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The dynamics of a free charged particle, initially described by a coherent wave packet, interacting with an
environment, i.e., the electromagnetic field characterized by a temperature T, is studied. Using the dipole
approximation, the exact expressions for the evolution of the reduced density matrix both in momentum and
configuration space and the vacuum and the thermal contribution to decoherence are obtained. The time
behavior of the coherence lengths in the two representations are given. Through the analysis of the dynamic of
the field structure associated with the particle the vacuum contribution is shown to be linked to the birth of
correlations between the single momentum components of the particle wave packet and the virtual photons of
the dressing cloud.
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I. INTRODUCTION

Decoherence consists in the destruction of coherences
present in the initial state of a quantum system due to the
interaction with external degrees of freedom �1�. Decoher-
ence is associated with the increase of entropy and the loss of
purity of the initial state of the system �2�.

The environment may be regarded as monitoring certain
properties of the quantum system through the interaction
with the system itself �3�. Not all initial quantum states are
equally fragile to this interaction: often there are relatively
robust states with respect to it, called “pointer states” �4�.
Experimental evidence of this environment induced decoher-
ence has also been recently reported �5–9�.

In the case of a particle, either free or in a potential,
linearly coupled to the environment modeled as a bath of
harmonic oscillators at temperature T, several studies of de-
coherence processes have already been reported �10–15�. In
these studies both the Hamiltonian approach and functional
techniques have been used. It has been shown that, starting
with the particle and the bath described by a factorized den-
sity matrix, it is possible to distinguish two characteristic
contributions to the decoherence: the first related to the ther-
mal properties of the bath and the second, independent of
temperature, to the zero point fluctuations of the oscillators
of the bath �16�. Decoherence has been shown for charged
particles initially described by a wave function made of a
coherent superposition of two moving wave packets to be
linked to the emission of bremsstrahlung �17�.

Here we want to investigate the role played by radiation
emission and entanglement with field degrees of freedom, on
the decoherence induced on a free charged particle by its
interaction with the electromagnetic field at temperature T
that plays the role of environment. In particular we shall
study the decoherence among the components of an initially
Gaussian free wave packet representing the particle by ana-
lyzing the evolution of the off diagonal elements of the par-
ticle reduced density matrix. We shall start, as is typically
done �18–21�, from decoupled initial conditions which cor-
respond to the absence of initial correlations between the
system and the environment. Using physical approximations,

we will reduce the particle-field interaction to a simple ana-
lytically solvable model.

We will focus mainly on two aspects. The first one is the
analysis of the dynamics in two different bases. The aim is to
evidence clearly how the change of representation gives
place to the differing relative importance of various effects
induced by the coupling with the environment. The second
one is the study of buildup of quantum correlations between
the system and the environment. Using the fact that our
model Hamiltonian allows exact treatment it is easy to show
in detail the mechanism linked to the part of decoherence
independent of temperature. This will be done by investigat-
ing the time dependence of the effects on the particle due to
vacuum fluctuations, such as the dressing, and through the
analysis of bath dynamics without the use of approximations
such as the Markovian one.

The paper is organized as follows. In Sec. II we describe
the approximations adopted that transform the Hamiltonian
into a linear form amenable to exact treatment. In Sec. III the
particle density matrix is obtained both in momentum and
real space. In Sec. IV we analyze the dynamics of the field
structure, evidencing the relationship between the part of de-
coherence induced by vacuum and dressing process. In Sec.
V we summarize and discuss our results. In Appendixes A–C
we have collected most of the calculations to make the main
body of the text more readable.

II. MODEL

The system under investigation is a free spinless particle
of mass m0 and charge e moving at initial velocity v0, inter-
acting with the electromagnetic field in thermal equilibrium
at temperature T. The particle is initially described by a co-
herent wave packet, whose initial width is assumed to be
small with respect to the relevant wavelengths of the electro-
magnetic field. The interaction between the system and its
environment is described by the nonrelativistic minimal cou-
pling Hamiltonian with an upper cutoff frequency � corre-
sponding to a wavelength such that the dipole approximation
may be applied �17�.
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The adoption of the dipole approximation is standard in
the treatment of free particle decoherence �11–13� but it lim-
its the validity range to times of the order of �0=c /v0�,
where c is the light speed and v0 is the initial velocity of the
particle. This limitation can be made less strong by using a
“moving dipole” approximation which consists of substitut-
ing the particle position operator r̂ by a parameter rt indicat-
ing the average wave packet position at time t. In the absence
of interaction this is given by rt=r0+v0t, r0 being the initial
position of the particle. It is possible to check the consistency
of our choice by comparing rt−r0 with the particle average
displacement in the presence of the interaction, �q̂�t, given by
Eq. �41�. In fact, their difference is smaller than the wave
packet width for times less than the ones where a moving
dipole approximation can be applied �see Sec. V�. Our re-
sults are valid until a time �d such that, because of the
spreading, the wave packet width becomes of the order of the
minimal wavelength involved in the treatment �12�. The con-
tribution to the spreading of the wave packet due to the in-
teraction can be shown to be for a small value of � �see Eq.
�49�� negligible with respect to the free evolution for small
times. Taking an initial wave packet of minimum indetermi-
nation, using Eq. �46� for the free spreading and the dipole
approximation condition �r�c /�, we get �d
��−1�m0c� /�p with �d��0.

The potential vector in the Coulomb gauge is given by
�22�

Â�r� = �
k,j

�k,j	2� � c2

V�k
�âk,j

† e−ik·r̂ + âk,je
ik·r̂� , �1�

where �k,j are the polarization vectors �j=1,2� of the mode k
of frequency �k, periodic boundary conditions are taken on a
volume V, � is the reduced Planck constant, and âk,j and âk,j

†

are the annihilation and creation operators of the field modes
satisfying the commutation rules �âk,j , âk�,j�

† �=	kk�	 j j�. The
nonrelativistic minimal coupling Hamiltonian in the “mov-
ing” dipole approximation is

Ĥ =
1

2m0

�

p

p
̂p −
eÂ�rt�

c
�2

+ �
k,j

� �kâk,j
† âk,j

= �
p

p2

2m0

̂p + �

k,j
� �kâk,j

† âk,j +
e2

2m0c2 Â2�rt�

−
e

m0c
�

p


̂pp · Â�rt� , �2�

where we have used p̂=�pp
̂p, 
̂p= �p��p� is the projection
operator on the momentum p, and the potential vector is
calculated in rt.

In Eq. �2� the term quadratic in Â, which is physically
linked to the average vibrational kinetic energy due to
vacuum fluctuations �23�, can be exactly eliminated by a
canonical transformation of the Bogoliubov Tiablikov form
�10�. Here it will be simply neglected because it can be
shown as usual to be very small compared to the linear term.

Thus, using Eqs. �1� and �2�, the Hamiltonian reduces to
the form

Ĥ = �
p

p2

2m0

̂p + �

k,j
� �kâk,j

† âk,j

+ �
p,k,j

gk,j
p 
̂p�âk,j

† e−ik·rt + âk,je
ik·rt� , �3�

with the coupling coefficients given by

gk,j
p = − p · �k,j

e

m0
	2��

V�k
. �4�

Here, in contrast to other phenomenological models �24�, the
coupling coefficients and the spectral field properties are as-
signed, which allows us to analyze the dependence of the
decoherence development on physical parameters such as the
mass and the charge of the particle.

The Hamiltonian of Eq. �3� describing the interaction be-
tween the system �particle� and environment �electromag-
netic field� is now treated exactly.

System evolution

In the interaction picture, introducing the time ordering
operator T←, the unitary time evolution operator is

Û�t� = T←exp
−
i

�



0

t

ds ĤI�s�� , �5�

where, from Eq. �3�, the interaction Hamiltonian at time t is
given by

ĤI�t� = �
p,k,j


̂pgk,j
p �âk,j

† ei��k−k·v0�te−ik·r0 + âk,je
−i��k−k·v0�teik·r0� .

