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1 Introduction

In this paper we study the weak solvability of the Cauchy-Dirichlet problem





∂u

∂t
=

m∑

i=1

∂

∂xi

ai(x, t, u,∇u)− c0u− f(x, t, u,∇u) in Ω× (0, +∞)

u(x, t) = 0 on ∂Ω× (0, +∞)
u(x, 0) = 0 in Ω

(1)

where Ω is an unbounded open set of IRm, c0 is a positive constant, ∇u is the gradient of unknown
function u and f is nonlinear function which has quadratic growth with respect to gradient ∇u.
We shall suppose that the following degenerate ellipticity condition is satisfied:

λ(|u|)
m∑

i=1

ai(x, t, u, p)pi ≥ ν(x)ψ(t)|p|2, (2)

where p = (p1, p2, ..., pm), |p| denotes the modul of p and ν : Ω → IR, ψ :]0, +∞[→ IR, λ :
[0, +∞[→ [1, +∞[ are functions with properties precised later on.

For bounded domains, results of this type, in non degenerate case, are established e.g. in [10]
and, using the method of sub and supersolutions, in [3], while the degenerate case have been
studied widely by Guglielmino-Nicolosi in [7]; just of this paper our note may be regarded as a
continuation and completion. In linear degenerate case, let us mention also the papers [2] and
[13].

The present paper is organized as follows. In section 2 we formulate the hypotheses, we
state our problem and the main existence theorem. Section 3 consists of preliminary assertions
which are sufficient in the proof of our main result. Finally, in section 4 we prove the existence
theorem.

2 Hypotheses and formulation of the main results

Let IRm the Euclidean m-space (m > 2) with generic point x = (x1, x2, ..., xm), Ω an open
nonempty subset of IRm. If 0 < T ≤ +∞, let us denote by Q(0, T ) the cylinder Ω×]0, T [. For
any n ∈ INwe denote

Ωn = {x ∈ Ω : |x| < n} , Qn = Ωn×]0, n[.

Hypothesis (1) Let ν(x) be a positive and measurable function defined in Ω such that:

ν(x) ∈ L1
loc(Ω) , ν−1(x) ∈ L1

loc(Ω).



The symbol H1(ν, Ω) stands for the set of all real valued functions u ∈ L2(Ω) such that
their derivatives (in the sense of distributions) are functions ∂u

∂xi
(i = 1, 2, ..., m) which have the

following property
√

ν
∂u

∂xi

∈ L2(Ω) , i = 1, 2, ..., m.

Then H1(ν, Ω) is a Hilbert space with respect to the norm

‖u||1 =




∫

Ω


|u|2 +

m∑

i=1

ν

∣∣∣∣∣
∂u

∂xi

∣∣∣∣∣
2

 dx




1
2

;

H1
0 (ν, Ω) denotes the closure of C∞

0 (Ω) in H1(ν, Ω). For details concerning the above assertion
see e.g. [12].

Remark (1) If Ω is bounded, there exists a positive number k0 such that for any u ∈ H1
0 (ν, Ω)

it is also minx∈Ω(u(x), k) ∈ H1
0 (ν, Ω) for any k ≥ k0 (see [11]).

Remark (2) If Ω is bounded, for any u ∈ H1
0 (ν, Ω)∩L∞(Ω) and for any γ > 0 it is u(x)|u(x)|γ ∈

H1
0 (ν, Ω) ∩ L∞(Ω) (see [5]).

Hypothesis (2) For any n ∈ IN there exists a real number gn > m
2

such that ν−1(x) ∈ Lgn(Ωn).

Let us observe that hypothesis (2) implies the existence of two real numbers αn, βn such that
αn ∈]2, +∞[, βn ∈]0, +∞[ and

(∫

Ωn

|u|αndx
) 1

αn ≤ βn

(∫

Ωn

|u|2 + ν |∇u|2 dx
) 1

2

for any u ∈ H1
0 (ν, Ωn).

Hypothesis (3) Let ψ(t) be a positive measurable monotone nondecreasing function defined in

]0, +∞[. There exists a real positive number g̃n such that
1

ψ
∈ Lg̃n(0, n), for any n ∈ IN.

