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WELL-POSEDNESS OF THE BOUNDARY LAYER EQUATIONS*
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Abstract. We consider the mild solutions of the Prandtl equations on the half space. Requiring
analyticity only with respect to the tangential variable, we prove the short time existence and the
uniqueness of the solution in the proper function space. The proof is achieved applying the abstract
Cauchy—Kowalewski theorem to the boundary layer equations once the convection-diffusion operator
is explicitly inverted. This improves the result of [M. Sammartino and R. E. Caflisch, Comm. Math.
Phys., 192 (1998), pp. 433-461], as we do not require analyticity of the data with respect to the
normal variable.

Key words. boundary layer, Prandtl equations
AMS subject classifications. 76N20, 76D03, 35A10

DOI. 10.1137/S0036141002412057

1. Introduction. In this paper we shall be concerned with the unsteady Prandtl
equations on the half space. They describe the behavior of an incompressible fluid
close to a physical boundary in the limit of small viscosity [19]. The system we shall
deal with is the following:

(1.1) (Or — Oyy) uf + uPo,ulf + vl oyul +0,pF =0,
(1.2) oypt =0,
(1.3) Opul’ + oyl =0,
(1.4) uP(x,Y =0,t) =0l (2, Y =0,t) =0,
(1.5) uf(2,Y — oo,t) — Ulx,t)
(1.6) pi(@Y — o0,t) — pPa,y = 0,1)
(1.7) uf (z,Y,t=0) =ul .

In the above equations (u?,v’) and p®’ represent the components of the fluid velocity
and the pressure inside the boundary layer. Equation (1.3) is the incompressibility
condition and equations (1.4) are the boundary conditions: uf(z,Y = 0,t) = 0 is the
no-slip condition and vF(z,Y = 0,¢) = 0 is the no-influx condition. Equation (1.5)
is the matching condition between the flow inside the boundary layer and the outer
Euler flow; U(z,t) is the tangential component of the Euler flow at the boundary;
x = (x1,x2) is the tangential variable, and Y the normal variable.

The Prandtl equations can be regarded as asymptotic equations of the Navier—
Stokes equations in the limit of vanishing viscosity (¥ — 0). In the limit case v = 0,
the higher derivative term is dropped from the Navier—-Stokes system and one gets
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the Euler equations, which rule the behavior of inviscid flows. Since the Euler system
is first order, we have a reduction of the order of the equations, and a corresponding
reduction must be done in the number of the boundary conditions: only the normal
component of the velocity can be imposed at the boundary. Since the Navier—Stokes
equations impose the value of both the velocity components at the boundary, one
must allow a thin layer where there is a rapid variation of the fluid velocity from
zero (imposed by the no-slip condition) to the value prescribed by the inviscid equa-
tions. Hence, in the boundary layer (whose size is O(y/v)), vorticity is generated so
that the viscosity term vAw is O(1), even as the viscosity goes to zero. The fluid
develops an internal length scale so that one is faced with a singular perturbation
problem. Rescaling the normal variable with the square root of the viscosity, and
writing the solution to the Navier—Stokes equations in the form of an asymptotic se-
ries, one gets the equations which rule the fluid inside the boundary layer, i.e., Prandtl
equations.

The equations were first derived by Prandtl in 1904, and the practical success of
the boundary layer theory was soon overwhelming. Nevertheless, the theoretical foun-
dation of the boundary layer theory was rather unsatisfactory, and many fundamental
questions are still debated. For instance, the problem of establishing a well-founded
mathematical connection to the Navier—Stokes equation has been solved only recently,
and neither existence, uniqueness, nor well-posedness of the boundary layer equation
is proved in the general case.

Regarding the problem of the convergence of the Prandtl equations to the Navier—
Stokes equations, a major complication is given by the fact that no uniqueness theorem
with Sobolev-type initial data for the three-dimensional Navier-Stokes (nor Euler)
equations has been proved, and the time of existence of a regular solution depends
on the data and on the viscosity (see Marsden [13] and the monographs Constantin
and Foias [7] and Temam [21]). In the absence of boundaries the convergence of
viscous planar flow to ideal planar flow was shown by Swann [20] for a time which
is independent of the viscosity and, lately, in the case of concentrated vorticity, by
Constantin and Wu [8].

In the presence of boundaries the problem is harder. Kato [10] proved that a
necessary and sufficient condition for the convergence of u™° to the solution of Euler
equations, w, in L?(2) uniformly in ¢ € [0, T] is that the energy dissipation for u™¥*
in a small layer close to the boundary of size O(v), during the interval [0, T}, tends to
zero. However, such result gives no ultimate solution to the problem because of the
unverified energy estimate on the Navier—Stokes solution. With a similar condition
on the L?-norm of the gradient of the pressure, Temam and Wang [22] proved the
convergence of the Navier—Stokes solution to the solution of the Euler equation in a
strip.

