093  1L.7e+15
VMT; -4.25 0.92  5.2e+16  -4.34 091  8.2e+15 -5.14 0.88  2.6e+15  -4.93 089  1.6e+15
VMTy -7.65 085  4.8e+16  -6.91 0.86  7.8e+15  -7.82 084 24e+15 -7.8 084  1.5e+15
VMTs -6.26 087  4.9e+16  -7.79 084  7.6e+15  -9.29 0.8 2.3e+15  -9.41 0.8 1.4e+15
VB1 -4.2 0.92  5.2e+16  -4.02 091  8.3e+15  -4.59 0.9 2.6e+15  -4.15 0.91 1.6e+15
VB2 -5.91 088  s5e+16 -7.04 085 7.7e+15  -8.03 082  24e+15  -7.72 0.83 1.5e+15
Vij -2.49 0.96  5.4e+16 -1 0.98 8.9e+15 -1.15 0.97 28e+15 -0.59 0.98  1.8e+15

VB, -19.61  0.66  3.7e+16  -12.68 077  7e+15 -11.95 078  2.3e+15  -11.3 079  1.4e+15
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Table B.41: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 1.05, CV(X) = 0.67

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.9 1.6e+14 — 0.95 1.8e+13 — 0.96  5.2e+12 — 0.97  3.4e+12
vsyag — 1 17e+14 — 1 1.9e+13 — 1 5.5e+12 — 1 3.5e+12
VMC 1.13 0.93 1.6e+14  -0.21 0.94 18e+13 o0.14 0.97 5.3e+12  0.61 0.97  3.4e+12
vMC: 1.23 0.97 17e+14  -0.28 097 1.8e+13 023 1.01  5.5e+12  0.73 1 3.5e+12
VD, -1.19 085 1.5e+14 -2.19 088  1.7e+13  -2.69 088  4.8e+12 -2.19 089  3.1e+12
VD2 -1.02 086 1.5e+14 -1.85 089 17e+13  -2.09 0.9 4.9e+12  -1.42 0.9 3.2e+12
VD3 -0.85 086  1.5e+14  -1.36 0.9 1.7e+13  -1.15 0.91  5e+12 -0.16 0.92  3.2e+12
VEp -1.31 085  1.5e+14  0.02 0.97 1.8e+13  -0.04 0.98 53e+12 081 0.99  3.5e+12
VBe 0.64 093  1.6e+14  -0.22 0.97 1.8e+13  -0.35 0.99  5.4e+12  0.36 0.99  3.5e+12
Brewer VTi 0.72 0.94 16e+14 O 0.97 18e+13 o0.13 0.99  5.4e+12  1.03 1 3.5e+12
VMT1 -0.69 084  1.5e+14  -2.26 085 1.6e+13  -3.08 085  g.be+12  -2.73 085  3e+12
VMT2 -0.79 086  1.5e+14  -1.35 0.9 1.7e+13  -1.14 091  5e+12 -0.16 0.92  3.2e+12
VMT3 -0.96 086  15e+14 -1.83 089 1.7e+13  -2.08 089  4.9e+12  -1.41 0.9 3.2e+12
VMTy -3.63 0.81 1.4e+14  -3.82 085  1.6e+13  -4.15 086  4.7e+12  -3.62 0.86  3e+12
VMTs -2.1 082 14e+14 -3.63 083  1.6e+13  -4.43 0.83  4.5e+12  -4.09 0.83  2.9e+12
VB1 -1.02 086 1.5e+14 -1.71 089 17e+13  -1.75 0.9 4.9e+12  -0.95 0.9 3.2e+12
VB2 -1.86 082  1.4e+14 -3.01 084  1.6e+13 -3.29 084  4.6e+12  -2.63 084  2.9e+12
VB3 -0.18 089  1.6e+14 -0.42 0.95 1.8e+13  -0.21 0.96  5.2e+12 073 0.97  3.4e+12
Ve, -17.23  0.65 1.le+14 -12.56 076  1.4e+13  -11.94 0.79  4.3e+12  -11.15 0.8 2.8e+12
VHT — 1.05 1.8e+14 — 1.04 1.9e+13 — 1.01  58e+12  — 1.03  3.7e+12
VsyG — 1 1.7e+14 < — 1 1.9e+13 — 1 5.8e+12  — 1 3.6e+12
VMmC -0.93 1.06 1.8e+14 -1.29 1.01  1.9e+13  -0.86 1.01  5.8e+12  -0.41 1.01  3.6e+12
VMmC2 -0.39 0.99  L7e+14  -2.16 098  1.8e+13 -0.18 1 5.8e+12  -0.38 0.98  3.5e+12
VD: -1.47 0.88  1.5e+14 2.2 089 1.6e+13  -1.07 084  4.9e+12  -0.32 085  3.1e+12
VD2 -1.29 088 15e+14 -1.85 0.9 1.7e+13  -0.45 085  4.9e+12 048 087  3.1e+12
VD3 -1.11 089 15e+14 -1.35 0.91 1.7e+13  0.52 087  s5et+12 1.76 0.88  3.2e+12
VEP -1.6 0.88  1.5e+14 0.09 098 1.8e+13 173 0.94 5.4e+12 284 0.96  3.4e+12
VBe 0.25 0.96  1.6e+14  -0.42 0.97 1.8e+13  1.08 0.93  5.3e+12  1.92 0.94  3.4e+12
Tillé VTi 0.32 0.96  1.6e+14  -0.17 0.98  1.8e+13 1.62 0.93  5.4e+12 2.7 0.95  3.4e+12
VMT: -0.93 087  14e+14  -2.25 086  1.6e+13  -1.47 081  4ye+12  -0.87 082  2.9e+12
VMT2 -1.06 089  1.5e+14  -1.34 0.91 1.7e+13  0.52 087  s5et+12 1.75 0.88  3.2e+12
VMT; -1.24 088  1.5e+14 -1.84 0.9 1.7€+13  -0.45 085  4.9e+12 047 087  3.1e+12
VMTy -3.91 084 1.4e+14 -3.83 086  1.6e+13  -2.55 082 g4ye+12  -1.78 083  3e+12
VMTs -2.33 084 1.4e+14 -3.63 084 1.6e+13  -2.84 0.79  4.5e+12  -2.25 0.8 2.9e+12
VB1 -1.29 088  1.5e+14 -1.71 0.9 1.7e+13  -0.11 086  4.9e+12  0.95 087  3.1e+12
VB2 -2.08 085  1.4e+14  -2.99 085 1.6e+13  -1.69 0.8 4.6e+12  -0.77 081  2.9e+12
VB; -0.5 0.92  15e+14  -0.42 0.96  1.8e+13 147 092  53e+12  2.67 093  3.3e+12
Viy -17.58  0.66 1.1e+14  -12.57 0.77  1.4e+13  -10.43 0.75 4.3e+12  -9.43 077  2.7e+12
VHT — 0.97  1.6e+14 — 0.98  2e+13 — 0.98  53e+12 — 0.97  3.3e+12
VsyG — 1 1.7e+14 — 1 2e+13 — 1 5.4e+12 — 1 3.4e+12
VMmC: 0.08 098  1.6et14  1.23 0.99  2e+13 -0.86 0.99 53e+12  0.15 0.98  3.3e+12
VMC2 0.31 1.01 1.7e+14  1.22 1.01  2e+13 -1.22 1 5.4e+12  0.13 102 3.4e+12
VD: -1.82 091  15e+14 -1.39 0.9 1.8e+13  -3.79 089  4.8e+12  -3.25 0.88  3e+12
VD2 -1.66 0.91 1.5e+14  -1.04 0.91 1.8e+13  -3.19 0.9 4.9e+12  -248 089  3e+12
VD3 -1.49 0.92 1.5e+14  -0.55 0.92  1.8e+13  -2.24 0.92  4.9e+12  -1.24 0.91 3.1e+12
VEP -1.95 0.91  15e+14  0.92 0.99  2e+13 -1.11 099 53e+12  -03 098  3.3e+12
VBe 0.01 1 1.7e+14 071 0.99  2e+13 -1.68 0.99 53e+12  -0.81 0.98  3.3e+12
CPs vTi 0.09 1 1.7e+14  0.93 1 2e+13 -1.18 0.99  5.3e+12  -0.14 0.99  3.3e+12
VMT:1 -1.34 0.9 1.5e+14  -1.5 087 1.7e+13  -4.17 086  4.6e+12  -3.77 085  2.9e+12
VMT2 -1.43 0.92 1.5e+14  -0.53 0.92  1.8e+13  -2.24 0.92  4.9e+12  -1.24 0.91 3.1e+12
VMT3 -1.6 0.91 1.5e+14  -1.02 0.91 1.8e+13  -3.19 0.9 4.9e+12  -248 089  3e+12
VMTy -4.25 087  1.4e+14  -3.03 087 1.7e+13  -5.23 087  47e+12  -4.67 085  2.9e+12
VMTs -2.74 087  1.4et+14 -2.88 085 1.7e+13 -5.5 084 4.5e+12  -5.a11 082  28e+12
VB, -1.66 0.91 1.5e+14 -0.9 0.91 1.8e+13  -2.85 091  4.9e+12  -2.02 0.9 3e+12
A -2.5 087  1.5e+14  -2.26 085  1.7e+13  -4.36 085  4.5e+12  -3.65 0.83  2.8e+12
VBj -0.81 0.95 1.6e+14  0.46 0.97  1.9e+13  -1.33 0.97 5.2e+12  -0.38 0.96  3.3e+12
Viy -17.74  0.69  1.le+14 -11.73 0.78  1.6e+13  -12.93 0.8 4.3e+12  -12.16 079  2.7e+12
VHT — 0.97  1.5e+14 — 0.98 1.9e+13 — 0.97  5.2e+12  — 0.97  3.4e+12
VsyG — 1 1.6e+14 — 1 1.9e+13 — 1 5.4e+12  — 1 3.5e+12
VMC: 0.82 0.97 1.5e+14 -1.63 0.99  1.9e+13  -0.12 0.97 5.2e+12 182 0.97  3.4e+12
VMC2 0.82 1 1.6e+14  -1.69 1.01  1.9e+13  -0.09 1 5.4e+12 189 1 3.5e+12
VD1 -0.93 0.91 1.4e+14  -4.14 0.91 1.7e+13  -2.85 089  4.8e+12  -1.33 089  3.1e+12
VD2 -0.76 0.91 1.4e+14 3.8 0.91 1.8e+13  -2.26 0.9 4.9e+12  -0.56 091 3.2e+12
VD3 -0.59 0.92  1.4e+14  -3.33 092 1.8e+13 -1.33 092  4.9e+12 0.7 092  3.3e+12
VEP -1.05 091  1.4e+14  -1.91 0.99 1.9e+13  -0.2 099 5.3e+12 171 099  3.5e+12
VBe 0.86 1 1.6e+14  -2.16 1 1.9e+13  -0.47 1 5.4e+12  1.32 1 3.5e+12
Rand. Sys. vty 0.93 1 1.6e+14  -1.94 1 1.9e+13  -0.03 1 5.4e+12  1.96 1 3.5e+12
VMT1 -0.41 0.9 1.4e+14  -4.23 0.88  17e+13  -3.24 086  4.6e+12  -1.89 0.86  3e+12
VMT2 -0.53 0.92  1.4e+14  -3.31 092 1.8e+13  -1.32 092  4.9e+12 071 092  3.3e+12
VMT3 -0.7 0.91 1.4e+14  -3.78 0.91 1.8e+13  -2.24 0.9 4.9e+12  -0.55 0.9 3.2e+12
VMTy -3.38 087 13e+14 -5.73 0.88  1.7e+13  -4.31 087  47e+12  -2.77 0.86  3.1e+12
VMTs -1.82 087 14e+14  -5.58 085  1.6e+13  -4.59 084  4.5e+12  -3.26 0.83  2.9e+12
VB1 -0.76 0.91 1.4e+14  -3.67 0.92 1.8e+13 -1.93 0.91 4.9e+12  -0.09 0.91 3.2e+12
VB2 -1.58 087  1.4e+14  -4.97 086  1.6e+13  -3.47 084 4.5e+12  -1.79 084 3e+12
Vij 0.06 0.95 1.5e+14  -2.37 0.97 1.9e+13  -0.39 0.97 5.2e+12  1.61 0.97  3.4e+12
VB, -17.07  0.69  1.le+14 -14.23 0.78  1.5e+13  -12.09 0.8 4.3e+12  -10.35 0.8 2.8e+12
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Table B.42: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 1.05, CV(X) = 0.5

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.91 1.3e+13 — 0.94  88e+11 — 0.95  2e+11 — 0.96  1.1e+11
vsyag — 1 1.4e+13 — 1 9.4e+11  — 1 2.1e+11 — 1 1.2e+11
VMC 1.65 0.92  1.3e+13  0.04 0.92  8.7e+11 -0.69 0.93 2e+11 0.15 0.94  1.1e+11
vMC: 1.62 0.99  1.4e+13 0.1 099  9.3e+11  -0.64 1 2.1e+11 025 1 1.2e+11
VD1 1.52 0.97  1.4e+13  -0.03 0.95 8.9e+11  -0.92 0.93  2e+11 -0.02 0.92  1.1e+11
VD2 1.61 0.97 1.4e+13  0.15 0.96  8.9e+11  -0.62 0.94  2e+11 0.37 0.93 1.1e+11
VD3 .71 0.97  1.4e+13  0.44 096  ge+11 0.05 0.95  2e+11 133 094  L.ie+11
VEp 1.45 0.97  1.4e+13  0.11 0.98  9.1e+11 -0.69 0.97  2e+11 0.27 0.96  1.1e+11
VBe 1.58 0.99  1.4e+13 0.1 099  9.3e+11  -0.69 099  2.1e+11  0.26 099  1.2e+11
Brewer VTi 1.58 0.99  1.4e+13  0.21 0.99  9.3e+11  -0.33 1 2.1e+11 0.86 1 1.2e+11
VMT1 2.26 0.97  1.4e+13  0.57 095  8.9e+11  -0.49 092  1.0e+11  0.33 091  T.1e+11
VMT2 1.74 0.97  1.4e+13 047 096  ge+11 0.07 0.95  2e+11 1.35 094  L.ie+11
VMT; 1.65 0.97  1.4e+13  0.17 0.96  8.9e+11 -0.6 0.94  2e+11 0.39 0.93  1.1e+11
VMTy 0.09 094 1.3e+13  -0.97 093 8ye+11  -1.76 092  1.9e+11  -0.84 091  TL.ie+1l
VMTs 1.44 0.96  1.4e+13  -0.23 0.93  8.7e+11 -1.27 0.91 1.9e+11 -0.45 089  1.1e+11
VBi 1.61 0.97  1.4e+13 027 096  ge+11 -0.25 094  2e+11 0.95 093  TL.ie+1l
VB2 1.61 096  1.4e+13  0.27 0.94 88e+11  -0.25 091  1.9e+11  0.96 0.9 1.1e+11
VB3 1.62 0.98  1.4e+13  0.26 0.97  9.1e+11 -0.26 0.97  2e+11 0.94 0.96  1.1e+11
Viy -14.4 072  1e+13 -11.2 0.8 7.5e+11  -11.47 0.82 1.7e+11  -10.64 082  9.8e+10
VHT — 097  1.3e+13 — 097  9.ae+11  — 099  2e+11 — 099  T.2e+11
Vsya —_ 1 1.4e+13 — 1 9.4e+11  — 1 2.1e+11 — 1 1.2e+11
VMmcr 1.54 096  1.3e+13 039 097  9.1e+11  -0.05 099  2e+11 0.29 1 1.2e+11
vMC: 1.6 1 1.4e+13 031 099  9.3e+11  -0.03 1 2.1e+11  0.22 1 1.2e+11
VD 2.45 1 1.4e+13  2.03 0.97  9.1e+11 2.65 0.94  1.9e+11 342 0.92  1.1e+11
VD2 2.55 1 1.4e+13 221 097  9.ae+11  2.96 094  2e+11 3.82 093  TLie+1l
VD3 2.65 1 1.4e+13  2.51 0.98 9.2e+11  3.66 0.96  2e+11 4.83 0.94  1.ale+11
VEP 2.38 0.99 1.4e+13 219 0.99  9.3e+11 2.88 0.98  2e+11 3.71 0.97  1.1e+11
VBe 2.48 1.01  1.4e+13 217 101 9.5e+11  2.88 0.99  2.1e+11  3.66 0.99  1.2e+11
Tillé VTi 2.48 1.01  1.4€+13 227 101 9.5e+11 3.27 1 2.1e+11 4.3 0.99  1.2e+11
VMT1 3.21 1 1.4e+13 263 097  9.ae+11 3.1 093  1.9e+11  3.79 091  TL.ie+1l
VMT2 2.68 1 1.4e+13  2.54 0.98 9.2e+11  3.68 0.95  2e+11 4.84 0.94  1.1e+11
VMT; 258 1 1.4e+13 224 097 9.ae+11  2.98 094  2e+11 3.84 093  TLie+1l
VMTy4 1.01 0.97 1.3e+13  1.07 0.95 8ge+t11  1.78 0.92  1.9e+11  2.56 0.9 1.1e+11
VMTs 239 0.99 1.4e+13 1.82 0.95 8.9e+11 2.29 0.91 1.9e+11 2.97 0.89 1.1e+11
VB 2.55 1 1.4e+13 233 098  9g.ae+11  3.34 0.95  2e+11 4.42 093  L.ie+1l
VB2 2.56 0.99 1.4e+13  2.33 0.96  ge+11 3.35 0.92  1.9e+11 4.44 0.9 1.1e+11
VBj 2.54 101 1.4e+13 233 099 9.3e+11  3.33 097  2e+11 4.4 096  1.1e+11
Ve, -13.66  0.73  1e+13 -9.35 081  7.6et+t11  -8.29 081 1ye+11  -7.58 0.8 9.4e+10
VHT — 093  1.3e+13 — 093 8.9e+11 — 093  2e+11 — 093  L.ie+11l
VsyG — 1 1.4e+13 — 1 9.5e+11 — 1 2.1e+11 — 1 1.2e+11
vVMCt 0.68 0.93  1.3e+13  0.59 094  9ge+i1 0.02 093  2e+11 -0.21 094  TLie+1l
VMC2 0.76 1 1.4e+13  0.59 1.01  9.6e+11  -0.23 1 2.1e+11  -0.35 1.01 1.2e+11
VD: 0.65 0.98  1.4e+13 032 096  9.ae+11  -045 093  2e+11 -0.82 092  T.ie+11
VD2 0.74 098  1.4e+13 0.5 096  9.2e+11  -0.15 094  2e+11 -0.44 093  L.le+11
VD3 0.84 0.98 1.4e+13  0.79 0.97  9.2e+11 0.52 0.95 2e+11 0.52 0.94  1.1e+11
VEP 0.58 0.98  1.4e+13 047 0.98  9.4e+11  -0.21 0.97  2.1e+11  -0.52 0.96  L.le+11
VBe 0.7 1 1.4e+13 047 1 9.5e+11 -0.28 0.99  2.1e+11 -0.58 0.99  1.2e+11
CPS VT 0.71 1 1.4e+13  0.57 1 9.5e+11  0.07 1 2.1e+11 0 1 1.2e+11
VMT1 1.38 0.99  1.4e+13  0.91 095  9.ae+11  -0.02 092  1.9e+11  -0.47 0.9 1.ae+11
VMT2 0.87 0.99 1.4e+13 082 0.97  9.2e+11 0.54 0.95 2e+11 0.54 0.93 1.1e+11
VMT; 0.78 0.98  1.4e+13  0.52 096  9.2e+11  -0.13 094  2e+11 -0.42 093  Lie+1l
VMTy -0.77 0.95 1.3e+13  -0.62 0.94  9e+11 -1.3 0.92  1.9e+11 -1.64 0.9 1.1e+11
VMTs 0.58 097  1.4e+13  0.11 094 8.9e+11  -0.81 091  1.9e+11  -1.25 089  1.ie+11
VB, 0.74 0.98  1.4e+13  0.62 0.96  9.2e+11  0.22 0.94  2e+11 0.14 0.93  L.ie+11
VB2 0.74 0.97 1.4e+13  0.61 0.95  9e+11 0.23 0.91 1.9e+11 0.15 0.9 1.1e+11
VBs 0.74 0.99  1.4e+13  0.62 0.98  9.3e+11  0.21 0.97  2e+11 0.13 0.96  1.le+11
Viy -15.15  0.73 1e+13 -10.86  0.81 7.7€+11 -11.06 082  1.7e+11 -11.35 083  9.9e+10
VHT — 0.93 1.3e+13 — 092 8ye+t1i1  — 0.93  2e+11 — 0.93 1.1e+11
VsyG — 1 1.4e+13 — 1 9.4e+11  — 1 2.1e+11  — 1 1.2e+11
VMC: 0.92 0.93  1.3e+13  -0.19 0.93 88e+11  0.16 0.94  2e+11 -0.04 0.94  L.le+11
VMC2 0.91 1 1.4e+13  -0.03 1 9.5e+11 0.23 1 2.1e+11 0.02 1 1.2e+11
VD: 0.92 0.98  1.4e+13  -0.44 096  ge+11 -0.41 093  2e+11 -0.79 092  TL.ie+1l
VD2 1.01 0.98 1.4e+13  -0.27 0.96  9.1e+11 -0.11 0.94  2e+11 -0.41 0.93 1.1e+11
VD3 1.1 0.98  1.4e+13  0.03 096  9.ae+11  0.56 095  2e+11 0.54 094  T.ae+11
VEP 0.85 0.98  1.4e+13 -0.31 0.98  9g.2e+11  -0.18 0.97  2e+11 -0.51 0.96  1.le+11
VBe 0.98 1 1.4e+13  -0.26 1 9.4e+11 -0.19 0.99  2.1e+11 -0.52 0.99 1.2e+11
Rand. Sys. v 0.98 1 1.4e+13  -0.16 1 9.4e+11  0.17 1 2.1e+11  0.06 1 1.2e+11
VMT1 1.65 0.99 1.4e+13  0.15 0.95  9e+11 0.02 0.92  1.9e+11 -0.45 0.91 1.1e+11
VMT2 1.14 0.98  1.4e+13  0.05 096  9.ae+11  0.58 095  2e+11 0.56 094  T.ie+1l
VMT3 1.04 0.98  14e+13  -0.24 0.96  9.1e+11  -0.09 0.94  2e+11 -0.39 0.93  L.ie+11
VMTy -0.5 095 1.3e+13 -1.38 0.94 8.9e+11  -1.26 0.92  1.9e+11  -1.61 0.91 1.1e+11
VMTs 0.84 0.97  1.4e+13  -0.64 0.94 8.9e+11  -0.77 091  1.9e+11  -1.23 089  1.ie+11
VB1 1.01 0.98 1.4e+13  -0.15 0.96  9.1e+11 0.25 0.94  2e+11 0.16 0.93 1.1€+11
VB2 1 0.97  1.4e+13  -0.14 094 8.9e+11  0.26 092  1.9e+11  0.17 0.9 1.1e+11
Vs 1.01 0.99 1.4e+13  -0.15 0.98  9.2e+11  0.25 0.97  2e+11 0.15 0.96  1.le+11

VB, -14.91 073  1e+13 -11.55 081  7.6e+11  -11.02 082 1ye+11  -11.34 0.83  9.8e+10
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Table B.43: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

Sukhatme population (N = 34), CV(Y) = 0.95, CV(X) = 1.1

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94 3.1e+18 — 1.03  3.3e+17  — 1.04 86e+16 — 114  6e+16
Vsyg — 1 3.3e+18 — 1 3.2e+17 — 1 8.2e+16 — 1 5.3e+16
VMC -0.56 0.92  3e+18 3.72 1.15  3.7e+17  -0.48 1.01  8.3e+16 031 112 5.9e+16
VMC2 -7.24 077  2.5e+18 4.8 123 4e+1y7 -0.81 1.03  8.4e+16  -3.32 1.03  5.4e+16
VD, -7.07 081  26e+18  -8.47 085 2.7e+17  -9.63 084 6.9e+16 -11.33 087  4.6e+16
VD2 -6.42 082 27e+18  -7.16 0.88  28e+17  -6.96 089 7.3e+16  -7.53 0.95  5e+16
VD3 -5.77 083 27e+18  -5.09 0.92  3e+17 -3.15 0.96  7.9e+16  -2.05 1.07  5.6e+16
VEp -7.54 0.8 2.6e+18  o.11 1.03  3.3e+17 035 1.04 8.6e+16 043 113 5.9e+16
VBe -0.86 093  3e+18 -2.54 098  3.1e+1y  -2.38 1 8.2e+16  -6.24 0.97  5.1e+16
Brewer VTi -0.47 0.94 3e+18 -1.34 1 3.2e+17  -0.41 1.03 8.5e+16  -2.31 1.06  5.6e+16
VMT1 -6.38 082 27e+18  -9.31 083 2ye+17 -11.07 081 6.7e+16  -12.82 084  4.4e+16
VMT2 -5.71 083 27e+18  -5.13 0.92  3e+17 -3.34 0.96  7.9e+16  -2.4 1.06  5.6e+16
VMT3 -6.36 082 27e+18  -7.19 088  28e+iy  -7.13 089 7.3e+16  -7.84 0.94 5e+16
VMTy4 -12.98 o071  23e+18  -12.44 078 2.5e+17  -13.17 077  6.4e+16  -14.72 081  4.2e+16
VMTs -9.96 0.76  25e+18  -12.74 077  2.5e+17  -14.39 0.75 6.2e+16  -16.04 0.78  4.1e+16
VB -6.42 082  27e+18  -6.44 089  2.9e+17  -5.94 0.91  7.5e+16  -6.1 0.98  5.2e+16
VB2 -9.26 077 25e+18 -10.87 081 26e+17 -10.99 081 6.7e+16 -11.31 087  4.6e+16
VB; -3.58 087 28e+18 -2 0.98  3.2e+17  -0.89 1.01  8.3e+16 -0.89 1.1 5.8e+16
Viy -26.27 052 1.7e+18  -17.69 0.7 2.2e+17  -15.53 0.74 6.1e+16  -15.3 081  4.2e+16
VHT — 083 29e+18 — 111 3.1e+17 — 0.94 1.2e+17 @ — 1.09  5.8e+16
VsyG — 1 3.4e+18 — 1 2.8e+17 — 1 1.3e+17  — 1 5.4€+16
VMmC -0.35 085 2.9e+18 236 116  3.2e+17 075 0.94  1.2e+17  1.42 111 6e+16
VMC2 -1.26 085 2.9e+18  -4.03 1.03 28e+17  1.21 1.05 1.3e+17  -6.44 1.01  5.4e+16
VD: -6.18 0.73 25e+18  -7.7 0.92  2.5e+17  -9.14 075 9.5e+16  -11.34 0.83  4.4e+16
VD2 -5.67 0.74  25e+18  -6.34 0.95  2.6e+17  -6.48 0.8 1e+17 -7.42 091  4.9e+16
VD3 -5.16 0.75  2.6e+18  -4.32 0.99  2.7e+17  -2.72 086 1.1e+t17  -1.71 1.03  5.5e+16
VEp -6.55 0.73 25e+18 091 111 3.1e+17 1 0.94 1.2e+17  0.81 1.08  5.8e+16
VBe 0.99 087  3e+18 -1.9 1.05  2.9e+17  -2.53 088 11et+17  -7.5 0.9 4.8e+16
Tillé VTi 1.43 087  3e+18 -0.65 1.08 3e+17 -0.26 0.92 1.2e+17 -3 0.99  5.3e+16
VMT: -5.91 0.73  25e+18  -8.55 0.9 2.5e+17  -10.61  0.73  9.2e+16  -12.8 0.8 4.3e+16
VMT2 -4.95 0.75  2.6e+18  -4.4 0.99 27e+17  -2.89 086 1.1e+17  -2.18 1.01  5.4e+16
VMT; -5.47 0.75  2.6e+18  -6.41 0.95  2.6e+17  -6.63 0.8 1e+17 -7.85 0.9 4.8e+16
VMTy4 -12.15  0.64  2.2e+18  -11.7 084 23e+17  -12.7 0.7 8.8e+16  -14.72  0.77  4.1e+16
VMTs -9.51 068 23e+18 -12.01 083 23e+17 -13.94 067 8.5e+16 -16.02 074  4e+16
VB: -5.67 0.74  2.5e+18  -5.71 096  2.7e+17  -5.5 082  1e+17 -5.88 0.94 5e+16
VB2 -8.93 069 24e+18 -10.17 087 24e+17 -10.61 073 9.2e+16 -11.09 0.83  4.5e+16
VB3 -2.41 0.8 2.7e+18  -1.25 1.06  2.9e+17  -0.39 0.91 1.1e+17  -0.68 1.05  5.6e+16
Ve, -24.64 049 1.7e+18 -17.08 0.75 2.1e+17  -15.03 0.67 8.4e+16  -15.14 077  4.1e+16
VHT — 1.04 2.4e+18 — 1 4e+17 — 0.95 85e+16 — 0.96  6.8e+16
VsyG — 1 2.4e+18  — 1 4.1e+17 — 1 9e+16 — 1 7e+16
VMmC: -0.99 1.04 24e+18 136 1.07  4.3e+17 116 0.97 8.7e+16  3.32 1.04  7.3e+16
VMC2 -0.37 111 2.6e+18  3.29 117  4.8e+17  1.67 1 9e+16 3.86 1.08  7.6e+16
VD1 -8.42 088  2.1e+18  -9.26 0.83  3.4e+17  -9.24 077  7e+16 -1058 076  5.3e+16
VD2 -7.73 089 21e+18  -7.94 086  3.5e+17  -6.69 082  7.4e+16  -7.02 082  5.8e+16
VD3 -7.02 0.9 2.1e+18  -5.97 089  3.6e+17  -3.11 0.88  7.9e+16  -2.1 0.91 6.4e+16
VEP -8.93 087  2e+18 -1.08 0.99  4e+17 0.36 0.95 8.5e+16  0.39 0.96  6.8e+16
VBe -2.97 0.99 23e+18  -2.58 0.98  ge+17 -0.85 0.95 8.6e+16  -2.4 0.93  6.6e+16
CPS VTi -2.54 1 2.4e+18  -1.6 0.99  4e+17 0.7 0.97 8.7e+16  0.09 0.96  6.8e+16
VMT:1 -7.42 089 21e+18 -1019 081 33e+17 -10.71  0.75 6.7e+16  -12.14 0.73  5.1e+16
VMT2 -7.03 0.9 2.1e+18  -6.03 089  3.6e+17  -3.17 0.88  7.9e+16  -2.16 091  6.4e+16
VMT; -7.72 089 21e+18 -8 086  3.5e+17  -6.73 082  7.4e+16  -7.06 082  58e+16
VMTy -14.24 077 1.8e+18 -13.19 076  3.1e+17  -12.8 071 6.4e+16  -13.99 0.7 4.9e+16
VMTs -10.96 083 1.9e+18 -13.58 0.75 3.1e+17  -14.04 0.69  6.2e+16  -15.38 068  4.8e+16
VB, -7.73 089  21e+18  -7.32 087  3.5e+17  -5.78 083 7.5e+16  -5.86 084  5.9e+16
VB, -10.24 0.84 2e+18 -11y77 078  3.2e+17  -10.86 0.74 6.7e+16  -1L13 075  5.3e+16
VB3 -5.21 0.94 22e+18  -2.88 0.96  3.9e+17  -0.7 0.93  8.4e+16  -0.6 0.94  6.6e+16
N -28.03 055 1.3e+18 -18.35 0.68 28e+17 -15.34 0.68 6.1e+16  -14.96 0.69  4.9e+16
VHT — 0.96  4.2e+18 — 0.95 29e+17 — 1.07  9.3e+16 — 0.97  6.2e+16
Vsya — 1 4.4e+18 — 1 3.1e+17 — 1 8.7e+16 — 1 6.4e+16
VMC: -1.47 0.93 4.1e+18  0.78 0.98  3e+1y7 1.69 113 9.8e+16 04 0.98  6.3e+16
VMC2 -7.34 082  3.6e+18 4.3 1.09  3.4e+17  -1.82 1.03 8.9e+16  1.25 1 6.4e+16
VD1 -6.61 085 3.7e+18  -7.38 081  2.5e+17  -10.96 084 7.3e+16  -1048 078  5e+16
VD2 -6.1 0.86 3.8e+18 -6.27 0.83 2.6e+17  -8.23 0.9 7.8e+16  -7.16 0.83 5.4e+16
VD3 -5.58 087  3.8e+18  -4.65 0.86  2.6e+17  -4.14 0.98  8.5e+16  -2.62 0.91  5.9e+16
VEP -6.98 084 3.7e+18 o.01 0.95  2.9e+17  -0.55 1.07  9.3e+16  -0.15 0.97  6.2e+16
VBe 0.58 1 4.4e+18 1.2 1 3.1e+17  -5.68 0.94 8.1e+16  -0.23 0.99  6.4e+16
Rand. Sys. vty 1.01 1 4.4e+18  1.93 1.01  3.1e+17  -2.96 1 8.6e+16  1.32 101 6.5e+16
VMT1 -6.36 085 3.7e+18 -84 0.79  24e+17  -12.33 082 7.1e+16 -12.06 075 4.8e+16
VMT2 -5.39 087  3.8e+18  -4.47 087  2.7e+17  -4.44 0.98  8.5e+16  -243 0.92  5.9e+16
VMT; -5.9 086  3.8e+18  -6.09 084 2.6e+17 -85 089 7.7e+16  -6.96 084  5.4e+16
VMTy -12.55 074 3.3e+18  -11.39 0.75 23e+17  -14.45 0.78  6.8e+16  -13.9 072 4.6e+16
VMTs -9.95 079  3.4e+18 -11.86 073 2.3e+17  -15.6 0.76  6.6e+16  -15.31  0.69  4.4e+16
VB -6.1 086 3.8e+18  -5.78 0.84 26e+17  -7.01 0.92  8e+16 -6.13 0.85  5.5e+16
VB2 -9.37 0.8 3.5e+18  -10.38 076  2.3e+17 -11.98 082  7.1e+16  -11.39 075  4.8e+16
Vi; -2.82 0.92  4.1e+18  -1.19 0.93  2.9e+17  -2.04 1.03 8.9e+16  -0.87 0.95  6.1e+16
VB, -24.91 056 2.5e+18  -16.83 0.66  2e+17 -16.55 075 6.5e+16  -15.17 0.7 4.5e+16
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Table B.44: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.95, CV(X) = 0.96

