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Abstract. Oseen equations in the channel are considered. We give an explicit solution formula
in terms of the inverse heat operators and of projection operators. This solution formula is used for
the analysis of the behavior of the Oseen equations in the zero viscosity limit. We prove that the
solution of Oseen equations converges in W12 to the solution of the linearized Euler equations outside
the boundary layer and to the solution of the linearized Prandtl equations inside the boundary layer.
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1. Introduction. In this paper we shall be concerned with the zero viscosity
limit of the time dependent incompressible Oseen type equations in a two-dimensional
channel.

Oseen equations are a simplified mathematical model in treating incompressible
viscous fluids and their study should shed some light on the much more complicated
physical phenomena described by the nonlinear Navier—Stokes equations.

The system we shall be concerned with is the following;:

(1.1) (0 —vA+Ud;)u+Vp=f,
(1.2) V.-u=0,
(1.3) Tu=g,
(1.4) Tru=g",
(1.5) u(t =0) = uog.

In the above equations u = (u(x,y,t),v(z,y,t)) is the unknown vector field, p
is the unknown pressure, z € R denotes the tangential variable, —1 < y < 1 is the
normal variable, ¢ > 0 is the time,  is the trace operator, i.e., y"u = u(z,—1,t) and
vtu =wu(z,1,t) , v is the viscosity coefficient, and g~, g™, and ug are the boundary
and the initial data, respectively.

Equation (1.1) is obtained by linearizing the Navier—Stokes equation around the
velocity flow (U, 0), where U is assumed to be constant. Equation (1.2) is the incom-
pressibility condition. Equations (1.3) and (1.4) are the boundary conditions, while
(1.5) is the initial condition.

The analysis of the zero viscosity limit of (1.1)—(1.5) (with homogeneous boundary
data gt = g~ = 0) was performed by Temam and Wang in [4], [5], and [6]. In [6]
the authors considered the more general case of the three-dimensional Navier—Stokes
equations linearized around the flow (Uy(z),Usz(z),0). Without explicitly solving the
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equations and under the assumption of sufficient smoothness of the initial data, they
proved that the solution can be decomposed in the following form:

w=u’+60° + 4w  with we L ([O,T]; (W1’2(Q))3) :

where u® is the inviscid solution and 6¢ is a corrector which takes into account
the mismatch of the boundary conditions between the inviscid part and the overall
solution.

In this paper we shall write the solution of (1.1)—(1.5) as the sum of an inviscid
part, two Prandtl parts, and an error term, i.e.,

(1.6) w=u? + ) ) 2y

In the above decomposition u” is the inviscid (Euler) part describing the flow
away from boundaries; u” (=) and ") are the Prandtl parts describing the flow close
to the two boundaries and decaying exponentially away from the two boundaries. Our
main result is the following theorem.

THEOREM 1.1 (informal statement). Let u be the solution of (1.1)—(1.6). If the
initial data ug is in H*, and if the boundary data g* are sufficiently reqular and are
such that the normal components are integrable (in the sense specified by Definition
2.3 below), then

v e L ([0, T]; Wh?)

with norm independent of v.

Therefore the main advantage with respect to the results of [6] is that here we
prove that the norm of the correction term is O(v'/4) in L> ([0, T]; W'2), while there
an analogous estimate is proved with a nondivergence-free boundary layer corrector.
We also allow nonzero boundary data.

We shall achieve this result through the explicit solution formula for the Oseen
equation. This explicit representation formula is, we believe, of independent interest.

The paper is organized as follows: in section 2 we shall introduce the functional
setting. In section 3 the convection-diffusion operators in the channel are defined
and we shall give some estimate in the appropriate function spaces. In section 4 we
shall solve the Oseen equations with boundary data, zero initial data, and zero source
term. The solution will be written in the form of an infinite series: the norm of the
generic term of the series will be shown to be exponentially decaying. Convergence
of the series will follow and the norm of the solution will be proved to be bounded
in terms of the norm of the boundary data. In section 5 the complete Oseen system
is solved introducing the projection operator onto the divergence-free function space
and estimates of the solution in terms of the data are given. In section 6 we shall
finally analyze the vanishing viscosity limit of the Oseen equations. The main results
of this paper are formally stated in Theorem 6.5 and Corollary 6.1.

2. The function spaces. In this section we define some function spaces we shall
be using throughout the paper. We introduce the notation & = R x [—1,1]. Here
and in the rest of the paper [ > 2.

DEFINITION 2.1. HY(R) is the set of all functions f(zx) such that

(i) %f € L%(R), where j < 1.
We shall denote the usual norm in H'(R) with |f];.
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DEFINITION 2.2. HY. is the set of all functions f(x,t) such that
(i) 0/ f(z,t) € L=([0,T), H'I (R)) and j < L.
The norm of f € HI. is given by

flor= > sup 107922 £ (-, D)l 2wy -

<t<
J1+72<l 0

DEFINITION 2.3. H/qlw is the set of all functions f = (f+, fn) such that
(i) f- € HY;
(if) || fw € Hpt
The norm of f € H': is given by

| f 1o =1fr e + 1 vl -

In the above definition ¢ is the dual Fourier variable of z, and |¢|~! has to be
understood as a pseudodifferential operator. The space H % is the space to which all
boundary data we shall deal with in the rest of the paper will belong. The hypothesis
on the normal component is an integrability hypothesis.

