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Multi-resolution analysis and fractional quantum Hall
effect: An equivalence result
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In this article we prove that any multi-resolution analysis ofL2(R) produces, for
some values of the filling factor, a single-electron wave function of the lowest
Landau level~LLL ! which, together with its~magnetic! translation, gives rise to an
orthonormal set in the LLL. We also discuss the inverse construction. Moreover, we
extend this procedure to the higher Landau levels and we discuss the analogies and
the differences between this procedure and the one previously proposed by J.-P.
Antoine and the author. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1407281#

I. INTRODUCTION

The role of wavelets in various applications of mathematics and to some physical pro
like signal analysis is now completely established: the existence of a wide literature on this
is sufficient to give an idea of the amount of people involved in this and related topics. For a
reading on this subject a standard quotation is Ref. 1. Reference 2 is an updated book whe
interesting aspects of wavelets are discussed. What cannot be found in many textbooks,
still to be understood, is the relevance of wavelets in quantum mechanics: at this moment,
knowledge, very few of the applications proposed in this field~Ref. 3–8 among the others!.

One of the most useful features of wavelets concerns their localization properties in
configuration and frequency space. This fact is at the basis of a series of papers3–6 where different
families of orthonormal~o.n.! bases inL2(R) are used in the search for the ground state o
two-dimensional electron gas~2DEG! in a uniform positive background and subjected to a u
form electro-magnetic field. This is the physical system which produces the well-known frac
quantum Hall effect~FQHE!. The key fact behind this approach is the existence of an unitary
betweenL2(R) and the lowest Landau level~LLL !, that is, the subspace ofL2(R2) corresponding
to the lowest eigenvalue of the free Hamiltonian of the 2DEG. This implies that any o.n. ba
L2(R) ~not necessarily a wavelet one!! produces an o.n. basis in the LLL; for this reason the r
of wavelets does not seem so crucial. We will comment again on this approach in Sec. V.

In this articles we establish a deeper connection between wavelets and FQHE. In particu
will show that any multi-resolution analysis~MRA! of L2(R) producesautomaticallya wave
function inL2(R) and, as a second step, a wave function in the LLL which turns out to be o.
its own ~magnetic! translation. This procedure, which works for an even value of the inv
filling factor, is only possible when we start from a MRA, contrary to what happens in Ref. 3
can also be inverted: to any o.n. basis in the LLL which is generated by a single wave functi
the action of magnetic translations can be associated a MRA.

The article is organized as follows:
In the next section we quickly review some of the main properties of a MRA and of

kq-representation,9 which turns out to be a technical tool useful to implement the orthonorma
condition.

a!Electronic mail: bagarell@unipa.it
51160022-2488/2001/42(11)/5116/14/$18.00 © 2001 American Institute of Physics
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In Sec. III we state the problem of orthonormality of the single electron wave function
connection with the FQHE.

In Sec. IV we show how, for fillings factorsn51/2L, LPN, a MRA produces in a completely
natural way a wave function for the 2DEG with the desired orthonormality requirement. We
discuss the inverse procedure.

Section V is devoted to the comparison between this approach and the one proposed in
In particular, the example of the Haar o.n. basis is considered in detail. We also exten
procedure to higher Landau levels.

Section VI contains the conclusions and the plans for the future.

II. MATHEMATICAL TOOLS

In order to keep the article self-contained we now quickly review, for the reader’s co
nience, the main properties of the mathematical tools we will use in the rest of the article.

A. Multi-resolution analysis

The main result in the theory of MRA is the recipe which allows us to construct an ortho
mal basis inL2(R) starting from a single functionc and acting onc with dilation and translation
operators, generating the set

$c j ,k~x![2 j /2c~2 j x2k!, j ,kPZ%. ~2.1!

Such a basis has the good properties of wavelets, including spaceand frequency localization.
This is the key to their usefulness in many physical and mathematical applications. Let u
sketch the construction of these o.n. bases of wavelets. The full story may be found, for ins
in Ref. 1.

A multi-resolution analysisof L2(R) is an increasing sequence of closed subspaces

¯,V22,V21,V0,V1,V2,¯ , ~2.2!

with ø j PZVj dense inL2(R) andù j PZVj5$0%, and such that

~1! f (x)PVj⇔ f (2x)PVj 11 .
~2! There exists a functionfPV0 , called ascalingfunction, such that$f(x2k),kPZ% is an o.n.

basis ofV0 .

Combining~1! and~2!, one gets an o.n. basis ofVj , namely$f j ,k(x)[2 j /2f(2 j x2k),kPZ%. The
role of Vj as an approximation space and in the direct decomposition ofL(R) is discussed in Ref.
1.

