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Preface 

 

In the last few years, transmission technology has evolved rapidly in order to pursue 

drivability and efficiency. Nowadays, as internal combustion engines approach their optimal 

performances, hybrid propulsion systems introduce new challenges and opportunities for the 

designers. Unfortunately, the mutual interference between power sources and gearbox 

requires abandoning the traditional heuristic approach, optimizing the system as a whole. As 

a result, new mathematical models become necessary to predict the behavior of the involved 

devices. 

The aim of this work is to provide a simple analysis and design tool for Power-Split 

Continuously Variable Transmissions, which represent the most promising solution for 

modern hybrid electric vehicles. Nonetheless, the method presented in this manuscript is 

intended to offer the maximum generality, thus being able to address potentially any kind of 

variator drive and planetary gearbox. 

In particular, significant efforts have been spent to conceive a modular and intelligible 

procedure. This is a key feature in order to exploit the full potentiality of Power-Split CVTs, 

as it allows the transmission engineer to rapidly assess the fitness of such drivelines in 

comparison with other solutions and to have a deep understanding of the effects of his design 

choices, thus pursuing the optimization of the selected concept with the necessary 

confidence. 

Furthermore, the parametric approach is the ideal basis for the development of new control 

strategies, as it does not require a deep insight of the driveline, thus offering a neutral 

environment to the engineers with a different field of expertise.  
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INTRODUCTION 

 

In recent years, reducing fuel consumptions and pollution has become a significant concern. 

In this scenario, Power-Split CVTs represent the most flexible and promising solution for 

modern automotive transmissions.  

Indeed, even though discrete gearboxes try to reproduce, albeit approximately, the ideal 

traction characteristic of a vehicle, the latter remains a prerogative of those transmissions 

able to achieve a continuous variation of the speed ratio, i.e. CVTs. Among the many 

advantages that distinguish a CVT, there is the ability to operate the primary power unit 

independently from the load, thus obtaining a perfectly elastic traction characteristic and 

optimal operative conditions in terms of fuel consumptions and pollutants. In some 

applications, typically vehicles with modest installed powers (scooters, golf carts), their use 

is a consolidated practice, as it is source of simplification both in terms of construction and 

use. Similar reasons, in addition to more stringent ones (very low and/or intermittent 

movement speeds etc.), encourage a wide use of hydrostatic CVTs in agricultural and 

construction working machines. Nonetheless, in the automotive field, the use of mechanical 

CVTs is still a prerogative of the Japanese market and, to a lesser extent, of the North 

American one. 

On the other hand, the disadvantages that still characterize variator drives remain significant 

when compared with gear reducers, especially in terms of modest efficiency, low 

transmissible powers, limited speed ratio spreads and significant costs. In addition, the use 

of CVTs does not always guarantee the possibility to avoid the clutch or the torque converter 

[1-13]. 

The Power-Split technology is intended to overcome the limits of simple CVT transmissions. 

The basic idea is to divide the power flow, transmitting only a portion of it through the 

variator drive, thus sizing the latter accordingly. In particular, by combining the variator 

drive with a mechanical planetary gearbox, it will be possible to generate infinite 

transmission ratios, while maintaining an overall efficiency closer to that of traditional 

gearboxes.  
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The first prototypes of PS - CVTs date back to the end of the nineteenth century. The most 

effective ones still use a gear system including at least one planetary gear train (notoriously 

characterized by high efficiencies), which operates in parallel with a variator drive.  In 

comparison with the variator drive alone, such solution permits to alter the fraction of power 

transmitted by the latter, and, depending on the design specifications, to reduce its power 

class (also enhancing efficiency), or, alternatively, to increase the overall transmission ratio 

spread. On the other hand, the possible onset of power recirculation phenomena, if not 

properly mitigated, can seriously compromise its efficiency.  

Compound PS-CVTs, i.e. mechanical drivelines including at least two active planetary gear 

sets, can improve the performances of simple PS-CVTs. Indeed, these solutions permit to 

modulate the power fraction sent to the variator drive, thus better complying with the 

constructive and functional constraints. In other words, this solutions maintain the 

advantages of a simple Split-Way CVT (wider operating range, downsizing of the variator 

drive, better efficiency), and benefit from further degrees of design freedom, to be used to 

enhance certain aspects, such as the yield at a given regime, the power class of the CVT etc.  

The next step, aimed at expanding the working range without compromising performances, 

consists in the realization of the so-called multimode split-way transmissions, i.e. 

transmissions that can perform two or more contiguous speed ranges, which commute to 

each other by brakes or clutches. In fact, their operation is split into several distinct phases, 

during which only specific components are active; this will limit the extension of the 

operative range of each stage, with the direct consequence of moderating the power fraction 

sent to the variator drive. In particular, it will be possible to design the transmission so that 

the transition between two contiguous modes occurs under synchronous conditions, i.e. in 

absence of slips and tears, thus making the presence of the torque converter superfluous. 

Usually, the division of the operative range into several adjacent phases is achieved by mean 

of techniques similar to those already used in modern discrete automatic transmissions, but 

with the further advantage of being able to avoid any speed jumps upstream, which would 

be harmful both in terms of pollution and of driving comfort. Nonetheless, the greater 

encumbrances, weights and costs, and a particularly insidious design starting from the 

preliminary phases, has hindered a wide diffusion of multimode PS-CVTs until the present 

days. 
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Nonetheless, their use in hybrid electric cars can enhance both vehicle dynamics and energy 

recovery systems, and it offers cost reductions due to the downsizing of the batteries and 

propulsion systems. Indeed, current electric vehicles suffer objective technical limits due to 

their weights, costs, performances, autonomy, and they determine additional (and often 

overlooked) environmental issues, such as the pollution caused by rare earths, and the need 

for an adequate electricity distribution network, which requires improving its production, 

transport and storage efficiency and capability.  Moreover, to date, the purchase of a purely 

electric solution requires sustaining a high initial investment, which takes advantage of a 

particularly favorable tax regime in the long term, but that risks becoming unsustainable if 

these vehicles eventually take over. If we add that several power consumptions are present 

in the vehicle regardless of the propulsion system, and that some can take advantage of the 

presence of a thermic engine (for instance heating), to choose a hybrid solution seems more 

reasonable [7-13]. 

As a result, these drawbacks have led many car manufacturers to move towards the 

development of hybrid solutions in order to meet anyway the growing environmental 

sensitivity shown by governments and public opinion.  

In particular, the main downsides that characterize the simplest hybrid configurations 

(dimensioning, and therefore cost, of the electrical component for the hybrid series, univocal 

link between speed of the engine and speed of the vehicle for the parallel hybrid), can be 

indeed attenuated or eliminated thanks to the use of PS-CVTs. Among the best-known 

examples, there are certainly several Toyota models (Prius, Highlander, Camry), Nissan and 

Ford. The mass production of multimodal compound transmissions is more recent and is the 

result of a joint venture between GM, BMW, Daimler and Chrysler LLC (2005). This project 

aimed at the realization of multimodal hybrid transmissions for cars with all-wheels or rear 

traction, including the BMW X6 ActiveHybrid, the Mercedes 450 ML Hybrid and the second 

generation of the Chevrolet Volt. Previously, numerous prototypes have been proposed, 

among which the bi-modal Renault (2003) [23]. 

The main aim of the present discussion is to identify a parametric analytical method, which 

allows addressing the problem of the analysis and design of PS-CVTs regardless of the 

knowledge of the construction parameters specific to each scheme. 



 

 

 

  

Pag. 13 

 

 

The first part of this thesis is focused on the description and analysis of PS-CVTs. This task 

is easy, as several authors have proposed their own methods for the study of similar 

transmissions, so that there are numerous examples of such analyses in literature [21, 22, 30 

32 46 50 69 71 75 84 87 et al.]; nevertheless, none seems to provide a reasonably simple 

general model, especially for multi-mode PS-CVTs.  

Accordingly, the main purpose of section 1 is to provide a unified model for the analysis of 

such transmissions, by describing its functioning by mean of a set of functional parameters.  

In particular, the original concept of characteristic function is introduced in section 2. The 

characteristic functions are determined by the functional parameters, and can be used for 

both analysis and design purposes. 

In section 3, the most common driveline structures are analyzed. In particular, a simple 

general additive method, intended to generate whichever planetary transmission starting 

from the simplest shunt designs, is described. In respect with other method, which tend to 

be more explorative, this method shows the fundamental advantage to do not generate 

redundant or meaningless structures. 

In section 4, a method to calculate the functional parameters from known designs is 

proposed. A general approach is described so that any driveline could be addressed. Such 

method permits to analyze an existing PS-CVT or to explore comparable designs, but it can 

be also used to verify a newly conceived design. Indeed, it may be problematic to achieve 

exactly the desired design by means of real devices, because gear ratios are discrete. 

Therefore, it represents a quick analysis method to assess the impact of approximated 

constructive parameters on the transmission functioning. Some explicit results (relative to 

the most common solutions) have been listed as well. 

Section 5 is focused on the power flow analysis of ideal PS-CVTs. This topic has been 

extensively addressed in literature, especially thanks to Macmillan [74-75], M.J. French 

[52], Sanger [22] and Polder [46, 76]. Numerous papers are indeed insightful and describe 

some of the key features of specific case studies; nevertheless, most of them lack generality. 

On the other hand, the theory presented in this manuscript starts from [24, 77-80] and [18], 

and the use of functional parameters and characteristic functions eases the power flow 

analysis, making such task truly general and straightforward.  
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Section 6 deals with the mechanical losses within the planetary transmission. Indeed, 

assessing mechanical losses allow the engineer to discriminate among functionally 

equivalent solutions and to tune their control properly, so that true optimal condition could 

be achieved. Various methods adopt convoluted or encyclopedic formularies, requiring a 

laborious task in order to identify losses, especially when analyzing complex multimode PS-

CVTs. Vice versa, the proposed method requires performing simple tests and is truly 

intelligible, as it relies on the physical meaning of the parameters, avoiding mathematical 

formalism.  

In section 7 we address the power flow analysis in presence of mechanical losses. A rigorous 

study of the mechanical losses is firstly proposed, however, it requires identifying the 

conditions responsible for the torque discontinuities characterizing the functioning of PS-

CVTs. To address this issue, we propose also an approximated method, which offers 

verisimilar results readily.  

In section 8 an implicit method for the analysis of PS-CVT is proposed. It has been conceived 

specifically for numerical implementation, as it is both concise and general, it being able to 

address easily the analysis of any driveline (mechanical power losses included), but it has 

the main drawback of being iterative. 

In section 9 the dynamic effects on the driveline are addressed. In particular, a simple 

formulation able to translate any inertial effects in terms of fictitious input and output torques 

is proposed. This allows to maintain the same formulation described in the previous section, 

thus adopting an automated approach for the calculation of the control torque even when 

both inertial effects and mechanical losses are taken into account. 

In section 10 two real transmission are analyzed with the methods described above. 

Section 11 gives a brief insight about the general requirements constituting the disturbance 

for a driveline (section 11.1) and the most common control strategies (section 11.2).  

In section 12 the design procedure is described, explaining the role of the characteristic 

functions. In particular, the results are generalized for any order of driveline in section 12.3  
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Section 13 describes some strategies able to achieve multimode transmissions. General 

methods are described in section 13.1 and 13.2, while more detailed results about the most 

common solutions are examined in section 13.3. 

In section 14 some functional guidelines (14.1) and constructive guidelines (14.2) are 

provided for the planetary driveline.  

Section 15 offers some models for the main power sources of the PS-CVT, i.e. the engine, 

the electric motors and the energy storage systems. 

Section 16 describes some design applications. 

 

  



 

 

 

  

Pag. 16 

 

 

 

 

 



 

Chapter 1 Parametrization of PS-CVTs 

 

 

Pag. 17 

 

 

1. Parametrization of PS-CVTs 

A Power-Split Continuously Variable Transmission (PS-CVT) (see Fig. 1) comprises a 

Continuously Variable Unit (CVU), i.e. a variator drive of any kind, and a Power-Split Unit 

(PSU), i.e. a planetary driveline made of a combination of three-port mechanisms (TPMs). 

The generic TPM consists of a planetary gear train (PG) and three ordinary gear sets (OGs) 

(see Fig. 2). 

 

 
Fig. 1 Generic PS-CVT. 

 

Fig. 1 shows the generic functional scheme of a PS-CVT. The shafts 𝑖, 𝑜, 𝑖𝑛 

and 𝑜𝑢𝑡 represent the main ports of the PSU. The ports 𝑖𝑛 and 𝑜𝑢𝑡 are the input and output 

shafts of the driveline, while the ports 𝑖 and 𝑜 are the conventional input and output shafts 

of the CVU. Since the CVU can be subject to power flow reversals, in most cases such labels 

can be assigned arbitrarily. The red arrows represent power flows. In particular, the main 

power flows 𝑃𝑖 , 𝑃𝑜 , 𝑃𝑖𝑛 and 𝑃𝑜𝑢𝑡 are considered positive if entering the PSU (as in Fig. 1). On 

the other hand, defining the sign of speeds and torques is not necessary in this phase.   

As it will be clear in the next sections, the kinematics, torques and power flows of the main 

ports are ruled by few functional parameters, regardless the actual constructive layout of the 

PSU. This property will be exploited throughout the manuscript for both analysis and design 

purposes. 
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1.1. Kinematics 

Within the PSU, each angular speed is a linear function of two others. In particular, in order 

to describe the mutual relationships between overall transmission ratio 𝜏 (eq. (1)) and CVU 

transmission ratios 𝜏𝑖 and 𝜏𝑜 (eq. (2) and eq. (3)), we need at least four parameters.  

𝜏 =
𝜔𝑜𝑢𝑡
𝜔𝑖𝑛

 (1) 

𝜏𝑖 =
𝜔𝑖
𝜔𝑖𝑛

 (2) 

𝜏𝑜 =
𝜔𝑜
𝜔𝑖𝑛

 (3) 

The mechanical points  𝜏#𝑖 and 𝜏#𝑜 (eq. (4) and (5)) represent the overall transmission ratios 

for which the shaft of either the conventional input 𝑖 or the conventional output 𝑜 of the CVU 

is motionless: 

𝜏#𝑖 =
𝜔𝑜𝑢𝑡
𝜔𝑖𝑛

|
𝜔𝑖=0

 (4) 

𝜏#𝑜 =
𝜔𝑜𝑢𝑡
𝜔𝑖𝑛

|
𝜔𝑜=0

 (5) 

Accordingly, the related CVU speed ratios 𝜏𝑜#𝑖 and  𝜏𝑖#𝑜 are defined as: 

𝜏𝑖#𝑜 =
𝜔𝑖
𝜔𝑖𝑛

|
𝜔𝑜=0

 (6) 

𝜏𝑜#𝑖 =
𝜔𝑜
𝜔𝑖𝑛

|
𝜔𝑖=0

 (7) 

As stated before, the ratios 𝜏𝑖 and 𝜏𝑜 are linear functions of 𝜏. Therefore, after some math, 

they can be written as: 
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𝜏𝑖 = 𝜏𝑖#𝑜 ∙
𝜏 − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 (8) 

𝜏𝑜 = 𝜏𝑜#𝑖 ∙
𝜏 − 𝜏#𝑜
𝜏#𝑖 − 𝜏#𝑜

 (9) 

Their ratio is: 

𝜏𝑣 =
𝜔𝑜
𝜔𝑖

= 𝜏𝑣# ∙
𝜏 − 𝜏#𝑜
𝜏 − 𝜏#𝑖

 (10) 

In which: 

𝜏𝑣# = −
𝜏𝑜#𝑖
𝜏𝑖#𝑜

 (11) 

The ratio 𝜏𝑣# is the asymptotic CVU transmission ratio, as it is the value of 𝜏𝑣 for 𝜏 → ±∞, 

but also its opposite for 𝜏 =
𝜏#𝑖+𝜏#𝑜

2
. 

The inverse functions are respectively: 

𝜏 = 𝜏𝑖  
𝜏#𝑜 − 𝜏#𝑖
𝜏𝑖#𝑜

+ 𝜏#𝑖 (12) 

𝜏 = 𝜏𝑜
𝜏#𝑖 − 𝜏#𝑜
𝜏𝑜#𝑖

+ 𝜏#𝑜 (13) 

𝜏 =
𝜏#𝑜 − (𝜏𝑣 𝜏𝑣#⁄ ) 𝜏#𝑖 

1 − (𝜏𝑣 𝜏𝑣#⁄ )
 (14) 

Accordingly, the functional parameters of the PS-CVT are the overall speed ratios 𝜏#𝑖 

and 𝜏#𝑜, calculated when one shaft of the CVU is motionless, and the related CVU speed 

ratios 𝜏𝑜#𝑖 and  𝜏𝑖#𝑜.  

Eq. (10), (11) and (14) are intended for mechanical CVUs, as in these circumstances the 

CVU speed ratio 𝜏𝑣 is the most significant control parameter.   
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1.2. Ideal torques 

In absence of mechanical losses in the PSU, for a given overall torque ratio Θ (eq. (15)), the 

normalized torques 𝜃𝑖  and 𝜃𝑜 (eq. (16)-(17)) applied to the PSU from the shafts of the CVU 

are functions of the aforementioned kinematics parameters 𝜏𝑖#𝑜, 𝜏#𝑜, 𝜏#𝑖 and 𝜏𝑜#𝑖 (eq. (18) -

(19)): 

𝛩 =
𝑇𝑜𝑢𝑡
𝑇𝑖𝑛

 (15) 

𝜃𝑖 =
𝑇𝑖
𝑇𝑖𝑛

 (16) 

𝜃𝑜 =
𝑇𝑜
𝑇𝑖𝑛

 (17) 

𝜃𝑖 = −
1 +  𝛩 𝜏#𝑜 

𝜏𝑖#𝑜
 (18) 

𝜃𝑜 = −
1 + 𝛩 𝜏#𝑖  

𝜏𝑜#𝑖
 (19) 

The inverse relationships are the following: 

𝛩 = −
1

𝜏𝑖#𝑜 𝜃𝑖 +  𝜏#𝑜
 (20) 

𝛩 = −
1

𝜏𝑜#𝑖 𝜃𝑜 +  𝜏#𝑖 
 (21) 

It is self-evident that 𝜏𝑖#𝑜 and 𝜏𝑜#𝑖 modulate the CVU’s torques whichever it is the overall 

torque ratio Θ. In particular, the modules of 𝜏𝑖#𝑜 and 𝜏𝑜#𝑖 are subject to an upper constraint, 

as they determine the speed reached by the shafts of the CVU (eq. (8) and (9)), which is 

subject to a limit due to obvious constructive reasons.  
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1.3. Ideal main power flows 

In absence of mechanical losses and for given overall speed and torque ratio 𝜏 and Θ, the 

relative powers 𝑝𝑖 and 𝑝𝑜 (eq. (22)-(23)) flowing through the shafts of the CVU are functions 

of the mechanical points 𝜏#𝑖 and 𝜏#𝑜 only (eq. (26)-(27)), which means that the latter are 

primary design parameters. In particular, 𝑝𝑖 will be null when Θ = −1/𝜏#𝑜 or 𝜏 = 𝜏#𝑖, while 

𝑝𝑜 will be null when Θ = −1/𝜏#𝑖 or 𝜏 = 𝜏#𝑜: 

𝑝𝑖 =
𝑃𝑖
𝑃𝑖𝑛

 (22) 

𝑝𝑜 =
𝑃𝑜
𝑃𝑖𝑛

 (23) 

𝜂𝑣 = −
𝑃𝑜
𝑃𝑖

 (24) 

𝜂 =  −
𝑃𝑜𝑢𝑡
𝑃𝑖𝑛

 (25) 

Eq. (26) and (27) can be obtained from the relationships of section 1.1 and 1.2: 

𝑝𝑖 = −
(𝜏 − 𝜏#𝑖) (1 +  𝛩 𝜏#𝑜 )

𝜏#𝑜 − 𝜏#𝑖
 (26) 

𝑝𝑜 = 
(𝜏 − 𝜏#𝑜) (1 +  𝛩 𝜏#𝑖  )

𝜏#𝑜 − 𝜏#𝑖
 (27) 

𝜂𝑣 = 
𝜏 − 𝜏#𝑜 

𝜏 − 𝜏#𝑖 

 1 +  𝛩 𝜏#𝑖 

1 +  𝛩 𝜏#𝑜 
 

(28) 

𝜂 =   −𝜏 𝛩 (29) 

In the previous relationships, 𝜂𝑣 is the CVU’s apparent efficiency, calculated as the negative 

ratio between the power flowing through the conventional output shaft “𝑜” and the power 
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flowing through the conventional input shaft “𝑖” of the PSU. Similarly, 𝜂 is the overall 

apparent efficiency.  

We use the adjective “apparent” because we expect a CVU with the ability to store and 

release energy, which means that the observed power ratios are not entirely due to power 

losses. Accordingly, such parameters will be comprised between zero and one only if the 

CVU is a passive device, such as a V-belt variator, but in general both 𝜂𝑣 and 𝜂 will be able 

to assume values outside the aforementioned interval.  

The inverse relationships of eq. (26) and (27) are the following: 

 𝜂 =
 𝜏

𝜏#𝑜
(1 + 𝑝𝑖

𝜏#𝑜 − 𝜏#𝑖 

𝜏 − 𝜏#𝑖
) (30) 

 𝜂 =
 𝜏

𝜏#𝑖
(1 − 𝑝𝑜

𝜏#𝑜 − 𝜏#𝑖 

𝜏 − 𝜏#𝑜
) (31) 

And it is easy to verify that they satisfy the general power balance: 

𝜂 =  1 + 𝑝𝑖 + 𝑝𝑜 (32) 

As stated before, all the previous relationship are independent from the actual constructive 

layout.  

 

1.3.1.  Normalized powers 

For given overall torque ratio Θ, the powers 𝑝𝑖 and 𝑝𝑜 are related to their values calculated 

for a generic base speed ratio 𝜏𝑏. In particular, the normalized CVU power flow is a function 

of the reciprocal distance of the overall speed ratios from the associated mechanical point: 

𝑝𝑖
′ =

𝑝𝑖
𝑝𝑖𝑏
 =

𝜏 − 𝜏#𝑖 

𝜏𝑏 − 𝜏#𝑖
  (33) 
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𝑝𝑜
′ =

𝑝𝑜
𝑝𝑜𝑏

 =
𝜏 − 𝜏#𝑜 

𝜏𝑏 − 𝜏#𝑜
  (34) 

This is the result of an unaltered torque distribution, so that the power change is due to speed 

variations only. 

In particular, when 𝜂 =  1, it can be observed that 𝑝𝑖 = −𝑝𝑜 and the power 𝑝𝑖 is related to 

its value calculated for 𝜏𝑏 in accordance to the following expression: 

𝑝𝑖
′ =

𝑝𝑖
𝑝𝑖𝑏
 =

𝜏𝑜
′  𝜏𝑖

′

𝜏′
  (35) 

In which 𝜏′, 𝜏𝑖
′ or 𝜏𝑜

′  are speed ratios normalized in respect of their base values: 

𝜏′ =
𝜏

𝜏𝑖
   (36) 

𝜏𝑖
′ =

𝜏𝑖
𝜏𝑖𝑏
   (37) 

𝜏𝑜
′ =

𝜏𝑜
𝜏𝑜𝑏
   (38) 

Accordingly, it is evident that the sign of 𝜏′, 𝜏𝑖
′ or 𝜏𝑜

′  determines the sign of 𝑝𝑖, and therefore 

speed reversal on the main ports imply the use of CVUs that support the reversal of the 

power flow as well. 
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2. Three Port Mechanisms 

The TPM is the fundamental core structure of the PSU. The generic TPM (Fig. 2) consists 

of one planetary gear train with constructive parameter 𝜓 and three ordinary gear sets with 

constructive parameters 𝑘𝑗 (not always present). The red arrows represent power flows, 

which are assumed positive if entering the TPM. 

 

 
Fig. 2 Generic TPM 

 

As it will be clear in the next section 3, any PSU is a particular combination of TPMs. In 

particular, the number of TPMs in a PSU equates its number of nodal ratios, i.e. overall 

transmission ratios when a branch of the PSU is motionless (see section 3.3.). The 

mechanical points 𝜏#𝑖 and 𝜏#𝑜 represent a particular sub-group of nodal ratios. The 

discriminant factor is that the mechanical points refer to the external ports of the PSU, while 

the nodal ratios can refer also to neutral nodes, i.e. internal branches of the PSU not linked 

to any external port.  

Each TPM is characterized by a particular set of functions, which determine the relationships 

between the power flowing through the shafts of the TPM itself and the link between 

synchronous ratio and constructive parameter of the PG. These relationships are crucial for 

the model described in this manuscript, and hereinafter we refer to them as the characteristic 

functions of the TPM. 
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2.1. Characteristic functions of the TPM 

The nodal ratios govern the generic characteristic functions 𝜙𝑥/𝑦
𝑧 , defined as follows: 

𝜙𝑥/𝑦
𝑧 = 

𝜏𝑦

𝜏𝑥
∙
𝜏𝑥
𝜏𝑦
|
𝜏𝑧=0

=
𝜏 − 𝜏#𝑦

𝜏 − 𝜏#𝑥
∙
𝜏#𝑧 − 𝜏#𝑥
𝜏#𝑧 − 𝜏#𝑦

 (39) 

The function 𝜙𝑥/𝑦
𝑧  represents the speed ratio between two shafts 𝑦 and 𝑥 of a TPM (see Fig. 

2), normalized in respect to itself when the third shaft 𝑧 is motionless. As it can be easily 

verified, eq. (39) can be deduced from the kinematic relationships provided in section 1.1. 

For known nodal ratios and considering that 𝜏#𝑜𝑢𝑡 = 0 and 𝜏#𝑖𝑛 = ∞ by definition, it is 

possible to obtain a set of characteristic functions by mean of simple index substitutions. For 

instance, with reference to the mechanical points only, it is possible to define four functional 

groups for the TPMs depending on the involved shafts (Table 1), each one related to one 

(arbitrarily selected) basic characteristic function. 

 

Table 1 Functional groups, involved main shafts and basic characteristic functions 

Group Shafts Basic characteristic function 

𝑪𝑖𝑛 𝑖, 𝑜, 𝑖𝑛 𝜙𝑜 𝑖⁄
𝑖𝑛 =

 1 − 𝜏#𝑖 𝜏⁄

 1 − 𝜏#𝑜 𝜏⁄
 

𝑪𝒐𝒖𝒕 𝑖, 𝑜, 𝑜𝑢𝑡 𝜙𝑜 𝑖⁄
𝑜𝑢𝑡 =

 1 − (𝜏#𝑖 𝜏⁄ )−1

 1 − (𝜏#𝑜 𝜏⁄ )−1
 

𝑫𝒊 𝑖𝑛, 𝑜𝑢𝑡, 𝑖 𝜙𝑜𝑢𝑡 𝑖𝑛⁄
𝑖 = 𝜏#𝑖 𝜏⁄  

𝑫𝒐 𝑖𝑛, 𝑜𝑢𝑡, 𝑜 𝜙𝑜𝑢𝑡 𝑖𝑛⁄
𝑜 = 𝜏#𝑜 𝜏⁄  
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There are five additional characteristic functions belonging to each group, which might be 

calculated by switching the shafts’ indexes in eq. (39). However, as it can be easily verified, 

the characteristic functions are mutually dependent, so they can be derived from the basic 

function thanks to the simple relationships listed in the last row of Table 2.  

Obviously, this approach can be easily applied to the description of transmissions that 

involve any number of PGs (although the number of groups increases factorially with the 

TPMs), such as complex multimode PS-CVTs or discrete automatic transmissions. 

Obviously, all the nodal ratios (including those related to the neutral nodes) must be known, 

or otherwise calculated as in section 4. 

 

Table 2 Table for the calculation of the characteristic functions from basic ones. 