Analogously it is also hard to prove the convergence of the Navier—Stokes solution
to the Prandtl solution under satisfactory hypotheses: the few existence and unique-
ness theorems proved for the unsteady case hold in particular cases. For instance,
Oleinik proved the existence and uniqueness of the Prandtl equations on the half
space requiring prescribed horizontal velocities positive and strictly increasing. See
[14] for a review.

The first results which do not require monotonicity of the initial data were proved
by Sammartino and Caflisch, after the earlier work of Asano [2]. In [17], assuming
analyticity of the initial data with respect to the spatial variables, they proved the
existence and uniqueness of the Prandtl equations on the half space. They achieved the
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result using an abstract formulation of the Cauchy—Kowalewski theorem in the Banach
spaces of analytic functions. In [18] they performed the asymptotic analysis of the
Navier—Stokes equation in the limit of zero viscosity. They constructed the solution
in the form of an asymptotic series in /v, whose zeroth order term is constituted by
the sum of the Euler and the Prandtl solutions. The norm of the first order correction
term is then proved to be bounded in the proper function space. They also proved an
analogous result in the case of a curved boundary (see [5]).

In the linear case it has been possible to prove the convergence of the linearized
Navier—Stokes equations to the corresponding inviscid equations for Sobolev-type ini-
tial data. The asymptotic analysis has been successfully performed for the Stokes
equations on the half space (Sammartino [16]) and on the exterior of a disk (Lom-
bardo, Caflisch, and Sammartino [11]). Similar results were achieved for the Oseen
equations, i.e., the Navier—Stokes equations linearized around a nonzero flow, on a
strip (see Lombardo and Sammartino [12] and Temam and Wang [23]).

Temam and Wang analyzed the linear case for a general 2 — D exterior domain
(see [24] and [25]), but they obtained weaker convergence results. In the nonlinear
case, with blowing and suction boundary conditions [26], they were able to prove that
these boundary conditions stabilize the boundary layer.

In the opposite direction Grenier [9] proved that a solution of the Prandtl equa-
tions is linearly and nonlinearly unstable, and, therefore, it does not converge in H'!
to the Navier—Stokes solutions.

A review about the mathematical aspects of the boundary layer theory can be
found in [4].

In this paper we extend the result of [17] to a wider class of initial data, namely,
the functions which are analytic only with respect to the tangential variable and
L2, together with their derivatives, with respect to the normal variable. Through
the explicit expression of the Green’s function, we invert the second order parabolic
operator appearing in the Prandtl equation, including the first order Y-derivative. We
are thus able to obtain a mild form of the system. The existence and the uniqueness of
the solution are then proved using a slightly modified version of the abstract Cauchy—
Kowalewski (ACK) theorem in the Banach spaces.

The results presented in this paper were previously announced in [6].

The paper is organized as follows. In section 2 we define the function spaces
where existence and uniqueness will be proved. In section 3 we state the abstract
Cauchy—Kowalewski theorem in the Banach spaces. In section 4 the parabolic initial-
boundary value problem is explicitly solved and the norm of the corresponding oper-
ators bounded in the proper function spaces. The mild form of the Prandtl equation
is given in section 5. In sections 6 and 7 the source term of the Prandtl equation is
proved to satisfy the hypotheses of the ACK theorem. Finally the main theorem is
stated in section 8. For convenience two appendices are inserted. In Appendix A a
sketch of the proof of the ACK theorem is given. In Appendix B the estimates of the
pseudodifferential operator defined in section 4 are proved.

2. Function spaces. In this section we introduce the function spaces used in
the proof of the existence and uniqueness of the Prandtl equations. We first define
the domain of analyticity with respect to the tangential variable:

D(p) ={z €C : Sz € (-p,p)}.

We now introduce the ambient spaces for the Prandtl equations.
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DEFINITION 2.1. The space K is the space of the functions f(x) such that
e f is analytic in D(p);
o if Sz € (—p,p) and 0 < j < I, then 9 f(Rz + iSx) is square integrable in
Rx;
o [flip = 3o 5UPsue(_pp 1041 (- +iS2)|| L2(0) < 00
DEFINITION 2.2. The space K“P*, with pu > 0, is the space of the functions
f(Y,x) such that

e”Yﬁiﬁ'{/f € L®°(RT, K%?) wheni+j <1 andj < 2.
The norm in KbP+# is defined as

Flipn =D > sup e [.0LF(Y, o,
YeR*

j<2i<i—j

DEFINITION 2.3. The space Klﬁ’f}, with >0 and p— BT > 0, is the space of the
functions f(x,t) such that

D f(x,t) e KWPPt YO<t<T, where 0 <i+j<land0<i<1.

Moreover,

Flipsr= 32 D2 sup 18/0,F(Dloppn <o

0<j<ti<li—j "='=

DEFINITION 2.4. The space Ké’pz’fl, with >0, p— BT >0 and p— BT > 0, is
the space of the functions f(x,Y,t) such that

fe KLe=Btu=Pt  4nd 8,56;]“ € KOr=Ptr=Pt w0 <t <T, where 0 <i<1[—2.