The symbol H1,0(νψ, Q) stands for the set of all real valued functions u ∈ L2(Q) such that
their derivatives (in the sense of distributions) are functions ∂u

∂xi
(i = 1, 2, ..., m) which have the

following property √
νψ

∂u

∂xi

∈ L2(Q) , i = 1, 2, ..., m.

Then H1,0(νψ,Q) is a Hilbert space with respect to the norm

‖u‖1,0 =




∫

Q


|u|2 +

m∑

i=1

νψ

∣∣∣∣∣
∂u

∂xi

∣∣∣∣∣
2

 dxdt




1
2

.

H1,1(νψ,Q) is the subset of H1,0(νψ, Q) of all functions u such that
∂u

∂t
(in the sense of

distributions) belongs to L2(Q). We can suppose that any functions of H1,1(νψ,Q) is continuous
in [0, T ] if T < +∞, in [0, +∞[ if T = +∞.

V 1,0(νψ, Q) is the space of all functions u ∈ H1,0(νψ,Q) such that, a.e. t ∈]0, T [, u(x, t)
belongs to H1

0 (ν, Ω). V 1,1(νψ,Q) = H1,1(νψ, Q) ∩ V 1,0(νψ,Q).
If T < +∞, V 1,1

T (νψ, Q), denotes the following subset of V 1,1(νψ,Q):

V 1,1
T (νψ,Q) =

{
u ∈ V 1,1(νψ, Q) : u(x, T ) = 0 a.e. in Ω

}
.

Finally, if Ω is unbounded and T = +∞, Ṽ 1,1(νψ, Q) stands for the set of all function w ∈
V 1,1(νψ,Q) such that

support w ⊆ Hw × [0, +∞[

where Hw (depending on w) is a close subset of Ω.



Hypothesis (4) The functions f(x, t, u, p), ai(x, t, u, p) (i = 1, 2, ...,m) are Caratheodory’s
functions in Q × IR× IRm, i.e. measurable with respect to (x, t) for any (u, p) ∈ IR× IRm,
continuous with respect to (u, p) for a.e. (x, t) in Q.

Hypothesis (5) There exists a function f ?(x, t) ∈ L1(Q) such that

|f(x, t, u, p)| ≤ λ(|u|)
[
f ?(x, t) + ν(x)ψ(t)|p|2

]
(3)

holds for almost every (x, t) ∈ Q and for all real numbers u, p1, p2, ..., pm.

Hypothesis (6) There exist nonnegative real number c1 < c0 and a function f0(x, t) ∈ L1(Q)∩
L∞(Q) such that for almost every (x, t) ∈ Q and for all real numbers u, p1, p2, ..., pm the inequality

uf(x, t, u, p) + c2
1 + λ(|u|)ν(x)ψ(t)|p|2 + f0(x, t) ≥ 0 (4)

holds.

Hypothesis (7) There exists a function a?(x, t) ∈ L2(Q) such that, for almost every (x, t) ∈ Q,
we have |ai(x, t, u, p)|√

νψ
≤ λ(|u|)

[
a?(x, t) +

√
νψ|p|

]
(5)

for any real numbers u, p1, p2, ..., pm.

Hypothesis (8) The condition (2) is satisfied for almost every (x, t) ∈ Q and for all real
numbers u, p1, p2, ..., pm; the function λ : [0, +∞[→ [1, +∞[ is monotone nondecreasing.

Hypothesis (9) For almost every (x, t) ∈ Q we have

m∑

i=1

[ai(x, t, u, p)− ai(x, t, u, q)] (pi − qi) ≥ 0 (6)

for any real numbers u, p1, p2, ..., pm, q1, q2, ..., qm; the inequality holds if and only if p 6= q.

In this paper we shall study the following

Problem Find a function u ∈ V 1,0(νψ,Q) ∩ L∞(Q) such that the relation

∫ +∞

0

∫

Ω

{
m∑

i=1

ai(x, t, u,∇u)
∂w

∂xi

+ c0uw + f(x, t, u,∇u)w − u
∂w

∂t

}
dxdt = 0

holds for any w ∈ Ṽ 1,1(νψ,Q) ∩ L∞(Q).