Group Characteristic functions 

𝑫𝒊 𝜙𝑜𝑢𝑡/𝑖𝑛
𝑖  𝜙𝑖𝑛/𝑜𝑢𝑡

𝑖  𝜙𝑜𝑢𝑡/𝑖
𝑖𝑛  𝜙𝑖/𝑜𝑢𝑡

𝑖𝑛  𝜙𝑖𝑛/𝑖
𝑜𝑢𝑡  𝜙𝑖/𝑖𝑛

𝑜𝑢𝑡  

𝑫𝒐 𝜙𝑜𝑢𝑡/𝑖𝑛
𝑜  𝜙𝑖𝑛/𝑜𝑢𝑡

𝑜  𝜙𝑜𝑢𝑡/𝑜
𝑖𝑛  𝜙𝑜/𝑜𝑢𝑡

𝑖𝑛  𝜙𝑖𝑛/𝑜
𝑜𝑢𝑡  𝜙𝑜/𝑖𝑛

𝑜𝑢𝑡  

𝑪𝑖𝑛 𝜙𝑜/𝑖
𝑖𝑛  𝜙𝑖/𝑜

𝑖𝑛  𝜙𝑜/𝑖𝑛
𝑖  𝜙𝑖𝑛/𝑜

𝑖  𝜙𝑖/𝑖𝑛
𝑜  𝜙𝑖𝑛/𝑖

𝑜  

𝑪𝑜𝑢𝑡 𝜙𝑜/𝑖
𝑜𝑢𝑡 𝜙𝑖/𝑜

𝑜𝑢𝑡 𝜙𝑜/𝑜𝑢𝑡
𝑖  𝜙𝑜𝑢𝑡/𝑜

𝑖  𝜙𝑖/𝑜𝑢𝑡
𝑜  𝜙𝑜𝑢𝑡/𝑖

𝑜  

 𝝋 
1

𝝋
 1 − 𝝋 

1

1 − 𝝋
 1 −

1

𝝋
 

−𝝋

1 − 𝝋
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2.1.1.  Properties of the characteristic functions 

Primarily, the characteristic functions represent the ideal ratios between the powers 

transmitted by two shafts of a TPM 

𝜙𝑥/𝑦
𝑧 = −

𝑃𝑦

𝑃𝑥
 (40) 

The reason is that when the shaft 𝑧 is motionless, the power balance between the shafts 𝑦 

and 𝑥 requires their torque ratio to be:  

𝑇𝑦

𝑇𝑥
= −

𝜏𝑥
𝜏𝑦
|
𝜏𝑧=0

 (41) 

Secondly, they are independent from the OGs, and thus equal for the PG and TPM. The 

simple physical explanation is that they represent an ideal power ratio, and the ideal power 

flows on the shafts of the TPM are not altered by the OGs. 

Eventually, as it will be explained in detail in section 12.1, the characteristic functions 

represent also the link between the synchronous conditions of the PGs and their respective 

Willis’ ratios. 

𝜓 = 𝜙𝑅/𝑆
𝐶  (𝜏∗) (42) 

Therefore, they will be used for design purposes too.   
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3. Power Split Units 

The PSU (Fig. 1) is a planetary driveline comprising several TPMs (Fig. 2). The physical 

presence of brakes and clutches is required in order to perform mode switches, yet their 

mathematical modeling is not strictly necessary.  

In particular, it exists a functional difference between PSUs using just one TPM, and PSUs 

using two or more TPMs. Indeed, the mechanical points 𝜏#𝑖 and 𝜏#𝑜 are both free design 

parameters only in the latter case, as the number of TPMs determine the total number of 

nodal ratios. 

The use of more than two TPMs permits to cover a wider speed ratio range, but does not 

bring direct advantages in terms of modulation of the power flowing through the CVU in 

each mode. On the other hand, the complexity of the PSU is detrimental under several 

aspects, including costs, weights, encumbrances, mechanicals losses and design issues.  

For the reason stated above, in most PSUs the number of active TPMs will range between 

one and three. The following sections describe the most common architectures and 

generalize their fundamental characteristics. 

 

3.1. Shunt PSUs - One TPM 

The simplest PSU is the so-called variable shunt, as its core structure is one TPM (Fig. 2). 

In general, the shunt PS-CVT represents a suboptimal solution if used alone, but it is not 

necessarily always detrimental, as it can help limiting the power sent to the variator drive 

under specific circumstances, such as the stall condition. 

The group of the TPM of a shunt PS-CVT falls within the cases listed in Table 1. Indeed, 

the three indexes of the TPM must be chosen between 𝑖, 𝑜, 𝑖𝑛 and 𝑜𝑢𝑡, so the total number 

of characteristic functions for shunt PS-CVTs is 24 (see Table 2). 
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Shunts PS-CVTs can be Input Split (Output Coupled) or Output Split (Input Coupled) 

transmissions (Fig. 3). In Fig. 3 the square (with sharp edges) represents the TPM and the 

rhombus an additional OG.  

If the free shaft of the CVU (not connected to the PG) is linked to: 

- the output shaft (possibly by mean of an ordinary gear set), the PS-CVT is an Input Split  

- the input shaft, the PS-CVT is an Output Split.  

 

 

Fig. 3 Shunt PS-CVTs: Output Splits (left), Input Splits (right) 

 

As stated above, the immediate consequence in terms of functional parameters is that the 

related mechanical point is not free, but coincides with either zero or infinite, i.e. 𝜏#𝑜𝑢𝑡 

and 𝜏#𝑖𝑛 (see Table 3). 
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Table 3 Functional parameters for shunt PS-CVTs 

Type 𝝉#𝒊 𝝉#𝒐 𝝉𝒐#𝒊 𝝉𝒊#𝒐 

INPUT SPLIT 

0 𝜏#𝑜 𝜏𝑜(0) 𝜏#𝑜/𝑘𝑜𝑢𝑡 

𝜏#𝑖 0 𝜏#𝑖/𝑘𝑜𝑢𝑡 𝜏𝑖(0) 

OUTPUT SPLIT 

∞ 𝜏#𝑜 𝜏𝑜(∞) 1/𝑘𝑖𝑛 

𝜏#𝑖 ∞ 1/𝑘𝑖𝑛 𝜏𝑖(∞) 

 

 

3.2. Compound PSUs - two TPMs 

If the compound PSU is made of two TPMs connected to each other, it offers two nodes (IJs) 

and two free shafts as external ports. It is possible to observe that the core structure of the 

PSU remains identical (Fig. 4), but the functional solutions are distinct because the CVU 

connects either nodes, free shafts or both (Fig. 5).  

 

 
Fig. 4 Core structure of PSU consisting of two TPMs 

 

In Fig. 4 and Fig. 5, rhombs represent ordinary gears, while squares (with rounded edges) 

represent planetary gear trains. In Fig. 5 is easy to identify three basic layouts, two of which 

are symmetric. Since the asymmetric layout is present in four distinct versions depending on 

the relative position of the main shafts, there are six functional schemes in total.  
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The relationships already listed in Table 1 are sufficient to describe compound PS-CVTs 

also in this case. There are four groups (𝐶𝑖𝑛, 𝐶𝑜𝑢𝑡, 𝐷𝑖 , 𝐷𝑜), each one represented by a 

particular combination of capital letter and subscript. The subscript of groups with the same 

capital letter refers to the shaft possessed in exclusive, while capital letter themselves permit 

to identify easily the fundamental compound layouts of Fig. 5. Indeed, two TPMs belonging 

to a D group combine in a “Direct bridge” symmetric layout, in which the CVU connects 

the two TPMs, while two TPMs belonging to a C group combine in a “Cross bridge” 

symmetric layout, as the CVU connects the two nodes. Eventually, TPMs belonging to either 

groups combine in an Asymmetric Bridge layout.  

 

 
Fig. 5 Functional schemes for compound PS-CVTs. 

 

Besides the similarities with shunt PS-CVTs, as stated before compound PS-CVTs offer 

more control over the relationships listed in section 1, thus being a more flexible design 

option.  

In theory, whichever couple of mechanical points can be obtained by mean of any of the 

aforementioned layouts. However, constructive boundaries often limit the choice to fewer 

possibilities. 
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3.3. Compound PSUs - 3+ TPMs 

In order to achieve a complex multimode transmission, or when feasible solution with two 

or less planetary gear trains do not exist, it is certainly possible to use any (reasonable) 

number of additional TPMs. The two mechanical points related to the CVU still govern the 

behavior of the variator drive, but additional nodal ratios (in the same number of the 

additional TPMs) must be defined to describe the driveline.  

Obviously, since the number of characteristic functions increases very rapidly with the 

number of nodal ratios, it is not practical to list them all, so in this section we will describe 

the case of a compound PSU with three TPMs, using it as a general example.  

A node (or isokinetic joint) is the union of two or more shafts belonging to different TPMs, 

while a free shaft is a branch of a TPM not linked to the other TPMs of the PSU. In terms of 

characteristic functions, there is not real difference between a node linked to the variator 

drive and the generic neutral node 𝑛, which is not. Accordingly, in the case of a compound 

PSU with three TPMs, the additional characteristic functions will be analogous to that listed 

in Table 2, mostly by mean of the substitution of either the index 𝑖 or 𝑜 with 𝑛, for a total of 

36 new characteristic functions. In particular, some of the new characteristic functions 

(shafts 𝑖, 𝑜, 𝑛) assume instead the same form of the generic expression (39), as no further 

simplification is possible.  

In order to generate the new core structures, it is sufficient to consider that the new TPM 

must not alter the already existing kinematic relationships, which means that removing it 

must lead to the same core structure (Fig. 4) already observed in section 3.2. Accordingly, 

starting from the aforementioned core structure, the new TPM can be linked to two IJs, two 

free shafts or one of each, thus obtaining three new core structures, apparently similar to the 

functional layouts previously observed in Fig. 5, but with five available external ports (Fig. 

6).  

It is then possible to obtain the new functional schemes by linking the external ports to the 

four main ports 𝑖, 𝑜, 𝑖𝑛, 𝑜𝑢𝑡. The choice is mostly free, but it is necessary to guarantee that 

all the PGs are loaded with torque, which means abiding to the following rules: 
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- The neutral node 𝑛 must be a isokinetic joint 

- All the remaining free shafts must connect a main port (𝑖, 𝑜, 𝑖𝑛 or 𝑜𝑢𝑡) 

The same logic can be applied to PSU with four TPMs: starting from the core structures 

represented in Fig. 6, an additional TPM is connected, with the same rules applying to the 

free shafts and neutral nodes. Obviously, the number of core structures and related layouts 

raises rapidly, so it will not be furtherly addressed in this section. 

Eventually, it is worth noting that each OG, even when it is not actually present in the PSU, 

can be used to model a brake connecting the shaft of one PG to the frame. This solution is 

commonly used to perform a mode switch (see section 13.3), and can be simulated by 

imposing a fictitious infinite value to the related fixed gear ratio.  

 

 

Fig. 6 Core structures for PSU with three TPMs 
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The functional schemes are too numerous (144) to be represented in this manuscript, so we 

will limit the example to only one functional scheme (Fig. 7) of PSU with 3 TPMs, which 

coincides with the layout of the Cadillac CT6 transmission.  

 

 

Fig. 7  Example of PSU with 3 TPMs  
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4. Kinematic Analysis of PSUs 

The analysis of existing PS-CVTs by mean of the relationships of section 1 is particularly 

straightforward if the manufacturer discloses the functional parameters. This is frequently 

true, as many PS-CVTs include parallel hybrid modes concurrent with the mechanical 

points. However, when the transmission is known in terms of mutual connections and teeth 

ratios, it is indeed necessary to calculate or measure the aforementioned functional 

parameters.  

This procedure may not seem convenient at first, as the engineer could rely on a traditional 

approach instead, solving two systems of equations for both speed and torques. However, 

since PS-CVTs are subject to speed and torque inversions, such approach is particularly 

prone to error, as the closed-loop structure of the driveline makes difficult to verify that the 

direction and/or value of a power flow is verisimilar. Besides, the result is a set of analytical 

relationships specific for each constructive solution, which makes explorative analyses 

bulky and tiresome, especially when several functioning modes are involved.   

On the other hand, using the mechanical points: 

- makes superfluous developing any further analytical model 

- brings to easily comparable results 

- permits to spot inconsistences even when analyzing complex or unusual designs 

Moreover, since the mechanical points occur when a branch of the driveline is motionless: 

- their calculation is an intuitive analytical task 

- their measurement is a trivial experimental task 

Eventually, as it will be clear in section 12, calculating the mechanical points is necessary in 

order to assess the impact of a small variation of the constructive parameters on the 

functional parameters when designing a new PS-CVT. This is due to the discrete nature of 

teeth ratios, which makes almost impossible to satisfy exactly the optimal design 

requirements. 
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4.1. Calculation approach 

The known data are:  

- Arrangement of the devices within the PSU and their mutual connections 

- Constructive ratios of the involved gear sets (teeth ratios of OGs and PGs etc.) 

The primary objective is to assess the following functional parameters: 

- The mechanical points 𝜏#𝑖 and 𝜏#𝑜 

- The related CVU speed ratios 𝜏𝑜#𝑖 and  𝜏𝑖#𝑜 

For this purpose, we suggest the following analysis approach:  

1. Labelling each branch of the PSU 

2. Assigning to the shafts of each TPM their labels 

3. Detailing the TPM’s generic kinematic equation (eq. (43)) 

4. To impose 𝜏𝑖 = 0, indexing the other unknown speed ratios accordingly (𝜏𝑗 = 𝜏𝑗#𝑖) 

5. To solve the system, thus finding the concurrent speed ratios 𝜏#𝑖 and 𝜏𝑜#𝑖 

6. To impose 𝜏𝑜 = 0, indexing the other unknown speed ratios accordingly (𝜏𝑗 = 𝜏𝑗#𝑜) 

7. To solve the new system, thus finding the concurrent speed ratios 𝜏#𝑜 and 𝜏𝑖#𝑜 

Obviously, the same approach applies to the nodal ratios related to the neutral nodes. If 

𝑛 labels the generic neutral node, then for each neutral node it is necessary: 

8. To impose 𝜏𝑛 = 0, indexing the other unknown speed ratios accordingly (𝜏𝑗 = 𝜏𝑗#𝑛) 

9. To solve the new system, thus finding the concurrent speed ratio 𝜏#𝑛 

Labeling the PSU is trivial. The index 𝑖𝑛 represents the input shaft of the transmission, which 

is linked to the prime mover, while the index 𝑜𝑢𝑡 represents the output shaft, which is linked 

to the loads. The other branches of the transmission can be labeled arbitrarily, but 

considering that 𝑖 and 𝑜 refer only to the CVU. 
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The generic kinematic equation is obtained considering that in a TPM the speed of each port 

is a linear function of two others. Therefore, for each TPM we can write: 

𝜏𝑦 = 𝜓𝑌/𝑋
𝑍 ∙

𝑘𝑦

𝑘𝑥
∙ 𝜏𝑥 + 𝜓𝑌/𝑍

𝑋 ∙
𝑘𝑦

𝑘𝑧
∙ 𝜏𝑧 (43) 

In eq. (43), 𝑘𝑗 is the fixed ratio between 𝜔𝑗 (external to the TPM, see Fig. 2) and the matching 

speed of the planetary gear train 𝜔𝐽 (see Fig. 5), while 𝜓𝑌/𝑋
𝑍  is the ratio between the Y-speed 

over the X-speed when Z is motionless.  

Each TPM is linked to three different branches of the PSU, so the generic indexes 𝑥, 𝑦, 𝑧 

must be adapted accordingly. As soon as eq. (43) has been detailed for the TPM, 𝜓𝑌/𝑋
𝑍  

becomes a simple and univocal function of the constructive ratio 𝜓 =  𝜓𝑹/𝑺
𝑪  of the PG (see  

Table 4).  

 

Table 4 Relationships between fixed-shaft ratios of a PG and it constructive parameter. 

𝜓𝑹/𝑺
𝑪  𝜓𝑺/𝑹

𝑪  𝜓𝑺/𝑪
𝑹  𝜓𝑪/𝑺

𝑹  𝜓𝑪/𝑹
𝑺  𝜓𝑹/𝑪

𝑺  

𝜓 
1

𝜓
 1 −

1

𝜓
 

−𝜓

1 − 𝜓
 

1

1 − 𝜓 
 1 − 𝜓 

 

In general, in order to obtain the variables 𝜏#𝑖, 𝜏𝑜#𝑖, 𝜏#𝑜 and 𝜏𝑖#𝑜, it is necessary to calculate 

a number of variables that is twice the number of nodal ratios (including those related to the 

neutral nodes). In particular, we can summarize the obtained systems of equations as follows: 
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[𝑌#𝑖]

(

 
 
 
 
 
 

𝝉#𝒊

𝝉𝒐#𝑖

⋮

𝝉𝒏#𝑖)

 
 
 
 
 
 

= {𝑏} [𝑌#𝑜]

(

 
 
 
 
 
 

𝝉#𝒐

𝝉𝒊#𝑜

⋮

𝝉𝒏#𝑜)

 
 
 
 
 
 

= {𝑏} (44) 

 

 

4.2. Example 

For instance, compound PSUs with up to two TPMs (section 3.2) show just four groups, so 

their generic kinematic equations (43) become: 

𝑪𝒊𝒏 1 = 𝜓𝑖𝑛/𝑖
𝑜 ∙

𝑘𝑖𝑛
𝑘𝑖
∙ 𝜏𝑖 + 𝜓𝑖𝑛/𝑜

𝑖 ∙
𝑘𝑖𝑛
𝑘𝑜

∙ 𝜏𝑜 (45) 

𝑪𝒐𝒖𝒕 𝜏 = 𝜓𝑜𝑢𝑡/𝑖
𝑜 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖

∙ 𝜏𝑖 + 𝜓𝑜𝑢𝑡/𝑜
𝑖 ∙

𝑘𝑜𝑢𝑡
𝑘𝑜

∙ 𝜏𝑜 
(46) 

𝑫𝒊 𝜏 = 𝜓𝑜𝑢𝑡 𝑖𝑛⁄
𝑖 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖𝑛

∙ 1 + 𝜓𝑜𝑢𝑡 𝑖⁄
𝑖𝑛 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖

∙ 𝜏𝑖 
(47) 

𝑫𝒐 
𝜏 = 𝜓𝑜𝑢𝑡/𝑖𝑛

𝑜 ∙
𝑘𝑜𝑢𝑡
𝑘𝑖𝑛

∙ 1 + 𝜓𝑜𝑢𝑡/𝑜
𝑖𝑛 ∙

𝑘𝑜𝑢𝑡
𝑘𝑜

∙ 𝜏𝑜 
(48) 

If we rewrite the previous equations for the conditions in which either 𝑖 or 𝑜 is stopped, we 

obtain two linear equations for each group. If we summarize such relationships as in eq. (44), 

the coefficients of [𝒀#𝒊] , [𝒀#𝒐] and {𝒃} are listed in Table 5. 
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Table 5 Coefficients for the calculation of the mechanical points from the constructive data. 

Group [𝒀#𝒊] [𝒀#𝒐] {𝒃} 

𝑪𝒊𝒏 

(

 
 
 
 
 
 
 
0 𝜓𝑖𝑛/𝑜

𝑖 ∙
𝑘𝑖𝑛
𝑘𝑜

1 −𝜓𝑜𝑢𝑡/𝑜
𝑖 ∙

𝑘𝑜𝑢𝑡
𝑘𝑜

1 0

1 −𝜓𝑜𝑢𝑡/𝑜
𝑖𝑛 ∙

𝑘𝑜𝑢𝑡
𝑘𝑜 )

 
 
 
 
 
 
 

 

(

 
 
 
 
 
 
0 𝜓𝑖𝑛/𝑖

𝑜 ∙
𝑘𝑖𝑛
𝑘𝑖

1 −𝜓𝑜𝑢𝑡/𝑖
𝑜 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖

1 −𝜓𝑜𝑢𝑡/𝑖
𝑖𝑛 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖

1 0 )

 
 
 
 
 
 

 

(

 
 
 
 
 
 

1

0

𝜓𝑜𝑢𝑡/𝑖𝑛
𝑖 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖𝑛

𝜓𝑜𝑢𝑡/𝑖𝑛
𝑜 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖𝑛 )

 
 
 
 
 
 

 

𝑪𝒐𝒖𝒕 

𝑫𝒊 

𝑫𝒐 

 

In order to solve eq. (44) for a specific layout, it is necessary to extract the related rows from 

Table 5, thus obtaining invertible square matrices.  

The explicit solutions for compound designs with up to two TPMs (section 3.2) have been 

listed in Table 6 and in Table 7. What is more, it is possible to adapt such relationships to 

address shunt PS-CVTs as well, simply by introducing fictitious constructive parameters that 

convert the second PG into an OG (see [17]). 
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Table 6 Explicit solutions for the calculation of 𝝉#𝒊 and 𝝉𝒐#𝒊 

Scheme 𝝉#𝒊 𝝉𝒐#𝒊 

𝑪𝒊𝒏 − 𝑪𝒐𝒖𝒕 
𝝉𝒐#𝒊
𝜓𝑜 𝑜𝑢𝑡⁄
𝑖

∙
𝑘𝑜𝑢𝑡   

𝑘𝑜 
|
𝐶𝑜𝑢𝑡

 𝜓𝑜 𝑖𝑛⁄
𝑖 𝑘𝑜 

𝑘𝑖𝑛
|
𝐶𝑖𝑛

 

𝑫𝒊 −𝑫𝒐 𝜓𝑜𝑢𝑡/𝑖𝑛
𝑖 𝑘𝑜𝑢𝑡

𝑘𝑖𝑛
|
𝐷𝑖

 
𝑘𝑜

𝜓𝑜𝑢𝑡/𝑜
𝑖𝑛

|

𝐷𝑜

∙ (
𝝉#𝒊
𝑘𝑜𝑢𝑡

− 
𝜓𝑜𝑢𝑡/𝑖𝑛
𝑜

𝑘𝑖𝑛
)|
𝐷𝑜

 

𝑫𝒊 − 𝑪𝒊𝒏 𝜓𝑜𝑢𝑡/𝑖𝑛
𝑖 𝑘𝑜𝑢𝑡

𝑘𝑖𝑛
|
𝐷𝑖

 𝜓𝑜 𝑖𝑛⁄
𝑖 𝑘𝑜 

𝑘𝑖𝑛
|
𝐶𝑖𝑛

 

𝑫𝒊 − 𝑪𝒐𝒖𝒕 𝜓𝑜𝑢𝑡/𝑖𝑛
𝑖 𝑘𝑜𝑢𝑡

𝑘𝑖𝑛
|
𝐷𝑖

 𝝉#𝒊 ∙ 𝜓𝑜 𝑜𝑢𝑡⁄
𝑖 𝑘𝑜 

𝑘𝑜𝑢𝑡
|
𝐶𝑜𝑢𝑡

 

𝑫𝒐 − 𝑪𝒊𝒏 𝝉#𝒐 + 𝝉𝒐#𝒊 ∙ 𝜓𝑜𝑢𝑡/𝑜
𝑖𝑛 𝑘𝑜𝑢𝑡 

𝑘𝑜
|
𝐷𝑜

 𝜓𝑜 𝑖𝑛⁄
𝑖 𝑘𝑜 

𝑘𝑖𝑛
|
𝐶𝑖𝑛

 

𝑫𝒐 − 𝑪𝒐𝒖𝒕 

𝝉#𝒐

1 −
𝑘𝑜𝑢𝑡 𝜓𝑜𝑢𝑡/𝑜

𝑖𝑛  

𝑘𝑜
|
𝐷𝑜

∙
𝑘𝑜 𝜓𝑜 𝑜𝑢𝑡⁄

𝑖

𝑘𝑜𝑢𝑡
|
𝐶𝑜𝑢𝑡

 
𝝉#𝒊 ∙

𝑘𝑜 𝜓𝑜 𝑜𝑢𝑡⁄
𝑖

𝑘𝑜𝑢𝑡
|
𝐶𝑜𝑢𝑡
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Table 7 Explicit solutions for the calculation of 𝝉#𝒐 and 𝝉𝒊#𝒐 

Scheme 𝝉#𝒐 𝝉𝒊#𝒐 

𝑪𝒊𝒏 − 𝑪𝒐𝒖𝒕 
𝝉𝒊#𝒐
𝜓𝑖 𝑜𝑢𝑡⁄
𝑜 ∙

𝑘𝑜𝑢𝑡
𝑘𝑖  

|
𝐶𝑜𝑢𝑡

 𝜓𝑖/𝑖𝑛
𝑜  

𝑘𝑖 

𝑘𝑖𝑛 
|
𝐶𝑖𝑛

 

𝑫𝒊 −𝑫𝒐 𝜓𝑜𝑢𝑡/𝑖𝑛
𝑜 𝑘𝑜𝑢𝑡

𝑘𝑖𝑛
|
𝐷𝑜

 
𝑘𝑖

𝜓𝑜𝑢𝑡/𝑖
𝑖𝑛

|

𝐷𝑖

∙ (
𝝉#𝒐
𝑘𝑜𝑢𝑡

− 
𝜓𝑜𝑢𝑡/𝑖𝑛
𝑖

𝑘𝑖𝑛
)|
𝐷𝑖

 

𝑫𝒊 − 𝑪𝒊𝒏 𝝉#𝒊 + 𝝉𝒊#𝒐 ∙ 𝜓𝑜𝑢𝑡/𝑖
𝑖𝑛 𝑘𝑜𝑢𝑡 

𝑘𝑖
|
𝐷𝑖

 𝜓𝑖/𝑖𝑛
𝑜  

𝑘𝑖 

𝑘𝑖𝑛 
|
𝐶𝑖𝑛

 

𝑫𝒊 − 𝑪𝒐𝒖𝒕 

𝝉#𝒊

1 −
𝑘𝑜𝑢𝑡 𝜓𝑜𝑢𝑡/𝑖

𝑖𝑛

𝑘𝑖
|
𝐷𝑖

∙
𝑘𝑖 𝜓𝑖/𝑜𝑢𝑡

𝑜

𝑘𝑜𝑢𝑡 
|

𝐶𝑜𝑢𝑡

 
− 𝝉#𝒐 ∙ 𝜓𝑖/𝑜𝑢𝑡

𝑜 𝑘𝑖  

𝑘𝑜𝑢𝑡 
|
𝐶𝑜𝑢𝑡

 

𝑫𝒐 − 𝑪𝒊𝒏 𝜓𝑜𝑢𝑡/𝑖𝑛
𝑜 𝑘𝑜𝑢𝑡

𝑘𝐼𝑁
|
𝐷𝑜

 𝜓𝑖/𝑖𝑛
𝑜  

𝑘𝑖 

𝑘𝑖𝑛 
|
𝐶𝑖𝑛

 

𝑫𝒐 − 𝑪𝒐𝒖𝒕 𝜓𝑜𝑢𝑡/𝑖𝑛
𝑜 𝑘𝑜𝑢𝑡

𝑘𝐼𝑁
|
𝐷𝑜

 𝝉#𝒐 ∙ 𝜓𝑖/𝑜𝑢𝑡
𝑜 𝑘𝑖  

𝑘𝑜𝑢𝑡 
|
𝐶𝑜𝑢𝑡
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5. Ideal power-flow analysis of PSUs 

In a PS-CVT, several power flows change sign with 𝜏 and Θ in a hardly predictable way. 

Indeed, conditions such as power recirculation, acceleration assistance and regenerative 

braking considerably alter the power flow distribution. 

This might lead to errors, and thus inaccurate results. Accordingly, their preliminary 

calculation is essential in order to obtain physically reliable models. 

In particular, if we assume that the losses in the PSU are negligible, it is possible to perform 

the preliminary calculation of the internal power flows using the method described in detail 

in section 1.3.  

 

5.1. Ratios between powers transmitted by the shafts internal to 

the PSU 

In section 2 we have described a set of characteristic functions ruled by the nodal ratios. In 

particular, in section 2.1.1. we have stated that they represent the ideal ratios between the 

powers transmitted by two shafts of a TPM (see Fig. 2).  

 
Fig. 8 PSU with two TPMs  

Fig. 8 is an example of PSU with two TPMs. The main ports are linked directly to the TPMs 

(left and right) or to the isokinetic joints (up and down). Squares and rhombi represent 
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planetary and ordinary gear sets. The capital letters refer to the shafts of the PGs, the 

lowercases to the external shafts of the TPMs. The red arrows represent the power flows. 

Such powers are assumed to be positive if entering their reference subsystem, which is either 

the PSU, the TPM or the PG (Fig. 8).  

For each TPM, it is possible to write two linearly independent relationships by mean of the 

general expression (39) and (40) provided in section 2 : 

𝜙𝑥/𝑦
𝑧  𝑃𝑥 + 𝑃𝑦 = 0 (49) 

𝜙𝑥/𝑧
𝑦
 𝑃𝑥 + 𝑃𝑧 = 0 (50) 

 

5.2. Isokinetic joints (nodes)  

A PSU include two or more isokinetic joints (IJ), i.e. shafts of different TPMs that spin 

together. For these joints is always valid the principle of conservation of power: 

𝑃𝑛|1 + 𝑃𝑛|2+. . . = 0 (51) 

In which 𝑃𝑛|𝑗 is the power flowing through the shaft of the j-th TPM linked to n-th isokinetic 

joint. 

 

5.3. Calculation 

For given input and output power, two eq. (49)-(50) for each TPM and one eq. (51) for each 

IJ permit to assess the ideal internal power flow distribution, as described in [20]. 