DEFINITION 2.4. H' is the set of all functions f(x,y) such that

(i) 0L0) f(x,y) € L*(Q) fori+j <.
The norm of f is given by

Ifl = Z 10507 (-, ) 2 -

i+5<l

DEFINITION 2.5.
HL is the set of all functions f(x,y,t) such that
o O f(x,y,t) € L=(0,T],H) for j <.
The norm of f € HL is given by

|f|l,T = Z sup ||8J18J28j3f( P )||L2(Q)

. N . 0<t<T
Ji+j2+53<l

All the above spaces are the natural ambient spaces for the Euler equations. We
now introduce the ambient spaces for Prandtl equations. All the functions belonging
to these spaces depend on the normal scaled variable Y = y/e. We require differen-
tiability with respect to this variable only up to the second order. We first introduce
the spaces K"#(+) and K“*(=) The functions in these spaces are defined in the half
plane Y < 1/e and Y > —1/e, respectively, and decay exponentially fast away from
Y =1/e and Y = —1/e, respectively. In what follows u > 0.

DEFINITION 2.6. K'*(%) s the set of all functions f*(x,Y) defined for —oo <
+Y < 1/e, and such that

(1) 091032 f*(x,Y) € L*(R), with jo <2 and ji + j2 <,

(i) sup_pocty<2 e”(%¢y)||8;16§?fi(-,Y)||Lz < 00, where jo < 2 and j1 + Jo
<I.
The norm is given by

Flips = > Y sup G 900% (V)| .

1
J2<2 j14ja <l —O<EY Sz
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DEFINITION 2.7. KU is the set of functions f(x,Y), defined for —1/e <Y <
1/e, such that

f=rr+f,

where fT and f~ are restrictions to —1/e <Y < 1/e of functions in KL and
Kb#(2) | respectively. The norm is given by

= S0 | sup e EV92 0P £(, V)| z2 + sup et 011052 F(-, V)| 2

1 1
§2<2 j1442<t [O<Y=2 —e<Y=0

We now introduce the dependence on time. We require differentiability with
respect to time only up to the first order: one time derivative is equivalent to two
space derivatives.

DEFINITION 2.8.

Ké,l”(i) is the set of all functions f*(x,Y,t) such that

(i) f € L(0,T], K'9),
(i) 9,09 f € L>=([0,T), KO+®H)) with j <1 — 2.
The norm is given by

et = Do 3 s swp el CTOIGROR (Y0 e
0<ja<2 jr <l—2 0StST —co<kY <

|f

+ 2 swp o swp TGV e
jSi—20SIST moo<tYSS

DEFINITION 2.9. Kél" is the set of functions f(x,Y,t), defined for —1/e <Y <
1/e, such that

f=r+f,

where fT and f~ are restrictions to —1/e <Y < 1/e of functions in K%“(Jr) and

Ké,l“(f), respectively. The norm is given by

|f

=3 . sup sup e V0RO f(, Y1) e
0<j2<2 jr <2 OSIST0<Y<S

+ 3 sup sup G000 F(L Vb)) e
jgl_QOStST(KYgg

+ Y Y s s Gl ) e
0<j2<2 jy<i—2 OSIST —2<¥'<0

+ Z sup  sup G000 F(-, Y1) L2 -
j<i— 0=t<T —2<Y <0

We now introduce the ambient spaces for the error equation. All functions be-
longing to the following spaces are functions L? with respect to both tangential and
normal variables. Notice that, due to the presence in the error equation of the rapidly
varying terms arising from the Prandtl solution, the solution of the error equation will
have a fast dependence on y. Therefore, in the following spaces, all the derivatives of
order j with respect to y are weighted with &/ = 17/2.
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DEFINITION 2.10. L' is the set of all functions f(x,y) such that
(i) 09re70d> f € L*(Q) with j» <2 and j + ja < 1.
The norm of f € L' is given by

1A =00 Fllree + > > 10020 fllr2 ) -

<l 0<y2<25:1<1-2

DEFINITION 2.11. LY. is the set of all functions f(x,t) such that
(i) 0,0.f € L>(]0,T], H'(R)) for j <1—2.
The norm of f € Ll is given by

_ 0,07 f .
£l Zoi‘jpT”t FC Dz

Jj<l-2

DEFINITION 2.12. L% is the set of all functions f(z,y,t) such that
() f e 1=(0,7), 2%,
(i) 0:04f € L>([0,T)], L°) with j <1 — 2.
The norm of f € LY is given by

Il =) Z Sup ||3”€”5” CorsOllpz+ ) s 18:02f (-, ) L2 (2

0<52<2 51 <l— 2 I<i—2

3. The convection-diffusion operators in the channel. In this section we
shall give an explicit representation of the convection-diffusion operators Fy, Fi, and
F5. These operators solve the convection-diffusion equation in the channel with initial
data, boundary data, and source term, respectively. Our explicit representation is
given in terms of the action on the Fourier transform in the tangential variable.
These operators will be used in the construction of the explicit solution of the Oseen
equations. In what follows ¢ will always denote the dual Fourier variable of z:

A 1 oo e
! 1L T
= ——F dzx f(z)e .
In the rest of the paper we shall not distinguish between a function and its Fourier
transform.

