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Abstract
We investigate the open dynamics of a qubit due to scattering of a single photon in an infinite or
semi-infinite waveguide. Through an exact solution of the time-dependentmulti-photon scattering
problem,we find the qubitʼs dynamicalmap. Tools of open quantum systems theory allow us then to
show the general features of thismap, find the corresponding non-Linbladianmaster equation, and
assess in a rigorousway its non-Markovian nature. The qubit dynamics has distinctive features that, in
particular, do not occur in emission processes. Two fundamental sources of non-Markovianity are
present: thefinite width of the photonwavepacket and the time delay for propagation between the
qubit and the end of the semi-infinite waveguide.

1. Introduction

Waveguide quantum electrodynamics (QED) is an emerging area of quantumoptics that investigates coherent
coupling between one ormore emitters (qubits) and a one-dimensional (1D) photonic waveguide [1–5]. Novel
correlations among injected near-resonant photons result from the nonlinearity of the qubits, and intriguing
interference effects occur because of the 1D confinement of the light. Thefield has focused on qubits in a local
region for which these correlation and interference effects can be used for local quantum information purposes
such as single-photon routing [6], rectification of photonic signals [7–10], and quantumgates [11–13]. This
regime of waveguideQED involves neglecting delay times: the time taken by photons to travel between qubits is
far shorter than all other characteristic times.However, an important goal for photonic waveguides is to carry
out long-distance quantum information tasks such as quantum state transfer between remote quantum
memories [14, 15]. As these necessarily involve distant qubits, delay times cannot be neglected, leading to
different kinds of photon correlation and interference effects through the non-Markovian (NM)nature of the
system.Here, we study amodel waveguideQED systemwith large delay time.We apply recent developments in
the theory of open quantum systems (OQS) in order to quantitatively assess the qubitʼs degree of non-
Markovianity.

A large variety of waveguideQED setups have been experimentally demonstrated in recent years
[4, 5, 16, 17]. Because of high photon group velocities and small systems, these experiments aremostly described
by aMarkovian approach inwhich delay times are neglected. In contrast, recent experiments have started
entering the regime of non-negligible delay times [18–22], an area that is expected to grow rapidly due to interest
in extended systems and long-distance quantum information. Accounting for photon delay times is, however, a
challenging theoretical task: only recently have the dynamical effects of long delay times started being
investigated [23–33]. Amajor consequence of delay times is thatNMeffects are introduced that affect the physics
profoundly, as predicted for e.g. qubit–qubit entanglement in emission [24, 32] and second-order correlation
functions in photon scattering [25, 28, 29, 31].
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Clarifying the importance ofNMeffects and themechanisms behind their onset is thus pivotal in waveguide
QED.At the same time, the theory ofOQS [34, 35] is currentlymakingmajor advances, yielding amore accurate
understanding ofNMeffects [36–39]. Through an approach often inspired by quantum information concepts
[40], a number of physical properties such as information back-flow [41] and divisibility [42] have been
spotlighted as distinctivemanifestations of quantumNMbehavior and then used to formulate corresponding
quantum non-Markovianitymeasures. These tools have been effectively applied to dynamics in various scenarios
[37, 38], including inwaveguideQEDwith regard to emission processes [26, 32]5 such as a single atom emitting
into a semi-infinite waveguide [26].

Motivated by the need to quantifyNMeffects in photon scattering fromqubits, we present a case study of a
qubit undergoing single-photon scattering in an infinite or semi-infinite waveguide (see figure 1), the latter of
which is the basis of the proposed controlled-Z [12] and controlled-NOT [13] gates.We aim at answering two
main questions:What are the essential features of the qubit open dynamics during scattering? Is such dynamics NM?
The key task is tofind the dynamicalmap (DM) of the qubit in the scattering process, which fully describes the
open dynamics and is needed in order to applyOQS tools [38]. A distinctive feature of our open dynamics is that
the bath (thewaveguide field) is initially in awell-defined single-photon state [43, 44]. Toward this task, we
tackle in full the time evolution ofmultiple excitations (in contrast to those limited to the one-excitation sector
[43, 45–48]), a problem that has become important recently [30, 31, 33, 49–57].

Intuitively, onemay expect that the dynamics is fullyMarkovian in the infinite-waveguide case andNM in
the semi-infinite case due to the atom-mirror delay time.We show that this expectation is inaccurate in general,
mostly because it does not account for a fundamental source ofNMbehavior namely thewavepacket
bandwidth. ThisNMmechanism is present in an infinite waveguide, while in a semi-infinite waveguide it
augments the natural NMbehavior coming from the photon delay time.

Recently, NMeffects in infinite-waveguide scatteringwere addressed in [44]. There, however, the qubit is
always initially in the ground state, while a fair application of non-Markovianitymeasures should be based on
the entireDM thus requiring consideration of an arbitrary initial state of the qubit.

The paper is organized as follows.Wefirst define the systemunder consideration in section 2. Next, in
section 3, wefind the general formof the the qubitʼsDM in a single-photon scattering process and discuss its
main features. In section 4, we present the time-dependentmaster equation (ME), which is fulfilled exactly by
the qubit state at any time. In section 5, we discuss the explicit computation of theDM in the infinite- and semi-
infinite-waveguide case (most of the details regarding the former are given in the appendix). Since this task
requires the time evolution of the scattering process, we in particular find a closed delay partial differential
equation (PDE) that holds in the two-excitation sector of theHilbert space for a semi-infinite waveguide. In
section 6, we assess theNMnature of the scatteringDMbymaking use of non-Markovianitymeasures. In this
way, we identify two fundamental sources ofNMbehavior: the finiteness of thewavepacket width and the time-
delayed feedback due to themirror.Wefinally draw our conclusions in section 7. Some technical details are
given in the appendices.

2. System

Consider a qubit with ground (excited) state gñ∣ ( eñ∣ ) and frequencyω0, which is coupled at x=x0 to a photonic
waveguide (along the x-axis)with linear dispersion.Wemodel the system via the standard [29, 58, 59] real-space
Hamiltonian under the rotating-wave approximation (we set c 1 = = throughout)

Figure 1.Aqubit coupled to awaveguide scatters a single-photonwavepacket injected from the left. The qubitmay start in an arbitrary
state. The semi-infinite waveguide sketched here is terminated by an effectivemirror, thus introducing a delay time.

5
By ‘spontaneous emission’ or ‘emission’ in short, we refer to the process inwhich initially the qubit is excited and thewaveguide is in the

vacuum state. Such a process can be non-Markovian.
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where the bosonic operator a xRˆ ( ) a xL[ ˆ ( )]annihilates a right-going (left-going) photon at x, g es s= = ñá- +ˆ ˆ ∣ ∣† ,
andV is the qubit-field coupling strength such that the qubit decay rate into thewaveguide isΓ=2V2. For an
infinite waveguide, the upper integration limit is x = +¥ and x0=0, while for a semi-infinite waveguide
ξ=0+ and x0=−a (seefigure 1).