�6�

The commutator of the interaction Hamiltonian at two differ-
ent times is equal to

�ĤI�s�,ĤI�s��� = − 2i �
p,k,j

gk,j
p2
̂psin���k − k · v0��s − s��� ,

�7�

where we have used 
̂p
̂p�= 
̂p	pp�. Because the commutator
�7� commutes with the interaction Hamiltonian, it is possible
to give an exact expression for the evolution operator �2,17�
using the Cambell-Baker-Hausdorf formula:

Û�t� = exp
−
1

2�2

0

t

ds

0

t

ds��ĤI�s�,ĤI�s�����s − s���
� exp
−

i

�



0

t

ds ĤI�s��
= exp
i�

p


�p,t�
̂p� � exp
�
p,k,j


̂pgk,j
p �âk,j

† �k − âk,j�k
*�� ,

�8�

where
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�k =
1 − ei��k−k·v0�t

���k − k · v0�
e−ik·r0. �9�

The term 
�p , t�, present in the above phase factor, is a num-
ber depending on the momentum p and on the time t, as it is
shown in Appendix A.

III. REDUCED DENSITY MATRIX ANALYSIS

The analysis of the decoherence of an initial coherent
wave packet will be conducted by examining the behavior of
the reduced density matrix elements.

As an initial condition we take a state with no correlation
between the particle and the electromagnetic field. To this
condition corresponds a decoupled initial density matrix of
the form

�̂�0� = �̂S�0� � �̂F, �10�

where �̂S�0� represents the initially coherent wave packet,
while the field is taken in a thermal state at temperature T

described by �̂F=exp�−�ĤF� /ZF, with �=1/kBT, kB the

Boltzmann constant, ĤF the Hamiltonian of the field, and ZF
the field partition function.

In Eq. �3� the projection operator 
̂p commutes with Ĥ,
thus the particle’s momentum is a constant of motion. This
implies that momentum space provides a robust basis that
allows us to investigate easily the decoherence development.
Successively we shall consider the coordinate space to see
how the loss of coherence shows up in real space.

A. Momentum space

In the momentum representation the initial particle den-

sity matrix becomes �̂S�0�=�p,p��S
p,p��0� � p�0���p��0��. Its el-

ements at time t are given by

�S
p,p��t� = �p�t���̂S�t��p��t�� = �p�t��trF�Û�t��̂S�0�

� �̂FÛ−1�t���p��t�� , �11�

where �p�t�� is an eigenstate of the momentum operator at
time t.

Indicating with ���t�� an arbitrary field state we obtain

Û�t�„�p�t�� � ���t��… = �p�t��exp�i
�p,t�� � exp�
k,j

gk,j
p �âk,j

† �k

− âk,j�k
*����t�� , �12�

where use has been made of the fact that the application of

the operator exp�i�p
�p , t�
̂p� of Û�t� on the state �p�t��
� ���t�� leads to the factor exp�i
�p , t��. This factor does not
depend on the environment state but only on the associated
momentum.

We have already seen that with the Hamiltonian �3� the
particle momentum is a constant of motion. The states �p�t��
are stationary with respect to the interaction and different
momenta cannot be connected by the time evolution opera-
tor. Then, in Eq. �11�, in the momentum representation form

of �̂S�0�, only the term �S
p,p��0� � p�0���p��0� � =�S

p,p��0� � p�t��
��p��t�� exp�−it�p2− p�2� /2m0� � contributes to the reduced
density matrix evolution. Thus, Eq. �11� can be written as

�S
p,p��t�

�S
p,p��0�

= exp�i

�p,t� − 
�p�,t� −
t�p2 − p�2�

2m0�
��

� trF�exp�
k,j

�gk,j
p − gk,j

p���âk,j
† �k − âk,j�k

*��̂F� ,

�13�

where we have used the property of cyclicity of the trace.
We can rewrite this last expression as

�S
p,p��t� = �S

p,p��0�exp�− �p,p��t� + i�p,p��t�� , �14�

where we have introduced the decoherence function, typi-
cally used in literature �12,17�, as

�p,p��t� = − �
k,j

ln trF�exp�âk,j
† �k,j

p,p� − âk,j�k,j
p,p� * ��̂F� �15�

with �k,j
p,p�= �gk,j

p −gk,j
p���k, and the function �p,p��t�

�p,p��t� = 
�p,t� − 
�p�,t� −
t�p2 − p�2�

2m0�
, �16�

that includes the phase term 
�p , t�−
�p� , t� and the free evo-
lution term.

The decoherence function describes in a direct way the
appearance of decoherence. In fact, the increase of �p,p��t�
for p�p� gives rise to a decrease of the off diagonal ele-
ments of the reduced density matrix, that is it leads to the
destruction of coherences among the different momenta in

the initial wave packet. Moreover, the expression of �k,j
p,p�

shows that at p=p� the decoherence function is zero and then
that the populations are constant in time. This may be ex-
pected because, as shown, the dipole approximation leads to
momentum conservation.

For our model the calculation of the explicit form of the
decoherence function �p,p��t� and the phase factor

�p , t�−
�p� , t� is reported in Appendix A.

Equation �A20� shows that the decoherence function
�p,p��t� increases quadratically with the vector difference of
the momenta p−p�. Therefore there is decoherence in the off
diagonal elements also within the same energy shell. Intro-
ducing the spectral density,

J��� =
2�

3�

�p − p��2

m0
2c2 � exp�−

�

�
� , �17�

containing the frequency dependent part of Eq. �A20� deriv-
ing from the coupling coefficients and the density of the
modes at frequency �, �p,p��t� can be rewritten as

�p,p��t� = 

0

�

d� J���
�1 − cos �t�

�2 coth� ��

2kBT
� . �18�

Below the cutoff frequency �, J��� depends linearly on �;
this is typical of an ohmic spectral density which gives rise
to frequency-independent damping �17�. This damping gives
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rise to a loss of coherence between different momentum
eigenstates but not to dissipation, which is absent because
the interaction Hamiltonian commutes with the momentum
operator.

In Appendix A it is shown that it is possible to separate in
the decoherence function �p,p��t� the effects of vacuum fluc-

tuations, �vac
p,p��t�, and of thermal contribution, �th

p,p��t�, as

�p,p��t�=�vac
p,p��t�+�th

p,p��t�. Extracting the dependence on the
momenta we rewrite the decoherence function as

�p,p��t� = ��t��p − p��2

=
2�

3�

ln�	1 + �2t2�sinh�t/�F��/�t/�F��
m0

2c2 �p − p��2,

�19�

with ��t� the decoherence factor and �=e2 / �c a dimension-
less coupling constant. For the two contributions, we write

�vac
p,p��t� = �vac�t��p − p��2 =

2�

3�

ln	1 + �2t2

m0
2c2 �p − p��2,

�20�

with �vac�t� the vacuum decoherence factor and

�th
p,p��t� = �th�t��p − p��2 =

2�

3�

ln��sinh�t/�F��/�t/�F��
m0

2c2 �p − p��2,

�21�

with �th�t� the thermal decoherence factor and �F= � /�kBT a

characteristic thermal time. The expression for �th
p,p��t� is ob-

tained under the condition kBT� ��. If ���10−2mec
2, me

indicating the mass of an electron, the above condition is
well verified at ordinary conditions �T�107 K�.

Equation �19� shows that �p,p��t� increases faster with
time, the difference p−p�, and the coupling constant �.

From Eq. �A12� we obtain


�p,t� − 
�p�,t� =
2�

3�

p2 − p�2

m0
2c2 ��t − arctan �t� , �22�

which depends only on the energy difference between the
components of momentum p rather than on their vector dif-
ference. Separating the dependence from momenta we intro-
duce from Eqs. �16� and �22� the global phase factor ��t� as

�p,p��t� = ��t��p2 − p�2�

= 
2���t − arctan �t�
3�m0

2c2 −
t

2m0�
��p2 − p�2� .