In section 4 we will prove the following
Theorem Let Ω be unbounded and Hypotheses (1) - (9) be satisfied. Then the Problem has at
least one solution.

3 Preliminaries

The following lemmas will be usefull in the proof of Theorem.



Lemma 1 Let Hypotheses (1) - (9) be satisfied. Then there exists a function

un(x, t) ∈ V 1,0(νψ,Qn) ∩ L∞(Qn)

such that
∫

Qn

{
m∑

i=1

ai(x, t, un,∇un)
∂w

∂xi

+ c0unw + f(x, t, un,∇un)w − un
∂w

∂t

}
dxdt = 0 (7)

for any w ∈ V 1,1
n (νψ,Qn) ∩ L∞(Qn).

Moreover

ess sup
Qn

|u| ≤
( ||f0||∞

c0 − c1

) 1
2

= K, (8)




∫

Qn


|un|2 +

m∑

i=1

νψ

∣∣∣∣∣
∂un

∂xi

∣∣∣∣∣
2

 dxdt




1
2

≤





Kλ(K)
[
||f ?||1 + ||f0||

1
χ

1

]

min
(

1
λ(K)

, c0

)





χ
2

+1 (9)

where χ ≥ 1 is such that
χ + 1

λ(K)
− λ(K) > 1 ( ‖ · ‖β (1 ≤ β ≤ +∞) denotes the norm in Lβ(Q)).

Proof
See theorem (5.1) of [7]; let us observe that the estimates (8) and (9), are obtained by a sligth

modification of the proof of Lemma (2.1) and Lemma (2.2) of [7], taking into account that the
hypothesis (6) holds instead of the hypothesis (1.8) of cited paper.

Now, let Ω be unbounded. Let Ω0 be an open bounded subset of Ω and b be a real positive
number; Q0 = Ω0×]0, b[.

Lemma 2 Let Hypotheses (1), (7), (8) be satisfied. Let u(x, t) ∈ H1,0(νψ, Q0) and {un}
be a sequence in H1,0(νψ, Q0) such that there exists a constant µ > 0 for which

∫
Q0
|un|2 +

νψ|∇un|2dxdt ≤ µ and λ(|un(x, t)|) ≤ µ for almost (x, t) ∈ Q0 and for any n = 1, 2, .... More-
over, let us suppose

lim
n→+∞

∫

Q0

|un(x, t)− u(x, t)|2dxdt = 0,

lim
n→+∞

∫

Q0

m∑

i=1

[ai(x, t, un(x, t),∇un(x, t))− ai(x, t, un(x, t),∇u(x, t))]
∂(un − u)

∂xi

dxdt = 0.

Then

lim
n→+∞

∫

Q0

νψ
m∑

i=1

∣∣∣∣∣
∂(un − u)

∂xi

∣∣∣∣∣
2

dxdt = 0.

Proof
See lemma (3.1) of [7].

Lemma 3 Let Hypotheses (1), (3) - (8) be satisfied, Ω̄0 ⊂ Ω and let u(x, t) ∈ V 1,0(νψ, Q) ∩
L∞(Q) such that

∫ +∞

0

∫

Ω

{
m∑

i=1

ai(x, t, u,∇u)
∂w

∂xi

+ c0uw + f(x, t, u,∇u)w − u
∂w

∂t

}
dxdt = 0

for any w ∈ Ṽ 1,1(νψ,Q) ∩ L∞(Q) with support w ⊆ Ω̄0 × [0, b].
Then, u has derivative with respect to t belonging to L1

loc(0, b; W
−1,1(Ω0)) and, for any τ :

0 < τ < b it results∫ τ

0

∥∥∥∥∥
∂u

∂t

∥∥∥∥∥
W−1,1(Ω0)

dt ≤
[
c0 (measΩ0)

1
2
√

τ + λ(‖u‖∞) + mλ (‖u‖∞)
√

ψ(τ)
(∫

Ω0

ν(x)dx
) 1

2

]
·

·‖u‖1,0 + λ (‖u‖∞)

[
‖f ?‖1 + m

√
ψ(τ)

(∫

Ω0

ν(x)dx
) 1

2 ‖a?‖2

]
. (10)

The proof is an easy modification of the proof of lemma (2.3) of [7].