3.Dynamicalmap

By definition the qubitʼsDM,Φt, is the superoperator that when applied on any qubit state at t=0, ρ0, returns
its state at time t>0 [34, 35],

t . 2t 0r r= F( ) [ ] ( )

TheDM fully specifies the open dynamics of the qubit coupled to thewaveguidefield, with the latter serving as
the reservoir.

We nowfind theDM for a single-photonwavepacket. LetU et
Hti= -ˆ ˆ be the unitary evolution operator of the

joint qubit-field system. The initial state for single-photon scattering is 0 0s r j j= ñá∣ ∣ (tensor product symbols

are omitted), where g g e e g e h.c.gg ee ge0r r r r= ñá + ñá + ñá +∣ ∣ ∣ ∣ ( ∣ ∣ ) and x x a xd 0Ròj jñ = ñ∣ ( ) ˆ ( )∣† is the

incoming single-photon (normalized)wavepacket ( 0ñ∣ is thewaveguide vacuum state). At time t, the atom-field

state is t U U U Ut t t t0 0s s r j j= = ñá( ) ˆ ˆ ˆ ∣ ∣ ˆ† †
. By plugging ρ0 intoσ(t), we get

t U g g U U e e U U g e U H.c. , 3gg t t ee t t ge t ts r j j r j j r j j= ñá + ñá + ñá +( ) ˆ ∣ ∣ ˆ ˆ ∣ ∣ ˆ [ ˆ ∣ ∣ ˆ ] ( )† † †

hence for any ρ0 the knowledge of the pair of elementary unitary processesU gt jñˆ ∣ andU et jñˆ ∣ fully specifies the
time evolution ofσ(t). Due to the conservation of the total number of excitations (see (1)), the joint evolved state
in the two processes has the form

t U g g t e t e 0 , 4t1 1j fY ñ = ñ ñ = ñ ñ + ñ ñ∣ ( ) ˆ ∣ ∣ ∣ ∣ ( ) ( ) ∣ ∣ ( )

t U e g t e t , 5t2 2 1j c yY ñ = ñ ñ = ñ ñ + ñ ñ∣ ( ) ˆ ∣ ∣ ∣ ∣ ( ) ∣ ∣ ( ) ( )

where tnY ñ∣ ( ) is the joint wavefunction at time t for n excitations. Here, t1f ñ∣ ( ) and t1y ñ∣ ( ) are unnormalized
single-photon states, and t2c ñ∣ ( ) is an unnormalized two-photon state.Note that (4) [(5)] describes the joint
dynamics of a single photon scattering off a qubit initially in the ground (excited) state, which takes place entirely
in the one-excitation (two-excitation) sector of theHilbert space. In particular, equation (5) is a stimulated
emission process [60].

The qubit state at time t is themarginal t tTrfieldr s=( ) ( ). This partial trace can be performed by placing
equations (4) and (5) into equation (3), which yields

t t t g g e t t e e
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wherewe took advantage of orthogonality between one-photon and two-photon states. Since gjñ{∣ , ejñ∣ }are
normalized, so are (4) and (5)due to unitarity ofUt

ˆ . Thus, t e t t t 11
2 2

2
2

1
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defining three time functions
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wehave t p t1 g1
2f = - ( ) ( ) and t p t1 e2

2c = - ( ) ( ). Therefore, changing to thematrix representation,
equation (6) takes the form (with ρee=1−ρgg)
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wherewe defined

t p t p t . 9e gD º -( ) ( ) ( ) ( )

Note that both pg(t) and pe(t) are the qubit excited-state populations but in the two different processes (4) and (5),
respectively.

We refer to the qubit DM (8) as the ‘scatteringDM.’ Since the atom-field initial stateσ0 is a product state and
Ut
ˆ is unitary, themapΦt is necessarily completely positive (CP) and trace preserving [40]. In contrast to pure

3
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emission processes at zero temperature [34], here both the one- and two-excitation sectors are involved.We
stress that theDM is fully independent of the qubitʼs initial state ρ0, being dependent solely on theHamiltonian
(1) and thefield initial state jñ∣ . This dependence occurs through the functions of time pg/e(t) and c(t) in (8),
where pg/e(t) determine the qubit populationswhile c(t) governs the coherence.

TheDMʼs form is best understood in the Bloch-sphere picture [40] inwhich a qubit state ρ is represented by
the Bloch vector r 2 Re , 2 Im ,ge ge gg eer r r r= -( )with r 1  . In this picture, themap tF is defined by the
vector identity

t tr M r v , 10t 0= +( ) ( ) ( )

where t p t p tv 0, 0, 1 e g
T= - -( ) ( ( ) ( )) andMt is the 3×3matrix

c t

t
M

R 0

0
. 11t

t
T

=
D

q
⎛
⎝⎜

⎞
⎠⎟

∣ ( )∣
( )

( )( )

Here, 0=(0, 0)whileRθ(t) is a standard 2×2 rotationmatrix of angle t c targq =( ) [ ( )]. Thus, apart from the
rigid displacement v(t) and rotation around theZ-axis, the scattering process shrinks themagnitude of theXY-
andZ-components of r(t) by the factors c t 2∣ ( )∣ and tD∣ ( )∣, respectively. Since these two factors are generally
unequal, theDM transforms the Bloch sphere into an ellipsoid. Such a lack of spherical symmetry does not occur
in emission processes [61], thus providing a hallmark of scattering open dynamics.

In addition, a careful look at equations (10) and (11) shows that the Bloch vector undergoes a reflection
across theXY-planewheneverΔ(t)<0. This is a further distinctive trait of scattering dynamics, not occurring
in emission processes [61], which is shown below to be relevant to the onset ofNMbehavior.

4.Non-Markovianmaster equation

Themost paradigmaticMarkovian dynamics is the one described by the celebrated LindbladME [34],

L L L L L Li , , with 2, 12  år r g r r r r r= - + = - +
n

n n n n n n n n n˙ [ ˆ ] [ ] [ ] ˆ ˆ ( ˆ ˆ ˆ ˆ ) ( )† † †

where ̂ is self-adjoint, and all the rates γνʼs are positive constants. In our case, theDM (8) is not described by a
LindbladME; instead, we show that it is described by a time-dependentME6:

t t t ti , , 13z z   r r g r g r g r= - + + ++ + - -˙ [ ˆ ( ) ] ( ) [ ] ( ) [ ] ( ) [ ] ( )

where t̂( ) is a time-dependentHamiltonian, and the jump operators L s=n nˆ ˆ describe three non-unitary
channels with the time-dependent rates γ+(t) for absorption, γ−(t) for emission, and γz(t) for pure dephasing
(explicit forms are given below in equation (16)).We note that the dephasing term,which reflects the lack of
spherical symmetry of the evolved Bloch sphere discussed above, does not occur in spontaneous emission.