Here we only need to know that the theory asserts the existence of a functionc, called the
mother of the wavelets, explicitly computable fromf, such that$c j ,k(x)[2 j /2c(2 j x2k), j ,k
PZ% constitutes an orthonormal basis ofL2(R): these are theorthonormal wavelets.

The construction ofc proceeds as follows. First, the inclusionV0,V1 yields the relation

f~x!5& (
n52`

`

hnf~2x2n!, hn5^f1,nuf&. ~2.3!

Taking Fourier transforms, this gives

f̂~v!5mo~v/2!f̂~v/2!, ~2.4!

where

mo~v!5
1

&
(
2`

`

hne2 inv ~2.5!
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is a 2p-periodic function. Iterating~2.4!, one gets the scaling function as the~convergent!! infinite
product

f̂~v!5~2p!21/2)
j 51

`

mo~22 jv!. ~2.6!

Then one defines the functioncPW0,V1 by the relation

ĉ~v!5eiv/2 mo~v/21p! f̂~v/2!, ~2.7!

or, equivalently,

c~x!5& (
n52`

`

~21!n21h2n21f~2x2n!, ~2.8!

and proves that the functionc indeed generates an o.n. basis with all the required properties
Actually, this procedure does not produce a unique result. Another possibility, which is th

we will use in the example given later in this work, gives for the mother wavelet the follow
expansion:

c~x!5& (
n52`

`

~21!nh2n11f~2x2n!. ~2.9!

Various additional conditions may be imposed on the functionc ~hence on the basis wave
lets!: arbitrary regularity, several vanishing moments~in any case,c has always meant zero!, fast
decrease at infinity, even compact support. For instance,c has compact support if only finitely
manyhn differ from zero.

Simple examples of this construction are the Haar basis, which comes from the s
function f(x) equal to 1 for 0<x,1 and 0 otherwise, the spline functions,1 and so on.

What is more interesting for our purposes is the role of the coefficients$hn% defining the
two-scale relation~2.3!. These are complex quantities which, iff(x) is normalized, must satisfy
the following relation:

(
nPZ

uhnu251. ~2.10!

Furthermore, it can be proved using the 2p-periodicity of the functionmo(v), together with the
orthogonality of the set$f(x2k)% for kPZ, that

umo~v!u21umo~v1p!u251 ~2.11!

almost everywhere.1 This equation can be written in two equivalent forms where the coeffici
hn explicitly appear:

(
nPZ

hnhn12k5dk,0 , ;kPZ, ~2.12!

or

(
n,kPZ

hnhn12ke
2,ikv51, a.e., ~2.13!

or yet, in a more convenient form,
 18 Jul 2008 to 147.163.24.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



its first
mati-

tions.
neous
istri-

-
This
wave

la

ttice

5119J. Math. Phys., Vol. 42, No. 11, November 2001 MRA and fractional quantum Hall effect

Downloaded
1

2 (
n,l PZ

hnhle
i ~ l 2n!v~11~21! l 1n!51, a.e. ~2.14!

We end this rapid excursus on MRA with the following remark: the set of coefficients$hn%
can be considered as the main ingredient of a MRA since it generatesmo(v), f̂(v) and, finally,
the mother waveletc(x).

B. kq-representation

The relevance of kq-representation in many-body physics has been established since
appearance.9 What was originally a physical tool has become, during the years, also a mathe
cal interesting object, widely analyzed in the literature,~see Refs. 10 and 11, for instance!. We give
here only a few definitions and refer to Refs. 9 and 11–13 for further reading and for applica

The genesis of the kq-representation consists in the well-known possibility of a simulta
diagonalization of any two commuting operators. In Ref. 12 it is shown that the following d
butions,

ckq~x!5A2p

a (
nPZ

eiknad~x2q2na!, kP[0,a[, qPF0,
2p

a F , ~2.15!

are ~generalized! eigenstates of bothT(a)5eipa andt(2p/a)5eix2p/a. Herea is a positive real
number which plays the role of a lattice spacing.

How it is discussed in Ref. 12, theseckq(x) are Bloch-like functions corresponding to infi
nitely localized Wannier functions. They also satisfy orthogonality and closure properties.
implies that, roughly speaking, they can be used to define a new representation of the
functions by means of the integral transformZ:L2(R)→L2(h), where h5@0,a@3@0,2p/a@ ,
defined as follows:

h~k,q!ª~ZH!~k;q!ªE
R
dvckq~v!H~v!, ~2.16!

for all functionsH(v)PL2(R). The result is a functionh(k,q)PL2(h).
To be more rigorous,Z should be defined first on the functions ofC0

`(R) and then extended to
L2(R) using its continuity.10 In this way it is possible to give a rigorous meaning to formu
~2.16!.