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 1.01 1.7e+13 — 1.09 1.7e+12 — 112 6.3e+11 — 1.16 3.8e+11
vsvyag — 1 1.7e+13 — 1 1.6e+12 — 1 5.6e+11  — 1 3.3e+11
VMC 0.54 1.04 1.8e+13  -1.25 1.05 L7e+12  -2.16 111 6.3e+11 1.13 116  3.8e+11
VMmC2 0.2 0.98 1.7e+13  -0.73 0.96  1.5e+12  -0.69 1.02  5.8e+11 1.15 1.06  3.5e+11
VD, -0.45 085 1.4e+13 -1.84 085 14e+12 -3.88 084 4.7e+11  -3.58 083  2.8e+11
VD2 -0.04 086  1.5e+13  -0.99 087  14e+12  -235 087  4.9e+11  -1.51 087  2.9e+11
VD3 0.38 087 1.5e+13  0.28 0.9 1.4e+12  0.26 0.92  5.2e+11  2.11 0.94  3.1e+11
Vip -0.76 084 1.4e+13  -0.58 098 1.6e+12  -0.73 0.99 5.6e+11  0.75 0.99  3.3e+11
VBe 0.22 0.94  1.6e+13  -0.11 0.97 1.6e+12  -0.6 0.99  5.6e+11  0.46 0.99  3.3e+11
Brewer VTi -0.06 0.95 1.6e+13  -0.62 0.98  1.6e+12  -1.08 1.01  5.7e+11  0.05 102 3.4e+11
VMT1 2.07 086  1.5e+13 -0.36 083 1.3e+12  -3.72 081  gbe+11  -3.92 0.8 2.6e+11
VMT2 0.44 086  1.5e+13  0.26 089  1.4e+12  0.22 0.92  5.2e+11 208 0.94  3.1e+11
VMT3 0.02 086  1.5e+13  -1.01 087 1.4e+12  -238 0.87  4.9e+11 -1.53 087  2.9e+11
VMTy -5.47 076  1.3e+13  -5.19 0.8 1.3e+12 -6.84 0.79  4.4e+11  -6.47 0.78  2.6e+11
VMTs -0.93 0.81 1.4e+13 -3.27 0.79 1.3e+12  -6.5 0.77  4.3€+11 -6.68 0.76 2.5e+11
VB1 -0.04 086 1.5e+13 -0.58 0.88  14e+12  -1.32 089  s5e+11 -0.04 0.9 3e+11
VB2 -0.19 082  1.4e+13  -0.68 081 13e+12  -1.63 081  4.6e+11  -0.26 081  2.7e+11
VB3 0.11 0.9 1.5e+13  -0.48 0.95 1.5e+12  -1.01 0.98  5.5e+11 0.18 0.99  3.3e+11
VBy -24.84 057 9ye+12  -19.46 071  L.le+12  -20.51  0.75  4.2e+11  -20.9 076  2.5e+11
VHT — 112 1.8e+13 — 121 23e+12  — 123  6.8e+11  — 118  4.7e+11
Vsya —_ 1 1.6e+13 — 1 1.9e+12  — 1 5.5e+11  — 1 4e+11
VMCt 0.04 112 1.8e+13  -0.1 1.23  24e+12 079 121 6.7e+11 042 119  4.7e+11
VMC2 -0.67 0.97 1.5e+13  0.03 101 2e+12 0.37 0.98  5.4e+11  -0.63 101 4e+11
VD -1.03 086  1.4e+13 -1.9 085 1.6e+12 -3.18 0.77  4.2e+11  -5.87 0.75  3e+11
VD2 -0.61 087  1.4e+13 -1.03 086 1y7e+12  -1.6 0.79  4.4e+11  -3.8 0.78  3.1e+11
VDj3 -0.19 088 1.4e+13 03 089 17e+12 113 085 4.7e+11  -0.1 0.85  3.4e+11
VEp -1.34 086  1.4e+13  -0.34 0.97 1.9e+12  0.05 0.91  5e+11 -1.28 0.9 3.6e+11
VBe -0.42 0.96  1.5e+13  -0.26 0.96  1.9e+12  -0.73 087  4.8e+11  -2.68 086  3.4e+11
Tillé VTi -0.69 0.96  1.5e+13  -0.64 0.97 1.9e+12  -0.91 0.9 4.9e+11 -2.46 0.9 3.6e+11
VMT: 1.51 087  1.4e+13  -0.49 083  1.6e+12  -2.094 0.74  4.1e+11  -6.23 072  2.9e+11
VMT2 -0.13 0.88  1.4e+13  0.26 089 17e+12  1.05 084  47e+11  -0.17 0.85  3.4e+11
VMT3 -0.56 087  1.4e+13  -1.07 086  17e+12  -1.67 079  4.4e+11  -3.87 078  3.1e+11
VMTy4 -6.01 078  1.2e+13  -5.25 079  1.5e+12  -6.17 072 4e+11 -8.69 071  2.8e+11
VMTs -1.47 082 1.3e+13 -3.39 078  1.5e+12  -5.75 0.7 3.9e+11 -8.93 0.68  2.7e+11
VB1 -0.61 087  1.4e+13 -0.58 087 17e+12  -0.5 082  4.5e+11  -2.25 082  3.2e+11
VB2 -0.73 083 1.3e+13 -0.8 0.81 1.6e+12  -0.66 0.74  4.1e+11  -2.6 0.74  2.9e+11
VBj -0.49 092  15e+13  -0.36 095 1.8e+12  -0.34 0.9 4.9e+11  -1.89 0.9 3.5e+11
Ve, -25.33 058 9.2e+12  -19.21 0.7 1.4e+12  -20.2 0.68  3.8e+11  -22.26 0.69 2.7e+11
VHT — 1.02  1.6e+13 — 1.05  2.1e+12 — 1.08  6.5e+11  — 116  3.8e+11
VsyG — 1 1.6e+13 — 1 2e+12 — 1 be+11 — 1 3.3e+11
VMmC: -0.25 1.05  1Ly7e+13  -0.12 1.05  2.1e+12 158 1.1 6.6e+11  0.56 116  3.8e+11
VMC2 -0.47 1 1.6e+13  -0.38 1 2e+12 0.6 101 6e+11 0.28 1 3.3e+11
VD1 -0.85 089 1.4e+13 -1.83 086 1.7e+12  -2.63 0.83  s5e+11 -3.79 082  2.7e+11
VD2 -0.45 0.9 1.4e+13  -0.98 087  17e+12  -1.06 086  s5.1e+11  -1.7 086  2.8e+11
VD3 -0.04 0.91 1.4e+13  0.29 0.9 1.8e+12  1.62 0.91 5.4e+11 2 0.93  3.1e+11
VEP -1.15 088  1.4e+13 -0.41 0.98 1.9e+12  0.58 0.97 58e+11  0.62 0.99  3.3e+11
VBe -0.12 1 1.6e+13  0.03 0.99 1.9e+12  0.62 0.97 58e+11  -0.03 0.96  3.2e+11
CPS VT -0.39 1 1.6e+13  -0.47 1 2e+12 0.14 0.99  6e+11 -0.25 1 3.3e+11
VMT: 1.63 089  1.4e+13 -043 084  1.6e+12  -247 0.8 4.8e+11  -4.13 0.79  2.6e+11
VMT2 0.03 0.91 1.4e+13  0.27 0.9 1.8e+12  1.56 0.9 5.4e+11 1.94 0.93  3.1e+11
VMT3 -0.38 0.9 1.4e+13 -1 087  1ye+12  -L.11 085 5.1e+11  -1.75 086  2.8e+11
VMTy -5.85 0.8 1.3e+13  -5.18 0.8 1.6e+12  -5.63 078  47e+11  -6.68 078  2.6e+11
VMTs -1.36 084 1.3e+13  -3.33 079  1.5e+12  -5.29 075  4.5e+11  -6.89 075  2.5e+11
VB, -0.45 0.9 1.4e+13  -0.56 088 17e+12 0O 088 53e+11  -0.17 089  2.9e+11
VB, -0.63 085 1.3e+13 -0.77 0.81 1.6e+12  -0.3 0.8 4.8e+11 -0.4 0.81 2.7e+11
VB3 -0.27 0.95 1.5e+13  -0.35 0.96  1.9e+12 031 0.96  58e+11  0.06 0.98  3.2e+11
Viy -25.07 0.6 9.5e+12  -19.23  0.71 1.4e+12 -19.46 073  4.4e+11 -20.96  0.75 2.5e+11
VHT — 1.07  1.9e+13 — 1.03  2e+12 — 1.09  5.6e+11  — 1.1 3.8e+11
VsyG — 1 1.7e+13 — 1 2e+12 — 1 5.1e+11 — 1 3.4e+11
VMC: 0.99 1.06  1.8e+13  -1.61 101 2e+12 0.34 111 5.7e+11  -0.31 111 3.8e+11
VMC2 0.19 098  1.7e+13 -0.86 0.97 1.9e+12  0.16 1.01  5.2e+11  -0.08 1 3.4e+11
VD 0.14 0.9 1.6e+13  -1.99 086  1y7e+12  -2.17 083  4.3e+11  -3.69 081  2.8e+11
VD2 0.57 0.91 1.6e+13  -1.15 087 17e+12  -0.62 0.86  4.4e+11  -1.65 0.85  2.9e+11
VD3 1 092  1.6e+13  0.12 0.9 1.8e+12 2 091  4.7e+11  1.92 092  3.de+11
VEP -0.18 089  1.6e+13 -0.6 098 1.9e+12 0.82 0.98  5e+11 0.61 0.97  3.3e+11
VBe 0.74 0.99 1.7e+13  0.02 0.99 1.9e+12  1.08 0.98  5e+11 0.61 0.97  3.3e+11
Rand. Sys. v 0.45 1 1.7e+13  -0.48 1 2e+12 0.37 1 5.1e+11  -0.03 1 3.4e+11
VMT1 2.72 0.91 1.6e+13  -0.61 084 1.6e+12  -1.94 0.8 4.1e+11  -4.05 078  2.7e+11
VMT2 1.05 092  1.6e+13 0.1 0.9 1.8e+12  1.97 091  4.7e+11  1.91 092  3.de+11
VMT3 0.62 0.91 1.6e+13  -1.17 087 17e+12  -0.65 086  4.4e+11  -1.65 085  2.9e+11
VMTy -4.91 0.81 1.4e+13  -5.34 0.8 1.6e+12  -5.19 078  ge+11 -6.58 077  2.6e+11
VMTs -0.31 086  1.5e+13  -3.51 0.79  15e+12  -4.78 0.76  3.9e+11  -6.81 0.74  2.5e+11
VB1 0.57 0.91 1.6e+13  -0.73 088 17e+12 04 0.88  4.5e+11  -0.21 0.88  3e+11
VB2 0.45 087 1.5e+13  -0.97 0.81 1.6e+12  0.26 0.8 4.1e+11  -0.45 079  2.7e+11
Vs 0.68 0.95 1.7e+13  -0.49 0.96  1.9e+12  0.54 0.97  5e+11 0.04 0.97  3.3e+11

VB, -24.47 0.6 1e+13 -19.3 071  1.4e+12  -19.54 074 3.8e+11  -20.95 074  2.5e+11
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Table B.45: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.95, CV(X) = 0.77

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 097 83e+14 — 0.97  1.4e+14 — 1 3.8e+13 — 0.99  23e+13
Vsyg — 1 8.5e+14 — 1 1.4e+14 — 1 3.8e+13 — 1 2.3e+13
VMC 0.49 0.98  83e+14 o0.01 1 1.4e+14  0.53 1.02  3.9e+13  0.82 0.99  23e+13
VMC2 0.66 1.01  8.6e+14 0.7 1.02 1.4e+14  0.19 102 3.8e+13 1.52 102 2.4e+13
VD, -2.19 087  74e+14  -3.97 087 1.2e+14 -3.98 088  3.3e+13  -3.27 087  2e+13
Vpa -1.9 0.88  7.5e+14  -3.46 0.88  1.2e+14 -3.09 0.9 3.4e+13  -2.14 089  2.1e+13
VD3 -1.61 088  7.5e+14 -2.73 0.9 1.3e+14 -1.7 0.93  3.5e+13  -0.37 0.92  2.1e+13
VEp -2.4 086  7.4e+14 -0.7 0.98  1.4e+14 -0.03 1 3.8e+13  1.06 0.99  23e+13
VBe -0.31 0.95 8.1e+14 -1.13 0.97  1.4e+14  -0.76 099 3.7e+13 073 1 2.3e+13
Brewer VTi -0.31 0.95 8.1e+14  -0.96 0.98  14e+14 -035 1 3.8e+13 118 1 2.3e+13
VMT1 -1.28 087  7.4e+14  -4.24 084 1.2e+14 -4.7 084  3.2e+13  -4.19 083  1.9e+13
VMT2 -1.6 088  7.5e+14  -2.76 0.9 1.3e+14  -1.76 0.92  3.5e+13  -0.42 0.92  2.1e+13
VMT3 -1.89 0.88  7.5e+14  -3.49 0.88  1.2e+14 -3.14 0.9 3.4e+13  -2.18 089  2e+13
VMTy -5.37 081  6.9e+14  -6.08 084 1.2e+14 -5.88 085  3.2e+13  -5.13 0.83 1.9e+13
VMTs -3.13 083 7.1e+14  -6.03 0.81 1.1e+14  -6.46 081  3.1e+13  -5.95 0.8 1.8e+13
VB1 -1.9 0.88  7.5e+14  -3.24 089 1.3e+14 -2.6 091  3.4e+13  -1.52 0.9 2.1e+13
VB2 -2.74 084 7.2e+14  -5.06 0.83  1.2e+14  -4.68 084  3.2e+13  -3.72 0.83  1.9e+13
VB3 -1.07 0.91 7.8e+14  -1.42 0.95 1.3e+14  -0.53 098 3.7e+13  0.67 0.98  2.3e+13
VB, -19.88  0.63  54e+14 -14.35 075 1.le+14 -13.17 079  3e+13 -12.22 079  1.8e+13
VHT — 1.05  1e+15 — 097  1.2e+14 — 1.05 3.8e+13 — 1.04  2.2e+13
Vsya —_ 1 9.5e+14  — 1 1.2e+14 — 1 3.6e+13 — 1 2.1e+13
VMt 0.37 1.05  1e+15 0.08 0.96  1.2e+14  0.03 1.05 3.8e+13  -0.17 1.04  2.2e+13
VMC2 -2.04 0.98  9.4e+14  -0.79 097  1.2e+14 -2.73 1 3.6e+13  -2.5 1 2.1e+13
VD1 -2.05 0.92 8.8e+14  -1.66 0.85 1e+14 -2.71 089  3.2e+13 -2.76 0.87 1.8e+13
VD2 -1.77 093 88et14 -1.15 086  1.1e+14 -1.82 0.9 3.2e+13  -1.61 089  1.9e+13
VD3 -1.49 0.93 8.9e+14  -043 087 11e+14 -038 0.93  3.3e+13  0.23 0.93  2e+13
VEP -2.25 0.92 87e+14 141 0.95 1.2e+14 1.33 1.01  3.6e+13  1.65 1 2.1e+13
VBe 0.17 1.01  9.6e+14  1.21 0.95 1.2e+14 022 098  3.5e+13 039 097  2e+13
Tillé VTi 0.21 1.01  9.7e+14  1.36 0.96  1.2e+14 0.74 1 3.6e+13 113 0.99  2.1e+13
VMT: -1.29 092 8ye+14 -1.83 082  1e+14 -3.4 085  3e+13 -3.62 0.83 1.8e+13
VMT2 -1.47 0.93 8.9e+14  -0.44 087 1.1e+14  -0.43 0.93  3.3e+13  0.17 0.93  2e+13
VMT3 -1.75 0.93 88e+14 -1.17 086 1.1e+14 -1.87 0.9 3.2e+13  -1.67 089  1.9e+13
VMTy -5.24 086  8.2e+14 -3.82 081  1e+14 -4.64 085  3e+13 -4.64 084 1.8e+13
VMTs -3.14 088  8.4e+14  -3.66 0.79  9.7e+13  -5.19 082  2.9e+13  -5.39 0.8 1.7e+13
VB: -1.77 0.93 88et+14 -0.94 086  1.1e+14 -1.29 0.92  3.3e+13  -0.04 091  1.9e+13
VB2 -2.77 0.89 8.5e+14  -2.67 0.8 9.8e+13 -3.35 084 3e+13 -3.07 0.83 1.8e+13
VBj -0.77 0.97  9.2e+14 079 0.93 1Lle+i4 0.7 099  3.5e+13  1.19 098  2.1e+13
Ve, -19.38  0.67 6.4e+14 -12.57 073 8.9e+13  -12.07 0.79 2.8e+13 -11.87 079  1.7e+13
VHT — 0.97  1.2e+15 @ — 1.01  1.le+14 — 0.98  3.6e+13 — 0.98  2.5e+13
VsyG — 1 1.2e+15 — 1 1.1e+14 — 1 3.7e+13 — 1 2.5e+13
VMt 0.45 0.98  1.2e+15 -0.32 1.02  Lie+14  -1.05 094  3.4e+13  0.05 098  2.5e+13
VMC2 0.32 0.99 1.2e+15  -1.06 1 1.1e+14  -1.03 0.96  3.5e+13  -0.16 1 2.5e+13
VD: -2.18 089  1.1e+15  -3.74 0.9 9.6e+13  -3.91 087  3.2e+13  -4.69 0.86  2.2e+13
VD2 -1.95 089 1.ie+i5 -3.23 091  9.7e+13  -3.05 088  3.2e+13  -3.58 0.88  2.2e+13
VD3 -1.71 0.9 1.1e+15  -2.5 0.92  9.9e+13  -1.7 0.91 3.3e+13  -1.79 0.91 2.3e+13
VEP -2.36 089 1.1e+15  -0.75 1.01  1.le+14  -0.09 0.99  3.6e+13  -0.26 0.99  2.5e+13
VBe 0.71 1 1.2e+15  -1.23 0.99  LIe+14  -0.42 0.98  3.6e+13  -0.88 0.98  2.5e+13
CPs vTi 0.75 1 1.2e+15  -1.08 1 1.1e+14  -0.1 0.99  3.6e+13  -0.37 0.99  2.5e+13
VMT:1 -1.75 088 1.1e+15 -3.83 087 9.3e+13  -4.62 083  3.1e+13  -5.65 082  2.1e+13
VMT2 -1.65 0.9 1.1e+15  -2.52 0.92  9.9e+13  -1.73 0.91 3.3e+13  -1.84 0.91 2.3e+13
VMT3 -1.89 0.9 1.1e+15  -3.25 0.9 9.7e+13  -3.08 0.88  3.2e+13  -3.62 0.88  2.2e+13
VMTy -5.37 0.83  1e+15 -5.85 086 9.2e+13  -5.82 0.83  3.1e+13  -6.53 0.83  2.1e+13
VMTs -3.59 084  1e+15 -5.62 083 8.9e+13  -6.38 0.8 2.9e+13  -7.38 079  2e+13
VB, -1.95 089 1ie+i5 -3 091  9.8e+13  -2.58 089  3.3e+13  -2.93 089  23e+13
VB2 -3.26 085  1e+15 -4.6 085 9.1e+13  -4.61 082  3e+13 -5.17 082  2.1e+13
VBj -0.63 0.94 1ie+15 -1.4 0.98  1e+14 -0.54 0.97  3.5e+13  -0.69 0.97  2.4e+13
VB, -18.77  0.66  8e+14 -1458 o077  8.2e+13 -13.22 078 28e+13 -13.31 078  2e+13
VHT — 1.02  8et+14 — 1 1.2e+14 — 097 38e+13 — 0.99  2.4e+13
VsyG — 1 7.8e+14 — 1 1.2e+14 — 1 3.9e+13  — 1 2.4e+13
VMC: 3.2 1.08 8g4e+14 -1.2 0.99 1.2e+14 -0.6 0.96 3.8e+13  -0.15 0.99  2.4e+13
VMC2 1.44 101 7.9e+14  -1.34 0.98 1.2e+14  -0.25 0.98  3.9e+13  -0.43 1 2.4e+13
VD1 -0.56 091  7.1e+14  -3.68 0.9 1.1e+14  -3.95 087  3.4e+13  -4.35 087  2.1e+13
VD2 -0.27 0.92  7.2e+14  -3.17 0.91 1.1e+14  -3.11 0.88  3.5e+13  -3.24 089  2.2e+13
VD3 0.01 0.92  7.2e+14  -2.44 092 11e+14 -1.8 091  3.6e+13  -1.47 093  2.2e+13
VEP -0.77 0.9 7.1e+14  -0.59 1.01  1.2e+14  -0.16 098  3.9e+13  0.03 1 2.4e+13
VBe 1.39 1 7.8e+14  -0.98 0.99 1.2e+14 0 1 3.9e+13  -0.51 0.99  2.4e+13
Rand. Sys. vty 1.39 1 7.8e+14  -0.81 1 1.2e+14 0.2 1 3.9e+13  -0.05 1 2.4e+13
VMT1 0.34 0.9 7.1e+14  -3.86 087  1e+14 -4.71 0.83  3.3e+13  -5.29 0.83  2e+13
VMT2 0.03 0.92  7.2e+14  -2.47 092 1.1e+14 -1.81 091  3.6e+13  -1.51 092  2.2e+13
VMT3 -0.26 091  7.2e+14  -3.2 0.9 1.1e+14  -3.12 088  3.5e+13  -3.28 089  2.1e+13
VMTy -3.8 085 6.7e+14  -5.8 086  1e+14 -5.85 083 33e+13  -6.19 084 2e+13
VMTs -1.54 087  6.8e+14  -5.65 083  1e+14 -6.47 0.8 3.2e+13  -7.03 0.8 1.9e+13
VB1 -0.27 0.92  7.2e+14  -2.95 0.91 1.1e+14  -2.66 089 3.5e+13  -2.61 0.9 2.2e+13
VB2 -1.14 088  6.9e+14  -4.66 0.85 1e+14 -4.76 082  3.2e+13  -4.81 083  2e+13
Vij 0.59 0.96  7.5e+14  -1.24 0.98  1.2e+14  -0.55 0.97 3.8e+13  -04 0.98  2.4e+13
VB, -18.52  0.66  5.2e+14 -14.32 077  9.3e+13  -13.15 078  3.1e+13  -13.11 079  1.9e+13
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Table B.46: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.95, CV(X) = 0.67

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 095  5.2e+12 — 1.09  4e+11 — 1.28  1.1e+11 — 141 6.9e+10
vsyag — 1 5.5e+12 — 1 3.7e+11 — 1 8.4e+10 — 1 4.9e+10
VMC 1.19 089  4.9e+12  -0.59 0.96  3.5e+11 -0.89 111 9.3e+10 1.3 1.2 5.9e+10
VMmC2 1.3 1 5.5e+12  -0.59 0.99  3.6e+11  -0.58 0.99 83e+10  1.64 0.98  4.8e+10
VD, 0.76 0.97 5.3e+12  -1.33 0.94  3.4e+11 -1.68 089 7.5e+10 0.28 086  4.2e+10
VD2 0.94 0.97  5.4e+12  -0.99 094  3.5e+11  -1.09 0.9 7.6e+10  1.05 088  4.3e+10
VD3 111 0.97  5.4e+12  -0.47 096  3.5e+11  0.05 093  7.9e+10 271 092 4.5e+10
Vip 0.63 0.96  53e+12  -0.61 0.98  3.6e+11  -0.67 0.94  7.9e+10  1.51 0.91  4.5e+10
VBe 1.22 0.99 5.5e+12  -0.7 0.98  3.6e+11  -0.8 0.97 8.2e+10 1.27 0.96  4.7e+10
Brewer VTi 1.23 0.99  5.5e+12  -0.55 1 3.7e+11 -0.22 1 8.5e+10 223 1.01 5e+10
VMT1 1.91 0.98  5.4e+12  -0.54 0.94  3.4e+11  -1.21 0.88  7.4e+10 061 085  4.2e+10
VMT2 1.17 0.97  5.4e+12  -0.44 0.96  3.5e+11  0.08 093 7.8e+10 273 0.92  4.5e+10
VMT; 1 0.97  5.4e+12  -0.96 0.94  3.5e+11  -1.06 0.9 7.6e+10  1.08 0.88  4.3e+10
VMTy -1.73 092  5.1e+12  -2.97 091  3.3e+11  -3.15 087 73e+10 -1.18 084  g.1e+10
VMTs 0.47 0.95 5.3e+12  -1.94 0.91 3.3e+11 -2.59 0.86  7.2e+10 -0.79 0.83  4.1e+10
VBi 0.94 0.97  5.4e+12  -0.81 095  3.5e+11  -0.54 092 7.8e+10  1.92 091  4.4e+10
VB2 0.76 096  5.3e+12  -1.08 0.92  3.4e+11  -0.87 088 7.5e+10  1.55 087  4.3e+10
VB3 1.11 0.98  5.4e+12  -0.55 0.98  3.6e+11 -0.21 096 8.1e+10 23 0.95  4.6e+10
Viy -17.22  0.69  3.8e+12 -13.71 079  2.9e+11  -13.32 081 6.8e+10 -11.47 079  3.9e+10
VHT — 0.99  5.4e+12 — 1.05  3.6e+11  — 1.09 8.9e+10 — 116  5.3e+10
VsyG — 1 5.5e+12 — 1 3.5e+11 — 1 8.2e+10 — 1 4.6e+10
VMmcr 0.99 1 5.4e+12  -0.14 1.05  3.6e+11  -0.24 1.09  8.9e+10  0.27 115  5.3e+10
vMC: 1.27 101 5.5e+12  -0.4 099  3.4e+11  0.21 1 8.2e+10 047 099  4.5e+10
VD 2.15 0.99 5.4e+12 236 101 3.5e+11 4.44 0.93 7.6e+10  5.87 0.92  4.2e+10
VD2 2.32 1 5.4e+12 271 1.01  3.5e+11  5.07 095 7.8e+10  6.69 094  4.3e+10
VD3 2.5 1 5.5e+12  3.26 1.03  3.6e+11  6.29 0.98 8.1e+10 846 1 4.5e+10
VEP 2.01 0.99  5.4e+12  3.16 1.05  3.6e+11  5.55 099 8.1e+10  7.22 098  4.5e+10
VBe 2.62 1.02  5.6e+12 3 1.06  3.7e+11  5.33 1.02  83e+10  6.82 102 4.7€+10
Tillé VT 2.63 1.02  5.6e+12  3.19 1.07  3.7e+11 6 1.05 8.6e+10  7.93 1.08  4.9e+10
VMT1 3.3 1.01  5.5e+12  3.16 1.01  3.5e+11  4.92 093 7.6e+10 6.2 091  4.2e+10
VMT2 2.56 1 5.5e+12  3.29 1.03  3.6e+11  6.32 098 8.1e+t10 849 0.99  4.5e+10
VMT; 238 1 5.4e+12 274 1.01  3.5e+11  5.09 095 7.8e+10  6.71 094  4.3e+10
VMTy4 -0.38 0.94 5.2e+12  0.66 0.97  3.4e+11 287 0.9 7.4e+10  4.33 089  4.1e+10
VMTs 1.84 0.98  54e+12  1.71 0.98  3.4e+11 3.46 0.9 7.4e+10  4.73 0.88  ge+10
VB 2.32 1 5.4e+12 2.9 1.02  3.5e+11  5.66 097  7.9e+10  7.63 0.97  4.4e+10
VB2 2.14 0.99 5.4e+12 261 0.99  3.4e+11 5.27 0.93 7.6e+10  7.19 0.93  4.2e+10
VB3 2.5 1.01  5.5e+12 3.2 1.05  3.6e+11  6.05 101  83e+10 8.07 102 4.6e+10
Ve, -16.06 0.7 3.8e+12  -1043 0.83 2.9e+11  -7.85 0.8 6.6e+10  -6.43 0.8 3.7€+10
VHT — 088  4.8e+12 — 0.95  3.5e+11  — 113 9.4e+10 — 121 5.8e+10
VsyG — 1 5.4e+12 — 1 3.7e+11 — 1 8.3e+10 — 1 4.8e+10
VMmC: -0.94 089  4.8e+12  -0.78 0.96  3.5e+11  0.12 113 9.4e+10 0.4 121 5.8e+10
VMC2 -0.77 1 5.4e+12  -0.87 1 3.7e+11  -0.27 1 8.3e+10 04 1.01  4.8e+10
VD -1.2 0.97 53e+12  -1.68 0.94  3.5e+11  -1.29 0.9 7.5e+10  -0.97 0.88  g.2e+10
VD2 -1.03 098  53e+12  -1.35 095  3.5e+11  -0.7 092  7.6e+10  -0.21 0.9 4.3e+10
VD3 -0.86 098 53e+12 -0.83 0.96  3.5e+11 045 0.95 7.9e+10  1.42 0.94  4.5e+10
VEP -1.32 0.97  5.2e+12  -0.97 098  3.6e+11  -0.27 095  7.9e+10  0.24 093  4.5e+10
VBe -0.74 1 5.4e+12  -1.01 0.99  3.6e+11  -0.47 0.98 82e+10 -0.01 0.98  4.7e+10
CPS VT -0.73 1 5.4e+12  -0.86 1.01  3.7e+11 0.1 1.02 85e+10 0.93 1.03  4.9e+10
VMT: -0.07 0.99 5.3e+12  -0.9 0.94  3.5e+11  -0.81 0.9 7.5e+10  -0.65 087  4.2e+10
VMT2 -0.8 0.98 53e+12  -0.79 0.96  3.5e+11 048 0.95 7.9e+10  1.45 0.94  4.5e+10
VMT3 -0.97 098  5.3e+12  -1.31 0.95  3.5e+11  -0.67 091  7.6e+10  -0.18 089  4.3e+10
VMTy -3.64 0.93  5e+12 -3.31 091  3.3e+11  -2.77 0.88  7.3e+10 -2.42 0.86  4.1e+10
VMTs -1.49 096  5.2e+12  -2.29 091  34e+11 2.2 087 7.3e+10 -2.03 085  g.1e+10
VB, -1.03 098  53e+12  -1.16 0.95  3.5e+11  -0.15 093 7.8e+10 0.65 0.92  4.4e+10
VB2 -1.2 097  5.2e+12  -1.43 0.93  3.4e+11  -0.47 0.9 7.5e+10  0.28 0.88  g.2e+10
VB3 -0.85 0.99 53e+12  -0.89 0.98  3.6e+11  0.18 0.97 8.1e+10 1.02 0.96  4.6e+10
Viy -18.82 o7 3.8e+12  -14 0.8 2.9e+11  -12.99 082 68e+10 -1258 082  3.9e+10
VHT — 088  48e+12 — 0.95  3.5e+11 — 1.1 9.4e+10  — 121 6e+10
VsyaG — 1 5.5e+12 — 1 3.8e+11 — 1 8.5e+10 — 1 4.9e+10
VMC: 0.45 089  g.9e+12  -0.1 0.97  3.7e+11  -0.21 115 9.8e+10  -0.6 1.24  6.1e+10
VMC2 0.27 1 5.4e+12  0.16 1 3.8e+11 -0.54 1 8.5e+10  -0.67 1 4.9e+10
VD -0.16 0.97 53e+12  -0.85 0.94  3.5e+11  -2.02 088  7.5e+10 -2.5 085  4.2e+10
VD2 0.01 0.98  53e+12  -0.51 0.94  3.5e+11  -1.44 089 7.6e+t10 -1.76 0.86  4.2e+10
VD3 0.18 0.98  53e+12  0.01 096  3.6e+11  -0.31 092  7.9e+10  -0.17 0.9 4.4e+10
VEP -0.29 0.97  53e+12  -0.11 098  37e+11  -1.04 093  7.9e+10  -1.32 0.9 4.4e+10
VBe 0.28 1 5.4e+12  -0.17 0.98  3.7e+11 -1.17 0.96  8.2e+10 -1.51 0.95  4.7e+10
Rand. Sys. v 0.28 1 5.4e+12  -0.01 1 3.7e+11  -0.62 1 8.5e+10  -0.62 1 4.9e+10
VMT1 0.98 0.99  5.4e+12  -0.07 0.94  3.5e+11 -1.55 087  7.4e+10 -2.19 084  4.1e+10
VMT2 0.24 0.98  53e+12  0.04 096  3.6e+11  -0.28 092 7.8e+10 -0.14 0.9 4.4e+10
VMT3 0.07 098  53e+12  -048 0.94  3.5e+11  -1.41 089 7.6e+i0 -1.73 086  4.2e+10
VMTy -2.63 0.92  5e+12 -2.5 0.91 3.4€+11 -3.49 086 7.3e+10 -3.93 083  4.1e+10
VMTs -0.45 0.96  5.2e+12  -1.48 0.91  3.4e+11  -2.092 085  7.2e+10 -3.55 082  ge+10
VB 0.01 0.98  53e+12  -0.33 0.95 3.6e+11  -0.9 091  7.8e+10  -0.93 089  4.4e+10
VB2 -0.16 096  5.3e+12  -0.61 0.92  3.5e+11  -1.21 088 7.5e+10  -1.28 085  4.2e+10
Vij 0.17 0.99  5.4e+12  -0.04 098  3.7e+11  -0.58 0.95 8.1e+10 -0.58 0.93  4.6e+10