The general form for a time-dependentME is

, 14tr r=˙ [ ] ( )

where t is a time-dependent linear (and traceless)map,which is fulfilled by ρ(t) as given by equation (8). The
standard recipe for carrying this out starting from theDM is tofirst take the derivative of equation (2), which
yields t 0r r= F˙ ˙ [ ]. Introducing next the inverse ofmapΦt, t

1F- , we can replace tt0
1r r= F- [ ( )]. Hence,

. 15t t t
1 = F F -˙ [ ] ( )

The task now reduces to explicitly calculating t and expressing it in a Lindblad form so as to end upwith
equation (13).

This task is efficiently accomplished in the generalized 4-dimensional Bloch space. Recall that the set of four
Hermitian operators G 2 , 2 , 2 , 2i x y z s s s={ ˆ } { ˆ ˆ ˆ }—where i=0, 1, 2, 3, respectively—is a basis in

the qubit operatorsʼs space and fulfills G GTr i j ijd={ ˆ ˆ } .We express both equations (13) and (15) in this basis and
equate them; some details are presented in appendix A. The resulting expressions for the time-dependent
Hamiltonian aswell as the three time-dependent rates inME (13) are given by

t
c t

c t
aIm 16 s s= - + -

⎡
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⎤
⎦⎥
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e g
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6
Absorption and dephasing terms like those inME (13) are absent in [44]. This is because [44] treats only equation g g0r = ñ∣ .
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It can be checked that when t̂( ) and these rates are placed in it,ME (13) is exactly fulfilled by equation (8) at all
times t.

Before concluding this section, we note that an exact, differential system (DS) governing the same open
dynamics that applies in the case of an infinite waveguide wasworked out in [62] andmore recently further
investigated and generalized in [63, 64]. For the present case of a single-photonwavepacket and a qubit, this DS
has overall three unknowns: two densitymatrices, one of which is ρ(t), and a traceless non-Hermitianmatrix. In
contrast toME (13) here, theDS has the advantage that its time-dependent coefficients are known functions of
thewavepacket functional shape (in the time domain). However, since such aDS is not closedwith respect to ρ(t)
it is less suitable for analyzing the general properties of the qubitʼs DM,which is amajor goal of the present work.
Finally, whileME (13) holds for a qubit coupled to a generic bosonic bath under the rotating-wave
approximation, theDS relies on the further hypothesis of awhite-noise bosonic bath (hence, in particular, it does
not hold in the semi-infinite-waveguide case).

5. Explicit computation ofDM

For the initial state of thewaveguide, throughout this paperwe consider an exponential incomingwavepacket of
the form

x k x x x xi exp i 2 , 170 0j a a q= G + G - - +( ) [( )( )] ( ) ( )

where k is an arbitrary central frequency, ka dº G is thewavepacket bandwidth in units ofΓ, and θ(x) is the
step function. This choice of thewavepacket shape is oftenmade (see e.g. [60]) as it has at least three advantages.
An exponential shape allows for closed-form solutions in the Laplace domain in some cases. In addition, in a
numerical approach, its well-definedwavefront leads to a significant reduction in computational time, which is
important in the two-photon sector when there is a long time delay. Finally, suchwavepackets can be generated
experimentally [65–70] by either spontaneous emission of a qubit or tunable, on-demand sources.

Our general approach is to plug the ansatz for tnY ñ∣ ( ) , equations (4) and (5), into the Schrödinger equation
t H ti t n n¶ Y ñ = Y ñ∣ ( ) ˆ ∣ ( ) to obtain a systemof differential equations for the amplitudes that we solve for the three

functions pg(t), pe(t), and c(t) in (7) and hence for theDM (8). For an infinite waveguide, this can be
accomplished analytically in both the one- and two-excitation sectors as shown in appendix B.Here, we focus on
the farmore involved case of a semi-infinite waveguide.

In this case, it is convenient to ‘unfold’ thewaveguide semi-axis at themirror (x=0) by introducing a chiral
field defined on the entire real axis by a x a x x a x xR Lq q= - -ˆ ( ) ˆ ( ) ( ) ˆ ( ) ( ) (theminus sign encodes theπ-phase
shift due to reflection from themirror); see figure 2. TheHamiltonian (1) can then be rewritten by expressing
a xR Lˆ ( ) in terms of a xˆ ( ) as

H x a x a x V x x a x a a x a xi d i d . 18x 0ò òw s s d d s s= - ¶ + - + - - -
-¥

¥

+ -
-¥

¥

- +ˆ ˆ ( ) ˆ ( ) ˆ ˆ [ ( ) ( )][ ˆ ( ) ˆ ˆ ˆ ( )] ( )† †

Compared to equation (1), the formof the free-field term shows that only one propagation direction is allowed
(chirality)while the term Vµ shows the bi-local coupling of the field to the qubit at points x=±a (these can be
seen as the locations of the real qubit and itsmirror image, respectively).

Figure 2.Aqubit coupled to a semi-infinite waveguidewith qubit-mirror distance a (left) and its equivalentmodel featuring a qubit
coupled to a chiral infinite waveguide at the two points x=±a (right).
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5.1. Semi-infinitewaveguide: one-excitation sector
Thewavefunction ansatz in the one-excitation sector is (see equation (4))

t x x t a x e td , 0 0 , 191 ò f sY ñ = ñ + ñ+∣ ( ) ( ) ˆ ( )∣ ( ) ˆ ∣ ( )†

which once inserted into the Schrödinger equation yields the pair of coupled differential equations

x t x t Ve t x a x a ai , i , i , 20t xf f d d¶ = - ¶ - + - -( ) ( ) ( )[ ( ) ( )] ( )

t
e t e t V a t a t bi

d

d
i , , . 200w f f= + - -( ) ( ) [ ( ) ( )] ( )

Integration of the photonic part yields the formal solution

x t x t V e t x a x a t x a e t x a x a t x a, , 0 ,

21

f f q q q q= - - - - + - - - - + - - +( ) ( ) [ ( ) ( ) ( ) ( ) ( ) ( )]
( )

(see equation (17) of [23]), which once plugged back into the equation for e(t) (equation (20b)) yields the delay
(ordinary) differential equation (DDE)

e t

t
e t e t a t a a t a t

d

d
i

2 2
2 2

2
, 0 , 0 . 220w q f f= - +

G
+

G
- - +

G
- - - -⎜ ⎟⎛

⎝
⎞
⎠

( ) ( ) ( ) ( ) [ ( ) ( )] ( )

Equation (22) is the same as thewell-knownDDEdescribing the spontaneous emission process in [23, 71, 72]
butwith the presence of the extra source term 2µ G due to the incoming photonwavepacket. For the initial
conditions e(0)=0 andf(x, 0)=j(x) (see equation (4)), the solution for e(t) obtained by Laplace transform
reads

e t
k n

t na

k

k
n p t na t na

2 e e

i 2 1
i 2 e

i i 2

i 2 1
1, i 2 e 2 , 23

t k t

n

n

n t na

n

n
k t na

2 i 2 i 2

0 1

2

1 2

i 2 2
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0
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+
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w a
w
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- +G - + G
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¥
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+
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⎡
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⎤
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( )
( ) !
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( )
[ ( )]

( ( )) ( ) ( )

( ) ( )
( )( )

( )( )

where p= k− ω0+ iΓ/2(1− α) and γ(n, z) is the incompleteGamma function [73]. The corresponding
solution forf(x, t) follows straightforwardly by using (23) in equation (21).