The convection-diffusion equation in the channel writes as follows:

(3.1) (O —vA4+Ud)u=7f,
(3.2) Yru=g*
(3.3) Yu=g",
(3.4) U0 = ug -

The operator Fj solves the above equations with initial data and zero boundary data
and zero source term. If we now introduce the f-function (see [8, Chapter V]),

Z k(y + 4n,t), —co <y <o,

n=—oo
where
e—y2/4ut

Kyt = (4mvt)t/2”’
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one can easily see that the explicit expression of Fy is given by

. +1
(35) Fyug = e*mg“w]t/ dy' [0y —y',t) — 0y + 4 +2,8)]uo(&,y) -
—1

The operator Fj solves the convection-diffusion equations in the channel with
boundary data, zero initial data, and zero source term: If we introduce the ¢-function
(see [8])

“+oo
@(yvt): Z h(y+4nat)v —00 <y <00,

where
2
ye v /(4vt)
h(y7t) =7 )
Varty

one can easily verify that the operator F; has the following expression:
t /2 sl
Filg*,g7) = [ dsen 00004 1t 5)g7 ()
0

t /2 e
(3.6) +/ dse” & FENE= (1 —y 1 —5)gT (¢, 5) -
0

Finally, the operator Fb solves the convection-diffusion equations with source
term, zero initial data, and zero boundary data. One can give the following explicit
expression for Fy:

t - “+1
Ff = / dse~ V&7 HiEUI(E=) / dy' [0y —y . t—s)—0y+y +2,t—s) f(&y,s).
0 —1

(3.7)

We now give some estimates on the above operators. In the propositions below
¢ is a constant that does not depend on v. The proofs of the proposition below are
standard and can be achieved using the explicit representation formulas (3.5), (3.6),
and (3.7) and the same arguments of [3], where the heat operators in the half plane
are considered.

PROPOSITION 3.1. Let ug € L' with y*ug = 0. Then Fyuy € Lif and the
following estimate holds:

[ Fouolli,r < clluolf: -

PROPOSITION 3.2. Let gt € L't g= € L'Y. satisfy the compatibility condition
gt(t=0)=g (t=0)=0. Then Fi(g",g97) € LY. and the following estimate holds:

1F(g", 97 )l < clllgt]

PROPOSITION 3.3. Let gt € L'}, g~ € L't and gT(t = 0) = g~ (t = 0) = 0;
then Fi(g",g7) € Kb and the following estimate holds:

v+ g ] -

IFi(gt g Mipr < clllg® Ml + g™ llur] -

PROPOSITION 3.4. Let f € LY.; then Fof € LY and the following estimate holds:

IE2f Nl < el fllir-
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The following estimate on the operator Fy says that, if the source term is of the
same order of the square root of v, then one can use the heat kernel to increase the
regularity of the solution.

PROPOSITION 3.5. Let f = \/vh with h € L}.'; then Faf € LY. and the following
estimate holds:

[E2f e < cllhllioaz.

4. The Oseen equations with boundary data: The explicit solution. In
this section we shall derive the explicit solution of the Oseen equations in the channel
with boundary data, zero source term, and zero initial data, namely,

(4.1) (O —vA+UO)u+Vp=0,
(4.2) V.u=0,
(4.3) Tu=g,
(4.4) Tru=g",
(4.5) Uly—g =0,

where g* = (g, g3) and g~ = (97,95 )-

We shall express the solution of the above equations as a series. The nth (n
even) term of the series solves Oseen equations in the channel with the right (in the
sense that it cancels the boundary datum created at y = —1 by the (n — 1)th term)
boundary condition at y = —1. On the other hand, the nth term of the series creates
a boundary datum at y = +1, which will be canceled by the (n 4 1)th term, which
therefore has the right boundary condition at y = +1. Of course the main concern will
be to show that this series is convergent. In fact we shall prove that, for a time T,,
this series is geometric with parameter a < 1. Our representation for the solution of
(4.1)—(4.5) will therefore be valid only up to time T,. Notice, however, that T,, — oo
when v — 0.

The plan of the section is the following. First we introduce some pseudodifferential
operators: (1) the operators U+ (that we call the Ukai operators) that are projection
operators, (2) the operator £ solving Dirichlet problem in the strip, and (3) the
projection-convection-diffusion operators M™* and M~. All these operators are the
ingredients to construct, in section 4.4, the operators O~ and O*. These are operators
that solve Oseen equations with the right boundary condition only at y = —1 and at
y = +1, respectively. Finally, through these operators, in section 4.5 we construct the
explicit solution formula.

4.1. The Ukai operators. Here we define the following operators which are a
modification of the operator U introduced in [7]:

y !’
(4.6) U_f — / dy/e_‘g‘(y_y )f(y/7 5)7
_1 1 ,
(47) Utf=— / dy SN p () 6).
Yy

These operators solve the problems

(4.8) Oy +ENUf =,
(4.9) YU f=0,
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and
(4.10) 0y — EDUTf =,
(4.11) ~ATUTf=0.

The following proposition holds. ~ R
PROPOSITION 4.1. Let f be of the form f = |&'|f with f € HL'. Then Ut f €
HL, U~ f € HL, and the following estimates hold:

U Fllir < ell fllisa,r,
IO~ fller < el flliao-

The proof of the above proposition is a straightforward modification of the proof
of a similar statement given in [1].

The following lemmas are crucial for our analysis.

LEMMA 4.2. Suppose gt € H} with gt|i—o = 0. Then v~ Ut Fi(gF,0) € HI.
Moreover, there exists a < 1 and T,, > 0, independent of g, such that

Iy U Fi(g7,0) 7., < ellgr |l

LEMMA 4.3. Suppose g- € H}t with g=|—o = 0. Then v~ U~ Fy(0,97) € HI.
Moreover, there exists o < 1 and T, > 0, independent of g, such that

Iy FU™F1(0, 97) iz < allgs llur

The meaning of the estimate on the operator UT Fy given in Lemma 4.2 is the
following. Give to UTF; a boundary datum which is different from zero only at
y = +1, and evaluate the norm of the trace at y = —1. Then, up to the (sufficiently
small) time T,,, one has that this norm is strictly less than the norm of the boundary
datum at y = +1. Lemma 4.3 admits a similar interpretation. It is natural to
expect that the time T, up to which the estimates are valid grows to infinity when
the diffusivity goes to zero. This will show up clearly during the proof of the above
lemmas, which are given in the appendix.