Moreover,

1 T = su 8J6” ',',t p— Pt u—
Hipppr = 3 D0 sup 130 Cyeblop-st-st

0<j<2i<i—; OS=

+ Y sup |05 )o,p-ptu—pr < 00 -
i<i—p 0st=T

3. The abstract Cauchy—Kowalewski theorem. To prove the existence and
the uniqueness of the mild solution to the Prandtl equations, we shall give a slightly
modified version of the abstract Cauchy—Kowalewski (ACK) theorem as given in [15]
or [1] and [3].

For ¢ in [0, 7], consider the equation

(3.1) u+ F(t,u) = 0.

Let {X,: 0 < p < po} be a Banach scale with norms |- |, such that X, C X, and
| 1pr < |+ ]p when p” < p’ < po.

THEOREM 3.1 (ACK theorem). Suppose that AR > 0, pg > 0, and By > 0 such
that if 0 <t < po/Bo, the following properties hold:
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(1) YO < p' < p < po and Vu such that {u € X, : supg<,<p |u(t)|, < R} the map
F(t,u): [0,T] — X, is continuous. o

(2) YO < p < po the function F(t,0) : [0, po/Bo] — {u € X, : supge,cr |u(t)|, <
R} is continuous and o

(3.2) |F(t,0)], <Ry < R.

(3) YO < p’ < p(s) < po and ¥V u' and u? e{u € X, : supg<,<r |u(t)|p—got < R},

K ‘ul u2|p |U1 —'LL2| ’
3.3 Ft,ul F t7u2 ,<C/ d8< (s) P )
( ) | ( ) ( )|P 0 p(S) o \/ti — S

Then 36 > By such that YO < p < po, (3.1) has a unique solution u(t) € X, with

t € [0, (po — p)/B]; moreover sup ., s, |u(t)|, < R.
The proof of the above theorem is given in Appendix A.

4. A parabolic equation. The next section will be devoted to writing Prandtl
equations in the form given by (3.1). The main difficulty in doing this is in the
parabolic nature of the Prandtl equation. We shall solve this difficulty by inverting
the parabolic operator (0; — dyy + aY 0y), giving the explicit expression of the
Green’s function.

We introduce the kernels

1 1 Y2672A(z’t)
(1) Falo, Y1) = =g P (‘4<w<xt>)2>

(4.2)  Eo(z,Y,t) :/ AY' [Falz,Y — Y t) — Fa(z,Y + Y, 1)],
0
OF,

(4.3) Ho(w,Y,t) = =75

1
(%Y’t) + a(l‘,t)YFa(l',Kt) - §a($,t)Ea($,Kt),

where « is a function of z and ¢, and A(x,7) is defined as

(4.4) Alz,7) = /OT df a(z,0)
and
(4.5) U(z,t) = (/Ot dr e_QA(x’T))lm.

The operator M is the convolution of the kernel F,, with the odd extension to
Y < 0 of the function ug(z,Y):

(4.6) Moug = /ooody’ [Fo(Y =Y/, t) = Fo(Y + Y, 1)] up(z,Y").

It solves the following system:
(47) (at - aYY + OéYaY)M()UO = 0,

(48) M()Uo(l‘, Y = O7 t) = 0,
(49) Mouo(l‘, Yﬂf = 0) = Ug.-
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We now introduce the operator Ms:
(4.10)  Msf = /ds/ dY' [Fo(Y =Yt —s) = Fo (Y +Y' t — s)] f(z,Y,s).

It solves the parabolic equations with zero boundary and initial data:

(4.11) (0r — Oyy +aY Oy)Maf = f,
(4.12) Myf(z,Y =0,t) =0,
(4.13) M f(z,Y,t =0)=0.

The operator M; acts on functions defined on the boundary, namely,

(4.14) Mlg:2/0 ds Hy(Y,t — 8) g(z, s),

and solves the following system:

(4.15) (Or — Ovy +aY dy)Mig =0,
(4.16) Mig(z,Y =0,t) =g,
(4.17) Mig(z,Y,t =0) =0.

Finally we define the operator Msh:
(4.18)
t [e%¢)
Mh — _/ ds/ QY Oy [Fa(w,Y — Yt — ) — Fol,Y + V"t — )] h(z,Y",s).
0

Notice that if h(x,Y = 0,t) = 0, then, integrating by parts, one gets Msh = M0y h.
We shall now give some estimates on the above operators. We begin with the
estimates on the operator Ms.
PROPOSITION 4.1. Let o € Ké%«, feKy ’p“ with fly—o =0. If p' < p— Bt and
W < pu— Bt, then the following estimate holds

t
|Mafli,pr,r < c/ ds [f (s 8)ipr e < | flipps
0

where the constant ¢ depends on |al;p 8,7
PROPOSITION 4.2. Let a € K,ld,w f e Klﬁ’gl”. Then Msf € K/lg”pjl“ and the
following estimate holds:

|M2f|l7p,u,ﬁ,T <c ‘f|l,p,u,ﬁ,T .