�23�

We observe that ��t� does not depend on the initial state of
the field and that in the absence of interaction it represents
the phase free evolution, ��t�=−t /2m�.

Using Eq. �19� for �p,p��t� and Eq. �23� for �p,p��t�, we
can rewrite the particle density matrix elements of Eq. �14�
as

�S
p,p��t� = �S

p,p��0�exp�− ��t��p − p��2 + i��t��p2 − p�2�� .

�24�

To discuss the time evolution of the reduced momentum
density matrix elements it is useful to use a simplified ex-
pression for ��t� and ��t� for different times easily obtain-
able from Eqs. �19� and �23�:

��t� � �
�vac�t� �

2�

3�m0
2c2

�2t2

2
, t � �−1,

�vac�t� �
2�

3�m0
2c2 ln �t, �−1 � t � �F,

�th�t� �
2�

3�m0
2c2

t

�F
, t � �F,

�25�

and

��t� � �
2�

3�m0
2c2

�3t3

3
−

t

2m0�
, t � �−1,

2�

3�m0
2c2�t −

t

2m0�
, t � �−1.

�26�

We observe that the form of the decoherence factor ��t�
leads to a time behavior for the reduced density matrix ele-
ments analogous to the one obtained for an ensemble of two
level systems linearly interacting with a bath of harmonic
oscillators �2�. In our case there is an explicit expression of
the coefficients in terms of the parameters of our system.

Using in Eq. �24� the approximated expressions of ��t�, in
the three time zones of Eq. �25�, and the expansion
e−x�1−x for x�1 we obtain

� �S
p,p��t�

�S
p,p��0�

� ��
1 −
2�

3�

�p − p��2

m0
2c2

�2t2

2
�, t � �−1,

��t�−�2�/3����p − p��2/m0
2c2�, �−1 � t � �F,

exp
−
2�

3�

�p − p��2

m0
2c2

t

�F
�, t � �F.

�
�27�

Equation �27� shows that the off diagonal elements of �S
p,p��t�

evolve from the initial value for small times with a quadratic
trend, for intermediate time with a hyperbolic, and for
large times with an exponential one with the rate
2��p−p��2 /3�m0

2c2.

1. Vacuum and thermal contribution: Decoherence times

It is possible to use the approximated expression of Eq.
�25� for ��t� to evidence the time regions in which vacuum
and thermal contribution dominate. It comes out that the
vacuum contribution prevails for t��F while the thermal
contribution dominates for t��F. The transition time, �p, at
which the two contributions are equal can be found
imposing ln ��p=�p /�F. This time does not depend on
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�=2��p−p��2 /3�m0
2c2. For example, for ��1019 s−1

����mec
2 /100� and T=1 K we have �F�2.34�10−12 s

from which we find �p�10−10 s.

In Fig. 1 the behavior in time of �vac
p,p��t� and �th

p,p��t� is
shown as a function of physical parameters present in �. It

shows that if �vac
p,p��tp��1 then vacuum contributes effec-

tively to decoherence, otherwise only the thermal contribu-
tion will be effective.

In the range where the vacuum contribution dominates
�t��F� there are two different typical time dependencies. In
the first one �t��−1� the increase of decoherence is fast
while in the second one �t��−1� it slows into a logarithmic
dependence. Figure 2 represents the time development of

exp�−�vac
p,p��t�� as a function of the coupling constant �,

showing that by increasing � and fixed p−p�, we observe a
decay of matrix elements due to the vacuum contribution
faster in time.

We distinguish two different characteristic times of the
decoherence process relative to the vacuum

�vac =
1

�
exp
3�

2�

m0
2c2

�p − p��2� , �28�

and to the thermal contribution

�th = �F
3�

2�

m0
2c2

�p − p��2 . �29�

These characteristic times have the same form of those ob-
tained for the decoherence of the interference pattern in �17�.

The mass and charge parameters m0 and e, appearing in
�vac and �th, are arbitrary. The only restriction is that they
refer to a body that can be treated as a pointlike particle
within the dipole approximation. For example, these param-
eters could represent the mass and the charge of a highly
charged nucleus or even of a macroscopic body of linear
dimensions small enough, and therefore � is a free param-
eter.

Let us observe that the time at which vacuum and thermal
decoherence are effective, depending of the value of the cou-
pling constant �, fall inside the time �d of validity of our
model.

2. Analysis of �p„t… and lp„t…

The above results are independent from the structure of

the initial reduced density matrix elements �S
p,p��0�. Now, we

specialize these results to the case of an initial Gaussian
wave packet of spatial width �r

�S
p,p��0� = N exp�−

3��p − p0�2 + �p� − p0�2�
4�p2 − i

r0 · �p − p��
�

� ,

�30�

with �p the width in the momentum space, p0 the initial
average momentum of the particle, N= �	3/	2��p�3 the
normalization factor, and �r�p=3� /2.

Substituting the Gaussian wave packet of Eq. �30� in the
reduced density matrix at time t of Eq. �24�, this can be put
under the form

�̂S
p,p��t� = N exp�−

3p0
2

2�p2�
�exp
− ���t� +

3

8�p2��p − p��2 −
3�p + p��2

8�p2 �

+ i��t��p2 − p�2� +

3p0 · �p + p��
2�p2 − i

r0 · �p − p��
�

� .

�31�

A way to quantify the degree of loss of coherence of the
wave packet is through the coherence length lp�t� �1�, defined
as the width of �̂S�t� along the main skew diagonal, meaning
the region inside which the coherence between momenta has
not yet been destructed at time t. lp�t� may be compared with
the width of �̂S�t� along the diagonal that measures the wave
packet width at a time �p�t�, given by

�p�t� = 	�p2�t − �p�t
2 = �p , �32�

where we have used �p2�=tr(�̂S�t�p2)=�p2+ p0
2 and

�p̂�t=tr��̂S�t�p̂�=p0. Because �p�t� is constant the wave
packet does not spread with time in momentum space.

FIG. 1. �Color online� �vac
p,p��t� and �th

p,p��t� as a function of
�=2��p−p��2 /3�m0

2c2, in the case T=300 K.

FIG. 2. �Color online� Time development of exp�−�vac
p,p��t�� �20�

as a function of the coupling constant �=e2 / �c in the case
�p−p� � /m0c=0.1. The time is taken in units of t� and the range of
� is chosen to visualize the vacuum effect on the decoherence.
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The coherence length lp�t�, proportional to the inverse of
the square root of the coefficient of �p−p��2 in Eq. �31� �1�,
is

lp�t� =
�p�t�

	1 + 8�p2��t�/3
. �33�

To quantify the effective loss of coherence in the wave
packet we study the ratio lp�t� /�p�t�. This quantity gives a
measure of the relative width of the reduced density matrix
off the diagonal compared with the width along the diagonal.
Using Eq. �33� and the explicit form of ��t� for t��F, given
by Eq. �25�, we obtain

lp�t�
�p�t�

�
3m0c

4�p
	��F

�t
, t � t*, �34�

where t*= �3m0c�2��F / �4�p�2�. With �p�t� constant in
time, Eq. �34� shows that the coherence length for large
times decreases going to 0 as 1/	t for t→�. The decoher-
ence process in momentum space is thus characterized by a
complete decay of the off diagonal elements of the particle
density matrix for large times while the populations remain
constant.

This kind of behavior of the reduced density matrix is
shown in Fig. 3 obtained from Eq. �31�.

B. Coordinate space

Our analysis is now extended to real space in order to
describe spatial decoherence in more complex situations
such as Young interference or Schrödinger cat states setups.
We expect that by changing representation the dynamics in-
duced by the interaction with the electromagnetic field will
appear more complex than in momentum space. As shown,
in fact, it provides a basis of pointer states which allows a
simple analysis of the process. To investigate the effects in
the real space we need the reduced density matrix in the
configuration space. It can be obtained from the correspond-
ing momentum space reduced density matrix by performing
a double Fourier transform:

�S
r,r��t� =

1

�2� � �3 
 d3p d3p��S
p,p��t�exp
 i

�
�p · r − p� · r��� .