From now on we will work in the following hypothesis:

a252p, ~2.17!

which, also in view of the next section, will correspond to fixing the spacing of the la
underlying the 2DEG.

Replacingckq(x) with its explicit expression, formula~2.16! produces

h~k,q!5~ZH!~k,q!ª
1

Aa
(
nPZ

e2 iknaH~q1na!, ~2.18!

which can be inverted and gives thex-representationH(v)PL2(R) of a function h(k,q)
PL2(h) as follows:

H~v!5~Z21h!~v!5E
h

dkdqckq~v!h~k,q!. ~2.19!

Due to ~2.15!, this equation gives
 18 Jul 2008 to 147.163.24.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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H~x1na!5
1

Aa
E

0

a

dkeiknah~k,x!, ;xP@0,a@ , ;nPZ. ~2.20!

In all the literature concerning kq-representation, the role of the boundary conditions is w
discussed, also in connection with the continuity properties of the functions. For instance, i
14, a functionh(k,q)PL2(h) is said to be continuous if it is the restriction to the kq-cell o
function continuous in theextendedkq-plane (k,qPR), and if it satisfies the following boundar
conditions:

h~k1a,q!5h~k,q!,
~2.21!

h~k,q1a!5eikah~k,q!,

which are typical of any function in kq-representation and which will always be assumed h

III. STATING THE PROBLEM

In this section we will discuss a many-body model of the FQHE looking, in particular, for
single-electron wave function which generates the ground state of the physical system in th
described next. This system is simply a two-dimensional electron gas, 2DEG~that is a gas of
electrons constrained in a two-dimensional layer!, in a positive uniform background and subject
to a uniform magnetic field alongz and an electric field alongy.

The Hamiltonian of the system can be written as

H ~N!5H0
~N!1l~Hc

~N!1HB
~N!! ~3.1!

whereH0
(N) is the sum ofN contributions:

H0
~N!5(

i 51

N

H0~ i !. ~3.2!

HereH0( i ) describes the minimal coupling of the electrons with the fields:

H05
1

2
„pI 1AI ~r !…25

1

2 S px2
y

2D 2

1
1

2 S py1
x

2D 2

. ~3.3!

Notice that we are adopting here the symmetric gaugeAI 51/2(2y,x,0) and the same unit as i
Ref. 15.Hc

(N) is the canonical Coulomb interaction between charged particles:

Hc
~N!5

1

2 (
iÞ j

N
1

urI i2rI j u
~3.4!

andHB
(N) is the interaction of the charges with the background, whose explicit form can be f

in Ref. 15.
In the following we will consider, as it is usually done in the literature,l(Hc

(N)1HB
(N)) as a

perturbation of the free HamiltonianH0
(N) , and we will look for eigenstates ofH0

(N) in the form of
Slater determinant built up single electron wave functions. This approach is known to give
results for low electron~or hole! densities.15 The easiest way to attack this problem consists
introducing the new variables

P85px2y/2, Q85py1x/2. ~3.5!

In terms ofP8 andQ8 the single electron Hamiltonian,H0 , can be written as
 18 Jul 2008 to 147.163.24.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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H05 1
2~Q821P82!. ~3.6!

The transformation~3.5! can be seen as a part of a canonical map from (x,y,px ,py) into
(Q,P,Q8,P8) where

P5py2x/2, Q5px1y/2. ~3.7!

These operators satisfy the following commutation relations:

@Q,P#5@Q8,P8#5 i , @Q,P8#5@Q8,P#5@Q,Q8#5@P,P8#50. ~3.8!

It is shown in Refs. 16 and 17 that a wave function in the~x,y!-space is related to its
PP8-expression by the formula

C~x,y!5
eixy/2

2p E
2`

` E
2`

`

ei ~xP81yP1PP8!C~P,P8! dP dP8. ~3.9!

The usefulness of thePP8-representation stems from the expression~3.6! of H0 . Indeed, in this
representation, the single electron Schro¨dinger equation admits eigenvectorsC(P,P8) of H0 of
the formC(P,P8)5 f (P8)h(P). Thus the ground state of~3.6! must have the formf 0(P8)h(P),
where

f 0~P8!5p21/4e2P82/2, ~3.10!

and the functionh(P) is arbitrary, which manifests the degeneracy of the LLL. Withf 0 as above,
formula ~3.9! becomes

c~x,y!5
eixy/2

&p3/4E2`

`

eiyPe2~x1P!2/2h~P! dP. ~3.11!