5.2. Semi-infinitewaveguide: two-excitation sector
The ansatz for the time-dependent wavefunction (see equation (5)) reads

t x x t a x x x x x t
a x a x

d , 0 d d , ,
2

0 . 242 1 2 1 2
1 2ò y s cY ñ = ñ + ñ+ ∬∣ ( ) ( ) ˆ ( ) ˆ ∣ ( ) ˆ ( ) ˆ ( ) ∣ ( )†

† †

The Schrödinger equation then yields the systemof coupled differential equations

x t x t x t
V

x a t a x t x a t a x t
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, , , , , , , , ,

25
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The formal solution forχ(x1, x2, t) is thus

x x t x t x t
V

x x a t x a x a t x a
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, , , , 0
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y q q

= - - - - - - - + - -

- - + - + - - + + «

( ) ( ) [ ( ) ( ) ( )

( ) ( ) ( ) ( )] ( )

where note thatχ is symmetrized under the exchange x x1 2« . By placing equation (26) into equation (25a)we
find a spatially non-local delay PDE forψ(x, t):
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Equation (27) is the two-excitation-sector counterpart of theDDE (22).Mathematically, such a spatially non-
local delay PDE is farmore involved than theDDE (22) or conventional delay PDEs [74] that are local in space. A
spacetime diagram is shown infigure 3.

In our case (see equation (5)), the initial conditions areψ(x, 0)=j(x) andχ(x1, x2, 0)=0.Due to the latter
condition, the terms on the last line of equation (27) are identically zero.Hence, overall, the differential equation
features four source terms that are non-local in x and t and are non-zero for x>−a. In the region x�−a, the
equation takes the simple form

x t x t x t x a t a t a, , i
2
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2

2 , 2 2 . 28t x 0y y w y y q¶ = -¶ - +
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⎠( ) ( ) ( ) ( ) ( ) ( )

By taking the Fourier (Laplace) transformwith respect to variable x (t), this equation is turned into an algebraic
equationwhose solution is given by
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where q k qe iqa
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i
2
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aG G˜ ( ) ( ) is the Fourier transformofj(x). Performing the inverse Fourier

transformwith respect to q then yields
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wherewe used that, since x<−a, only the pole q= k− iαΓ/2 contributes to the integral. Upon inverse Laplace
transformwith respect to s termby term,wefinallyfind
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for x a< - . This solution can be expressed compactly asψ(x, t)=j(x−t)esm(t), where esm(t) is the qubit
excited-state amplitude in the spontaneous emission process [23, 71, 72]namely the solution of equation (22)
for the initial conditions e(0)=1 andf(x, 0)=0. This is physically clear: since the qubit starts in the excited

Figure 3. Spacetime diagram for equation (27). The dashed lines represent the propagation direction of the initial condition (thick red
line). The brown dotted line shows the time after which the delay term appears. The blue and green regions are the light cones of the
qubit and itsmirror image, respectively.
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state (see equation (5)) so long as the photon has not reached its location x=−a the systemʼs evolution consists
of the free propagation of the input single-photonwavepacket and the spontaneous emission as if the fieldwere
initially in the vacuum state.

The next natural stepwould befinding thewavefunction for−a� x� a. However, a look at equation (27)
shows that such a task is non-trivial. Specifically, two of the source terms,ψ(−x−2a, t−x−a) and−
ψ(−x, t−x−a), enter the differential equationwhich forces one tofind the solution ‘tile by tile’ as discussed in
the supplementarymaterial, available online atstacks.iop.org/NJP/20/043035/mmedia7, a challenging and in
the end impractical task.We choose instead to solve the delay PDEnumerically by adapting the finite-difference-
time-domain (FDTD)method [75–77]; our approach is described in [77]. Note that the effectiveness of our code
is crucially underpinned by the knowledge of the exact solution for x<−a discussed above [77].

Finally, once the solutions in both number sectors are found, the three functions pe/g(t) and c(t) can be
obtained explicitly as

p t e t p t x x t c t x x t x t, d , , d , , , 32g e
2 2 *ò òy f y= = =( ) ∣ ( )∣ ( ) ∣ ( )∣ ( ) ( ) ( ) ( )

where e(t) is given by equation (23),f(x, t) is given by equation (21), andψ(x, t) is obtained fromFDTD.

6.Non-Markovianity

Despite having a Lindblad structure, the time-dependentME (13) is not in general a LindbladME, not even one
whose Lindblad generator is time-dependent, because the rates {γν(t)} are not necessarily all positive at all times
[34, 35, 38, 78]. The condition γν(t)� 0 for any ν and t is indeed violated ifΔ(t)<0 at some time t (recall the
definition ofΔ(t) in equation (9)).

Indeed, sinceΔ(0)=1, ifΔ becomes negative during the time evolution then there exists an instant at
which both 0D <˙ andΔ< 0. Then, since g g+ = -D D+ -

˙ (see equation (13) and related text), at least one
of the rates {γ±(t)}must be negative at some time.When this happens, theDM is not ‘CP-divisible’: the
dynamics cannot be decomposed into a sequence of infinitesimal CPmaps [34] each associatedwith a time
0� t′� t and fulfilling (13)with positive rates {γν(t′)}. Equivalently, it is not governed by a LindbladME even
locally in time8. Thus, according to the criteria in [42, 78], the dynamics isNM.Note that the negativity ofΔ(t) is
also sufficient to break P-divisibility (aweaker property thanCP-divisibility) since it ensures that the sumof at
least a pair of time-dependent rates inME (13) is negative [38].

Negativity ofΔ can occur already for an infinite waveguide if thewavepacket width is in an optimal range.
Indeed, from the analytic expressions for pe/g(t) in the infinite-waveguide case given in appendix B.3, we get
(time in units ofΓ−1 and k=ω0)

t e
8 e 5 1 e 4 1

1
. 33t

t
1

2

t1
2a a a a

a
D =

+ - + + -
-

a
a

- +
a+

( ) ( )( ) ( ) ( )( )
( )

Based on elementary analysis, two behaviors are possible (appendix B.4): forα> 5,Δ(t)� 0 always, while for
0<α�5,Δ(t)has aminimumat a negative value at some time. To illustrate this, we plotΔʼs negativity,
NΔ(t)≡−min[0,Δ(t)], infigure 4. For 0<α�5,NΔ (t) is initially zero, then exhibits amaximumat a time of
the order ofΓ−1 and eventually decays to zero. For 10 2a - , thismaximum is in fact negligible reaching at
mostNΔ∼ 10−6 (figure 4(b)). For practical purposes, then,Δ(t) becomes negative for an optimal range of
wavepacket widths δk around 1a  , i.e., kd G , which excludes smallα and hence in particular quasi-plane
waves.