VB, -18 0.69 3.8e+12  -13.25 079  3e+11 -13.66 0.8 6.8e+10  -13.98 0.8 3.9e+10
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Table B.47: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

Sukhatme population (N = 34), CV(Y) = 0.95, CV(X) = 0.5

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.91 1.2e+13  — 0.98  7.1e+11 — 1.08  1.6e+11 — 116  9e+10
vsyag — 1 1.3e+13 — 1 7.3e+11  — 1 14e+11  — 1 7.7€+10
VMC 0.94 0.9 1.1e+13  -0.22 0.91 6.6e+11 -1.09 0.97  1.4e+11 0.72 102 7.9e+10
VMC2 0.89 1.01  1.3e+13  -0.17 1 7.3e+11  -0.93 0.99  1.4e+11  0.96 0.98  7.6e+10
VD1 0.72 1.01 1.3e+13  -0.38 0.99  7.2e+11 -1.27 0.96  1.4e+11  0.56 0.94  7.3e+10
VD2 0.83 101 1.3e+13  -0.2 1 7.3e+11  -0.97 097  1.4e+11  0.95 095  7.4e+10
VD3 0.93 101 1.3e+13  0.16 1.01  7.4e+11  -0.09 1 14e+11 225 1 7.7€+10
VEp 0.64 1 1.3e+13  -0.21 1 7.3e+11  -1.06 0.97 1.4e+11 0.8 0.95  7.3e+10
VBe 0.79 1.01  1.3e+13  -0.26 1 7.3e+11  -1.07 098  14e+11 079 097  7.5e+10
Brewer VTi 0.8 1.01  1.3e+13  -0.07 1.01  7.4e+11  -0.46 1.01  1.5e+11 1.78 102 7.9e+10
VMT1 1.46 1.02  1.3e+13  0.21 1.01  7.3e+11  -0.81 097  1.4e+11  0.95 095  7.3e+10
VMT2 0.95 1.01  1.3e+13 0.8 1.01  7.4e+11  -0.07 1 14e+11 227 099  7.7e+10
VMT3 0.85 1.01 1.3e+13  -0.18 1 7.3e+11 -0.95 0.97  1.4e+11 0.97 0.95 7.3e+10
VMTy -0.7 098  1.2e+13  -1.32 098  7.ae+11  -2.1 095  1.4e+11  -0.27 092  7.2e+10
VMTs 0.65 1.01  1.3e+13  -0.58 0.99  7.2e+11  -1.59 0.96  1.4e+11  0.16 0.93  7.2e+10
VB1 0.83 1.01  1.3e+13  -0.02 101 7.3e+11  -04 099  14e+11  1.86 099  7.6e+10
VB2 0.82 1.01  1.3e+13  -0.05 1 7.3e+11  -0.43 0.99 14e+11 183 0.98  7.6e+10
VB3 0.84 1.01 1.3e+13 0 1.01 7.3e+11 -0.37 1 1.4e+11 1.89 0.99  7.7e+10
Viy -15.05 073  9.3e+12  -11.39  0.83  6e+11 -11.53 0.85 1.2e+11  -9.75 084  6.5e+10
VHT — 1 1.2e+13 — 1.03  6.6e+11  — 1.07  1.2e+11 — 111 6.4e+10
VsyG — 1 1.2e+13 — 1 6.4e+11  — 1 1.2e+11 — 1 5.8e+10
VMt 1.34 1.01  1.2e+13  -0.71 1.04 6.6e+11  -0.31 1.08  1.3e+11  0.19 111 6.4e+10
VMC2 1.33 1 1.2e+13  -0.72 1 6.4e+11  -0.23 1 1.2e+11  0.21 1 5.8e+10
VD: 2.84 1.06 1.3e+13 263 113 7.3e+11 5.26 1.21 1.4e+11 6.9 1.25 7.3e+10
VD2 2.95 1.07  1.3e+13 282 114  7.3e+11  5.58 122 14e+11 7.32 1.27  7.4e+10
VDs3 3.06 1.07 13e+13  3.19 115  7.4e+11 6.52 1.26  1.5e+11 8.71 1.34  7.8e+10
VEP 2.76 1.06  1.3e+13  2.83 114 7.3e+11  5.49 121 14e+11 718 1.26  7.3e+10
VBe 2.91 1.07  1.3e+13 276 114 7.3e+11 548 1.23  14e+11 711 1.3 7.5€+10
Tillé VTi 2.93 1.07  1.3e+13  2.96 115  7.4€+11 6.15 1.27  1.5€+11 8.18 136  7.9e+10
VMT1 3.59 1.08  1.3e+13  3.24 114 7.3e+11  5.73 1.22  14e+11 7.31 1.26  7.3e+10
VMT2 3.08 1.07  13€+13  3.21 115  7.4e+11 6.54 1.26  1.5e+11 8.73 1.34  7.8e+10
VMT3 2.97 107 13e+13 284 114 7.3e+11 5.6 122 14e+11 7.34 1.27  7.4e+10
VMTy 1.39 1.03  1.3e+13  1.67 111 7.ae+11 437 118  1.4e+11  6.02 1.23  7.1e+10
VMTs 2.76 1.06 1.3e+13 242 113 7.2e+11 4.9 119  1.4e+11 6.47 1.24  7.2e+10
VB1 2.95 1.07  1.3e+13 3 114 7.4e+11 6.9 1.25  1.5e+11  8.29 1.33  7.7e+10
VB2 2.94 1.07  13e+13 297 114 7.3e+11 6.14 1.24 1.4e+11 8.24 132 7.7e+10
VB3 2.96 1.07 1.3e+13  3.04 115  7.4e+11  6.24 1.26  1.5e+11  8.34 133  7.8e+10
Viy -13.26  0.77  9.4e+12 -8.69 0.92  5.9e+11 -5.65 1 1.2e+11 -4.02 1.03 6e+10
VHT — 088 11e+13 — 091  6.7e+11 — 0.98  14e+11 — 1.04  7.8e+10
VsyG — 1 1.3e+13 — 1 7.3e+11 — 1 1.4e+11 — 1 7.5e+10
VMmC: 0.59 089 1.1e+13  -0.4 091  6.7e+11  0.76 0.99  1.4e+11  -1.5 1.04  7.8e+10
VMC2 0.65 1 1.3e+13  -0.41 1 7.4e+11 0.39 1 1.4e+11 -1.69 1 7.5e+10
VD: 0.67 1 1.3e+13  -0.59 0.99  7.3e+11 0.3 098  14e+11  -2.02 096  7.2e+10
VD2 0.78 1 1.3e+13  -0.41 1 7.3e+11  0.61 0.98  1.4e+11  -1.65 0.97  7.3e+10
VD3 0.89 1 1.3e+13  -0.05 1.01  7.4e+11 1.49 1.01 1.4e+11 -0.38 1.02  7.6e+10
VEP 0.59 1 1.3e+13  -0.42 1 7.3e+11  0.53 098  14e+11  -1.78 097  7.3e+10
VBe 0.76 1 1.3e+13  -0.46 1 7.3e+11 0.4 1 1.4e+11  -1.85 0.99  7.5e+10
CPs vTi 0.77 1 1.3e+13  -0.27 1.01  7.4e+11  1.02 1.03  1.5e+11  -0.89 1.04 7.8e+10
VMT:1 1.4 1.01  1.3e+13 O 1 7.4e+11  0.76 0.98  14e+11  -1.65 0.97  7.3e+10
VMT2 0.91 1 1.3e+13  -0.03 101 7.4€+11 1.51 1.01 1.4e+11 -0.36 1.01 7.6e+10
VMT3 08 1 1.3e+13  -0.39 0.99  7.3e+11  0.62 098  14e+11  -1.63 097  7.3e+10
VMTy -0.74 0.97  1.2e+13  -1.53 0.97  7.1e+11 -0.55 0.96  1.4e+11 -2.83 0.95 7.1e+10
VMTs 0.59 1 1.3e+13  -0.79 0.99  7.2e+11  -0.03 097  1.4e+11  -2.42 095  7.2e+10
VB, 0.78 1 1.3e+13  -0.23 1 7.4e+11 1.18 1.01  1.4e+11  -0.76 101 7.6e+10
VB2 0.76 1 1.3e+13  -0.26 1 7.3e+11 1.15 1 1.4e+11 -0.8 1 7.5e+10
VB; 0.8 1 1.3e+13  -0.21 1 7.4e+11  1.21 1.01  1.4e+11  -0.73 1.01  7.6e+10
Viy -15.07 0.73 9.4e+12 -11.58 083 6.1e+11  -10.13 085 1.2e+11  -12.07 089  6.7e+10
VHT — 088 1.1e+13 — 0.9 6.7e+11 — 0.97  1.4e+11 — 1.04 8e+10
vsyag — 1 1.3e+13 — 1 7.5e+11  — 1 1.5e+11 — 1 7.7€+10
VMC: 0.23 088 1.1e+13 0.5 091  6.8e+11  0.12 1 1.5e+11  0.08 1.07  8.2e+10
VMC2 0.18 1 1.3e+13  0.39 1 7.5e+11 0.22 1 1.5e+11 0.21 1 7.7€+10
VD: 0.09 1 1.3e+13  -0.13 0.98  7.3e+11  -0.71 095  1.4e+11  -1.05 092  7.1e+10
VD2 0.19 1 1.3e+13  0.05 0.98  7.3e+11 -0.4 0.95 1.4e+11 -0.67 0.93 7.1e+10
VD3 0.3 1 1.3e+13 041 1 7.4€+11 047 098  14e+11 0.6 097  7.5e+10
VEP 0.01 0.99  1.3e+13  0.05 0.99  7.3e+11  -0.51 095  1l.4e+11  -0.81 093  7.1e+10
VBe 0.17 1 1.3e+13  0.04 0.99  7.4e+11 -0.52 0.97  1.4e+11 -0.84 0.95 7.3e+10
Rand. Sys. vty 0.18 1 1.3e+13 023 1 7.4e+11  0.09 099  L.5e+11  0.12 099  7.6e+10
VMT1 0.81 1.01 1.3e+13  0.46 0.99  7.4e+11 -0.25 0.95 1.4e+11 -0.67 0.93 7.1e+10
VMT2 0.32 1 1.3e+13 043 1 7.4€+11  0.49 098  14e+11  0.62 097  7.5e+10
VMT3 0.22 1 1.3e+13  0.07 098  73e+11  -0.39 0.95  1.4e+11  -0.65 0.93  7.1e+10
VMTy -1.32 0.97 1.2e+13 -1.07 0.96 7.2e+11 -1.55 0.93 1.4e+11 -1.87 0.91 7€+10
VMTs 0.01 0.99  1.3e+13  -0.34 098  7.3e+11  -1.04 094  1.4e+11  -1.45 091  7e+10
VB1 0.19 1 1.3e+13  0.23 0.99  7.4e+11 0.17 0.98  1.4e+11 0.21 0.96  7.4e+10
VB2 0.17 1 1.3e+13 0.2 0.99  7.4e+11  0.14 097  1.4e+11 018 096  7.4e+10
Vs 0.21 1 1.3e+13  0.26 0.99  7.4e+11 0.19 0.98  1.4e+11  0.25 0.97  7.4€+10
VB, -15.57 073 9.3e+12  -11.15 0.81  6.1e+11  -11.04 0.83  1.2e+11  -11.2 084  6.5e+10
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Table B.48: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.76, CV(X) = 1.1

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94  2e+19 — 1.03 2.1e+18 — 1.04 5.5e+17  — 113 3.8e+17
vsyag — 1 2.1e+19  — 1 2.1e+18  — 1 5.3e+17  — 1 3.4e+17
VMC -0.5 0.92  1.9e+19  3.68 115  2.4e+18  -0.54 1.01  53e+17  0.36 112 3.8e+17
VMmC2 -6.9 077  1.6e+19  4.76 1.23  25e+18  -0.83 1.03  5.4e+17  -3.19 1.03  3.5e+17
VD, -7.2 0.81 1.7e+19  -8.43 085 1.8e+18 -9.78 084  4.4e+17  -11.33 087  2.9e+17
VD2 -6.55 082  1ye+19  -7.a1 0.88  1.8e+18  -7.12 089 47e+17  -7.52 0.95  3.2e+17
VD3 -5.89 083 17e+19  -5.01 0.92  1.9e+18 -3.19 0.96  5.1e+17  -1.85 1.07  3.6e+17
VP -7.68 0.8 1.7e+19 0.2 1.03 2.1e+18  o0.21 1.04  5.5e+17 045 113 3.8e+17
VBe -0.95 0.93  1.9e+19  -2.38 0.98  2e+18 -2.49 1 5.3e+17  -6.16 0.97  3.3e+17
Brewer VTi -0.55 0.94  2e+19 -1.14 1 2.1e+18  -0.39 1.03 5.4e+17  -2.05 1.06  3.6e+17
VMT1 -6.54 082 1ye+19 -9.3 083 17e+18 -11.25 081 4.3e+17 -12.84 084 28e+17
VMT2 -5.84 083 17e+19  -5.06 0.92  1.9e+18  -3.38 0.96  5e+17 -2.21 1.06  3.6e+17
VMT3 -6.5 082 1.7e+19 -7.15 0.88  1.8e+18  -7.29 089 47e+17  -7.84 0.94  3.2e+17
VMTy4 -13.11  0.71 1.5e+19  -12.39 078  1.6e+18 -13.32 0.77 4.1e+17  -14.71 081  2.7e+17
VMTs -10.11 076  1.6e+19  -12.73 077 1.6e+18 -1456 0.75 3.9e+17  -16.05 078  2.6e+17
VB1 -6.55 082 17e+19  -6.36 089 1.8e+18  -5.98 091  4.8e+17  -5.91 0.98  3.3e+17
VB2 -9.42 077 16e+19 -1086 081 1.7e+18 -11.09 081 4.3e+17 -11.18 087  2.9e+17
VBj -3.68 087 1.8e+19 -1.87 0.98  2e+18 -0.88 1.01  5.3e+17  -0.64 1.1 3.7e+17
Viy -26.28 052 1.le+19  -17.5 0.7 1.4e+18  -15.42 074 3.9e+17  -14.98 081  2.7e+17
VHT — 084 1.8e+19 — 111 2e+18 — 0.94  7.5e+17  — 1.09  3.7e+17
VsyG — 1 2.2e419 — 1 1.8e+18 — 1 8e+17 — 1 3.4e+17
VMmC: -0.54 085 1.9e+19 2.5 116  2e+18 0.51 0.95 7.6e+17  1.65 111 3.8e+17
VMC2 -1.3 085 1.9e+19 -3.78 1.03 1.8e+18 1.12 1.05 8.4e+17  -6.13 101 3.4e+17
VD -6.15 0.74  1.6e+19  -7.29 0.92 1.6e+18  -8.85 076  6.1e+17  -10.64 083  2.9e+17
VD2 -5.63 0.74  1.6e+19  -5.93 0.95 1.7e+18  -6.17 0.8 6.4e+17  -6.69 091  3.1e+17
VD3 -5.1 0.75 1.6e+19  -3.86 0.99 1.8e+18  -2.29 087  7e+1y -0.77 1.03  3.5e+17
VEP -6.53 073 1.6e+19 143 111 2e+18 1.36 094 7.5e+17  1.61 1.09  3.7e+17
VBe 1.06 087 1.9e+19 -1.39 1.06  1.9e+18  -2.17 088  7.1e+17  -6.65 0.9 3.1e+17
Tillé VTi 1.5 0.88 1.9e+19 -0.1 1.08 1.9e+18  0.22 0.92 7.4e+17  -1.97 0.99  3.4e+17
VMT: -5.9 0.74 1.6e+19  -8.18 0.9 1.6e+18  -10.33 073 5.9e+17  -12.13 0.8 2.8e+17
VMT2 -4.91 0.76  1.7e+19  -3.94 0.99 1.8e+18  -2.46 086  6.9e+17  -1.24 102 3.5e+17
VMT3 -5.44 075 1.6e+t19 -6 0.95 1.7e+18  -6.32 0.8 6.4e+17  -7.12 0.9 3.1e+17
VMTy4 -12.12 065 1.4e+19  -11.31  0.84 1.5e+18  -12.42 0.7 5.6e+17  -14.04 0.7  2.6e+17
VMTs -9.5 0.68 1.5e+19 -11.66 084 1.5e+18 -13.67 068 54e+17 -15.38 074  2.6e+17
VB1 -5.63 0.74  1.6e+19  -5.26 0.96 1.7e+18  -5.08 082  6.6e+17  -4.98 0.94  3.2e+17
VB2 -8.92 0.69 1.5e+19  -9.8 087 1.5e+18 -10.26 0.73 5.9e+17 -10.29 084  2.9e+17
VB3 -2.34 0.8 1.8e+19  -0.72 1.06  1.9e+18 0.1 091  7.3e+17  0.33 1.05  3.6e+17
Viy -24.54  0.49 1.1e+19  -16.55 0.75 1.3e+18  -14.54 067  5.4e+17  -14.16 077  2.7e+17
VHT — 1.04 1.6e+19 — 1 2.6e+18 — 0.95  5.5e+17  — 0.96  4.3e+17
VsyG — 1 1.5e+19 — 1 2.6e+18 — 1 5.8e+17  — 1 4.5e+17
VMmC: -1.05 1.04 1.6e+19  1.21 1.07 28e+18  1.08 0.97  5.6e+17  3.22 1.04  4.7e+17
VMC2 -0.45 111 L7e+19  3.11 117  3e+18 1.54 1 5.8e+17  3.76 1.08  4.9e+17
VD1 -8.55 088 13e+19 -9.36 0.83 22e+18  -9.41 077  4.5e+17  -10.63 0.76  3.4e+17
VD2 -7.85 089 13e+19 -8.04 086 2.2e+18 -6.85 082  47e+17  -7.07 082  3.7e+17
VD3 -7.14 0.9 1.4e+19  -6.04 0.9 2.3e+18  -3.14 0.88 51e+17  -1.97 0.91 4.1e+17
VEP -9.06 087 1.3e+19 -1.14 1 2.6e+18  0.24 0.95 5.5e+17  0.35 0.96  4.3e+17
VBe -3 0.99  15e+19  -2.61 0.98  2.5e+18  -1.06 0.95  5.5e+17  -2.45 0.93  4.2e+17
CPS VT -2.56 1 1.5e+19  -1.59 1 2.6e+18  0.66 0.97 5.6e+17  0.24 0.96  4.3e+17
VMT: -7.6 0.9 1.4e+19 -10.31 081  2.1e+18  -10.9 0.75  4.3e+17  -12.21 073  3.3e+17
VMT2 -7.15 0.9 1.4e+19  -6.11 089 23e+18  -3.21 0.88  s5.1e+17  -2.03 0.91 4.1e+17
VMT; -7.85 089 13e+19 -8.1 086 22e+18  -6.91 082  4ye+17  -7.a1 082  3.7e+17
VMTy -14.36 077  1.2e+19  -13.29 0.76  2e+18 -12.96 072  4.1e+17  -14.04 0.7 3.2e+17
VMTs -11.13 083 1.2e+19  -13.7 0.75  2e+18 -14.22  0.69  4e+17 -15.45 0.68  3.1e+17
VB, -7.85 089 13e+19  -7.4 087 23e+18  -5.81 083 4.8e+17  -5.74 084  3.8e+17
VB, -10.41 084 1.3e+19 -11.89 079  20+18 -10.95 074  4.3e+17  -11.06 075  3.4e+17
VB3 -5.28 0.94 1.4e+19  -2.91 0.96 2.5e+18  -0.68 0.93  5.4e+17  -0.43 0.94  4.2e+17
VBy -27.99 055 8.3e+18 -18.31 068 1.8e+18 -15.23 0.68 3.9e+17 -14.72 0.7 3.1e+17
VHT — 0.96  27e+19 < — 0.95 1.9e+18  — 1.07  5.9e+17  — 0.97  4e+17
Vsya — 1 2.8e+19 — 1 2e+18 — 1 5.6e+17  — 1 4.1e+17
VMC: -1.35 0.93 2.6e+19 084 0.98  1.9e+18  1.46 113 6.3e+17 045 0.98  ge+17
VMC2 -7.06 083 23e+19  4.28 1.09 22e+18 -1.89 1.03  5.7e+17 1.3 1 4.1e+17
VD: -6.59 085  24e+19  -7.4 081 1.6e+18 -11.29 084 4.7e+17  -10.61 078  3.2e+17
VD2 -6.07 086  24e+19  -6.28 0.83 1.6e+18  -8.58 0.9 5e+17 -7.28 0.83  3.4e+17
VDs3 -5.55 087  24e+19  -4.62 086  1.7e+18  -4.4 0.98  5.5e+17  -2.57 091  3.8e+17
VEP -6.97 084 24e+19  0.08 0.95 1.9e+18  -0.92 1.07  5.9e+17  -0.25 0.97  4e+17
VBe 0.63 1 2.8e+19  1.24 1 2e+18 -5.87 0.94 5.2e+17  -0.34 0.99  4.1e+17
Rand. Sys. v 1.07 1 2.8e+19  2.01 1.01  2e+18 -3.07 1 5.5e+17 1.4 1.01  4.1e+17
VMT1 -6.36 085 24e+19  -8.45 079 1.6e+18 -12.68 082 4.5e+17  -12.21 075  3.1e+17
VMT2 -5.36 087  2.5e+19  -4.45 087 1.7e+18  -4.69 0.98  5.4e+17  -2.39 092  3.8e+17
VMT; -5.88 086  24e+19  -6.11 084 17e+18  -8.84 089  4.9e+17  -7.09 084  3.4e+17
VMTy -12.53 0.74 2.1e+19 -11.41 0.75 1.5e+18 -14.77 0.78 4.3e+17 -14.02 0.72 3e+17
VMTs -9.94 0.79  2.2e+19 -11.92 0.73 1.4e+18 -15.94 0.76  4.2e+17  -15.45 0.69  2.8e+17
VB1 -6.07 086  24e+19  -5.76 084 1.7e+18  -7.26 0.92  5.1e+17  -6.09 085  3.5e+17
VB2 -9.37 0.8 2.2e+19  -1042 076  1.5e+18  -12.27 082  4.6e+17 -11.39 0.5  3.1e+17
Vij -2.78 0.92  2.6e+19  -1.11 093 1.8e+18 -2.25 1.03  5.7e+17  -0.78 0.95  3.9e+17

VB, -24.84 056 1.6e+19 -16.68 066 1.3e+18 -16.63 075 4.2e+17  -14.99 0.7 2.9e+17
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Table B.49: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.76, CV(X) = 0.96