The following estimate of Msh will be crucial in handling the nonlinear term
containing the Y-derivative.

PrOPOSITION 4.3. Suppose o € K ﬁ b he KZB’E,Z’L with hly—o =0, Oyh|ly—o = 0.
If 0<p <p(s)<p—QBs, then Msh € K7 for each 0 <t < T and the following
estimate holds:

‘h(a s )llp,u/ |h('7'75)|lpu(s)
Mhlﬂ/gc/ds< A 0. ,
Mshlsp 0 Vi—s pls) — !
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The proofs of the above propositions are given in Appendix B.

We finally give some bounds on the operators My and M;.

PROPOSITION 4.4. Let a € Klﬂ’pT and ug(z,Y) € KbP#. Moreover let the com-
patibility condition ug(x,Y = 0) = 0. Then Moug € Klﬁ’)pj’j” and the following estimate
holds:

|M0u0|l,p,u,ﬂ,T < clug Lo,y -

PROPOSITION 4.5. Let a, g € Klﬁ”T and g(x,t =0) = 0. Then Mg € K/é,’,T’“ and
the following estimate holds:

|Migli,p,u,87 < clglipp1 -

We will also need the following lemma.

LEMMA 4.6. Leta € Klﬁ’f)T, w = utg withu € K" and g € K", i.e., constant
with respect to Y and t. Moreover, let u(z,Y = 0) = —g(z). Then My(t)w — g €
KbPrNt and the following estimate holds:

sup |Mo(t)w — g |1,p0 < c(lalippr + [ulipn + 19li,p) -
0<t<T

5. The mild form of the Prandtl equations. In this section, following the
same procedure used in [17], we shall recast the Prandtl equations in a form suitable
for the application of the ACK theorem.

First, one can get rid of the pressure gradient introducing the new variable wu:

(5.1) u=u""-U.

In fact, written in terms of the variable v and using the Euler equation at the
boundary,

(5.2) U +UB,U + 9,p*|y—0 = 0,

equations (1.1)—(1.7) become

y
(5.3) (0 —Oyy + Y0, UOy)u+ udyu — (/ dY’&m) Oyvu+Udpu+ud,U =0,
0

(5.4) u(z,Y =0,t) = U,
(5.5) u(z,Y — o00,t) =0,
(5.6) u(t =0) =ul, —U(t =0) = uo,

where we have also used the incompressibility condition, written as

Y Y
(5.7) —— / opuldy’ = — < / Opu dY' + YazU> :
0 0

We can now define the quantities

(5.8) Ki(u,t) = — (2uoyu+Udyu+uwd,U),

(5.9) Ks(u,t) = dy (u / Yy m,)
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and the operator F(u,t) as
(510) F(u,t) = M2K1(u,t) +M2K2(’U,,t) +C7

where we have identified the «(z,t) appearing in the kernel F,, with —9,U(z,t), and
where C is defined by

(5.11) C = My(t) (ug+U(t=0))— M (U-U(t=0))—U(t=0).
Given that (u fOY dY' d,u) |y—o =0, F(u,t) can be written as
(512) F(u,t) = MgKl(u,t) + M3K3(U,t) + C7

where K3(u,t) is defined as
Y

(5.13) Ks(u,t) :u/ dY' d,u.
0

Therefore (5.3), together with the boundary and initial condition (5.4)—(5.6), can
finally be written in the form

(5.14) u= F(u,t).

We call (5.14) with F'(u,t) defined in (5.12), and with Ms, M3, K1, K3 defined in
(4.10), (4.18), (5.8), (5.13), respectively, the mild form of the Prandtl equations. We
are now left to prove that the operator F'(u,t), given by (5.12), satisfies the hypotheses
of the ACK theorem.

6. The forcing term. It is obvious that the operator F(u,t) satisfies assump-
tion 1 of the ACK theorem. In this section we shall show that it satisfies assumption 2,
namely, that F(0,t) € K""* and that Vt € [0, 1]

(6.1) |F(0,8)]1,p,. < Ro.
Since
(6.2) F(0,t)=C,

using Lemma 4.6 and Proposition 4.5, one gets the following.
PROPOSITION 6.1. Suppose that ug € K"+ with ug(-,Y = 0) = ~U(t = 0) and
U e K}j’pT. Then F(0,t) € Klﬁ’p:,’ﬁ and the following estimate holds:

[F(0,%)

Lp,B,T < € (‘U|l,p,ﬁ,T + |u0|l,p,u) .

This proves that the forcing term can be estimated in terms of the initial con-
dition for Prandtl equations and the outer Euler flow. Notice that the compatibility
condition uo(-,Y = 0) = —U (¢t = 0) is necessary for the hypotheses of Lemma 4.6 to
be verified.