This approach can be applied to the analysis of any PS-CVT, provided that its nodal ratios 

are known, or have been calculated as in section 4. Yet, if the PSU includes up to two active 

TPMs, it is not necessary to solve a system of equations, as, for given input and output power, 

we can calculate the powers incoming from the CVU regardless the layout of the PSU. 
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Indeed, in section 1 it has been shown that the mechanical points 𝜏#𝑖 and 𝜏#𝑜 (see section 

1.1) permit calculating the relative power flows and torques on the main shafts of any ideal 

PSU by mean of the equations in section 1.2 and 1.3. However, in this case one of the power 

flowing in the TPM is known, so it is always possible to calculate the other two by mean of 

eq. (39) and (40). 
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6. Mechanical losses in the PSU 

Each gear set within the PSU is accountable for a certain amount of mechanical losses.  

As stated before, the core structure of the PSU is the TPM, which consists of one PG and up 

to three OGs (Fig. 2).  

In order to predict the power losses of the generic TPM as a whole, the behavior of its 

constituent devices must be analyzed separately. 

 

6.1. Losses in the planetary gear trains 

In literature, the calculation of the mechanical efficiency of a PG is often achieved assuming 

the real power flow distribution as the sum of two virtual powers, which refer to fixed-shaft 

conditions [44, 45]. However, it has been shown in [125] that under specific circumstances 

the validity of the previous relationships ceases to subsist. For this reason, their correct 

application requires to distinguish between several conditions accordingly to the mutual 

relations between the angular velocities of the PG. Nonetheless, in this section we propose 

a simpler approach, which permits to address the problem by mean of a synthetic test, 

performed directly on the sign of the calculated mechanical loss. Since the test itself relies 

on the physical consistence of the obtained results, our model behaves properly in any 

condition, including the synchronism of the PG. 

We will refer to the generic shafts of the PGs with the capital labels 𝑋, 𝑌, 𝑍, as in Fig. 8. In 

ideal conditions, for a PG the following power balance is valid: 

𝑃𝑋 + 𝑃𝑌 + 𝑃𝑍 = 0 (52) 

However, in real conditions, it is: 

𝑃̅𝑋 + 𝑃̅𝑌 + 𝑃̅𝑍 + 𝑃̅𝐿 = 0 (53) 



 

Chapter 6 Mechanical losses in the PSU 

 

 

Pag. 51 

 

 

Since the powers are positive if entering their reference subsystem, it must be 𝑃̅𝐿 ≤ 0. 

Accordingly, if 𝜂𝑌/𝑋
𝑍  is the fixed-Z apparent efficiency, defined as follows: 

𝜂𝑌/𝑋
𝑍 = −

𝑃̅𝑌

𝑃̅𝑋
|
𝜏𝑍=0

=
𝑇̅𝑌

𝑇̅𝑋
∙
𝑇𝑋
𝑇𝑌
= (

𝑃̅𝑌

𝑃̅𝑋
) (

𝑃𝑌
𝑃𝑋
)⁄  (54) 

then the real torque ratios applied to the PG are respectively: 

𝑇̅𝑌

𝑇̅𝑋
= −

𝜂𝑌/𝑋
𝑍

𝜓𝑌/𝑋
𝑍  (55) 

𝑇̅𝑍

𝑇̅𝑋
=
𝜂𝑌/𝑋
𝑍 − 𝜓𝑌/𝑋

𝑍

𝜓𝑌/𝑋
𝑍  

(56) 

in which 𝜓𝑌/𝑋
𝑍  is: 

𝜓𝑌/𝑋
𝑍 =

𝜔𝑌 − 𝜔𝑍
𝜔𝑋 − 𝜔𝑍

 (57) 

Substituting the previous eq. (54)-(57) in (53), we obtain: 

𝑃̅𝐿|𝑃𝐺   = − (1 − 𝜂𝑌 𝑋⁄
𝑍 ) (𝜔𝑋 − 𝜔𝑍) 𝑇̅𝑋 (58) 

Since 𝑃̅𝐿 ≤ 0, then the previous relationship (58) implies that  𝜂𝑌/𝑋
𝑍  switches its value. In 

particular, this condition occurs when: 

- The planetary gear train reaches its synchronism. 

- The torque transmitted by the shafts of the PG changes sign. 

It is convenient to rewrite the latter relationship (58) in terms of characteristic functions (eq. 

39), as they are independent from the OGs, and thus equal for the PG and TPM (see section 

2.1.1. ): 

𝑃̅𝐿|𝑃𝐺   = − (1 − 𝜂𝑌/𝑋
𝑍 ) (

𝜙𝑥 𝑦⁄
𝑧 − 𝜓𝑥 𝑦⁄

𝑧

1 − 𝜓𝑥 𝑦⁄
𝑧 ) 𝑃̅𝑋 (59) 
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In which 𝜓𝑥 𝑦⁄
𝑧 = 𝜙𝑥 𝑦⁄

𝑧 |
𝜏∗

, and 𝜏∗ is the overall speed ratio concurrent with the synchronism 

of the PG. 

 Therefore, we can formulate the following test: 

𝜂𝑌/𝑋
𝑍 < 1 

if 

(
𝜙𝑥 𝑦⁄
𝑧 − 𝜓𝑥 𝑦⁄

𝑧

1 − 𝜓𝑥 𝑦⁄
𝑧 ) 𝑃̅𝑋 > 0 

(60) 

𝜂𝑌/𝑋
𝑍 > 1 (

𝜙𝑥 𝑦⁄
𝑧 − 𝜓𝑥 𝑦⁄

𝑧

1 − 𝜓𝑥 𝑦⁄
𝑧 ) 𝑃̅𝑋 < 0 

 

Typically, for a PG it is known the fixed-carrier (aka basic) efficiency, i.e. 𝜂0 = 𝜂𝑅/𝑆
𝐶 , where 

𝑅, 𝐶 and 𝑆 represent the ring, carrier and sun gear of the PG. Considering that the torques 

applied to a PG are speed independent, the fixed-ring and fixed-sun efficiencies can be 

calculated by mean of the relationships of Table 8, in which 𝜓 = 𝜓𝑅/𝑆
𝐶  is the Willis’ ratio as 

usual. 

Table 8 Relationships between fixed-shaft apparent efficiencies of a PG. 

𝜼𝑹/𝑺
𝑪  𝜼𝑺/𝑹

𝑪  𝜼𝑺/𝑪
𝑹  𝜼𝑪/𝑺

𝑹  𝜼𝑪/𝑹
𝑺  𝜼𝑹/𝑪

𝑺  

𝜂0 
1

𝜂0
 

1 − 𝜓

𝜂0 − 𝜓
 

𝜂0 − 𝜓

1 − 𝜓
 

𝜂0 − 𝜓

𝜂0 (1 − 𝜓) 
 

𝜂0 (1 − 𝜓)

𝜂0 − 𝜓
 

 

Assessing  𝜂𝑌/𝑋
𝑍  and 𝜂𝑍/𝑋

𝑌  between the shafts of a PG requires: 

- replacing X,Y,Z with R,C,S  of the PG in the proper order 

- performing the test (60) on one parameter  𝜂𝑌/𝑋
𝑍  

- using the related relationship listed in Table 8 to establish if  𝜂𝑌/𝑋
𝑍  takes the correct value 

for 𝜂0 < 1 or for its reciprocal  

- calculating 𝜂𝑍/𝑋
𝑌  by mean of Table 8  

The test (60) should be performed using the real power 𝑃̅𝑋 flowing through the shaft 𝑋 of 

the PG. Yet, such power is altered not only by the mechanical loss in the ordinary gear set 

in the same branch of the TPM, but also by all the other mechanical losses within the PSU. 
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Accordingly, if the real power flow 𝑃̅𝑋 is not known, the test must be performed using its 

ideal value, which can lead to errors, especially in proximity of reversals of the real power 

flow 𝑃̅𝑋 itself. The error in terms of 𝑃̅𝐿|𝑃𝐺 (eq. 59) in this case is generally tolerable, as the 

module of 𝑃̅𝑋 in proximity of power flow reversals is intrinsically small. Nonetheless, in this 

case an iterative calculation might be adopted in order to obtain completely reliable results. 

 

6.2. Losses in the ordinary gears 

For an OG (or any kinematically equivalent device), we can write: 

𝜂𝑋/𝑥 =
𝑃̅𝑋

𝑃̅𝑥
 (61) 

in which 𝑃̅𝑥 is the power flowing in the x-th shaft, which is external to the TPM,  and 𝑃̅𝑋 is 

the power flowing in the X-th shaft, which belongs to the PG. Their ratio 𝜂𝑋 𝑥⁄  is the apparent 

efficiency of the ordinary gearing 𝑘𝑥 linking the shafts x to the shaft X (see Fig. 8). 

Accordingly, the absolute losses in the OG is simply: 

𝑃̅𝐿|𝑂𝐺 = − (1 − 𝜂𝑋 𝑥⁄ ) 𝑃̅𝑥 (62) 

Such losses are negative, so when 𝑃̅𝑥 changes sign, so does (1 − 𝜂𝑋 𝑥⁄ ). The related test can 

be summarized as follows: 

𝜂𝑋/𝑥 < 1 

if 

𝑃̅𝑥 > 0 

 (63) 

𝜂𝑋/𝑥 > 1 𝑃̅𝑥 < 0 

If the OG is obtained using a PG, then it is possible calculating the parameter 𝜂𝑋 𝑥⁄ = 𝜂𝑋 𝑥⁄
𝑍  

by mean of the relationships listed Table 8, assuming that the blocked shaft is Z.  In this case 

it is sufficient to replace the labels 𝑥, 𝑋, 𝑍 with 𝑅, 𝐶, 𝑆 (representing ring, carrier and sun gear 

of the PG) in the observed order.  
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7. Real power flow distribution 

The mechanical losses alter the torque distribution in the PSU; therefore, a reliable model 

for their prediction is necessary in order to permit an effective control of the PS-CVT. 

   

7.1. Exact method 

It is possible to follow a procedure analogous to that described in section 5 in order to assess 

the real power flow distribution. The efficiency parameters must be calculated for each OG 

and PG as in section 6.1 and 6.2, and then it is possible to correct the power ratios between 

the shafts of each TPM. Indeed, if we combine eq. (39), (54) and (61), the real power ratio 

is: 

𝑃̅𝑦

𝑃̅𝑥
= 𝜂𝑦 𝑥⁄

𝑧  
𝑃𝑦

𝑃𝑥
=  −(𝜂𝑌 𝑋⁄

𝑍 ∙
𝜂𝑋 𝑥⁄

𝜂𝑌 𝑦⁄
)𝜙𝑥 𝑦⁄

𝑧  (64) 

Which is similar to eq. (40).  

Similarly, each IJ still provides the power balance:  

𝑃̅𝑛|1 + 𝑃̅𝑛|2+. . . = 0 (65) 

Two eq. (64) for each TPM and one eq. (65) for each IJ, for given input and output power, 

permit to calculate the internal power flow distribution, including the real powers flowing 

through the shafts of the CVU. 

Eventually, in order to assess the mechanical losses is enough to sum the powers flowing 

through the main shafts: 

𝑃̅𝐿 = −(𝑃̅𝑖 + 𝑃̅𝑜 + 𝑃̅𝑖𝑛 + 𝑃̅𝑜𝑢𝑡) (66) 
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7.2. Approximated method 

The method described in section 7.1 leads to exact results. Nevertheless, since 𝑃̅𝐿 ≤ 0, 𝜂𝑦 𝑥⁄
𝑧  

often switches accordingly to the sign of speeds and applied torques (see eq. (60) and (63)). 

In other terms, the real power ratio (64) will be discontinuously proportional to the ideal one, 

and it will be necessary segmenting each functioning mode in order to predict the efficiency 

parameter of each TPM, which can show numerous discontinuities.  

This leads to several variants of the analytical description of the model, making the analysis 

and design problem quite obscure. Furthermore, performing the tests (60) and (63) by mean 

of the ideal power flow distribution requires some iterations in order to get exact results. For 

these reasons, the exact analytic process can be time-consuming and tedious, especially 

when multiple functioning modes are involved. 

Therefore, hereinafter we describe an approximate “blind” model; it is derived from the 

exact one, but it permits to ignore the discontinuities.  

In particular, a proper functioning of this model requires low mechanical losses in the PGs, 

and thus limited deviations of the parameters 𝜂𝑌 𝑋⁄
𝑍  from one. This is very likely for a PS-

CVT designed for hybrid electric vehicles, as the efficiency of the mechanical path is 

supposed to be high. Nevertheless, some PGs can show very low values of 𝜂𝑌 𝑋⁄
𝑍 , even with 

a very high basic efficiency 𝜂0. For instance, if we consider tolerable a deviation of |1 −

𝜂𝑌 𝑋⁄
𝑍 | < 0.1 (see next eq. (67)), then, for 𝜂0 ≈ 0.95, from Table 8 we get that all the existing 

transmissions including PGs with a constructive ratio 0.5 < 𝜓 < 1.5 cannot be addressed 

with the approximated model.  

In particular, if 𝜂0 → 1, when it switches to its reciprocal in eq. (62), also the related value 

of 𝜂𝑌 𝑋⁄
𝑍 , calculated from Table 8, becomes about the reciprocal of the previous one. In 

addition, if we linearize the latter by mean of the Taylor formula, we obtain: 

1

𝜂𝑌 𝑋⁄
𝑍 ≈ 2 − 𝜂𝑌 𝑋⁄

𝑍   (67) 
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Therefore, when 𝜂0 switches, 𝜂𝑌 𝑋⁄  
𝑍 ≈ 2 − 𝜂𝑌 𝑋⁄

𝑍 , and the module of the power loss equation 

(62) remains basically the same. 

In addition, in this case, it is licit to use directly the ideal power flow distribution, i.e. to 

assume that 𝑃̅𝑥 ≈ 𝑃𝑥. Indeed, the mechanical losses are a small fraction of the power flows, 

and their effects on them are small. As a result, we can write simply: 

𝑃̅𝐿|𝑃𝐺 ≈ − |(1 − 𝜂𝑌 𝑋⁄
𝑍 ) (

𝜙𝑥 𝑦⁄
𝑧 − 𝜓𝑥 𝑦⁄

𝑧

1 − 𝜓𝑥 𝑦⁄
𝑧 ) 𝑃𝑥| (68) 

The absolute operator is conceivable because power loss must be negative in any case.  

In conclusion, if the basic efficiency 𝜂0 of PG is high, and 𝜓 is far from one, eq. (68) permits 

to assess the PG’s power loss by mean of the ideal power flow distribution and ignoring the 

switches of the basic efficiency 𝜂0, and thus of the related parameter 𝜂𝑌 𝑋⁄  
𝑍 . 

Similarly, if an OG is present in TPM, under the same simplification hypothesis of the PGs, 

its losses can be approximated to:  

𝑃̅𝐿|𝑂𝐺 ≈ −|(1 − 𝜂𝑋/𝑥) 𝑃𝑥|   (69) 

Such losses, summed to those of the planetary gear trains, qualifies the mechanical efficiency 

of the transmission. 

 

7.3. Link between power losses and CVU power flows 

It is important to assess with sufficient precision the real power flowing through each shaft 

of the CVU. Indeed, for given input and output power, the PSU’s mechanical losses will be 

compensated by the CVU, whose power flows will be slightly different from the ideal ones.  

The overall mechanical losses, normalized in respect of 𝑃𝑖𝑛, can be written as follows: 

𝑝̅𝐿 = ∑𝑝̅𝑙𝑜𝑠𝑠|𝑃𝐺 +∑𝑝̅𝑙𝑜𝑠𝑠|𝑂𝐺 (70) 
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Furthermore, the following relationships exists: 

𝑝̅𝑖 + 𝑝̅𝑜 = 𝜃̅𝑖  𝜏𝑖 + 𝜃̅𝑜𝜏𝑜 = −(1 − 𝜂 + 𝑝̅𝐿) (71) 

The real torque ratios 𝜃̅𝑖 and 𝜃̅𝑜 applied to the shafts of the CVU are discontinuous, but they 

continue to be linear functions of  Θ = −𝜂 𝜏⁄ , just like 𝜃𝑖 and 𝜃𝑜 (see section 1.2). 

Accordingly, in order to assess their new value, we can write a system of two equations, i.e. 

eq. (71) and its directional derivative for which Θ is constant (and so 𝜃̅𝑖 and 𝜃̅𝑜 remain 

constant as well), which is in the direction of the vector [
𝜏
𝜂] = √𝜏

2 + 𝜂2 [
𝜏̂
𝜂̂
]: 

 [

𝜏𝑖   𝜏𝑜

𝑑𝜏𝑖
𝑑𝜏
 𝜏̂  

𝑑𝜏𝑜
𝑑𝜏

 𝜏̂ 

] (

𝜃̅𝑖

𝜃̅𝑜

) = 

(

 
 

𝜂 − 1 − 𝑝̅𝐿

𝜂̂  − ∇𝑝̅𝐿 ∙ [
𝜏̂
𝜂̂
]
)

 
 
   (72) 

After extensive math, we get: 

𝑝̅𝑖 = 𝜃̅𝑖  𝜏𝑖 = 𝑝𝑖 − 𝑝̅𝐿
𝜏𝑖 

 𝜏𝑖#𝑜
− ∇𝑝̅𝐿 ∙ [

𝜏
𝜂] 𝑝𝑖|𝜂=1 (73) 

𝑝̅𝑜 = 𝜃̅𝑜𝜏𝑜 = 𝑝𝑜 − 𝑝̅𝐿
𝜏𝑜 

 𝜏𝑜#𝑖
− ∇𝑝̅𝐿 ∙ [

𝜏
𝜂] 𝑝𝑜|𝜂=1 (74) 

in which ∇𝑝̅𝐿 is the gradient of 𝑝̅𝐿, defined as ∇𝑝̅𝐿 = [
𝑑𝑝̅𝐿

𝑑𝜏

𝑑𝑝̅𝐿

𝑑𝜂
], 𝑝𝑜|𝜂=1 = −𝑝𝑖|𝜂=1 and 

𝜏𝑖 

 𝜏𝑖#𝑜
=

τ− 𝜏#𝑖

𝜏#𝑜−𝜏#𝑖
= 1 −

𝜏𝑜 

 𝜏𝑜#𝑖
 (see section 1.1). 

For given 𝑝̅𝐿 and ∇𝑝̅𝐿, eq.(73) and (74) are scheme independent and have been obtained with 

no simplifying assumptions (i.e. are exact), so only the calculation of 𝑝̅𝐿 is a possible source 

of errors.  

Moreover, if we keep the relationship between 𝜂 and 𝑝̅𝐿 as implicit, calculating the latter as 

a function of Θ and τ instead, then 
𝑑𝑝̅𝐿

𝑑𝜂
= 0, the previous equations can be simplified even 

more: 
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𝑝̅𝑖 = 𝑝𝑖 − 𝑝̅𝐿
𝜏𝑖 

 𝜏𝑖#𝑜
−
𝑑𝑝̅𝐿
𝑑𝜏

 𝑝𝑖|𝜂=1 (75) 

𝑝̅𝑜 = 𝑝𝑜 − 𝑝̅𝐿
𝜏𝑜 

 𝜏𝑜#𝑖
−
𝑑𝑝̅𝐿
𝑑𝜏

 𝑝𝑜|𝜂=1 
(76) 

In order to calculate the losses within the CVU is necessary to assess the absolute powers 

transmitted by the CVU’s shafts to the PSU by mean of the previous relationships, taking 

into account also absolute speeds and applied torques. Then, with the aid of an efficiency 

map or of an analytical model of the CVU, it is possible to calculate with precision the power 

lost within the variator drive, thus calculating the overall power loss of the PS-CVT in its 

entirety.  
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8. Implicit Automatic approach 

In the previous section (see also [19]), we have provided a simplified analytical approach to 

the problem, which permits to quantify the different sources of loss and offers design criteria 

to the engineer. Thanks to its modularity and to the intelligibility of its intermediate results, 

such method is particularly suitable during the preliminary design of the PSU, as it allows 

the engineer to compare constructive alternatives.  

However, when the transmission is defined, it is possible to forego such advantages in favor 

of a faster and simpler numeric implementation. The key assumption is that, in presence of 

mechanical losses, the torque distribution of any planetary transmission is still related to the 

kinematic of an ideal PSU, but with its constructive parameters slightly altered by the related 

loss factors. A similar concept has been proposed in [46,76] with the reticulator and 

responsivity theorems, and lately it has been elaborated furtherly in [60,61, 68], but, to our 

knowledge, there is not a truly general, systematic and ready-to-use method available in 

literature so far. 

In this chapter, we describe the relationships between speeds and torques applied to the main 

shafts of an ideal PSU, and how they change when mechanical losses are taken into account. 

Eventually, a general expression for the calculation of the global power losses themselves is 

achieved.  

 

8.1. Theory 

In absence of mechanical losses, the relationships between speeds and torques of the main 

shaft of the PSU are: 

{

𝜔𝑜

𝜔𝑖
} = [𝛺] {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
} (77) 
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{
𝑇𝑜

𝑇𝑖

} = [𝛵] {
𝑇𝑜𝑢𝑡

𝑇𝑖𝑛

} (78) 

In which the matrices [Ω] and [Τ] can be expressed in their general forms as: 

[Ω] =
1

𝜏#𝑜 − 𝜏#𝑖
 [

−𝜏𝑜#𝑖 𝜏#𝑜 𝜏𝑜#𝑖

𝜏𝑖#𝑜 −𝜏#𝑖 𝜏𝑖#𝑜

] (79) 

[Τ] =  −[Ω−1]′ (80) 

The elements of [Ω] and [Τ] are the functional parameters of the PS-CVT, which can be 

calculated from the constructive parameters of the PSU. In other words, it is: 

Ω =  Ω(𝑘1, 𝑘2, … 𝑘𝑁) (81) 

Τ =  Τ(𝑘1, 𝑘2, … 𝑘𝑁) (82) 

The relationships between functional and constructive parameters depend on the layout of 

the transmission and have been listed in section 4.2 for compound PS-CVTs with up to two 

PGs and six OGs. On the other hand, the functional parameters 𝜏#𝑜, 𝜏#𝑖, 𝜏𝑖#𝑜 and 𝜏𝑜#𝑖,  which 

are the mechanical points and the related speed ratios of the electric machines, represent the 

true key design parameters, as they govern either the kinematic and the ideal power flow 

distribution, whichever it is the layout of the transmission.  

If now we take into account the mechanical losses within the PSU, the torque matrix [Τ] 

must change into [Τ̃], as each torque ratio between shafts belonging to the same device is 

modified by the related loss factor. Nonetheless, each loss factor 𝜂𝑗
±1  affects exclusively the 

related constructive parameter 𝑘𝑗, so that the system of equations that lead to the new matrix  

[Τ̃] remains formally identical to the former, but with slightly different fictitious kinematic 
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parameters 𝑘̃𝑗 = 𝜂𝑗
±1 𝑘𝑗. Accordingly, the relationship (80) between speed and torque matrix 

continues to subsist, but now it is: 

{
𝑇̅𝑜

𝑇̅𝑖

} = [Τ̃] {
𝑇̅𝑜𝑢𝑡

𝑇̅𝑖𝑛

} (83) 

Similarly, it is: 

[Τ̃] =  −[Ω̃−1]
′
 (84) 

In which Ω̃ is the altered kinematic matrix: 

Ω̃ =  Ω(𝑘1𝜂1
±1, 𝑘2𝜂2

±1, … 𝑘𝑁𝜂𝑁
±1)  (85) 

As a result, we have to calculate a new set of fictitious functional parameters 𝜏̃𝑜#𝑖 , 𝜏̃𝑖#𝑜 , 𝜏̃#𝑖   

and 𝜏̃#𝑜 using the altered constructive parameters 𝑘̃𝑗 = 𝑘𝑗𝜂𝑗
±1 . In particular, in section 4 we 

provide a general automated method to perform such task. Nonetheless, this method applies 

to any kinematic description of the PS-CVT, which means that the use of our functional 

parameters is not mandatory. 

Now, in order to obtain the general expression of the overall mechanical loss, it is sufficient 

to perform some simple matrix operations. In particular, we know that the neat power 

exchanged by the main shafts will be equal to the mechanical losses within the PSU:  

𝑃̅𝐿 = −(𝑃̅𝑖 + 𝑃̅𝑜) − (𝑃̅𝑖𝑛 + 𝑃̅𝑜𝑢𝑡) (86) 

The element 𝑃̅𝑖 + 𝑃̅𝑜 can be easily assessed in its parts thanks to eq. (77) and (83)-(84): 

𝑃̅𝑖 + 𝑃̅𝑜 = {

𝜔𝑜

𝜔𝑖
}

′

{
𝑇̅𝑜

𝑇̅𝑖

} =  − {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

[Ω]′[Ω̃−1]
′
{
𝑇̅𝑜𝑢𝑡

𝑇̅𝑖𝑛

}   (87) 

While the element 𝑃̅𝑖𝑛 + 𝑃̅𝑜𝑢𝑡 is simply:  
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𝑃̅𝑖𝑛 + 𝑃̅𝑜𝑢𝑡 = {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

[𝐼] {
𝑇̅𝑜𝑢𝑡

𝑇̅𝑖𝑛

} (88) 

In which [𝐼] is the identity matrix. Accordingly, the absolute power loss is equal to: 

𝑃̅𝐿 = {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

( [Ω]′[Ω̃−1]
′
− [𝐼]) {

𝑇̅𝑜𝑢𝑡

𝑇̅𝑖𝑛

}   (89) 

Such quantity must be always negative, as we consider positive the powers entering the PSU. 

In addition, it can be normalized in respect of the power supplied by the engine, thus being 

expressed in terms of overall speed and torque ratios 𝜏 and Θ: 

𝑝̅𝐿 =
𝑃̅𝐿

𝑃̅𝑖𝑛
= {

𝜏

1
}

′

( [Ω]′[Ω̃−1]
′
− [𝐼]) {

Θ

1
} (90) 

Which can be used to build a general efficiency map (an additional map may be calculated 

in order to address the cranking of the engine, as in this case 𝑝̅𝐿 becomes positive). 

 

8.2. Calculation of [𝛀̃] 

The main drawback of eq. (89) is that we don’t know yet which coefficient 𝑐𝑗 must be 

assigned to the loss factor 𝜂𝑗
𝑐𝑗

 of the jth constructive parameter 𝑘𝑗 (see eq.(85)), and thus we 

cannot calculate Ω̃. However, we can be certain that each loss factor will cause an increase 

of the mechanical losses. As a result, we can proceed iteratively, by assigning a guess value 

(±1) to the coefficient 𝑐𝑗 (previously null) for 𝑗 = 1:𝑁, thus calculating the updated value 

of the altered kinematic matrix 𝛺̃𝑗: 

𝛺̃𝑗 =  Ω(𝑘1 𝜂1
𝑐1, 𝑘2 𝜂2

𝑐2 , … 𝑘𝑗  𝜂𝑗
𝑐𝑗
, 𝑘𝑗+1 𝜂𝑗+1

0 , … 𝑘𝑁 𝜂𝑁
0 ) (91) 

If the related value of overall power loss (always negative):  



 

Chapter 8 Implicit Automatic approach 

 

 

Pag. 65 

 

 

𝑃̅𝐿𝑗 = {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

( [Ω]′[Ω̃𝑗
−1]

′
− [𝐼]) {

𝑇̅𝑜𝑢𝑡

𝑇̅𝑖𝑛

}   (92) 

is greater than the previous one (𝑃̅𝐿𝑗 > 𝑃̅𝐿𝑗−1), we change the sign of 𝑐𝑗 and proceed 

guessing the next 𝑐𝑗+1 until 𝛺̃ =  𝛺̃𝑁 is definite. 