4.2. The inverse elliptic operators. We introduce the following operator £ =

(L) L):
(4.12) Ly (g% 9y) = Sin};ﬂil[(; §+H D) 9% Singﬂi& g”yﬂ 9N
(4.13) L.(gh.9%) = WN/QJE _ ngm

where N’ = i£/|£|. This operator has the property of being divergence-free and
harmonic; moreover, one can easily see that it is the gradient of a scalar function.
Therefore, it solves Oseen equations. Finally, it has the property that its normal
component has g;(, and g as boundary conditions at y = +1 and y = —1, respectively.

We now give some estimates on this operator. In these estimates we shall always
suppose that the boundary data g& are such that [¢|~*gy € H/\™'. This hypothesis,
which we shall refer to as integrability of the normal influx (in fact it is related to
assuming that the total influx from the boundary is bounded), is necessary to handle
the fact that the operator £ is singular when & — 0.
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The proposition below gives an estimate of £ in the spaces L% and HL. The
estimate in the space L., will be used in the next subsections in the construction of
the Oseen operator. The estimate in the space H% will be used in section 6 in the
analysis of the Euler equations.

PROPOSITION 4.4. Let gi be such that |¢| " g% € HIET . Then L(g},9y) €
Lt HL. The following estimates hold:

1£9% 9l < e (1€l gkl + €1 gn ]
LG8, o)l < e [IllEl gR llrar + 1€ gn i) -
The following lemmas will be useful in the estimates of the Oseen operator.

LEMMA 4.5. Let g be such that |£|71g}; € H&lfl. Then v~ L,(g%,0) € LY., and
the following estimate holds:

1Y~ L+ (g%, 0)li, *|||§| Yol

LEMMA 4.6. Let gy be such that || gy € HIY . Then vt £,(0,9y) € Lk, and
the following estimate holds:

_ 1 1
v L0, g e < SIE gl

The meaning of Lemma 4.5 is the following. Give to the operator £, a boundary
datum which is nonzero only at y = +1. Then its trace at y = —1 is strictly less
(half) than the datum at y = +1. A similar interpretation can be given to Lemma
4.6. The proof of the above two lemmas is a straightforward consequence of the fact

1¢']
that sinh 2|¢’|

4.3. The projection-convection-diffusion operator. Through the operators
we have introduced in the previous sections, we can define the operator M~. The
tangential and normal component are defined as follows:

M; (g;ag&) - U7|£‘Fl (ng; - 77‘67(039&)) + Fl (O,Q; - 77‘67(079;])) )
My (97, 95) = U [EIN"F1 (0,97 =7 L-(0,95)) -

One can verify that the operator M~ is divergence-free, satisfies the Oseen equations,
and has zero normal boundary condition at y = —1:

(O —vA+UI) M (97 ,95) +Vp=0,
VM7 (97.95) =0,
V"M (97, 95) = (97 =77 L-(0,95),0),
M7 (g7, 95)|i=0 = 0.

One can analogously define the operator M:

ME(gh, g%) = UTIEIF (9 — 7L (9%,0),0) + Fy (9 — v L:(9%,0),0),
MG (gE g%) = UTEIN'Fy (gf — 1L (g],0),0) .
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It has the property of being divergence-free and of solving Oseen equations with zero
normal boundary condition at y = 1, namely,

(0 — vA+UO,)M™ (g, g%) + Vp =0,
\& M"r(g;‘r,g;\;) = 07

Mg g%) = (95 =" L7 (95%,0),0),
M~ (g, 9%) =0 = 0.

4.4. The half space Oseen operators. One can finally define the half space
Oseen operators O and O~. These operators solve the Oseen equations, are diver-
gence-free, and have the right boundary condition at y = +1 and y = —1, respectively.
Moreover, the trace of these operators, evaluated at y = —1 and y = +1, respectively,
has norm strictly less than the boundary datum. This property, expressed in Propo-
sitions 4.5 and 4.6 below, makes them suitable for the iterative procedure of the next
section.

The operator O7 is defined as

0% (g5, 9%) = Ly (g3, 0) + ML (9, 9%)
Of (g5, 9%) = L+(9%,0) + M} (g, 9%) -

The operator O~ is defined as

07 (97 ,9n) = L0, 95) + M7 (97 . 95)
These operators have the property of solving the Oseen equations in the channel: O

with the right boundary condition at y = +1; O~ with the right boundary condition
at y = —1.

(0 — VA +U,) O (g, g%) + Vp =0,
\'E Oi(ng—tag]ﬂ\:f) = Oa
+mnt/ + + £
705 (97,98) = (97, 9n):
0% (g7, 93)le=0 = 0.

We now give some estimates on these operators. In the next section these esti-
mates will allow us to construct the solution of the Oseen equation in the channel. In
these estimates we shall always suppose that the normal component of the datum is
such that |¢|'gy € HI™, ie., that g € HE.

PROPOSITION 4.7. Let gt € HY} with g*|,—o = 0. Then O*(g*) € L% and the
following estimate holds:

10 (@)lr <c|g* | ,p-

PROPOSITION 4.8. Let g~ € H/: with g~ |i—o = 0. Then O~ (g~) € HY and the
following estimate holds:

10~ (@ )ir <c g™ | ,r-

The proof of these propositions can be easily achieved by using Propositions 4.4,
4.1, and 3.3.
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We now give the estimates on the trace of the operators OF and O~. We shall also
prove that the trace at y = —1 (at y = +1, respectively) of OF (of O™, respectively)
has the integrability property for the normal influx.