7. The contractiveness property of the operator F'. In this section we
shall prove that the operator F, given by (5.10), satisfies assumption 3 of the ACK
theorem. Namely, we shall prove the following.
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THEOREM 7.1. Suppose that u' and u? are in Klﬂ’(ﬁ%z”o. Suppose 0 < p' < p(s) <
pos and 0 < p' < u(s) < po. Then the following estimate holds:

‘ F(ul,t) - F(U/z ’ 1o W

,p(s)

i Ju' —u?|, [u' — w2 syt —w?]i
(7.1) < c/ ds ( My poit(s) N > _
0 p(s) = p' p(s) — ! Vi—s

To prove the above theorem we have to bound the operators My K, and M3 K3.
The first one contains two different kinds of terms: the nonlinear term, ud,u, and
two linear terms. They all will be estimated through the Cauchy estimate in the
z-variable. The operator M3K3, which contains the nonlinear term involving the
Y -derivative, will be estimated using the properties of the kernel of the operator Mj3.

7.1. The operator MsK;. We start with the estimate of the nonlinear term
involving the z-derivative. One has the following Cauchy estimate for the derivative
of an analytic function.

PROPOSITION 7.2. Let f € K" If o < p, then

‘f|l,p”

(72) |aa:f Lp' > p,, —p

;-

Therefore the following proposition can be proved.
PROPOSITION 7.3. Suppose that u' and u? are in Ké’f%,ﬁ”". Suppose 0 < p’ <
p(s) < po. Then the following estimate holds:

‘“1 —u? Lot

19,1 _ 29 2
(7.3) | w'Opu' — P9 u? | L S€ P

b

where the constant ¢ depends only on |u|; po uo.p. 1 and |21 po 1o.0.7-
The proof of the above proposition can be found in [17].
The estimate of the linear terms is easily achieved using the following lemma.
LEMMA 7.4. Let U € K/lng and let p' < p; then V0O <t<T

sup |OLU(-,t)| < ¢ |Ulpp1-
z€D(p’)

The proof of the above lemma is a consequence of the Cauchy estimate for an
analytic function and of the Sobolev inequality.

Finally, using Proposition 4.1 and the above lemmas, we get the following.

PROPOSITION 7.5. Suppose that u' and u? are in K[lj’f’T’”. Suppose 0 < p/ <
p(s) < p . Then the following estimate holds:
2Iz

14 = ULp(s),m
/ b

(7.4) | MpEq(u',t) = MoKy (u?yt) |, < / ds
where the constant ¢ depends only on |u'l, , .57 and || p .67

Notice that the difference Kj(u',t) — Ki(u?,t) has to be considered only for
functions which satisfy the condition u(z,Y = 0,t) = —U, so that K;(u',t) —
Ki(u?,t) |y=o = 0. Therefore the requirement of Proposition 4.1 is fulfilled.
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7.2. The operator M3K3. In this subsection we shall estimate the term con-
taining the Y-derivative using Proposition 4.3. Since it involves also the z-derivative,
one must pay attention to the way the derivatives are distributed. In the estimate of
the term involving the 02 9.~2-derivatives, one has to invoke Proposition 4.3. On the
other hand, in the estimate of the term involving the dy 0.~ !-derivatives, one has to
Cauchy estimate the z-derivative.

The following proposition then holds.

PROPOSITION 7.6. Suppose that u' and u? are in Ké’pj’«“. Suppose 0 < p <
p(s) < p, 0 < p/ < p(s) < p. Then the following estimate holds:

(75) ’MgKg(ul,t) — M3K3(u2,t)| Lo !

< C/t ds (|U1 B u2|l;P(S)7M' + |U1 B u2|l,p’7u(s) + |U1 - u2|l,p/7#/>
-~ Jo p(s) = p' p(s) — p/ Vi—s ’

where the constant ¢ depends only on |u'l; , .61 and [u?|i p .57

We stress the fact that we are allowed to use Proposition 4.3, as both the hypothe-
ses are satisfied. In fact the first hypothesis reads [u! fOY dY' 0 ut —u? fOY dY'0,u?ly —o
= 0 and the second one

Y Y
[3;/ (ul/ dY'd,ut — u2/ dY’&ﬂf)]
0 0

Y Y
= [8yu1/ dY'd,ut —ayuQ/ dY'd,u>
0 0

Y =0

+ [ul&vul - u28$u2}

Y =0

Y =0

= [(u1 —u?)0put + u?0,(ul — u2)]Y:0 =0,
where the last equality holds since both u! and w? have the same datum at the
boundary.

This concludes the proof of Theorem 7.1.

8. The main result. In the previous sections we have proved that the operator
F satisfies all the hypotheses of the ACK theorem. Hence the following theorem,
which is the main result of this paper, has been proved.

THEOREM 8.1. Suppose U € K/lg’(i‘} and ul — U € Kbrobo. Moreover let the
compatibility conditions

(8.1) ul (z,Y =0) = 0,
(8.2) ul (2,Y — 00) = U — 0

hold. Then there exist 0 < p1 < po, 0 < 1 < po, B1 > Bo >0, and 0 < Ty < T such
that (1.1)—~(1.7) admit a unique mild solution u®. This solution can be written as

(8.3) u®(z,Y,t) = u(z,Y,t) + U,

where u € Kl’ﬁljlfl.