Rigorously speaking, it should be noted that—as typically happenswith time-convolutionlessMEs [38]—in
general theremay be singular times at whichME (13) is not defined and correspondingly theDMnot invertible.
In the present case, these are the times at whichΔ(t) and/or c(t) vanish (see equations (9), (16), and (B13)). The
above sufficient condition should thus in general be complementedwith the additional requirement that c(t)
does not simultaneously vanish. This is always the case infigure 4, which is easily checkedwith the help of the
analytical expression for c(t) (equation (B13c)).

Further light on the onset ofNMeffects can be shed by studying in detail a non-Markovianitymeasure,
which by definition is a function of the entireDM (i.e., at all times) [38]. Out of themany proposed [38], we select
the geometricmeasure (GM) [61] for its ease of computation and because it facilitates a comparisonwith the
spontaneous emission dynamics in the semi-infinite waveguide where theGMwas already used [26]. TheGM is

7
See supplementalmaterial for aMathematica notebookwith further technical detail about solving the time-dependent wavefunctions in

both the one- and two-excitation sectors.
8
Any infinitesimal quantummap td( ) that is completely positive can always be expressed as t td d = +( ) ˜ with ̃ being a

superoperator in Lindblad formwith positive rates [34]. ACP-divisible dynamics is described by a LindbladME, where the superoperator in
Lindblad formwith positive rates and theHamiltonian are in general time-dependent [34, 78].
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defined in terms of theDMʼs determinant as [61]

t
t

Md
d

d
det , 34t

Mdet 0t t

 ò=
¶ >

∣ ∣ ( )
∣ ∣

where the integral is over all the time intervals inwhich Mdet t∣ ∣grows in time, and

c t tMdet 35t
2= D∣ ( )∣ ( ) ( )

(see equation (8)). Note that  depends on themodulus of the determinant, which is the volume of the ellipsoid
intowhich the Bloch sphere is transformed by theDM (see equation (10)). Hence, a non-zero  means this
volume increases at some time, in contrast to dynamics described by the LindbladME inwhich such an increase
cannot occur [61]. It is known [38] that a non-zeroGM implies that the dynamics isNMalso according to the
BLPmeasure [41], which in turn entailsNMbehavior according to the RHPmeasure [42].

A remarkable property following from equations (34) and (35) is that if there exists a time such thatΔ(t)<0
and c t 0¹( ) then Mdet t∣ ∣must grow at some time. This then brings about that the dynamics is NMaccording
to theGM (34) and henceNMeven according to the BLP andRHPmeasures.We thus in particular retrieve the
sufficient condition for breaking P- andCP-divisibility discussed at the beginning of this section since non-zero
BLP (RHP)measure ensures violation of P-divisibility (CP-divisibility) [38].

Figure 5(a) shows  for the infinite-waveguide case for awavepacket carrier frequency resonant with the
qubit (solid line). Similarly to the negativity ofΔ,  takes significant values only around 1a  (i.e., kd G ),
being negligible in particular for quasi-monochromatic wavepackets. The values ofα yielding 0 ¹ are also
such that the dynamics isNMaccording to the BLPmeasure [41] and even the RHPmeasure [42], the latter
meaning that rates γ±,z(t) in theME (13) break the condition of being positive at all time.

The behavior of  changes substantially for a semi-infinite waveguide, as shown infigure 5 for several
values of the qubit-mirror distance a. First, non-Markovianity is generally larger, even by an order ofmagnitude
in some cases (note the difference in scale between panels (a) and (b)). Second,  can be significant even at

0a  (the plane-wave limit), inwhich case itmatches its value in the corresponding spontaneous-emission
process [26]. For our parameters, themaximumnon-Markovianity in this limit occurs near k0a=4π. Third, 
exhibits amore structured behavior as a function ofα, the shape of  a( ) being dependent on k0a (recall
k0=ω0).

The feedback due to themirror, evident in equations (22) and (27), generally introducesmemory effects in
the qubit dynamics that are expected to causeNMbehavior. These add to the finite-wavepacket effect already
occurringwith nomirror, leading generally to enhanced non-Markovianity—note that the semi-infinite-
waveguide curves infigure 5 typically lie above themirrorless one. The non-Markovianity can be especially large
when either 2k0a, the phase corresponding to a qubit-mirror round trip, is an integermultiple of 2π and/or the
corresponding photon delay time a2t = is large compared to the atomdecay timeΓ−1. In the former case,
enhancedNMbehavior occurs because a standingwave can formbetween themirror and the qubit under these
conditions; indeed, it has been shown that a bound state in the continuumexists in this system [23]. In the latter

Figure 4.Density plot of the negativity ofΔ as a function of both time t (in units ofΓ−1) and thewavepacket widthα for an infinite
waveguide. Panel (b) is a small-α zoomof (a). (k=ω0=20Γ.)
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case, the fact that the qubit decays completely before the photon returns causes a periodic re-excitation of the
qubit—a kind of revival.

We found numerically that the scatteringDM (8) reduces to that for spontaneous emission [26] in the limits
of very large and very smallα, thus in particular explaining the behavior of  at 0a  . In the infinite-
waveguide case, this property can be shown analytically (see appendix B.3). Physically, these limits can be viewed
as follows.When 0a  , thewavepacket is so spread out spatially that the photon density at the qubit is
negligible: the qubit effectively sees a vacuum, hence behaving as in spontaneous emission. This clarifies why
NMeffects cannot occurwithout themirror for a quasi-plane-wave (the emissionDM in an infinite waveguide is
clearlyMarkovian).Whenα?1 in contrast, the photon is very localized at the qubit position. The energy-time
uncertainly principle then implies that the photon passes too fast for the qubit to sense, hence the qubit again
behaves as if thefieldwere in the vacuum state.

Since non-Markovianitymeasures are generally not equivalent [38] it is natural towonder whether the
outcomes of our analysis infigure 5 for theGMhold qualitatively if a differentmeasure is used, for instance the
widely adopted BLPmeasure [41].While a comprehensive comparative study of differentmeasures is beyond
the scope of the present paper, we computed the BLPmeasure BLP for some representative values of the
parameters. For an infinite waveguide, the behavior of BLP as a function ofα is analogous to that of theGM (see
figure 5(a)). In the semi-infinite-waveguide case, BLP overall behaves similarly to theGMbut exhibits a less
structured shape: for instance, the inflection point for k0a=0.5π infigure 5(a) is absent.