 

8.3. Calculation of the transition zones for [𝛀̃] 

While [Ω] is constant within a mode whichever are the working conditions, [Ω̃] can be 

constant only within limited zones, provided that the loss factors are constant as well. In 

particular, 𝑝̅𝐿 doesn’t show discontinuities in its value, but it does in its gradient. As a result, 

we can assert that the jth loss factor responsible for the gradient’s discontinuity doesn’t cause 

losses concurrently, which implies that it exists a relationship between 𝜏 and Θ that foils the 

contribution of  𝜂𝑗 to [Ω̃]. Accordingly, if Ω̃𝑗 is the speed matrix calculated when only 𝑐𝑗 =

0: 

Ω̃𝑗 =  Ω(𝑘1 𝜂1
𝑐1, … 𝑘𝑗  𝜂𝑗

0, … , 𝑘𝑁 𝜂𝑁
𝑐𝑁) (93) 

The difference of eq. (90) calculated for both Ω̃𝑗 and Ω̃ is null for points belonging to the 

transition zones:  

0 = {
𝜏

1
}

′

[Λ𝑗] {
Θ

1
}  (94) 

With: 

[Λ𝑗] =  [Ω]
′ ( [Ω̃−1]

′
− [Ω̃𝑗

−1]
′
) (95) 

In particular, the relationship between Θ and 𝜏 (and vice versa) introduced by eq. (94) is 

respectively: 
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Θ𝑗 = −
λ𝑗(2,2) + 𝜏 λ𝑗(1,2)

λ𝑗(2,1) + 𝜏 λ𝑗(1,1)
 (96) 

𝜏𝑗 = −
λ𝑗(2,2) + Θ λ𝑗(2,1)

λ𝑗(1,2) + Θ λ𝑗(1,1)
 

(97) 

In which λ𝑗(m,n) is the element of [Λ𝑗] in the row m and column n. Two points are within the 

same zone if their coordinates satisfy all the boundaries calculated for 𝑗 = 1:𝑁 by mean of 

eq. (96) accordingly to the same criteria. In particular, it can happen that Θ𝑗 → ±∞ when 

the actual boundary is entirely due to kinematics (for instance, because one PG is 

synchronous). In this case, it is appropriate to introduce a numeric threshold and assign to 

the boundary a positive arbitrarily high value, as the code may suffer numeric instability or 

produce an error (in theory, it is performing a division by zero). On the other hand, Θ → ±∞ 

doesn’t imply any factual boundary, so it is safe to assign to it a value that produces always 

the same outcome when compared to the torque ratio of any working point. Obviously eq. 

(96) produce N boundaries for both 𝜏 and Θ, so the actual boundaries are the ones closer to 

the analyzed working point. In particular, the zones appear to be rectangular (see Fig. 23), 

so it is enough to calculate the boundaries for just one point within each zone.   

Calculating the transition lines is interesting because the computational effort is analogous 

to that necessary to calculate 𝛺̃𝑗 in a (couple) of nearby points, as it is necessary to calculate 

and invert Ω̃𝑗 and [Λ𝑗] for 𝑗 = 1:𝑁. Vice versa, “blindly” applying eq.(91) and (92) to a tight 

grid of points would bring to potentially hundreds of unnecessary calculation within the same 

zone. In addition, it permits to identify which coefficient(s) will switch when crossing a 

boundary, which means that the iterative approach described by eq.(91) and (92) can be 

largely avoided when the working point transits to a different zone contiguous to the first 

one. 

 

8.4. Internal power flows 

The internal power flows might be calculated using the same methodology described in 

section 7.1, considering that the efficiency parameters have already been established.  
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However, it is possible to extend the same concept described above to any branch of the 

PSU. In particular, the real torque applied to the generic shaft 𝑥 of a TPM is equal to the 

ideal torque calculated for constructive parameters altered by their efficiencies: 

𝜃̅𝑥|𝑇𝑃𝑀 = 𝜃𝑥
(𝑘1𝜂1

𝑐1, 𝑘2𝜂2
𝑐2, … 𝑘𝑁𝜂𝑁

𝑐𝑁)|𝑇𝑃𝑀 (98) 

We did not provide relationships for the calculation of internal torques of the PSU; however, 

the latter are indeed ratios between powers and speeds. Accordingly, the relative power 

flowing through the same shaft is: 

𝑝̅𝑥|𝑇𝑃𝑀 = 𝜏𝑥 ∙  
𝑝𝑥(𝑘1𝜂1

𝑐1, 𝑘2𝜂2
𝑐2, … 𝑘𝑁𝜂𝑁

𝑐𝑁)

𝜏𝑥(𝑘1𝜂1
𝑐1, 𝑘2𝜂2

𝑐2, … 𝑘𝑁𝜂𝑁
𝑐𝑁)

|
𝑇𝑃𝑀

 (99) 

The advantage is that we can continue to refer to the ideal functioning of the PSU, using the 

kinematic and power relationships of section 1.1 and 5 to calculate the real power flow 

distribution, just changing the actual functional parameters 𝜏𝑜#𝑖 , 𝜏𝑖#𝑜 , 𝜏#𝑖  and 𝜏#𝑜 with their 

fictitious counterparts 𝜏̃𝑜#𝑖 , 𝜏̃𝑖#𝑜 , 𝜏̃#𝑖  and 𝜏̃#𝑜. 

Obviously, the exact assessment of the internal power flow has a secondary importance here, 

since the impact of the mechanical losses on the preliminary ideal power flow distribution 

is most likely insignificant in terms of dimensioning of the gear sets.  

Eventually, it is worth noting that eq. (99) can refer to either the shaft of the PG or the linked 

shaft of the TPM. The obvious consequence is that 𝑝𝑥(𝑘1𝜂1
𝑐1, 𝑘2𝜂2

𝑐2, … 𝑘𝑁𝜂𝑁
𝑐𝑁) remains 

unaltered, while the ratio between 𝜏𝑥 and 𝜏𝑥(𝑘1𝜂1
𝑐1, 𝑘2𝜂2

𝑐2, … 𝑘𝑁𝜂𝑁
𝑐𝑁) coincides with the 

efficiency parameter of the fixed ratio (possibly) present in the shaft 𝑥. 
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9. Inertial effects 

The previous calculations do not account for the inertial effects associated to the involved 

devices. The relationship between accelerations of the main ports are simply: 

{
𝜔̇𝑜

𝜔̇𝑖

} = [𝛺] {
𝜔̇𝑜𝑢𝑡

𝜔̇𝑖𝑛

} (100) 

Usually 𝜔̇𝑜𝑢𝑡 is known, therefore when 𝜏 is the control parameter, then  

𝜔̇𝑖𝑛 =
1

𝜏
(
𝜏 ̇

𝜏
𝜔𝑜𝑢𝑡 − 𝜔̇𝑜𝑢𝑡) 

(101) 

Vice versa, eq. (102) in intended to address the case for which either 𝜔𝑖 or 𝜔𝑜 is the control 

parameter, so that  𝜔̇𝑖𝑛 can be calculated later by mean of the inverse of eq. (100). 

𝜔̇𝑜 = −
𝜏#𝑜 𝜏𝑜#𝑖 

𝜏#𝑖 𝜏𝑖#𝑜
 𝜔̇𝑖 +

𝜏𝑖#𝑜 − 𝜏𝑜#𝑖
𝜏#𝑜 − 𝜏#𝑖

𝜔̇𝑜𝑢𝑡 
(102) 

 

 

9.1. Lumped inertial effects 

It is obvious that the inertia of the PSU itself is negligible when compared to the inertia of 

the vehicle, the engine and the motors. Accordingly, the previous relationships (section 1-8) 

are still roughly valid for the neat power flows, i.e. the powers actually flowing through the 

main shafts of the PSU.  

In particular, each mover is compensating its own inertial effects, which means that an 

additional torque term must be calculated in order to establish the actual working conditions 

of the engine and the motors.  



 

Chapter 9 Inertial effects 

 

 

Pag. 70 

 

 

 

If 𝐼𝑗 is the generic inertia of each main port, then the associated inertial torques are: 

{
  
 

  
 
Δ𝑇𝑜𝑢𝑡

Δ𝑇𝑖𝑛

Δ𝑇𝑜

Δ𝑇𝑖 }
  
 

  
 

= −(

𝐼𝑜𝑢𝑡 0 0 0
0 𝐼𝑖𝑛 0 0
0 0 𝐼𝑜 0
0 0 0 𝐼𝑖

) 

{
  
 

  
 
𝜔̇𝑜𝑢𝑡

𝜔̇𝑖𝑛

𝜔̇𝑜

𝜔̇𝑖 }
  
 

  
 

 (103) 

Now, if we observe the simple PSUs, it is possible to notice that most branches of the 

transmission are linked to one port by mean of fixed gear ratios 𝑘𝑗|𝑇𝑃𝑀, which means that 

their equivalent inertia can be easily calculated in order to be added to the inertia of the 

aforementioned port, thus obtaining a more accurate model of the driveline.  

𝐼𝑗
𝑒𝑞 = 𝐼𝑗 +∑

𝐼𝑗

𝑘𝑗
2|

𝑇𝑃𝑀

  
(104) 

Unfortunately, the previous method does not apply to PSUs including neutral nodes. 

 

9.2. Generalization 

If we consider that there is not real mathematic difference between neutral nodes and CVU 

ports, then, for the principle of superposition of effects, we can affirm that the effect of the 

inertial torque of the neutral node Δ𝑇𝑛 has the following impact on driveline: 

Δ𝑇𝑛
Δ𝑇𝑖𝑛

= −
1 +  Θ 𝜏#𝑜 

𝜏𝑛#𝑜
 (105) 

Δ𝑇𝑜
Δ𝑇𝑖𝑛

= 0 =  −
1 + Θ 𝜏#𝑛 

𝜏𝑜#𝑖
 (106) 
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Which implies that the disturbance on the input and output shaft is respectively: 

Δ𝑇𝑖𝑛 = −Δ𝑇𝑛
𝜏𝑛#𝑜

1 − 
𝜏#𝑜
𝜏#𝑛

  (107) 

Δ𝑇𝑜𝑢𝑡 = Δ𝑇𝑛
𝜏𝑛#𝑜

𝜏#𝑛 − 𝜏#𝑜
  

(108) 

In which Δ𝑇𝑛 = −𝐼𝑛 𝜔̇𝑛. However, more generally, it is: 

Δ𝑇𝑖𝑛 =∑Δ𝑇𝑗
𝜏𝑗#𝑙

1 − 
𝜏#𝑙
𝜏#𝑗𝑗 

  (109) 

Δ𝑇𝑜𝑢𝑡 =∑Δ𝑇𝑗
𝜏𝑗#𝑙

𝜏#𝑗 − 𝜏#𝑙
𝑗 

 
(110) 

In which 𝑙 ≠ 𝑗. However, if we are reasoning in terms of fixed input and output torque, the 

inertial effects due to the neutral nodes must be balanced by the CVU, i.e. Δ𝑇𝑖𝑛 = Δ𝑇𝑜𝑢𝑡 =

0, and so we obtain the following system of equations: 

Δ𝑇𝑜
𝜏𝑜#𝑖

1 − 
𝜏#𝑖
𝜏#𝑜

+ Δ𝑇𝑖
𝜏𝑖#𝑜

1 − 
𝜏#𝑜
𝜏#𝑖

= −∑ Δ𝑇𝑗
𝜏𝑗#𝑙

1 − 
𝜏#𝑙
𝜏#𝑗𝑗∈𝑁 

  (111) 

Δ𝑇𝑜
𝜏𝑜#𝑖

𝜏#𝑜 − 𝜏#𝑖
+ Δ𝑇𝑖

𝜏𝑖#𝑜
𝜏#𝑖 − 𝜏#𝑜

= −∑ Δ𝑇𝑗
𝜏𝑗#𝑙

𝜏#𝑗 − 𝜏#𝑙
𝑗∈𝑁 

 
(112) 

In which N includes all the neutral nodes. In particular, the previous system is formally 

analogous to the general torque relationship (78), just considering two equivalent output and 

input torques 

𝑇̂𝑖𝑛 =∑Δ𝑇𝑗
𝜏𝑗#𝑙

1 − 
𝜏#𝑙
𝜏#𝑗𝑗 

  (113) 
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𝑇̂𝑜𝑢𝑡 =∑Δ𝑇𝑗
𝜏𝑗#𝑙

𝜏#𝑗 − 𝜏#𝑙
𝑗 

 
(114) 

Which means that the inertial effects of the neutral node on the CVU can be calculated as: 

{
Δ𝑇𝑜

Δ𝑇𝑖

} = [Ω −1]′  {
𝑇̂𝑜𝑢𝑡

𝑇̂𝑖𝑛

} (115) 

However, eq. (114)-(115) de facto are not restricted to the neutral nodes, but they can be for 

the ports as well (including input and output shaft themselves), which means that the same 

algorithm can be applied to the whole driveline. 

Another interesting result is that since the index 𝑙 is not influent, then the following 

relationship must be true: 

𝜏#𝑛 =
𝜏𝑛#𝑖 𝜏#𝑜 − 𝜏𝑛#𝑜 𝜏#𝑖

𝜏𝑛#𝑖  − 𝜏𝑛#𝑜 
  (116) 

This relationship can be useful in the calculation of the functional parameters of such 

drivelines.  

 

9.3. Inertial effects in presence of mechanical losses 

Obviously, the same logic described in section 8 still applies here. However, it is evident 

that the matrix Ω̃ is the result of the total power flow distribution, and not just of the power 

flows due to the inertial effects. The real torques at the CVU are: 

{
𝑇̅𝑜

𝑇𝑖̅

} = [Ω̃ −1]
′
 {
𝑇̅𝑜𝑢𝑡 + 𝑇̂𝑜𝑢𝑡

𝑇̅𝑖𝑛 + 𝑇̂𝑖𝑛

} (117) 

While the neat kinetic power must be equal to the variation in the CVU: 
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𝑃𝐼 = {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

[Ω]′[Ω −1]′  {
𝑇̂𝑜𝑢𝑡

𝑇̂𝑖𝑛

} = {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

[𝐼]  {
𝑇̂𝑜𝑢𝑡

𝑇̂𝑖𝑛

} (118) 

Which means that the power loss is equal to: 

𝑃̅𝐿𝑗 = {

𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
}

′

( [Ω]′[Ω̃𝑗
−1]

′
− [𝐼]) {

𝑇̅𝑜𝑢𝑡 + 𝑇̂𝑜𝑢𝑡

𝑇̅𝑖𝑛 + 𝑇̂𝑖𝑛

}  (119) 

The problem is that both 𝑇̂𝑜𝑢𝑡 and 𝑇̂𝑖𝑛 depend on the altered functional parameters. 

𝑇̂𝑖𝑛 =∑Δ𝑇𝑗
𝜏̃𝑗#𝑙

1 − 
𝜏̃#𝑙
𝜏̃#𝑗

𝑗 

  (120) 

𝑇̂𝑜𝑢𝑡 =∑Δ𝑇𝑗
𝜏̃𝑗#𝑙

𝜏̃#𝑗 − 𝜏̃#𝑙
𝑗 

 
(121) 

which means that further iterations are necessary. 

In this case, it is opportune to use the eq. (113) and (114) as first guess values, thus 

calculating a first attempt of  [Ω̃] by mean of the iterative approach summarized by eq. (116) 

and described in detail in section 8.2. Then the process is repeated using eq. (120)-(121) 

instead, until [Ω̃] stops changing. 
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10. PS-CVT analysis: Applications 

10.1. Chevrolet Volt 

In this section, we apply the method described in section 4.2, 7.2 and 7.3 to the Voltec PS-

CVT (Fig. 9).  

 

Fig. 9 GM Voltec: constructive and functional schematics. 

 

10.1.1.  Functional parameters 

The Voltec has two PS-CVT modes, and the switch occurs when motor A (the shaft “𝑖”) is 

motionless. The Voltec offers also a parallel mode and a FEV mode, which can be considered 

sub-cases of the PS-CVT functioning. The mechanical points, calculated by mean of the 

relationships listed in 4.2 for a 𝐷𝑖 − 𝐶𝑜𝑢𝑡 PSU, are listed in Table 9 (see also Fig. 10): 

 

 

Table 9 Functional parameters of the Voltec transmission. 
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Mode 𝜏#𝑖 𝜏𝑜#𝑖 𝜏#𝑜 𝜏𝑖#𝑜 

Shunt 0.247 2.00 0 -1.87 

Compound 0.247 2.00 0.510 2.00 

 

In the compound mode, the synchronous condition is common to both the planetary gear 

trains and occurs for 𝜏∗ = 𝑘𝑜𝑢𝑡 = 0.379, which is exactly between the mechanical points. 

This is because there are no internal ordinary gear sets. On the other hand, PG1 maintains 

the same synchronous ratio after switching to the shunt mode, while PG2 cannot be 

synchronous anymore, as it has become an OG. 

 

Fig. 10 Kinematic relationships between the main shafts of the Voltec. 

 

10.1.2.  Apparent efficiencies 

As regards the apparent efficiencies, we assume a basic efficiency 𝜂0 = 0.96 for all the PGs. 

For both PG1 and PG2, we have simply 𝜂𝐼 𝐼𝑁⁄
𝑂𝑈𝑇 = 𝜂𝐼 𝑂⁄

𝑂𝑈𝑇 = 0.96, as the output shaft is linked 

the carrier. The overall final drive ratio 𝑘𝑜𝑢𝑡 =
1

2.64
= 0.379 consists of a chain drive linked 

to the sun of a PG, with the carrier linked to the final differential and the ring linked to the 

frame. The constructive ratio of PG3 is 𝜓3 = −0.461 under the hypotheses that the 

wrapping pair ratio is 𝑘𝑤 = 1.2 . Its apparent efficiency (Table 8) is equal to 
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𝜂𝑆 𝐶⁄
𝑅 = 

1 − 𝜓3
1
𝜂𝑜
− 𝜓3

=  0.972 
 

Accordingly, if the chain efficiency is 𝜂𝑤 = 0.98, it is 𝜂𝑂𝑈𝑇 𝑜𝑢𝑡⁄ = 0.953. 

 

10.1.3.  Power Losses 

The approximated power losses are (see section 7.2): 

𝑝̅𝑙𝑜𝑠𝑠|𝑃𝐺1 = − |(1 − 𝜂𝐼 𝐼𝑁⁄
𝑂𝑈𝑇)(

𝜙𝑖𝑛 𝑖⁄
𝑜𝑢𝑡 − 𝜓𝑖𝑛 𝑖⁄

𝑜𝑢𝑡

1 − 𝜓𝑖𝑛 𝑖⁄
𝑜𝑢𝑡 ) 𝑝𝑖𝑛| 

 

𝑝̅𝑙𝑜𝑠𝑠|𝑃𝐺2 = − |(1 − 𝜂𝐼 𝑂⁄
𝑂𝑈𝑇) (

𝜙𝑜 𝑖⁄
𝑜𝑢𝑡 − 𝜓𝑜 𝑖⁄

𝑜𝑢𝑡

1 − 𝜓𝑜 𝑖⁄
𝑜𝑢𝑡 ) 𝑝𝑜| 

 

𝑝̅𝑙𝑜𝑠𝑠|𝑂𝐺 = −|(1 − 𝜂𝑂𝑈𝑇 𝑜𝑢𝑡⁄ ) 𝑝𝑜𝑢𝑡|  

The characteristic functions and the related constructive parameters are calculated by mean 

of eq. (39). In particular, it is: 

𝜙𝑖𝑛 𝑖⁄
𝑜𝑢𝑡 =

𝜏 − 𝜏#𝑖
𝜏#𝑖

 
 

𝜓𝑖𝑛 𝑖⁄
𝑜𝑢𝑡 = 𝜓1  

𝜙𝑜 𝑖⁄
𝑜𝑢𝑡 =

𝜏 − 𝜏#𝑖
𝜏 − 𝜏#𝑜

∙
𝜏#𝑜
𝜏#𝑖

 
 

𝜓𝑜 𝑖⁄
𝑜𝑢𝑡 =

1

𝜓2
 

 

The previous relationships are valid for both the shunt and the compound mode. The Willis’ 

ratios are constructive teeth ratios and do not change, while 𝜏#𝑜 does change (see Table 9), 

modifying 𝑝𝑜 and 𝜙𝑜 𝑖⁄
𝑜𝑢𝑡 accordingly to section 1.3 and eq. (39).  
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10.1.4.  Results – total mechanical loss 

Fig. 11 represents the contour map of the mechanical loss as a fraction of the dimensionless 

output power 𝜂 and overall speed ratio 𝜏.  

The power losses is minimum in correspondence of the synchronous condition (𝜏 = 0.379) 

and for 𝜂 = 0, while they become significant during assisted acceleration (𝜂 > 1) and 

regenerative braking (𝜂 < 0), as these conditions imply more power circulating within the 

PSU.  The shunt mode generally shows worse mechanical losses, and this is likely due to the 

fact that PG1 is far from its synchronous condition, and PG2 cannot reach it at all.  

 

 

Fig. 11 Mechanical losses 𝒑̅𝑳 for the Voltec PS-CVT 

 

The dash-dot lines represent points of functioning for which 𝜂𝑣 is constant. In figure the 

curves relatives to 𝜂𝑣 = 0.02, 𝜂𝑣 = 0.5, 𝜂𝑣 = 0.9 have been represented in blue, while those 

relative to their reciprocal values have been represented in red. The black line refers to 𝜂𝑣 =

1.0. In conditions of battery charge sustaining, it is licit to expect 𝜂𝑣 ≈ 0.9, or its reciprocal, 

because of the electrical losses in the motors and related power electronics; such condition 
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is represented by the dash-dot line right below the black (𝜂𝑣 = 1.0), which is approximately 

constant in most of the operative range. 

In correspondence of the stall speed (𝜏 = 0) the overall apparent efficiency 𝜂 must be null 

as well. Such condition is indeed intercepted by the dash-dot curve for 𝜂𝑣 → 0, because, for 

𝜏 = 0 in the shunt mode, the shaft "𝑜" must be still as well.  

In correspondence of the mechanical points, all dash-dot lines intercept in a point, which is 

representative of the fixed-ratio efficiency of the transmission; indeed, in this condition, 

finite values of 𝜂𝑣 imply that an electric motor is kept still and the other runs unloaded. Vice 

versa, if the latter is supplying power, 𝜂𝑣 is not finite, and for this speed ratio the value of 𝑝̅𝐿 

can change accordingly to 𝜂. In particular, this condition occurs during the parallel mode. 

 

10.1.5.  Real CVU power flows 

Since we know the mechanical loss map, we can calculate the real powers flowing through 

the electric path, by mean of eq. (73) and (74). Fig. 12 and Fig. 13 represent the maps of the 

relative power flows through the electric machines A and B (respectively main shafts "𝑖" and 

“𝑜”). Despite the gradient of the mechanical loss 𝑝̅𝐿 shows numerous discontinuities, the 

value of the function itself remains continuous and it causes a small jump for both 𝑝̅𝑖 and 

𝑝̅𝑜 only in correspondence of the synchronous condition.  

In particular, the normalized power flowing through the shaft “𝑖” is (Fig. 12): 
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Fig. 12 Power transmitted by the shaft “i”. 

 

 

Conversely, the normalized power flowing through the shaft "𝑜" is (Fig. 13): 

 

Fig. 13 Power transmitted by the shaft “o” (as a fraction of the input power). 
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10.1.6.  Transition zones 

Fig. 14 highlights where the gradient of mechanical loss 𝑝̅𝐿 (Fig. 11) shows discontinuities. 

Despite the transmission is reasonably simple (just two power-split PGs and no ordinary 

gears internal to the PSU), it shows, within the studied interval, nine transition zones.  

 

Fig. 14 Transition zones of the constructive efficiency parameters. 

 

10.1.7.  Errors 

We have simulated the transmission in Simulink Simscape for different values of overall 

apparent efficiency 𝜂 (for 𝜂 = 1.5, 1, 0.5, 0, -0.5) in order to verify the accuracy of the 

proposed model. 

Fig. 15 to Fig. 19 show the comparison between simulated points (markers) and calculated 

points (solid lines), for both the overall mechanical loss (left) and for the power flowing 

through the electric motors (right).  As usual, the blue lines refers to the main shaft "𝑖" (motor 

A) and the red ones refers to the main shaft "𝑜" (motor B). 
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Fig. 15 Mechanical losses (left) and CVU’s power flows for  𝜼 = 1.5 

 

Fig. 16 Mechanical losses (left) and CVU’s power flows for  𝜼 = 1.0 

 

Fig. 17 Mechanical losses (left) and CVU’s power flows for  𝜼 = 0.5 
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Fig. 18 Mechanical losses (left) and CVU’s power flows for  𝜼 = 0 

 

Fig. 19 Mechanical losses (left) and CVU’s power flows for  𝜼 = -0.5 

 

As it can be observed for Fig. 15 to Fig. 19, the error in the assessment of the power loss is 

within the fraction of centesimal, while the error for both 𝑝̅𝑖 and 𝑝̅𝑜  is hardly noticeable.  
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10.2. Cadillac CT6 

The Cadillac CT6 transmission (Fig. 20) represents a complex multi-mode PS-CVT. It 

includes two reversible electric machines, three PGs and five clutches. PG3 is a double 

pinion PG. In this section, we will perform its analysis using the results of section 8. 

 

 

Fig. 20 Cadillac CT6 transmission 

 

10.2.1.  Functional parameters and functioning modes. 

The CT6 is potentially able to perform two input-split and two compound power-split modes 

(EVT), as well as three parallel (FG) and four full electric (EV) functioning modes (Fig. 22). 

For simplicity, we round the mechanical points given in [113] to the closest two digit value, 

assuming that they are exact (Table 10). 

 

Table 10 Mechanical points for the CT6 

MODE EVT1 EVT2 EVT2 EVT2 

𝝉#𝒊 0 0.6 0.6 0 

𝝉#𝒐 0.3 0.3 1.4 1.4 
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The kinematics of the main shafts of the CT6 is represented in Fig. 21.  

 

Fig. 21 CT6: kinematics of the two electric machines 

 

 

Fig. 22 CT6 functional scheme and working modes 
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10.2.2.  Constructive parameters 

The exact constructive parameters of the CT6 transmission could be obtained by the fixed 

ratios provided in [113], which are the reciprocal of the mechanical points. However, their 

precision in not enough to permit a reliable assessment of the constructive ratios of the first 

two PGs, since a small uncertainty brings significantly different results.  

On the basis of the values in Table 10, the constructive ratio of PG3 is equal to the overall 

transmission ratio when PG1 and PG2 are synchronous in the EVT2 mode, i.e. ψ3 = 0.45. 

The constructive ratio of PG1 and PG2 can be found considering that their carriers are 

motionless when 𝜏𝑖 = −2 (EVT1), which happens again if the mode EVT3 is ideally 

extended to 𝜏 = 2.2 (see Fig. 21). Concurrently, it will be also 𝜏𝑜 = 4, and so  ψ1 = 1 𝜏𝑖⁄ =

 −0.5 and ψ2 = 𝜏𝑖 𝜏𝑜⁄ =  −0.5.  

In practice, it is not necessary to address all the modes separately, as two disconnected shafts, 

one of which is blocked, can be modeled by the same two shafts linked by an infinite fixed 

gear ratio. Indeed, even though the two shaft appear falsely connected, the kinematic 

equivalence of the system will guarantee correct results even in terms of power flows [17]. 

 

Table 11 Constructive Willis’ ratios and equivalent fictitious ordinary gears. 

 𝑃𝐺1 𝑃𝐺2 𝑘𝑅2 𝑃𝐺3 𝑘𝐶3 𝑘𝑅3 

teeth ratio −0.5 −0.5 1 𝑜𝑟 ∞ 0.45 1 𝑜𝑟 ∞ 1 

efficiency 0.97 0.97 1 0.96 1 0.98 

 

10.2.3.  Apparent efficiencies 

As regards the efficiencies, we can assume a constant fixed-carrier efficiency of 0.97 for 

PG1 and PG2, and a fixed-carrier efficiency of 0.96 for PG3, as it is a double-pinion 

planetary gear. The gear ratio of the final drive is not specified, but we can take into account 

the related losses anyway. Indeed, if the mechanical loss in a series of ordinary gears depends 

only on their overall efficiency, it is safe to lump all the losses into one meshing pair, 

assuming the other ideal. Accordingly, we can assume the (unknown) final drive to be ideal, 
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introducing a fictitious ordinary gear 𝑘𝑅3 between the ring of PG3 and the actual final drive, 

with a unitary constructive ratio and an efficiency equal to 0.98. In this way, we do not need 

to know the final drive ratio a priori, and we preserve the ability to calculate later the tractive 

force, which depends also on the effective wheel radius, by considering ideal the final drive 

itself. 

 

10.2.4.  Transition zones 

From the analysis of the transition zones, it follows that 18 distinct zones are present for 𝜏 

ranging from 0 to 2 and Θ ranging from -5 to 5. Kinematic boundaries are predictable (mode 

switch or synchronism of one or more PGs), while torque-related boundaries can be trickier. 

In particular, the boundaries for  Θ ≈ 3.2 (see Fig. 23) indicate that the torque applied to 

PG2 is null. 

While the kinematic matrix is constant within each mode (see Table 12), each zone shows a 

specific altered kinematic matrix (see Fig. 23). 