9. Concluding remarks. In this paper we have proved short time existence and
uniqueness of the solution of the Prandtl equations. The main hypothesis we have
imposed is the analyticity of the initial data and of the prescribed (Euler) flow with

respect to the tangential variable. This improves the results of [17], where analyticity
with respect to the normal variable was also imposed.
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The main ideas in our proof are the following.

First, we inverted the convection-diffusion (in the normal variable) operator. This
led us to introduce the mild form of the Prandtl equations and allowed us to put the
Prandtl equations in a form (see (5.14)) suitable for the application of the ACK
theorem.

Second, we introduced a modified form of the ACK theorem to deal with a term
which has a mild singularity in time (see (3.3)). The origin of this mild singularity is
in the fact that, due to the lack of analyticity with respect to the normal variable, we
had to use the regularizing properties of the Green’s function of the diffusion operator.
The gain of regularity in the normal space variable was paid with a mild singularity
in time.

Third, the analyticity in the tangential variable was used to deal with the non-
linear convection in the tangential direction. Application of our version of the ACK
theorem gave the existence and uniqueness of the solution.

The result of this paper is more general than the results of [17]. Moreover it
seems a necessary step toward a rigorous mathematical analysis of the boundary layer
theory for curved boundaries. In fact, when the curvature is present, the requirement
of analyticity with respect to the normal variable would not allow the asymptotic
matching between the exterior and the interior solutions. Therefore the problem of
proving the well-posedness of the boundary layer equations when geometries other
than very special ones (e.g., the half space or the exterior of a circular domain)
are involved does not seem to be out of reach. This would open the possibility of
the analysis of the zero viscosity problem for a fluid confined in a general bounded
domain.

Appendix A. Proof of the ACK theorem. The proof of Theorem 3.1 follows
along the same lines as that of [15].

In fact we prove the ACK theorem by proving that F(u,t) is contractive in an
auxiliary Banach space S7.

For v > 0, we consider the weighted Banach space S of continuous functions w(t)
with values in X,, where p 4 Bt < pg. The norm in S” is defined as

(A1) [ull ™ = sup (po —p— Bot)" |u(t)],.
p+Bt<po

The contractiveness of the F'(u) in S can be proved as follows.
Let 0 < p' < p(s) < po. We set

(A2) os) =+ 22

where

(A3) \6) = o of s
Therefore

(A4 po—pls) s = 2 = p(s) .
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We can now make the estimate

. u' —u?|, |u1—u2|p(s))
)~ Pl < 0 [ (M L
o _ _ 1_ .2 _ _ ¥
. u' — |y (po —p' = Bs)7 | |ul =y (po — pl(s) — Bs) )
= / ( Vi—s (po—p =B T ps) = (po—pls) = Bs)
1 29 (v) / - ! 2t
< Cllut = a2 2vh(pn ' = o)+ [T
lut —u?] ™) [ P 2”“]
A. c————1__ |2 [P0
A5 < (po — p' — Bt) ’ ﬂ+ VB

where C' is the constant appearing in assumption 3. Passing from the second to the
third line, we have used (A.3) and (A.4).
Taking the sup of (A.5) over p’ + 8t < pg, we get

v
(A6) 1P = e < 2 (%4 20 ut = a2,
BB
Therefore, to prove that the operator F is contractive in the (v)-norm, it is enough
to choose 3 big enough so that ”0 + 2 5 < 5 ]

Appendix B. Proofs of Propositions 4.1, 4.2, 4.3, 4.4, and 4.5. We first
prove some simple lemmas. Set

t 1/2
(B.1) U(z,t) = (/ dr 6_2‘4(”3’7)) .
0

LEmMA B.1.
€—2A(;c,t) 4T sup, ||
sup <
zeD(p) | (¥(m,1))? t
Proof.
o—2A(x,t) 2T sup,, 4 |o 2T sups ¢ le]
sup q’ 2 + - t A
2€D(p) (U(x,t)) inf ’j‘o dr e—2A(z,7) ‘fo dr e~ 25Ween(p) Al@,T)
z€D(p)
2T sup,, , |a] AT sup, ; |a|
< < o
= fg dr 672TsumeD(p) la(z,m)| — t

Using the above bound it is straightforward to prove the following lemmas.

LEMMA B.2.
Y2 4T supg ¢ o
exp (—4—> l Y2 e 4T sup,, , |c]
sup [OLFa(Y, 1) < ¢ ‘ Z :
2eD(p) Vit P
LEMMA B.3.

y2 4T supg,t | )

Y 64Tsupm7t la| exp (7 yn
sup [Oy Fo(-, Y t)] < ¢
2€D(p) “ t Vit
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LEMMA B.4.

sup layaiFaC,Y, t)|

z€D(p)

y2 4T supg ¢ lal

exp(—#) l v2 edTsup, lal\ 'y o—4Tsup,, |al
s ¢ NG Z 2

=

Y2 e4Tsupzvt || it Y e4TSUPI,t o]
+ 2t 2t

In the proof of Proposition 4.5 we shall also need the following two lemmas.