PROPOSITION 4.9. Let gt € HY with g*|i—o = 0. Then y~OF € H':. More-
over, for any 0 < a < 1 there exists T, > 0 such that

(4.14) v 0% g |7 <alg™ |,

PROPOSITION 4.10. Let g~ € H with g~ |i—o = 0. Then v*O~(g~) € H.
Moreover, for any 0 < a < 1 there exists Ty, > 0 such that

(4.15) | 'Y+O_(g_) | 1, T <a | g | L,T"

The proof of Propositions 4.9 and 4.10 is given in the appendix.

4.5. The Oseen operator with boundary data. We now have to solve the
Oseen equations (4.1)-(4.5). We shall construct the solution as an infinite sum:

(o)
(4.16) u= Z u®
=0

Each term of the series solves the Oseen equations. The zeroth term w(?) has the
right boundary condition at y = —1:

(4.17) u® =0"(g7).

As the boundary condition for the first term of the series we choose ytul!) = g+ —
vt u(®). Therefore, one has the following expression for u(!):

(4.18) ul) =0t (g+ — ’y*u(o)) .

In fact this choice will fix the boundary condition at y = +1; on the other end it
generates a boundary datum at y = —1. We define the second term of the series u(?
so that it cancels this boundary datum at y = —1:

(4.19) u® =0 (ﬂ*um) .

Recursively we define the generic even and odd term of the series:

(4.20) u®™ = O~ (—V_U(Qm_l)) , m>1,
(4.21) uwmt) — oF (—7+u(2m)) , m>1.
To prove the convergence of the series we prove the following proposition.

PROPOSITION 4.11. Let g* € Héﬁ with g% |i—o = 0. Then for any 0 < a < 1
there exists T, > 0 such that for each u?) the following estimate holds:

(4.22) [ @iz, < ea'™? ( | g™ | i T |~ | l,T) :
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Proof. We prove the proposition when ¢ = 2m. The proof is analogous when
i is odd:

=0 (=7 O (A O (= OF (- (v~ OF (g" —71707g))..))).

2m—2 times

Hence, first using Proposition 4.8, then using Propositions 4.9 and 4.10, one has

w7, = |07 (=7 D)1 1,

] e ot

IN

1, T

IN

il KA

IN

ca®™? ( lg" | LT lg™ | l,T) :

Therefore the series (4.16) with u(®) given by (4.17)-(4.21) is convergent, and we
can define the operator Oy, solving Oseen equations with boundary data:

IN

o0

(4.23) On(g™g") =) u.

=0

The following theorem is the main result of this section.

THEOREM 4.12. Let g* = (gf,gﬁ) such that gﬁ € H/Tl and g¥|i—o = 0. Then
there exists T, independent of g*, such that the operator Oy, defined by (4.23) with
u® given by (4.17)-(4.21), represents the solutions of the Oseen equations (4.1)—(4.5).
Moreover, Oy(g~,g") € LITQ and the following estimate holds:

10ua™ g e < [1a7 | ot 197 1] -

5. The explicit solution of the Oseen equations. We now solve the Oseen
equations with source term, boundary data, and initial data (1.1)—(1.5). To accom-
plish this task first we introduce the projection operator onto the divergence-free part
of a vector function. We shall write this projection operator so that its normal compo-
nent evaluated at the boundary is identically zero. Then we shall use this projection
operator to project the convection-diffusion operator Fjy and F5 to get the operators
O; and Og. These operators solve the Oseen equation with initial datum and source
term, respectively. On the other hand, they generate wrong boundary data. Finally,
in the last subsection we shall use the operator O, to cancel the wrong boundary data
and get the representation of the solution of (1.1)—(1.5).

5.1. The projection operator. We introduce the following projection opera-
tor:

(5.1) P=1-VAYV..

In the above expression with ANl we have denoted the operator that solves the Poisson
equation with Neumann boundary conditions. We give the explicit expression of this
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projection operator:

!

N / - /
Prw=w-+ W [’Y+wN cosh [|¢'(y + 1)] = v wn cosh [[¢'[(y — 1)]]

s | st (€10 =o' = 2) + cosh (€4 /D] (')
- / dy' sinh (1¢(y =y’ = 2)) = sinh (€'|(y +y')] N'ww (I, )

1

+ "eosh (I¢'(y — v + 2)) + cosh (|¢'|(y + v w-(I€'], ")

/ dy [sinh (1€'|(y — ¥/ +2)) — sinh (1€'|(y + ¢'))] N’wN<|s’,y’>}7

Pyw = {v wy sinh [|¢'](y + 1)] = v~ wy sinh [|¢'|(y — 1)]}

sinh (2|£’

€'l
+ 2sinh (2]¢'])

+ / dy' [cosh (1€'](y — 4’ — 2)) — cosh (|€'|(y + )] w
-1

{ / dy [sinh (1€](y — o/ — 2)) + sinh (1€'](y +5/))] N'w,

1
4 / dy’ [sinh (1€'|(y — ' +2)) + sinh (€' (y + ¥'))] N'w,

1
+ [ feosh (€15~ o'+ 2)) — cosh (v +5/)] wN}.

Y

It is not difficult to see that the following proposition holds.
PROPOSITION 5.1. Let w € LY. Then Pw € LY and

[Pwlir < ¢ljwllir

It is important to notice that, if y*wy = 0, then the normal component of the
projection operator evaluated at the boundary is identically zero:

(5.2) if yFwy =0, then 4*Pyw =0.

5.2. The projected convection-diffusion operators. We can now introduce
the operators O; and Oy, defined as

O, = PFly , O, =PF, .
Supposing that V - ug = 0, one therefore has that O,;ug satisfies
(0 — Oyy — €204s) Osug + Vp =0,
AV (’)iuo = 0,
Oiugli—o = uo -
On the other hand, O,w satisfies
(8,5 —Oyy — 628$x) O;w+ Vp =w,
V- -O,w=0,
OS'LU|t:() =0.
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The following estimates are a consequence of the properties of P, expressed in
Proposition 5.1, and of the properties of Fy and Fb, expressed in Propositions 3.1
and 3.4.