It is worthwhile to stress that at this stage the Coulomb interaction has not yet been cons
~and it will not in this article!, but the common belief is that the explicit form ofh(P) should be
fixed by this interaction.

Now the problem arises of how to construct the ground state of the freeN-electron Hamil-
tonianH0

(N) . We use a suggestion coming from the classical counterpart of this quantum pro
It is very well known that the ground state for a classical 2DEG is a~triangular! Wigner crystal:
the classical electrons are sharply localized on the sites of a lattice whose lattice spacing i
by the electron density. What we expect, and what was proven in Ref. 15, is that, at lea
certain regions of the filling factor, the quantum ground state should not be very different from
classical picture. Here we only sketch the procedure which is analyzed in more detail Refs.
3.

We start introducing the so-called magnetic translation operatorsT(aW i) defined by

T~aW i ![exp~ iPW c•aW i !, i 51,2, ~3.12!

wherePW c[(Q,P) andaW i are the lattice basis vectors@aW 15a(1,0), aW 25(a/2)(1,)) for a trian-
gular lattice#.

From now on, for simplicity we will work in a square lattice with unit cell of area 2p:

aW 15a~1,0!, aW 25a~0,1!, a252p. ~3.13!

This choice is quite useful to keep the notation simple: moreover, its generalization to lattic
arbitrary shape is only a technical step.

The aboverationality condition on the area has the following useful consequence:
 18 Jul 2008 to 147.163.24.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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@T~aW 1!,T~aW 2!#50. ~3.14!

This is not the only commutativity condition satisfied by the magnetic translations. Due t
commutation relations~3.8!, we also find

@T~aW 1!,H0#5@T~aW 2!,H0#50. ~3.15!

With the choice~3.13! of the lattice’s basis the magnetic translations take a simple form

T1ªT~aW 1!5eiaQ, T2ªT~aW 2!5eiaP, ~3.16!

and they act on a generic functionf (x,y)PL2(R2) as follows

f m,n~x,y!ªT1
mT2

nf ~x,y!5~21!mnei ~a/2!~my2nx! f ~x1ma,y1na!. ~3.17!

We see from this formula that, if for instancef (x,y) is localized around the origin, thenf m,n(x,y)
is localized around the lattice sitea(2m,2n).

Now we have all the ingredients to construct the ground state ofH0
(N) mimiking the classical

procedure. We simply start from the single electron ground state ofH0 given in ~3.11!, c(x,y).
Then we construct a set of copiescm,n(x,y) of c as in ~3.17!, with m,nPZ. All these functions
still belong to the lowest Landau level for any choice of the functionh(P) due to~3.15!. N of
these wave functionscm,n(x,y) are finally used to construct a Slater determinant for the fin
system:

c~N!~r 1 ,r 2 ,...,r N!5
1

AN! U cm1 ,n1
~r 1! cm1 ,n1

~r 2! ... cm1 ,n1
~r N!

cm2 ,n2
~r 1! cm2 ,n2

~r 2! ... cm2 ,n2
~r N!

• • ... •

• • ... •

• • ... •

cmN ,nN
~r 1! cmN ,nN

~r 2! ... cmN ,nN
~r N!

U . ~3.18!

It is known15 that in order to get̂c (N),c (N)&51 we need to have

^cmi ,ni
cmj ,nj

&5dmi ,mj
dninj

. ~3.19!

In fact, if these translated functions were not o.n., then we would getic (N)i511O(N), which is
obviously divergent forN diverging. It is clear, therefore, that if we want to perform easily
thermodynamical limit, orthonormality between differently localized single electron wave f
tions must be required!

In the rest of this section we will discuss how the requirement~3.19! can be handled and, in
particular, we will show that the use of kq-representation is quite a useful tool since it produ
very simple constraint. Some of the results we are now going to describe in this section a
due to G. Morchio and F. Strocchi,18 while the original idea of using kq-representation in conn
tion with an orthonormality constraint is already contained in Ref. 13 in the proof of complete
of lattice states proposed by the authors.

Let c(x,y) be as in~3.11! and cm,n(x,y)5T1
mT2

nc(x,y)5(21)mnei (a/2)(my2nx)c(x1ma,y
1na). After few computations and using the rationality conditiona252p we obtain

cm,n~x,y!5
ei ~xy/2!1 iamy

&p3/4 E
2`

`

dPei ~y1na!P2~x1ma1P!2/2h~P!. ~3.20!
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We are interested now in finding some conditions onh(P) such that condition~3.19!, or its
equivalent form

Sm,nª^c0,0,cm,n&5dm,0dn,0 , ~3.21!

is satisfied. With the previous definitions we find

Sm,n5E
2`

`

dpeinap h~p1ma!h~p!, ~3.22!

which restates the problem of the orthonormality of the wave functions in terms of
PP8-representation. In particular we see that, form5n50, this equation implies thatc in nor-
malized inL2(R2) if and only if h(P) is normalized inL2(R). This reflects the unitarity of the
transformation~3.9!, which, more in general, implies that any o.n. set inL2(R) is mapped in an
o.n. set inL2(R2).