Table 12 Kinematic matrices of CT6 transmission 

 EVT1 EVT2 EVT2 EVT2 

[Ω] (
20/3 0
20/3 −2

) (
−20/3 4
20/3 −2

) (
5/2 −3/2
−5/2 7/2

) (
10/7 0
10/7 −2

) 
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Fig. 23 Altered kinematic matrices [𝜴̃]. Transition lines: synchronism (black), mode switch (blue), 

torque switch (red) 

 

10.2.5.  Mechanical loss 

In Fig. 24 we have plotted the overall mechanical loss into the PSU, normalized in respect 

of the input power, as a function of the overall speed ratio 𝜏 and torque ratio Θ. The spacing 

between contour lines is equal to 1%. The gradient shows several discontinuities, notably in 

correspondence of the mode switches and synchronous conditions. The transmission is more 

efficient when the torque ratio is small and negative, i.e. when the wheels are in traction and 

the assistance of the electric motors is limited. The power losses show an asymptotic 

behavior in correspondence of the stall speed, which means that in such circumstances they 

tend to remain a constant fraction of the power delivered by the engine, whichever it is its 

speed and torque. Obviously, both the synchronous points represent local maxima for the 

efficiency, but EVT2 can be expected to be sensibly worse than EVT3, the main reason being 

the losses of PG3 (which is not synchronous) and the generally higher torque ratios 

characterizing low speed ratios.    
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Fig. 24 Mechanical losses of CT6’s PS-CVT as a fraction of the input power. 

 

10.2.6.  Real CVU power flows 

In Fig. 25 we have plotted the mechanical power to be delivered by 𝑀𝐺𝑜 (motor B), as a 

fraction of the input power, positive if entering the electric machine. The contour spacing is 

equal to the 10%. The power shows discontinuities due to torque jumps. The jump is due to 

the loading (or unloading) of a brake clutch during a mode switch, or to a discontinuity in 

the coefficient of one or more loss factors (notably in correspondence of the synchronisms). 

The multiplying factor can take very high values, thus precluding the possibility to obtain 

relevant values of  Θ outside EVT1. 

 

Fig. 25 Mechanical power supplied by/to 𝑴𝑮𝒐 (MOTOR B) as a fraction of the input power. 
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Similarly, in Fig. 26 we have plotted the mechanical power to be delivered by 𝑀𝐺𝑖 (motor 

A), as a fraction of the input power, positive if entering the electric machine. The contour 

spacing is equal to the 20%. Both the machines require low relative power only in 

correspondence of a tight band of torque ratios close to the hyperbole Θ = −1 𝜏⁄ . 

Accordingly, the assistance of the electric machines induces both high mechanical and 

electrical losses. 

 

Fig. 26 Mechanical power supplied by/to 𝑴𝑮𝒊 (MOTOR A) as a fraction of the input power.  
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11. General requirements and control 

11.1. Vehicle’s requirements 

Vehicles’ traction requirements, in terms of power, acceleration, comfort, consumptions and 

emissions, are mostly independent from the adopted driveline, as briefly described in the 

following sections.  

 

11.1.1.  Traction demand 

Vehicles face several sources of resistance to their motion, many of which are dissipative. 

In terms of traction, the nature of the forces hindering the movement makes no difference, 

yet it is necessary to distinguish among them in order to develop physically consistent 

models. 

Table 13 Main sources of motion resistance force 

Aerodynamic Rolling Slope Inertial 

0.5 𝑐𝑥 𝜌 𝐴 𝑉𝑟
2 𝑓𝑅 𝑚 𝑔 cos(𝛼) 𝑚 𝑔 sin(𝛼) 𝑚𝑒𝑞 𝑉̇ 

 

In general, such forces depend on the vehicle’s interactions with a dynamically mutable 

environment, thus being the result of complex phenomena [1,2,6]. Nonetheless, this work is 

not intended to be a meticulous assessment of such phenomena, so the resistance forces will 

be modeled by mean of simple equations (see Table 13), neglecting the influence of any 

secondary effects on 𝑐𝑥 and 𝑓𝑅, which will be assumed constants. 
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11.1.2.  Drivability requirements  

The vehicle is supposed to fulfill basic performance requirements. The power necessary to 

reach the top speed is due to aerodynamic resistances to the greatest extent. Vice versa, since 

uphill driving is supposed to be performed at relatively low speeds, other sources of 

resistance beyond gravity can be neglected. Acceleration is a dynamic problem involving 

mutable coexisting sources of motion resistance, yet a rough esteem can be carried out 

considering that about half of the input power increases the kinetic energy of the vehicle. A 

corrective factor 𝑓0 may be introduced in order to model different engine characteristics (see 

Table 14), but the uncertainty remains high.  

 

Table 14 Power requirements 

Top Speed Uphill driving Accelerating 

0.5 𝑐𝑥 𝜌 𝐴 𝑉𝑚𝑎𝑥
3  𝑚 𝑔 sin(𝛼) 𝑉𝛼 𝑓0 𝑚𝑒𝑞 𝑉0

2/𝑡0 

 

11.1.3.  Fuel consumptions 

The energy demand of a vehicle can be assessed according to specific test cycles. A test 

cycle requires following a certain speed profile under strictly controlled environmental 

conditions; the initial thermal regime of the engine is regulated as well, as it influences the 

release of pollutants. In general, it is possible to witness the following:  

- The power necessary to complete a cycle is well below the drivability requirements. 

- A significant part of the tractive force is not immediately dissipated, as it is naturally 

stored by the vehicle as potential and kinetic energy. 

- Lightweight vehicles perform significantly better. 

- The measured average consumptions are not accurate in terms of real operating 

conditions, although they are useful for comparison purposes. 

- Local differences exist between calculated and measured fuel consumptions, but average 

results are accurate.   
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11.2. Control 

A PS-CVT is a complex mechanism, and both its design and control involve a large set of 

parameters constrained by drivability requirements and constructive limits.  

The traditional approach to the control of PS-CVT is largely heuristic, which means that a 

set of intuitive rules, tuned by experience, is applied to the energy management. The key 

point are that the SOC must stay within determined limits and that the engine must be 

operated only in its high efficiency region, which means that the control will prioritize full 

electric functioning whenever the engine cannot operate at full load. A certain set of 

exceptions to this rule will apply in transitory conditions, such as warm-ups. 

In general, the speed and torque request imply the functioning mode in accordance with 

various state parameters, such as the battery temperature or SOC. If properly implemented, 

this approach can lead to good performances, but generally requires a significant tuning 

effort, especially when the transmission model is particularly sophisticated.  

Unfortunately, the results of heuristic models are necessarily sub-optimal, so a proper control 

optimization is required to exploit the driveline. Usually, the control strategy is tailored to 

addresses a definite driveline, yet a rigorous optimization would require to design both the 

driveline and its control strategy simultaneously. 

In particular, we have shown that the domain of the design variables can be sensibly reduced 

thanks to the functional parametrization of the PS-CVT. Accordingly, a comprehensive 

preliminary optimization appears viable. 

 

11.2.1.  Optimization Theory 

Generally speaking, an optimization problem must be expressed in terms of a scalar 

objective function. If such function is globally convex, then the local minimum is determined 

by its gradient and by its Hessian matrix, which must be positive definite. A typical cost 

function is the overall fuel consumption, which can be combined with other parameters, such 

as pollutants and driving smoothness, by means of user-defined penalty factors. 
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In an unconstrained optimization problem, the input variables change following the direction 

of the gradient, until the variation of the objective function falls within an arbitrary threshold. 

Higher order methods involve the approximation of the objective function by mean of a 

Taylor expansion, thus solving the optimization problem in closed form. 

If the problem is constrained, then the optimal condition is located in the point of tangency 

between the constraint itself and the iso-level curve of the objective function, which means 

that their gradients are aligned. If the constraint is an inequality, then it is necessary to verify 

the local direction of the gradient, as the former may not be active, which means that the 

optimum is not located on the boundary, but it is within the free domain. Often is suitable to 

introduce some limit as a soft-constraint, i.e. the deviation from the expected value penalizes 

the cost function in an arbitrarily definite way.  

The instantaneous evolution of a dynamic system depends on its current state, on the 

disturbance factors and on the input parameters. However, when the same system is 

performing a specific task, alternative control strategies can determine considerably different 

outcomes in terms of the chosen objective function. In general, such function summarizes 

one or more performance parameters of the system, such as global emissions and fuel 

consumptions.  

If the disturbance function is known a priori, e.g. when it is the result a specific driving cycle, 

then a determinist approach to the control problem is possible. Unfortunately, most 

circumstances require an on-line controller, as the disturbance function is indeed 

unpredictable. Such controllers are supposed to perform worse than a deterministic 

controller does on a specific cycle, but better on average. For these reasons, the deterministic 

controller remains the ideal benchmark for on-line controllers, but it is also useful to compare 

the quality of different designs.  

 

11.2.2.  Deterministic controllers: Dynamic Programming 

Dynamic programming is a successful deterministic control strategy, which permits to 

address complex constrained problems with a relatively low computational effort, although 

it requires knowing the evolution of the disturbance factors a priori  
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In general, we can affirm that the disturbances, the dynamic states and the control inputs of 

a dynamic system are continuous functions of the time. However, if we discretize such 

parameters both in time and in value, we obtain a finite domain of possible discrete statuses, 

each one represented by a specific set of numbers. At every time step, a different set of 

optimal control parameters can be associated to each status belonging to the aforementioned 

domain. These parameters make the system evolve accordingly to an optimal control 

trajectory, i.e. the cumulative cost required to go from the current system status to the final 

one is minimum. In other terms, for a given final status, the minimum cumulative cost (and 

the related control trajectory) is univocally associated with the current system status.  

 

Accordingly, for every time step it is possible to build maps of cumulative costs and optimal 

controls parameters associated with every status, moving retroactively from the final time 

step. The whole method can be summarized as follows: 

- Discretization of time, state and control variables. 

- Final time step: definition of the system statuses and of the associated cumulative costs. 

In general, if a specific final status is set, arbitrarily high cumulative costs will be 

associated to all the other statuses. 

- Previous time step: calculation of the current cumulative costs for every system status, 

summing costs-to-go and future (but previously calculated) cumulative costs. This 

passage include an optimization sub-problem, as the optimal control parameters are 

unknown a priori. Indeed, each status has optimal control parameters for the current time 

step, which univocally determine both the costs-to-go and the new system status in the 

following time step, whose cumulative costs are already known in the domain of discrete 

statuses. Accordingly, the future cumulative cost must be interpolated using the current 

prediction while varying the control parameters, until the minimum current cumulative 

cost is established for this time step. The cost-to-go function is likely to include penalty 

factors effective when the status prediction violates the constraints of the problem. 

- Repeat the previous point until the initial time step is reached. 

- Verify the control strategy in forward time direction. 

The same approach is valid even if the disturbance is not deterministic, but follows a known 

probability distribution. In this case, the cumulated cost coincides with the expected value.  
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The main drawback of dynamic programming is that the computational effort scales 

exponentially with both the number of state variables and control inputs, so complex 

problems are generally addressed with approximated methods. Obviously, also the 

discretization of each variable implies a compromise between computational times and 

accuracy. In particular, it is worth noting that a fine grid permits faster interpolation methods 

for the future cumulative cost.  

 

11.2.3.  Causal controllers 

Real time controllers are supposed to address unpredictable drive cycles.  

The predictive control system usually uses deterministic methods to address a significantly 

shorter time span. The short-term evolution of the system is guessed on the basis of onboard 

and GPS data (speed, torque, traffic conditions etc.), thus obtaining a verisimilar disturbance 

function. 

Feedback controllers extrapolate a set of statistical rules by analyzing deterministic optimal 

solutions. However, in order to obtain satisfactory results over random drive cycles, it is 

necessary to use stochastic dynamic programming, as the rules obtained by a specific drive 

cycle will perform poorly on a broader range of application.  

ECMS (Equivalent Consumption Minimization Strategy) controllers perform an estimation 

of the equivalence factor, which converts battery power into an equivalent fuel power. In 

this case, the optimal value of the equivalence factor is calculated for different pattern of 

driving conditions, and then the controller associates the instantaneous state parameters with 

one of these patterns. The equivalence factor can be further adapted to the current driving 

conditions to better pursue charge sustainability, for instance by correcting it based on the 

SOC deviation from a target value. Eventually, in case of limited battery capacity, it is 

important to include some predictive features to the controller, so that the regenerative 

breaking could be fully exploited. This may be achieved by providing at any moment enough 

battery capacity to fully recuperate the kinetic energy of the vehicle, but can be furtherly 

enhanced by considering route and traffic predictions.  
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12. PSU design 

Good PS-CVTs:  

1. Minimize the power transmitted by the CVU (small working range near mechanical 

points) 

2. Minimize the torque transmitted by the CVU (its shafts should rotate as fast as possible) 

3. Have a wide working range (several modes) 

4. Are as simple as possible (costs, dimensions) 

5. Have low mechanical losses (planetary gears work near their synchronism) 

 

The mechanical points 𝜏#𝑖 and 𝜏#𝑜 govern the CVU power flows; the related CVU speed 

ratios 𝜏𝑜#𝑖 and 𝜏𝑖#𝑜 govern the applied torques. The layout influence the internal power flow 

distribution and the ability to achieve multimode transmissions. Obviously, each additional 

TPM is a source of costs and potential power losses, so it is more convenient to assess the 

simpler solutions before increasing the complexity of the PSU. Eventually, we suppose that 

the PGs reach their synchronism for a speed ratio 𝜏∗ within the working range.  

 

12.1. Link between constructive ratio and synchronism 

A simple planetary gear train is conventionally defined by its constructive parameter, also 

known as the Willis’ ratio or the characteristic ratio, i.e. the ratio between the speed of the 

ring over the speed of the sun when the carrier is motionless: 

𝜓𝑅 𝑆⁄
𝐶 =

𝜔𝑅 − 𝜔𝐶
𝜔𝑆 − 𝜔𝐶

=
𝜔𝑅
𝜔𝑆
|
𝜔𝐶=0

 
(122) 

As stated before, the arrangement of the shafts of the planetary gear trains and their 

synchronous points are not definite at this stage. Accordingly, we can use X,Y,Z to represent 

all the different possible arrangements. 
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𝜓𝑌/𝑋
𝑍 =

𝜔𝑌 − 𝜔𝑍
𝜔𝑋 − 𝜔𝑍

=
𝜔𝑌
𝜔𝑋
|
𝜔𝑍=0

 
(123) 

However, a TPM can include up to three fixed ratio joints. If 𝑘𝑗 is the fixed ratio between 

the j-th speed, which is external to the TPM, and the matching internal shaft’s speed, then 

imposing the synchronous conditions to the planetary gearing leads to the following 

relationships: 

𝜔𝑥|𝜏∗
𝑘𝑥

=
𝜔𝑦|𝜏∗
𝑘𝑦

=
𝜔𝑧|𝜏∗
𝑘𝑧

 
(124) 

valid for any position of carrier, sun and ring gear. Yet, since we are working with the 

normalized exit speeds of the tree port differential, then we can write it as: 

𝜓𝑌/𝑋
𝑍 = (

𝜔𝑦

𝑘𝑦
∙  
𝑘𝑥
𝜔𝑥
)|
𝜔𝑧
𝑘𝑧
=0

=
𝑘𝑥
𝑘𝑦
∙
𝜔𝑦

𝜔𝑥
|
𝜔𝑧=0

=
𝜔𝑥
𝜔𝑦
|
𝜏∗

∙
𝜔𝑦

𝜔𝑥
|
𝜔𝑧=0

 
(125) 

As a result, such formulation is identical to the generic expression of the characteristic 

function (39) when the latter is calculated for the synchronous condition of the PG: 

𝜓𝑌/𝑋
𝑍 = 𝜙𝑦 𝑥⁄

𝑧 (𝜏∗) =  
𝜏𝑦

𝜏𝑥
|
𝜏∗

∙
𝜏𝑥
𝜏𝑦
|
𝜏𝑧=0

 (126) 

Since the characteristic functions depend only on the mechanical points, which are also the 

only parameters modulating the power flows within the CVU, it is possible to perform a 

preliminary optimization of such functional parameters, and then proceed with the choice of 

a synchronous ratio, which will lead to a particular layout. 

 

12.2. Link between fixed ratios and synchronism 

Imposing a synchronous condition to the planetary gear train of a TPM implies the following 

two (mutually independent) constraints for the speed ratios of its ordinary gear trains (or any 

equivalent fixed-ratio joint): 
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𝑘𝑥
𝑘𝑦
=
𝜏𝑥
𝜏𝑦
|
𝜏∗

=
𝜏𝑥#𝑦
𝜏𝑦#𝑥

∙
𝜏∗ − 𝜏#𝑥
𝜏∗ − 𝜏#𝑦

 (127) 

𝑘𝑥
𝑘𝑧
=
𝜏𝑥
𝜏𝑧
|
𝜏∗

= 
𝜏𝑥#𝑧
𝜏𝑧#𝑥

∙
𝜏∗ − 𝜏#𝑥
𝜏∗ − 𝜏#𝑧

 
(128) 

In which 𝑥, 𝑦, 𝑧 represent the main shafts and/or neutral nodes linked to the TPM. For a 

desired kinematic distribution (i.e. mechanical points and related speed ratios), these 

constraints are univocally determined by the synchronous ratio 𝜏∗.  

Freely tuning the kinematic of a compound transmission implies two different design 

constraints, and thus at least two ordinary joints, for each TPM. This result can be obtained 

by:  

- eliminating one ordinary joint in each TPM; 

- eliminating only one ordinary joint and imposing the same value to a pair of homologous 

joints (i.e. linked the same IJ, but belonging to different branches of the transmission), 

so that they can be merged in just one. 

 

In general, to eliminate one or more ordinary gears is possible if the remaining fixed ratios 

are feasible. 

On the other hand, if no ordinary gear is used, all the planetary gear trains share necessarily 

the same synchronous point 𝜏∗, thus constraining the nodal ratios 𝜏𝑜#𝑖 and 𝜏𝑖#𝑜 concurrent 

with the mechanical points, which have a strong impact on the module of the torque applied 

to the CVU for a given power flow distribution (See section 1.2) . 

 

12.3. Generic design procedure 

Whatever it is the layout of the PSU, each TPM is linked to three main shafts; therefore, we 

can identify distinct possible typologies of TPMs depending on the involved main shafts. 
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For each group we get six characteristic functions by permuting the three shaft indexes in 

eq. (39). Formerly, each value of a characteristic function is a possible Willis’ ratio 

providing synchronism. Since the kinematic parameters are known, all the characteristic 

functions are defined, and each group can suggest six Willis’ ratios (but only three actually 

different, due to a changed position of the planet-carrier) for a given synchronous working 

point 𝜏∗. 

Therefore, in order to explore the feasible layouts, and then select the most appropriate one, 

it is convenient to perform the following steps: 

- to calculate the optimal mechanical points; 

- to build a design-chart by plotting all the characteristic functions in the working range 

of 𝜏; 

- to discard those curves that do not possess values within the desired range of Willis’ 

ratios; 

- to select points from characteristic curves belonging to different groups (i.e. the Willis’ 

ratios and the related synchronous working points). 

Definitively, to choose the Willis’ ratio from a specific curve determines the position of the 

carrier, sun and ring of each planetary gear train, while the groups to which these functions 

belong determine the final layout.  

 

 

12.3.1.  Design procedure for shunt PSUs 

The presented model, developed for a generic compound transmission, results valid even 

though only one planetary gear train is employed, i.e. for the so-called variable shunt 

transmissions. In these cases, two out of the four main shafts have proportional speeds, and 

therefore one mechanical point assume a limit value (zero or infinite). 

Accordingly, if during the optimization process such limit conditions happen to be (almost) 

fulfilled, then the compound layout might be avoided at all.  
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In these cases, the characteristic functions of different groups appear overlapped in the 

design chart, and it is sufficient to: 

- choose one Willis’ ratio (or the related synchronous working point); 

- constraint the ordinary gears of the remaining TPM  by two of the expressions (127)-

(128); 

- introduce an additional ordinary joint between the two connected main shafts in order to 

satisfy the relationship between their respective initial speed ratios (see Fig. 3).  

 

12.3.2.   Design procedure for compound PSUs with two TPMs 

Using more than two TPMs has not kinematics effects, then it is convenient to think to the 

PSU as a device consisting in a couple of TPMs sharing two distinct ports (Fig. 4) before 

extending the method to more complex PSUs. 

In this case, in order to explore the feasible layouts (see section 3.2) and then select the most 

appropriate one, it is convenient to perform the following steps: 

- To select from two characteristic curves, belonging to different groups, two points (i.e. 

the Willis’ ratios and the related synchronous working points). 

- To constraint the ordinary gears of the remaining three-port differential by two of the 

expressions of (127)-(128); 

- To identify the layout by mean of the groups’ name. 

 

Definitively, to choose the Willis’ ratio from a specific curve determines the position of the 

carrier, sun and ring of each planetary gear train, while the groups to which these functions 

belong determine the final layout. 
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Table 15 Design constraints for the ordinary gears of PSU with up to two TPMs. 

Groups Constraint Expression 

𝑪𝒊𝒏, 𝑫𝒊 
𝑘𝑖
𝑘𝑖𝑛

 −𝜏𝑖#𝑜 ∙
𝜏∗ − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 

𝑪𝒊𝒏, 𝑫𝒐 
𝑘𝑜
𝑘𝑖𝑛

 𝜏𝑜#𝑖 ∙
𝜏∗ − 𝜏#𝑜
𝜏#𝑜 − 𝜏#𝑖

 

𝑪𝒐𝒖𝒕, 𝑫𝒊 
𝑘𝑖
𝑘𝑜𝑢𝑡

 −
𝜏𝑖#𝑜
𝜏∗

∙
𝜏∗ − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 

𝑪𝒐𝒖𝒕, 𝑫𝒐 
𝑘𝑜
𝑘𝑜𝑢𝑡

 
𝜏𝑜#𝑖
𝜏∗

∙
𝜏∗ − 𝜏#𝑜
𝜏#𝑜 − 𝜏#𝑖

 

 

In particular, two three-ports differentials both belonging to a D group will combine in a 

“Direct bridge” symmetric layout, in which the CVU directly connects the two free shafts of 

the three-port differentials, while two three-ports differentials both belonging to a C group 

will combine in a “Cross bridge” symmetric layout (the CVU connects nodes). Conversely, 

one C and one D group always combine in an Asymmetric Bridge layout (see section 3.2). 

It is easy to identify the scheme as the indexes belonging to both groups represent the shafts 

linked to the isokinetic joints. 

 

12.3.3.   Design procedure for compound PSUs with three or more TPMs 

The design process is formally analogous to the previous ones, but it is subject to a certain 

procedure related to the choice of the characteristic functions. Indeed, in a PSU with 3 TPMs 

there are five mains shafts (4 ports and one neutral node), so their indexes must appear nine 

times in total. Each port index must appear at least one time, while the neutral node index 

must appear at least two times (vice versa the linked PG would be unloaded). Up to two 
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indexes can appear 3 times, as it is the maximum number of shafts connected together, which 

is coincident with the number of TPMs. Accordingly: 

- Provided that the neutral node appears at least once, the first two characteristic curves, 

belonging to different groups, can be selected freely. 

- If one port index is not present in the previous groups and/or the neutral nodal appears 

just once, the third characteristic function, chosen among the remaining groups, must 

complete the series. 

 

The constraints for the ordinary gears continue to rely on the general expressions of (127)-

(128). The identification of the layout is less straightforward, as it necessary to identify the 

two groups able to generate a nested kernel structure identical to that of a compound PSU 

with 2 TPMs. Such groups must contain 2 couples of homonymous indexes. Once the kernel 

is known, it is easy to identify the actual core structure by linking the third TPM. It can be 

observed that the 3 possible core structures resemble the three functional layout of the 

original 2-TPMs compound PSU, but each one is able to express a different number of 

completely new functional layouts. 

It is self-evident that the same procedure can be applied to PSUs with more than three TPMs, 

just considering that each additional TPM introduces a new neutral node (the aforementioned 

rules still apply to nodes and ports). The final layout can be obtained by building the lower 

core structures, considering that each new TPM must share two ports with the previous 

kernel. Nonetheless, we will limit our dissertations to cases described above, as two or three 

TPMs are sufficient for most applications.  
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13. Multimode PSUs 

The speeds of the shafts of the CVU, for given speed of the engine, are linear functions of 

the overall speed ratio; therefore, the CVU limits the working range of the PS-CVT because 

of its speed and torque constructive boundaries.  

In order to extend such working range, it is possible to modify the mutual connections 

between the frame, the PSU and/or its four main shafts. There are several ways to achieve 

such results, and hereinafter we address the two most common methods.  

 

13.1. Crypto-shunts 

In general, it is possible to connect two main shafts by mean of a fixed-ratio gear set, without 

modifying the internal connections within the PSU. 

Interestingly, since the kinematic relationships between the main shafts do not change, this 

kind of mode switch does not depend on the layout of the planetary transmission itself. In 

other terms, the choice of the mutual connections and the constructive ratios of the involved 

mechanical devices can be delayed, and the design of the CVU can be performed 

preliminarily, despite comprising the switch control strategy. 

 

 

Fig. 27 General scheme for a dual mode PS-CVT. Two out of the four main shafts are always 

connected to the CVU 
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In order to create an additional PS-CVT mode, we have to disengage the clutch C and link a 

main shaft of the PS-CVT ("𝑖𝑛" or "𝑜𝑢𝑡") with a shaft of the CVU ("𝑖" or "𝑜") by mean of 

the clutch S, for a total of four possible solutions (linking "𝑖𝑛" with "𝑜𝑢𝑡" or "𝑖" with "𝑜" 

would produce just fixed-ratio transmissions). Obviously, the CVU is subject to power flow 

reversals, so its shafts "𝑖" and "𝑜" can be assigned arbitrarily, for example assuming 𝜏#𝑖 <

𝜏#𝑜. When we disengage the clutch C linked to the main shaft of the PS-CVT, we modify 

the internal torque distribution, but not the kinematic relationships between the mechanical 

devices within the PSU. Yet, by engaging the other clutch S, we change our reference shafts 

for the calculation of the overall speed ratio. As a result, the slopes of the speed ratios of the 

CVU change accordingly to the newly linked shafts.  

Nonetheless, the functioning of whichever PS-CVT is characterized by the mechanical 

points 𝜏#𝑖 and 𝜏#𝑜 and their relative CVU speed ratios 𝜏𝑜#𝑖 and 𝜏𝑖#𝑜, as they are the only 

parameters governing speed, torques and powers for given overall torque ratio Θ (see section 

1). Accordingly, it is sufficient to assess the new functional parameters in order to evaluate 

the performances of the additional PS-CVT modes. The functional parameters can be 

calculated either analytically or graphically, but the last method is particularly intelligible 

and versatile if it is implemented with the aid of a parametric CAD. Despite all the planetary 

gears of the PSU may be active, the new modes will show functional parameters typical of 

a shunt transmission (crypto-shunt). Yet, in some circumstances, the new position of the 

additional mechanical points will benefit the functioning of the CVU.  

Hereinafter we develop some examples of hybrid electric transmissions sharing an identical 

compound mode, analyzing the additional crypto-shunt modes if the switch is performed 

either before the mechanical points (𝜏𝑠 < 𝜏#𝑖) or after them (𝜏𝑠 > 𝜏#𝑜). 
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13.1.1.  Direct link between "𝒊" and "𝒐𝒖𝒕" 

 

Fig. 28 Scheme i-out and graphic kinematic analysis 

 

If the shaft "𝑖" is now linked to “𝑜𝑢𝑡”, 𝜏 is proportional to 𝜏𝑖, and then the new mechanical 

point 𝜏#𝑖 is null, as 𝜏𝑖#𝑖 is zero by definition. In other terms, the PSU is working as an input-

split transmission. However, since the mechanical connections within the PSU have not 

changed, the new values of 𝜏𝑜#𝑖 and 𝜏𝑖#𝑜, i.e. the speed ratio of the shaft "𝑜" when the shaft 

"𝑖" is motionless and vice versa, remain identical to the former ones. Accordingly, it is easy 

to find also the new mechanical point relative to the shaft "𝑜", which is the only parameter 

depending on the switch speed ratio 𝜏𝑠.  

The dashed lines in Fig. 28 represent a trace of the graphic construction necessary to obtain 

the new slopes, and refer to a switch performed before both the mechanical points (green) or 

after them (orange). The two dotted lines identify the original mechanical points, but while 

the “green” solution (𝜏𝑠 < 𝜏#𝑖) can provide an additional mechanical point for negative 

speed ratios, the orange one (𝜏𝑠 > 𝜏#𝑜) is not beneficial, as it moves both the new 

mechanical point away from actual operation points of the new mode itself. Definitively, 

𝜏𝑠 < 𝜏#𝑖 appears particularly suitable for transmissions intended to work across the stall 

condition. 
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13.1.2.  Direct link between “𝒐” and “𝒐𝒖𝒕” 

This concept is basically analogous to the previous one. The “green” solution (𝜏𝑠 < 𝜏#𝑖) 

provides an additional mechanical point for small speed ratios, while the “orange” solution 

is again not beneficial, as it moves the mechanical points far away from operative speed 

ratios for that mode. 