7. Conclusions

We studied the open dynamics of a qubit coupled to a 1Dwaveguide during single-photon scattering, presenting
results for its DM, the corresponding time-dependentME, and rigorous non-Markovianitymeasures developed
inOQS theory. The qubit dynamics was shown to have distinctive features that, in particular, do not occur in
emission processes. To compute theDM for a semi-infinite waveguide, we solved the scattering time evolution
by deriving a spatially non-local delay PDE for the one-photonwavefunctionwhen the qubit is excited. For an
infinite waveguide, NMbehavior occurs when the photon-wavepacket bandwidth kd is of order the qubit decay
rateΓ. For a semi-infinite waveguide (mirror), time delay effects are an additional source of non-Markovianity,
resulting in generally strongerNMeffects.

The systemwe studied here, a semi-infinite waveguide plus a qubit, is the simplest waveguideQED system
with a time delay. Yet the nature and effects of the time delay should be completely generic as there is nofine
tuning in our system.We thus expect thesemain conclusions to also hold in, for instance, the case of two distant
qubits coupled to awaveguide which is relevant for long-distance quantum information.

It is interesting to note (see equation (35)) thatΔ(t) has the same sign as Mdet t , hence times can exist at
which Mdet 0t < . Among qubit CPmaps, thosewith negative determinant are the only ones that break the
property of being ‘infinitesimally divisible’ [79]. This class does not include spontaneous-emissionDMs—in

Figure 5.The geometric non-Markovianitymeasure  as a function of the dimensionless wavepacket bandwidthα on a linear-log
scale. (a)Infinite waveguide (solid line) and semi-infinite waveguide for non-integer values of k0a/π. (b)Semi-infinite waveguide for
integer values of k0a/π. Note the different vertical axis scale in the two panels. Non-Markovianity is larger for the semi-infinite-
waveguide case (especially for integer k0a/π) because of the time delay in reflecting from the (distant)mirror. (k = k0 = ω0 = 20Γ.)
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particular vacuumRabi oscillations—where the determinant is always non-negative [61]. In sharp contrast, the
scatteringDMs studied here do belong to this class.

Finally, we note that some results here rely solely on theDMstructure (8) that in turn stems solely from
having an initial Fock state for the field and the rotatingwave approximation. Further investigation of this class
of open dynamics is under way [80].
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AppendixA.Derivation of the time-dependentME

In this appendix, we present some details of the derivation of the time-dependentME, equation (13). In
particular, we express both equations (13) and (15) using as a basis the fourHermitian operators
G 2 , 2 , 2 , 2i x y z s s s={ ˆ } { ˆ ˆ ˆ }with i= 0, 1, 2, 3, respectively; recall that G GTr i j ijd={ ˆ ˆ } . An

operator ρ (and so in particular a density operator) can be decomposed as r Gi i i0
3r = å =

ˆ with r GTri ir= { ˆ },
hence the 4-dimensional real vector r is a representation of the density operator ρ. Amap is analogously
represented by a 4×4 transformationmatrix.

For t we start by noting that theDMcan be expressed as

r G r G r G G G
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wherewe used the linearity ofΦt and defined the entries of the 4× 4matrix F as

F G GTr . A2kj k t j= F{ ˆ ˆ } ( )

Thematrix F thus represents themapΦt (wedrop the time dependance for simplicity). The composition of two
maps is correspondingly turned into thematrix product of the associatedmatrices (each defined analogously to
equation (A2)). Hence, if L is the 4×4matrix associatedwithmap t (see equation (15)), it is given by

L F F . A31= -˙ ( )

Weare thus led to compute the (time-dependent)matrix F, calculate its derivative Ḟ and inverse F−1, andfinally
take thematrix product (A3). To calculate Fweuse equations (8) and (A2), where thematrix elements ρij
entering equation (8) are now thematrix entries of operators Gj{ ˆ } (for instance, G 2x1 s=ˆ ˆ has entries
(G1)ee=(G1)gg=0 and G G 1 2eg ge1 1= =( ) ( ) ). By proceeding in this way,matrix F reads
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Using this and equation (A3), we find thatmatrix L is
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This shows that equation (14) holds with the generator t whose 4×4-matrix representation is given by
equation (A5).

The remaining step is to show that the generator can indeed be expressed as the right-hand side of (13). To
this aim, we consider equation (13)without specifying H tˆ ( ), γ±(t) and γz(t), work out its 4×4-matrix
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representation, impose that it yields r Lr=˙ with L given by equation (A5) and solve for H tˆ ( ), γ±(t) and γz(t).
Thus let us define

S t
t t t t ti

2
, A6t z z*   r s s m s m s r g r g r g r=- + + + + ++ - + - - - + +

⎡
⎣⎢

⎤
⎦⎥˜ [ ] ( ) ˆ ˆ ( ) ˆ ( ) ˆ ( ) [ ] ( ) [ ] ( ) [ ] ( )

and call L̃ the associated 4×4matrix. To compute L̃, in equation (A6)we replace r Gi i ir = å ˆ and calculate
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Wenext require that equation (A7) equals equation (A5). Upon comparison of these two equations, we
immediately getμ(t)=0, while S t c t c t2 Im= -( ) [˙( ) ( )].Moreover, by requiring the entries L22, L44 and L41
ofmatrix (A7) tomatch the corresponding ones of (A5), wefind the three rates given in equation (16).

Appendix B. Calculations for the infinite-waveguide case

Here, we present details of the calculation of the time-dependent wavefunctions in both the one- and two-
excitation sectors that are needed for the explicit calculation of theDMequation (8) in the infinite-waveguide
case. Following themain text, we refer to xj ( ) as a single-photon exponential wavepacket of the form
equation (17). Further technical details, including the study of other possible initial conditions, are given in the
supplementarymaterial (see footnote 6).

B.1.One-excitation sector
This is the scattering process corresponding to equation (4) in the infinite-waveguide case, based onwhich the
ansatz for the time-dependent wavefunction reads

t x x t a x x t a x e td , , 0 0 , B11 R R L Lò f f sY ñ = + ñ + ñ+∣ ( ) [ ( ) ˆ ( ) ( ) ˆ ( )]∣ ( ) ˆ ∣ ( )† †

where x t,R Lf ( ) is thewavefunction of the right-/left-going photon.
Imposing the Schrödinger equation, t H ti t 1 1¶ Y ñ = Y ñ∣ ( ) ˆ ∣ ( ) , yields the three coupled equations

x t x t Ve t x ai , i , , B2t xR Rf f d¶ = - ¶ +( ) ( ) ( ) ( ) ( )

x t x t Ve t x bi , i , , B2t xL Lf f d¶ = ¶ +( ) ( ) ( ) ( ) ( )

t
e t e t V t t ci

d

d
0, 0, . B20 R Lw f f= + +( ) ( ) [ ( ) ( )] ( )