In order to use now kq-representation it is convenient to split the integral overR into an
infinite sum of integrals restricted to@ra,(r 11)a@ ,r PZ, use the kq-representation, and, the
write everything in terms of a single integral over the unit cellh. We have, using~2.20! and the
well-known equality

(
l PZ

eixl ~2p/c!5c(
l PZ

d~x2cl !, ~3.23!

Sm,n5 (
r PZ

E
ra

~r 11!a
dpeinaph~p1ma!h~p!

5 (
r PZ

einra2E
0

a

dpeinaph~p1~r 1m!a!h~p1ra !

5 (
r PZ

1

a E
0

a

dqE
0

a

dkE
0

a

dk8eir ~k2k8!aeinaq2 ik8mah~k,q!h~k8,q!,

so that

Sm,n5E
h

dkdqeinaq2 ikmauh~k,q!u2. ~3.24!

Due to the completeness of the set$einaq2 ikma,n,mPZ% in the unit cell h, we conclude that
Sm,n5dm,0dn,0 if and only if h(k,q) is a phase, so thatuh(k,q)u is independent ofk andq. This
result can be considered as a slight generalization of the procedure discussed in Ref. 13
FQHE for filling factorn51.

It is easy to generalize this result to a fillingn51/2. The idea is the following:
A filling factor n51 corresponds to all the sites of our square lattice~of spacinga5A2p!

occupied. An51/2 2DEG can be seen, on the other hand, as if the same lattice was only pa
occupied: one lattice site is free and the other is occupied. If we require the orthonormality
related set of single electron wave functions, it is enough to ask forSm,2n5dm,0dn,0 . This is
equivalent also to choose a different lattice, with a unit cell twice that before and basis v
a(1,0) and 2a(0,1). Of course, we would as well have chosen another lattice with basis ve
a(0,1) and 2a(1,0), or also any other lattice with unit cell of area 4p. We use the first choice jus
to fix ideas. Equation~3.24! gives

Sm,2n5E
h

dkdqei2naq2 ikmauh~k,q!u25dm,0dn,0 , ~3.25!
 18 Jul 2008 to 147.163.24.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp
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which can be rewritten as

1

2 Eh
dkdqeinaq2 ikmaXUhS k,

q

2D U2

1UhS k,
q1a

2 D U2C. ~3.26!

This implies, again using the completeness of the functionseinaq2 ikma,n,mPZ, in h, that

J2~k,q!ªUhS k,
q

2D U2

1UhS k,
q1a

2 D U2

5
1

p
, almost everywhere fork,qPh. ~3.27!

The generalization ton51/M is straightforward: we simply require the orthonormality of t
wave functions located at a distance ofM sites:

Sm,Mn5E
h

dkdqeiMnaq2 ikmauh~k,q!u25dm,0dn,0

and, proceding as above, we deduce thath(k,q) must satisfy the equality

JM~k,q!ªUhS k,
q

M D U2

1UhS k,
q1a

M D U2

1¯1UhS k,
q1~M21!a

M D U2

5
M

2p
, ~3.28!

almost everywhere fork,qPh.
The extension to a fillingn5L/M , with L and M relatively prime, can be performed b

imposing that conditionSm,n5dm,0dn,0 holds only for those~m,n! corresponding to a square lattic
in which only L amongM lattice sites are occupied. We will not consider this extension in
article.

IV. WHAT WE GET FROM MRA

In this section we will describe how two subjects which are so different, at a first sight, a
MRA and the orthonormality condition for a 2DEG discussed previously, are indeed very c

Let us consider a given MRA ofL2(R). We have seen in Sec. II that to this MRA is associa
a certain set of square-summable complex numbers$hn%nPZ satisfying, for instance, condition
~2.12!. This set produces a 2p-periodic functionmo(v) and, through this, the scaling functio
f̂(v) and the mother wavelet.

Now we use the sequence$hn%nPZ to define the following function, which strongly reminds u
of mo(v):

T2~v!5H 1

Aa
(
l PZ

hle
2 i l va, vP@0,a@ ,

0, otherwise.

~4.1!

It is clear thatT2(v) is square integrable and is not periodic. In particular, due to the norma
tion condition ~2.10!, we haveiT2i2

25*RuT2(v)u2 dv51. Therefore the kq-transform of thi
function, t2(k,q)5(ZT2)(k,q), is well defined inL2(h).