4 Proof of the Theorem

The proof is performed in three steps.
For any positive integer n, let un be the function defined in Lemma (1).
We shall extend this function outside of Qn defining un(x, t) = 0 for (x, t) ∈ {Ω \ Ωn} ×

{]−∞, +∞[\]0, n[}. From estimates (8) and (9) we have

‖un‖∞ + ‖un‖1,0 ≤ L (11)

(note that L does not depend on n), hence it is possible to find a subsequence (denoted again
by {un}) which converges weakly in V 1,0(νψ, Q) and weakly? in L∞(Q) to an element u ∈
V 1,0(νψ,Q) ∩ L∞(Q) for which ||u||∞ ≤ L and ||u||1,0 ≤ L.

First step:
Let us take arbitrary but fixed w ∈ V 1,1(νψ, Q) ∩ L∞(Q) with

support w ⊆ Hw × [0, l],

being Hw a close bounded subset of Ω and l is a positive real number.
We proceed to show that

∫ +∞

0

∫

Ω

{
m∑

i=1

ai(x, t, u,∇u)
∂w

∂xi

+c0uw+f(x, t, u,∇u)w−u
∂w

∂t

}
dxdt= 0. (12)

Let us introduce open bounded sets A and B and the real positive number b such that Hw ⊆
B ⊆ B̄ ⊆ A ⊆ Ā ⊂ Ω, b > l.

For enough large n (such that A×]0, b[⊂ Qn) we obtain

∫ +∞

0

∫

Ω

{ m∑

i=1

ai(x, t, un,∇un)
∂w

∂xi

+ c0unwf(x, t, un,∇un)w − un
∂w

∂t

}
dxdt = 0

for any w ∈ V 1,1(νψ, Q) ∩ L∞(Q) with support w ⊆ Ā × [0, b], hence, from Lemma (3), for
any 0 < τ < b and for any n, we obtain

∥∥∥∥∥
∂un

∂t

∥∥∥∥∥
L1(0,τ ;W−1,1(A))

≤ C(A, τ, L)

where C is independent on n 1 .
On the other hand, for any n ∈ INwe have

∫ b

τ

∫

A

{
|un|+

m∑

i=1

∣∣∣∣∣
∂un

∂xi

∣∣∣∣∣

}
dxdt ≤

[√
b ·measA+

+

√
mb

ψ(τ)

(∫

A

1

ν
dx

) 1
2 ]
||un||1,0 = C1(L),

then (see Corollary 6 of [14] and pg. 112 of [7]), there exists a subsequence of {un} (denoted
again by {un}) such that un converges to u almost everywhere in A×]0, b[ and, from (11), in
L2(A×]0, b[).

Consequently

lim
n→+∞

∫ l

0

∫

B
|un − u|2dxdt = 0; (13)

We shall prove that

lim
n→+∞

∫ l

0

∫

B
νψ |∇un −∇u|2 dxdt = 0 (14)

1for definition of W−1,1(A) see e.g. [4].



and the relation (12) will be the consequence of (13), (14) and support w ⊆ B × [0, l].
In order to prove (14) we apply Lemma (2). We have (13) and it is also

∫ l

0

∫

B
|un|2 + νψ|∇un|2dxdt ≤ L,

ess sup
B×]0,b[

|un(x, t)| ≤ L.

It remains to verify the assumption

lim
n→+∞

∫ l

0

∫

B

m∑

i=1

[ai(x, t, un(x, t),∇un(x, t))− ai(x, t, un(x, t),∇u(x, t))]
∂(un − u)

∂xi

dxdt = 0.