PROPOSITION 5.2. Let ug € L. Then O;ug € LY. and

10suollir < fluolli -
PROPOSITION 5.3. Let w € L. Then O;w € LY. and
10swljir < cllwlir -

The normal components of the operators O; and O, evaluated at the boundary
are zero (because of (5.2)). This readily gives the following estimates on the traces of
O, and Oq.

PROPOSITION 5.4. Let ug € L'. Then v*O;ug € HY: and

| Vioiuo | 1.7 S C”uOHl .

PROPOSITION 5.5. Let w € L. Then v*O,w € HY. and
| 705w |, < cllwllir -

5.3. The solution of the Oseen equations. We can finally introduce the
operator O that solves (1.1)—(1.5):

O(f7u07977g+)
(5.3) =0,f +Ojug+ O(g" — 7O f — v Ojug, g~ =7~ O, f — v Ojuy) .

Therefore, if one defines

(54) UZO(f,Uo,g+,g_) )

then one has that w solves the system (1.1)—(1.5).

Remark 5.1. The representation of the solution given by the operator O is valid
only up to the time T,. In fact the series which defines the operator O converges
only up to the time T,. On the other hand, given that T, does not depend on the
boundary data, one can take the value of the solution at the time T, as the initial
datum and solve the corresponding Oseen problem up to the time 27,. One can
therefore construct the solution up to the time 7. Moreover, we also notice that the
time T, = O(v~1). Therefore, in the zero viscosity limit, the representation (5.4) is
valid for an arbitrarily long time. The following theorem holds.

THEOREM 5.6. Suppose f € LY., ug € L', and gt e Hljl« Suppose the following
compatibility conditions are verified:

(5.5) V-uy=0,
and
(5.6) gi|t:0 = “Yi’uo .

Then the solution of the Oseen equations (1.1)—(1.5) is represented, for a time T, by
(5.4). Moreover, the following estimate holds:

10(f, 0,97, 9" i < ¢ [IFlur + ol + | g% | o+ 197 | 0]-
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The proof of this theorem is a consequence of Propositions 5.2, 5.3, 5.4, and 5.5
and Theorem 4.12.

We finally give a proposition which will be useful in the solution of the error
equation, given in the next section. It says that if the forcing term in (1.1) is of the
same order of the square root of the viscosity, then one can use the heat kernel to
increase the regularity of the solution.

PROPOSITION 5.7. Suppose f = /vh with h € Lép_l, gt € Hf}, and ug €
L. Suppose that the compatibility conditions (5.5) and (5.6) are satisfied. Then
O(f,g=,9") € LY., and the following estimate holds:

10 u0,9" 9 ) r < e[IBlve + luoli+ g |+ a7 |-

The proof of this proposition can be easily achieved using the analogous estimate
for the operator Fy given in Proposition 3.5, and the estimates for P, Oy, O;, and Oy,
given in Propositions 5.1, 5.2, 5.3, 5.4, and 5.5 and Theorem 4.12.

6. The asymptotic analysis. We are now ready to introduce the boundary
layer analysis for the Oseen equations (1.1)-(1.5). For simplicity we shall suppose
that the source term is not present. In a remark at the end of section 6.1 we shall
sketch the procedure that allows us to handle a source term.

We shall impose the initial condition uy € H' and show that the solution is the
sum of an inviscid (Euler) part, two boundary layers ( Prandtl) parts exponentially
decaying outside a region of size ¢ = /v close to the two boundaries y = —1 and
y = +1, and a correction term.

We seek a solution of the form

(6.1) u=u? +uf +ew,,
v=1v" —|—£vP + ewn,
(6.3) p=p"+ep",
where (uf,vF) represents the inviscid solution, (u”,ev’’) represents the Prandtl part

which describes the behavior of the fluid in the boundary layers close to y = £1, and
(wr,wy) is the correction term. They solve the following equations.
1. The convective equations

(6.4) (0 + Udp)uf + VpP =0,
(6.5) V-uFf =0,
(6.6) v " =gy,
(6.7) '7+UE = gﬁv
(6.8)

uP(t=0)=1up .

2. The boundary layer equations

(6.9) (0 — 2 A+ Ud,)u” =0,
(6.10) pu®” + oyt =0,
(6.11) v ul =g7 -y,
(6.12) Trub = gf —ytu”,
(6.13) uP(t=0)=0.
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3. The correction equations

(6.14) (0 — 2 A + Ud)w + Vp¥ = cAu®,
(6.15) V.w=0,

(6.16) 7w = (0, —y "),
(6.17) vrw = (0, —y*o"),
(6.18) w(t=0)=0.

We require to hold the compatibility conditions between the boundary and the initial
data:

(6.19) ytug = g (x,t = 0),
(6.20) g7 (t=0) = =y uo.

We require to hold the incompressibility condition for the initial data:
(6.21) V-up=0.

Moreover, the incompressibility condition requires that

/ (9% — gy)dz = 0.

—0o0

Notice the absence of the pressure term in (6.9)—(6.13). This is due to the introduction
of a boundary layer corrector which differs from the usual Prandtl velocity for the
value of the Euler velocity at the boundary. Namely, @ = u? — yu”. Then, using
the Euler equation at the boundary, one gets (6.9). For more details, see [2].

We now solve the above equations.