In particular, using~2.18! we find

t2~k,q!5
1

Aa
(
nPZ

e2 iknaT2~q1na!. ~4.2!

The boundary conditions~2.21! are obviously satisfied:t2(k1a,q)5t2(k,q) and t2(k,q1a)
5eikat2(k,q). It is easy to check thatt2(k,q) satisfies also the orthonormality conditions~3.27!.
In fact, since we are interested to the value oft2(k,q) only in h, and sinceT2(v) is different from
zero only forvP@0,a[, we conclude that, for (k,q)Ph,
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J2~k,q!5
1

a XUTS q

2D U2

1UTS q1a

2 D U2C5 1

a2 (
l ,s

hlhse
i ~s2 l !qa/2

„11~21! l 1s
…,

which is equal to 1/p a.e. ink,qPh, due to~2.14!. This implies thatt2(k,q) gives rise to a family
of functionscm,n(x,y) in the LLL mutually orthonormal and corresponding ton5 1

2. We will find
the explicit form of thesecm,n(x,y) in the next section, where we will also compare these res
with the ones obtained in Ref. 3.

The above-mentioned procedure can be easily extended to fillingsn51/2L. The extension to
odd denumerator is not so straightforward and will be given elsewhere.

The starting point is again the set$hn%nPZ , producing a MRA ofL2(R), satisfying condition
~2.12!. Now we define

T2L~v!5H 1

Aa
(
l PZ

hle
2 i l vLa, vP@0,a@ ,

0, otherwise.

~4.3!

Again, this is a square-integrable function satisfyingiT2Li251. Defining t2L(k,q)5(ZT2L)
3(k,q) we have, fork,qPh, t2L(k,q)5(1/Aa)T2L(q)5(1/a)( l PZhle

2 i lqLa. We also stress tha
t2L(k,q) satisfies the correct boundary conditions. With these definitions, using the ratio
conditions a252p and collecting contributions of the formut2L(k,q/2L)u2, ut2L(k,(q
12a)/2L)u2,..., and the ‘‘odd ones,’’ut2L(k,(q1a)/2L)u2,ut2L(k,(q13a)/2L)u2,..., weobtain

J2L~k,q!ªUt2LS k,
q

2L
D U2

1Ut2LS k,
q1a

2L
D U2

1¯1Ut2LS k,
q1~2L21!a

2L
D U2

5LXUt2LS k,
q

2L
D U2

1Ut2LS k,
q1a

2L
D U2C

5
L

a2 (
l ,s

hlhse
i ~s2 l !qa/2

„11~21! l 1s
…, ~4.4!

which is again independent ofk andq since it is equal toL/p a.e. inh, due to condition~2.14!.
Finally, Eq. ~3.28! is a consequence of the equalityn215M52L. We conclude thatt2L(k,q)
produces, in the configuration space, a set of mutually orthonormal wave functions spanni
LLL for n51/2L.

This result, which is in a certain sense rather unexpected because it relates two distan
as MRA and FQHE, is only half of the surprise. In fact, in the rest of this section, we will
show that this relation works in the opposite direction. More in detail, we will show how
construct, starting from a functionh(k,q) which produces an o.n. set of translated functions in
LLL, a set of coefficients$hn% satisfying condition~2.14!, and, therefore, generating a MRA.

The recipe is rather simple and requires only few lines: let us suppose to have a fu
h(k,q) belonging toL2(h) satisfying the boundary conditionsh(k1a,q)5h(k,q) and h(k,q
1a)5eikah(k,q) and such that

uh~k,q/2!u21uh(k,~q1a!/2)u25
1

p
a.e. in h. ~4.5!

This means that in the configuration space the related set$cm,n(x,y)% is an o.n. set. Let us now
define

hn~k!5E
0

a

dqeinaqh~k,q!, kP@0,a@ . ~4.6!
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Even if hn(k) is, in general, a function ofk, it is straightforward to check that if we takeh(k,q)
coinciding witht2(k,q) in ~4.2!, thenhn(k)5hn for all nPZ. This means that the dependence
k may disappear in some relevant situation. It is not so surprising, therefore, to chec
(nPZhn(k)hn12l(k) does not depend onk for any choice of h(k,q), if the equality ~4.5! is
satisfied. In fact, using equality~3.23! and condition~4.5!, we find

(
nPZ

hn~k!hn12l~k!5aE
0

a

dquh~k,q!u2e22i laq

5
a

2 E0

a

dqe2 i laq(uh~k,q/2!u21uh~k,~q1a!/2!u2)

5
a

2p E
0

a

dqe2 i laq5d l ,0 . ~4.7!