It is known that

∫ b

0

∫

A

{
m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂w

∂xi

+ c0(un − ur)w+

+ [f(x, t, un,∇un)− f(x, t, ur,∇ur)] w − (un − ur)
∂w

∂t

}
dxdt = 0 (15)

for any w ∈ V 1,1(νψ,Q) ∩ L∞(Q) with support w ⊆ Ā× [0, b].
It follows from partition of the unity that there exists a function φ ∈ C∞

0 (IRm) such that
0 ≤ φ(x) ≤ 1 for any x ∈ IRm, support φ ⊆ A and φ(x) = 1 for any x ∈ B.

For any p,s ∈ INwe define χp(t) and ωs
n,r(x, t) by

χp(t) =





0 if t ≤ 0
pt if 0 < t ≤ 1

p

1 if 1
p

< t ≤ l

b+l−2t

b−l if l < t ≤ b+l
2

0 if t > b+l
2

,

ωs
n,r(x, t) = s

∫ t+ 1
s

t
Un,r |Un,r|γ χγ+1

p (λ)dλ,

where Un,r(x, t) = un(x, t)− ur(x, t) and γ > 0 which will be fixed later.
Taking in (15) as test function w = φ(x)χp(t)ω

s
n,r(x, t), according to

∫ b

0

∫

A
(un − ur)φ(x)χp(t)

∂ωs
n,r(x, t)

∂t
dxdt ≤ 0

we get

∫ b

0

∫

A

{ m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]φ(x)χp(t)
∂ωs

n,r(x, t)

∂xi

+

+c0(un − ur)φ(x)χp(t)ω
s
n,r(x, t) + [f(x, t, un,∇un)−

−f(x, t, ur,∇ur)]φ(x)χp(t)ω
s
n,r(x, t)

}
dxdt ≤

≤
∫ b

0

∫

A
(un − ur)φ(x)χ′p(t)ω

s
n,r(x, t)dxdt−

−
∫ b

0

∫

A

m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂φ

∂xi

χp(t)ω
s
n,r(x, t)dxdt.



From this, letting s → +∞, it follows

∫ b

0

∫

A
(γ + 1)

m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]φ(x)χγ+2
p (t) |Un,r|γ ·

·∂Un,r

∂xi

dxdt ≤
∫ b

0

∫

A
|Un,r|γ+1 φ(x)χγ+2

p (t)[ |f(x, t, un,∇un)|+

+ |f(x, t, ur,∇ur)| ]dxdt +
∫ b

0

∫

A
|Un,r|γ+2 φ(x)χ′p(t)χ

γ+1
p (t)dxdt−

∫ b

0

∫

A
Un,r·

· |Un,r|γ
m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂φ(x)

∂xi

χγ+2
p (t)dxdt. (16)

Taking into account that

0 ≤
∫ l

0

∫

A
|Un,r|γ+2 φ(x)χ′p(t)χ

γ+1
p (t)dxdt ≤ p

∫ 1
p

0

∫

A
|Un,r|γ+2 φ(x)dxdt

from (16), passing to the limit as p → +∞, we get

∫ b

0

∫

A
(γ + 1)

m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]φ(x)χγ+2(t) |Un,r|γ ·

·∂Un,r

∂xi

dxdt ≤
∫ b

0

∫

A
|Un,r|γ+1 φ(x)χγ+2(t)[ |f(x, t, un,∇un)|+

+ |f(x, t, ur,∇ur)| ]dxdt−
∫ b

0

∫

A
Un,r |Un,r|γ ·

·
m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂φ(x)

∂xi

χγ+2(t)dxdt (17)

where

χ(t) =





0 if t ≤ 0
1 if 0 < t ≤ l
b+l−2t

b−l if l < t ≤ b+l
2

0 if t > b+l
2

.