6.1. The Euler equations. One can see that the solution of (6.4)—(6.8) is

P =Ly (g]‘f, — voE(x - Ut,1),95 — vg(m - Ut, —1))
(6.22) + vo(z — Ut,y),

uf =L, (gf —vf(x - Ut 1), 9y —vf(x - Ut,-1))

where the operator £ was introduced in section 4.2. We now give an estimate on the
above solution.

PROPOSITION 6.1. Let g € Hﬁ} Moreover, let wg € H' satisfy the compatibility
conditions (6.19) and (6.20) and the incompressibility condition (6.21). Then u® €
HL. and the following estimate holds:

[wPlir <e(lg™ | o+ |97 |0+ luol).

The proof is based on Proposition 4.4.

Remark 6.1. If a source term f is present in (6.4) one can solve the inviscid
equation using the integrated (with respect to time) projection operator onto the
divergence-free part.
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6.2. The Prandtl equations. Equations (6.9) and the boundary conditions
(6.11) and (6.12) and the initial condition (6.13) are convection-diffusion equations
with boundary data and zero initial datum and no source. We have already solved
these equations through the operator Fj introduced in section 3. The solution is,
therefore,

(6.24) uf = Fi(gh —yTuf g7 — vy ub) .

The normal component can be found using the incompressibility condition (6.10):
0

(6.25) upz/imﬂaw?
Y

Therefore, we conclude with the following proposition.

PROPOSITION 6.2. Let g* € HY. satisfy the compatibility conditions (6.19)—
(6.20) and the incompressibility condition (6.21). Then uf € K4, vP € K5, and
the following estimates hold:

i <€ ( | | T | " | T |u0|l) ’
|UP|l—1,u,T <c ( I g_ | 1, T + | g+ | 1T + |u0|l) .

6.3. The error equation. Let us now consider the correction term w satisfying
(6.14)—(6.18).

One can see that (6.14)—(6.18) are of the same form as (1.1)—(1.5), namely, they
are the Oseen equations with source term and boundary and initial data satisfying
the hypotheses of Proposition 5.7. In fact the source term in (6.14) is eAe*Ytuy,
which is of the form eh with h € Hlez. Moreover, the boundary data —y*v? are of
the form

+1/e
—yFof = 9,6% = —|¢|N' 5%, where gt = / Ay’ uP®*) e gi .
0

Therefore, v w € H’qlfl.

Hence the solution has the form given by (5.4) and we can give the estimate on
the error w.

PROPOSITION 6.3. Let us suppose that g* € H'7l~ and ug € H', satisfying the
compatibility conditions (6.19)—(6.20) and the incompressibility condition (6.21). Then
the solution of (6.14)-(6.18) w € L', and the following estimate hold:

[wlli—1r <c [ g™ | it g™ | it t |u0|l} :

The above estimate is not enough to get the convergence of the solution of the
Oseen equations to u” +u” in a space where first derivatives are considered. A more
refined analysis of the structure of the error is needed.

6.4. The structure of the error. We divide the error in the following way:
(6.26) w = w? +wPl +ce.

The Eulerian part of the error w? satisfies convective equations, of the type
(6.4)—(6.8), with eAu” as source term and with prescribed normal boundary data
£,,P
—yEot.
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The boundary layer part of the error w?” satisfies the boundary layer equations,
of the type (6.9)—(6.13), with prescribed tangential component —y*w?.

Finally the overall correction e satisfies the correction equations, of the type
(6.14)—(6.18), with zero source term and with prescribed boundary data (0, —y*w&L),
where with wRL we have denoted the normal component of w?Z.

One can therefore state the following proposition.

PROPOSITION 6.4. Suppose the hypotheses of Proposition 6.3 hold true. Then
the correction w admits a decomposition of the form (6.26) with w? € Hlel, wBl e

Kibe wBl e K24 e e L2 and the following estimate holds:

lw”[;_1 T+|w . LT+ Wy L|l72,u,T+He||l72,T < C(l g’ | l,T+| g | vt |U0|l) .
(6.27)

6.5. The main results. We can summarize the results of this section in the
following theorem which is the main result of this paper.

THEOREM 6.5. Let g& € H% and wy € H' satisfy the compatibility conditions
(6.19)—(6.20) and the incompressibility condition (6.21). Then the solution of Oseen
equations (1.1)—(1.5) can be written in the form

(6.28) u=uf4+u” +ew,

where u” satisfies (6.4)—(6.8), u® satisfies (6.9)—(6.13), and w satisfies (6.14)—(6.18).
Moreover, u” € H"T, ubf € K%”, P € Ké,j_l’“, and w € LlT_l. Moreover, the
correction can be decomposed as

(6.29) w=w? +wPl +ce

with w? € Héq_l, wBl ¢ Ké:l’#, wht € K?Q”L, and e € LZT_2. The following
estimates hold:

[l <c +IlT+|gillT+|uO‘l)’

Plipr <ec | +IlT+|g |lT+|’u'0‘l

lw®),_ 1,7 <c

w1 < e | +|1T+|97|1T+|u05

(1

( )
e 1MT—C(| A |9_|1,T+|“01)

(1o [+ 1o |,z +luol),

( )

( )

lwi” li—2,ur < c |g IlT+|g |lT+|'u’0‘l

leliar <e(1g™ [ p+ 197 | g+ luol).-

From the above theorem the following estimate on the convergence of the Oseen
equation to u? 4+ u” easily follows.

COROLLARY 6.1. Let ug € H* and g* € L>([0,T], H*) satisfy the compatibility
conditions (6.19)—(6.20) and the incompressibility condition (6.21). Moreover, sup-
pose that the inflows at the boundaries gﬁ are such that |£|7lg?\[] S ([O,T],LQ).
If u, v, and u? denote the solutions of (1.1)~(1.5), (6.4)—(6.8), and (6.9)—(6.13),
respectively, then one has the following estimate:

HU—(UE+UP)||L°°([0,T],H2) <ce'l? [HUOHH4 + ||g+||L°°([O,T],H4) + \|97HL0<:([0,T],H4)] .
(6.30)
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The factor '/2 comes from the fact that the correction w also has a boundary
layer structure, i.e., its derivative with respect to y is 0(5_1) in a region of size
O(e'/?).