This result shows that any o.n. basis in the LLL for a filling factorn51/2 produces a set o
coefficients satisfying the summation rule~2.12! and, therefore, the basic condition giving rise
a MRA of L2(R) ~which, in general, will depend on an external parameterkP@0,a@!. The exten-
sion to a fillingn51/2L, LPN, is straightforward.

V. EXTENSION TO HIGHER LANDAU LEVELS AND FURTHER REMARKS

In the first part of this section we analyze the relation between the approach we have dis
here with the one originally proposed in Ref. 3 and further developed in Refs. 4 and 5. In
papers we used wavelet analysis in connection with the FQHE as we have done here. In Re
particular, we discussed a toy model suggesting the relevance of single electron wave fu
arising from wavelet theory in the construction of a Slater-like ground state for a 2DEG.
construction was carried out in detail for the FQHE in Refs. 3 and 4 using the canonical tra
mation~3.11! and thePP8-representation to generate an o.n. basis of functions in the LLL sta
from an o.n. set of wavelets inL2(R). This procedure is only apparently close to the one propo
in this article. The first difference is related to the possibility of extending the approach in R
to anyo.n. basis ofL2(R), a possibility which does not exist here since the procedure propos
this article only works for an o.n. basis generated by a MRA. The second difference concer
nature of the operators acting on themotherfunction which generates the o.n. set in the LLL:
Refs. 3 and 4 these operators are dilation and translation operators. Here, on the other h
use the magnetic translations defined in~3.12!.

Since, however, these two procedures have something in common, we expect that the re
wave functions should not be very different. And, in fact, this is the outcome of this section, w
we will explore the details of the easiest example: the Haar wavelet. For this choice th
$hn%nPZ reduces toh05h151/&, and all the other coefficients are zero. We have shown in R
3 that this choice produces a function in the LLL localized around the origin which looks li

H00~x,y!5
e2 ixy/2e2y2/2

2p1/4 H 2fS x2 iy11/2

&
D 2fS x2 iy

&
D 2fS x2 iy11

&
D J , ~5.1!

wheref(z)ª(2/Ap)*0
ze2t2 dt is the error function.19 The whole setHmn(x,y) is discussed in

Ref. 3, where its asymptotic behavior is also discussed in connection with the localization
electrons. Here we only state the result which will be compared with the one resulting b
approach proposed here. We have

H00~x,y!.
eixy/2e2x2/2

2p1/4 A2

p S 1

x2 iy
1

e21/22x1 iy

x2 iy11
22

e21/82~x2 iy !/2

x2 iy11/2 D , ~5.2!

which displays the Gaussian localization of the wave function in the variablex and shows the
rather poor localization iny.
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Let us now proceed in a different way. For a fillingn51/2 and a generic MRA, the function
T2 which produces an o.n. set of translates in the LLL is given in~4.1!. Using the transformation
rule ~3.11! we obtain

T2~x,y!5
eixy/2

&p3/4E2`

`

eiyQ2~x1Q!2/2T2~Q!5
Aaeixy/2

2p3/4 (
l PZ

hlE
0

a

eiQ~y2 la !2~x1Q!2/2,

which, for the above choice of coefficients corresponding to the Haar wavelet, gives

T2~x,y!5
Aaeixy/2

23/2p5/4 E
0

a

eiQy2~x1Q!2/2~11e2 iQa! dQ. ~5.3!

HereT2 can be written in terms of error functionf(z) as follows:

T2~x,y!5
Aae2 ixy/22y2/2

4p3/4 XfS x1a2 iy

&
D 1fS x1a2 i ~y2a!

&
D 2fS x2 iy

&
D

2fS x2 i ~y2a!

&
D C, ~5.4!

whose asymptotic behavior can be found with the help of Ref. 19:

T2~x,y!.
Aae1 ixy/22x2/2

23/2p5/4 S 1

x2 iy
1

ep2 ia~x2 iy !

x2 i ~y2a!
2

e2p2a~x2 iy !

x1~a2 iy !
2

e2a~x2 iy !~11 i !

x1a2 i ~y2a! D . ~5.5!

This formula shows that, even if the two procedures produce different results, the asym
behaviors, that is, the localization features of the electrons, coincide forH00 andT2 . This result
can be considered as a consequence of the Balian–Low theorem applied to the present s
~see Refs. 1 and 6! and of the Battle theorem for our previous proposal~see Refs. 3, 20, and 6!.
Both these theorems give severe constraints on the localization properties of a wave functio
orthonormality requirements of a different kind are imposed. We refer to Ref. 6 for a r
complete review of the localization problem in a generic Landau level.