�35�

Taking the Gaussian wave packet described by �S
p,p��0� of

Eq. �30�, the transform can be explicitly performed and is
given in Appendix B. The spatial reduced density matrix

�S
r,r��t�, given by Eq. �B8�, can be rewritten as

�S
r,r��t� =

N�p3

�r�t�3 exp
i
�r2 + 6��t��2

�r�t�2

p0 · �q − q��
�

�
�exp�−

3��q − �q̂�t�2 + �q� − �q̂�t�2�
4�r�t�2 �

�exp� �p2

�r�t�2 �− ��t��q − q��2 − i��t��q2 − q�2��� ,

�36�

where q=r−r0 is the displacement from the initial position
and its average at the time �q̂�t is given by

�q̂�t = tr��̂S�t�q̂� = − 2p0��t� � , �37�

��t� and ��t� are defined by Eqs. �19� and �23�, while �r�t�
is the spatial width of the wave packet at time t.

From Eq. �B8� we get

�q̂2�t = tr��̂S�t�q̂2� = �r2 + 6��t��2 +
9��t�2�4

�r2 + 4p0
2��t�2�2,

�38�

and, thus, using also Eq. �37�, �r�t� is given by

�r�t� = �q�t� = 	�q̂2�t − �q̂�t
2 = �r	1 +

6��t��2

�r2 +
9��t�2�4

�r4 .

�39�

�r�t� is at t=0, �r�0�=�r, and increases with time.

�S
r,r��t� can be obtained by its form at t=0

FIG. 3. �Color online� Absolute value of the normalized density

matrix Z= ��S
px,px��t� � /Nx in one dimension, Nx=1/	2��px, with

p0=0 and �px /m0c�0.1. On the top it is t=0 while on the bottom
it is t=3�vac, where �vac is taken for px− px�=�px.
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�S
r,r��0� =

N�p3

�r3 exp
i
p0 · �q − q��

�
−

3�q2 + q�2�
4�r2 � ,

�40�

replacing the initial width of the wave packet �r with its
value at time t, �r�t�, multiplying by ��r2+6��t��2� /�r�t�2

the phase factor in the first exponent, centering the wave
packet in the average displacement �q̂�t in the second expo-
nent, and multiplying by an exponential factor which gives
an increase of decoherence and a phase variation analogous
to the factor appearing in the reduced momentum density
matrix elements of Eq. �24�.

1. Time dependent dressing

The average of the operator q̂ at time t, given by Eq. �37�
and using the explicit form of ��t� �23�, is

�q̂�t =
p0t

m0
�1 −

4� � �� −
arctan �t

t
�

3�m0c2 � . �41�

From this equation the average velocity of the wave packet is

�q̂̇�t =
d

dt
�q̂�t =

p0

m0
�1 −

4� � �

3�m0c2

�2t2

1 + �2t2� . �42�

As observed before, p̂ is a constant of motion; the velocity

q̂̇= �p̂−eÂ�rt� /c� /m0 is not because it does not commute with
the Hamiltonian �3�. This may be related to the fact that,
starting with uncoupled initial conditions, the charged par-
ticle is subject to time dependent dressing by the transverse
photons. This increases its mass while p̂ remains constant.
The mass variation can be obtained casting Eq. �42� in the
form

�q̂̇�t =
�p̂�t

m�t�
�

p0

m0

1 −

	m�t�
m0

� , �43�

where m�t�=m0+	m�t� is the mass at time t with the mass
increase 	m�t� given by

	m�t� =
4� � �

3�c2

�2t2

1 + �2t2 ��
4� � �

3�c2 �2t2, t � �−1,

4� � �

3�c2 , t � �−1.

�44�

For t��−1, 	m�t� increases quadratically �26� while for
t��−1 it coincides with the usual total mass variation due to
the interaction with the electromagnetic field �22�.

We observe that the equation of motion �41�, from which
we derived the expression for the mass increase, is related
only to the total phase factor ��t� and is then temperature
independent at first order in v0 /c.

2. Analysis of �r„t… and lr„t…

The mass variation due to dressing is relevant if one
wishes to compare the evolution of the wave packet width in

the absence of interaction, �r�t�0, with its expression, �r�t�,
in the presence of interaction. In the last case we have from
Eq. �39�

�r�t� = �r	1 +
�p2t2

�r2

4�2��t�2

t2 +
6��t��2

�r2 , �45�

with ��t� and ��t� defined by Eqs. �19� and �23�. Setting
e=0 we obtain the well known expression for the free spread
�25�

�r�t�0 = �r	1 +
�p2t2

�r2

1

m0
2 . �46�

�q̂�t, given by Eq. �37�, can also be obtained by integrating
Eq. �43�

�q̂�t = − 2p0 � ��t� = p0

0

t 1

m�t��
dt�. �47�

Thus we can identify

− 2 � ��t�
t

=
1

t



0

t 1

m�t��
dt� = � 1

m�t��� t
, �48�

�1/m�t���t being the time average of 1 /m�t�� over the time t.
The width of the wave packet at time t �45� can be thus
rewritten as

�r�t� = �r	1 +
�p2t2

�r2 � 1

m�t��
�

t

2

+
6��t��2

�r2
. �49�

Eq. �49� shows that, starting from the uncoupled condition,
the interaction with the electromagnetic field induces differ-
ences with respect to the free evolution �r�t�0. The first one
consists in the replacement of the inverse of the initial mass
1/m0 by �1/m�t���t and may be attributed to the t-dependent
dressing. This effect is due to the vacuum fluctuations and is
related to the total phase factor ��t�, the mass increase lead-
ing to a rate decrease of the width with respect to the free
case. The second effect is given by the term within the
square root

6��t��2

�r2 =
1

�r2

4��2

�m0
2c2 ln
	1 + �2t2 sinh�t/�F�

t/�F
� . �50�

It always leads to an additional increase of the width of the
wave packet. It contains both the effect of vacuum, repre-
sented by the term 	1+�2t2, and of the thermal field repre-
sented by the term sinh�t /�F� / �t /�F�, with this last term for
T=0 equal to 1 ��F= � /�kBT�.

The comparison of the amplitudes of the vacuum and
thermal terms in time may be obtained using the forms of the
coefficients ��t� and ��t� given by Eqs. �25� and �26� for
small �t��−1� and large �t��F� times. For small times the
total effect is that the width of the wave packet results is
larger than in the free case. For large times, instead, the
additional term becomes negligible and the spreading is
slower than in the free case because of the increase of mass.

The space coherence length lr�t� represents the typical
distance for which it is possible to have constructive inter-
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ference among different parts within the wave packet. It can
be read directly from the coefficient of the �q−q��2 term of
the reduced density matrix written under the form of Eq.
�B9�, since it is in fact proportional to the inverse of this
coefficient �1�:

lr�t� =
�r�t�

	1 + 6�2��t�/�r2
. �51�

Using Eq. �39� for �r�t� results in lr�t� increasing with time,
while, analogous to what happens in momentum space �33�,
lr�t� /�r�t� decreases with time because ��t� increases with
time �19�. In the absence of interaction, ��t� is equal to zero
and therefore the free space coherence length, lr�t�0, is al-
ways equal to the width of the wave packet which increases
coherently in time due to the well known free spread �46�.
The coupling with the field induces an evolution of lr�t�
different from �r�t�. Using Eqs. �33� and �51� and
�r�p=3� /2, it follows that lr�t� /�r�t�= lp�t� /�p�t� and
therefore Eq. �34� describes also in the coordinate space the
behavior of the coherence length with respect to the width of
the wave packet for large times. This equation shows that the
ratio decreases to zero as 1/	t for t→� describing a loss of
coherence also in the configuration space.