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94  3.6e+14 — 0.98  4.7e+13 — 1 1.4e+13 — 1.02  8.4e+12
Vsyg — 1 3.8e+14 — 1 4.9e+13  — 1 1.4e+13 — 1 8.3e+12
VMC -0.69 0.96  3.7e+14  -0.71 0.97  4.7e+13  -1.48 0.98  1.4e+13 072 0.99  8.2e+12
vMC: -0.64 0.94  3.6e+14  -0.52 0.97  4.7e+13  -0.92 099  1.4e+13 073 1.02  8.4e+12
VD, -3.78 085  3.2e+14  -4.69 086  g.2e+13  -6.44 085  1.2e+13  -6.31 084  6.9e+12
Vpa -3.3 085 33e+14 -3.82 0.88  4.3e+13  -4.91 0.88  1.2e+13  -4.25 0.88  7.3e+12
VD3 -2.8 086  3.3e+14 -2.13 0.91  4.4e+13  -1.07 0.94  1.3e+13 141 0.96  7.9e+12
VEp -4.15 084  3.2e+14 -0.26 0.99 4.8e+13 -0.73 1 1.4e+13 028 1 8.3e+12
VBe -0.52 0.94  3.6e+14  -0.63 0.97  4.7e+13  -1.57 0.98  1.4e+13 -1 0.98  8.1e+12
Brewer VTi -0.44 0.95 3.6e+14  0.03 0.99 4.8e+13 049 1.01  1.4e+13 236 1.03  8.5e+12
VMT1 -2.49 085  3.3e+14  -4.62 084  4.1e+13  -7.a2 083  1.2e+13  -7.24 081  6.7e+12
VMT2 -2.83 086  3.3e+14 -2.2 0.91  4.4e+13  -1.15 0.94 13e+13 133 0.96  7.9e+12
VMT; -3.32 085 33e+14 -3.89 0.88  4.3e+13  -4.98 0.88  1.2e+13  -4.32 0.88  7.2e+12
VMTy -8.63 076  2.9e+14  -7.94 0.8 3.9e+13  -9.32 0.8 11e+13  -9.12 079  6.5e+12
VMTs -5.36 0.8 3.1e+14  -7.41 0.8 3.9e+13  -9.81 078  1.1e+13  -9.91 077  6.3e+12
VB1 -3.3 085 3.3e+14  -3.02 089  4.3e+13  -2.67 091  1.3e+13  -0.78 092  7.6e+12
VB2 -4.77 081  3.1e+14 -5.43 082  ge+13 -5.59 083 1.2e+13 -3.89 083  6.9e+12
VB3 -1.82 0.9 3.4e+14  -0.6 0.96  4.7e+13 0.25 0.99 1.4e+13 233 1.01 8.3e+12
VBy -23.97 057 22e+14 -16.57 071  3.5e+13  -15.29  0.75 L.Ie+13  -13.75 077  6.3e+12
VHT — 1.07  3.9e+14 — 1.08 5.1e+13 — 1.06  1.4e+13 — 1.09  8.7e+12
Vsya —_ 1 3.7e+14 — 1 4.7e+13 — 1 1.3e+13 — 1 8e+12
VMt -1.11 1.07  3.9e+14 074 .1 5.2e+13  0.99 1.07  1.4e+13  1.05 111 8.9e+12
VMmC2 -1.07 0.97  3.6e+14 1.11 102 4.8e+13  1.12 1 1.3e+13 047 1.03  8.2e+12
VD: -2.02 0.88  3.2e+14 033 089  4.2e+13  0.79 0.86  1.1e+13  -0.22 087  6.9e+12
VD2 -1.52 089 33et14 1.26 0.9 4.3e+13 248 089  1.2e+13  2.02 091  7.3e+12
VD3 -1.02 0.9 3.3e+14  3.08 0.93  4.4e+13  6.76 0.96  1.2e+13  8.17 1 8e+12
VEP -2.39 0.88  3.2e+14 5.23 1.02  4.8e+13  7.13 1.02  1.3e+13  7.13 1.05  8.3e+12
VBe 1.26 0.99  3.6e+14  4.23 0.99  4.7e+13 5.1 0.98  1.3e+13 435 0.99  7.9e+12
Tillé VTi 1.34 0.99 3.6e+14  4.99 1.01 4.8e+13 7.61 1.01 1.3e+13 8.36 1.05 8.3e+12
VMT: -0.68 089 33e+14 0.39 087  4.1e+13  0.08 084 1.1e+13  -1.21 084  6.7e+12
VMT2 -1.05 0.9 3.3e+14  2.98 0.93 4.4e+13 6.62 0.95 1.2e+13 8.04 1 7-9e+12
VMT3 -1.55 089  33e+14 117 0.9 4.2e+13 236 089 1.I1e+13 1.9 091  7.2e+12
VMTy4 -6.96 0.8 2.9e+14 3.1 083  3.9e+13  -2.32 081  1e+13 -3.21 082  6.5e+12
VMTs -3.61 0.84  3.1e+14  -2.54 082  3.9e+13 -2.81 0.79  1e+13 -4.05 0.8 6.3e+12
VB1 -1.52 089  3.3e+14 212 0.92  4.3e+13  4.99 092  1.2e+13  5.79 096  7.6e+12
VB2 -3 085  3.1e+14  -0.43 084  4e+13 1.89 084 1.1e+13 244 087  6.9e+12
VB3 -0.04 0.94  3.4e+14  4.68 0.99 4.7e+13  8.08 1.01 1.3e+13  9.15 1.05  8.4e+12
Ve, -22.62 059 2.2e+14 -12.12 073 3.4e+13  -8.76 076  9.8e+12  -7.95 0.8 6.3e+12
VHT — 0.99  3.6e+14 — 1 4.7e+13 — 0.99 1.3e+13 — 0.98  8.4e+12
VsyG — 1 3.6e+14 — 1 4.7e+13 — 1 1.4e+13 — 1 8.6e+12
VMmC: 0.3 098  3.6et14  -0.09 0.99  4.6e+13 081 0.98 13e+13  -0.1 0.96  8.3e+12
VMC2 0.21 0.98  3.6e+14  -048 0.98  4.6e+13  0.15 0.99  1.3e+13  -0.08 0.99  8.5e+12
VD: -2.8 0.89  3.2e+14  -4.53 088  4.1e+13  -5.27 085 1.2e+13  -6.62 083  7.1e+12
VD2 -2.32 0.9 3.3e+14  -3.66 089  g4.2e+13 -3.7 0.88  1.2e413  -4.55 086  7.4e+12
VD3 -1.84 0.9 3.3e+14  -1.95 0.92  4.3e+13  0.24 0.94  1.3e+13 1.11 0.95 8.1e+12
VEP -3.15 088  3.2et+14 -0.06 1 4.7e+13 0.5 0.99  1.4e+13  -0.01 0.98  8.4e+12
VBe 0.64 0.99  3.6e+14  -0.55 0.99  4.6e+13  -0.5 097  13e+13  -1.4 0.96  8.3e+12
CPs vTi 0.73 1 3.6e+14  0.11 1 4.7e+13 163 1.01  1.4e+13  1.99 101 8.7e+12
VMT:1 -1.56 089  3.2e+14  -4.45 086  ge+13 -5.94 082  1.1e+13  -7.55 0.8 6.9e+12
VMT2 -1.85 0.9 3.3e+14  -2.03 0.92  4.3e+13  0.14 0.93 1.3e+13 1.01 0.94  8.1e+12
VMT3 -2.33 0.9 3.3et14  -3.73 089 4.1e+13  -3.79 087  1.2e+13  -4.64 086  7.4e+12
VMTy -7.69 0.8 2.9e+14  -7.79 082 3.8e+13 -8.19 0.8 1.1e+13  -9.42 078  6.7e+12
VMTs -4.46 084  3.1et+14  -7.24 081  3.8e+13  -8.66 078  1.1e+13  -10.21 076  6.5e+12
VB -2.32 0.9 3.3e+14  -2.84 0.9 4.2e+13  -1.39 0.91 1.2e+13  -1.09 0.9 7.8e+12
VB2 -3.87 085  3.1e+14  -5.25 0.83  3.9e+13  -4.31 0.83 1.1e+13 4.2 082  7.1e+12
VBj -0.77 0.94  3.4e+14  -0.44 0.98  4.6e+13  1.52 0.99  1.3e+13  2.03 0.99  8.5e+12
Viy -23.03 0.6 2.2e+14  -16.45 0.72  3.4e+13  -14.27  0.75 1e+13 -13.99 075  6.5e+12
VHT — 1 3.9e+14 — 0.99  4.7e+13 — 097  13e+13 — 0.97  8.2e+12
Vsvyg — 1 3.8e+14 — 1 4.8e+13  — 1 1.3e+13 — 1 8.5e+12
VMC: 1 1.02  3.9e+14  -0.71 0.98  4.7e+13  -0.65 0.96  1.3e+13  -0.44 0.97 8.2e+12
VMC2 0.77 1.01  3.9e+14  -0.61 0.98  4.7e+13  -0.69 0.99  1.3e+13  -0.31 1 8.4e+12
VD1 -2.85 089  3.4et+14  -5.22 087  4.2e+13  -7.64 083 1.1e+13  -9.56 081  6.9e+12
VD2 -2.37 0.9 3.5e+14 437 0.88  g.2e+13  -6.15 0.86 1.1e+13  -7.6 085  7.2e+12
VD3 -1.88 0.91  3.5e+14  -2.7 0.91  4.4e+13  -2.34 092  1.2e+13  -2.24 093  7.8e+12
VEP -3.21 088  3.4et+14 -0.84 0.99  4.7e+13  -2.15 0.97 13e+13  -3.28 0.96  8.1e+12
VBe 0.54 0.99 3.8e+14 -1.13 0.98  4.7e+13  -2.68 0.97 1.3e+13  -3.96 0.96  8.1e+12
Rand. Sys. vty 0.62 1 3.8e+14  -0.49 1 4.8e+13  -0.73 1 1.3e+13  -0.96 1 8.4e+12
VMT1 -1.59 0.9 3.4e+14  -5.17 085 4.1e+13  -8.29 0.81 1.1e+13  -1046 079  6.6e+12
VMT2 -1.9 0.91  3.5e+14  -2.76 0.91  4.4e+13  -2.41 092  1.2e+13  -23 092  7.8e+12
VMT3 -2.39 0.9 3.5e+14 443 0.88  g.2e+13  -6.2 086 1.1e+13  -7.64 085  7.2e+12
VMTy -7.74 0.8 3.1e+14  -8.46 0.81 3.9e+13  -10.49 0.78  1e+13 -12.27 076 6.5e+12
VMTs -4.49 084  3.2e+14 -7.94 0.8 3.8e+13  -10.94 076  1e+13 -13.04 0.74  6.3e+12
VB1 -2.37 0.9 3.5e+14  -3.57 0.9 4.3e+13  -3.91 089  1.2e+13  -4.32 089  7.5e+12
VB2 -3.89 085 33e+14  -5.98 083  3.9e+13  -6.73 0.81 1.1e+13  -7.34 0.8 6.8e+12
Vi; -0.84 0.95 3.6e+14 -1.16 0.97  4.6e+13  -1.09 0.97  1.3e+13  -1.31 0.97 8.2e+12
VB, -23.13 0.6 2.3e+14  -17.04 072  3.4e+13  -1652 074 9.8e+12  -16.8 074  6.3e+12
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Table B.5s0: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.76, CV(X) = 0.77

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 4.19  5.4e+12  — 9.92  7.3e+11 — 22,79  28e+11  — 31.38  1.9e+11
vsyG — 1 1.3e+12 — 1 7.3e+10 — 1 1.2e+10 — 1 6e+09
VMC1 1.74 262 34e+12  -0.78 7.94 58e+11  -1.15 20.7 2.5e+11  -2.51 30.1 1.8e+11
vMmC: 1.57 1.09  1.4e+12  -1.03 1.05  7.7e+10  -0.49 1.03 1.2e+10  -0.48 1 6e+09
VD: 3.96 117  1.5e+12 1 112 8.2e+10 1.12 1.01 1.2e+10  0.78 0.92 5.6e+09
VD2 4.23 118  1.5e+12 152 113 83e+10 201 1.04 1.2e+10  1.92 0.95 5.7e+09
VD3 4.5 119  1.5e+12 232 116  8.5e+10  3.62 1.09 1.3e+10  4.09 1.01 6.1e+09
VEP 3.76 1.16 1.5e+12  -1.1 1.06  7.8e+10  -0.49 1 1.2e+10  -0.39 0.95 5.7€+09
VBe 2 1.1 1.4e+12  -0.28 1.07  7.9e+10 0.6 1.04 1.3e+10  0.77 1 6e+09
Brewer VTi 1.57 1.08 1.4e+12  -1.19 1.05 7.7e+10  -0.88 1.04 1.3e+10  -1.01 1.03 6.2e+09
VMT1 6.71 1.25 1.6e+12  3.39 118  8.6e+10  2.62 1.03 1.2e+10 1.75 0.92 5.6e+09
VMT2 4.55 1.18 1.5e+12 2.31 116  8.5e+10  3.61 1.08 1.3e+10  4.08 1.01 6.1e+09
VMT; 4.27 1.18 1.5e+12 1.51 113 8.3e+10 2 1.03 1.2e+10 1.92 0.95 5.7€+09
VMTy 0.57 1.09  1.4e+12  -1.21 1.07 7.8e+10 -0.88 0.97 1.2e+10  -1.16 0.89 5.4e+09
VMTs 4.71 1.2 1.6e+12 147 114 83e+10 073 0.99 1.2e+10  -0.12 0.89 5.4e+09
VB1 4.23 1.18 1.5e+12 1.8 1.14 8.4e+10 272 1.06 1.3e+10 2.93 0.98 5.9e+09
VB2 5.33 122 1.6e+12  3.81 121 8.9e+10 5.5 112 1.3e+10  6.13 1.02 6.1e+09
VB; 3.13 1.14  1.5e+12  -0.21 1.08 7.9e+10  -0.05 1.02 1.2e+10  -0.28 0.96 5.8e+09
Viy -19.67 0.69  ge+11 -17.49 078 57e+10 -18.95 0.8 9.6e+to9  -20.81  0.82 4.9e+09
VHT — 3.4 4.7e+12  — 9.82  7.8e+11 — 22.67  3e+11 — 30.99  2e+11
VsyG — 1 1.4e+12 — 1 7.9e+10  — 1 1.3e+10 — 1 6.5e+09
VMC1 -0.62 3.5 4.8e+12  -0.58 9.88  7.8e+11 053 22.65 3e+11 0.09 31.09  2e+11
VMC:z 0.42 1 1.4e+12  -0.29 1.01  8e+10 1.28 1.01 1.3e+10  -0.28 1 6.5e+09
VD: 231 1.06  1.5e+12 1.1 1.03 8.2e+10 156 0.93 1.2e+10  -0.5 0.86 5.6e+09
VD2 2.58 1.07  1.5e+12 162 1.05 83e+10 246 0.95 1.3e+10  0.64 0.88 5.7€+09
VD3 285 1.08  1.5e+12 244 1.07 85e+10 411 1 1.3e+10 283 0.94 6.1e+09
VEP 2.11 1.06  1.5e+12  -1.03 0.98 7.7e+10  -0.06 0.93 1.2e+10  -1.62 0.89 5.8e+09
VBe 0.46 1 1.4e+12  -0.15 0.99 7.8e+10  1.11 0.95 1.3e+10  -0.57 0.91 5.9e+09
Tillé vTi 0.06 0.99  1.4e+12  -1.01 0.97 7.7e+10  -0.23 0.95 1.3e+10  -2.11 0.94 6.1e+09
VMT: 4.99 114  1.6e+12  3.49 1.09 8.6e+10  3.06 0.95 1.3e+10 046 0.86 5.6e+09
VMT2 2.89 1.08  1.5e+12 242 1.07  8.4e+10  4.09 1 1.3e+10 281 0.93 6.1e+09
VMT3 2.62 1.07  1.5e+12 1.6 1.04 8.2e+10 244 0.95 1.3e+10  0.62 0.88 5.7€+09
VMTy -1.02 1 14e+12 -112 0.99 7.8e+10  -0.45 0.9 1.2e4+10  -2.42 0.83 5.4e+09
VMTs 3.02 1.09  1.5e+12 157 1.05 83e+10 116 0.91 1.2e4+10  -1.39 0.83 5.4e+09
VB1 2.58 1.07  1.5e+12 191 1.06  8.4e+10 3.2 0.98 1.3e+10  1.67 0.91 5.9e+09
VB2 3.62 111 1.5e+12  3.92 112 88e+10  5.97 1.03 1.4e+10  4.81 0.94 6.1e+09
VB3 1.54 1.04 1.4e+12  -0.1 1 7.9e+10  0.42 0.94 1.2e+10  -1.48 0.89 5.8e+09
VBy -20.84 0.64  8.8e+11 -17.41 072 5.7e+10 -1854  0.73 9.7e+09  -21.73 0.77 5e+09
VHT — 235  3.2e+12  — 749 58e+11  — 2048  2.5e+11 — 3015  1.8e+11
vsyG — 1 14e+12 — 1 7.7e+10  — 1 1.2e+10 — 1 6e+09
vMC -0.78 243  3.3e+12 049 751  58e+11  1.22 2051 2.5e+11 142 3014  1.8e+11
vMC: -1.19 1 1.4e+12 -0.42 1 7.7e+10  0.14 1 1.2e+10 0 0.99 6e+09
VD1 1.08 1.08 1.5e+12 1.74 1.06  8.2e+10 1.86 0.99 1.2e+10 1.31 0.92 5.6e+09
VD2 1.35 1.08 1.5e+12 2.26 1.08 83e+10 276 1.01 1.2e+10 245 0.95 5.7e+09
VD3 1.61 1.09 1.5e+12  3.07 1.1 8.5e+10  4.39 1.06 1.3e+10  4.64 1.01 6.1e+09
VP 0.88 1.07  1.5e+12  -0.37 1.01  7.8e+10 022 0.98 1.2e+10  0.12 0.95 5.7€+09
VBe -0.78 1.01 1.4e+12  0.45 1.02  7.9e+10  1.31 1.02 1.2e+10  1.22 1 6e+09
CPs VTi -1.19 1 1.4€+12  -0.47 1 7.7€+10  -0.19 1.01 1.2e+10  -0.6 1.03 6.2e+09
VMT1 3.74 1.15  1.6e+12  4.14 112 8ye+10 338 1.01 1.2e+10 228 0.92 5.6e+09
VMT2 1.65 1.09  1.5e+12  3.06 1.1 8.5e+10 437 1.06 1.3e+10  4.63 1.01 6.1e+09
VMT3 1.39 1.08  1.5e+12 225 1.07 83e+10 275 1.01 1.2e+10 245 0.95 5.7€+09
VMT, -2.21 1.01  1.4e+12  -0.5 1.02 7.8e+10 -0.15 0.95 1.2e+10  -0.64 0.89 5.3e+09
VMTs 1.79 1.1 1.5e+12 2.2 1.08 83e+10 147 0.97 1.2e+10 0.4 0.89 5.4e+09
VB 1.35 1.08  1.5e+12 254 1.09  84e+10 348 1.04 1.3e+10  3.47 0.98 5.9e+09
VB2 2.4 112 1.5e+12  4.56 115 8.9e+10  6.29 1.1 1.3e+10  6.71 1.02 6.1e+09
VBj 0.3 1.05  1.4e+12 053 1.03  7.9e+10  0.66 1 1.2e+10  0.23 0.96 5.8e+09
Viy -21.83 0.65 8.9e+11 -16.88 074 5.7e+10 -18.39 0.78 9.4e+09  -20.44  0.82 4.9e+09
VHT —_ 2.27  3.2e+12  — 6.9 5.4e+11 — 17.83  23e+11 — 26.4 1.7e+11
VsyG — 1 1.4e+12 — 1 7.8e+10 — 1 1.3e+10 — 1 6.4e+09
VMC1 2.03 246  3.4e+12  -1.19 7.26  5.7e+11 071 19.12  2.4e+11 224 27.23 1.7e+11
VMCa 1.64 1 1.4e+12 029 0.99 7.8e+10  -0.07 0.98 1.2e+10  1.17 0.99 6.3e+09
VD1 3.89 1.07  1.5e+12 2.2 1.04 8.2e+10 1.82 0.95 1.2e+10  3.71 0.88 5.6e+09
VD2 417 1.08  1.5e+12 273 1.06  8.3e+10 271 0.97 1.2e+10  4.88 0.91 5.8e+09
VDj 4.44 1.09  1.5e+12  3.54 1.08 8.5e+10  4.33 1.02 1.3e+10 7.1 0.97 6.2e+09
VEP 3.69 1.06  1.5e+12 0.1 0.99 7.7e+10 0.2 0.94 1.2e+10 248 0.91 5.8e+09
VBe 1.92 1 1.4e+12  0.98 1 7.9e+10  1.29 0.98 1.2e+10  3.56 0.95 6.1e+09
Rand. Sys. VTi 1.49 0.99 1.4e+12  0.08 0.98 7.7e+10  -0.24 0.98 1.2e+10 1.58 0.98 6.2e+09
VMT:1 6.65 114  1.6e+12 4.6 1.1 8.6e+10  3.32 0.97 1.2e+10  4.71 0.88 5.6e+09
VMT2 4.48 1.08  1.5e+12  3.53 1.08  8.4e+10 432 1.02 1.3e+10 7.1 0.96 6.2e+09
VMT; 4.21 1.08 1.5e+12 2.72 1.05 8.2e+10 2.7 0.97 1.2e+10  4.87 0.9 5.8e+09
VMTy 0.51 1 1.4e+12  -0.04 1 7.8e+10  -0.19 0.91 1.2e+10 171 0.84 5.4e+09
VMTs 4.66 1.1 1.5e+12 2.66 1.06  8.3e+10 1.42 0.93 1.2e+10  2.78 0.85 5.4e+09
VB1 4.17 1.08 1.5e+12 3.01 1.07 8.4e+10 3.42 1 1.3e+10 5.91 0.94 6e+09
VB2 5.28 1.12 1.6e+12  5.01 1.13 8.8e+10  6.21 1.05 1.3e+10  9.24 0.98 6.2e+09
VB3 3.06 1.04 1.5e+12 1.01 1.01 7.9e+10 0.63 0.96 1.2e+10 2.57 0.92 5.8e+09

VBy -19.74  0.63 8.9e+11 -16.45 0.72 57e+10 -18.39  0.75 9.5e+09  -18.61 0.75 4.8e+09
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Table B.51: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.76, CV(X) = 0.67

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 2.29 4.7€+12 — 4.16 6e+11 — 6.68 2.2e+11 — 7.84 1.5e+11
vsyag — 1 2.1e+12  — 1 14e+11  — 1 3.3e+10  — 1 2e+10
VMC 1.09 155  3.2e+12  -0.75 3.24  4.7e+11 -2.06 5.7 1.9e+11 -0.61 6.9 1.4e+11
vMC2 1.27 101 2.1e+12  -0.78 1.01  L.5e+11  -1.16 1 3.3e+10  0.15 1 2e+10
VD 222 1.03  2.1e+12  -0.2 0.99 1.4e+11 -0.8 0.93  3.1e+10  0.24 0.9 1.8e+10
VD2 2.4 1.04 21e+12  0.16 099  1.4e+11  -0.18 095  3.1e+10  1.03 092  1.8e+10
VD3 2.57 1.04 2.1e+12  0.62 1.01  1.5e+11  0.61 0.96  3.2e+10  2.03 0.94 1.8e+10
VEp 2.09 1.03  2.1e+12  -0.97 1.01 1.5e+11 -1.12 0.99  3.3e+10  0.22 0.97  1.9e+10
VBe 1.42 1.03  2.1e+12  -0.6 1.01  1.5e+11  -0.68 0.99  3.3e+10  0.64 0.98  1.9e+10
Brewer VTi 1.21 1.02  2.1e+12  -1.06 1 1.4e+11 -1.44 1 3.3e+10  -0.3 1 2e+10
VMT1 3.96 107  22e+12  1.25 1 1.4e+11 0.1 092  3.1e+10  0.84 089  1.7e+10
VMT2 2.63 1.04 2.1e+12  0.63 1 1.4e+11  0.61 0.96  3.2e+10  2.04 0.94 1.8e+10
VMT; 2.45 1.04 2.1e+12  0.17 0.99 1.4e+11 -0.18 0.94  3.1e+10  1.04 092  1.8e+10
VMTy4 -0.31 0.98  2e+12 -1.86 0.95  1.4et+11  -2.29 0.91  3e+10 -1.22 0.88  1.7e+10
VMTs 2.49 1.04 2.1e+12  -0.18 0.97 1.4e+11  -1.3 0.9 3e+10 -0.56 0.86  1.7e+10
VB1 2.4 1.04 2.1e+12  0.25 1 1.4e+11  -0.01 095  3.2e+10  1.23 093  1.8e+10
VB2 2.88 1.05  2.2e+12 114 0.99  1.4e+11  1.12 0.92  3.1e+10 2.5 089  1.7e+10
VB3 1.91 1.03 2.1e+12 -0.63 1.01 1.5e+11 -1.14 0.98 3.3e+10 -0.04 0.97 1.9e+10
Viy -17.59 0.7 1.4e+12  -14.94 0.79  Lle+11  -15.8 082 27e+10 -1559 0.82  1.6e+10
VHT — 173 36et12  — 351 4.9e+11  — 5.7 1.8e+11 — 7.03  1.2e+11
vsyaG —_ 1 2.1e+12 —_ 1 1.4e+11 —_ 1 3.1e+10 —_ 1 1.7e+10
VMmCr 1.16 179  37e+12 142 353  4.9e+11  -1.01 572  1.8e+11  -03 7.05  1.2e+11
VMC2 1.59 1 2.1e+12  1.01 1 14e+11 0.2 1 3.1e+10  0.13 1.01  1.8e+10
VD: 2.58 1.03  2.1e+12 258 1.03 1.4e+11 1.93 1.02  3.2e+10  2.02 1.03 1.8e+10
VD2 2.76 1.03  21e+12 295 1.04 1.5e+11 256 1.03  3.2e+10 284 1.05 1.8e+10
VD3 2.94 1.04  2.1e+12  3.44 1.06  1.5e+11 3.39 1.05 3.3e+10  3.88 1.08  1.9e+10
VEP 2.45 102 21e+12  1.85 1.07  1.5e+11  1.65 1.08  3.4e+10  2.09 111 2e+10
VBe 1.8 1.02  2.1e+12 218 1.05  1.5e+11  2.09 1.08  3.4e+10 24 111 1.9e+10
Tillé VTi 1.59 1.01  2.1e+12 174 1.05  1.5€e+11 1.41 1.09  3.4e+10  1.59 114  2e+10
VMT: 4.32 1.06  2.2e+12  4.05 1.05  1.5e+11 282 101 3.1e+10  2.61 1.01 1.8e+10
VMT2 3 1.04  2.1e+12 344 1.05 1.5e+11 3.39 1.05 3.3e+10  3.87 1.08  1.9e+10
VMT3 2.82 1.03  2.1e+12 296 1.04  1.5e+11 2,56 1.03  3.2e+10  2.84 1.05  1.8e+10
VMTy4 0.04 0.98  2e+12 0.87 1 1.4e+11 0.4 0.99  3.1e+10  0.53 1 1.8e+10
VMTs 2.85 1.03  2.1e+12 259 1.01 1.4e+11 1.39 0.98 3.1e+10 1.19 098  1.7e+10
VB1 2.76 1.03  2.1e+12  3.06 1.05  L5e+11 275 1.04  3.2e+10  3.05 1.06  1.9e+10
VB2 3.24 1.04 2.1e+12  3.94 1.04 1.5e+11  3.86 1.01  3.2e+10  4.28 1.02  1.8e+10
VB3 2.28 1.02  21e+12 218 1.06  1.5e+11 1.64 1.07  3.4e+10 183 111 1.9e+10
Ve, -17.27  0.69  1.4e+12  -12.5 083 1.2e+11  -13.37 088 28e+10 -13.92 0.92  1.6e+10
VHT — 1.48  3.1e+12  — 311 4.7e+11 — 578  1.9e+11 — 6.97  1.4e+11
VsyG —_ 1 2.1e+12 —_ 1 1.5e+11 —_ 1 3.3e+10 —_ 1 2e+10
VMmC: -1.21 152  3.1e+12  -0.83 313 4.7e+11 1.26 5.81 1.9e+11  -0.5 6.98  1.4e+11
VMC2 -0.95 1 2.1e+12  -1.08 1 1.5e+11 0.43 1 3.3e+10  -0.44 1 2e+10
VD1 0.14 101 21e+12  -0.42 098 1.5e+11 087 094 3.1e+10  -04 091  1.8e+10
VD2 0.32 1.02  21e+12  -0.06 0.99  15e+11  1.49 095  3.2e+10  0.39 092  1.8e+10
VD3 0.49 1.02  2.1e+12 041 1 1.5e+11 2.3 0.97 3.2e+10 138 0.95 1.9e+10
VEP 0.01 101 2.1e+12  -LI5 1.01  L.5e+11  0.55 1 3.3e+10  -0.4 098  1.9e+10
VBe -0.62 1 2.1e+12  -0.77 1 1.5e+11 0.89 0.99  3.3e+10  -0.05 0.98  1.9e+10
CPs vTi -0.82 1 2.1e+12  -1.22 1 1.5e+11  0.11 1 3.3e+10  -0.99 1.01  2e+10
VMT:1 1.84 1.05  2.2e+12 101 0.99  1L.5e+11  1.78 0.93  3.1e+10 0.2 089  1.7e+10
VMT2 0.55 1.02  2.1e+12 042 1 1.5e+11 2.3 0.97  3.2e+10 139 0.94  1.8e+10
VMT3 0.37 102 21e+12  -0.04 098  15e+11 1.5 095  3.2e+10 0.4 092  1.8e+10
VMTy -2.34 0.96  2e+12 -2.07 0.95 1.4e+11  -0.65 0.91  3e+10 -1.85 0.88  1.7e+10
VMTs 0.4 1.02  2.1e+12 -0.41 0.96  1.4e+11  0.36 0.9 3e+10 -1.19 087  17e+10
VB, 0.32 1.02  2.1e+12  0.05 0.99  1.5e+11 1.67 0.96  3.2e+10  0.59 0.93  1.8e+10
VB2 0.78 1.03  2.1e+12 091 0.98  1.5e+11 2.83 0.93 3.1e+10 1.84 089 1.7e+10
VB; -0.15 1.01  21e+12  -0.81 1 1.5e+11  0.51 099  3.3e+10  -0.67 0.97  1.9e+10
Viy -19.24  0.69  1.4e+12  -15.07 0.79  1.2e+11  -14.4 081 27e+10 -16.12 083  1.6e+10
VHT — 1.46 3e+12 — 2.99 4.5e+11 — 5.36 1.8e+11 — 6.64 1.3e+11
Vsyg — 1 2.1e+12  — 1 15e+11 — 1 3.4e+10  — 1 2e+10
VMC: 1.62 1.54 3.2e+12  0.06 315 4.8e+11  0.94 5.69  1.9e+11  0.59 6.96  1.4e+11
VMC2 1.18 1 2.1e+12  0.94 0.99 1.5e+11 -0.23 1 3.4e+10  0.27 1 2e+10
VD1 2.13 1.01  2.1e+12  1.67 098  1.5e+11  0.46 0.92  3.1e+10 0.98 089  1.8e+10
VD2 2.31 1.02  2.1e+12 204 0.98 1.5e+11 1.08 0.93  3.2e+10 177 0.91 1.8e+10
VD3 2.49 1.02  2.1e+12 251 1 1.5e+11 189 095  3.2e+10 276 0.93  1.9e+10
VEP 2 1.01  2.1e+12  0.96 1.01  1.5e+11  0.11 0.98  3.3e+10  0.96 0.97  1.9e+10
VBe 1.29 1 2.1e+12 1.33 1 1.5e+11 0.56 0.99  3.4e+10  1.38 0.98  1.9e+10
Rand. Sys. vty 1.07 1 2.1e+12  0.88 1 1.5e+11  -0.24 1 3.4e+10 036 1 2e+10
VMT1 3.9 1.05  22e+12 311 0.98  1.5e+11 1.37 0.91  3.1e+10  1.58 0.88  1.7e+10
VMT2 2.55 1.02  2.1e+12 2,52 0.99 15e+11 1.9 095  3.2e+10 277 093  1.9e+10
VMT3 2.37 1.02  21e+12  2.05 0.98  1.5e+11 1.09 0.93  3.2e+10 1.78 091  1.8e+10
VMT4 -0.39 0.96  2e+12 -0.02 0.94  1.4e+11 -1.05 0.89  3e+10 -0.5 087  1.7e+10
VMTs 2.43 1.02  2.1e+12  1.66 0.96  1.4e+11  -0.04 0.88  3e+10 0.16 085  1.7e+10
VB 2.31 1.02  21e+12 214 0.99 1.5e+11 1.26 0.94  3.2e+10  1.96 092  1.8e+10
VB2 2.82 1.03  21e+12 3 0.98 1.5e+11 243 0.91  3.1e+10  3.24 0.88  1.7e+10
Vij 1.8 101 2.1e+12 1.29 1 1.5€+11 0.1 0.97  3.3e+10  0.67 0.96  1.9e+10
VB, -17.72 068  1.4e+12  -13.24 0.78  1.2e+11  -14.77 0.8 2.7e+10  -15 081  1.6e+10
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Table B.52: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.76, CV(X) = 0.5