Remark 6.2. With minor formal modifications in the definitions of the function
spaces H' given in section 2, which allow [ to be equal to 1, Corollary 6.1 could be
stated for initial data belonging to H?3.

Appendix.
Proof of Lemma 4.2. Let us consider first the L? norm.

sup ||y U Fi(g], 0)]|72¢er)

0<t<T
) A () —1-4n)? 2
— 4v(t—s)
— sup || [duetE 10+ >/dse—[”f +igUlt-s) N Y — 1 —dn e (¢
ogtg /_1y 0 n;m (t—s) 47r1/(t—s)g (&)
L2(¢’)
2
y' —1—4n 1/2
A L —[m+ﬂ£|<t ) }
< sup /dsgi_ze_‘f/l(lln-‘rQ)‘/ d /y 1 4n€
Tosesr|lJo 7T A= 1 (=) dmu(t — s)
! 2 2
y/ —1—dn 7\”‘5/‘@78)1/2]
" y —1—4ne [‘/‘m
+Sup /dSi /d/|§|(2y+4)
0<t<T I n;m v (t—s) drv(t — s)
2
LS e [ i e [f’/%utf e | (1 a)l/ﬂ
< sup / ds " / dy'2ﬁ—
0<t<T I Z 1 dy’ Ar(t — s)

12
TP

4m(t — s)

t o0 1
roo | [ 3o [ g e
0

0<t<T oy —1

2
'—1—4an Mg N1/
s e

4dm(t — s)

+ sup /dsg Z / dy'el€' 1= 29+4")2fd

0<t<T

n=—oo

[%tt = —Vl¢/|(t= 3)1/2}

47 (t — s)

+ sup / dng Z / dyle‘g‘ 2y +4n 2\/>|£|

0<t<T

n—=—oo

=L+DL+I3+1.

We now consider the four terms separately. We begin from I;:

I, = sup
0<t<T

t o
dsgiyvy e l€ln+2)
ooy
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27112

2

_ n —JUlE (t—s 1/ _ n — e (t—s /

e |:«/4;L(t—5) Vg (t=s) 2] . [\/% VYIE|(t=s)t 2]
w(t —s) - w(t — s)

_ _ §)1/
[t wieie-]

t [eS)
< sup / ds g2 3 eml€lams) €
0 n=0

0<t<T 7(t — )
; a2 |2
2 e Wwit—9)
< sup / ds /5 V1€ t=s) g=21¢l o+
0<t<T 0 Z \/ t— s
K 1
< sup / dsd/v ——g’
0<t<T ||Jo w(t —s)
160T 9
< sup g%
T 0<t<

The estimate of the terms with the derivatives with respect to z and ¢ is the same.
Let us now pass to Io. Introducing the variable n = (v — 1 — 4n)/\/4v(t — s)+

VIEl(t — )12, we get

I
2
—4n 1/2
N < =i /olE | (—5)
= sup — /dsgj(g',s)4y|g/\ Y e l€itn+2) Vavi=9 e’
i = i |-
2
+ —2pg| 1 —€'1(4n+2) [m VYIE |(t—s)/?
< sup dsg 8v|¢'|| e Ty|€| +Z
ost=t n>1Tvl¢|
<

(1604 T* + 4°T?) sup g (¢ s) ||
0<t<T

The estimate of I3 is analogous to the estimate of I, while the estimate of I is
analogous to the estimate of I. From the above estimates it is apparent that, choosing
T, small enough, one can make ||y~ Ut Fy(g},0)|l.7, < algflir witha<1. O

Remark A.1. Tt is interesting to notice that, in the zero viscosity limit, the time
T,, up to which the above estimate is valid grows to infinity: T, ~ v~

Proof of Proposition 4.9. The trace at y = —1 of the operator O is made of three
terms: (1) the trace v~ of £,(+,0), which is estimated in Lemma 4.5; (2) the trace
v~ of UTFy(+,0), which is estimated in Lemma 4.2; (3) the trace v~ of the operator
F1(-,0), which can be estimated as follows:

sup ||7 Fl fTaO ||L2(£)

0<t<T
. ) o _ (42+4n)2 2
v(t—s
= sup / ds e V& +iE'UI(t=s) Z 24dn e 70 9:_(5/»5)
o<t<T ||Jo il e(t —s) \/4m(t — 5)

L2(¢)
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4 t O L2 e i
/ n e v(t—s
< =~ sup / dse Ve (t=3) T, s
Too<t<T ||Jo nz:;) e(t =) Vit~ 5) e L2(¢")
' ¢ (t-s) o ?
v e~V —s o,
< — sup / d571/297-f@/7s)/ dnne"
T 0<t<T 0 (t - 8) 0 L2(¢)
vT 2
+
S —— Sup H 9r ||L2(§’) .

T 0<t<T

As far as the term supg,<p [y~ U |Fy(fF — 'y+ET(f]J\?,0),0)||%2(§,) is concerned,
the estimate is analogous to the one given in the proof of Lemma 4.2. The only
things one has to use are the fact that /v(t — s)|§’|e*”5,2(t*5) is bounded and the
regularizing property of the integration with respect to time of the factor \/,51,75 The
estimate in (4.14) is thus achieved. O

Proof of Proposition 4.10. The proof of Proposition 4.10 is analogous to the proof
of Proposition 4.9. ]
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