Another interesting aspect to investigate is the behavior of
lr�t� with respect to its evolution in the free case lr�t�0. Using
Eq. �46� for lr�t�0 and Eqs. �51� and �49� we can put the
coherence length in the form

lr
2�t� = �r2 + �p2t2� 1

m�t��� t

2 �r2

�r2 + 6��t��2 � lr
2�t�0.

�52�

Equation �52� shows that dressing induces a slower increase
of coherence length due to the mass increase, but always
maintains the coherence, while the vacuum and thermal field
induce a destruction of coherence in space such that the co-
herence length is lower than in the free evolution case.

In the momentum space we obtained a simple dynamics:
the width of the wave packet remains constant while the
coherence length decreases with respect to its initial value
going to zero. In coordinate space, instead, different factors
contribute to the dynamics: free evolution contributes to the
coherent increase of the width of the wave packet coherently
and therefore of the coherence length; the particle time de-
pendent dressing of the particle slows this increase; finally,
vacuum and thermal field induce a loss of space coherence
such that the value of the space coherence length in the pres-
ence of the interaction is always lower than its value in the
absence of the interaction.

3. Linear entropy

The dynamics of our system is described by the reduced
density matrix time evolution as a transformation from the
pure initial state �10� into a statistical mixture �24�. The time
dependence of this process, that implies a loss of information
on the system, may be described by the so-called linear en-
tropy, Slin �17�. It has been analyzed in the case of localiza-
tion by scattering, to measure how strongly the environment

destroys coherence between positions by delocalizing
phases, finding a linear departure in time from the initial
value 0 describing a pure state �1�. Using its definition we
obtain here

Slin = tr��̂S − �̂S
2� = 1 −	 1

1 + 6��t��2/�r2 , �53�

which describes the loss of purity of the initial state. It is
interesting to note that in the case of the initial Gaussian
wave packet �27�, Slin is directly connected to a dimension-
less measurement of the decoherence given by the ratio be-
tween the decoherence length and the wave packet width.
This ratio coincides both in the p and r representations �33�
and �51� and using Eq. �53� may be expressed as

Slin = 1 −
lp�t�

�p�t�
= 1 −

lr�t�
�r�t�

. �54�

Using Eq. �33� and the approximated form of ��t� for small
times given by Eq. �25�, we find that Slin at the beginning
evolves quadratically from the initial value 0 corresponding
to a pure state, then slows, and finally goes to 1 for t→� as
1−1/	t.

In Fig. 4 the time development of the linear entropy is
plotted as a function of the coupling constat �. The figure
shows clearly that the increase of this quantity toward 1 de-
pends strongly on �, that is on the charge of the particle
considered.

IV. INTERPRETATION OF VACUUM INDUCED
DECOHERENCE

The temperature independent part of decoherence is rep-

resented by �vac
p,p��t� of Eq. �20�. In the following we shall

analyze the processes that contribute to �vac
p,p��t�.

In the case of a charged particle, initially described by a
wave function made of a coherent superposition of two mov-
ing wave packets, it has been previously shown �16� that
bremsstrahlung radiation induces decoherence decreasing the
visibility of the interference pattern that results from their
overlapping. The reason is that in its trajectory the particle is

FIG. 4. �Color online� Behavior of Slin in time as a function of
�.
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subject to a sudden change of the four-momentum and in this
process it is radiated, as bremsstrahlung photons, the energy
�28�

ER =
�

�
kmaxI�v,v�� , �55�

where I�v ,v�� is a function of the initial and final velocity
and kmax is the wave vector corresponding to the frequency
equal to the reciprocal of the time scattering during which
the four-momentum changes. This energy, as also the deco-
herence function, is proportional to �. Thus bremsstrahlung
may be held responsible for decoherence.

In our system the particle is also subject to a change of
velocity during the dressing process with the emission of
bremsstrahlung photons. These could be held responsible for
the temperature independent loss of coherence between the
momentum components of the wave packet. However, the
radiation energy emitted in the unity of time from the accel-
erated charged particle during the dressing process can be
estimated as �29�

EB �
e2�q̂̈�2

c3 = �
��q̂̈�2

c2 , �56�

with �q̂̈� being the average acceleration of the particle. To

obtain �q̂̈� during the dressing we take the time derivative of
Eq. �42�:

�q̂̈� = −
p0

m0
2

4� � �

3�c2

2�2t

�1 + �2t2�2 . �57�

Substituting this last equation in Eq. �56� the estimated emit-
ted energy per unity of time results proportional to �3. The
vacuum contribution to the decoherence function is shown
from Eq. �20� to be proportional to �. From the consider-
ations above it follows that the emission of bremsstrahlung
photons does not seem to be relevant for the vacuum deco-
herence process.

However, let us observe that for short times �t��−1�, the
decoherence factor ��t� of Eq. �25� and the mass variation
	m�t� of Eq. �44� show both the same t and � dependence.
This appears to suggest a connection between the decoher-
ence process for small times �vacuum contribution� and the
dressing process. In analogy to the case of the two level
systems �2�, the link between dressing and vacuum induced
decoherence could be attributed to the correlation that is es-
tablished between each component p of the wave packet and
the part of the dressing structure of the transverse electro-
magnetic field associated with it.

To verify this hypothesis, we shall analyze the evolution
of the field associated with each component of the wave
packet, during the initial phase of the decoherence process.

Field structure dynamics

In the analyses of decoherence the behavior of the envi-
ronment is usually not investigated with the interest being
placed on the system evolution. In our case the environment
is the electromagnetic field and its behavior during the deco-

herence process can be analyzed by performing the trace of
the total density matrix over the degrees of freedom of the
particle.

For calculation purposes we shall consider the initial
wave packet of momentum width �p as a sum of momentum
sharp wave packets of width �p̄��p. Each of these sharp
wave packets is centered at a momentum p̄ and it has in
configuration space a width �r̄� � /�p̄ taken less than c /�
so that the dipole approximation can be yet used. To describe
the development of the field correlated to one of these sharp
wave packets centered at p̄ we start from a totally decoupled
initial condition. The field is taken in its vacuum state and
the charged particle is described by a sharp wave packet with
momentum components peaked around p̄ of the form
	N��p	p,p̄

� � p�, where N� is a normalization factor and 	p,p̄
�

indicates a quasi-delta centered on p̄ of width �p̄.
The corresponding initial density matrix is

�̂�0� = �̂S�0� � ��0k̄, j̄����0k̇, j̇��

= �
p,p�

�p�N�	p,p̄
� 	p�,p̄

�� �p�� � ��0k̄, j̄����0k̇, j̇�� . �58�

We shall consider the representation of �̂�t� in a coherent
basis. Indicating with ��k,j� a coherent state of the mode �k , j�
of amplitude �, the reduced density matrix elements of the
field in this basis, with the initial condition of Eq. �58�, are
given by

�̂
F

�k,j,�k�,j�
�

�t� = ��k,j�trSˆÛ�t��̂S�0� � ��0k̄, j̄����0k̇, j̇��Û−1�t�‰

���k�,j�
� � . �59�

The explicit calculation, reported in Appendix C by Eq. �C7�,
gives for the reduced density matrix of the field

�̂
F

�k,j,�k�,j�
�

�t� = N�exp
−
��k,j�2

2
−

��k�,j�
� �2

2
−

��k,j
p̄ �2

2
−

��k�,j�
p̄ �2

2

+ �k,j
* �k,j

p̄ + �k�,j�
� �k�,j�

p̄* � , �60�

with �k,j
p̄ defined in Eq. �C2�. Because of our choice of sharp

wave packets in p space, the density matrix of Eq. �60� re-
tains only a dependence on p̄.