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 1.05 8.3e+12 — 1.29 7.1e+11 — 1.65 2.1e+11 — 1.88 1.3e+11
vsyag — 1 7.9e+12 — 1 5.5e+11 — 1 13e+11  — 1 7.1e+10
VMC 0.94 0.94 7.4e+12  -0.69 111 6.1e+11  -0.84 142 18e+11 039 1.6 1.1e+11
VMmC2 0.86 1.01  7.9e+12  -0.64 0.99  5.5e+11  -0.5 0.99 1.2e+11  0.86 0.99  7e+10
VD, 0.71 0.99 7.8e+12  -0.88 0.97 5.3e+11  -0.88 0.95  1.2e+11 042 0.93  6.6e+10
VD2 0.81 1 7.8e+12  -0.7 0.98  5.4e+11  -0.57 0.95 1.2e+11  0.82 0.94  6.7e+10
VD3 0.91 1 7.9e+12  -0.37 0.99  5.4e+11  0.15 098 1.2e+11 186 0.97  6.9e+10
VP 0.63 0.99 7.8e+12  -0.76 0.99  5.5e+11  -0.62 098 1.20+11  0.75 0.96  6.9e+10
VBe 0.74 1 7.9e+12  -0.72 0.99  5.4e+11  -0.6 0.98 1.2e+11 078 0.97  6.9e+10
Brewer VTi 0.72 1 7.9e+12  -0.65 1 5.5e+11 -0.27 1 1.3e+11 1.33 1.01 7.2e+10
VMT1 1.46 1 7.9e+12  -0.3 097  5.3e+11  -0.49 094  1.2e+11  0.72 092  6.6e+10
VMT2 0.94 1 7.9e+12  -0.36 0.98  5.4e+11  0.16 0.98  1.2e+11 187 0.97  6.9e+10
VMT3 0.84 099 7.8e+12  -0.68 0.97  5.3e+11  -0.56 0.95 1.2e+11  0.83 0.94  6.7e+10
VMTy -0.71 096  7.6e+12  -1.81 0.95  5.2e+11  -1.72 0.93 1.2e+11  -0.41 091  6.5e+10
VMTs 0.65 0.99 7.8e+12  -1.09 0.96  5.2e+11  -1.27 0.93  1.2e+11  -0.07 091 6.5e+10
VB 0.81 1 7.8e+12  -0.56 0.98  54e+11  -0.16 0.97  1.2e+11 1.46 0.96  6.9e+10
VB2 0.83 0.99 7.8e+12  -0.53 0.97 5.3e+11  -0.13 0.95  1.2e+11  1.49 0.94  6.7e+10
VB3 0.8 1 7.9e+12  -0.59 0.99  5.5€e+11 -0.18 0.99  1.2e+11 1.43 0.99  7e+10
VBy -15.13 073  5.7e+12  -11.97 0.82  4.5e+11  -11.42 0.84 L.Ie+11  -10.23 083  5.9e+10
VHT — 1.09 83e+12 — 124  6.1e+11  — 1.5 1.5e+11  — 1.65  9.3e+10
VsyG — 1 7.6e+12  — 1 4.9e+11 — 1 1e+11 — 1 5.6e+10
VMt 1.68 1.1 8.4e+12  -0.67 1.25  6.2e+11  -0.98 151  1.6e+11  -0.08 1.65  9.3e+10
VMC2 1.68 1 7.7e+12  -0.69 1 5e+11 -0.69 1 1e+11 -0.07 1 5.6e+10
VD 2.83 1.05 8.1e+12  1.99 1.1 5.4e+11  3.69 115  1.2e+11  5.34 118  6.6e+10
VD2 2.93 1.06  8.1et+12 218 111 5.5e+11  4.01 116  1.2e+11  5.76 119  6.7e+10
VD3 3.04 1.06  8.1e+12 251 112 5.5e+11 4.77 1.19 1.2e+11 6.86 1.24 7€+10
VEP 2.75 1.05  8e+12 2.17 113 5.6e+11  3.97 119  1.2e+11 571 122 6.9e+10
VBe 2.85 1.06  8.1e+12 214 112 5.5e+11  3.98 119  1.2e+11  5.67 1.23  6.9e+10
Tillé VTi 2.83 1.06  8.1e+12 222 113 5.6e+11 4.34 122 1.3e+11 6.28 1.28  7.2e+10
VMT: 3.59 1.07 8.1e+12 257 1.1 5.4e+11  4.09 114  1.2e+11  5.65 117  6.6e+10
VMT2 3.06 1.06  8.1e+12 252 112 5.5€e+11 4.78 119  1.2e+11 6.87 124  7e+10
VMT; 2.96 1.06  8.1e+12 219 1.1 5.5e+11  4.02 116 1.2e+11 577 119  6.7e+10
VMTy4 138 1.02  7.8e+12  1.03 1.08 53e+11 281 113 1.2e+11 447 116  6.5e+10
VMTs 2.77 1.05  8e+12 1.76 1.08  5.3e+11 3.27 112 1.2e+11 4.82 115  6.5e+10
VB1 2.93 1.06 8.1et+12 232 111 5.5e+11  4.45 118  1.2e+11  6.44 122 6.9e+10
VB2 2.95 1.05 8.1e+12 232 1.1 5.4e+11 4.46 1.15 1.2e+11  6.46 119  6.7e+10
VB3 2.91 1.06 8.1e+12 231 113 5.6e+11  4.43 1.21 1.2e+11  6.42 126  7.1e+10
Viy -13.35 0.77  5.9e+12  -9.38 0.92  4.5e+11  -7.31 0.99  1e+11 -5.8 1.02  5.7e+10
VHT — 0.93  7.6e+12 — 112 6.2e4+11  — 143 1.8e+11 — 1.65  1.le+11
VsyG — 1 8.2e+12 — 1 5.5e+11  — 1 1.3e+11 — 1 6.9e+10
VMmC: 0.49 0.94 7.7e+12 -1.19 112 6.2e+11  0.63 1.43 1.8e+11  -1.79 1.65 1.1e+11
VMC2 0.52 1 8.2e+12  -1.24 1 5.5e+11  -0.21 1 1.2e+11  -2.13 1 6.9e+10
VD 0.54 0.99 8.1e+12  -1.36 0.98  5.4e+11  -0.29 0.96  1.2e+11  -2.49 0.95  6.5e+10
VD2 0.65 0.99 8.1e+12 -1.18 0.98  5.4e+11  0.02 0.97  1.2e+11  -2.11 0.96  6.6e+10
VD3 0.75 1 8.1e+12  -0.86 0.99  5.5e+11 0.75 0.99  1.2e+11 -1.1 0.99  6.8e+10
VEP 0.46 0.99 8.1e+12  -1.21 1 5.5e+11  -0.01 0.99  1.2e+11  -2.17 0.98  6.8e+10
VBe 0.6 1 8.2e+12  -1.21 1 5.5e+11  -0.1 0.99  1.2e+11  -2.2 0.99  6.8e+10
CPS VT 0.58 1 8.2e+12  -1.13 1 5.6e+11  0.22 1.02  1.3e+11  -1.67 1.02  7.1e+10
VMT: 1.28 1 8.2e+12  -0.79 098  5.4e+11 0.1 0.95  1.2e+11  -2.2 0.94  6.5e+10
VMT2 0.77 1 8.1e+12  -0.85 0.99  5.5€e+11 0.76 0.99  1.2e+11 -1.09 0.99  6.8e+10
VMT3 0.67 0.99 8.1e+12  -1.17 0.98  5.4e+11  0.03 0.97  1.2e+11  -2.1 0.96  6.6e+10
VMTy4 -0.87 096  7.9e+12  -2.29 0.96  5.3e+11 -1.14 0.94  1.2e+11  -3.3 0.93  6.5e+10
VMTs 0.47 0.99  8e+12 -1.58 0.96  53e+11  -0.68 0.94  1.2e+11  -2.97 0.93  6.4e+10
VB, 0.65 0.99 8.1e+12  -1.04 0.99  5.5e+11 043 0.98  1.2e+11  -1.49 0.98  6.8e+10
VB, 0.65 0.99 8.1e+12  -1.02 0.97  5.4e+11 0.47 0.96  1.2e+11 -1.46 0.96  6.6e+10
VB3 0.64 1 8.1e+12  -1.06 1 5.5e+11 0.4 1.01  1.3e+11  -1.53 1 6.9e+10
VBy -15.24 073 5.9e+12  -12.37 082 4.6e+11  -10.91 0.85 1.1e+11  -12.85 087  6e+io
VHT — 093 73e+t12  — 1.1 6.1e+11 — 141 1.8e+11 — 1.63 1.2e+11
VsyG — 1 7.9e+12 — 1 5.5e+11  — 1 1.3e+11  — 1 7.1e+10
VMC: -0.08 0.93  7.3e+12  -048 113  6.3e+11  0.02 1.47 1.9e+11  -0.19 1.7 1.2e+11
VMC:2 -0.19 1 7.8e+12 0 1 5.5e+11 0.18 1 1.3e+11 0.09 1 7.1e+10
VD -0.19 0.99 7.8e+12  -0.43 0.97  5.4e+11  -0.53 0.94 1.2e+11  -0.83 0.92  6.6e+10
VD2 -0.09 0.99 7.8e+12  -0.25 0.97  5.4e+11 -0.22 0.95 1.2e+11 -0.44 0.93  6.6e+10
VD3 0.01 099 7.8e+12  0.07 098  5.5e+11  0.51 097  1.2e+11  0.58 096  6.9e+10
VEP -0.26 0.99 7.8e+12  -0.28 0.99  5.5e+11  -0.28 0.97  1.2e+11  -0.5 0.95  6.8e+10
VBe -0.14 1 7.8e+12  -0.24 0.99  5.5e+11 -0.25 0.97  1.2e+11 -0.49 0.96  6.9e+10
Rand. Sys. v -0.16 1 7.8e+12  -0.16 1 5.5e+11  0.07 1 1.3e+11  0.04 1 7.1e+10
VMT1 0.54 1 7.9e+12  0.14 0.97  5.4e+11 -0.14 0.93 1.2e+11 -0.53 091 6.5e+10
VMT2 0.04 0.99 7.8e+12  0.09 098  54e+11  0.52 097  1.2e+11  0.59 096  6.8e+10
VMT3 -0.06 0.99 7.8e+12  -0.23 0.97  5.4e+11  -0.21 0.95  1.2e+11  -0.43 0.93  6.6e+10
VMT, -1.59 0.96  7.6e+12  -1.37 0.95 53e+11  -1.37 092  1.2e+11  -1.65 091  6.5e+10
VMTs -0.25 098  7.7e+12  -0.65 095  5.3e+11  -0.92 092  1.2e+11  -1.31 0.9 6.4e+10
VB1 -0.09 0.99 7.8e+12  -0.11 098 54e+11 0.2 0.96  1.2e+11  0.19 0.95  6.8e+10
VB2 -0.08 0.99 7.8e+12  -0.1 0.97  5.4e+11  0.23 0.94 1.2e+11  0.22 0.93  6.6e+10
Vij -0.1 1 7.8e+12  -0.12 0.99  5.5e+11  0.16 0.98  1.2e+11 0.5 0.98  7e+10

VBy -15.87 073 5.7e+12  -11.53 081  4.5e+11  -1112 083  1ie+11  -11.36 083  5.9e+10
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Table B.53: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

Sukhatme population (N = 34), CV(Y) = 0.67, CV(X) = 1.1

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94  4.1e+19 < — 1.03  4.4e+18 — 1.04 1.1e+18 — 113 8e+1y
Vsyg — 1 4.4e+19  — 1 4.3e+18  — 1 1.1e+18 — 1 7e+17
VMC -0.47 0.92  4e+19 3.66 115  4.9e+18  -0.58 1.01  1.1e+18 036 112 7.9e+17
VMC2 -6.77 078  3.4e+19  4.74 1.23  53e+18  -0.85 1.03 1.1e+18  -3.16 1.03  7.2e+17
VD, -7.22 081  3.5e+19 -84 085 3.7e+18  -9.84 084 9.2e+17 -11.33 087  6.1e+17
Vpa -6.57 082  3.6e+19  -7.08 088  3.8e+18 -7.18 089 98e+17  -7.53 0.95  6.7e+17
VD3 -5.9 083  3.6e+19  -4.97 0.92  4e+18 -3.2 0.96 1.1e+18  -1.78 1.07  7.5e+17
VEp -7.7 0.8 3.5e+19  0.23 1.03  4.4e+18  0.15 1.04 1.1e+18 043 113 8e+1y
VBe -0.96 0.93  4.1et+19  -2.32 098  g.2e+18  -2.53 1 1.1e+18  -6.14 0.97  6.9e+17
Brewer VTi -0.56 0.94 4.1e+19  -1.08 1 4.3e+18  -0.38 1.03 1.1e+18  -1.97 1.06  7.4e+17
VMT1 -6.56 082  3.6e+19  -9.28 083 3.6e+18 -11.31 081 8.9e+17 -12.84 084 5.9e+17
VMT2 -5.86 083  3.6et19  -5.01 0.92  g4e+18 -3.39 0.96  1.1e+18  -2.13 1.06  7.5e+17
VMT3 -6.52 082  3.6e+19 -7.12 088 3.8e+18 -7.34 089 9ge+i7  -7.84 0.94  6.6e+17
VMTy4 -13.13 071  3.1e+19  -12.37 078  3.4e+18  -13.37 o077  8.5e+17 1471 081  5.7e+17
VMTs -10.13 076  3.3e+19  -12.71 077  3.3e+18  -14.61 0.5 8.2e+17 -16.06 078  5.5e+17
VB -6.57 082  3.6e+19  -6.32 089 3.8e+18  -5.99 0.91  1e+18 -5.84 0.98  6.9e+17
VB2 -9.44 0.77  3.4e+19 -10.82 081  3.5e+18  -1L.1 081 8.ge+17 -1n12 087  6.1e+17
VBj -3.69 087 3.8e+19 -1.81 0.98  4.2e+18  -0.88 1.01  1.1e+18  -0.56 1.1 7.7e+17
Viy -26.29 052 2.3e+19  -17.45 0.7 3e+18 -15.41  0.74  8.2e+17  -14.9 081  5.7e+17
VHT — 084 3.8e+19 — 111 4.1e+18  — 0.94 1.6e+18 — 1.09  7.8e+17
VsyG — 1 4.6e+19 — 1 3.7e+18 — 1 1.7e+18 — 1 7.2e+17
VMmC -0.6 085  3.9e+19 253 116  4.3e+18 043 0.95 1.6e+18 175 111 7.9e+17
VMC2 -1.31 085  3.9e+19  -3.71 1.03 3.8e+18  1.08 1.05 1.8e+18 -6 101 7.2e+17
VD: -6.12 0.74  3.4e+19  -7.14 0.92  3.4e+18  -8.72 076  1.3e+18 -10.34 083  6e+1y
VD2 -5.59 0.74  3.4et+19  -5.77 0.95  3.5e+18  -6.04 0.8 1.3e+18  -6.39 091  6.5e+17
VD3 -5.06 0.75  3.4e+19  -3.68 0.99  3.7e+18  -2.11 087 1.5e+18 -037 1.03  7.4e+17
VEp -6.5 0.73  3.3e+19  1.61 111 4.1e+18 1.5 0.94 1.6e+18  1.93 1.09  7.8e+17
VBe 1.09 087  g4e+19 -1.21 1.06  3.9e+18  -2.03 088 1.5e+18  -6.31 0.9 6.5e+17
Tillé VTi 1.54 0.88 4e+19 0.1 1.08 4e+18 0.4 0.92 1.5e+18  -1.55 0.99 7.1e+17
VMT: -5.86 0.74  3.4e+19  -8.03 0.9 3.3e+18  -10.21 073 1.2e+18 -11.85 0.8 5.8e+17
VMT2 -4.87 0.76  3.5e+19  -3.76 0.99  3.7e+18  -2.28 087 1.5e+18  -0.84 102 7.3e+17
VMT; 5.4 0.75  3.4e+19  -5.84 0.95 3.5e+18  -6.2 0.8 1.3e+18  -6.81 0.9 6.4e+17
VMTy4 -12.09  0.65  3e+19 -11.16 085  3.1e+18  -12.3 0.7 1.2e+18  -13.76 077  5.5e+17
VMTs -9.46 068  3.1e+19 -11.51 084 3.1e+18  -13.56 0.68 1.1e+18  -15.1 0.75  5.3e+17
VB1 -5.59 0.74  3.4e+19  -5.08 096  3.6e+18  -4.91 082  1.4e+18  -4.6 0.94  6.7e+17
VB2 -8.88 0.69  3.1e+19  -9.64 087  3.2e+18  -10.1 073 1.2e+18  -9.94 0.84  be+1y
VB3 -2.3 0.8 3.7e+19  -0.52 1.06  3.9e+18 0.29 0.91 1.5e+18  0.74 1.05  7.5e+17
Ve, -24.52 049 22e+19 -16.37 0.75 2.8e+18 -14.37 0.67 1.1e+18  -13.8 0.78  5.5e+17
VHT — 1.04 33e+19 — 1 5.4e+18  — 0.95 1.1e+18 — 0.96  ge+17
VsyG — 1 3.2e+19 — 1 5.4e+18  — 1 1.2e+18 — 1 9.4e+17
VMmC: -1.02 1.04 3.3e+19 115 1.07 58e+18  1.03 0.97 1.2e+18  3.21 1.04  9.8e+17
VMC2 -0.43 111 3.5e+19  3.04 117  6.4e+18 147 1 1.2e+18  3.74 1.08  1e+18
VD1 -8.53 088 28e+19 -9.38 083  4.5e+18  -9.48 077 93e+17  -10.63 0.76  7.2e+17
VD2 -7.83 089 28et+19  -8.06 086  g4.7e+18  -6.92 082  9.9e+17  -7.07 082  7.7e+17
VD3 -7.12 0.9 2.9e+19  -6.04 0.9 4.9e+18  -3.15 0.88 1.1e+18  -1.88 091  8.6e+17
VEP -9.04 087 27e+19  -1.16 1 5.4e+18  0.18 0.95 1.1e+18 0.36 0.96  ge+17
VBe -2.96 0.99  3.1e+19  -2.62 0.98 53e+18  -1.15 0.95 1.1e+18  -2.45 0.93  8.8e+17
CPs vTi -2.52 1 3.2e+19  -1.59 1 5.4e+18  0.63 097 1.2e+18  0.32 0.96  9.1e+17
VMT:1 -7.59 0.9 2.8e+19 -10.33 081 4.4e+18 -10.97 075  Qe+17 -12.21 073 6.9e+17
VMT2 -7.13 0.9 2.9e+19  -6.11 089  4.9e+18  -3.22 088 1.1e+18  -1.95 0.91 8.6e+17
VMT; -7.83 089 28e+19 -8.12 086  4.7e+18  -6.97 082 98e+17 -7.a11 082  7.7e+17
VMTy -14.35 0.77  2.4e+19  -13.31  0.76  4.1e+18  -13.02 0.2 8.6e+17  -14.04 0.7 6.6e+17
VMTs -11.12 083 2.6e+19  -13.72 075  4.1e+18  -14.29 0.69  8.3e+17  -15.45 0.68  6.4e+17
VB, -7.83 089 28e+19 -7.4 087 4.7e+18  -5.83 083  1e+18 -5.67 084  7.9e+17
VB2 -10.4 084 27e+19  -11.9 079  4.3e+18  -10.96 074 8.9e+17  -10.99 0.5  7e+17
VB3 -5.25 0.94  3et+ig -2.91 096  5.2e+18  -0.69 0.93 1.1e+18  -0.34 0.94 8.9e+17
Viy -27.94 055 1.7e+19  -18.3 0.68  3.7e+18 -15.22 0.68 8.2e+17 -14.63 0.7 6.5e+17
VHT — 0.96  5.7e+19 — 0.95 3.9e+18 — 1.07 1.2e+18 — 097 8.3e+17
Vsya — 1 5.9e+19 — 1 4.1e+18 — 1 1.2e+18 — 1 8.6e+17
VMC: -1.31 0.93 5.5e+19 085 0.98  ge+18 1.4 113 1.3e+18 046 0.98  8.4e+17
VMC2 -6.96 0.83  4.9e+19  4.26 1.09  4.5e+18  -1.9 1.03 1.2e+18 1.3 1 8.6e+17
VD1 -6.58 085  s5e+19 -7.4 081  3.4e+18 -11.39 084 9.8e+17 -10.68 078  6.7e+17
VD2 -6.05 0.86 5.1e+19 -6.28 0.83 3.4e+18 -8.68 0.9 1e+18 -7.36 0.83 7.2e+17
VDs -5.53 087 5.1e+19 4.6 0.86  3.6e+18  -4.46 098 1.1e+18  -2.57 091  7.9e+17
VEP -6.96 084 s5e+19 0.09 0.95 3.9e+18  -1.04 1.07  1.2e+18  -0.33 0.97 83e+17
VBe 0.65 1 5.9e+19  1.24 1 4.1e+18  -5.92 0.94 1.1e+18  -0.42 0.99  8.5e+17
Rand. Sys. vty 1.09 1 5.9e+19  2.02 1.01  4.2e+18  -3.09 1 1.2e+18  1.39 101 8.6e+17
VMT1 -6.35 085  s5e+19 -8.46 079 33e+18 -12.78 082 9.5e+17  -12.28 075  6.4e+17
VMT2 -5.34 087  s5.1e+19  -4.44 087  3.6e+18  -4.75 0.98 1.1e+18 -2.39 0.92  7.9e+17
VMT; -5.87 086  s5.1e+19  -6.11 084 3.5e+18  -8.94 089  1e+18 -7.16 084  7.2e+17
VMTy -12.52 074  4.4e+19  -11.41  0.75 3.1e+18 -14.86 078  ge+17 -14.09 072  6.2e+17
VMTs -9.93 0.79  4.6e+19  -11.92 073  3e+18 -16.03 0.76 8.8e+17 -15.52 0.69  6e+17
VB1 -6.05 086 5.1e+19  -5.75 084  3.5e+18  -7.31 0.92 1.1e+18  -6.09 085  7.3e+17
VB2 -9.35 0.8 4.7e+19  -1041 076  3.1e+18  -12.33 082  9.bet17  -11.4 0.75  6.5e+17
Vi; -2.76 0.92  5.4e+19  -1.09 093 3.8e+18 -23 1.03 1.2e+18 -0.78 0.95  8.2e+17
VB, -24.83 056 3.3e+19 -16.65 066 2.7e+18 -16.66 0.75 8.7e+17  -14.97 0.7 be+17
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Table B.54: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.67, CV(X) = 0.96

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94  1.9e+15 — 0.97  2.2e+14 — 1 7.1e+13  — 101 4.2e+13
vsyag — 1 2e+15 — 1 2.3e+14  — 1 7.1e+13  — 1 4.2e+13
VMC -0.36 0.97  1.9e+15 -1 0.96  2.2e+14  -1.03 0.98  7e+13 0.56 0.99  4.1e+13
VMmC2 -0.4 0.95 1.9e+15  -0.86 0.97  2.2e+14 -0.6 1 7.1e+13  0.67 1.03  4.3e+13
VD, -4.47 085 1.7e+15 -5.52 086  2e+14 -6.77 085  6.1e+13  -7.01 084  3.5e+13
Vpa -3.97 085  1.7e+15  -4.66 0.88  2e+14 -5.23 0.88  6.3e+13  -4.96 0.88  3.6e+13
VD3 -3.47 086  1.7e+15  -2.95 091  2.1e+14  -1.37 0.94 6.7e+13 0.7 0.96  4e+13
VEp -4.84 084 1ye+15 -0.5 0.99  23e+14  -0.54 1 7.1e+13  -0.02 1 4.1e+13
VBe -0.56 0.94 1.9e+15 -1.02 097  22e+14 -1.52 098  7e+13 -1.4 098  g.1e+13
Brewer VTi -0.39 0.95 1.9e+15  -0.17 0.99 23e+14 0.85 1.01 7.2e+13  2.32 1.03  4.3e+13
VMT1 -3.48 085 17e+15  -5.73 084 1.9e+14  -7.61 082 509e+13  -8.04 081  3.4e+13
VMT2 -3.51 086  1.7e+15 -3.03 0.9 2.1e+14  -1.46 0.94 6.7e+13  0.61 0.96  g4e+13
VMT; -4.01 085  17e+15  -4.73 0.88  2e+14 -5.31 0.88  6.2e+13  -5.04 0.88  3.6e+13
VMTy -9.28 076  1.5e+15  -8.75 0.8 1.8e+14  -9.64 0.8 5.7e+13  -9.8 079  3.3e+13
VMTs -6.32 0.8 1.6e+15  -8.49 0.8 1.8e+14 -10.28 078 55e+13 -10.68 077  3.2e+13
VB1 -3.97 085 1ye+15 -3.84 089  2e+14 -2.97 0.91  6.5e+13  -1.48 0.92  3.8e+13
VB2 -5.77 081  1.6e+15  -6.69 082  1.9e+14 -6.4 083  5.9e+13  -5.13 083  3.5e+13
VB3 -2.17 0.9 1.8e+15  -0.98 0.96  2.2e+14  0.46 0.99 7.1e+13 216 101 4.2e+13
Viy -23.65 057 1.let+15 -16.3 071  1.6e+14 -14.29 0.5 5.4e+13  -12.89 077  3.2e+13
VHT — 1.07  2e+15 — 1.06  2.5e+14 @ — 1.07  6.5e+13 — 1.07  4.3e+13
VsyG — 1 1.8e+15 — 1 23e+14 — 1 6.1e+413 — 1 4e+13
VMt -0.96 1.06  2e+15 0.98 1.08  2.5e+14  1.07 1.06  6.5e+13  1.45 1.08  4.3e+13
VMC2 -1.18 0.97 1.8e+15 0.97 102  2.4e+14  0.61 1 6.1e+13  0.66 102 4.1e+13
VD -2.13 0.9 1.7e+15  0.74 0.91 2.1e+14  1.93 0.91 5.6e+13 1.47 0.9 3.6e+13
VD2 -1.62 091  1.7e+15  1.68 0.93  2.2e+14  3.65 0.94 58e+13  3.76 0.95  3.8e+13
VD3 -1.11 0.92  1.7e+15  3.52 0.96  2.2e+14  8.03 1.01  6.2e+13 10.01 1.04  4.2e+13
VEP -2.51 0.9 1.7e+15  6.41 1.05  24e+14 9 1.07  6.6e+13 948 1.08  4.3e+13
VBe 1.84 1.01  1.9e+15 5.18 1.02  24e+14 657 102 6.3e+13 641 102 4.1e+13
Tillé VTi 2.02 101 1.9e+15  6.15 1.04  24e+14 948 1.06  6.5e+13  10.85 1.08  4.4e+13
VMT: -1.1 0.91 1.7e+15  0.49 089 2.1e+14  1.04 088 54e+13 033 087  3.5e+13
VMT2 -1.15 0.92  1.7e+15  3.42 0.96  22e+14 7.89 1 6.2e+13  9.86 1.03  4.1e+13
VMT; -1.66 091  17e+15  1.59 093  21e+14  3.52 094 5.7e+13  3.62 094  3.8e+13
VMTy -7.06 081  1.5e+15 -2.7 085  2e+14 -1.22 085  5.2e+13  -1.57 085  3.4e+13
VMTs -4.01 086  1.6e+15  -2.45 084 1.9e+14 -1.89 0.83 5.1e+13  -255 082  33e+13
VB: -1.62 0.91 1.7e+15  2.56 0.94 2.2e+14  6.23 0.97  6e+13 7.58 0.99  4e+13
VB2 -3.45 0.87 1.6e+15 -0.53 087  2e+14 2.51 089  5.4e+13 3.56 0.9 3.6e+13
VB3 0.21 096  1.8e+15  5.66 102 24e+14  9.95 1.07  6.5e+13 1159 1.09  4.4e+13
Ve, -21.82  0.61 1.1e+15 -10.63 075 1Lye+14  -6.26 0.8 4.9e+13  -4.77 083  3.3e+13
VHT — 0.99  1.9e+15 — 0.99  2.4e+14 — 098  6.9e+13 — 0.98  4.2e+13
VsyG — 1 1.9e+15 — 1 2.4e+14 — 1 7.1e+13  — 1 4.2e+13
vVMCt 0.12 0.99  1.9e+15 -0.19 098  24e+14  0.25 098  6.9e+13  0.14 097  4.1e+13
VMC2 0.03 0.98  1.8e+15  -0.41 0.99  24e+14  -0.18 1 7e+13 0.06 0.99  4.2e+13
VD1 -3.64 089  17e+15  -5.21 087 21e+14  -6.31 084  6e+13 -6.92 0.83  3.5e+13
VD2 -3.16 0.9 1.7e+15  -4.34 089 2.1e+14  -4.76 087  6.2e+13  -4.85 087  3.7e+13
VD3 -2.68 0.9 1.7e+15 -2.63 0.92 22e+14 -0.82 0.93 6.6e+13 0.85 0.95 4e+13
VEP -4 088  1.6e+15 -0.1 1 2.4e+14  -0.06 0.99  7e+13 0.13 0.99  4.2e+13
VBe 0.45 0.99 1.9e+15  -0.68 0.99  24e+14  -1.17 097 6.9e+13  -1.51 0.96  4.1e+13
Cprs VTi 0.62 1 1.9e+15  0.17 1 2.4e+14  1.26 1.01  7.ae+13 2.3 1.01  4.3e+13
VMT: -2.72 089  1.7e+15 -5.44 085  2e+14 -7.15 082 58e+13  -7.96 0.8 3.4e+13
VMT2 -2.7 0.9 1.7e+15  -2.71 0.92  2.2e+14 -0.93 0.93 6.6e+13  0.73 0.95  4e+13
VMT; -3.18 0.9 1.7e+15  -4.41 089 2.1e+14 -4.85 087  6.2e+13  -4.95 087  3.7e+13
VMTy -8.5 0.8 1.5e+15  -8.45 0.81 1.9e+14  -9.2 079  5.6e+13  -9.72 078  3.3e+13
VMTs -5.58 084 1.6e+15 -8.2 0.8 1.9e+14  -9.84 0.77  5.5e+13  -10.6 0.76  3.2e+13
VB, -3.16 0.9 1.7e+15  -3.52 0.9 228414  -245 0.9 6.4e+13  -1.36 091  3.9e+13
VB2 -5.05 085  1.6e+15  -6.41 0.83  2e+14 -5.88 082 58e+13 -5 0.83  3.5e+13
VB3 -1.28 0.94 18e+15 -0.62 0.97 23e+14 0.98 0.99  7e+13 2.29 1 4.2e+13
VBy -2284 0.6 1.1e+15 -15.96 072 17e+14 -13.87 0.5 5.3e+13 -12.79 076  3.2e+13
VHT — 1.02  2.1e+15 — 098  24e+14 — 098  6.5e+13 — 0.97  4.2e+13
VsyG — 1 2e+15 — 1 2.4e+14  — 1 6.6e+13 — 1 4.3e+13
VMC: 0.46 1.02  2.1e+15  -0.96 0.97  24e+14 -0.82 0.97  6.4e+13  -0.52 0.98  4.2e+13
VMC2 0.15 1 2e+15 -0.84 0.98  24e+14 -0.83 0.99  6.6e+13  -0.43 1 4.3e+13
VD -3.94 089 1.8e+15  -6.06 086 2.1e+14 -8.45 083 55e+13  -10.33 0.81  3.5e+13
VD2 -3.44 0.9 1.8e+15  -5.21 0.88 21e+14  -6.96 086 5.7e+13  -8.37 0.85  3.6e+13
VD3 -2.94 091  1.8e+15  -3.54 091  22e+14  -3.13 092 6.1e+13 -3 093  4e+13
VEP -4.31 089  1.8e+15 -1.06 0.99  2.4e+14  -2.47 0.97  6.4e+13  -3.66 0.96  4.1e+13
VBe 0.03 0.99  2e+15 -1.42 0.98  24e+14 -3.16 0.97  6.4e+13  -4.51 0.96  4.1e+13
Rand. Sys. v 0.2 1 2e+15 -0.59 1 2.4e+14  -0.87 1 6.6e+13  -1.11 1 4.3e+13
VMT1 -2.97 0.9 1.8e+15  -6.31 085 21e+14  -9.25 0.81 5.3e+13  -11.33  0.79  3.4e+13
VMT2 -2.98 091  1.8e+15 -3.6 091  2.2e+14  -3.21 092  6.1e+13  -3.06 093  4e+13
VMT; -3.48 0.9 1.8e+15  -5.27 088  2.1e+14  -7.02 086 5.7e+13  -8.43 085  3.6e+13
VMTy -8.78 081  1.6e+15  -9.27 081  2e+14 -11.28 078  5.2e+13  -13.02 077  3.3e+13
VMTs -5.82 085  17e+15  -9.04 0.8 1.9e+14 -11.88 076  5e+13 -13.88 074  3.2e+13
VB1 -3.44 0.9 1.8e+15  -4.41 089 22e+14  -4.69 089 5.9e+13  -5.08 089  3.8e+13
VB2 -5.27 086  1.7e+15  -7.29 082  2e+14 -8.02 081 54e+13  -8.59 081  3.4e+13
Vs -1.62 0.95 1.9e+15  -1.52 0.97  2.4e+14  -1.37 0.97 6.4e+13  -1.56 0.97  4.2e+13

VBy -23.19 0.6 1.2e+15  -16.71 071  1.7e+14  -15.93 074  4.9e+13  -16.05 074  3.2e+13
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Table B.55: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.67, CV(X) = 0.77