The functionT2 can be used to construct a Slater determinant for theN-electron system as
sketched above: we start considering its~magnetic! translated as in~3.17!,

~T2!m,n~x,y!5
Aae2 ixy/22 ianx2~y1na!2/2

4p3/4 H fS x1~m11!a2 i ~y1na!

& D2fS x1ma2 i ~y1na!

& D
1fS x1~m11!a2 i ~y1~n21!a!

& D2fS x1ma2 i ~y1~n21!a!

& D J .

These are the functions used to build up the antisymmetric wave function

T~N!~r 1 ,r 2 ,...,r N!5
1

AN! U ~T2!m1 ,n1
~r 1! ~T2!m1 ,n1

~r 2! ... ~T2!m1 ,n1
~r N!

~T2!m2 ,n2
~r 1! ~T2!m2 ,n2

~r 2! ... ~T2!m2 ,n2
~r N!

• • ... •

• • ... •

• • ... •

~T2!mN ,nN
~r 1! ~T2!mN ,nN

~r 2! ... ~T2!mN ,nN
~r N!

U ,

where (mi ,ni) are those indexes compatible with an electron densityn51/2.
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It is evident that our procedure produces many possibleN-electron wave functions in the LLL
one for each different MRA ofL2(R). Among all these possibilities, the one physically relevan
that choice which minimizes the Coulomb energy. Of course, before comparing these resul
those obtained using the Laughlin wave function, we first need to generalize our procedu
triangular lattice. The details of this extension will be considered in a future work.

In the last part of this section we extend the orthonormality constraint~3.21! to levels higher
than the lowest.

We begin this analysis with a general remark, which already suggests the final result:
normality is required on a set of functions obtained by a single wave function via the action
magnetic translationsTi . On the other hand, the passage from a Landau level to the oth
obtained with the action of the raising and lowering operatorsA8† andA8 defined by

A85
Q81 iP8

&
, ~5.6!

whereQ8 andP8 are given in~3.5!. We have already remarked that the translationsTi commute
with Q8 andP8, and withA8 andA8† as a consequence, so that it is reasonable to expect tha
orthonormality constraint does not change very much moving from the lowest to some h
Landau level. This is exactly what happens, as we will now show explicitly for the first exc
level.

All the wave functions of the first Landau level, ILL, are given by formula~3.9! with
C(P,P8)5 f 1(P8)h(P). Here f 1(P8)5(&/p1/4)P8e2P82/2 is the first excited function of the
harmonic oscillator. Performing the integration inP8 we obtain

c~x,y!5
ie2 ixy/2

p3/4 E
2`

`

eiyPe2P2/2Ph~P2x! dP. ~5.7!

Acting on c(x,y) with Ti as in ~3.17! and definingSm,n as in ~3.21! we obtain

Sm,n5
1

p3/2E d2r E
2`

`

dpE
2`

`

dp8e2 ianx2 iyp1 i ~y1na!p82~p21p82!/2pp8h~p2x!h~p82x2ma!

5
2

Ap
E

2`

`

dxE
2`

`

dqeinaqh~q!h~q2ma!~q1x!2e2~q1x!2

5E
2`

`

dpeinaph~p1ma!h~p!,

which coincides with the result obtained for the LLL. This means that, when passing t
kq-representation, the wave function originating the o.n. set in the ILL is exactly the same fun
originating the o.n. set in the LLL. Needless to say, this does not imply that in the configur
space the two different o.n. sets coincide, because they are generated by differentc(P,P8),
belonging to different Landau levels.

Even if the above-mentioned result has been obtained only for the ILL, it gives a s
indication that the orthonormality condition in terms ofh(P) takes exactly the same form for a
the Landau levels. This also follows form our original remark on the commutativity amongTi and
A8†.

VI. OUTCOME

In this article we have proven a deep connection between a MRA ofL2(R) and the FQHE. In
particular we have shown how a single electron wave function, which, together with its mag
translates, produces an o.n. set in the LLL, can be constructed starting from a MRA. This
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dure works forn51/2L,LPN. We have also shown that this procedure can be essentially inv
since to any o.n. basis of translated functions of the LLL~corresponding ton51/2L! corresponds
a set of coefficients satisfying the main condition of a MRA ofL2(R). Moreover, we have
compared this approach with a similar one, Ref. 3, which is close for the final result but is
different for the philosophy. We have finally extended this procedure to other Landau level

What is still to be done is a computation of the energy of the 2DEG for such a basis, in
to see if this procedure can give some hints about the ground state for the FQHE. We also
extend this procedure to fillingn of the formn51/(2L11) and, more generally,n5L/L8, with L
andL8 relatively prime natural numbers.
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