LEMMA B.5.
V2—2A(Y?/4n?) 5
sup |exp| —————+—5— < ce .
z€D(p) 4\112(7Y2/4772)
LEMMA B.6.
sup | U (-, Y?/4n?) | > ¢ 5— e~ nTsup ol
z€D(p) 2 n

We now start with the proof of Proposition 4.3.

Proof of Proposition 4.3. In order to estimate |Mshl; 5,/ we have to estimate
|6;M3h|0,p,u/ with ¢ S l7 |0y8;M3h|o,p’#/ with 4 S l—]., \8258;M3h\07p7#/ with ¢ S l—l,
and \8yy8;M3h|0)p7H/ with ¢ S [ —2.

We begin with |9. Mshlo, . with i <.

|8;M3h|0,p,u’
= sup Y sup ||8% /ds /dY/ay [Fa(;r, Y=Y’ t — 5)—Fa(z, YH+Y' t — s)] h(z,Y',s)

Y >0 |Sz|<p L2
Ssupe”y/ds/ ay’ Zsup F.(,Y =Yt —3s)— Fa(~7Y+Y',t—s)]‘

Y >0 T

X sup ”6;716}1'(7 Yla S)||L2

[Sz|<p

2
< u'Yy d —n* 2k+1
<cspe / W,SZ/ arapg 1€

s
x sup |05 Fh(z, Y+ 2ne®T Pl s )
|Sz|<p L2
+/ dn ek n?* ! sup ||0L Fh(z, Y+ 2ne?Tsuplel ERE))
—2T<up\ | |Sz|<p L2
%) 5 ) )
+/ ne " T sup [|05Fh(x, —Y + 2ne®T =Pl s )
72Tsup\o¢\ S|<p L2

oo 2
- 2k—1
+ ne " k su
—2Tsup\o¢\ N b

ISz|<p
/ ds

Ok h(z, =Y+ 2pe®TsP lol /e =, s)
L2

t
1
6’ <c ds ——— |h ,
| _/O Ll
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where, in passing from the third to the fourth line, we have used Lemma B.4 and have

’_ —2T sup |« . ’ —2T sup || |
posed n = % in the first two integrals and n = % in the
third and fourth integrals. ‘

We now pass to the estimates of |0y 0, M20yv hlo v with ¢ <1 —1.
‘8Y8;M3h‘0,p,y/
t oo
= sup e“,ysup 8;/ ds/ ay’ oy [Fa(x,Y —Y' t—s)— Fo(z,Y +Y' t — s)]
Y >0 |Sz|<p 0 0
X0y h(z,Y',s)
L2

Y >0 T

t o] i
< supe“y/ ds/ dY’Zsup’aiay [Fa(-7Y—Y',t—s)—Fa(.7Y—|—Y’,t—s)]‘
0 0 o

X sup 8;7k8y/h(-, Y',s)
|Sal<p L2
’ t ds : i 2
<c supet? dn e Tt
v>0 o —_— _y e—2Tsup|al
- k=0 2\/t—s
x sup |05 *dyh(x,Y + 2ne’T P lol /g — s, s)
|Sz[<p L2
oo R )
—|—/ o o ] dpe™™ kn**t sup |05 oy h(z, Y + 2ne?T SIS s) ,
_y —2Tsup|a |Sz[<p L
Nis
oo 5 ]
+ / dn e p* 7 sup || Oy bz, =Y + 2pe? TSPl T s )
Y e Zhovplal |S2|<p L2
%) R o
+/ dne ™ kn** 7' sup ||0L Oy h(z, =Y + 2ne*T SIS s)
x et omiel S V o
t 1 . t 1
c ds ——— 0.0y h|o <c ds——— |h|i,p,u-
0 m | T P = o m | | Py

The estimate of |Oyy M20y hlo,p,, is easily achieved by transforming the deriva-
tive Jyy acting on the kernel into dy/dy and integrating by parts. It then proceeds
analogously to the one given above, as the appearance of singular boundary terms is
prevented by the condition dyh(z,Y =0,t) = 0.

Finally we have to bound the term |0;Msh|o, . We notice that 0;Mszh =
Oyy Msh — aY Oy Msh; hence we need to estimate |Y8yaiM3h|0’p7#/ with 1 <[ —2
and use the estimate given above.