Equation �60� allows us to get the average number of
photons �n̂p̄� that can be associated with each sharp wave
packet of width �p̄ and centered at the momentum p̄ of the
total wave packet. The calculation, performed in Appendix C
by Eq. �C17�, leads to

�n̂p̄� =
2�

3�

p̄2

m0
2c2 ln�1 + �2t2� . �61�

The time dependence of the average number of photons of
Eq. �61� is, apart from a factor 2, equal to that of the vacuum
contribution to the decoherence function �20�. This result
appears to give a strong indication that it is just the buildup
of correlations among the various momenta that compose the
wave packet and the corresponding associated transverse
photons that leads to vacuum decoherence in our system.
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To confirm the possibility of associating a number of pho-
tons to the various momentum components of a given wave
packet, we could choose as an initial state a sum of two sharp
wave packets of width �p̄ peaked around two different mo-
menta. In this case it is easy to show that the average number
of photons surrounding the particle can be written as a sum
of two terms relative to the two sharp wave packets compos-
ing the initial state.

The energy associated with the field structure that builds
up around the particle is responsible together with the inter-
action energy of the mass variation 	m computed in Eq. �44�.
The average energy associated with the cloud of photons,
obtained in Appendix C by Eq. �C18�, is equal to

�ÊF� =
8�

3�

��

m0c2

�2t2

1 + �2t2

p̄2

2m0
. �62�

�ÊF� can be written, using Eq. �44� for 	m, as �ÊF�
=−�p̄2 /2m0�� �	Fm /m0� with 	Fm=−2	m. Therefore �ÊF�
reflects on one side the build up of correlations with mo-
menta and on the other side contributes to the mass variation.
This explains the analogous time behavior of 	m�t� and
�vac�t�.

V. SUMMARY AND CONCLUSIONS

We have considered a free charged particle interacting
with a bath consisting of an electromagnetic field at tempera-
ture T. We have analyzed the decoherence on the charged
particle wave packet induced by the interaction through the
investigation of the off diagonal elements of the particle re-
duced density matrix. The interaction has been taken in the
minimal coupling form and the particle is described by a
wave packet of width �r. The effect of all the modes of
wavelength larger than �r can be taken into account within
the dipole approximation. The dipole approximation and the
neglecting of the quadratic potential term reduces the cou-
pling to a linear form and this in turn allows an exact treat-
ment of the dynamics of the system.

Our analysis has been conducted in the context of nonrel-
ativistic QED which is in the spirit of modern quantum field
theory an effective low energy theory with the cutoff fre-
quency � parametrizing the physics due to the higher fre-
quencies �30�. For this reason our final results must show a
dependence on �, that is however as usual weak �logarith-
mic�, as for example in the case of the nonrelativistic expres-
sion for the Lamb shift.

The analysis of the decoherence process has been con-
ducted both in the momentum and configuration space and it
has been possible to separate both the vacuum and the ther-
mal contribution to decoherence.

In momentum space decoherence among different mo-
mentum components occurs without population decay, there-
fore decoherence occurs in its purest form, that is, without
dissipation. This is reflected by the fact that the width �p�t�
of the wave packet remains constant in time while the coher-
ence length lp�t� decreases in time, in particular as 1 /	t for
large t.

In configuration space again both vacuum and thermal
contribution appear in the decay of the off diagonal elements

of the reduced density matrix similar to what occurs in the
momentum space. However, in the characterization of the
development of decoherence by the behavior of the space
width of the wave packet, �r�t�, and the coherence length,
lr�t�, it is necessary to consider that in these quantities two
contributions appear, which are not present in the momentum
space. The first is due to the free evolution of the wave
packet and the second to the dressing process. The appear-
ance of these contributions only in the configuration space is
due to the fact that the Hamiltonian commutes with each
momentum component that then results in a constant of the
motion. In particular the dressing process, with the emission
and absorption of virtual photons and the creation of a struc-
ture of transverse field around the particle, does not modify
the distribution of momenta of the wave packet while it
modifies the spatial probability distribution. We have deter-
mined the contribution of these physical effects to �r�t� and
lr�t�.

We have tried to determine the physical effect responsible
for the part of decoherence independent from the tempera-
ture. The bremsstrahlung photons emitted during the dressing
have been shown not to be relevant for vacuum decoherence.
The results obtained about the particle mass variation indi-
cate that the vacuum contribution to decoherence is tempo-
rally linked to the dressing process. We have shown by the
analysis of the field structure dynamics that the onset of time
dependent correlations, induced by the interaction, between
the momentum components of the particle wave packet and
the associated field structure, may be held responsible for
vacuum induced decoherence. In fact the average number of
entangled photons with a given momentum has the same
time dependence of the vacuum part of the decoherence
function and moreover has the same dependence on the
physical parameters of the system.

The results obtained for our system on the development of
induced decoherence depend on the fact that in the initial
state considered there are no particle-field correlations. Pre-
viously it has been shown that decoherence evolution is in-
fluenced by the presence of initial partial correlation �31–34�.
It appears of interest to analyze in which way the results
obtained in this paper are modified in the more realistic case
in which partial correlations between the system and the en-
vironment are present from the beginning.

APPENDIX A

1. Phase factor

In order to compute the phase factor 
�p , t� of Eq. �8� it is

necessary to explicit the commutator of ĤI at different times
�7�. Using the following relation satisfied by the polarization
vectors

�
j

�k,j
m �k,j

n = 	m,n − ǩmǩn, �A1�

where ǩ indicates the versor of k and m and n are generical
components, we obtain
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�
j

�p · �k,j�2 = p2 − �p · ǩ�2. �A2�

By using the explicit form of the coupling coefficients of Eq.
�4�, and Eq. �A2� to compute the sum over the polarizations,

the commutator of ĤI at different times �7� assumes the form

�ĤI�s�,ĤI�s��� = − 2i �
p,k,j

gk,j
p2
̂psin���k − k · v0��s − s���

= − i
4�e2�

m0
2V

�
p,k

p2 − �p · ǩ�2

�k

̂p

�sin���k − k · v0��s − s��� . �A3�

The time integrations present in Eq. �8� give



0

t

ds

0

t

ds�sin���k − k · v0��s − s�����s − s��

=
1

��k − k · v0�
t −
sin��k − k · v0�t

��k − k · v0� � , �A4�

and joining Eqs. �A4�, �A3�, and �8� we obtain for 
�p , t�


�p,t� =
2�e2

m0
2V�

�
k

p2 − �p · ǩ�2

�k��k − k · v0�
t −
sin��k − k · v0�t

��k − k · v0� � .

�A5�

By taking the continuum limit on the field modes,
�k→V�0

�d3k / �2��3, Eq. �A5� becomes


�p,t� =
e2

�m0
2�2��2 
 d3k
t −

sin�� − k · v0�t
�� − k · v0� �

�
px

2�1 − ǩx
2� + py

2�1 − ǩy
2� + pz

2�1 − ǩz
2�

��� − k · v0�
. �A6�

By introducing the cutoff factor exp�−� /��, Eq. �A6� as-
sumes the form


�p,t� =
e2

4�2 � m0
2c3


0

� d�

�
exp�−

�

�
�

�
 do
�t�1 − X� − sin��t�1 − X��

�1 − X�2

��px
2�1 − ǩx

2� + py
2�1 − ǩy

2� + pz
2�1 − ǩz

2�� , �A7�

where do=sin � d� d� is the infinitesimal solid angle and we
have posed

k · v0 = �
v0

c
�sin �0 sin �k cos��k − �0� + cos �0 cos �k� = �X ,

�A8�

where �0 and �0 are the angles of the vector v0 and �k and �k
are the angles of the vector k.

Indicating with f�X� the X dependent part within the inte-
grand in Eq. �A7�, for small values of v0 /c, this can be
expanded with respect to X obtaining up to the first order in
X

f�X� =
�t�1 − X� − sin��t�1 − X��

�1 − X�2 � �t − sin �t + f��0�X .

�A9�

Using this expansion and the following integrals


 do�1 − ǩi
2� =

8

3
� for i = x,y,z , �A10�


 do�1 − ǩi
2�X = 0 for i = x,y,z , �A11�

in Eq. �A7�, we obtain up to first order in v0 /c


�p,t� =
2e2p2

3� � m0
2c3


0

� d�

�
exp�−

�

�
���t − sin �t�

=
2�p2

3�m0
2c2 ��t − arctan �t� , �A12�

where �=e2 / �c is a dimensionless coupling constant.