It follows from Hypothesis (8) and from (11)

(γ + 1)
m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]φ(x)χγ+2(t) |Un,r|γ ∂Un,r

∂xi

≥

≥ (γ + 1)

λ(L)
φ(x)χγ+2(t)ν(x)ψ(t)( |∇un|2 + |∇ur|2 ) |Un,r|γ −

−(γ + 1)
m∑

i=1

ai(x, t, un,∇un)
∂ur

∂xi

φ(x)χγ+2(t) |Un,r|γ −

−(γ + 1)
m∑

i=1

ai(x, t, ur,∇ur)
∂un

∂xi

φ(x)χγ+2(t) |Un,r|γ (18)

By (11) and by Hypothesis (5) we get

|Un,r|γ+1 φ(x)χγ+2(t)[ |f(x, t, un,∇un)|+ |f(x, t, ur,∇ur)| ] ≤

≤λ(L)|Un,r|γ+1 φ(x)χγ+2(t)
[
2|f ?(x, t)|+ ν(x)ψ(t)

(
|∇un|2 + |∇ur|2

)]
. (19)



Then it follows from (17)- (19) the following inequality

(γ + 1)

λ(L)

∫ b

0

∫

A
φ(x)χγ+2(t)ν(x)ψ(t)( |∇un|2 + |∇ur|2 ) |Un,r|γ dxdt ≤

≤
∫ b

0

∫

A
(γ + 1)

m∑

i=1

ai(x, t, un,∇un)
∂ur

∂xi

φ(x)χγ+2(t) |Un,r|γ dxdt+

+
∫ b

0

∫

A
(γ + 1)

m∑

i=1

ai(x, t, ur,∇ur)
∂un

∂xi

φ(x)χγ+2(t) |Un,r|γ dxdt+

+λ(L)
∫ b

0

∫

A
|Un,r|γ+1 φ(x)χγ+2(t)[2|f ?(x, t)|+ ν(x)ψ(t)

(
|∇un|2 +

+ |∇ur|2
)

]dxdt−
∫ b

0

∫

A
Un,r |Un,r|γ ·

·
m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂φ(x)

∂xi

χγ+2(t)dxdt.

Now, we choose
γ = 2L [λ(L)]2 + λ(L) + 1.

The above choose implies

∫ b

0

∫

A
φ(x)χγ+2(t)ν(x)ψ(t)( |∇un|2 + |∇ur|2 ) |Un,r|γ dxdt ≤

≤
∫ b

0

∫

A
(γ + 1)

m∑

i=1

ai(x, t, un,∇un)
∂ur

∂xi

φ(x)χγ+2(t) |Un,r|γ dxdt+

+
∫ b

0

∫

A
(γ + 1)

m∑

i=1

ai(x, t, ur,∇ur)
∂un

∂xi

φ(x)χγ+2(t) |Un,r|γ dxdt+

+4Lλ(L)
∫ b

0

∫

A
|Un,r|γ φ(x)χγ+2(t)|f ?(x, t)|dxdt−

∫ b

0

∫

A
Un,r |Un,r|γ ·

·
m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂φ(x)

∂xi

χγ+2(t)dxdt. (20)

We shall prove that lim
n→+∞

∫ b

0

∫

A

m∑

i=1

[ai(x, t, un(x, t),∇un(x, t))−

−ai(x, t, un(x, t),∇u(x, t))]
∂(un − u)

∂xi

φ(x)χ2(t)dxdt = 0, (21)

in this way, by definition of φ(x) and χ(t), we will obtain (14), too.
Let us denote by ω̄ the maximum limit of the sequence in the left side, we can find a

subsequence (denoted again by {un}) such that

lim
n→+∞

∫ b

0

∫

A

m∑

i=1

[ai(x, t, un(x, t),∇un(x, t))−

−ai(x, t, un(x, t),∇u(x, t))]
∂(un − u)

∂xi

φ(x)χ2(t)dxdt = ω̄,

and, moreover, such that the sequences





ai (x, t, un(x, t),∇un(x, t))√
ν(x)ψ(t)



 (i = 1, 2, ..., m)



converge weakly in L2(A×]0, b[) to some functions Λi(x, t) (i = 1, 2, ..., m). From Hypothesis (9)
we get ω̄ ≥ 0, therefore it will be sufficient to prove that ω̄ ≤ 0.