 

 

Fig. 29 Scheme o-out and graphic kinematic analysis 

 

Eventually, the slope of both 𝜏𝑖 and 𝜏𝑜 is less steep, but their value is still increasing. 
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13.1.3.   Direct link between "𝒐" and "𝒊𝒏" 

 

Fig. 30 Scheme o-in and graphic kinematic analysis 

 

When we modify the input shaft of the PSU, the CVU speed ratio 𝜏𝑣 = 𝜏𝑜/𝜏𝑖 that makes 

null the speed of the output shaft does not change. Accordingly, we can use the ratio between 

projected intercepts of 𝜏𝑜 and 𝜏𝑖 for 𝜏 = 0 in order to predict the new intercept of 𝜏𝑖, since 

the new intercept of 𝜏𝑜 is known as the latter has become constant. Anyway, both the 

switching solutions do not provide significant benefits in their respective operation ranges, 

as the resulting mechanical points are farther from them now.  

 

13.1.4.   Direct link between "𝒊" and "𝒊𝒏" 

This solution is conceptually analogous to the former one, but it is the only one beneficial 

for (𝜏𝑠 > 𝜏#𝑜). Indeed, the additional mechanical point decreases the fraction of power 

flowing through the CVU, while the speed of "𝑖" has stopped raising. 
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Fig. 31 Scheme i-in and graphic kinematic analysis 

 

13.1.5.   Generalization and analytical formulation 

In general, configurations with switched positions of the EMs are equivalent, as in order to 

analyze them it is sufficient to assume: 

𝑖 ↔ 𝑜 (129) 

Vice versa, if we ideally switch the positions of the engine and of the output shaft, it should 

be: 
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𝜏𝑗 ↔
1

𝜏𝑗
  (130) 

𝜏𝑗#𝑙 ↔
𝜏𝑗#𝑙
𝜏#𝑙

 
(131) 

Accordingly, the formulas of Table 16 can be obtained from one scheme to another by mean 

of simple indexes substitutions. Table 16 provides the kinematic relationships between base 

functional parameters and their “pseudo-shunt” counterparts. With 𝑘 we represent the fixed 

speed ratio between the shaft of the PS-CVT and the shaft of the CVU, to be realized by 

mean of a gear set. Each scheme can perform one switch in correspondence of one 

mechanical point, while the other causes infeasible values for 𝑘. 

 

Table 16 New functional parameters of Crypto-shunt modes calculated on the bases of their original 

compound counterparts 

Crypto-Shunt out-i out-o in-o in-i 

𝝉#𝒊 0 −𝜏𝑠
𝜏#𝑜 − 𝜏#𝑖
𝜏𝑠 − 𝜏#𝑜

 −𝜏#𝑖
𝜏𝑠 − 𝜏#𝑜
𝜏#𝑜 − 𝜏#𝑖

 ∞ 

𝝉𝒐#𝒊 𝜏𝑜#𝑖 𝜏𝑜#𝑖 −𝜏𝑜#𝑖
𝜏𝑠 − 𝜏#𝑜
𝜏#𝑜 − 𝜏#𝑖

 
𝜏𝑜#𝑖
𝜏#𝑖

 ∞ 

𝝉#𝒐 𝜏𝑠
𝜏#𝑜 − 𝜏#𝑖
𝜏𝑠 − 𝜏#𝑖

 0 ∞ 𝜏#𝑜
𝜏𝑠 − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 

𝝉𝒊#𝒐 𝜏𝑖#𝑜 𝜏𝑖#𝑜 
𝜏𝑖#𝑜
𝜏#𝑜

 ∞ 𝜏𝑖#𝑜
𝜏𝑠 − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 

𝒌 
𝜏𝑠
𝜏𝑖#𝑜

𝜏#𝑜 − 𝜏#𝑖
𝜏𝑠 − 𝜏#𝑖

 −
𝜏𝑠
𝜏𝑜#𝑖

𝜏#𝑜 − 𝜏#𝑖
𝜏𝑠 − 𝜏#𝑜

 −
1

𝜏𝑜#𝑖

𝜏#𝑜 − 𝜏#𝑖
𝜏𝑠 − 𝜏#𝑜

 
1

𝜏𝑖#𝑜

𝜏#𝑜 − 𝜏#𝑖
𝜏𝑠 − 𝜏#𝑖
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13.2. Crypto-Compounds 

It is common in PS-CVTs to realize ordinary gear sets by mean of a PG with a framed shaft 

(crypto-compound). However, it is possible to exploit such devices in order to perform 

additional modes. In particular, by connecting the framed shaft to the CVU shaft in 

concurrence with the related mechanical ratio we obtain a synchronous switch. If the PSU 

has more than two PGs, in this case it is likely that the ordinary gear sets are present only on 

the external ports of the PSU, which implies that the PGs have a common synchronous ratio 

𝜏∗, so that the following relationships exist: 

𝜏𝑖#𝑜 = 𝜏𝑖∗   
𝜏#𝑜 − 𝜏#𝑖
𝜏∗ − 𝜏#𝑖

   (132) 

𝜏𝑜#𝑖 = 𝜏𝑜∗   
𝜏#𝑖 − 𝜏#𝑜
𝜏∗ − 𝜏#𝑜

 
(133) 

Accordingly, 𝑘𝑖, 𝑘𝑜 , 𝑘𝑜𝑢𝑡 and 𝑘𝑖𝑛 are univocal, and the synchronous ratio and the related 

CVU ratios will be respectively: 

𝜏∗ =
𝑘𝑜𝑢𝑡
𝑘𝑖𝑛

   (134) 

𝜏𝑖∗ =
𝑘𝑖
𝑘𝑖𝑛
  

(135) 

𝜏𝑜∗ =
𝑘𝑜
𝑘𝑖𝑛
  

(136) 

However, if we operate a switch by mean of the PG that realizes the fixed ratio 𝑘𝑗, some of 

the previous quantities change, as it changes the speed ratio 𝑘𝑗 =
𝜔𝑗

𝜔𝐽
 (which is not constant 

anymore) associated with the synchronous condition. In particular, it is possible to 

distinguish between two cases, i.e. when the shaft of the switching PG links directly to the 

other PGs and when it connects directly the CVU. In the first case, we will have that: 
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𝑘𝑗∗ = 1   (137) 

While in the last case it will be: 

𝑘𝑗∗ = 𝑘𝑗 + (1 − 𝑘𝑗) 𝑘𝑙   (138) 

In which 𝑘𝑙 is the fixed gear ratio associated with the shaft of the CVU motionless during 

the switch. Obviously, if 𝑘𝑙 is not present, the aforementioned cases coincide. 

In particular, we have to invert the eq. (132)-(133), as the switch will modify the other 

mechanical point.  

𝝉#𝒊 = 
𝜏∗ 𝜏𝑖#𝑜 − 𝜏#𝑜 𝜏𝑖∗
𝜏𝑖#𝑜 − 𝜏𝑖∗

    (139) 

𝝉#𝒐 = 
𝜏∗ 𝜏𝑜#𝑖 − 𝜏#𝑖 𝜏𝑜∗
𝜏𝑜#𝑖 − 𝜏𝑜∗

 
(140) 

Therefore, if for instance the switch occurs in correspondence of 𝜏#𝑜, we know that also 𝜏𝑖#𝑜 

remains unaltered, and we have to calculate the new values of 𝜏#𝑖 by mean of eq. (139) and 

of 𝜏𝑜#𝑖 by mean of eq. (133), introducing the newly calculated synchronous ratios (eq. (134)-

(136)), which will be different because of eq. (137) or (138). Similarly, if the switch occurs 

in correspondence of 𝜏#𝑖, 𝜏𝑜#𝑖 remains unaltered, and we have to calculate the new values 

of 𝜏#𝑜 by mean of eq. (140) and of 𝜏𝑖#𝑜 by mean of eq.(132). 

 

Fig. 32 Example of compound switch (𝒌𝒋 = 𝒌𝒊𝒏 𝒂𝒏𝒅 𝒌𝒍 = 𝒌𝒐). Direct link with the PGs (left figure) or 

direct link with the CVU (right) 
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Obviously, the synchronous switch can be performed for whichever couple of indexes 𝑗, 𝑙 

provided that 𝑗 ≠ 𝑙 and that the shaft 𝑙 is motionless concurrently.  

 

 

Fig. 33 Example of compound switch 

 

The switch is effective only if the new mechanical points is outside the original range. This 

condition occurs for the switch in 𝜏#𝑜   when the newly calculated synchronous ratios respect 

the following conditions: 

𝜏∗ > 𝜏#𝑜    If 𝜏𝑖∗ < 𝜏𝑖#𝑜 (141) 

𝜏∗ < 𝜏#𝑜    If 𝜏𝑖∗ > 𝜏𝑖#𝑜 (142) 

 

Similarly, for the switch in 𝜏#𝑖 , the newly calculated synchronous ratios respect the 

following conditions: 

𝜏∗ > 𝜏#𝑖    If 𝜏𝑜∗ < 𝜏𝑜#𝑖 (143) 

𝜏∗ < 𝜏#𝑖    If 𝜏𝑜∗ > 𝜏𝑜#𝑖 (144) 

Interestingly, if the PSU is a shunt, then the switch will determine a new compound mode. 

This kind of switch is studied in detail in the next section. 
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13.3. Shunt-compound switch 

A common strategy to achieve a multimode transmission consist in disconnecting two shaft 

and blocking one of them, so that one PG becomes ordinary. This strategy is layout 

dependent, even though general rules can be extrapolated from the results of the previous 

section 13.2, as the switching PG is either connected to the motionless shaft of the PSU or it 

works as an OG, with the fundamental difference that the PSU is a shunt. In this section, we 

will study in detail the possible switches achievable with PSU including two TPMs, 

including the asynchronous ones. 

 

13.3.1.  Cross Bridge 

If we consider the Cross-Bridge layout, we see that the switch can be performed on 

whichever internal branch of the PSU. The key concept is that this operation will affect just 

one PG, while the relationships introduced by the other one stay unaltered. 

 

 

Fig. 34 Cross Bridge (shunt o-out) 

 

In this case (shunt o-out) the clutch has not effect on the left PG. 𝜏𝑜 becomes proportional 

to the overall speed ratio 𝜏, and the value of 𝜏𝑖 when 𝜏𝑜 is zero must be the same than that 

of the compound mode. The green line represent a trace of the graphic construction of the 

speed characteristic. 
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Fig. 35 Cross Bridge (shunt o-in) 

 

In this case (shunt o-in), the clutch has not effect on the right PG, while 𝜏𝑜 becomes constant. 

The value of 𝜏𝑜/𝜏𝑖 must be the same as that of the compound mode when 𝜏 is zero. In order 

to achieve the new characteristic graphically we project the compound characteristics on the 

vertical axis, and thus we connect the intercepts with 𝜏#𝑜. The coordinate for the common 

mechanical point is the new value of 𝜏𝑖 for 𝜏 = 0. 

 

 

Fig. 36 Cross Bridge (shunt i-out) 

 

This case (shunt i-out) is similar to the first one. The clutch has not effect on the left PG. 

The value of 𝜏𝑜 when 𝜏𝑖 is zero (function projection) must be the same as that of the 

compound mode. 𝜏𝑖 is simply proportional to 𝜏. 
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Fig. 37 Cross Bridge (shunt i-in) 

 

The case (shunt i-in) is similar to the second one. The clutch has not effect on the right PG. 

The value of 𝜏𝑜/𝜏𝑖 must be the same when the 𝜏 is zero (functioning projection) for both the 

shunt and the compound mode. We exploit the similarity of the triangles with a vertex in 𝜏#𝑖 

the value that 𝜏𝑜 would assume for 𝜏 = 0. 

Obviously two shunt modes can coexist, if they refer to a different CVU shaft. In addition, 

an asynchronous switch can occur also if 𝑇𝑖𝑛  or 𝑇𝑜𝑢𝑡 are null (engine is idling or imminent 

braking) as the clutch can be disengaged and blocked as soon as its speed is adjusted.  

Table 17 provides the analytical relationships between functional parameters. 
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Table 17 New functional parameters of the shunt modes of the Cross Bridge compound transmission 

Shunt mode 𝝉#𝒊 𝝉𝒊#𝒐 𝝉#𝒐 𝝉𝒐#𝒊 

o-out = = 0 = 

o-in = 
𝜏𝑖#𝑜
𝜏#𝑜

∞ ∞ = 

i-out 0 = = = 

i-in ∞ = = 
𝜏𝑜#𝑖
𝜏#𝑖

∞ 

 

 

13.3.2.  Asymmetric Bridge – Synchronous switches 

The Asymmetric bridge layout allow a synchronous switch only when the operation is 

performed on a particular branch of the driveline, as other solutions would determine either 

a parallel functioning or the need to be performed when the vehicle is still.  

The key point is that the clutch has not effect on the left PG. 

 

Fig. 38  Asymmetric Bridge (shunt o-out) 



 

Chapter 13 Multimode PSUs 

 

 

Pag. 121 

 

 

For the case (shunt o-out) the speed ratio 𝜏𝑜 becomes proportional to the overall speed ratio 

𝜏, while the function 𝜏𝑖 remains unaltered, as both the input and output speed are control 

variables. 

 

 

Fig. 39 Asymmetric Bridge (shunt o-in) 

 

For the case (shunt o-in) the speed ratio 𝜏𝑜 becomes constant, while the function 𝜏𝑖 remains 

unaltered as well. 

 

 

Fig. 40 Asymmetric Bridge (shunt i-out) 

 

For the case (shunt i-out) the speed ratio 𝜏𝑖 becomes proportional to the overall speed ratio 

𝜏, while the function 𝜏𝑜 remains unaltered. 
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Fig. 41 Asymmetric Bridge (shunt i-in) 

 

For the case (shunt i-in) the speed ratio 𝜏𝑖 becomes constant, while the function 𝜏𝑜 remains 

unaltered. 

 

Table 18 New functional parameters of the shunt modes of the Asymmetric Bridge compound 

transmission when performed with a synchronous switch 

Shunt mode 𝝉#𝒊 𝝉𝒊#𝒐 𝝉#𝒐 𝝉𝒐#𝒊 

o-out = 
−𝜏𝑖#𝑜 𝜏#𝑖

𝜏#𝑜 − 𝜏#𝑖
 0 = 

o-in = 
𝜏𝑖#𝑜 ∞

𝜏#𝑜 − 𝜏#𝑖
 ∞ = 

i-out 0 = = 
𝜏𝑜#𝑖 𝜏#𝑜

𝜏#𝑜 − 𝜏#𝑖
 

i-in ∞ = = 
−𝜏𝑜#𝑖 ∞

𝜏#𝑜 − 𝜏#𝑖
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13.3.3.  Asymmetric Bridge – Asynchronous switches 

The key concept here is the following: if the engine is idling, the clutch linked to the same 

PG can be disengaged with no effects on the output torque. A synchronous coupling with 

the frame is still possible if 𝜏 = 0 or by modifying the idling speed of the engine to match 

that the speed that makes the clutch itself motionless. 

 

 

Fig. 42 Asymmetric Bridge (asynchronous shunt i-in) 

 

In this case (shunt i-in) 𝜏𝑜 is zero for the same 𝜏𝑖/𝜏 ratio, while 𝜏𝑖 becomes constant.  

 

 

Fig. 43 Asymmetric Bridge (asynchronous shunt i-out) 
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In this case (shunt i-out) 𝜏𝑖 intercepts zero and is parallel to itself (the slope stays unaltered 

as it were τ → ∞). 𝜏𝑖#𝑜 and 𝜏𝑜#𝑖 remain the same as the right PG is not affected by the mode 

switch. The speed of the engine increases during the switch from compound to shunt. 

 

 

Fig. 44 Asymmetric Bridge (asynchronous shunt o-in) 

 

In this case (shunt o-in) 𝜏𝑖 is zero for the same 𝜏𝑜/𝜏 ratio, and stay unaltered for 𝜏 = 0.  

 

 

Fig. 45 Asymmetric Bridge (asynchronous shunt o-out) 

 

In this case 𝜏𝑜 crosses the zero and is parallel to itself for either modes. 𝜏#𝑖 and 𝜏𝑖#𝑜 remain 

the same as the right PG is not affected from the mode switch. 
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Table 19 New functional parameters of the shunt modes of the Asymmetric Bridge compound 

transmission when performed with an asynchronous switch 

Shunt Mode 𝝉#𝒊 𝝉𝒊#𝒐 𝝉#𝒐 𝝉𝒐#𝒊 

i-in ∞ −
𝜏𝑖#𝑜 𝜏#𝑖

𝜏#𝑜 − 𝜏#𝑖
 −

𝜏#𝑜 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 
−𝜏𝑜#𝑖 ∞

𝜏#𝑖
 

i-out 0 = 𝜏#𝑜 − 𝜏#𝑖 = 

o-in 
𝜏#𝑖 𝜏#𝑜
𝜏#𝑜 − 𝜏#𝑖

 
𝜏𝑖#𝑜∞ 

𝜏#𝑜
 ∞ 

𝜏𝑜#𝑖 𝜏#𝑜

𝜏#𝑜 − 𝜏#𝑖
 

o-out 𝜏#𝑖 − 𝜏#𝑜 = 0 = 

 

 

13.3.4.  Direct Bridge – Asynchronous switches 

The direct bridge mode permits only asyncronous switches, as the internal branches are 

linked to either the input or output of the PS-CVT.  

This switch is particularly simple to define since one speed characteristic will not be affected 

by it, while the other will be either parallel to itself (crossing the zero) or constant (crossing 

the original intercept with the vertical axis). 

One characteristic is parallel to itself because its slope is also the limit for 𝜏 → ∞, the other 

one stay unaltered because input and output speed are our control parameters. 
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Fig. 46 Direct Bridge (asynchronous shunt i-in) 

 

In this case (shunt i-in) 𝜏𝑜 is parallel to itself and it crosses the zero. 𝜏𝑖 is not modified. 

 

 

Fig. 47 Direct Bridge (asynchronous shunt o-in) 

 

In this case (shunt o-in) 𝜏𝑖 is parallel to itself and it crosses the zero. 𝜏𝑜 is not modified. 
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Fig. 48 Direct Bridge (asynchronous shunt i-out) 

 

In this case (shunt i-out) 𝜏𝑖 takes the value that it had for the stall speed. 𝜏𝑜 is not modified. 

 

 

Fig. 49 Direct Bridge (asynchronous shunt o-out) 

 

In this case (shunt o-out) 𝜏𝑜 takes the value that it had for the stall speed. 𝜏𝑖 is not modified 
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Table 20  New functional parameters of the shunt modes of the Direct Bridge compound transmission 

when performed with an asynchronous switch 

Clutch 𝝉#𝒊 𝝉𝒊#𝒐 𝝉#𝒐 𝝉𝒐#𝒊 

i-in = 
−𝜏𝑖#𝑜 𝜏#𝑖

𝜏#𝑜 − 𝜏#𝑖
 0 

−𝜏𝑜#𝑖 𝜏#𝑖

𝜏#𝑜 − 𝜏#𝑖
 

o-in 0 
𝜏𝑖#𝑜 𝜏#𝑜

𝜏#𝑜 − 𝜏#𝑖
 = 

𝜏𝑜#𝑖 𝜏#𝑜

𝜏#𝑜 − 𝜏#𝑖
 

i-out ∞ 
−𝜏𝑖#𝑜 𝜏#𝑖

𝜏#𝑜 − 𝜏#𝑖
 = 

−𝜏𝑜#𝑖 ∞

𝜏#𝑜 − 𝜏#𝑖
 

o-out = 
𝜏𝑖#𝑜 ∞

𝜏#𝑜 − 𝜏#𝑖
 ∞ 

𝜏𝑜#𝑖 𝜏#𝑜

𝜏#𝑜 − 𝜏#𝑖
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14. PSU design guidelines 

14.1. Functional guidelines  

The relationships between mechanical points and main power flows have been described in 

the previous sections 1.3. Obviously, since the CVU is often the most expensive (and less 

efficient) element of the PS-CVT, limiting the power flowing through it will benefit the 

overall performances. 

The values of 𝜏#𝑜 and 𝜏#𝑖  should be the ones that guarantee the best fit between deliverable 

and delivered power, which implies a good sizing of the CVU. Since this choice can be 

strongly influenced by the CVU’s apparent efficiency maps (which might model both the 

real efficiency and the presence of an energy storage system with its control strategy), it is 

clear that a rigorous choice of these parameters is possible only for a specific study case.  

If the speed ratio of the CVU is restricted by constructive issues (e.g. when using a V-belt 

variator), it is no longer possible to work in correspondence of a mechanical point, as neither 

𝜏𝑖 or 𝜏𝑜 can be null. Obviously, in this case it also exists a univocal relationship between 𝜂𝑣 

and Θ, which can be easily achieved considering the results of section 1.3. 

Θ = −(
𝜂𝑣  (𝜏#𝑜 − 𝜏#𝑖)

𝜂𝑣 − 𝜏𝑣 𝜏𝑣#⁄
+ 𝜏#𝑖)

−1

 (145) 

The tuning variables here are 𝜏#𝑜 , 𝜏#𝑖 and 𝜏𝑣#.Yet, the actual working range of the PS-CVT 

is restricted by the operative limits of the CVU, in terms of maximum and minimum speed 

ratio  𝜏𝑣𝑀 and 𝜏𝑣𝑚, which means that establishing the related maximum and minimum 

overall speed ratio  𝜏𝑀 and 𝜏𝑚 introduce two new constraints. The optimization the previous 

expression will close the problem. 

Interestingly, in this case the condition that minimize the absolute value of |𝑝𝑖| (and thus 

maximizes the overall efficiency) in always ideally reached for a CVU speed ratio: 
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 𝜏𝑣𝑜𝑝𝑡 = √𝜂𝑣 𝜏𝑣𝑀 𝜏𝑣𝑚  (146) 

So assigning this particular condition to a specific overall speed ratio will reduce the problem 

to a simple system of three eq. (10). The CVU efficiency 𝜂𝑣 is mostly a function of the CVU 

speed ratio itself, but also of the absolute working conditions (torque and speed), so it is 

necessary to follow an iterative approach starting with a constant guess value. 

If the CVU is electrical, then the overall torque ratio Θ is a controllable parameter. In this 

case, the functional optimization requires to select the best pair of mechanical points and a 

proper control strategy in order to minimize the size of the electric machines, in terms of 

overall speed ratio 𝜏 and torque ratio Θ. In particular, the conditions that make equal and 

opposite 𝑃𝑖 and 𝑃𝑜 are: 

𝑃𝑖 = −𝑃𝑜 =
(τ − 𝜏#𝑖) (τ −  𝜏#𝑜 )

𝜏#𝑖 − 𝜏#𝑜
𝑃𝑜𝑢𝑡 (147) 

Θ =  −1/𝜏 (148) 

While 𝑃𝑖 and 𝑃𝑜 are identical if: 

𝑃𝑖 = 𝑃𝑜 =
(τ − 𝜏#𝑖) (τ −  𝜏#𝑜 )

𝜏#𝑖 + 𝜏#𝑜 − 2τ
𝑃𝑜𝑢𝑡; (149) 

Θ =  
(𝜏#𝑖 + 𝜏#𝑜) − 2 𝜏 

𝜏 (𝜏#𝑖 + 𝜏#𝑜) − 2 𝜏#𝑖 𝜏#𝑜
 (150) 

Eq. (147) and (148) imply that the engine is delivering the required output power, while eq. 

(149) and (150) imply either a deficit or a surplus. In particular, the electrical power 

calculated by eq. (147) is smaller than that calculated by eq. (149) within mechanical points. 

According to the previous criteria, the optimal value of the overall torque ratio Θ is always 

within the range −1/max(𝜏#𝑖, 𝜏#𝑜) > Θ > −1/min(𝜏#𝑖, 𝜏#𝑜), and in such conditions the 

engine will deliver more power (𝜏 < min(𝜏#𝑖, 𝜏#𝑜)) or less power (𝜏 > max(𝜏#𝑖, 𝜏#𝑜)) than 

necessary when working outside the mechanical points.  
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Eventually, if Θ > −1 max(𝜏#𝑖, 𝜏#𝑜)⁄ , it is always possible (and beneficial) to choke the 

engine in order to meet eq. (148)  or eq. (150) . Vice versa, if it is Θ < −1 min(𝜏#𝑖, 𝜏#𝑜)⁄  

and the engine is at WOT (because of the high power demand), choking the engine will 

always worsen the MGs’ operating conditions, because raising Θ implies both higher 

𝑃𝑖  and 𝑃𝑜. 

 

14.2. Constructive guidelines 

For given mechanical points, the CVU power flows are mostly independent from the actual 

constructive arrangement of the gear sets, as small variations are entirely due to the 

mechanical losses. Obviously, the mechanical losses depend on the internal power flow 

circulation, which changes depending on the functional layout, and, for a given layout, on 

the arrangement of the gear within each TPM. Accordingly, it exist an ideal solution in terms 

of both mechanical and electrical losses, but such solution may not be always viable.  

 

14.2.1.  Planetary gear sets 

Generally speaking, a TPM is a gear set used to combine multiple sources of mechanical 

power with one or more loads. The core of the TPM is the planetary gear set (PG), yet 

wrapping pairs and/or ordinary gear sets (OGs) are often included as well. Most automatic 

transmission use two or more PGs and a hydraulic torque converter to deliver a discrete 

number of gear ratios without torque shocks. Power-split units (PSUs) used in hybrid electric 

vehicles (HEVs) are conceptually similar, but the transmission can work seamlessly between 

mechanical points thanks to two electric motors. As a result, in HEVs the torque converter 

is omitted.  
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Fig. 50 Simple planetary gear sets 

 

A detailed design of PGs and OGs is not the main aim of this work, but some practical 

guidelines are indeed necessary in order to restrain the dominion of feasible solutions. As 

regards the gear ratios, AGMA [110] prescribes a maximum teeth ratio of five for external 

meshing gears: 

1/5 < 𝑧1/𝑧2 < 5 (151) 

And the following interval for internal meshing gears (𝑧1 is the ring): 

11/5 < 𝑧1/𝑧2 < 7 (152) 

The constructive parameter (aka Willis’ ratio) of simple PGs is determined by the ratio 

between teeth of their sun and ring gears: 

𝜓 = −𝑧𝑆/𝑧𝑅 (153) 

And usually it is comprised between -1/3 and 2/3.  In theory, the number of teeth of each 

planet is equal to:  

𝑧𝑃 = (𝑧𝑅 − 𝑧𝑆)/2 (154) 

Nonetheless, a few teeth less still guarantee a proper functioning thanks to the resilience of 

the involute profile in respect of inter-axis distance. The PG is also subject to manufacturing 

tolerances, strains and thermic deformation, so at least one element of the PG should be able 
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to adapt its position in order to allow a uniform load distribution among planets. In addition, 

the planets must be equally spaced, which is possible only if the total number of teeth of the 

central gears is a multiple of the planets engaging with them.  

Stepped-planet and double pinion PGs offer a wider range of feasible constructive ratios than 

simple PGs, thanks to the additional planets. The planets of the stepped PG are coaxial, so 

an additional geometric constraint has to be taken into account. The planets of double pinions 

PGs must fit into the space between ring and sun gear. Other limitations occur for PGs with 

multiple planets, as their diameters’ ratio should not exceed a value of three. However, this 

is not a direct constraint on the number of teeth of stepped planet PGs, as their module can 

be different (𝐷 = 𝑚 𝑧): 

1/3 < 𝐷1/𝐷2 < 3 (155) 

Extreme speed ratios might be easily obtained by mean of compound PGs, but with 

additional weight and costs. A compound PG can be made of two simple PGs with two 

isokinetic joints, but some gears can also be shared, as in the Ravignaux gear set.  A 

compound PG can have at least 4 potential output shafts, but if a 

In terms of longitudinal encumbrances, the face width of a gear should be comprised between 

three times and five times the pitch length 𝑝 = 𝜋 𝑚: 

3𝑝 < 𝑊 < 5𝑝 (156) 

In addition, a minimum number of teeth is required in order to avoid interference and 

undercut. For instance, for a pressure angle of 20 degrees, it is: 

𝑧 ≥ 18 (157) 

In conclusion, the choice of the module, and thus the gear’s size, is subordinate to the 

resistance of the tooth. 
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14.2.2.   PG efficiency 

For a given layout, functionally equivalent TPMs could be obtained with three different 

Willis’ ratios, according to the position of the planet carrier. In this section, we are going to 

show which of the three possible choices can achieve better results, i.e. lower mechanical 

losses, keeping unaltered the functional parameters. 