2. Decoherence function

To obtain the explicit expression of �p,p��t� �15� it is nec-
essary to calculate the trace on the field

���k,j
p,p�,�k,j

p,p� * � = trF�exp�âk,j
† �k,j

p,p� − âk,j�k,j
p,p� * ��̂F� .

�A13�

The operator exp�âk,j
† �k,j

p,p�−âk,j�k,j
p,p�* � is the generator of the

coherent states of amplitude �k,j
p,p�. It has been shown �17,20�

that Eq. �A13� can be put in the form

���k,j
p,p�,�k,j

p,p� * � = exp�−
1

2
��k,j

p,p��2trF��âk,j, âk,j
† ��̂F�� .

�A14�

Using Eqs. �A13� and �A14�, the relation �17�

trF��âk,j, âk,j
† ��̂F� = coth� ��k

2kBT
� �A15�

obtained in the case of thermal distribution for �̂F and

��k,j
p,p��2 = ��p − p�� · �k,j�2 �1 − cos��k − k · v0�t�

��k��k − k · v0�2

4�e2

m0
2V

,

�A16�

derived from the position following Eq. �15� and using Eqs.
�4� and �9�, the decoherence function �15� can be put in the
form
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�p,p��t� =
2�e2

�m0
2V

�
k

�1 − cos��k − k · v0�t�
�k��k − k · v0�2

� coth� ��k

2kBT
��

j

��p − p�� · �k,j�2. �A17�

Taking the continuum limit on the field modes
�k→V�0

�d3k / �2��3, using � j��p−p�� ·�k,j�2= �p−p��2

− ��p−p�� · ǩ�2, inserting the cutoff factor exp�−� /��, and
introducing the variable X defined in Eq. �A8�, we obtain

�p,p��t� =
e2

4�2 � m0
2c3


0

� d�

�
exp�−

�

�
�coth� ��

2kBT
�

�
 do
1 − cos��t�1 − X��

�1 − X�2 ��p − p��x
2�1 − ǩx

2�

+ �p − p��y
2�1 − ǩy

2� + �p − p��z
2�1 − ǩz

2�� , �A18�

where, as before, do is the infinitesimal solid angle.
Indicating with g�X� the X dependent part within the in-

tegrand in Eq. �A18�, for small values of v0 /c, this can be
expanded with respect to X obtaining up to the first order in
X

g�X� =
1 − cos��t�1 − X��

�1 − X�2 � 1 − cos �t + g��0�X .

�A19�

Using this expansion and Eqs. �A10� and �A11� to compute
the angular integral in Eq. �A18�, we obtain up to first order
in v0 /c

�p,p��t� =
2�

3�

�p − p��2

m0
2c2 


0

� d�

�
exp�−

�

�
�

��1 − cos �t�coth���/2kBT� . �A20�

Before carrying out the frequency integral in Eq. �A20�, we

separate �p,p��t� in two parts, �p,p��t�=�vac
p,p��t�+�th

p,p��t�: a
temperature independent part due to vacuum fluctuations and
a dependent one due to the thermal bath properties, which
goes to zero for T→0. From Eq. �A20� we obtain the tem-
perature independent contribution as

�vac
p,p��t� =

2�

3�

�p − p��2

m0
2c2 


0

�

d� exp�−
�

�
� �1 − cos �t�

�

=
2�

3�

�p − p��2

m0
2c2 ln	1 + �2t2, �A21�

and the thermal contribution as

�th
p,p��t� =

2�

3�

�p − p��2

m0
2c2 


0

� d�

�
exp�−

�

�
��1 − cos �t�

� �coth���/2kBT� − 1�

=
2�

3�

�p − p��2

m0
2c2

1

�



0

t

ds

0

�

dx exp�−
kBTx

��
�

� �coth�x/2� − 1�sin�sx/�� . �A22�

For kBT� �� and introducing �F= � /�kBT
�2.43�10−12 s /T�K�, we find

�th
p,p��t� �

2�

3�

�p − p��2

m0
2c2

1

�



0

t

ds

0

�

dx

��coth�x/2� − 1�sin�sx/��

=
2�

3�

�p − p��2

m0
2c2 ln
 sinh�t/�F�

t/�F
� , �A23�

where in the integration on x we have used the formula



0

�

dx�coth�x/2� − 1�sin�sx/�� = � coth��s/�� −
�

s
.

�A24�

Summing the vacuum contribution given by Eq. �A21� and
the thermal by Eq. �A23�, we obtain for the decoherence
function

�p,p��t� =
2�

3�

�p − p��2

m0
2c2 ln
	1 + �2t2 sinh�t/�F�

t/�F
� .

�A25�

APPENDIX B

Here, we report the explicit computation of the spatial
reduced density matrix that involves the double Fourier
transform of the reduced density matrix in the momentum
space:

�S
r,r��t� =

1

�2� � �3 
 d3p d3p��S
p,p��t�exp
 i

�
�p · r − p� · r��� .

�B1�

Using Eq. �24� for �S
p,p��t�, with the initial wave packet form

of Eq. �30�, we can easily decompose Eq. �B1� in equal
components:

�S
r,r��t� =

NxIx

�2� � �
NyIy

�2� � �
NzIz

�2� � �
, �B2�

where x ,y ,z are mute indices, Nx=1/	2��px, and
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Ix = exp�−
2d2p0

x2

�2 � 
 dpxdpx�

�exp
− px
2�� − i� +

d2

�2� + px�2�px� +
2d2p0

x

�2 +
ix

�
��

� exp
− px�
2�� + i� +

d2

�2� + px��2d2p0
x

�2 −
ix�

�
�� , �B3�

where we have introduced �r=	3d, q=r−r0 of components
�x ,y ,z�, and we have eliminated the explicit time depen-
dence of � and �. Using



−�

+�

exp�− ax2 + bx�dx =	�

a
exp� b2

4a
� �Re a � 0� ,

�B4�

for the integral in px, we obtain

Ix = F�px��

	� exp�− p0
x2d2

2�2�� − i� +
d2

�2� − d2

�4�� − i� +
d2

�2� �
	� − i� +

d2

�2

�exp �−
x2

4�2�� − i� +
d2

�2� + i
p0

xd2x

�3�� − i� +
d2

�2�� ,

�B5�

where F�px�� contains the integral in px� and is equal to

F�px�� = 

−�

+�

dpx�exp�− px�
2

�� − i� +
d2

�2�2

− �2

�� − i� +
d2

�2� + px��2d2p0
x

�2 −
ix�

�
+

i � �x + 2p0
xd2�

�2�� − i� +
d2

�2���
=	��� − i� +

d2

�2�
2�

d2

�2 +
d4

�4 + �2

exp

2p0

xd2�2� +
d2

�2 − i�� − i � �� − i� +
d2

�2�x� + i � �x�2

4�4��� − i� +
d2

�2 �2 − �2��� − i� +
d2

�2� . �B6�

Substituting this result in Eq. �B5�, simplifying and rationalizing where it occurs, and posing the adimensional quantity Z
=1+2��2 /d2+�2�4 /d4, we obtain after a lengthy calculation

Ix =
��2

	Zd2
exp�−

p0
x2d2�2� − i2� +

d2

�2��� + i� +
d2

�2�
�2��2 + Z

d4

�4� �exp� p0
x2�2� − i� +

d2

�2�2�� + i� +
d2

�2�
��2 + Z

d4

�4�Z

+
2�xx�

4Zd4/�2�
�exp�−

�� + i� +
d2

�2�x2 + �� − i� +
d2

�2�x�2

4Zd4/�2 �exp�i
�2� + i� +

d2

�2�p0
xx − �2� − i� +

d2

�2�p0
xx�

Zd2/�
� . �B7�

After some passage, from Ix we obtain �S
r,r��t�=NIxIyIz / �2�� �3 put in the form

�S
r,r��t� =

N�3

8d6Z3/2 exp
i
�1 + 2��2/d2�p0 · �q − q��

�Z
�exp�−

3��q + 2p0� � �2 + �q� + 2p0� � �2�
4�3d2Z� �

�exp�−
3��2�q − q��2/d2 + i3��2�q2 − q�2�/d2

4�3d2Z� � . �B8�

The last can be put in a useful form to compute directly some quantities as
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�S
r,r��t� =

N�3

8d6Z3/2 exp�−
6p0

2�2�2

3d2Z
�

�exp
i
�1 + 2��2/d2�p0 · �q − q��

�Z
�

�exp�−

3

2
�1 + 2��2/d2��q − q��2 +

3

2
�q + q��2

4�3d2Z�
�

�exp
+ 12� � p0 · �q + q�� − i3��2�q2 − q�2�/d2

4�3d2Z� � .