Denoted by Bn,r the secon term of (20), it results:

lim
r→+∞Bn,r = Bn

where

Bn = (γ + 1)
∫ b

0

∫

A

m∑

i=1

ai(x, t, un,∇un)
∂u

∂xi

φ(x)χγ+2(t) |un − u|γ dxdt+

+(γ + 1)
∫ b

0

∫

A

m∑

i=1

Λi(x, t)
√

ν(x)ψ(t)
∂un

∂xi

φ(x)χγ+2(t) |un − u|γ dxdt+

+4Lλ(L)
∫ b

0

∫

A
|un − u|γ φ(x)χγ+2(t)|f ?(x, t)|dxdt−

∫ b

0

∫

A
(un − u) |un − u|γ ·

·
m∑

i=1

[ai(x, t, un,∇un)− Λi(x, t)
√

ν(x)ψ(t)]
∂φ(x)

∂xi

χγ+2(t)dxdt.

To pass to the limit, it is convenient to write

|Un,r|γ = (|un(x, t)− u(x, t)|γ) + (|Un,r|γ − |un(x, t)− u(x, t)|γ) .

For instance, we prove

lim
r→+∞

∫ b

0

∫

A
|Un,r|γ Un,r

m∑

i=1

ai(x, t, ur(x, t),∇ur(x, t))
∂φ(x)

∂xi

χγ+2(t)dxdt =

=
∫ b

0

∫

A
|un − u|γ(un − u)

m∑

i=1

Λi(x, t)
√

ν(x)ψ(t)
∂φ(x)

∂xi

χγ+2(t)dxdt. (22)

We can write the first term of (22) as

∫ b

0

∫

A
|un − u|γ(un − u)

m∑

i=1

ai(x, t, ur(x, t),∇ur(x, t))
∂φ(x)

∂xi

χγ+2(t)dxdt+

+
∫ b

0

∫

A
(|un − ur|γ(un − ur)− |un − u|γ(un − u)) ·

·
m∑

i=1

ai(x, t, ur(x, t),∇ur(x, t))
∂φ(x)

∂xi

χγ+2(t)dxdt. (23)

Now, taking into account that by

w −→
∫ b

0

∫

A

m∑

i=1

ai (x, t, un(x, t),∇un(x, t))√
ν(x)ψ(t)

wdxdt,

we define a continuous linear functional on L2(A×]0, b[), it follows

lim
r→+∞

∫ b

0

∫

A
|un − u|γ(un − u)

m∑

i=1

ai(x, t, ur(x, t),∇ur(x, t))
∂φ(x)

∂xi

χγ+2(t)dxdt =

∫ b

0

∫

A
|un − u|γ(un − u)

m∑

i=1

Λi(x, t)
√

ν(x)ψ(t)
∂φ(x)

∂xi

χγ+2(t)dxdt.

Next, from the Lebesgue theorem and (11), we have that the second term of (22) goes to
zero.



Hence (22) is established. Moreover, a trivial verification shows that

lim
n→+∞Bn = 0.

From (17) with γ = 0 and hypothesis (5) we get

∫ b

0

∫

A

m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]φ(x)χ2(t)
∂Un,r

∂xi

dxdt ≤

≤ λ(L)
∫ b

0

∫

A
|Un,r|φ(x)χ2(t)[2|f ?(x, t)|+ ν(x)ψ(t)

(
|∇un|2 + |∇ur|2

)
]dxdt−

−
∫ b

0

∫

A
Un,r

m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂φ(x)

∂xi

χ2(t)dxdt.

On the other hand

∫ b

0

∫

A
|Un,r|φ(x)χ2(t)ν(x)ψ(t)

(
|∇un|2 + |∇ur|2

)
dxdt ≤

≤
(∫ b

0

∫

A
|Un,r|γ φ(x)χγ+2(t)ν(x)ψ(t)

(
|∇un|2 + |∇ur|2

)
dxdt

) 1
γ

·

·
(∫ b

0

∫

A
φ(x)χ

γ−2
γ−1 (t)ν(x)ψ(t)

(
|∇un|2 + |∇ur|2

)
dxdt

) γ−1
γ

≤

≤ (Bn,r)
1
γ

(
2L2

) γ−1
γ

and then

∫ b

0

∫

A

m∑

i=1

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]φ(x)χ2(t)
∂Un,r

∂xi

dxdt ≤

≤ 2λ(L)
∫ b

0

∫

A
|Un,r| |f ?(x, t)|dxdt + λ(L) (Bn,r)