In particular, in the previous sections we have shown that the mechanical losses of a PG, for 

given functional parameters (i.e. kinematics and ideal power flows), depend mostly on the 

parameter 𝜂𝑌/𝑋
𝑍 , which is just function of the position of the planet carrier (and related 

constructive Willis’ ratio, see Table 5). Accordingly, in order to compare the efficiency of 

the three possible constructive solutions, we have to: 

- take one of them (and its constructive Willis’ ratio Ψ) as a reference 

- calculate in function of Ψ the constructive Willis’ ratios 𝜓 of the other two solutions 

according to the position of their planet carriers (first column of Table 21) 

- calculate their respective parameters 𝜂𝑌/𝑋
𝑍  from Table 5 (second column of Table 21) 

- express the same parameters as functions of Ψ using Table 4 to ease the comparison 

(third column of Table 21) 

- approximate the loss factor (last column of Table 21) 

 

If we choose Ψ = 𝜓𝑌/𝑋
𝑍   as a reference for the Willis’ ratio and, consequently, 𝑍 for the 

position of the planet carrier, then the relationships of Table 4 and Table 5 lead to the results 

listed in Table 21 for the carrier linked to either 𝑌 (second row) or 𝑋 (last row) instead of  𝑍 

(first row). The farther would be the value of  𝜂𝑌/𝑋
𝑍 (Ψ) (second-last column of Table 21) 

from unity, calculated both for 𝜂𝑜 < 1 and for its reciprocal, the worst would be the losses 

related to that constructive solution. Moreover, it is worth noting that 𝜂𝑜 can change from 

one constructive solution to another because of the different number of meshing pairs 

necessary to realize certain values of the constructive Willis’ ratio 𝜓(Ψ) (and a proper ring 

gear may not be present as well). However, considering that the basic efficiency 𝜂0 is 

generally high, i.e. 𝜂𝑜 → 1, it is possible to simplify the results as shown in the last column 

of Table 21, following the same procedure exemplified by eq.(67). 
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Table 21 Apparent efficiency of the PG for different positions of the planet carrier. 

𝒁 Y X 𝝍(Ψ) = 𝝍𝑹/𝑺
𝑪  𝜼𝒀/𝑿

𝒁 (𝜓) 𝜼𝒀/𝑿
𝒁 (Ψ) |𝟏 − 𝜼𝒀 𝑿⁄

𝒁 | for 𝜂0 → 1 

C R S Ψ 𝜂𝑅/𝑆
𝐶 = 𝜂𝑜 𝜂𝑜 |1 − 𝜂𝑜| 

𝑆 C R 1 −
1

Ψ
 𝜂𝐶/𝑅

𝑆 = 
𝜂𝑜 − 𝜓

𝜂𝑜(1 − 𝜓)
 

1 − Ψ

𝜂𝑜
+Ψ |1 − 𝜂𝑜|  |1 − Ψ| 

𝑅 S C 
1

1 − Ψ
 𝜂𝑆/𝐶

𝑅 =
1 − 𝜓

𝜂0 − 𝜓
 (

1 − Ψ−1

𝜂𝑜−1
+Ψ−1)

−1

  |1 − 𝜂𝑜|  |
1 − Ψ

Ψ
| 

 

From the analysis of the functions in Table 21, we get that whichever is the value of the 

reference Willis’ ratio Ψ, two out of the three possible solutions have their constructive 

Willis’ ratio 𝜓(Ψ) > 0 and both are worse than that with 𝜓(Ψ) < 0, whichever are the 

working conditions. Indeed, |1 − 𝜂𝑌 𝑋⁄
𝑍 | is the only factor modifying eq. (68), since the 

kinematics and the ideal power flows stay unaltered. In addition, it results that the worst of 

the two solutions with 𝜓 > 0 is the one requiring 0.5 <  𝜓 < 2, which is obtained if the 

carrier of the PG is linked to the shaft that should be connected to the sun of the PG with  𝜓 <

0.  For the above reasons, we suggest to try to limit the design chart to the negative values 

of the Willis’ ratio, as in [20]. If a negative Willis’ ratio is not feasible, the designer can try, 

at worst, to connect the carrier to the ring position of the ideally optimal (but not feasible) 

solution. In other terms, it is strongly recommended to exclude the possibility of using 

constructive Willis’ ratios in the range 0.5 <  𝜓 < 2 as early as in the preliminary design 

process. 
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14.2.3.  Feasibility 

Practical designs require the physical feasibility of the necessary connections. While it is 

easy to design shunt transmissions, it can be difficult to obtain the desired compound PSU, 

especially when internal shafts must be accessible for clutch operations. In particular, the 

frame should offer anchorage points close to the axis of the driveline, especially in order to 

support the electric machines directly, as it is better to limit the size of the bearings. At the 

same time, it is necessary to avoid intricate coaxial designs, as it makes the driveline difficult 

to construct and mount, thus affecting negatively both volumes and costs.  

Fixed gear sets should be avoided when possible. Often some ordinary joint is necessary 

anyway because of unavoidable space constraints, as it is not always possible to mount the 

driveline on the same axis of the engine and/or the traction wheels. Similarly, the CVU might 

be intrinsically not coaxial (for instance a V-belt variator), thus requiring some intermediate 

reduction stages. On the other hand, internal gearing are likely to require a countershaft, 

which is conceptually equivalent to an additional fixed-carrier PG. In this case, it may be 

more convenient to design directly a higher order of PSU, fully exploiting the PG with a 

multimode transmission. 

Eventually, although not particularly binding, torque and speed limitations for the gear sets 

exist, so it is necessary to maintain these values within their specifics. In theory, gears 

working at higher speeds generate more noise and vibrations, as well as higher viscous losses 

and a faster damaging of the bearings. However, if the constructive layout is unaltered, the 

resulting lower torques will lead to an overall lighter design, which is beneficial in terms of 

volumes and weights, but also vibrations and reliability.  
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15. Modeling of the power sources 

Despite noteworthy improvements, chemical energy carriers still show overwhelming 

energy density in comparison to their electrical counterparts [1-13]. Yet, the medium-term 

storage capacity of batteries and super capacitators offers significant opportunities for the 

improvement of the overall transmission efficiency. For these reasons, several car 

manufacturers are trying to comply with the legislators by developing hybrid electric 

vehicles. In particular, the ability to store energy can be a solution to recuperate the kinetic 

energy of the vehicle, but also to assist the prime engine, enhancing both its peak 

performances and part-load operation. Nonetheless 

In this section, we will describe some simple parametrization techniques for the main 

components of Hybrid electric PS-CVTs. 

15.1. Internal combustion engines 

The quasi-static behavior of internal combustion engines (ICE) is defined by mean of torque-

speed maps. Such maps can represent either their specific fuel consumptions directly, or the 

engine’s efficiency, calculated as the ratio between output power and required fuel enthalpy 

flow. Such efficiency is low on average because of frequent part load operations, but also 

because the definition of the parameter itself is not very fair, as the engine operates the 

transformation of low quality energy (heat) into high quality power (mechanical).  

The power yield of ICEs is the result of complex thermodynamic phenomena and cannot be 

predicted easily. Experimental results are reliable, but also expensive and hardly scalable. 

Similarly, numerical simulation tools offer verisimilar results, but at the cost of high 

computational efforts. 

Nonetheless, the Willans description offers a rather good approximation of an ICE: 
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𝓅𝑒 = 𝜂𝑓𝑒 𝓅𝑓 − 𝓅𝑙 (158) 

In other terms, the mean effective pressure 𝓅𝑒  is a fraction 𝜂𝑓𝑒 of the ideal fuel pressure 𝓅𝑓, 

net of the mechanical and pumping pressure losses 𝓅𝑙. The two parameters 𝜂𝑓𝑒 and  𝓅𝑙 can 

be considered functions of the engine’s speed only, while 𝓅𝑓 is function of the fuel charge 

into the cylinder: 

𝓅𝑓 =
4

𝜋
 
𝑚𝑓 𝐻𝑓

𝑆 𝐵2
 (159) 

For a 4-stroke engine, it is well known that the mean effective pressure is related to the 

torque by the following relationship: 

𝑇 =  𝓅𝑒  
𝑆 𝐵2

16
 (160) 

In which S is the stroke, B is the bore of the cylinder, 𝑚𝑓 is the mass of fuel and 𝐻𝑓 is its 

lower specific heat. Interestingly, for given type of engine, the mean effective pressure is 

barely influenced by its size, making the obtained results easily scalable.  The specific 

consumption is then: 

𝑐𝑓 = 
𝑚𝑓

2 𝜋 𝑇
=

2

  𝜂𝑓𝑒 𝐻𝑓
(1 +

𝓅𝑙
𝓅𝑒
) =

2

  𝜂𝑓𝑒 𝐻𝑓
(1 + 𝓅𝑙  

𝑆 𝐵2

16 𝑇
)  (161) 

The pressure loss 𝓅𝑙 raises with the speed, while the thermodynamic parameter 𝜂𝑓𝑒  shows 

a maximum for speeds slightly higher than the maximum torque regime. As a result, the 

speed related to the least specific consumption decreases along with the loads, as the effect 

of 𝓅𝑙 becomes more relevant than the thermodynamic efficiency 𝜂𝑓𝑒. Eq. (159) does not 

take into account mixture enrichment at high loads, which may be necessary in order to avoid 

detonation phenomena due to high temperatures, but assumes a strictly stoichiometric 

air/fuel ratio; in other terms, 𝑚𝑓 is considered to be completely burnt. Accordingly, if 

enrichment occurs, 𝑐𝑓 must be multiplied by a corrective factor (equal to the ratio between 
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supplied and burnt fuel) in order to express the real specific consumptions.  For these 

reasons, in such conditions the best operating conditions will not occur at WOT. 

Eventually, inertial effects should be taken into account. The torque delivered by the engine 

will be altered by the quantity: 

𝑇𝐽 = −𝐽𝑒 𝜔̇𝑒  (162) 

In which 𝐽𝑒 is the inertia of the engine, which can be considered roughly proportional to its 

displacement, and 𝜔̇𝑒 is its angular acceleration.  

From eq. (161), it is obvious that an engine tends to be more efficient at high loads. Yet, the 

former is often oversized in order to guarantee minimum acceleration performances, thus 

being forced to work at part loads in most of the driving cycle.  

Turbocharging is a solution widely recognized as simple, effective and economic, as it 

permits to satisfy the peak requirements with a downsized engine. Similarly, different levels 

of hybridization can help sustaining performances while sensibly reducing fuel 

consumptions.  

In particular, start&stop devices remove the idling losses of the engine during standstill, 

while proper hybrid electric vehicles can also operate the engine more efficiently, thanks to 

their alternate functioning. Yet, beyond the additional costs, weights and complexity, the 

control of such systems is not trivial, as the definition of the cost function tends to be elusive. 

Indeed, the cost of the energy stored into the batteries depends primarily on its sources (fuel, 

regenerative braking, electric grid), but also on the charging conditions themselves (engine 

operating point, currents, state of charge).  



 

Chapter 15 Modeling of the power sources 

 

 

Pag. 142 

 

 

 

Fig. 51 ICE map 

 

15.2. Electric motors 

Currently, permanent magnets synchronous motors are widespread in HEVs. Their main 

advantage over asynchronous induction machines is the overall better controllability, 

efficiency and power density. On the other hand, they are more expensive because of the 

rare-earth materials, and their speed range tends to be sensibly tighter, especially when the 

magnets are mounted on the rotor’s surface. Eventually, switched reluctance motors show 

low costs and good performances, but control and functioning issues have prevented their 

success. 

Electric motors can be modeled by mean of the Willans approach as well. The neat 

mechanical torque 𝑇 is the difference between the indicated torque, solely due energy 

conversion, and mechanical losses 𝑃𝑙.  
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𝑇 =   
𝜂𝑚 𝑃𝑒𝑙 − 𝑃𝑙  

𝜔
 (163) 

Obviously the electrical efficiency 𝜂𝑚 switches accordingly to the sign of 𝑃𝑒𝑙, and, along 

with 𝑃𝑙, it is mostly function of the speed, but can be averaged with good approximation. In 

order to make the model easily scalable, it is possible to refer the torque to an equivalent 

quantity, namely the mean effective tension 𝓉𝑚, i.e. a uniform tangential stress distributed 

on the surface of the rotor: 

𝑇 =  𝓉𝑚  ( 
𝜋 𝐷2𝐿  

2
) (164) 

The value of 𝓉𝑚 tends to be an order of magnitude lower than the main effective pressure of 

the engines, and similarly to the eq. (158) and (163), it can be calculated as: 

𝓉𝑚  = 𝜂𝑚 𝓉𝑒𝑙 − 𝓉𝑙 (165) 

Obviously, eq. (165) is simply equivalent to eq. (163) if both terms are multiplied for 

𝜋 𝐷2𝐿 2⁄ . The specific electric consumption will be: 

𝑐𝑒𝑙 = 
𝑃𝑒𝑙
𝜔 𝑇

=
1

  𝜂𝑚
(1 +

𝓉𝑙
𝓉𝑚
) =

1

  𝜂𝑚
(1 +

𝑃𝑙
𝑃
) (166) 

 

15.3. Batteries and Super Capacitors 

Batteries are electro-chemical converters used to store energy. They are characterized by 

their maximum power (kW) and nominal capacity (Ah), which depends on the reference 

discharge current and cut voltage. The nominal capacity can be used to assess the 

instantaneous capacity by mean of the Peukert equation:  
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𝑄

𝑄0
= (

𝐼

𝐼0
)
𝛽

 (167) 

In which 𝑄0 and 𝐼0 are the reference capacity and current, and 𝛽 is a constant depending on 

the battery. If 𝐼0 is the current that discharge the battery in one hour, then the ratio 𝐼 𝐼0⁄  is 

the C-rate.  

To preserve their lifespan, batteries are not depleted or charged completely; accordingly, 

their state of charge (SOC) is maintained within a certain range, and the available energy 

(Wh) remains just a fraction (up to 70% for lithium-ion batteries) of the stored energy.  

The SOC is defined as the ratio between charge and nominal battery capacity. Since the SOC 

affects the internal resistance 𝑅 and the open circuit voltage 𝑉0, the nominal voltage usually 

refers to a 50% SOC. Both the resistance and the open circuit voltage can be considered 

linear functions of the SOC, but the former depends also on the sign of the current. In 

particular, the battery will show more resistance when the current forces the SOC to its 

extreme values. The voltage applied to the battery will be: 

𝑉 =
𝑉0
2
(1 + √1 − 4 𝑅 𝑃/𝑉0

2)  (168) 

In which P is the delivered power. In theory, the maximum available power is equal to 

𝑉0
2/4𝑅, the current 𝐼 is equal to 𝑉0/2𝑅 and the voltage 𝑉 is equal to 𝑉0 2⁄  (in this 

circumstance, the power loss equals 𝑃, and applying a lower voltage would not have benefits, 

as the power losses would exceed the yield). In practice, the maximum power is subject to a 

tighter constraint, as the battery has current limits.  

For given delivered power and SOC, it is possible to predict the current, and therefore the 

discharge rate of the battery. Vice versa, parasitic reactions occur when charging the battery 

and a corrective factor 𝜂𝐶   (Coulombic efficiency) for the charging current has to be taken 

into account: 
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𝑄̇ = −𝜂𝐶  𝐼 (169) 

More complex models, addressing fatigue, self-discharge, aging, temperature etc., are 

profusely available in literature.  

Super capacitors fulfill the same duties of batteries, but differ in terms of specific power and 

energy, which makes them suitable for intense brief operations. Eq. (168) may still apply, 

but the open circuit voltage depends on the charge 𝑄 and capacity 𝐶 of the super capacitor.  

𝑉0 =
𝑄

𝐶
 (170) 
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16. Design applications 

16.1. Shunt electric PS-CVT 

Our goal is to design a PS-CVT able to mimic the behavior of a full electric vehicle in terms 

of output torque.  

In our example [123] , the available internal combustion engine delivers its maximum torque 

of 170 N m at 2500 rpm and its maximum power of 80 kW at 5500 rpm. In order to facilitate 

the reproducibility of the results, the previous data is used to interpolate its WOT torque 

function by mean of a third grade polynomial (see Fig. 52); nonetheless, experimental data 

can be used as well. The engine operative speed range is between 800 rpm and 5800 rpm.  

 

 

Fig. 52 Left figure: WOT torque and power (dashed green line) for the available I.C.E. Right figure: 

desired torque and power (dashed black line) at wheels. 

 

The vehicle must be able to deliver its maximum torque until it reaches the speed of about 

100 km/h (1300 N m in the speed range between 0 and 100 𝑘𝑚/ℎ), and then it must provide 

at least the same amount of output power until it reaches the maximum speed of 200 km/h 

(120 kW between 100 and 200 𝑘𝑚/ℎ, See Fig. 52). 

These performances require the assistance of the electric motors, so the charge condition of 

the batteries is assumed to be adequate. In particular, the engine alone can deliver up to 80 

kW, so it is not able to provide enough power starting from 67 km/h (see Fig. 52). The 
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electric motors can deliver their (maximum) constant torque up to their base speed of 3500 

rpm, and then their (maximum) constant power up to 10000 rpm. As usual for PS-CVTs, 

they will be used also to perform full electric operations, regenerative breaking, cranking of 

the engine and general speed control.   

The main optimization objective is to minimize the size of the electric motors and, 

consequently, of the related power electronics. Since the vehicle will be equipped with a 

couple of electric motors/generators (MGs), it is appropriate to provide at least for a full 

electric vehicle (FEV) functioning within urban areas. Accordingly, alternative functioning 

modes for low speeds will be addressed in this paper. 

 

16.1.1.  Optimization of the functional parameters 

The optimization, which changes the mechanical points and the local torque ratio Θ until the 

least maximum electrical power is obtained, converged to an output-split solution, as for a 

wheel radius  𝑅 = 0.3 𝑚, the optimal mechanical points are 𝜏#𝑖 → ∞ and 𝜏#𝑜 = 0.218. For 

most of the vehicle’s speed range, the overall torque ratio Θ follows the condition (150) that 

makes equal the power supplied by the MGs. 

The engine is always operated at WOT, and each MG must deliver about 34.3 kW. 

Interestingly, the speed ratio and the torque ratio are almost constant (𝜏 = 0.305, Θ =

 −7.72) for speeds up to 100 𝑘𝑚/ℎ, then 𝜏 changes very slowly until the engine reaches its 

top speed (at about 172 𝑘𝑚/ℎ), beyond which Eq. (150) cannot be fulfilled anymore. As a 

result, 𝑃𝑖 and 𝑃𝑜 diverge, and the latter takes again its peak value at the top speed of the 

vehicle, for 𝜏 =
25

3𝜋
 
𝑉𝑚𝑎𝑥

𝑛𝑚𝑎𝑥 𝑅
= 0.305  and Θ =

𝑃𝑜𝑢𝑡 (𝑉𝑚𝑎𝑥)

𝜏 𝑃𝑖𝑛 (𝑛𝑚𝑎𝑥)
= −4.96 (see Fig. 53).  
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Fig. 53 Left figure: Optimal overall speed and torque (dashed line) ratios for the PS-CVT. Right 

figure: powers supplied by motors (blue for 𝐏𝐢, dash-dot red for 𝐏𝐨) and engine (dashed green). 

 

Basically, the optimization makes equal and minimize the peak electrical power for the 

critical conditions, which are the base speed of 100 𝑘𝑚/ℎ (the vehicle must provide both 

the maximum torque and power) and the top speed (𝑃𝑜 reaches its peak again). 

Unfortunately, the downsizing of the engine forces the control strategy to resort to Eq. (150) 

instead of Eq. (148) between mechanical points, while the engine’s speed limits cause the 

divergence between electrical powers for speed lower than 27 𝑘𝑚/ℎ and higher than 

172 𝑘𝑚/ℎ. Accordingly, 𝑃𝑖 and 𝑃𝑜 overlap only between 27 km/h and 172 km/h. 

It is worth noting that between 100 and 200 𝑘𝑚/ℎ the electric motors could deliver more 

power than necessary, so in this speed range the real performances can exceed the design 

requirements. 

 

16.1.2.  Synchronous ratio 

Both the MGs have to be faster than their base speed at 100 km/h (first power peak), and 

slower than their maximum speed in the whole operation range. At 100 km/h, the engine is 

rotating at about 2900 𝑟𝑝𝑚 (see Fig. 54). In particular, assuming that the base speed of both 

the MGs is higher (3500 𝑟𝑝𝑚) and choosing 𝜏∗ = 0.305 (see Fig. 53) as the synchronous 

ratio, an additional gear stage 𝑘𝑖𝑛 = 0.82 linking the engine to the input shaft is required in 

order to make the MGs reach their base speed at 100 𝑘𝑚/ℎ; accordingly, the final drive ratio 
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is 𝑘𝑜𝑢𝑡 = 𝜏∗ 𝑘𝑖𝑛 = 0.25, and since the additional multiplication gear stages are on main 

shafts,  the relative CVU speed ratios are (𝜏#𝑖 → ∞ and 𝜏#𝑜 = 0.218): 

𝜏𝑖#𝑜 =
1

𝑘𝑖𝑛
 
𝜏#𝑜 − 𝜏#𝑖
𝜏∗ − 𝜏#𝑖

= 1.22 
(171) 

𝜏𝑜#𝑖 =
1

𝑘𝑖𝑛
 
𝜏#𝑖 − 𝜏#𝑜
𝜏∗ − 𝜏#𝑜

= 14.0 ∙ ∞ 
(172) 

The functioning of the PS-CVT is now totally defined and absolute torques and speeds (see 

Fig. 54) can be calculated thanks to the relationships of section 1.1. 

 

 

Fig. 54 Overall speeds (left figure) and torques (right figure) for the PS-CVT operating with the overall 

torque and speed ratios of Fig. 53 (blue for 𝐌𝐆𝐢, dash-dot red for 𝐌𝐆𝐨, dashed green for the ICE) 

 

The speed of 2900 𝑟𝑝𝑚 would be the upper limit for the base speed of the MGs in order to 

avoid the additional multiplication gear stage 𝑘𝑖𝑛. In theory, eliminating 𝑘𝑖𝑛 would be 

beneficial for overall efficiency, encumbrances and costs. Yet, since the base speed of the 

available MGs is higher (3500 𝑟𝑝𝑚), in this circumstance significantly bigger machines 

would be necessary, because the electric motors would be supposed to deliver more torque 

than about 95 N m between zero and 100 km/h. In particular, they should be able to deliver 

about 43 kW each, thus being oversized in respect of the required maximum power, which 

is inferior to 35 kW. 
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16.1.3.  Functional Layout 

The PS-CVT layout can be identified thanks to the design chart [20]. The characteristic curve 

that offers constructive ratios within -1/3 and -2/3 for synchronous ratios around 0.3 is 𝜙𝑖𝑛/𝑜
𝑜𝑢𝑡  

(see Fig. 55), and its value, calculated for 𝜏∗ = 0.305 (𝜏#𝑜𝑢𝑡 =  0 and 𝜏#𝑖𝑛 = ∞ by 

definition) is: 

𝜓𝑅/𝑆
𝐶 = −

𝑧𝑆
𝑧𝑅
= 𝜙𝑖𝑛/𝑜

𝑜𝑢𝑡 (𝜏∗) =
𝜏∗ − 𝜏#𝑜
𝜏∗ − 𝜏#𝑖𝑛

 
𝜏#𝑜𝑢𝑡 − 𝜏#𝑖𝑛
𝜏#𝑜𝑢𝑡 − 𝜏#𝑜

= −0.4 
(173) 

 

𝜓𝑅/𝑆
𝐶  is known as the Willis’ ratio of the planetary gear train. According to the position of 

the indexes, the engine is linked to the ring gear (and 𝑀𝐺𝑖) by mean of the fixed-ratio 𝑘𝑖𝑛, 

while 𝑀𝐺𝑜 is linked to the sun gear; the output shaft links the wheels to the planet-carrier by 

mean of the final drive 𝑘𝑜𝑢𝑡  (see Fig. 55).  

 

 

Fig. 55 Design chart for 𝛕#𝐢 = −∞ and 𝛕#𝐨 = 𝟎. 𝟐𝟏𝟖 and functional PS-CVT layout for 𝛕∗ = 𝟎. 𝟑𝟎𝟓 

and 𝛙 = −𝐳𝐒 𝐳𝐑⁄ = −𝟎. 𝟒, 𝐤𝐢𝐧 = 𝛚𝐢𝐧 𝛚𝐑⁄ = 𝟎. 𝟖𝟐, 𝐤𝐨𝐮𝐭 = 𝛚𝐨𝐮𝐭 𝛚𝐂⁄ = 𝟎. 𝟐𝟓. 

 

In the functional layout depicted in Fig. 55, the square represent a PG, while R,C,S denote 

the shafts linking respectively its ring, carrier and sun gear. Rhombi represent fixed gear 

ratios, and circles electric machines. 
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16.1.4.  FEV modes 

 

The electric machines have a maximum torque of 95.5 𝑁 𝑚 each and a combined power of 

70 𝑘𝑊, which should be enough to guarantee the required torque of 1300 𝑁 𝑚 (see Fig. 52) 

up to 58 𝑘𝑚/ℎ, i.e. within urban areas. 

A full electric mode E1 can be achieved by disengaging the engine from the input shaft by 

mean of a clutch 1 (see Fig 5 and Fig. 57), albeit such mode is not able to comply with the 

maximum torque requirements, as 𝑀𝐺𝑜 cannot deliver its maximum torque. The reason is 

that the latter is proportional to the torque applied to the input shaft, which is now operated 

by 𝑀𝐺𝑖 alone, without the contribution of the engine. As a result, the E1 mode is able to 

deliver just 535 𝑁 𝑚 until the overall output power reaches 70 𝑘𝑊 at about 140 𝑘𝑚/ℎ. This 

condition takes place when 𝑀𝐺𝑖 is running at its base speed of 3500 𝑟𝑝𝑚 and 𝑀𝐺𝑜 spins at 

8750 𝑟𝑝𝑚. On the bright side, E1 permits to regulate the speed of the electric machines, 

letting them work towards the best average efficiency. It is possible to start the engine at any 

moment provided that the speed of 𝑀𝐺𝑖 is higher than the idling speed of the former. A 

synchronous cranking of the engine can be accomplished if 𝑀𝐺𝑖 has been kept still, which 

limits the concurrent maximum vehicle’s speed to about 80 𝑘𝑚/ℎ. 

In conclusion, mode E1 cannot accomplish the high performances specified in Fig. 52. Such 

performances might be achieved without sophisticating the design concept by changing the 

final drive ratio to a steep 𝑘𝑜𝑢𝑡 = 0.103 (and thus it would be also 𝑘𝑖𝑛 = 0.338), but this 

would require MGs able to spin at over 17000 𝑟𝑝𝑚 in PS-CVT mode (at 200 𝑘𝑚/ℎ) and 

possibly one additional reduction stage in order to realize 𝑘𝑜𝑢𝑡 itself. Accordingly, the 

constructive parameters will stay unaltered and the full electric mode E1 will be restricted 

to general part-load operations, which constitute the most part of common driving cycles. It 

is worth noting that the proposed sign of kin and kout is not binding, as what matters for the 

motors are their absolute speeds, so either can be changed for constructive reasons. 

A different solution E2 requires to block the input shaft altogether by mean of a brake 2 (see 

Fig. 57), so that  𝑀𝐺𝑜 could deliver its maximum torque. In this condition the speed of 𝑀𝐺𝑜 

is 14 times the speed of the wheels, and thus the output torque can be even slightly higher 
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than required (1340 𝑁 𝑚). Obviously, this result is limited to a narrow speed range across 

the neutral gear (within 29 𝑘𝑚/ℎ), and 𝑀𝐺𝑜 is going to over-speed at about 80 𝑘𝑚/ℎ. Yet, 

starting from 70 𝑘𝑚/ℎ the mode E1 offers better performances, so a switch is supposed to 

take place concurrently. Such switch is necessary also in order to crank the engine, which 

means that, before performing it, adapting the output torque to the E1 levels is necessary.  

Such operation may be perceived as particularly uncomfortable, as the torque jump can be 

consistent especially at low speeds.  