The equations forfR/L(x, t) can be formally integrated by Fourier transform, yielding

x t x t Ve t x x t x a, , 0 i , B3R Rf f q q= - - - -( ) ( ) ( ) ( ) ( ) ( )

x t x t Ve t x x t x b, , 0 i , B3L Lf f q q= + - + - +( ) ( ) ( ) ( ) ( ) ( )

wherewe set 0 1 2q º( ) . Thefirst termon each right-hand side describes the free-field behavior, while the
second one can be interpreted as a source termoriginating fromqubit emission at an earlier time.Note that
causality is preserved as it should be. Equation (B3) immediately entailfR(0, t)+fL(0, t)=fR(−t, 0)+fL(t,
0)−iVe(t), which once substituted in equation (B2c) yields a time-localfirst-order differential equation for e(t)

t
e t e t V t t

d

d
i

2
i , 0 , 0 . B40 R Lw f f= - +

G
- - +⎜ ⎟⎛

⎝
⎞
⎠( ) ( ) [ ( ) ( )] ( )

Imposing the initial conditionsfR(x, 0)=j(x),fL(x, 0)=e(0)=0, we obtain,

e t
k

i 2 e e

i 1 2
. B5

k t t2 i 2 i 2

0

0a
w a

=
G -

- + G -

a w- + G - +G
( )

( )
( )

( )
( ) ( )

By using equation (B5) in equation (B3), one then obtains the photonwavefunctionsfR/L(x, t).
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B.2. Two-excitation sector
Based on equation (5), the ansatz for the time-dependent wavefunction reads

t x x t a x x t a x x x x x t
a x a x

x x t a x a x x x t
a x a x

d , , 0 d d , ,
2

, , , ,
2

0 , B6

2 R R L L 1 2 RR 1 2
R 1 R 2

RL 1 2 R 1 L 2 LL 1 2
L 1 L 2

ò y y s c

c c

Y ñ = + ñ +

+ + ñ

+

⎡
⎣⎢

⎤
⎦⎥

∬∣ ( ) [ ( ) ˆ ( ) ( ) ˆ ( )] ˆ ∣ ( )
ˆ ( ) ˆ ( )

( ) ˆ ( ) ˆ ( ) ( )
ˆ ( ) ˆ ( )

∣ ( )

† †
† †

† †
† †

whereψR/L(x, t) is the probability amplitude to have a right-/left-propagating photon at position xwith the
qubit in the excited state, whileχαβ(x1, x2, t) is the probability amplitude to have anα-propagating photon at
position x1 and aβ-propagating photon at position x2 (with the qubit unexcited). Terms∝χLR have been
incorporated in those RLcµ by exploiting the symmetrization property x x t x x t, , , ,LR 1 2 RL 2 1c c=( ) ( ). The
Schrödinger equation then yields five coupled differential equations that read

x t x t x t V
x t x t

x t a, , i , i
0, , , 0,

2
, 0, , B7t xR R 0 R

RR RR
RLy y w y

c c
c¶ = -¶ - -

+
+

⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( )

( ) ( )
( ) ( )

x t x t x t V
x t x t

x t b, , i , i
0, , , 0,

2
0, , , B7t xL L 0 L

LL LL
RLy y w y

c c
c¶ = ¶ - -

+
+

⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( )

( ) ( )
( ) ( )

x x t x x t
V

x t x x t x c, , , ,
i

2
, , , B7t x xRR 1 2 RR 1 2 R 1 2 R 2 11 2c c y d y d¶ = - ¶ + ¶ - +( ) ( ) ( ) [ ( ) ( ) ( ) ( )] ( )

x x t x x t V x t x x t x d, , , , i , , , B7t x xRL 1 2 RL 1 2 R 1 2 L 2 11 2c c y d y d¶ = - ¶ - ¶ - +( ) ( ) ( ) [ ( ) ( ) ( ) ( )] ( )

x x t x x t
V

x t x x t x e, , , ,
i

2
, , . B7t x xLL 1 2 LL 1 2 L 1 2 L 2 11 2c c y d y d¶ = ¶ + ¶ - +( ) ( ) ( ) [ ( ) ( ) ( ) ( )] ( )

Note that the equations forχRR andχLL are symmetrized because of the bosonic statistics. Similarly to the
previous subsection, we first formally solve for the purely photonicwavefunctions andfind

x x t x t x t
V

x x t x x t x

x x t x x t x a

, , , , 0
i

2
,

, , B8

RR 1 2 RR 1 2 R 1 2 2 2 2

R 2 1 1 1 1

c c y q q

y q q

= - - - - - -

+ - - -

( ) ( ) [ ( ) ( ) ( )

( ) ( ) ( )] ( )

x x t x t x t V x x t x x t x

x x t x x t x b

, , , , 0 i ,

, , B8
RL 1 2 RL 1 2 R 1 2 2 2 2

L 2 1 1 1 1

c c y q q
y q q

= - + - + + - +
+ + - -

( ) ( ) [ ( ) ( ) ( )
( ) ( ) ( )] ( )

x x t x t x t
V

x x t x x t x

x x t x x t x c

, , , , 0
i

2
,

, . B8

LL 1 2 LL 1 2 L 1 2 2 2 2

L 2 1 1 1 1

c c y q q

y q q

= + + - - + - +

+ - + - +

( ) ( ) [ ( ) ( ) ( )

( ) ( ) ( )] ( )

Next, we plug these solutions back into equations (B7a) and (B7b), which are those featuring the qubit degree of
freedom, under the initial condition thatχαβ(x1, x2, 0)=0 for anyα,β=L, R. The resulting pair of equations
read

x t x t x t x t x x t x x t x

a

, , i
2

,
2

, , ,

B9

t xR R 0 R R Ly y w y y y q q¶ = -¶ - +
G

-
G

- - + - -⎜ ⎟⎛
⎝

⎞
⎠( ) ( ) ( ) [ ( ) ( )] ( ) ( )

( )

x t x t x t x t x x t x x t x

b

, , i
2

,
2

, , .

B9

t xL L 0 L R Ly y w y y y q q¶ = ¶ - +
G

-
G

+ + - + - +⎜ ⎟⎛
⎝

⎞
⎠( ) ( ) ( ) [ ( ) ( )] ( ) ( )

( )

These coupled differential equations are non-local with respect to both x and t, the non-locality being due to the
rightmost ‘source terms’ that feature the double step functions. Based on the arguments of the step functions, it
is natural to partition space-time into the three regions x�0 (R1), 0<x�t (R2), and x>t (R3) in the case of
equation (B9a) and x�−t (L3),−t<x�0 (L2), and x>0 (L1) in the case of equation (B9b), as shown in
figure 6. Then, the differential equations (B9) can be analytically solved in four steps as follows:

(i) Solve equation (B9a) forψR(x, t) in region R1 under the initial (i.e., boundary) conditionψR(x, 0)=j(x). In
this region, the source term is identically zero.