1
γ

(
2L2

) γ−1
γ + 2mλ(L)·

·
∫ b

0

∫

A
|Un,r|

√
ν(x)ψ(t)|a?(x, t)|dxdt+2mλ(L)L

(∫ b

0

∫

A
|Un,r|2 νψdxdt

) 1
2

. (24)

Since

[ai(x, t, un,∇un)− ai(x, t, ur,∇ur)]
∂Un,r

∂xi

= ai(x, t, un,∇un)
∂un

∂xi

−

−ai(x, t, un,∇un)
∂ur

∂xi

− ai(x, t, ur,∇ur)
∂(un − u)

∂xi

+ ai(x, t, ur,∇ur)
∂(ur − u)

∂xi

from (24) letting r → +∞ we get

∫ b

0

∫

A

m∑

i=1

[ai(x, t, un,∇un)− Λi(x, t)
√

ν(x)ψ(t)]
∂(un − u)

∂xi

φ(x)χ2(t)dxdt + ω̄ ≤

≤ 2λ(L)
∫ b

0

∫

A
|un − u||f ?(x, t)|dxdt + λ(L) (Bn)

1
γ

(
2L2

) γ−1
γ + 2mλ(L)·

·
∫ b

0

∫

A
|un − u|

√
νψ|a?(x, t)|dxdt + 2mλ(L)L

(∫ b

0

∫

A
|un − u|2ν(x)ψ(t)dxdt

) 1
2

.

From this, for n → +∞, it follows 2ω̄ ≤ 0.



Second step:
Now, let us fix a function w1 ∈ V 1,1(νψ,Q) ∩ L∞(Q) with

support w1 ⊆ Hw1 × [0, +∞[,

being Hw1 a close bounded subset of Ω.
For any n ∈ INwe introduce

zn(t) =





1 if t ≤ n− 1
n− t if n− 1 < t ≤ n
0 if t > n

.

It follows immediately that support w1zn ⊆ Hw1 × [0, n], hence from (12) we get

∫ +∞

0

∫

Ω

{ m∑

i=1

ai(x, t, u,∇u)
∂w1

∂xi

zn(t) + c0uw1zn(t) + f(x, t, u,∇u)w1zn(t)+

−u
∂w1

∂t
zn(t)

}
dxdt +

∫ n

n−1

∫

Ω
uw1dxdt = 0,

for any n ∈ IN.
Letting n → +∞ we obtain that u(x, t) satisfies (12) also for a such w1.

Third step:
Finally, let w2 be such that w2 ∈ V 1,1(νψ, Q) ∩ L∞(Q) and

support w2 ⊆ Hw2 × [0, +∞[,

where Hw2 is a close (not necessarily bounded) subset of Ω.
Let us define in IRm a function Θ(τ) ∈ C∞

0 (IRm) such that

Θ(τ) = Θ(|τ |) =





1 if |τ | ≤ 1
2

0 if |τ | ≥ 1
, 0 ≤ Θ(τ) ≤ 1 if

1

2
< |τ | < 1.

For any integer n we put

Θn(x) = Θn(|x|) =





1 if |x| ≤ n− 1

Θ(|x| − n + 1) if |x| > n− 1
.

The function w2Θn belongs to V 1,1(νψ, Q) ∩ L∞(Q), moreover

support w2Θn ⊆ {x ∈ Hw2 : |x| ≤ n} × [0, +∞[,

then, according to conclusion of second step, we have

∫ +∞

0

∫

Ω

{ m∑

i=1

ai(x, t, u,∇u)
∂w2

∂xi

Θn(x) + c0uw2Θn(x) + f(x, t, u,∇u)w2Θn(x)+

−u
∂w2

∂t
Θn(x)

}
dxdt +

∫ +∞

0

∫

Ω

m∑

i=1

ai(x, t, u,∇u)
∂Θn(x)

∂xi

w2dxdt.

Therefore, we can conclude the proof of theorem passing to the limit for n → +∞ in the
above relation.
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