Definitively, E2 can provide the necessary torque for uphill driving, but cannot guarantee 

acceleration performances comparable to the output-split mode. On the other hand, the 

output-split is capable of delivering slightly more than the prevented 1300 𝑁 𝑚 in the 0 −

100 𝑘𝑚/ℎ range, and up to 150 𝑘𝑊 at about 175 𝑘𝑚/ℎ. 

 

 

Fig. 56 Modified functional scheme for the PS-CVT with 𝛕#𝐢 = −∞ and 𝛕#𝐨 = 𝟎. 𝟐𝟏𝟖, 𝛕∗ = 𝟎. 𝟑𝟎𝟓,  

𝛕𝐢#𝐨 = 𝟏. 𝟐𝟐 and 𝛕𝐨#𝐢 = 𝟏𝟒. 𝟎 ∞  with switching clutches. 

 

Fig. 57 Proposed constructive scheme for the PS-CVT with 𝐤𝐢𝐧 = 𝟎. 𝟖𝟐, 𝐤𝐨𝐮𝐭 = 𝟎. 𝟐𝟓, 𝛙 = −𝟎. 𝟒. 

 

In Fig. 57 the engine (𝑖𝑛 =  𝐼𝐶𝐸) is linked to the electric motor 𝑀𝐺𝑖   (𝑖 =  𝑀𝐺𝑖) by mean 

of the clutch 1 (green-blue) and the gearbox 𝑘𝑖𝑛. The planet carrier (purple) of the PG is 

linked to the wheels (𝑜𝑢𝑡 =  𝑤ℎ𝑒𝑒𝑙𝑠) by mean of the final drive 𝑘𝑜𝑢𝑡. 𝑀𝐺𝑖 spins with the 
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ring gear (blue) of PG, while 𝑀𝐺𝑜 spins with the sun gear (red). If the clutch 2 (blue-black) 

is engaged, the FEV mode E2 occurs. 

  



 

Chapter 16 Design applications 

 

 

Pag. 155 

 

 

 



 

 

 

Pag. 156 

 

 

CONCLUSIONS 

In this manuscript, an innovative approach to the analysis and design of Power-Split 

Continuously variable transmissions has been proposed. The main ambition of this work is 

to offer general knowledge to the transmission engineer, mostly in terms of performances 

and functional requirements of multimode PS-CVTs, and by mean of a simple parametric 

description of the driveline.  

Indeed, previous attempts to address the problem often indulge in a particularistic approach, 

which does not allow the reader to grasp the real influence of the design choices on the 

behavior of the driveline, frequently as a result of the mutual interference of the constructive 

parameters and of the layout of the transmission on the final performances of the PS-CVT 

itself. Furthermore, significant research efforts have been spent on the formulation of 

systematic approaches to the generation of the constructive designs, which have the main 

drawback to require tiresome and time-consuming screenings within the domain of the 

obtained solutions. 

On the other hand, the method described in this manuscript invert the traditional design 

process, allowing the designer to pursue optimal performances even before that a concept of 

the driveline itself has been conceived. Furthermore, the method is intended to be as modular 

as possible, which means that the study of the transmission can be performed gradually and 

on several levels of detail; as a result, the design choices are progressive and can be adapted 

to address different aspects of the driveline, limiting their mutual interference.  

The first chapter offer a general insight on the parametric description of PS-CVTs. Indeed, 

whichever it is the layout of the driveline, four kinematic parameters, i.e. the mechanical 

points and the related speed ratios of the shafts linked to the variator drive, govern the 

functioning of the prime mover and of the variator drive in relation to the load. Since these 

devices represent the most expensive parts of the PS-CVT, their optimization is a priority in 

respect of the planetary transmission itself, and can be performed independently in the 

preliminary stages of the design process. 

The following three chapters focus on the description of the planetary transmission. In 

particular, the planetary driveline is conceived as a combination of fundamental structures, 
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called three-port mechanisms. The generic three-port mechanism is characterized by a 

particular set of relationships, called characteristic functions, which can be described in 

terms of the aforementioned functional parameters as well. Such functions represent both a 

design and an analysis tool, as they primarily represent a power ratio, but also link the 

planetary gear train with its synchronous conditions, which represent an important design 

parameter; indeed, working across the synchronism is a fundamental circumstance for the 

functioning of a planetary gear train, as it as a major impact on its efficiency. The most 

common planetary driveline solutions adopted in PS-CVTs are described in detail, and a 

systematic method for the generation of drivelines with a higher order of complexity is 

provided. The main advantage is that the method is conceived starting from the general 

kinematic properties of PS-CVTs, which means that the former provides only physically 

consistent solutions, thus avoiding degenerate structures. A general method in order to 

calculate the functional parameters of known driveline is provided as well. Such method is 

useful because it allows the engineer to analyze the system by mean of general relationships, 

which means that the comparison between different solutions is easier and the 

implementation of the model is much more straightforward.  Furthermore, such method will 

be necessary in order to verify newly designed drivelines, as it is often not possible to obtain 

exactly the desired functional parameters because of the inherently discrete nature gear 

ratios. 

The next three chapters focus on the power flow analysis within the planetary transmission. 

Indeed, for given functional parameters, the power flowing through the main ports of the 

driveline are independent from the layout. However, the internal power flows are not, and 

significant power recirculation phenomena can occur, thus hindering the performances of 

the PS-CVT as a whole in terms of both efficiency and dimensioning. Firstly, a simple 

method for the calculation of the power flows in absence of mechanical losses is described. 

This is important because it allows the designer to have awareness about the magnitude of 

the power flows and their directions, and it is a particularly intuitive task tanks to the use of 

the aforementioned characteristic functions. Later, a model for the calculation of the 

mechanical losses is proposed, it being formulated to be perfectly analogous to the method 

used to assess the ideal power flow distribution. However, since the planetary driveline is 

subject to many power flow inversions, the rigorous mathematical description of the 

driveline is subject to numerous discontinuities, which makes the application of the exact 
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method cumbersome. For this reason, a brief approximated method is proposed as well. 

Independently from the method used to assess the mechanical losses, a general relationship 

between losses and real power flowing through the variator drive is proposed. Assessing 

with precision these quantities is important not only in terms of optimization, but also for 

control purposes, because in electric PS-CVTs the variator drive is supposed to compensate 

the mechanical losses in order to provide the required output torque. 

In the following chapter, a different approach to the problem is proposed. The key concept 

is to alter the kinematic relationships between the main ports by mean of fictitious 

constructive parameters, which are modified by their loss factors. This approach has the 

disadvantage of being mostly implicit, which means that a clear understanding of the 

influence of the each functional parameters and of the impact of each device on the global 

yield of the PS-CVT is lost. Furthermore, it is an iterative approach, although this 

computational effort can be greatly reduced by mean of the identification of the transition 

zones of the efficiency parameters of the driveline. On the other hand, it partly maintains the 

generality of the parametric approach and its implementation is particularly straightforward, 

which means that it is particularly suitable for numerical applications.  

The inertial effects of the PS-CVT are addressed by mean of equivalent input and output 

torques, which will modify the torque applied to the variator drive accordingly to the 

relationships already used above. In particular, this approach can be successfully pursued 

thanks to the implicit iterative approach, as it makes superfluous to study the altered internal 

power flow distribution. Indeed, possible effects on the loss factors (due to power flow 

inversions) are automatically addressed by the automatic approach, because each loss factor 

is established on the basis on the simple rule that it must determine an increase of the global 

power loss. 

A general design procedure is described. The design model makes use of the characteristic 

functions as the constraints for the constructive ratios of the planetary gear sets. All the 

solutions obtained with this procedure satisfy the functional requirement, which means that 

the operative conditions of the engine and variator drive will be close to optimal whichever 

it is the adopted layout. The procedure is detailed for the most common designs and 

generalize, thus being applicable to potentially any PS-CVT. Furthermore, it is worth noting 

that the same procedure can be easily adapted to address discrete planetary transmissions, as 
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in most cases the nodal ratios coincide, in fact, with the fixed ratios achieved by such 

transmissions. The design of multimode PS-CVTs is later address by investigating the effects 

that the most common switch strategies determine on the functional parameters. In 

particular, both a graphic and an analytical approach is proposed. Some switch strategies 

permit a more general formulation of the problem, while other require a more specific insight 

within the layout of the transmission, but still maintain a certain degree of generality. 

Simple functional and constructive guidelines for the design of planetary transmissions are 

proposed. In particular, noteworthy results about the control of the torque ratio and the 

choice of the constructive ratio range within to select the planetary gear trains have been 

obtained. These simple rules permit to enhance the performances of the driveline with no 

impact on its functionality.  

Eventually, simple models for the descriptions of the power sources of the PS-CVT are 

described. These models are supposed to permit to assess the operative conditions of the 

engine and of the electric motors so that the optimization of the functional parameters could 

take also them into account.  
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SYMBOLS 

 

All Chapters 

Symbol Description Unit 

PS-CVT Power-Split Continuously Variable Transmission  

PSU Power-Split Unit  

CVU Continuously Variable Unit  

TPM Three-port Mechanism  

PG Planetary Gear Set  

OG Ordinary Gear Set  

IJ Isokinetic Joint (node)  

𝑖 Conventional input of the CVU  

𝑜 Conventional output of the CVU  

𝑖𝑛 input of the PS-CVT  

𝑜𝑢𝑡 input of the PS-CVT  

 

 

Chapter 1 

Symbol Description Unit 

𝜔𝑖 Angular speed of the shaft 𝑖 rad/s 

𝜔𝑜 Angular speed of the shaft 𝑜 rad/s 

𝜔𝑖𝑛 Angular speed of the shaft 𝑖𝑛 rad/s 

𝜔𝑜𝑢𝑡 Angular speed of the shaft 𝑜𝑢𝑡 rad/s 

𝜏𝑖 Transmission ratio of the shaft 𝑖  

𝜏𝑜 Transmission ratio of the shaft 𝑜  

𝜏 Overall transmission ratio  

𝜏𝑣 Transmission ratio of the CVU  
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𝜏#𝑖 𝜏 when 𝜔𝑖 = 0  

𝜏#𝑜 𝜏 when 𝜔𝑜 = 0  

𝜏𝑜#𝑖 𝜏𝑜 when 𝜔𝑖 = 0  

𝜏𝑖#𝑜 𝜏𝑖 when 𝜔𝑜 = 0  

𝜏𝑣# Asymptotic transmission ratio of the CVU  

𝑇𝑖 Torque applied to the shaft 𝑖 (ideal) N m 

𝑇𝑜 Torque applied to the shaft 𝑜 (ideal) N m 

𝑇𝑖𝑛 Torque applied to the shaft 𝑖𝑛 (ideal) N m 

𝑇𝑜𝑢𝑡 Torque applied to the shaft 𝑜𝑢𝑡 (ideal) N m 

𝜃𝑖 Torque ratio at the shaft 𝑖 (ideal)  

𝜃𝑜 Torque ratio at the shaft 𝑜 (ideal)  

Θ Overall torque ratio (ideal)  

𝑃𝑖 Power flowing through the shaft 𝑖 (ideal) kW 

𝑃𝑜 Power flowing through the shaft 𝑜 (ideal) kW 

𝑃𝑖𝑛 Power flowing through the shaft 𝑖𝑛 (ideal) kW 

𝑃𝑜𝑢𝑡 Power flowing through the shaft 𝑜𝑢𝑡 (ideal) kW 

𝑝𝑖 Relative power flowing through the shaft 𝑖 (ideal)  

𝑝𝑜 Relative power flowing through the shaft 𝑜 (ideal)  

𝜂𝑣 Apparent efficiency of the CVU  

𝜂 Apparent efficiency of the PS-CVT  

𝜏𝑏 Base overall speed ratio  

𝑝𝑖𝑏 𝑝𝑖 calculated in 𝜏𝑏  

𝑝𝑜𝑏 𝑝𝑜 calculated in 𝜏𝑏  

𝑝𝑖
′ Ratio between 𝑝𝑖 and 𝑝𝑖𝑏  

𝑝𝑜
′  Ratio between 𝜏𝑜 and 𝜏𝑜𝑏  

𝜏𝑖𝑏 𝜏𝑖 calculated in 𝜏𝑏  

𝜏𝑜𝑏 𝜏𝑜 calculated in 𝜏𝑏  

𝜏𝑖
′ Ratio between 𝜏𝑖 and 𝜏𝑖𝑏  

𝜏𝑜
′  Ratio between 𝜏𝑜 and 𝜏𝑜𝑏  

𝜏′ Ratio between 𝜏 and 𝜏𝑏  
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Chapter 2 

Symbol Description Unit 

𝜓 Constructive ratio of the PG of the TPM  

𝑘𝑗 Constructive ratio of the OG on the j-th shaft of the TPM  

x Generic x-th shaft of the TPM  

y Generic y-th shaft of the TPM  

z Generic z-th shaft of the TPM  

X Generic X-th shaft of the PG  

Y Generic Y-th shaft of the PG  

Z Generic Z-th shaft of the PG  

𝜙𝑥/𝑦
𝑧  Generic characteristic function of the TPM  

𝜏𝑥 Transmission ratio of the shaft 𝑥  

𝜏𝑦 Transmission ratio of the shaft 𝑦  

𝜏𝑧 Transmission ratio of the shaft 𝑧  

𝜏#𝑥 𝜏 when 𝜔𝑥 = 0  

𝜏#𝑦 𝜏 when 𝜔𝑦 = 0  

𝜏#𝑧 𝜏 when 𝜔𝑧 = 0  

𝜏#𝑖𝑛 𝜏 when 𝜔𝑖𝑛 = 0, always equal to ∞  

𝜏#𝑜𝑢𝑡 𝜏 when 𝜔𝑜𝑢𝑡 = 0, always equal to 0  

𝐶𝑖𝑛 TPM linked to 𝑖, 𝑜, 𝑖𝑛  

𝐶𝑜𝑢𝑡 TPM linked to 𝑖, 𝑜, 𝑜𝑢𝑡  

𝐷𝑖 TPM linked to 𝑖, 𝑜𝑢𝑡, 𝑖𝑛  

𝐷𝑜 TPM linked to 𝑜, 𝑜𝑢𝑡, 𝑖𝑛  

𝜑 Generic symbol for the basic characteristic function  

𝑃𝑥 Power flowing through the shaft 𝑥 of the TPM (ideal) kW 

𝑃𝑦 Power flowing through the shaft 𝑦 of the TPM (ideal) kW 

𝑃𝑧 Power flowing through the shaft 𝑧 of the TPM (ideal) kW 

𝑇𝑥 Torque applied to the shaft 𝑥 of the TPM (ideal) N m 

𝑇𝑦 Torque applied to the shaft 𝑦 of the TPM (ideal) N m 

𝑇𝑧 Torque applied to the shaft 𝑧 of the TPM (ideal) N m 
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𝜏∗ 𝜏 when the PG is synchronous   

C Planet carrier of the PG  

R Ring gear of the PG  

S Sun gear of the PG  

𝜙𝑅/𝑆
𝐶  Characteristic function of the constructive ratio of the PG  

 

 

Chapter 3 - 4 - 5 

Symbol Description Unit 

𝑘𝑜𝑢𝑡 OG on the output shaft of the Input Split shunt   

𝑘𝑖𝑛 OG on the input shaft of the Output Split shunt  

𝑛 Dummy index for the generic node  

𝑗 Dummy index for the generic j-th shaft of the TPM  

𝐽 Dummy index for the generic j-th shaft of the  PG  

𝜏𝑛 Transmission ratio of the node 𝑛  

𝜏#𝑛 𝜏 when 𝜔𝑛 = 0  

𝜏𝑗#𝑛 𝜏𝑗   when 𝜔𝑛 = 0  

𝜓𝑌/𝑋
𝑍  Transmission ratio of the shaft 𝑜  

[𝑌#𝑖] Matrix of coefficients for  𝜔𝑖 = 0  

[𝑌#𝑜] Matrix of coefficients for  𝜔𝑜 = 0  

{𝑏} Vector of coefficients  

𝑃𝑛|𝑗 Power flowing through the shaft of the j-th TPM linked to 𝑛  

 

 

Chapter 6 - 7 

Symbol Description Unit 

𝑃̅𝑋 Power flowing through the shaft 𝑋 of the PG (real) kW 

𝑃̅𝑌 Power flowing through the shaft 𝑌 of the PG (real) kW 
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𝑃̅𝑍 Power flowing through the shaft 𝑍 of the PG (real) kW 

𝑃̅𝐿 Overall mechanical loss in the PSU kW 

𝑇̅𝑋 Torque applied to the shaft 𝑋 of the PG (real) N m 

𝑇̅𝑌 Torque applied to the shaft 𝑌 of the PG (real) N m 

𝑇̅𝑍 Torque applied to the shaft 𝑍 of the PG (real) N m 

𝜂𝑌/𝑋
𝑍  efficiency between Y and X of the PG when Z is blocked  

𝜂𝑍/𝑋
𝑌  efficiency between Z and X of the PG when Y is blocked  

𝜂𝑌/𝑍
𝑋  efficiency between Y and Z of the PG when X is blocked  

𝜂0 Basic efficiency of the PG  

 𝑃̅𝐿|𝑃𝐺 mechanical loss in the PG kW 

𝑃̅𝐿|𝑂𝐺 mechanical loss in the OG kW 

𝜂𝑋/𝑥 efficiency of the OG linking X and x  

𝜂𝑌 𝑦⁄  efficiency of the OG linking Y and y  

𝜂𝑦 𝑥⁄
𝑧  efficiency between Y and X of the TPM when Z is blocked  

𝑃̅𝑛|𝑗 Real power flowing through the shaft of the j-th TPM linked to n  kW 

𝑃̅𝑖 Power flowing through the shaft 𝑖 (real) kW 

𝑃̅𝑜 Power flowing through the shaft 𝑜 (real) kW 

𝑃̅𝑖𝑛 Power flowing through the shaft 𝑖𝑛 (real) kW 

𝑃̅𝑜𝑢𝑡 Power flowing through the shaft 𝑜𝑢𝑡 (real) kW 

𝑝̅𝐿 Relative overall mechanical loss in the PSU  

𝑝̅𝐿|𝑃𝐺 Relative mechanical loss in the PG  

𝑝̅𝐿|𝑂𝐺 Relative mechanical loss in the OG  

𝑝̅𝑖 Relative power flowing through the shaft 𝑖 (real)  

𝑝̅𝑜 Relative power flowing through the shaft 𝑜 (real)  

𝜃̅𝑖 Relative torque applied to the shaft 𝑖 (real)  

𝜃̅𝑜 Relative torque applied to the shaft 𝑜 (real)  

𝜏̂ Unit vector in the direction of 𝜏  

𝜂̂ Unit vector in the direction of 𝜂  

∇𝑝̅𝐿 Gradient of 𝑝̅𝐿  
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Chapter 8 

Symbol Description Unit 

[𝛺] Kinematic matrix  

[𝛵] Torque matrix  

[Τ̃] Real torque matrix  

𝜂𝑗
𝑐𝑗

 Efficiency parameter of the j-th device  

𝑘̃𝑗 Fictitious constructive parameter of the j-th device  

𝑇̅𝑜𝑢𝑡 Torque applied to the shaft 𝑜𝑢𝑡 (real) N m 

𝑇̅𝑖𝑛 Torque applied to the shaft 𝑖𝑛 (real) N m 

𝑇̅𝑖 Torque applied to the shaft 𝑖 (real) N m 

𝑇̅𝑜 Torque applied to the shaft 𝑜 (real) N m 

Ω̃ Fictitious kinematic matrix  

𝜏̃𝑖#𝑜 Fictitious 𝜏𝑖 when 𝜔𝑜 = 0 (altered by efficiencies)  

𝜏̃#𝑜 Fictitious 𝜏 when 𝜔𝑜 = 0 (altered by efficiencies)  

𝜏̃#𝑖 Fictitious 𝜏 when 𝜔𝑖 = 0 (altered by efficiencies)  

𝜏̃𝑜#𝑖 Fictitious 𝜏𝑜 when 𝜔𝑖 = 0 (altered by efficiencies)  

{ }′ 𝑜𝑟 [ ]′ Transpose  

[ ]−1 Inverse  

[𝐼] Identity matrix  

𝑐𝑗 Efficiency coefficient (±1)  

𝛺̃𝑗 Fictitious kinematic matrix at the j-th iteration  

𝑃̅𝐿𝑗 Overall mechanical loss at the j-th iteration  

𝑁 Number of iterations  

Ω̃𝑗 Fictitious kinematic matrix for  𝑐𝑗 = 0  

[Λ𝑗] Boundary matrix for the j-th device  

Θ𝑗 Torque ratio boundary for the j-th device  

𝜏𝑗 Speed ratio boundary for the j-th device  

λ𝑗(m,n) Element of Λ𝑗 in the row m column n  

𝜃̅𝑥|𝑇𝑃𝑀 Real relative torque applied to the shaft 𝑥 of the TPM  

𝑝̅𝑥|𝑇𝑃𝑀 Real relative power applied to the shaft 𝑥 of the TPM  
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Chapter 9 - 10 

Symbol Description Unit 

𝜔̇𝑖 Angular acceleration of the shaft 𝑖 rad/ s2 

𝜔̇𝑜 Angular acceleration of the shaft 𝑜 rad/s2 

𝜔̇𝑖𝑛 Angular acceleration of the shaft 𝑖𝑛 rad/ s2 

𝜔̇𝑜𝑢𝑡 Angular acceleration of the shaft 𝑜𝑢𝑡 rad/ s2 

𝜏̇ Speed ratio time derivative 1/ s 

Δ𝑇𝑖 Toque variation on the shaft 𝑖 N m 

Δ𝑇𝑜 Toque variation on the shaft 𝑜 N m 

Δ𝑇𝑖𝑛 Toque variation on the shaft 𝑖𝑛 N m 

Δ𝑇𝑜𝑢𝑡 Toque variation on the shaft 𝑜𝑢𝑡 N m 

𝐼𝑖 Inertia on the shaft 𝑖 Kg m2 

𝐼𝑜 Inertia on the shaft 𝑜 Kg m2 

𝐼𝑖𝑛 Inertia on the shaft 𝑖𝑛 Kg m2 

𝐼𝑜𝑢𝑡 Inertia on the shaft 𝑜𝑢𝑡 Kg m2 

𝐼𝑗
𝑒𝑞

 Equivalent inertia on the generic shaft 𝑗 Kg m2 

𝐼𝑗|𝑇𝑃𝑀 inertia of the shaft of the PG linked to 𝑗 Kg m2 

𝑘𝑗|𝑇𝑃𝑀 Fixed ratio on the shaft 𝑗 of the TPM  

Δ𝑇𝑛 Toque variation on the generic neutral node 𝑛 N m 

𝑇̂𝑖𝑛 Equivalent input torque due to inertias N m 

𝑇̂𝑜𝑢𝑡 Equivalent output torque due to inertias N m 

𝜏𝑗#𝑙 𝜏𝑗 when 𝜔𝑙 = 0, with 𝑙 ≠ 𝑗  

𝜏#𝑙 𝜏 when 𝜔𝑙 = 0, with 𝑙 ≠ 𝑗  

𝑃𝐼 Kinetic power of the PS-CVT kW 

𝜏̃𝑗#𝑙 Fictitious 𝜏𝑗 when 𝜔𝑙 = 0 (altered by efficiencies)  

𝜏̃#𝑙 Fictitious 𝜏 when 𝜔𝑙 = 0 (altered by efficiencies)  

𝜏̃#𝑗 Fictitious 𝜏 when 𝜔𝑗 = 0 (altered by efficiencies)  
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Chapter 11 

Symbol Description Unit 

m vehicle mass kg 

meq equivalent vehicle mass kg 

V vehicle speed m/s 

VW wind speed m/s 

Vr Relative speed V − VW m/s 

Vα uphill speed m/s 

V𝑚𝑎𝑥 top speed m/s 

V0 acceleration’s reference speed m/s 

V̇ vehicle acceleration m/s2 

𝐴 vehicle frontal area m2 

𝑐𝑥 aerodynamic factor  

𝑓𝑅 rolling resistance factor  

𝜌 air density kg⁄m3  

𝑔 earth acceleration m/s2 

𝛼 slope angle rad 

𝑓0 acceleration factor  

𝑡0 acceleration’s reference time s 

SOC State of charge  

WOT wide open throttle  

ECMS Equivalent Consumption Minimization Strategy  

 

 

Chapter 12-13 

Symbol Description Unit 

𝜔𝑅 Angular speed of the ring gear rad/s 

𝜔𝑆 Angular speed of the sun gear rad/s 

𝜔𝐶 Angular speed of the planet carrier rad/s 
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𝜓𝑅 𝑆⁄
𝐶  Constructive ratio  

𝜔𝑥|𝜏∗ Speed of 𝑥 of the TPM when the PG is synchronous rad/s 

𝜔𝑦|𝜏∗
 Speed of 𝑦 of the TPM when the PG is syncronous rad/s 

𝜔𝑧|𝜏∗ Speed of 𝑧 of the when the PG is syncronous rad/s 

𝜏𝑥#𝑦 𝜏𝑥 when 𝑦 is motionless  

𝜏𝑦#𝑥 𝜏𝑦 when 𝑥 is motionless  

𝜏𝑥#𝑧 𝜏𝑥 when 𝑧 is motionless  

𝜏𝑧#𝑥 𝜏𝑧 when 𝑥 is motionless  

𝜏𝑠 𝜏 concurrent with the switch to the shunt mode  

𝑘 OG necessary for the switch  

𝜏𝑖∗ 𝜏𝑖 when the PG is synchronous  

𝜏𝑜∗ 𝜏𝑜 when the PG is synchronous  

𝑘𝑗∗ Speed ratio between j and J during synchronism  

𝑘𝑙 fixed gear ratio on the motionless shaft of the CVU   

 

 

Chapter 14 

Symbol Description Unit 

 𝜏𝑣𝑀 Maximum CVU speed ratio  

𝜏𝑣𝑚 Minimum CVU speed ratio  

 𝜏𝑣𝑜𝑝𝑡 Optimal CVU speed ratio  

𝑧1 Number of teeth of generic gear 1  

𝑧2 Number of teeth of generic gear 2  

𝑧𝑆 Number of teeth of sun gear  

𝑧𝑅 Number of teeth of ring gear  

𝑧𝑃 Number of teeth of planet gear  

𝑚 Teeth module m 

𝐷1 Gear 1 diameter m 

𝐷2 Gear 2 diameter m 
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𝑝 Pitch length  m 

𝑊 Gear width  m 

 

 

Chapter 15 

Symbol Description Unit 

ICE Internal Combustion Engine  

𝓅𝑒  mean effective pressure bar 

𝜂𝑓𝑒 thermodynamic efficiency  

𝓅𝑓 ideal fuel pressure bar 

𝓅𝑙 mechanical and pumping pressure losses bar 

𝑚𝑓 mass of fuel g 

𝐻𝑓 Lower specific heat kJ/g 

𝑆 Stroke of the cylinder m 

𝐵 Bore of the cylinder m 

𝑐𝑓 Specific consumption g/kJ 

𝑇 Engine torque N m 

WOT Wide open throttle   

𝑇𝐼 Inertial torque of the engine N m 

𝐼𝑒 Inertia of the engine Kg m2 

𝜔̇𝑒 Angular acceleration of the engine rad/s2 

𝜂𝑚 electrical efficiency of the motor  

𝑃𝑒𝑙 Electric power kW 

𝐷 Diameter of the rotor m 

𝐿 Length of the rotor m 

𝓉𝑚 mean effective tangential tension N/m2 

𝓉𝑒𝑙 mean electric tangential tension N/m2 

𝓉𝑙 loss tangential tension N/m2 

𝑐𝑒𝑙 Specific electric consumption  
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𝜔 Angular speed of the motor rad/s 

𝑄 Charge of the battery Ah 

𝑄0 Reference charge of the battery Ah 

𝐼0 Reference current of the battery A 

𝐼 current of the battery A 

𝛽 Characteristic constant of the battery  

𝑅 Internal resistance Ohm 

𝑉0 Open circuit voltage Volts 

𝑃 Delivered power kW 

𝑉 voltage Volts 

𝜂𝐶  Coulombic efficiency  

𝑄̇ Discharge rate A 

𝐶 Capacity of the battery F 

 

 

Chapter 16 

MG Motor / Generator  

FEV Full Electric Vehicle  

𝑉𝑚𝑎𝑥 Max speed of the vehicle Km/h 

𝑛𝑚𝑎𝑥 Max speed of the engine rpm 

𝑅 Rolling radius of the wheels m 

𝑃𝑜𝑢𝑡 Required power kW 

𝑀𝐺𝑖 MG linked to the port 𝑖  

𝑀𝐺𝑜 MG linked to the port 𝑜  

E1 Full electric mode 1  

E2 Full electric mode 2  
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