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 102  2.1e+14 — 1 3.3e+13 — 1.04 9.1e+12 — 1.03  5.4e+12
vsyag — 1 2e+14 — 1 3.3e+13 — 1 8.7e+12  — 1 5.3e+12
VMC 1.8 1.01  2.1e+14 032 1.03  3.4e+13  0.19 1.07  9.3e+12  -1.56 1.03  5.4e+12
VMC2 1.83 1 2.1e+14  0.16 1.02  3.4e+13  0.11 1.02  88e+12  -0.28 101 5.3e+12
VD, 1.41 089  1.8e+14 -1.76 088  209e+13 -2.2 088 7.7e+12  -3.16 087  4.6e+12
VD2 1.76 0.9 1.8e+14  -1.21 089 29e+13  -1.28 0.9 7.8e+12  -2.01 089  g.7e+12
VD3 2.12 0.9 1.8e+14  -0.14 091  3e+13 1.13 094 81e+12 135 093  4.9e+12
VEP 1.15 0.88 1.8e+14  -0.45 0.98 3.2e+13 -0.2 1 8.7e+12  -0.75 0.99  5.2e+12
VBe 1.6 0.96  2e+14 -0.37 0.97  3.2e+13  -0.18 0.98 8s5et+12  -0.34 0.99  5.2e+12
Brewer VTi 1.4 0.96  2e+14 -0.45 0.98  3.2e+13 021 1 8.7e+12 043 1 5.3e+12
VMT1 3.16 089 1.8e+14 -1.09 085 2.8e+13  -2.26 085 7.4e+12  -3.6 0.83  4.4e+12
VMT2 2.07 0.9 1.8e+14 -0.2 091  3e+13 1.05 0.93 8.ae+12  1.28 0.93  4.9e+12
VMT; 1.72 089 1.8e+14 -1.26 089  29e+13  -1.35 0.9 7.8e+12  -2.07 089  g.7e+12
VMTy4 -1.89 083 17e+14 -3.91 084  2.8e+13  -4.14 085  7.4e+12  -5.03 0.83  4.4e+12
VMTs 1.23 086 1.8e+14 -2.93 082  27e+13  -4.07 082 7.1e+12  -5.37 0.8 4.2e+12
VB 1.76 0.9 1.8e+14  -0.7 0.9 2.9e+13  0.18 0.92  8e+12 0.16 091  4.8e+12
VB2 1.77 086  1.8e+14 -1.12 084 2.7e+13  -0.21 085  7.4e+12  -0.22 084  4.4e+12
VB3 1.75 0.93  1.9e+14  -0.27 0.96  3.2e+13  0.58 0.99 8.6e+12 053 0.98  5.2e+12
VBy -19 0.63 1.3e+14 -14.9 075 2.5e+13  -14.37 079  6.9e+12  -14.96 0.79  4.2e+12
VHT — 113 2.5e+14  — 1.05 2.8e+13 — 118  9.2e+12  — 117 5.3e+12
Vsya —_ 1 2.2e+14 — 1 2.7e+13 — 1 7.8e+12  — 1 4.5e+12
VMt -0.45 114  2.5e+14  -0.51 1.05 2.8e+13 1.2 118  9.2e+12  0.62 117 5.3e+12
VMmC2 -1.88 0.98  2.2e+14 -1.33 0.97  2.6e+13  -0.91 1 7.8e+12  -1.83 1 4.5€+12
VD: -0.02 0.96  2.1e+14  0.02 0.9 2.4e+13 1.05 0.95  7.4e+12  0.03 0.94  4.2e+12
VD2 0.32 0.96  2.2e+14  0.57 091  25e+13 2 097  7.5e+12  1.23 096  4.3e+12
VD3 0.66 0.97 22e+14  1.67 0.93  2.5e+13  4.53 1.01  7.8e+12  4.83 1.01  4.6e+12
VEP -0.27 0.95 21e+14  1.02 1 2.7e+13 311 1.08  84e+12 2,54 1.08  4.9e+12
VBe 0.54 1.04 23e+14  1.34 1 2.7e+13  2.92 1.05 8.2e+12 224 1.04  4.7e+12
Tillé VTi 0.38 1.04  23e+14  1.22 101 2.7e+13  3.44 1.07 83e+12 331 1.07  4.8e+12
VMT1 1.53 0.95 21e+14 084 087  24e+13  1.02 091  7.1e+12  -0.36 0.9 4.1e+12
VMT2 0.62 0.97 22e+14 1.61 0.93  2.5e+13  4.46 1 7.8e+12  4.75 1.01  4.6e+12
VMT3 0.29 0.96  2.1e+14 052 091  2.5e+13  1.92 097 7.5e+12  1.16 096  4.3e+12
VMTy -3.27 0.9 2e+14 -2.18 086  2.3e+13  -0.95 091  7.1e+12  -1.9 0.9 4.1e+12
VMTs -0.37 0.92  2.1e+14  -1.04 084 23e+13 -0.85 0.88  6.9e+12  -2.19 087  3.9e+12
VB1 0.32 0.96  22e+14 1.1 0.92  25e+13  3.56 099  7.7e+12  3.58 099  4.5e+12
VB2 0.14 0.93 21e+14 0.86 085  23e+13 3.2 0.91 7.1e+12  3.29 0.91 4.1e+12
VB3 0.49 1 2.2e+14  1.35 098  2.7e+13  3.91 1.06 83e+12  3.87 1.07  4.8e+12
Ve, -19.71  0.69  1.5e+14 -13.72 077  2.1e+13 -11.59 0.85 6.6e+12  -12.28 086  3.9e+12
VHT — 098  2.7e+14 @ — 1.04  2.6e+13 — 1.02  8.6e+12 — 102 5.9e+12
VsyG — 1 2.7e+14  — 1 2.5e+13 — 1 8.4e+12 — 1 5.7e+12
VMmC: -0.83 1 2.7e+14 116 1.06  2.7e+13 043 0.98  8.2e+12 04 1.03  5.9e+12
VMC2 -1.23 0.99 27e+14 0.16 1.01  25e+13  0.04 0.96  8.1e+12  -0.25 1 5.7€+12
VD1 -1.75 0.9 2.5e+14  -0.5 0.9 2.3e+13  -1.11 087 73e+12  -2.99 087  se+12
VD2 -1.45 0.9 2.5e+14  0.06 091  2.3e+13 -0.2 089 7.5e+12  -1.84 089  5.1e+12
VD3 -1.15 0.91 2.5e+14 116 0.93  2.3e+13 221 0.92 7.8e+12  1.52 0.93  5.3e+12
VEP -1.98 089 24e+14 049 101 2.6e+13  0.76 0.99 83e+12  -0.39 0.99  5.7e+12
VBe -0.71 1 2.7e+14 051 0.99  2.5e+13 1.11 0.99 8.3e+12  -0.24 0.98  5.6e+12
CPs vTi -0.86 1 2.7e+14 038 1 2.5e+13 142 1 8.4e+12 058 1 5.7e+12
VMT:1 -0.46 089  24e+14 038 088  2.2e+13 -1.15 084 7.1e+12  -348 083  4.8e+12
VMT2 -1.15 0.91 2.5e+14 1.1 0.93  2.3e+13 215 0.92 7.8e+12  1.46 0.93  5.3e+12
VMT3 -1.45 0.9 2.5e+14  © 091  23e+13  -0.26 089 7.5e+12  -19 089  5.1e+12
VMTy -4.95 084 23e+14 -2.68 0.86  2.2e+13 -3.07 084 7.1e+12  -4.86 0.83  4.8e+12
VMTs -2.32 085  23et+14 -1.49 084 21e+13 -2.97 081  6.8e+12  -5.25 0.8 4.6e+12
VB -1.45 0.9 2.5e+14 0.6 0.92  23e+13 1.27 091  7.6e+12 033 0.91 5.2e+12
VB2 -1.85 086  2.4e+14  0.44 0.86  2.2e+13 0.94 084  7e+12 -0.16 084  4.8e+12
VBj -1.05 0.95 2.6e+14 0.75 0.99  2.5e+13  1.61 0.98  8.2e+12  0.82 0.98  5.6e+12
Viy -2058 0.66 1.8e+14 -14.32 077 1.9e+13  -13.57 0.8  6.6e+12  -14.55 079  4.5€+12
VHT — 1.05  20+14 — 1.03  2.9e+13 — 1 9e+12 — 1.03 5.7€+12
vsya — 1 1.9e+14 — 1 2.8e+13 — 1 9e+12 — 1 5.6e+12
VMC: 3.65 112 2.1e+14  -0.79 1.02  2.9e+13  -0.7 0.98  8.ge+12 145 1.03  5.8e+12
VMC2 2.23 1.02  1.9e+14  -0.32 098  28e+13 -0.71 0.98 89e+12 0.89 1 5.6e+12
VD1 1.92 0.92  1.7e+14  -1.39 0.9 2.5e+13  -3.28 087 7.8e+12 -2.79 087  4.8e+12
VD2 2.27 0.93 1.8e+14 -0.84 0.91  2.6e+13  -2.4 0.88  8et+12 -1.64 089  4.9e+12
VD3 2.62 0.93 1.8e+14 024 093  26e+13  -0.1 092 82e+12  1.73 093  5.2e+12
VEP 1.66 0.91 1.7e+14  -0.28 1.01  2.9e+13  -1.39 0.98  88e+12  -0.26 0.99  5.5e+12
VBe 2.11 1 1.9e+14  -0.13 0.99 28e+13  -0.74 0.99 8.9e+12  -0.09 0.98  5.5e+12
Rand. Sys. vty 1.89 1 1.9e+14  -0.23 1 2.8e+13  -0.5 1 9e+12 0.67 1 5.6e+12
VMT1 3.68 0.92  1L7e+14  -0.62 087  25e+13  -3.37 0.83 7.5e+12  -3.26 0.83  4.6e+12
VMT2 2.58 0.93 1.8e+14 0.8 0.93  2.6e+13  -0.14 0.91  82e+12  1.66 0.93  5.2e+12
VMT3 2.23 092 18e+14 -0.89 091  2.6e+13  -2.44 0.88  8e+12 -1.7 089  4.9e+12
VMTy -1.4 086  1.6e+14  -3.55 086  24e+13  -5.19 0.83  7.5e+12  -4.66 0.83  g.6e+12
VMTs 1.74 088  17e+14  -247 084 24e+13  -5.15 0.8 7.2e+12  -5.04 0.8 4.5e+12
VB1 2.27 0.93 1.8e+14  -0.32 0.92  2.6e+13 -1 0.9 8.1e+12 053 0.91 5.1e+12
VB2 2.29 089 17e+14  -0.61 086  2.4e+13  -1.43 083 7.5e+12 0.1 084  4.7e+12
Vij 2.25 096  1.8e+14  -0.02 098  28e+13 -0.57 0.97 8.ye+12  0.97 0.98  5.5e+12
VB, -18.62 066 13e+14 -14.83 077 2.2e+13 -15.29 078  7e+12 -14.5 079  4.4e+12
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Table B.56: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.67, CV(X) = 0.67

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 4.95 6.7e+12  — 12.85 9.6e+11  — 35.19  3.7e+11 — 57.79  2.6e+11
VsvyaG — 1 14e+12 — 1 7.5e+10  — 1 11e+10 — 1 4.5€+09
VMCr 1.15 2.99  4.1e+12  -0.75 1001 7.5e+11  -2.49 31.06  3.3e+11  -1.64 53.31  2.4e+11
VMC2 1.38 1.1 1.5e+12  -0.87 1.07 8e+10 -1 1.06 1.1e+10  -0.5 1.05 4.7e+09
VD1 3.74 1.2 1.6e+12  1.45 1.19 8.9e+10  1.19 1.16 1.2e+10  1.71 112 5e+09
VD2 3.95 121 16e+12 184 1.2 9e+10 1.84 1.18 1.3e+10  2.53 1.14 5.2e+09
VD3 4.15 1.22 1.6e+12 2.43 1.22 9.1e+10 2.95 1.22 1.3e+10 3.98 1.19 5.4e+09
VEP 3.58 1.2 1.6e+12  -0.99 1.1 8.2e+10 -1 1.08 1.1e+10  -0.29 1.06 4.8e+09
Ve 1.58 111 1.5e+12  -0.21 .1 8.2e+10 0.1 .1 1.2e+10  0.92 1.08 4.9e+09
Brewer VTi 1.19 .1 1.5e+12  -1.07 1.07 8e+10 -1.35 1.06 1.1e+10  -0.93 1.05 4.8e+09
VMT1 6.13 1.28 1.7e+12  3.72 1.27 9.5e+10  2.78 1.21 1.3e+10  2.89 1.15 5.2e+09
VMT2 4.19 122 1.6e+12 242 1.22 9.1e+10  2.93 1.21 1.3e+10  3.96 1.18 5.3e+09
VMT; 3.98 121 1.6e+12  1.83 1.2 9e+10 1.82 1.17 1.2e4+10  2.52 1.13 5.1e+09
VMT4 1.17 1.14 1.6e+12  -0.24 1.15 8.6e+10  -0.33 112 1.2e+10  0.22 1.08 4.9e+09
VMTs 4.63 124 17e+12 226 1.23 9.2e+10  1.34 117 1.2e+10  1.46 111 5e+09
Vi 3.95 121 1.6e+12  2.04 1.21 9e+10 2.29 1.2 1.3e+10  3.14 1.16 5.3e+09
VB2 5.13 1.26  1y7e+12 418 1.3 9.7e+10  5.17 1.32 1.4e+10  6.48 1.29 5.9e+09
VBj 2.77 1.16 1.6e+12  -0.1 112 8.4e+10  -0.58 1.09 1.2e+10  -0.19 1.05 4.8e+09
VB, -17.96 073  9.9e+11  -15.74  0.81 6e+10 -17.32  0.83 8.8e+to9  -18.36  0.85 3.8e+09
VHT —_ 3.75 5.6e+12  — 11.45  9.4e+11 — 33.27  3.9e+11 — 53.81  2.7e+11
vsyG — 1 1.5e+12 — 1 8.2e+10 — 1 1.2e+10 — 1 5e+09
VMCr 0.49 3.98 5.9e+12  1.93 1149  9.5e+11  -2.54 33.35  3.9e+11  -0.99 53.99  2.7e+11
VMC2 1.25 1 1.5e+12  0.83 1 8.2e+10  -0.07 1 1.2e+10  -0.38 1 5e+09
VD1 3.15 1.08  1.6e+12 273 1.08 8.9e+10  1.02 1.05 1.2e+10 0.2 1.02 5.1e4+09
VD2 3.35 1.08  1.6e+12  3.13 1.09 9e+10 1.68 1.07 1.2e+10  1.02 1.04 5.2e+09
VD3 3.56 1.09 1.6e+12  3.74 111 9.2e+10  2.79 1.1 1.3e+10  2.46 1.08 5.4e+09
VP 2.99 1.07 1.6e+12 0.24 1 8.2e+10  -1.17 0.98 1.1e+10 -1.74 0.97 4.8e+09
VBe 1.04 1 1.5e+12  1.09 1 8.3e+10  0.06 1 1.2e410  -0.48 0.99 4.9e+09
Tillé A 0.66 0.98 1.5e+12  0.25 0.97 8e+10 -1.3 0.96 1.1e+10  -2.15 0.97 4.8e+09
VMT1 5.5 1.15 1.7€+12 5.02 1.16 9.5e+10 2.6 1.1 1.3e+10 1.36 1.04 5.2e+09
VMT2 3.59 1.09  1.6e+12 372 111 9.1e+10  2.77 1.1 1.3e+10  2.44 1.07 5.4e+09
VMT3 3.38 1.08  1.6e+12  3.11 1.09 9e+10 1.65 1.07 1.2e+10 1 1.03 5.1e+09
VMT4 0.59 1.02 1.5e+12 1.02 1.05 8.6e+10  -0.49 1.02 1.2e+10  -1.26 0.99 4.9e+09
VMTs 4.01 111 1.7e+12  3.55 112 9.2e+10  1.17 1.07 1.2e+10  -0.05 1.01 5.1e+09
VB1 3.35 1.08 1.6e+12 333 1.1 9.1e+10  2.13 1.08 1.3e+10  1.63 1.06 5.3e+09
VB2 4.5 113 1L7e+12  5.49 1.19 9.8e+10  4.99 1.19 1.4e+10  4.88 1.17 5.8e+09
VBj 2.2 1.04 1.5e+12 1.17 1.02 8.4e+10  -0.72 0.99 1.1e+10  -1.61 0.96 4.8e+09
VB, -18.38  0.65 9.7e+11 -14.66  0.73 6e+10 -17.41 0.76 8.8e+0o9  -19.47 0.8 4e+09
VHT — 2.61  38e+12  — 9.37 7.5e+11  — 30.01  3.3e+11  — 50.62  2.4e+11
vsya — 1 1.5e+12 — 1 8e+10 — 1 1.1+10 — 1 4.8e+09
VMCr -1.26 2.74  4e+12 -1.22 9.45 7.5e+11 1.6 3014  3.3e+11  -0.29 50.74  2.4e+11
VMC2 -0.86 1 1.5e+12  -1.62 1 8e+10 0.25 0.99 1.1e+10  -0.16 0.99 4.7€+09
VD, 1.71 1.09 1.6e+12  0.86 111 8.9e+10  2.64 1.1 1.2e+10  2.02 1.06 5.1e4+09
VD2 1.92 .1 1.6e+12  1.25 1.13 9e+10 3.29 112 1.2e+10 285 1.09 5.2e+09
VD3 2.12 111 1.6e+12  1.84 1.14 9.1e+10  4.41 1.16 1.3e+10  4.29 113 5.4€+09
VEpP 1.56 1.09  1.6e+12  -1.57 1.03 8.2e+10 041 1.02 1.1e+10  0.03 1.01 4.8e+09
VBe -0.36 1.01  1.5e+12  -0.81 1.03 8.2e+10  1.46 1.04 1.2e+10  1.21 1.03 5e+09
CPs VTi -0.73 1 1.5e+12  -1.66 1 7.9e+10  -0.05 1 1.1e+10  -0.66 1.01 4.8e+09
VMT: 4.03 116 17e+12 3.2 1.19 9.5e+10  4.25 1.15 1.3e+10 3.2 1.09 5.2e+09
VMT2 2.15 111 1.6e+12 183 1.14 9.1e+10 4.4 115 1.3e+10  4.28 113 5.4e+09
VMT3 1.95 1.1 1.6e+12 1.4 112 8.9e+10  3.28 112 1.2e+10  2.83 1.08 5.2e+09
VMTy -08 1.04 1.5e+12  -0.81 1.08 8.6e+10 1.1 1.07 1.2e+10  0.53 1.03 4.9e+09
VMTs 2.56 1.13 1.7e+12 1.67 1.15 9.2e+10 2.8 112 1.2e+10 1.76 1.06 5.1e+09
VB1 1.92 1.1 1.6e+12 145 113 9e+10 3.75 1.14 1.3e+10  3.45 111 5.3e+09
VB2 3.05 1.15 1.7e+12  3.58 1.22 9.7e+10  6.68 1.26 1.4e+10  6.79 1.23 5.9e+09
VB; 0.79 1.06  1.5e+12  -0.68 1.05 8.4e+10  0.82 1.03 1.1e+10  0.12 1 4.8e+09
VB, -19.5 0.67  9.8e+11 -16.24  0.76 6e+10 -16.17  0.77 8.5e+09  -18.1 0.81 3.9e+09
VHT — 252 38e+12  — 8.71 7.1e+11  — 27.17  3.1e+11 — 45.75  2.3e+11
VsyaG — 1 1.5e+12  — 1 8.1e+10 — 1 1.1e+10 — 1 4.9e+09
VMCt 1.6 2.74  4.1e+12 -1.02 9.17 7.4e+11  1.62 2869 3.2e+11  1.83 48.08  2.4e+11
VM2 1.03 0.99  1.5e+12 037 0.99 8e+10 -0.34 0.97 1.1e+10 1.3 0.96 4.8e+09
VD: 3.3 1.09 1.6e+12  2.77 1.1 8.9e+10 231 1.07 1.2e+10  4.25 1.03 5.1e+09
VD2 3.51 .1 1.6e+12  3.16 111 9e+10 2.97 1.09 1.2e+10  5.09 1.06 5.2e+09
VD3 3.71 .1 1.6e+12  3.76 113 9.1e+10  4.08 113 1.3e+10  6.57 1.1 5.5e+09
VEp 3.15 1.09 1.6e+12 034 1.01 8.2e+10  0.08 1 1.1e+10  2.19 0.97 4.8e+09
Ve 1.13 101 1.5e+12 1.12 1.01 8.2e+10  1.13 1.01 1.1e+10  3.38 1 4.9e+09
Rand. Sys.  vri 0.74 0.99  1.5e+12  0.27 0.98 8e+10 -0.39 0.97 1.1e+10 1.4 0.97 4.8e+09
VMT1 5.69 1.16 1.7e+12  5.04 117 9.5e+10  3.92 1.12 1.3e+10  5.46 1.06 5.3e+09
VMT2 3.75 1.1 1.6e+12  3.75 112 9.1e+10  4.07 112 1.3e+10  6.55 1.1 5.4e+09
VMT; 3.54 1.1 1.6e+12  3.15 111 9e+10 2.95 1.09 1.2e+10  5.08 1.05 5.2e4+09
VMTy 0.75 1.04 1.5e+12 106 1.06 8.6e+10  0.78 1.04 1.2e+10  2.73 1 4.9e+09
VMTs 4.2 113 L7e+12  3.57 1.14 9.2e+10 247 1.09 1.2e+10  3.99 1.03 5.1e+09
VB1 3.51 1.1 1.6e+12  3.36 112 9e+10 3.42 111 1.3e+10  5.71 1.08 5.3e+09
VB2 4.69 114 17e+12  5.49 1.2 9.8e+10  6.36 1.22 1.4e+10 9.14 1.2 6e+09
VB; 232 1.05 1.6e+12  1.23 1.03 8.4e+10  0.49 1.01 1.1e+10  2.28 0.97 4.8e+09

VB, -18.33 0.66  9.8e+11 -14.58 074 6e+10 -16.46  0.76 8.5e+09  -16.36  0.75 3.7€+09
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Table B.57: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

Sukhatme population (N = 34), CV(Y) = 0.67, CV(X) = 0.5

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 1.61 6e+12 — 2.82 6.6e+11 — 4.75 2.4e+11 — 5.95 1.7€+11
vsyag — 1 37e+12 — 1 23e+11 — 1 5e+10 — 1 2.8e+10
VMC 1.09 119  4.4e+12  -0.78 216  5.1e+11 -1.44 3.89  2e+11 -0.09 4.98  1.4e+11
VMC2 0.97 1.02  38e+12  -0.72 1 23e+11 -0.86 0.99  5e+10 0.7 0.99  2.8e+10
VD, 1.29 1.03 3.8e+12  -0.52 1.01  24e+11  -0.75 0.98  4.9e+10 0.76 0.96  2.7e+10
VD2 1.39 1.03 38e+12  -0.34 1.01  24e+11  -0.44 098  4.9e+10  1.16 097  2.7e+10
VD3 1.49 1.04 3.9e+12  -0.04 1.02  24e+11 016 1 5e+10 2 099  2.8e+10
VEp 1.22 1.03 3.8e+12  -0.88 1.01  2.4e+11  -0.96 1 5e+10 0.63 0.98  2.7e+10
VBe 0.89 1.02  3.8e+12  -0.73 1.01  24e+11  -0.79 0.99  5e+10 0.82 0.98  2.7e+10
Brewer VTi 0.82 1.02  3.8e+12  -0.82 1.01  24e+11  -0.8 1.01  5.1e+10 0.9 1.01  2.8e+10
VMT1 2.24 1.05  3.9e+12 0.3 1.02  24e+11  -0.16 098  4.9e+10  1.23 095  2.7e+10
VMT2 1.52 1.04 3.9e+12  -0.03 1.02  24e+11 017 1 5e+10 2 099  2.8e+10
VMT; 1.42 1.03  3.8e+12  -0.32 101 2.4e+11 -0.43 098  4.9e+10  1.17 0.96  2.7e+10
VMTy4 -0.13 1 3.7e+12 -1.46 0.99  2.3e+11  -1.59 0.96  4.8e+10  -0.07 0.94  2.6e+10
VMTs 143 1.04 3.9e+12  -0.49 1 2.3e+11 -0.95 0.96  4.8e+10  0.44 0.94  2.6e+10
VB1 1.39 1.03 38e+12  -0.23 1.01  24e+11  -0.15 1 5e+10 1.59 098  2.7e+10
VB2 1.63 1.04 3.9e+12  0.17 1.02  24e+11 033 0.99  5e+10 2.13 097  2.7e+10
VB3 1.15 1.03 3.8e+12  -0.63 1.01  2.4e+11 -0.63 1.01  5e+10 1.06 1 2.8e+10
Viy -15.15  0.74  27e+12  -12.33 0.83  1.9e+11  -12.27 0.86  4.3e+10  -ILI 085  2.4e+10
VHT — 136 51e+12  — 233 5ae+11 — 3.95 Lye+11  — 4.95  1.Ie+11
Vsya —_ 1 3.7e+12 — 1 2.2e+11 — 1 4.3e+10  — 1 2.3e+10
VMCt 2.08 142  5.3e+12  -0.68 2.35 5.de+11  -1.4 3.97 17e+11  -0.36 4.97  1.ae+11
VMC2 2.14 101 38e+12  -0.73 101 22e+11 -0.83 1 4.3e+10  -0.42 1 2.3e+10
VD1 3.22 1.05  3.9e+12 1.47 1.09  2.4e+11 2.65 114  4.9e+10  3.81 117  2.7e+10
VD2 3.33 1.06  3.9e+12  1.66 1.1 2.4e+11 298 115  4.9e+10  4.22 118  2.7e+10
VD3 3.43 1.06  4e+12 1.96 111 2.4e+11 3.6 117  5€+10 5.08 122 2.8e+10
VEP 3.15 1.05  3.9e+12 115 TI1  24€+11 245 116  5e+10 3.69 1.2 2.7e+10
VBe 2.81 1.04  3.9e+12  1.25 1.09  2.4e+11  2.63 116  5e+10 3.84 1.2 2.7e+10
Tillé VTi 2.74 1.04 3.9e+12  1.17 1.09  2.4e+11 2.64 117  5€+10 3.95 1.23  2.8e+10
VMT1 4.19 1.07  4e+12 2.29 111 24e+11 3.25 114 4.9e+10  4.29 117 2.7e+10
VMT2 3.46 1.06  4e+12 1.97 111 2.4e+11 3.61 117  5€+10 5.09 122 2.8e+10
VMT; 3.35 1.06  3.9e+12  1.67 1.1 24e+11 2.98 115  4.9e+10  4.22 118  2.7e+10
VMTy4 1.77 1.02  3.8e+12 051 1.07  23e+11  1.78 112 4.8e+10 295 115  2.6e+10
VMTs 3.36 1.06  4e+12 1.48 1.09  2.4e+11 2.44 112 4.8e+10 347 114  2.6e+10
VB1 3.33 1.06  3.9e+12 177 1.1 24e+11 3.27 116  5e+10 4.67 1.2 2.7e+10
VB2 3.57 1.06  4e+12 2.15 1.1 2.4e+11 3.75 116  5e+10 5.21 119  2.7e+10
VBj 3.08 1.05  3.9e+12 138 1.1 24e+11 2,79 117  5e+10 4.13 122 2.8e+10
Viy -13.54 0.75 28e+12  -10.54 0.89  2e+11 -9.23 0.97 4.2e+10 -8.39 1 2.3e+10
VHT — 112 43e+12  — 215  5.1e+11 — 3.86 1.9e+11 — 512 1.4e+11
VsyG — 1 3.9e+12 — 1 2.4e+11 — 1 5e+10 — 1 2.7e+10
VMt 0.27 115  4.5e+12  -1.3 216  5ae+11 1.1 3.88 1.9e+11  -15 513  1.4e+11
VMC2 0.27 1 3.9e+12  -1.41 1 2.4e+11 -0.42 1 5e+10 -2.05 0.99  2.7e+10
VD: 0.74 1.01  3.9e+12  -1.01 1 24e+11  0.03 098  4.9e+10  -1.95 097  2.6e+10
VD2 0.84 1.01  3.9e+12  -0.83 1.01  2.4e+11 035 0.99  5e+10 -1.56 0.98  2.7e+10
VD3 0.94 1.02  3.9e+12  -0.54 1.01  2.4e+11 0.95 1.01  5.1e+10  -0.76 1 2.7€+10
VEP 0.67 101 3.9e+12  -1.34 101 24e+11  -0.17 1.01  5.1e+10  -2.08 099  2.7e+10
VBe 0.38 1 3.9e+12  -1.23 1 2.4e+11 -0.09 1 5e+10 -1.94 0.99  2.7e+10
CPs vTi 0.31 1 3.9e+12  -1.31 1 2.4e+11  -0.12 1.01  5.1e+10  -1.88 1.02  2.8e+10
VMT:1 1.67 1.03  4e+12 -0.2 1.01  2.4e+11  0.63 0.98  s5e+10 -1.49 0.96  2.6e+10
VMT2 0.97 1.02  3.9e+12  -0.52 1.01  2.4e+11 0.96 1.01  5.1e+10  -0.75 1 2.7e+10
VMT3 0.87 1.01  3.9e+12  -0.81 1.01  24e+11 036 0.99  5e+10 -1.55 0.98  2.6e+10
VMTy -0.68 0.98  3.8e+12  -1.95 0.98  23e+11  -0.81 0.97  4.9e+10  -2.76 0.95  2.6e+10
VMTs 0.86 1.01  3.9e+12  -0.99 1 2.4e+11  -0.16 0.97  4.9e+10  -2.26 0.95  2.6e+10
VB 0.84 101 3.9e+12  -0.72 101 2.4€+11 0.64 1 5e+10 -1.15 0.99  2.7e+10
VB, 1.06 1.02  4e+12 -0.34 101 24e+11 113 1 5e+10 -0.62 098  2.7e+10
VB3 0.62 1.01  3.9e+12 1.1 1.01  24e+11  0.14 101 5.1e+10  -1.68 101 2.7e+10
Viy -15.57 0.72  2.8e+12  -12.74 083  20+11 -11.6 086 4.3e+10 -13.51 089  2.4e+10
VHT — 112 4.2e+12 — 2.09  5e+11 — 3.8 1.9e+11 — 4.99  1.4e+11
Vsya — 1 3.8e+12 — 1 2.4e+11 — 1 5.1e+10 — 1 2.8e+10
VMt 0.19 116  44e+12  -0.84 219  52e+11  -0.27 4 2e+11 -0.32 5.24  1.5e+11
VMC2 0.01 1 3.8e+12  -0.02 1 2.4e+11 -0.03 1 5.1e+10  0.15 1 2.8e+10
VD: 0.47 101 38e+12  0.03 1 2.4e+11  -0.07 097  4.9e+10  0.05 094  2.6e+10
VD2 0.57 1.01  3.8e+12 021 1 2.4e+11 0.24 0.97  4.9e+10 045 0.95  2.7e+10
VD3 0.67 1.02  38e+12  0.51 101 24e+11  0.84 099  5e+10 1.27 098  2.7e+10
VEP 0.4 101 38e+12  -03 101 24e+11  -03 0.99  5e+10 -0.08 097  2.7e+10
VBe 0.09 1 3.8e+12  -0.15 0.99  2.4e+11 -0.12 0.98  5e+10 0.1 0.97  2.7e+10
Rand. Sys. vty 0.02 1 3.8e+12  -0.23 1 24e+11 -0.14 1 5e+10 0.15 1 2.8e+10
VMT1 1.41 1.03  3.9e+12  0.84 101 2.4e+11 0.52 0.97  4.9e+10  0.52 0.94  2.6e+10
VMT2 0.7 102 38e+12 052 101 24e+11  0.85 099  5e+10 1.27 098  2.7e+10
VMT3 0.6 1.01  3.8e+12  0.23 1 2.4e+11 025 0.97  4.9e+10  0.46 0.95  2.7e+10
VMTy -0.94 0.98  3.7e+12  -0.92 0.98  2.3e+11 -0.92 0.95 4.8e+10  -0.77 0.93  2.6e+10
VMTs 0.6 101 3.8e+12  0.04 0.99  24et+11  -0.27 0.95 4.8e+10  -0.26 0.93  2.6e+10
VB1 0.57 1.01  3.8e+12 032 1 2.4e+11 053 0.98  5e+10 0.87 0.97  2.7e+10
VB2 0.8 1.02  38et+12 07 1 2.4e+11 1.02 0.98  5e+10 1.41 0.96  2.7e+10
Vij 0.34 101 3.8e+12  -0.06 1 2.4e+11 0.04 0.99  5e+10 0.33 0.99  2.7e+10
VB, -15.82 072 27e+12  -11.81 082  2e+11 -11.69 084 4.3e+10 -1175 085  24e+10
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Table B.58: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.5, CV(X) = 1.1