(ii) Solve equation (B9b) for x t,Ly ( ) in region L1 under the initial (i.e., boundary) condition ψL(x, 0)=0. As
the source term is also identically zero in this region, we trivially getψL(x>0, t)=0.

(iii) Solve equation (B9a) for ψR(x, t) in region R2 under the boundary condition ψR(0, t) (this being fully
specified by the solution found at step (i)). In this region, the source term is non-zero but is fully specified by
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the solutionsψR(x<0, t) andψL(x>0, t)worked out at the previous steps (i) and (ii), respectively. Note
that the initial condition automatically guarantees that thewavefunction is continuous at x=0.

(iv) Solve equation (B9b) analogously forψL(x, t) in region L2 under the boundary conditionψL(0, t)=0. In this
region, the source term is again fully specified by the solutionsψR(x<0, t) andψL(x>0, t) obtained in the
previous steps.

Finally,ψR(x, t) vanishes identically in regionR3 and, likewise, so doesψL(x, t) in region L3. This is because
causality prevents thewavefunction outside the light cone frombeing affected by the qubit or inputwave. Since
initially thewavefunction is zero in this region, it remains so at all times. Hence, thewavefunction is non-zero
only in regions R1, R2 and L2.

With the help ofMathematica (see footnote 6), the above procedure straightforwardly yields analytical
expressions for thewavefunctions.We checked that, in the steady-state limit t  ¥, the above solution for the
wavefunctions in the stimulated-emission problem yields results in full agreementwith those obtained via a
time-independent approach [60]. In particular, the two-photon scattering outcome probabilities PRR,PRL and
PLL of [60] are recovered as

P x x x x tlim d d , , , B10t 1 2 1 2
2ò ò c=ab ab¥

-¥

¥

-¥

¥
∣ ( )∣ ( )

withα,βä {R, L}.
Wefinallymention that, in the case of an incoming two-photonwavepacket (not addressed in themain text),

one ormore termsχαβ(x1, x2, 0) are non-zero and equations (B9) feature additional terms For instance, in the
case of a left-incoming two-photonwavepacket, the additional term

x t t t x ti 4 , , 0 , , 0RR RRc c- G - - + - -[ ( ) ( )]must be added to the right-hand side of equation (B9a). In
this case, in the steady-state limit t  ¥ known results for two-photon scattering (in particular second-order
correlation functions) [25, 29, 81, 82] are recovered, which confirms the effectiveness of our real-spacetime-
dependent approach.

B.3. Functions pg(t), pe(t) and c(t)
The three functions (7), which fully specify the scatteringDM (8), are found from equations (4), (5), (B1), (B6) to
be p t e tg

2=( ) ∣ ( )∣ ,

p t t x x t x td , , , B11e 1
2

R
2

L
2òy y y= = + ( ) ( ) [∣ ( )∣ ∣ ( )∣ ] ( )

c t t t x x t x t x t x td , , , , . B121 1 R R L L* *òf y f y f y= á ñ = +( ) ( )∣ ( ) [ ( ) ( ) ( ) ( )] ( )

Thus, after using equations (B3) and (B5), rescaling time in units ofΓ−1, and setting k=ω0, they are explicitly
given for the infinite-waveguide case by

p t a2 e
e 1

1
, B13g

t
t1 21

2

a
a

=
-

-

a
-

- -⎡
⎣⎢

⎤
⎦⎥( ) ( )

( )

p t be
4 1 3 5 e 4 3 e 2 1 e

1 1
, B13t

t t t

e
1

2 3 2 1

2

1
2a a a a a a a a

a a
=

- - + - + + + - + +
- +

a
a a

- +
+

( ) ( ) ( ) ( ) ( )
( ) ( )

( )( )
( )

Figure 6.Partitions of space-time in the case of equations (B9a) and (B9b), left and right panels, respectively.
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a w
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From equations (B13a) and (B13b), the quantityΔ(t) in the infinite-waveguide case is easily obtained as given in
equation (33).

In the two limits 0a  and a  ¥ (seemain text), we get

p t p t p t p t c t c tlim lim 0, lim lim e , lim lim e eg g e e
t t t

0 0 0

i 20= = = = = =
a a a a a a

w

 ¥  ¥

-G
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- -G
( ) ( ) ( ) ( ) ( ) ( )

with equation (8) thereby reducing to

e e e

e e 1 e
. B14t
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ee
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eg
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eg gg

t
ee

0
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w
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This is theDMof spontaneous emission into an infinite waveguide with a flat spectral density [34] obeying the
time-independent LindbladME i , 20 r w s s r r= - + G+ - -˙ [ ˆ ˆ ] ( ) [ ], which is thusmanifestlyMarkovian.

B.4. Study of functionΔ(t)
From equations (B13a) and (B13b), the quantityΔ(t) in the infinite-waveguide case is easily obtained as in
equation (33). This is such thatΔ(0)=1 and t 0D  ¥ =( ) .Wewill prove that, based on the analytic
function (33),Δ(t) has a single stationary point forα�5 and no stationary points forα>5.

The time derivative of function (33) is calculated as

t

f t g td

d
e

4 1 5 e 4 e

1
e

1
B15t

t t
t1 1

1
2a a a

a a
D

=
- + - -

-
=

-
-

a
a

a- + - +
a+( ) ( ) ( ) ( ) ( )( ) ( )

with

f t g t5e 4 , 4 e e 4. B16t t t
1

2a a a= + = + +a a a+
( ) ( ) ( )

For 1a ¹ , at a stationary point ofΔ(t), thereby, curves f (t) and g(t) cross. Note that the positive functions f (t)
and g(t) bothmonotonically increase with time and so do all their derivatives. Thus there exist either zero or only
one crossing point, whose occurrence depends onwhether f (t) is above or below g(t) at t=0 and t  ¥. A
simple calculation yields

f

g

f t

g t

0

0

4 5

5 4
, lim

0 if 1
5

if 1
.t

a
a

a

a
a=

+
+

=
<

>¥

⎧
⎨⎪
⎩⎪

( )
( )

( )
( )

By noting that f (0)/g(0)>1 forα<1 and f (0)/g(0)<1 forα>1, we see that three cases occur. Forα<1,
f (t) is above g(t) at t=0 and below it at t  ¥, hence a single crossing point occurs. For 1<α� 5, f (t) lies
below g(t) at t=0 and above it at t  ¥, hence a single crossing point occurs in this case aswell. Finally, for
α>5, f (t) lies below g(t) both at t=0 and at t  ¥, hence no crossing points occur. FunctionΔ(t) thereby
has a single stationary point for 0�α�5 and none forα>5.One can show that this stationary point is
indeedminimum, concluding the proof. Note thatwe have now included the caseα= 1 since this yields

t te e 3 2 2t t2D = - --( ) [ ( ) ], which exhibits a single stationary point that is aminimum.
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