�B9�

APPENDIX C

We compute the trace on the subsystem in the momentum
basis, �p�t��. In the interaction picture we have �p�t��
=exp�itp2 /2m0� � � p�0��, but because here we are not inter-
ested in the free evolution we will use �p�t��= �p�0�� for the
trace, thus neglecting the phase factor which is not relevant
for the following discussion.

We rewrite the time evolution operator of Eq. �8� in the
form

Û�t� = �
p,k,j

exp�i
�p,t�
̂p�exp�
̂p�âk,j
† �k,j

p − âk,j�k,j
p*�� ,

�C1�

where �k,j
p =gk,j

p �k is given, using Eqs. �4� and �9�, by

�k,j
p = − p · �k,j

e

m0
	2��

V�k

1 − ei��k−k·v0�t

���k − k · v0�
e−ik·r0. �C2�

Using Eq. �C1� in Eq. �59� we obtain

�̂
F

�k,j,�k�,j�
�

�t� = ��k,j�trS� �
p1,k1,j1

�
p2,k2,j2

�exp�
̂p1
�âk1,j1

† �k1,j1

p1

− âk1,j1
�k1,j1

p1* ��exp�i
�p1,t�
̂p1
�

��
p,p�

�p���0k̄, j̄����0k̇, j̇���p��N�	p,p̄
� 	p�,p̄

��

�exp�
̂p2
�− âk2,j2

† �k2,j2

p2 + âk2,j2
�k2,j2

p2* ��

�exp�− i
�p2,t�
̂p2
�����k�,j�

� � . �C3�

Using the cyclicity of the trace and

exp 
̂p�âk,j
† �k,j

p − âk,j�k,j
p*��p��0k,j�

= �p�exp�âk,j
† �k,j

p − âk,j�k,j
p*��0k,j�

= �p���k,j
p � , �C4�

where the amplitude of the coherent state ��k,j
p � depends on

the momentum component p, Eq. �C3� becomes

�̂
F

�k,j,�k�,j�
�

�t� =
 d3p��
p,p�

	�p� − p�	�p� − p��N̄

� 	p,p̄
� 	p�,p̄

�� �
k1,j1

�
k2,j2

��k,j��k1,j1
p ���k2,j2

p� ��k�,j�
� � .

�C5�

Taking into account the explicit form of the scalar product
between coherent states

�
k�,j�

��k,j��k�,j�
p � = exp
−

��k,j�2

2
−

��k,j
p �2

2
+ �k,j

* �k,j
p � ,

�C6�

Eq. �C5� becomes

�̂
F

�k,j,�k�,j�
�

�t� = N�exp
−
��k,j�2

2
−

��k�,j�
� �2

2
−

��k,j
p̄ �2

2
−

��k�,j�
p̄ �2

2

+ �k,j
* �k,j

p̄ + �k�,j�
� �k�,j�

p̄* � , �C7�

where the integral over the momenta has led to the presence
of p̄ in the �k,j

p̄ .
Now, we calculate the average of the operator âk,j

† âk,j
using the trace in the coherent states basis, that for a generic

operator Â has the form �20�

Tr Â �
1

�

 d�Re ��d�Im �����Â��� . �C8�

Using âk,j
† âk,j as operator in Eq. �C8� we obtain �omitting the

pedici k and j in ��

�âk,j
† âk,j� = TrF�âk,j

† âk,j�̂F� = TrF�âk,j
† �̂Fâk,j� − TrF��̂F�

=
1

�

 d�Re ��d�Im ������2 − 1��̂F

�,�, �C9�

where we have used the commutation rules satisfied by the
operators âk,j

† and âk,j, and the action of these operators on the
coherent states

âk,j��� = ���� and ���âk,j
† = �*��� . �C10�

Substituting the diagonal elements of Eq. �C7� in Eq. �C9�,
we obtain

�âk,j
† âk,j� =

1

�

 d�Re ��d�Im ������2 − 1�

�exp�− ���2 − ��k,j
p̄ �2 + �*�k,j

p̄ + ��k,j
p̄*� .

�C11�

Posing Re �=�1 and Im �=�2, Eq. �C11� can be put in the
form

�âk,j
† âk,j� =

exp�− ��k,j
p̄ �2�

�

 d�1d�2��1

2 + �2
2 − 1�

�exp�− �1
2 + 2�1�Re �k,j

p̄ �2�

�exp�− �2
2 + 2�2�Im �k,j

p̄ �2� . �C12�
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The integrals involved in Eq. �C12� are of the Gaussian type
�B4� and



−�

+�

dx x2exp�− ax2 + bx� =
	��2a + b2�

4a5/2 exp� b2

4a2� .

�C13�

Using Eqs. �C13� and �B4� in Eq. �C11� we obtain easily

�âk,j
† âk,j� = ��k,j

p̄ �2 =
4�e2�p̄ · �k,j�2

Vm0
2 � �k

3�1 − X�2 �1 − cos��kt�1 − X��� ,

�C14�

with X defined in Eq. �A8�. Equation �C14� represents the
average number of photons, of the mode of the field repre-
sented by �k , j�, that compose the cloud associated to the
momentum p̄. To obtain the trend of the total number of
photons, then we must sum over the polarizations and over k.
Using Eq. �A2� to perform the sum over j and Eq. �A8� we
obtain

�
j

�âk,j
† âk,j� = �p̄2 − �p̄ · ǩ�2�

4�e2

Vm0
2 � �k

3

1 − cos��t�1 − X��
�1 − X�2 .

�C15�

Performing directly the limit to continuum on the field
modes and inserting the usual cutoff factor exp�−� /��, the

sum over the ǩ assumes the form

�n̂p̄� =
V

�2��3 
 d3k exp�−
�

�
��

j

�âk,j
† âk,j�

=
e2

2�2m0
2 � c3


0

� d�

�

�exp�−
�

�
� 
 d
̂

1 − cos��t�1 − X��
�1 − X�2

��p̄x
2�1 − ǩx

2� + p̄y
2�1 − ǩy

2� + p̄z
2�1 − ǩz

2�� . �C16�

Using the expansion of Eq. �A19�, and Eqs. �A10� and �A11�
in Eq. �C16�, we obtain that the angular integral is equal to
�1−cos �t�8�p̄2 /3, while the resulting integral over frequen-
cies gives ln�1+�2t2� /2. The average number of photons at
time t that compose the cloud associated with momentum p̄
is then equal to

�n̂p̄� =
2�

3�

p̄2

m0
2c2 ln�1 + �2t2� . �C17�

The average energy associated with this cloud of photons
is obtained by multiplying the integrand of the final integral
over the frequencies �C16� for �� and using considerations
similar to those leading from Eq. �C16� to �C17�:

�ÊF� =
V

�2��3 
 d3k exp�−
�

�
����

j

�âk,j
† âk,j�

=
4�

3�

� p̄2

m0
2c2


0

�

d� exp�−
�

�
��1 − cos �t�

=
8�

3�

��

m0c2

�2t2

1 + �2t2

p̄2

2m0
. �C18�
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