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94  2e+20 — 1.03 2.1e+19 — 1.04 5.5e+18 — 1.13 3.8e+18
vsvyag — 1 2.1e420 — 1 2.1e+19 — 1 5.2e+18  — 1 3.4e+18
VMC -0.4 0.92  1.9e+20  3.59 115  2.4e+19  -0.64 1.01  53e+18 036 112 3.8e+18
VMmC2 -6.51 0.78 1.6e+20  4.66 122  25e+19  -0.88 1.03  5.4e+18  -3.09 1.03  3.4e+18
VD, -7.22 0.81 1.7e+20  -8.34 085 1.8e+19 -9.91 084  4.4e+18 -11.32 087  2.9e+18
Vpa -6.56 082  17e+20  -7.02 0.88  1.8e+19  -7.25 089 4.7e+18  -7.51 0.95  3.2e+18
VD3 -5.89 083 17e+20 -4.89 0.92  1.9e+19  -3.2 0.96  5e+18 -1.65 1.07  3.6e+18
VP -7.71 0.8 1.7e+20  0.27 1.03  2.1e+19  0.05 1.04  5.4e+18 041 113 3.8e+18
VBe -0.96 0.93  1.9e+20  -2.24 0.98  2e+19 -2.61 1 5.2e+18  -6.1 0.97  3.3e+18
Brewer VTi -0.56 0.94  1.9e+20  -0.97 1 2e+19 -0.38 1.03  5.4e+18  -1.81 1.06  3.5e+18
VMT1 -6.56 082  1.7e+20 -9.22 083 17e+19 -11.37 081 4.2e+18 -12.83 084 2.8e+18
VMT2 -5.85 0.83  1.7e+20  -4.94 0.92  1.9e+19  -3.39 0.96  5e+18 -2 1.06  3.6e+18
VMT3 -6.52 082  1.7e+20  -7.06 088 1.8e+19 -7.41 089  4.6e+18  -7.83 0.94  3.2e+18
VMTy4 -13.12 0.71 1.5e+20 -12.31 078  1.6e+19  -13.43 077  4.1e+18  -14.7 081  2.7e+18
VMTs -10.13 076  1.6e+t20 -12.66 077 1.6e+19 -14.67 0.75 3.9e+18 -16.04 078  2.6e+18
VB1 -6.56 082  17e+20 -6.25 089 1.8e+19  -5.99 091  4.8e+18  -5.71 0.98  3.3e+18
VB2 -9.43 0.77  1.6e+20 -10.76 0.81 1.7e+19  -1LI 081  4.2e+18  -11 087  2.9e+18
VB3 -3.69 087 1.8e+20 -1.74 0.98  2e+19 -0.87 1.01  53e+18  -043 1.1 3.7e+18
Viy -26.28 052 1.l1e+20 -17.38 0.7 1.4e+19  -15.4 074 3.9e+18 -14.78 081 2.7e+18
VHT — 084 1.8e+20 — 111 2e+19 — 0.94 7.5e+18 — 1.09  3.7e+18
VsyG — 1 2.2e420 — 1 1.8e+19 — 1 8e+18 — 1 3.4e+18
VMmC: -0.69 085  1.9e+20  2.55 116  2e+19 0.3 0.95 7.6e+18  1.91 111 3.8e+18
VMC2 -1.3 085 1.8e+20 -3.58 1.03 1.8e+19  1.02 1.05 83e+18  -5.75 101 3.4e+18
VD, -6.04 0.74  1.6e+20  -6.86 0.92 1.6e+19 -8.49 076  6.1e+18  -9.83 083  2.8e+18
VD2 -5.51 0.74  1.6e+20  -5.49 0.95 1.7e+19  -5.81 0.8 6.4e+18  -5.86 091  3.1e+18
VD3 -4.97 0.75  1.6e+20  -3.37 0.99 1.8e+19  -1.79 087 6.9e+18 0.29 1.03  3.5e+18
VEP -6.44 073  1.6e+20  1.91 111 2e+19 1.73 094  7.5e+18 246 1.09  3.7e+18
VBe 1.14 087 1.9e+20 -0.91 1.06  1.9e+19  -1.79 089 7.1e+18  -5.72 091  3.1e+18
Tillé VTi 1.59 0.88  1.9e+20 0.42 1.08 1.9e+19  0.72 0.92  7.4e+18  -0.84 1 3.4e+18
VMT: -5.77 0.74  1.6e+20  -7.76 0.9 1.6e+19  -9.98 073 58e+18 -11.34 081  2.7e+18
VMT2 -4.79 0.76  1.6e+20  -3.45 0.99  17e+19  -1.97 087 6.9e+18  -0.17 1.02  3.5e+18
VMT; -5.33 0.75  1.6e+20  -5.56 0.95 1.7e+19  -5.96 0.8 6.4e+18  -6.28 0.9 3.1e+18
VMTy4 -12.02  0.65 1.4e+20 -10.9 085 15e+19 -12.08 0.7 5.6e+18  -13.27 0.7  2.6e+18
VMTs -9.38 0.68 1.5e+20 -11.25 084 1.5e+19 -13.34 0.68 54e+18 -14.62 075 2.5e+18
VB -5.51 0.74  1.6e+20 -4.78 0.96  17e+19  -4.6 082  6.6e+18  -3.95 0.94  3.2e+18
VB2 -8.79 0.69  1.5e+20  -9.35 087 1.5e+19  -9.82 073 5.8e+18  -9.33 084  2.9e+18
VB3 -2.23 0.8 1.7€+20  -0.2 1.06  1.9e+19  0.61 0.92  7.3e+18 143 1.06  3.6e+18
Ve, -24.48 049 1.1e+20 -16.1 0.75 1.3e+19  -14.09 0.67 5.3e+18  -13.2 0.78  2.6e+18
VHT — 1.04 1.6e+20 — 1 2.6e+19 — 0.95  5.4e+18 — 0.96  4.3e+18
VsyG — 1 1.5e+20 — 1 2.6e+19 — 1 5.7e+18  — 1 4.5e+18
VMmC: -0.98 1.04 1.6e+20  1.06 1.07 28e+19  0.94 0.97 5.6e+18  3.16 1.04  4.6e+18
VMC2 -0.41 111 1.7e+20 291 117  3e+19 1.36 1 5.7e+18  3.69 1.08  4.8e+18
VD1 -8.46 088 13e+20 -9.39 0.83 22e+19  -9.56 077  4.4e+18  -1061 076  3.4e+18
VD2 -7.76 089 1.3e+20 -8.06 086  2.2e+19 -7 082  4.7e+18  -7.04 082  3.7e+18
VD3 -7.05 0.91 1.4e+20  -6.04 0.9 23e+19  -3.15 088 51e+18  -1.74 091  4.1e+18
VEP -8.98 087 1.3e+20 -1.18 1 2.6e+19  0.08 0.95 5.4e+18  0.36 0.96  4.3e+18
VBe -2.87 0.99  1.5e+20  -2.62 0.98  2.5e+19  -1.29 0.95 5.5e+18  -2.45 0.93  4.2e+18
CPS VT -2.43 1 1.5e+20  -1.57 1 2.6e+19  0.58 0.97 5.6e+18  0.44 0.96  4.3e+18
VMT: -7.53 0.9 1.3e+20 -10.34 081  2.1e+19 -11.04 0.75 4.3e+18 -12.18 073  3.3e+18
VMT2 -7.06 0.9 1.4e+20  -6.11 089 23e+19 -3.23 0.88  s5e+18 -1.81 0.91 4.1e+18
VMT; -7.77 089 1.3e+20 -8.12 086  2.2e+19  -7.06 082  47e+18  -7.09 082  3.7e+18
VMTy4 -14.29 077  1.2e+20 -13.31  0.76  2e+19 -13.1 072 4.1e+18  -14.02 0.7 3.2e+18
VMTs -11.07  0.83  1.2e+20 -13.73  0.75 1.9e+19  -14.36  0.69  ge+18 -15.42  0.68  3e+18
VB, -7.76 089 1.3e+20 -7.4 087 22e+19 -5.83 083 4.8e+18  -5.53 084  3.8e+18
VB2 -10.35 084 1.3e+20 -11.9 079  2e+19 -10.97 074 4.3e+18  -1086 075  3.3e+18
VB3 -5.17 0.94  1.4e+20 -2.9 0.96  2.5e+19  -0.69 0.93 5.3e+18  -0.2 0.94  4.2e+18
VBy -27.87 055 8.2e+19 -18.3 0.68 1.8e+19 -15.21 0.68 3.9e+18 -1451 0.7 3.1e+18
VHT — 0.96  27e+20 — 0.95  1.9e+19 — 1.07 5.9e+18 — 0.97  4e+18
Vsya — 1 2.8e+20 — 1 2e+19 — 1 5.5e+18  — 1 4.1e+18
VMC: -1.25 0.93 2.6e+20 085 0.98  1.9e+19 1.3 113  6.3e+18 046 0.98  g4e+18
VMC2 -6.77 083 23e+20 418 1.09 2.1e+19 -1.89 1.03 5.7e+18  1.28 1 4.1e+18
VD -6.55 085  24e+20  -7.41 081  1.6et+19 -115 084 4.7e+18  -10.8 078  3.2e+18
VD2 -6.03 086  24e+20 -6.29 0.83 1.6e+t19 -8.8 0.9 5e+18 -7.47 083  3.4e+18
VDs3 -5.49 087  24e+20  -4.58 086  1.76+19  -4.53 0.98 5.5e+18  -2.58 091  3.8e+18
VEP -6.94 0.84  2.4e+20 0.09 0.95  1.9e+19  -1.22 1.07  5.9e+18  -0.48 0.97  4e+18
VBe 0.66 1 2.8e+20 1.2 1 2e+19 -5.97 0.94 5.2e+18  -0.58 0.99  4.1e+18
Rand. Sys. v 1.1 1 2.8e+20  2.02 1.01  2e+19 -3.09 1 5.5e+18  1.36 101 4.1e+18
VMT1 -6.31 085 2.4e+20 -8.46 079 1.6e+19 -12.89 082 g4.5e+18 -12.39 075  3.1e+18
VMT2 -5.31 087  2.5e+20  -4.42 087 17e+19  -4.81 0.98  5.4e+18  -2.4 092  3.8e+18
VMT; -5.84 086  24e+20 -6.12 084 1.6e+19  -9.05 089  4.9e+18  -7.29 084  3.4e+18
VMT, -12.5 074  2.1e+20 -11.42 075 1.5e+19 -14.97 078  4.3e+18  -14.2 072  2.9e+18
VMTs -9.9 0.79  2.2e+20 -11.93 0.73 1.4e+19 -16.13 0.76  4.2e+18  -15.62 0.69  2.8e+18
VB1 -6.03 0.86  2.4e+20 -5.73 084 1.7e+19  -7.37 0.92 5.1e+18  -6.1 085  3.5e+18
VB2 -9.32 0.8 2.2e4+20  -10.4 076  1.5e+19  -12.39 0.82  4.6e+18  -11.41 075  3.1e+18
Vs -2.73 0.92  2.6e+20 -1.07 0.93 1.8e+19 -2.36 1.03  5.7e+18  -0.79 0.95  3.9e+18

VB, -24.82 056 1.6e+20 -16.63 066 13e+19 -16.71 075 4.2e+18 -14.98 0.7 2.9e+18
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Table B.59: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

Sukhatme population (N = 34), CV(Y) = 0.5, CV(X) = 0.96

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.94  4.2e+16 — 0.98  4.4e+15 — 1 1.5e+15 — 1.01 9.1e+14
vsyag — 1 4.4e+16 — 1 4.5e+15  — 1 1.5e+15 ~— 1 9e+14
VMC 0.08 0.98  4.4e+16  -1.19 0.96  4.3e+15  -0.55 0.99  1.5e+15 0.4 101 9.1e+14
VMC2 -0.09 0.96  4.3e+16  -1.08 0.96  4.3e+15  -0.21 1.01 1.6e+15  0.62 1.04  9.4e+14
VD, -5.01 084 3.7e+16  -6.16 086  3.8e+15 -6.98 085 1.3e+15  -7.61 084  7.5e+14
Vpa -4.51 085 3.8e+16  -5.3 087  3.9e+15  -5.45 0.88  1.4e+15  -5.58 0.88  7.9e+14
VD3 -4.02 086  3.8e+16  -3.63 0.9 4e+15 -1.73 0.93  1.4e+15  -0.2 0.95  8.6e+14
Vip -5.37 084 3.7e+16  -0.62 0.98  4.4e+15  -0.32 0.99  1.5e+15  -0.29 1 8.9e+14
VBe -0.55 0.94  4.2e+16  -1.27 0.97  4.3e+15  -1.39 0.98  1.5e+15  -1.73 0.99  8.8e+14
Brewer VTi -0.31 0.94 4.2e+16  -0.29 0.99  4.4e+15 1.07 1.01 1.6e+15 2 1.03  9.2e+14
VMT1 -4.28 085 3.8e+16  -6.61 084  3.7e+15  -7.95 082 1.3e+15 -8.72 081  7.3e+14
VMT2 -4.06 086  3.8e+16  -3.71 0.9 4e+15 -1.82 0.93  1.4e+15  -0.3 0.95  8.5e+14
VMT3 -4.55 085 3.8e+16  -5.38 087 3.9e+15 -5.53 087 1.3e+15  -5.65 087  7.8e+14
VMTy -9.79 0.76  3.4e+16  -9.37 0.8 3.6e+15  -9.85 0.8 1.2e+15 -10.38 079  7.1e+14
VMTs -7.1 0.8 3.5e+16  -9.34 0.79  3.5e+15  -10.61 078  1.2e+15 -11.34 077  6.9e+14
VB -4.51 085  3.8e+16  -4.52 089  3.9e+15  -3.33 0.9 1.4e+15  -2.37 091  8.2e+14
VB2 -6.59 081  3.6e+16  -7.76 081  3.6e+15 -7.18 082 13e+15 -6.42 083  7.4e+14
VB3 -2.44 0.9 4e+16 -1.28 0.96  4.3e+15  0.52 0.99  1.5e+15  1.68 1 9e+14
Ve, -23.37 056 25e+16  -16.05 0.71  3.2e+15 -13.57 0.75 1.2e+15 -12.51 076  6.9e+14
VHT — 1.05  4.2e+16 — 1.04 5.2e+15 — 1.07  1.4e+15 — 1.03  9.4e+14
Vsya —_ 1 4e+16 —_ 1 5e+15 — 1 1.3e+15 — 1 9.1e+14
VMt -0.76 1.03  4.2e+16 1.2 1.06  5.2e+15  1.04 1.05  1.3e+15  1.65 1.04  9.5e+14
VMmC2 -1.3 0.97 3.9e+16 0.7 1.01  5e+15 -0.03 0.99 1.3e+15  0.68 101 9.2e+14
VD: -2.35 091  3.7e+16  0.63 0.92  4.6e+15 235 0.93  1.2e+15  2.24 0.9 8.2e+14
VD2 -1.85 092  3.7e+16  1.57 0.94  4.6e+15  4.08 0.97  1.2e+15  4.55 0.95  8.6e+14
VD3 -1.34 0.93 3.7e+16  3.37 0.97 4.8e+15 8.34 1.03 1.3e+15  10.53 1.03  9.4e+14
VEP -2.72 0.91  3.6e+16  6.93 1.06  5.3e+15  10.02 111 1.4e+15 1077 1.09  9.9e+14
VBe 2.22 1.02  4.1e+16  5.52 1.03  5.1e+15  7.21 1.04  1.3e+15  7.47 1.03  9.3e+14
Tillé VTi 2.48 1.03  4.1e+16  6.61 1.05  5.2e+15  10.29 1.09  1.4e+15 1195 1.08  9.8e+14
VMT1 -1.6 0.92  3.7e+16  0.11 0.9 4.5e+15  1.31 0.9 1.1e+15  0.99 087  7.9e+14
VMT2 -1.38 0.93  3.7e+16  3.27 0.96 4.8e+15 8.19 1.03  1.3e+15  10.37 1.03  9.4e+14
VMT3 -1.88 0.92  3.7e+16 148 0.93  4.6e+15  3.94 0.96  1.2e+15  4.41 0.94  8.6e+14
VMTy -7.27 082 3.3e+16 -2.8 086  g4.3e+15 -0.81 088  1.1e+15 -0.83 085  7.7e+14
VMTs -4.49 087  3.5e+16  -2.81 085  4.2e+15  -1.62 085 1.1e+15  -1.91 082  7.5e+14
VB1 -1.85 0.92  3.7e+16 241 0.95 4.7e+15  6.53 1 1.3e+15  8.08 0.99  9e+14
VB2 -3.98 087  3.5e+16  -1.12 087  4.3e+15 231 0.91 1.2e+15  3.56 089 8.1e+14
VB3 0.28 0.97  3.9e+16  5.95 1.03  5.1e+15  10.74 1.09  1.4e+15  12.6 1.08  9.9e+14
Ve, -21.24 0.61 2.5e+16  -9.83 076  3.8e+15 -4.83 0.83  1e+15 -3.04 082  7.5e+14
VHT — 0.99  4.1e+16 — 0.99  5.2e+15 — 0.98  1.6e+15 — 0.99  8.9e+14
VsyG — 1 4.1e+16 — 1 5.3e+15  — 1 1.6e+15 — 1 8.9e+14
VMmC: -0.04 1 4.1e+16  -0.23 0.98  5.2e+15 -0.37 0.99  1.6e+15  0.26 0.99  8.9e+14
VMC2 -0.14 0.99 4.1e+16  -0.26 1 5.3e+15  -0.59 1.01  1.6e+15  0.08 1 8.9e+14
VD: -4.42 0.88  3.6e+16  -5.76 086  4.5e+15  -7.34 084 1.3e+15  -7.27 083  7.5e+14
VD2 -3.95 089  3.7e+16  -4.9 088  g4.6e+t15 -5.8 087  1.4e+15  -5.19 087  7.8e+14
VD3 -3.47 0.9 3.7e+16  -3.24 0.91 4.8e+15  -2.05 0.93  1.5e+15  0.26 0.95 8.5e+14
VEP -4.78 088  3.6e+16  -0.11 0.99  5.2e+15 -0.7 0.98  1.6e+15 0.16 1 8.9e+14
VBe 0.23 0.99 4.1e+16  -0.73 0.99 5.2e+15 -1.86 0.97  1.5e+15  -1.71 0.96  8.6e+14
CPs vTi 0.47 1 4.1e+16  0.23 1 5.3e+15  0.62 1 1.6e+15 218 1.01  9e+14
VMT: -3.77 089  3.6e+16  -6.25 084  4.4e+15  -8.31 081 1.3e+15 -8.38 081  7.2e+14
VMT2 -3.49 0.9 3.7e+16  -3.31 0.91 4.8e+15  -2.16 0.92  1.5e+15  0.13 0.95 8.5e+14
VMT; -3.97 089  3.7e+16  -4.97 088  4.6e+t15 -5.9 087  1.4e+15 5.3 087  7.8e+14
VMTy -9.24 0.8 3.3e+16  -8.98 0.81 4.2e+15  -10.2 0.79  1.3e+15  -10.05 079  7e+14
VMTs -6.6 084  3.4e+16  -8.99 0.8 4.2e+15  -10.97  0.77  1.2e+15 -11.01 076  6.8e+14
VB, -3.95 089  3.7e+16  -4.12 089  g4.7e+15 -3.67 089  1.4e+15  -1.95 091  8.1e+14
VB, -6.11 084  3.5e+16  -7.43 082  4.3e+15  -7.5 0.81 1.3e+15  -6.01 0.83  7.4e+14
VBj -1.79 0.94  3.9e+16  -0.81 0.97 5.1e+15  0.16 0.98  1.6e+15  2.11 1 8.9e+14
Viy -22.73 0.6 2.5e+16  -15.59 0.72  3.8e+15 -13.89 074 1.2e+15 -1215 076  6.8e+14
VHT — 1.03  4.7e+16 — 0.98  5.2e+15 < — 0.99  1.4e+15 < — 0.99  9.1e+14
VsyG — 1 4.6e+16  — 1 5.3e+15  — 1 1.4e+15 — 1 9.3e+14
VMC: -0.08 1.01  4.6e+16  -1.13 096  5.1e+15 -0.89 0.98  1.4e+15  -0.49 0.99  9.2e+14
VMC2 -0.49 0.98  4.5e+16  -0.96 0.97 5.2e+15 -0.87 1 1.4e+15  -0.44 1 9.3e+14
VD1 -4.89 0.9 4.1e+16  -6.62 086  4.6e+15  -8.88 083 1.2e+15 -10.57 0.82  7.6e+14
VD2 -4.39 091  4.1e+16  -5.78 088  g7e+15  -7.39 0.86  1.2e+15  -8.61 085  7.9e+14
VD3 -3.88 0.92  4.2e+16  -4.16 0.9 4.8e+15  -3.7 0.92  1.3e+15  -3.46 0.93 8.6e+14
VEP -5.26 089  g4e+16 -1.11 0.98  5.2e+15  -2.46 0.98  1.4e+15  -3.53 0.97  9e+14
VBe -0.46 0.99  4.5e+16  -1.47 0.99 5.3e+15 -3.3 0.97  1.4e+15  -4.54 0.96  8.9e+14
Rand. Sys. vty -0.22 1 4.5e+16  -0.55 1 5.3e+15  -0.88 1 1.4e+15  -1.06 1 9.3e+14
VMT1 -4.14 0.9 4.1e+16  -7.12 084  4.5e+15  -9.81 0.81 1.1e+15 -11.64 079  7.3e+14
VMT2 -3.93 0.91  4.2e+16  -4.22 0.9 4.8e+15  -3.78 092  1.3e+15  -3.54 093  8.6e+14
VMT; -4.43 0.9 4.1e+16  -5.84 087  g4.7e+15  -7.46 086  1.2e4+15 -8.67 085  7.9e+14
VMTy -9.68 0.81 3.7e+16  -9.81 0.8 4.3e+15  -11.69  0.78  1.1e+15 -13.25 0.7  7.1e+14
VMTs -6.96 085  3.9e+16  -9.83 0.79  4.2e+15 -12.41 076  L.ie+15 -14.18 074  6.9e+14
VB1 -4.39 091  4.1e+16  -5.02 089  4.7e+15  -5.26 089  1.2e+15  -5.54 089  8.2e+14
VB2 -6.45 086  3.9e+16  -8.3 081  4.3e+15 -9 0.81 1.1e+15  -9.46 081  7.5e+14
Vij -2.32 0.95  4.3e+16  -1.74 0.96  5.1e+15  -1.52 0.97  1.4e+15  -1.62 0.98  ge+14
VB, -23.3 0.6 2.7e+16  -16.36 0.71  3.8e+15 -15.39 0.74  1e+15 -15.34 074  6.9e+14
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Table B.6o: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.5, CV(X) = 0.77

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 0.99  3.7e+16 — 0.98  6e+15 — 1.01 1.6e+15 — 0.99  9.7e+14
vsvyag — 1 3.7e+16 — 1 6.1e+15 ~— 1 1.6e+15 — 1 9.8e+14
VMC 1.05 0.98  3.6e+16  1.52 1.01  6.2e+15 0.9 1.03  1.7e+15  -0.25 0.99  9.7e+14
VMC2 1.26 1 3.7e+16  1.56 1.02  6.2e+15 042 1.02  1.6e+15  0.35 101 9.9e+14
VD, -2.46 088  3.3e+16  -3.63 0.88  5.4e+15  -4.65 0.88  1.4e+15 -5.35 087  8.5e+14
Vpa -2.09 089 33e+16  -3.08 089 54e+15  -3.73 0.9 1.5e+15  -4.22 089 8.7e+14
VD3 -1.71 089  3.3e+16  -2.03 091  5.5e+15  -1.45 093  1.5e+15  -L.12 093  9.1e+14
VEP -2.74 087 3.2e+16  0.53 0.98  6e+15 0.11 1 1.6e+15 -0.36 0.99  9.7e+14
VBe 0.25 0.95  3.5e+16  -0.01 0.97  5.9e+15  -0.79 0.98  1.6e+15  -0.67 0.99  9.7e+14
Brewer VTi 0.32 0.96  3.5e+16 048 0.98  6e+15 0.51 1 1.6e+15 1.09 1 9.8e+14
VMT1 -1.92 0.88  33e+16  -4.38 085 5.2e+15 -5.82 085 1.4e+15  -6.67 083  8.2e+14
VMT2 -1.79 089  33e+16  -2.1 0.9 5.5e+15  -1.55 093  1.5e+15  -1.19 093  9.1e+14
VMT; -2.17 0.88  33e+16  -3.15 089 54e+15 -3.83 0.9 1.5e+15  -4.29 089 8.7e+14
VMTy -5.64 082 3.1e+16  -5.75 084 5.1e+15 -6.54 0.85 1.4e+15  -7.18 083  8.2e+14
VMTs -3.76 085  3.1e+16  -6.16 082  s5et1s -7.56 082 1.3e+15 -8.39 0.8 7-9e+14
VB1 -2.09 089  3.3e+16  -2.59 089 5.5e+15 2.4 092  1.5e+15  -2.29 091  8.9e+14
VB2 -3.35 085 3.2e+16  -5.05 083 5.1e+15  -5.19 085  1.4e+15 5.2 084  8.2e+14
VBj -0.82 0.92  3.4e+16  -0.12 0.96  5.9e+15  0.39 0.99 1.6e+15  0.61 0.98  9.6e+14
VBy -19 0.63  23e+16  -1255 075 4.6e+15 -11.47 079  1.3e+15  -11.24 0.79  7.7e+14
VHT — 1.07  4.4e+16 — 0.99  5e+15 — 1.07  1.6e+15 — 1.06  ge+14
VsyG — 1 4.1e+16 — 1 5e+15 — 1 1.5e+15 — 1 8.5e+14
VMCt 0.26 1.07  4.4e+16  -0.14 099  5e+15 0.91 1.07  1.6e+15 0.9 1.06  9e+14
VMC2 -2.84 0.98  ge+16 -1.48 0.97  4.9e+15  -2.45 1 1.5e+15  -2.14 1 8.5e+14
VD -2 0.95 3.9e+16  -1.1 0.9 4.5e+15  -0.31 0.95 1.4e+15  0.02 0.93 7-9e+14
VD2 -1.65 0.96  4e+16 -0.55 0.91  4.6e+15  0.65 0.96  1.4e+15 1.24 0.96  8.1e+14
VD3 -1.3 0.97  4e+16 0.53 0.93  4.7e+15  3.09 1 1.5e+15  4.65 1 8.5e+14
VEP -2.26 0.95  3.9e+16  2.94 1 5e+15 4.73 1.08  1.6e+15  5.42 1.07  9.1e+14
VBe 1.06 1.04  4.3e+16  2.63 1 5e+15 3.35 1.04  1.5e+15  3.94 1.04 8.8e+14
Tillé VTi 1.16 1.04  4.3e+16  3.11 1.01  5.1e+15  4.83 1.06  1.5e+15  6.16 1.06  ge+14
VMT: -1.62 0.95  3.9e+16  -1.78 087  4.4e+15  -1.49 0.91 1.3e+15  -1.33 0.9 7.6e+14
VMT2 -1.35 0.97  4e+16 0.48 0.92  4.6e+15  2.99 1 1.5e+15  4.55 1 8.5e+14
VMT3 -1.7 0.96  3.9e+16  -0.61 0.91  4.6e+15  0.56 0.96  1.4e+15  1.14 0.95 8.1e+14
VMTy -5.19 089  3.7e+16  -3.27 086  4.3e+15  -2.28 091  1.3e+15  -1.91 0.9 7.6e+14
VMTs -3.46 091  3.8e+16  -3.61 084  4.2e+15  -3.31 0.88  1.3e+15 -3.14 086  7.3e+14
VB1 -1.65 0.96  4e+16 -0.02 091  4.6e+15  2.11 0.98  1.4e+15  3.39 0.98  8.3e+14
VB2 -3.08 0.92 3.8e+16  -245 085 4.3e+15 -0.78 091  1.3e+15 037 0.9 7.6e+14
VB3 -0.22 1 4.1e+16 2.4 0.98  4.9e+15  4.99 1.06  1.5e+15  6.41 1.06  ge+14
Ve, -18.25  0.69  2.8e+16  -10.45 0.77  3.9e+15  -7.46 085  1.2e+15  -6.21 085  7.2e+14
VHT — 098  4.9e+16 ~— 1.01  4.7e+15  — 099  1.5e+15 — 099  1.1e+15
VsyG —_ 1 5.1e+16 ~— 1 4.6e+15 —_ 1 1.6e+15 —_ 1 1.1e+15
vVMCt -0.53 0.99  5e+16 1.09 1.02  4.7e+15  -0.96 095  1.5e+15 0O 099  1.1e+15
VMC2 -0.76 0.99  5e+16 0.27 1 4.7e+15  -0.85 0.96  1.5e+15  -0.11 1 1.1e+15
VD1 -3.97 0.9 4.5e+16  -3.23 0.9 4.2e+15  -4.45 087  1.4e+15  -5.47 086  9.3e+14
VD2 -3.67 0.9 4.6e+16  -2.67 091  4.2e+15  -3.56 089  1.4e+15  -4.33 089  9.5e+14
VD3 -3.38 0.91 4.6e+16  -1.57 0.93  4.3e+15  -1.3 0.92  1.4e+15  -1.24 0.93  9.9e+14
VEP -4.18 089 4.5e+16 0.8 1.01  4.7e+15  0.17 0.99  1.5e+15  -0.32 0.99  1.le+15
VBe -0.27 1 5e+16 0.06 0.99  4.6e+15  -0.21 0.98  1.5e+15  -0.97 0.98  1e+15
CPS VT -0.17 1 5.1e+16  0.57 1 4.6e+15  1.01 1 1.6e+15  0.82 1 1.1e+15
VMT: -3.92 088  g4.5e+16  -3.83 087  4.1e+15  -5.6 084 1.3e+15 -6.82 083  8.9e+14
VMT2 -3.38 0.91  4.6e+16  -1.64 0.93  4.3e+15  -1.37 0.92  1.4e+15  -1.33 0.93  9.9e+14
VMT; -3.67 0.9 4.6e+16  -2.74 0.91  4.2e+15  -3.63 089  1.4e+15  -4.41 0.88  9.5e+14
VMTy -7.09 084  4.2e+16  -5.35 0.86  ge+15 -6.35 084 1.3e+15  -7.29 0.83 8.9e+14
VMTs -5.72 085  4.3e+16  -5.62 084  3.9e+15  -7.35 081 1.3e+15 -853 0.8 8.6e+14
VB, -3.67 0.9 4.6e+16  -2.13 0.92  4.3e+15  -2.22 0.9 1.4e+15  -2.42 091  9.7e+14
VB, -5.39 0.86  4.3e+16  -4.44 0.86  4e+15 -4.99 084 1.3e+15 -5.38 083  8.ge+14
VB3 -1.95 0.95 4.8e+16  0.18 0.98  4.6e+15  0.55 0.98  1.5e+15  0.54 0.98  1.1e+15
Viy -19.17  0.66  3.4e+16  -1246 077  3.6e+15 -11.36 078  1.2e+15 -11.23 079  8.4e+14
VHT — 1.03  3.4e+16 — 101 53e+15 — 098  1.6e+t15 — 1 1e+15
VsyG — 1 3.3e+16  — 1 5.3e+15  — 1 17e+15  — 1 1e+15
VMC: 2.63 1.08  3.6e+16  0.07 0.99  5.2e+15  -1.27 0.97  1.6e+15  0.51 1 1e+15
VMC2 0.54 1.01  3.4e+16  -0.27 0.98 5.2e+15 -0.83 0.99  1.7e+15  0.31 1 1e+15
VD: -2.57 091  3e+16 -3.78 0.9 4.7e+15  -6.11 087  15e+15  -6.22 087  ge+14
VD2 -2.2 0.92  3.1e+16  -3.22 0.91 4.8e+15 -5.26 0.88 1.5e+15 -5.09 089  9.2e+14
VD3 -1.83 0.93  3.1e+16  -2.16 093  4.9e+15  -3.12 091  1.5e+15  -2.03 093  9.6e+14
VEP -2.84 091  3e+16 0.27 1.01  5.3e+15  -1.63 0.98  1.6e+15 -1.16 0.99  1e+15
VBe 0.2 1 3.3e+16  -0.28 0.99  5.2e+15  -1.43 0.99 1.7e+15  -1.73 0.98 1e+15
Rand. Sys. v 0.26 1 3.3e+16  0.21 1 5.3e+15  -0.36 1 1.7e+15  0.04 1 1e+15
VMT1 -2.06 091  3e+16 -4.46 087  4.6e+15  -7.28 0.83  1.4e+15  -7.54 083  8.6e+14
VMT2 -1.91 0.93  3.1e+16  -2.23 092  4.9e+15  -3.17 091  1.5e+15  -2.11 093  9.6e+14
VMT3 -2.27 0.92  3.1e+16  -3.29 0.91  4.8e+15  -5.3 088 1.5e+15  -5.16 089  9.2e+14
VMTy -5.74 086 28e+16  -5.89 0.86  4.5e+15  -7.97 0.83  1.4e+15 -8.02 084  8.6e+14
VMTs -3.89 088  2.9e+16  -6.23 084  4.4e+15 -9 0.8 1.3e+15  -9.24 0.8 8.3e+14
VB 2.2 0.92 3.1e+16 -2.72 0.92 4.8e+15 -4 0.9 1.5e+15 -3.2 0.91 9.4e+14
VB2 -3.49 088  2.9e+16  -5.a1 085  4.5e+15  -6.77 0.83 1.4e+15  -6.11 084 8.7e+14
Vij -0.92 0.96  3.2e+16  -0.34 0.98  5.2e+15  -1.22 0.97 1.6e+15  -0.28 0.98  1e+15

VB, -19.04  0.66  2.2e+16 -12.82 077  4e+15 -12.86 078 1.3e+15 -11.98 079  8.2e+14
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Table B.61: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Tillé, CPS and Ran-
domised Systematic designs and different sampling fractions f.