\Y8y8;M3h|0,p,u’

’
Y
=supe’ 'Y sup
Y>0 |5z <p

t [e5S}
aya;/ ds/ dY' [Fa(z,Y =Y’ t = s) — Fo(2,Y + Y/, t — s)]
0 0

xOy h(z,Y’,s)

L2

’
Y
<supe”’ sup
Y >0 [Sz|<p

t [e'e)
a;/ ds/ dY'Y [Fo(z,Y =Yt —s) 4+ Fo(z,Y +Y' t = 5)]
0 0

x5 h(z,Y',s)

L2
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<supe”Y sup /ds/ dY' (Y =Y') Folx,Y =Y’ t —s) 03 h(z, Y, s)

Y>0 |z|<p L2
+sup e’ sup / ds/ dY' (Y +Y') Folx,Y + Y’ t —s) 03 h(z, Y, s)
Y>0 [Sz|<p L2

+sup e’ sup /ds/ aY'Y' [Fo(z,Y =Y’ t —5) — a(x,Y+Yl,tfs)}

Y>0 [Sz|<p

X0y h(x, Y, s)

L2

’ ¢ ds : > 2
<c supet E dn e™ " k!
Y20 o Vt—s =y e=2Tsuplal

k=0 2v/t—s
x sup |[057 0% h(z, Y + 2ne*T Il s 5)
ISz|<p L?
+Z/ e_"2772k+1 sup ||05 0% h(z, =Y + 2me? TSPl 5 )
v 672Tsup\a| |Sz|<p 12
f s
,e” "(Y-Y")
+ csup sup /ds/ dy'—— [F (z,Y =Yt —8) — Fo(z,Y +Y', t—s)]
Y>0|Sz|<p

HY/ 2 /
x sup e’ Oy /h(z,Y',s)
Y’>0

L2

t i i
< c/ ds |8za%’h‘0,p,u + |81632/h‘07ﬂ,l—b
) Vi—s W= ’

where, in passing from the second to the third line, we have integrated by parts
and used the condition dyh(z,Y = 0,t) = 0. In the last step, the third integral
was estimated using Lemma B.2 and the boundedness of the integral with respect to
Y’ d

Proofs of Propositions 4.1, 4.2, and 4.4. The proofs of Propositions 4.1, 4.2,
and 4.4 are easily achieved by adopting the same techniques used to prove Proposi-
tion 4.3.

Proof of Proposition 4.5. To prove Proposition 4.5 it is useful to introduce
the following change of variable into the expression (4.14) for the operator M;g:

(B.2) n= mv

where the function ¥(z, t—s) has been defined by (B.1). Since ¥(z,{—s) is a monotone
function of the time variable, one can express ¢ — s as a function of 7. Namely, it exits
the function ® such that

s=t—®(Y/2n).
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Therefore the expression (4.14) becomes

(B.3) Mg= 4/ dn exp (7772672‘4(:”’ @(y/zn))) glz, t —0(Y/2n))
Y

3T (,1)

Y2
X {1 o alz, ®(Y/2n)) 4@ ‘P(Y/?W]

t o) 2 oo .
,/0 dz g(z,t — 2) a(z, 2) [/ye’m dn e 7/‘/67% dne n]7

where, in the last integral, we have also posed t — s = z.

To estimate |Mjg|;, . we have to estimate |05 Miglo ., with i <1, |0:05Miglo,p.,.
with i <1—1, |0y 0iMiglo,p, with i <1—1, and |Oyy 0. Miglo,,, with i <1—2.

The estimate of the term |9%Mglo,p,, with ¢ <[ is easily achieved by letting the
operator 0., act and by using the same techniques of Proposition 4.3.

Analogously, one can get the estimate of the term [8;0.Miglo ,, with i <1—1,
noticing that, in the expression (B.3), the time derivative commutes with the integral
because g(z,t =0) = 0.

We now estimate the term |9y 9. Miglo,, with @ < [ — 1. Recalling that if
f = f(®(Y/2n)), one has

of o0® 1 Ye2Al@ @Y/20)) g f

= A% d(Y/21) 2n T 2n? 0P’

we obtain the expression for dy M g:

Oy Mig =8Y dn exp (777267214(1’ @(Y/Q”))) g(z, t —®(Y/2n))
Y
2V (x,t)

Y2
X {1 + o a(z, ®(Y/2n)) >4 ‘I’<Y/2">>}

i B Y e2A(@, 2(Y/2m)
+ 2/ dn exp (—7)26 2A(z, <I>(Y/2n))) 7 drg(z, t — ®(Y/21))
Y
20 (z,t)

2
X {1 X oz, ®(Y/2n)) 4™ ‘P<Y/2"))}

212
0 B Y 2A, ®(Y/2m)
+4/ dn exp (_7726 24(a, <1>(Y/2n))) 6T g(z, t — d(Y/21))
Y2
y {a _ Y7 24 ecv/2n) (a _ M)}
n 2

Y2€72A('J;,z))

/ | ( ) ale, 2) — (_ ey
— glz,t —2) a(z, z
0 \I/(.%,Z)

Using the above expression and Lemmas B.5 and B.6, the estimate of the terms
|0y 0L M1glo,p,, with i <1—1 and |Ydyd:Miglo,, with i <1 —1 is straightforward.
The proof of Proposition 4.5 is thus achieved.
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