Sukhatme population (N = 34), CV(Y) = 0.5, CV(X) = 0.67

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 149  5e+13 — 172 5.6e+12  — 2.13 1.8e+12 — 232 1.2e+12
vsyag — 1 3.4e+13 — 1 3.2e+12  — 1 8.4e+11  — 1 5.2e+11
VMC 0.51 1.34  4.5€+13 0.2 157 5.1e+12  -0.07 2.1 1.8e+12  -0.53 234 1.2e+12
VMC2 0.62 1.01  3.4e+13  0.01 0.97  3.1e+12  0.66 1 8.4e+11  -0.16 0.97  5e+11
VD, 0.5 0.96  3.2e+13  0.12 0.94  3e+12 -0.3 091  7.6e+11  -1.11 089  g4.6e+11
VD2 0.77 097  3.2e+13 053 0.94 3.1e+12 036 092  7.7e+11  -0.29 091  4.7e+11
VD3 1.04 0.97  3.3e+13  1.53 0.97 3.1e+12 282 0.96  8.1e+11  3.34 0.96  5e+11
VEp 0.3 0.95  3.2e+13  0.37 1 3.2e+12  0.26 0.98  8.2e+11  -0.28 0.97  5e+11
VBe 0.53 0.99  3.3e+13  0.52 0.99  3.2e+12  0.59 098  8.2e+11  0.03 097  5e+i1
Brewer VTi 0.42 0.99  3.3e+13  0.65 1 3.2e+12  1.59 1.01  8.5e+11 1.86 101 5.2e+11
VMT1 1.85 0.97  3.3e+13  1.07 0.93  3e+12 0.11 089 7.s5e+11 -1 087  4.5e+11
VMT2 1 0.97  3.3e+13  1.49 0.96  3.1e+12  2.79 0.96  8.1e+11 331 0.96  5e+11
VMT3 0.73 0.96  3.2e+13  0.49 0.94  3.1e+12  0.32 0.92  7.7e+11 -0.32 0.9 4.7e+11
VMTy4 -1.99 091  3.1e+13  -1.55 0.9 2.9e+12  -1L.79 088  7.4e+11  -2.55 0.86  4.5e+11
VMTs 0.41 0.94  3.2e+13  -0.35 0.9 2.9e+12  -1.29 0.86  7.3e+11  -2.38 0.84  4.3e+11
VB1 0.77 0.97  3.2e+13  LI1 0.96  3.1e+12 215 095  8e+11 2.49 0.95  4.9e+11
VB2 0.81 0.95  3.2e+13  1.24 0.92  3e+12 231 091  7.6e+11  2.65 0.9 4.6e+11
VB3 0.72 0.98  3.3e+13  0.99 0.99  3.2e+12  1.99 0.99  8.4e+11 233 1 5.1e+11
Viy -17.87  0.68  23e+13  -12.77 078  2.5e+12 -11.99 0.8 6.7e+11  -12.12 0.8 4.1e+11
VHT — 276 8.9e+13 — 3.1 9.1e+12  — 451 3.4e+12  — 5.09  2.2e+12
Vsya —_ 1 3.2e+13 — 1 2.9e+12 — 1 7.6e+11 — 1 4.48+11
VMCt -0.85 291  9.4e+13 1.86 3.03 8.9ge+12  -233 455  3.4e+12  -0.28 5.1 2.3e+12
VMC2 -0.05 098  3.2e+13 025 0.97 28e+12  -0.15 1 7.6e+11  -0.14 0.96  4.3e+11
VD: 2.37 1.02  33e+13  5.19 1.06  3.1e+12  5.86 1.03  7.8e+11 7-53 1.04  4.6e+11
VD2 2.65 1.03  3.3e+13  5.63 1.07  3.1e+12  6.56 1.05  7.9e+11  8.42 1.06  4.7e+11
VD3 2.93 1.04  3.4e+13 6.7 1.09  3.2e+12  9.21 1.1 8.3e+11 12.4 113 5e+11
VEP 2.17 1.02  3.3e+13  5.51 113 3.3e+12  6.49 112 84e+11 85 114 5e+11
VBe 2.4 1.06  3.4e+13 553 111 3.3e+12  6.73 1.1 8.3e+11  8.64 112 5e+11
Tillé VTi 2.29 1.06  3.4e+13  5.68 112 33e+12  7.86 114  8.6e+11 10.72 117  5.2e+11
VMT: 3.76 1.04  3.4e+13  6.19 1.05  3.1e+12  6.28 101 7.6e+11  7.63 101 4.5e+11
VMT2 2.89 1.04 3.3e+13  6.65 1.09  3.2e+12  9.16 1.1 8.3e+11 12.35 113 5e+11
VMT3 2.61 1.03  3.3e+13  5.59 1.07  3.1e+12  6.52 1.05  7.9e+11  8.38 1.06  4.7e+11
VMTy4 -0.16 0.97  3.1e+13  3.44 1.02  3e+12 4.27 1 7.6e+11  5.96 101 4.5e+11
VMTs 2.29 1.01 3.3e+13 4.7 102 3e+12 4.79 0.98  7.4e+11 6.14 0.98  4.4e+11
VB1 2.65 1.03  3.3e+13  6.26 1.08 3.2e+12 849 1.08  8.2e+11 1147 111 4.9e+11
VB2 2.7 1.02 3.3e+13 6.39 1.05 3.1e+12  8.64 1.03 7.8e+11 11.6 1.05 4.7€+11
VB3 2.6 1.05  3.4e+13  6.13 112 33e+12 833 113 8.6e+11 1133 117  5.2e+11
Ve, -16.34 0.72  2.3e+13  -8.33 088  2.6e+12  -6.49 0.9 6.8e+11  -4.35 0.93  4.1e+11
VHT — 127  4.3e+13  — 156  53e+12  — 215  1.8e+12  — 2.44  1.2e+12
VsyG — 1 3.4e+13 — 1 3.4e+12 — 1 8.4e+11 — 1 4.9e+11
VMmC: -0.43 131 4.4e+13  -0.47 159  5.4e+12  1.09 216  1.8e+12  0.28 246  1.20e+12
VMC2 -0.12 1.01  3.4e+13  -0.67 1.02  3.4e+12 031 101 8.4e+11 0.35 1.02  5e+11
VD: -0.19 0.96  3.2e+13  -0.9 0.94  3.2e+12  -0.25 093 78e+11  -0.76 091  4.5e+11
VD2 0.08 0.97  3.3e+13 -0.5 0.95 3.2e+12 0.4 0.94 7.9e+11  0.06 0.92  4.6e+11
VD3 0.35 0.98  3.3e+13 049 0.97 33e+12 288 0.98  8.3e+11 3.72 0.98  4.9e+11
VEP -0.38 0.96  3.2e+13  -0.62 1.01  3.4e+12 034 1 8.4e+11  0.05 0.99  4.9e+11
VBe -0.1 1 3.4e+13  -0.45 1 3.4e+12 054 0.99  8.3e+11 0.36 0.99  4.9e+11
CPs vTi -0.21 1 3.4e+13  -0.33 1.01  3.4e+12  1.54 1.02  86e+11 219 1.03  5.0e+11
VMT:1 1.14 0.98  3.3e+13 0.01 0.93  3.2e+12 0.5 091  7.6e+11  -0.64 0.88  4.4e+11
VMT2 0.31 0.98  3.3e+13 045 0.97 33e+12 284 0.98  8.2e+11 3.68 0.98  4.9e+11
VMT3 0.04 097  3.2e+13  -0.54 0.95  3.2e+12 037 094  7.9e+11  0.03 092 4.6e+11
VMT, -2.66 0.92  3.1e+13  -2.55 091  3.1e+12  -1.75 0.9 7.5e+11  -2.21 0.88  g.4e+11
VMTs -0.29 0.95  3.2e+13  -1.4 091  3.1e+12  -1.25 0.88  7.4e+11  -2.02 086  4.2e+11
VB, 0.08 0.97  3.3e+13  0.08 0.96  3.3e+12 2.2 0.97 8.ae+11 286 0.97  4.8e+11
VB2 0.1 0.96 3.2e+13 0.17 0.93 3.1e+12 2.36 0.93 7.8e+11 3.04 0.92 4.5e+11
VBj 0.06 0.99  3.3e+13  -0.02 1 3.4e+12 204 1.02  85e+11  2.68 102  5e+11
Viy -18.37 0.69 2.3e+13 -13.61 079 2.7e+12 -11.93 0.82 6.8e+11  -11.86 082  ge+11
VHT — 1.26 4e+13 — 1.5 5.1e+12 — 1.89 1.6e+12 — 2.06 1.1e+12
Vsyg — 1 3.2e+13 — 1 34e+12 — 1 84e+11  — 1 5.3e+11
VMt -0.27 131  4.2e+13  -045 155 5.2e+12 039 1.93 1.6e+12  1.16 214 Lie+12
VMC2 -0.44 1 3.2e+13  0.14 1.01  3.4e+12  -0.47 1 8.3e+11 1 1 5.3e+11
VD1 -0.54 0.96  3.1e+13  -0.77 0.93  3.1e+12  -2.56 0.9 7.5e+11  -2.04 087  4.6e+11
VD2 -0.27 0.97  3.1e+13  -0.37 0.94  3.2e+12 -1.92 0.91 7.6e+11 -1.24 089  g.7e+11
VD3 -0.01 0.98  3.1e+13  0.62 0.96  3.2e+12 048 0.95 8e+11 235 0.95  5e+11
VEP -0.73 0.96  3e+13 -0.45 0.99  3.3e+12  -2.02 097 81e+11  -1.21 0.95  5.1e+11
VBe -0.52 1 3.2e+13  -0.32 0.98  33e+12  -1.69 0.97  8.1e+11 -0.89 0.95  5.1e+11
Rand. Sys. vty -0.63 1 3.2e+13  -0.19 0.99  3.3e+12  -0.75 0.99 83e+11  0.88 0.99  5.3e+11
VMT1 0.81 0.97  3.1e+13  0.14 0.92  3.1e+12  -2.16 0.88  7.3e+11  -1.94 0.85  4.5e+11
VMT2 -0.04 0.97  3.1e+13  0.58 0.96  3.2e+12 045 095  7.9e+11 231 094  5e+11
VMT3 -0.31 0.97  3.1e+13  -0.4 0.94  3.2e+12 -1.95 091  7.6e+11  -1.26 089  4.7e+11
VMTy -3 092  2.0e+13  -242 0.9 3e+12 -4.02 087  73e+11  -3.47 085  4.5e+11
VMTs -0.61 0.95  3e+13 -1.27 0.9 3e+12 -3.53 085 71e+11  -33 083  44e+11
VB1 -0.27 0.97  3.1e+13  0.21 0.95 3.2e+12  -0.18 0.94  7.8e+11 1.51 0.93  4.9e+11
VB2 -0.22 0.95  3e+13 0.29 0.92  3.1e+12  -0.01 089  7.5e+11 1.66 0.88  4.7e+11
Vi; -0.33 0.98  3.1e+13 0.13 0.99  3.3e+12  -0.35 0.98  8.2e+11  1.35 0.98  5.2e+11
VB, -18.74 068  2.2e+13  -13.46 078  2.6e+12  -14.01 079  6.6e+11  -12.96 0.79  4.2e+11
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Table B.62: Monte Carlo Relative Bias, Relative Stability and MSE of dif-
ferent variance estimators under Brewer, Till¢, CPS and Ran-
domised Systematic designs and different sampling fractions f.
Sukhatme population (N = 34), CV(Y) = 0.5, CV(X) = 0.5

f=5% f=10% f=15% f=20%
sampling estimator ~ RB RS MSE RB RS MSE RB RS MSE RB RS MSE
VHT — 5.64 1.2e+13 — 13.38 1.8e+12  — 35.24  7.3e+11 — 58.43 5.2e+11
VsvyaG — 1 2.1e+12  — 1 14e+11 — 1 2.1e+10  — 1 9e+09
VMCr 1.06 336  7.ae+12  -0.73 10.2 1.4e+12  -3.05 3029  6.3e+11 -2 52.23  4.7e+11
VMCa 0.83 1.09  2.3e+12  -0.64 1.07 14e+11 -1.36 1.06 2.2e+10 027 1.07 9.6e+09
VD 3.22 118  2.5e+12 157 117 1.6e+11  0.99 1.19 2.5e+10 276 1.21 1.1e+10
VD2 3.34 119  2.5e+12 1.8 118 1.6e+11  1.34 1.21 2.5e+10 3.2 1.23 1.1€+10
VD3 3.46 1.19 2.5e+12 2.16 1.19 1.6e+11 2 1.23 2.5e+10 4.05 1.26 1.1e+10
VEP 3.12 118  2.5e+12  -0.92 1.08 1.5e+11  -1.49 11 2.3e+10 025 111 1€+10
VBe 1.04 1 23e+12  -0.27 1.08 1.5e+11  -0.52 1 2.3e+10 139 112 1e+10
Brewer VTi 0.73 1.09  23e+12  -0.93 1.06 1.4e+11  -1.64 1.05 2.2e+10  -0.05 1.06 9.5e+09
VMT: 5 124 2.6e+12 347 1.24 17e+11 2.5 1.25 2.6e+10  4.04 1.26 1.1€+10
VMT2 3.47 119  2.5e+12 2114 1.19 1.6e+11  1.97 1.22 2.5e+10  4.02 1.25 1.1€+10
VMT;3 3.35 119  2.5e+12 178 1.18 1.6e+11  1.31 1.2 2.5e+10 317 1.22 1.1e+10
VMTy 1.76 115  24e+12 0.62 115 1.6e+11  0.13 117 2.4e+10  1.91 1.19 1.1€+10
VMTs 4.17 122 26e+12  2.65 1.22 1.7e+11 1.69 1.23 2.6e+10  3.22 1.24 1.1e+10
VB1 3.34 119  2.5e+12  1.93 1.18 1.6e+11  1.64 1.21 2.5e+10  3.61 1.24 1.1€+10
VB2 4.49 1.23  2.6e+12  3.94 1.26 17e+11  4.26 1.33 2.8e+10  6.62 1.38 1.2e+10
VB;3 2.19 114  24e+12  -0.08 111 1.5e+11  -0.98 111 2.3e+10  0.59 111 1€+10
VBy -15.63 0.77 1.6e+12  -13.3 0.83 1.1e+11 -14.69  0.84 1.7e+10 -14.21  0.83 7.5e+09
VHT — 3.64 86e+12 — 1117 Lye+12 — 30.94 7.1e+11  — 50.18  5e+11
vsvyaG — 1 2.4e+12  — 1 1.5e+11  — 1 2.3e+10  — 1 1€+10
VMCr 1.18 3.95 9.3e+12  0.14 1124 1.7e+12  -247 31.01  7.1e+11  0.05 50.35  5.1e+11
VMCa 1.75 1 2.4e+12  -0.25 1 1.5e+11  -0.22 1 2.3e+10  -0.76 1 1e+10
VD1 3.64 1.07  2.5e+12  1.57 1.08 1.6e+11 147 1.08 2.5e+10  0.62 1.08 1.1e+10
VD2 3.76 1.07 25e+12 1.8 1.08 1.6e+11 183 1.09 2.5e+10  1.05 1.09 1.1e+10
VD3 3.89 1.07  2.5e+12 2,17 1.09 1.6e+11 2.5 111 2.5e+10 189 112 1.1€+10
VEP 3.54 1.06  2.5e+12  -0.92 0.99 1.5e+11  -1.02 0.99 2.3e+10  -1.84 1 1€+10
VBe 1.46 0.99  23e+12  -0.24 1 1.5e+11  0.04 1 2.3e+10  -0.66 1 1e+10
Tillé A 1.15 0.98  23e+12  -0.88 0.97 1.5e+11  -1.05 0.96 2.2e+10  -2.02 0.95 9.5e+09
VMT: 5.43 112 2.6e+12 347 1.14 1.7e+11  2.99 113 2.6e+10  1.87 112 1.1€+10
VMT2 3.89 1.07  25e+12 214 1.09 1.6e+11 247 111 2.5e+10 186 111 1.1e+10
VMT3 3.77 1.07  25e+12 178 1.08 1.6e+11 1.8 1.09 2.5e+10  1.02 1.09 1.1e+10
VMTy 2.18 1.04 2.5e+12  0.62 1.05 1.6e+11  0.61 1.06 2.4e+10  -0.21 1.06 1.1e+10
VMTs 4.59 1.1 2.6e+12 265 112 1.7e+11 2,18 111 2.5e+10  1.07 111 1.1€+10
VB1 3.76 1.07  2.5e+12 1.4 1.09 1.6e+11 2,14 11 2.5e+10 145 11 1.1€+10
VB2 4.91 111 2.6e+12  3.95 1.16 17e+11  4.77 1.2 28e+10 441 1.22 1.2e+10
VB; 2.61 1.03  24e+12  -0.07 1.01 1.5e+11  -0.49 1 2.3e+10  -1.5 1 1€+10
VBy -15.27 0.69 1.6e+12 -13.29 0.76 1.1e+11 -14.26 0.76 1.7€+10 -15.99 0.76 7.7€+09
VHT — 2.84 bge+12  — 9.55 14e+12  — 28.23  6.2e+11 — 49.17  4.7e+11
VsvyaG — 1 23e+12  — 1 14e+11 — 1 2.2e+10 — 1 9.6e+09
VMCt -0.17 3.04 6.9e+12  -0.51 9.63 1.4e+12 5.1 2831  6.3e+11  1.44 49.33  4.7e+11
VMC2 -0.48 1.01 2.3e+12  -0.95 1 1.4e+11 -0.26 1 2.2e+10  -0.13 1 9.6e+09
VD 1.61 1.09  2.5e+12 157 .11 1.6e+11 254 113 2.5e+10 247 114 1.1€+10
VD2 173 1.09  2.5e+12 179 111 1.6e+11 2.9 1.14 2.5e+10 2,91 115 1.1€+10
VD3 1.86 1.09  2.5e+12 215 112 1.6e+11 3.56 1.16 2.6e+10  3.76 117 1.1e+10
VEP 1.52 1.08  2.5e+12  -0.9 1.02 1.5e+11  0.01 1.04 2.3e+10  -0.03 1.04 1e+10
VBe -0.5 101 2.3e+12  -0.29 1.02 1.5e+11 091 1.04 2.3e+10  1.06 1.04 1€+10
CPS VTi -0.79 1 2.3e+12  -0.95 1 1.4e+11  -0.26 0.99 2.2e+10  -0.39 0.99 9.5e+09
VMT1 3.35 114  2.6e+12  3.46 1.17 1.7e+11 4.08 1.18 2.6e+10  3.75 1.18 1.1e+10
VMT2 1.86 1.09  2.5e+12 213 112 1.6e+11  3.54 1.15 2.6e+10 373 117 1.1€+10
VMT3 1.74 1.09 25e+12  1.77 111 1.6e+11 287 1.14 2.5e+10  2.88 1.15 1.1e+10
VMTy 0.18 1.06  24e+12  0.61 1.09 1.6e+11  1.67 111 2.4e+10  1.62 112 1.1e+10
VMTs 2.53 112 2.5e+12  2.64 1.15 1.7e+11 3.27 1.16 2.6e+10  2.93 1.16 1.1e+10
VB1 173 1.09  2.5e+12  1.93 112 1.6e+11 3.2 1.15 2.5e+10 331 1.16 1.1€+10
VB2 2.85 113 2.6e+12  3.93 1.19 1.7e+11  5.89 1.26 28e+10 633 1.29 1.2e+10
VB; 0.62 1.05  24e+12  -0.07 1.04 1.5e+11  0.51 1.05 2.3e+10 03 1.04 1e+10
VBy -16.89 0.71 1.6e+12 -13.29 0.78 1.1e+11 -13.43 0.78 1.7€+10 -14.47 0.78 7.5e+09
VHT — 275  6.3e+12  — 9.1 1.3e+12  — 2679  6e+11 — 45.85  4.5e+11
vsvyG — 1 23e+12  — 1 14e+11 — 1 2.2e+10 — 1 9.8e+09
VMCt 1.3 311 7.2e+12 25 9.56 1.4e+12  -0.88 28.02  6.3e+11  -0.05 47.79  4.7e+11
VMCa 0.9 0.99  2.3e+12  -0.01 0.99 1.4e+11  -0.4 0.98 2.2e+10 137 0.97 9.5e+09
VD 3.3 1.08  2.5e+12  2.07 1.1 1.6e+11  2.26 112 2.5e+10 433 113 1.1€+10
VD2 3.43 1.09  2.5e+12 2.3 11 1.6e+11 261 1.13 2.5e+10 478 114 1.1e+10
VD3 3.55 1.09  2.5e+12  2.66 111 1.6e+11  3.28 1.14 2.6e+10  5.64 117 1.1e+10
VEP 3.21 1.08  2.5e+12  -0.4 1.02 1.5e+11  -0.26 1.03 2.3e+10 178 1.03 1e+10
VBe 1.14 101 23e+12  0.25 1.02 1.5e+11 069 1.03 2.3e+10 29 1.03 1€+10
Rand. Sys.  vri 0.84 1 2.3e+12  -0.41 0.99 1.4e+11  -0.46 0.98 2.2e+10  1.41 0.98 9.5e+09
VMT1 5.09 114  2.6e+12  3.97 1.16 1.7e+11 3.79 117 2.6e+10  5.63 117 1.1€+10
VMT2 3.56 1.09  2.5e+12  2.64 111 1.6e+11 3.25 1.14 2.5e+10  5.61 1.16 1.1e+10
VMT;3 3.43 1.09  2.5e+12 228 11 1.6e+11 259 112 2.5e+10 475 1.14 1.1e+10
VMTy 1.85 1.05  24e+12 111 1.08 1.6e+11  1.39 1 2.4e+10  3.47 111 1.1€+10
VMTs 4.25 112 2.6e+12  3.14 1.14 1.7e+11 2.98 1.15 2.6e+10 4.8 1.15 1.1e+10
VB1 3.43 1.09  2.5e+12 243 111 1.6e+11  2.92 1.13 2.5e+10  5.19 1.15 1.1€+10
VB2 4.57 113 2.6e+12  4.43 1.18 1.7e+11  5.59 1.24 2.8e+10  8.26 128 1.3e+10
VB; 2.28 1.05  24e+12  0.44 1.04 1.5e+11  0.25 1.03 2.3e+10 211 1.03 1€+10

VBy -15.53 0.7 1.6e+12  -12.83 077 1ie+11  -13.65  0.77 1.7e+10  -12.92  0.76 7.4€+09




R PACKAGES

In this appendix, the R packages we developed for performing the
analyses presented in this thesis will be briefly described.

C.1 JIPAPPROX

This package provides functions to approximate joint-inclusion prob-
abilities in Unequal Probability Sampling, or to find Monte Carlo
approximations of first and second—-order inclusion probabilities of
a general sampling design. The package is currently available on
CRAN? (the Comprehensive R Archive Network). The main functions
are:

e jip_approx(): returns a matrix of approximated joint-inclusion
probabilities for Unequal Probability Sampling designs with high
entropy;

e jip_MonteCarlo(): produces a matrix of first and second-order
inclusion probabilities for a given sampling design, approxi-
mated through Monte Carlo simulation.

e HTvar(): returns the Horvitz-Thompson or Sen—Yates—-Grundy
variance or their estimates, computed using true inclusion prob-
abilities or an approximation obtained by functions jip_approx()
or jip_MonteCarlo().

A brief example of the usage of package jipApprox is proposed below,
for more details, the reader is referred to the package manual?.

library(UPSvarApprox)

### Generate population data

N <- 20; n<-5

X <- rgamma(N, scale=10, shape=5)

y <- abs( 2*x + 3.7xsqrt(x) * rnorm(N) )
pik <- n * x/sum(x)

### Approximate joint-inclusion probabilities
### for high entropy designs

pikl <- jip_approx(pik, method='Hajek’)

pikl <- jip_approx(pik, method="HartleyRao')

1 https://CRAN.R-project.org/package=jipApprox
2 https://cran.r-project.org/web/packages/jipApprox/jipApprox.pdf
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### Approximate inclusion probabilities
### through Monte Carlo simulation
pikl <- jip_MonteCarlo(x=pik, n=n,
replications=100, design="brewer")

C.2 UPSVARAPPROX

The purpose of package UPSvarApprox is to provide functions for the
approximation of the variance of the Horvitz-Thompson estimator
under Unequal Probability Sampling designs using only first-order
inclusion probabilities; hence the name, which is an abbreviation for
Unequal Probability Sampling variance approximation. The package is
currently available on CRANS3.

The main function is approx_var_est (), which estimates the vari-
ance by means of any of the 18 approximate variance estimators de-
fined in section 2.6. The package also implements function Var_approx(),
which computes an approximation of the population variance of the
Horvitz-Thompson estimator. This is clearly not useful in a real con-
text, but could be of interest in simulation studies.

A brief example of the usage of package UPSvarApprox is proposed
below; for more details, the reader is referred to the package manual®.

library(UPSvarApprox)

### Generate population data

N <- 500; n <- 50

X <- rgamma(N, scale=10, shape=5)

y <- abs( 2xx + 3.7xsqrt(x) * rnorm(N) )
pik <- n *x x/sum(x)

S <- sample(N, n)

ys <- yls]

piks <- pik[s]

### Variance approximations
VarApprox(y, pik, n, method="Hajekl")
VarApprox(y, pik, n, method="FixedPoint")

### Approximate variance estimators

## Estimators of class 2

approx_var_est(ys, piks, method="Devillel")
approx_var_est(ys, piks, method="FixedPoint")

## Estimators of class 3
approx_var_est(ys, pik, method="Tille", sample=s)
approx_var_est(ys, pik, method="Berger", sample=s)

3 https://CRAN.R-project.org/package=UPSvarApprox
4 https://cran.r-project.org/web/packages/UPSvarApprox/UPSvarApprox.pdf
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C.3 BOOTSTRAPFP

Package bootstrapFP implements the main bootstrap algorithms for
finite population inference available in literature, for estimating the
variance of the Horvitz-Thompson total estimator.

The package is available on CRAN5 and includes pseudo—population
and direct bootstrap methods for SRS and UPS designs, as well as the
generalised bootstrap by Beaumont and Patak (2012).

An example of its usage follows, more details are available in the help
pages of the package®.

library(bootstrapFP)

### Generate population data

N <- 500; n <- 50

X <- rgamma(N, scale=10, shape=5)

y <- abs( 2+*x + 3.7xsqrt(x) * rnorm(N) )
pik <- n *x x/sum(x)

### Draw a dummy sample
s <- sample(N, n)

### Estimate bootstrap variance
bootstrapFP(y=y[s], pik=n/N, B=1000, method="ppSitter")
bootstrapFP(y=y[s], pik=pik[s], B=1000, method="ppHolmberg",
design="brewer’)
bootstrapFP(y=y[s], pik=pik[s], B=1000, D=10, method="ppChauvet")
bootstrapFP(y=y[s], pik=n/N, B=1000, method="dRaoWu")
bootstrapFP(y=y[s], pik=n/N, B=1000, method="dSitter")
bootstrapFP(y=y[s], pik=pik[s], B=1000, method="dAntalTille_UPS",
design="brewer’)
bootstrapFP(y=y[s], pik=n/N, B=1000, method="wRaoWuYue")
bootstrapFP(y=y[s], pik=n/N, B=1000, method="wChipperfieldPreston")
bootstrapFP(y=y[s], pik=pik[s], B=1000, method="wGeneralised",
distribution="normal’)

5 https://CRAN.R-project.org/package=bootstrapFP
6 https://cran.r-project.org/web/packages/bootstrapFP/bootstrapFP.pdf
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C.4 OTHER PACKAGES

The following R packages, available on GitHub, were also developed
in order to perform some of the analyses presented in the thesis:

e fpdust”: implements the FPDUST and PPS FPDUST spatial sam-
pling designs used for the application to the roaming—dog sur-
vey described in chapter 5;

e robustHT®: provides functions for the estimation of the condi-
tional bias and for the computation of the Robust Horvitz-Thompson
estimator (see chapter 4).

7 https://github.com/rhobis/fpdust
8 https://github.com/rhobis/robustHT


https://github.com/rhobis/fpdust
https://github.com/rhobis/robustHT
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