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Abstract

From a suitable extension of the notion of spectrum drew from normed algebra
theory, it will be possible, among other things, to provide some generalizations
of the well-known Gelfand-Mazur theorem. In this brief research report, we

wish to pursue one of these, as achieved in 1,4.
1. Introduction

Let K be an arbitrary field of characteristic zero!, not necessarily

algebraically closed.

Let Ax be an arbitrary linear unitary commutative K-algebra and

G(Ag ) be the group of units of Ag. For each a € Ay, let?

Oy, k(@)={A; A € K such that 3(a -2l ,, )y,

1Whence card K = o.

21 Ay denotes the unit of such a K-algebra.

2010 Mathematics Subject Classification: 13J99, 46H05, 46H30.
Keywords and phrases: spectrum, Gelfand-Mazur theorem, topology.
Received June 26, 2015

© 2015 Scientific Advances Publishers



96 GIUSEPPE IURATO

that we say to be the (Ag, K)-spectrum of a; rq, x(a)=K\ o4, x(a) is

said to be the (Ag, K)-resolvent of a.

There exist linear unitary commutative K-algebras in which such a
spectrum may be empty for certain their elements: for instance, if Ay is
a linear unitary commutative integral K-algebra of finite degree (> 1)
over K, then it follows that it is a field (because ¢, : x - ax Vx € Ag
is an automorphism of Ak, for each a e Ax arbitrarily fixed),

so that o4, x(a)=0 for each a e Agx\ KAg(# 0) because, being
a -2y, € Ag\ {0} VA € K, there always exists (a — Al 4, )L
Likewise, if Agx = K(X), then 64, x(X) = 0.

It follows that the question related to the emptiness or not, of the
spectrum of the generic element of a given linear unitary commutative

K-algebra, is not trivial.

For the first elementary properties of the spectrum, we refer to [1]
and [3].

Let K be an arbitrary field. If Ay is an arbitrary linear unitary
commutative K-algebra such that Ax /I = K for every maximal ideal I
of Ak, then Ak is said to be a spectral algebra (see [10, Chapter 2,

Section 1]). So, for instance, the Weak Nullstellensatz proves, amongst

other, that K[Xj, ..., X,,] is a spectral algebra when K is algebraically
closed (see [1], where a new alternative proof of Weak Nullstellenstaz
making use of the above notion of spectrum, is provided).

Let K be an arbitrary field of characteristic zero. We remember that
Ak is always a K-linear space, so that we set (with abuse of notation)
[Ag : K] = dimg Ag. Furthermore, if every non-zero element of Ax has
a multiplicative inverse (that is, Ag is a field extension of K), then we
call Ay, more specifically, a division algebra (according to Van der

Waerden - see [5]).
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I. If Ak is a linear unitary commutative integral K-algebra, and K

1s an arbitrary field of characteristic zero, then we have the following

results:

1. If K is not algebraically closed and 2 < [Ak : K] < «, then there

exists, at least, one a € A such that o AK,K(G) = 0 (see final Note 1).

2.If [Ax : K] = o, K is not algebraically closed and A is a division
algebra, then there exists, at least, one a € A such that o AK,K(G) =0
(see final Note 1).

3. If [Ax : K] = o and Ag is not a division algebra (hence not
finitely generated as a K-algebra?®), then o4, (a)# 0 for each a € Ag,
whatever be K (see final Note 1).

4. (Generalized Gelfand-Mazur) If [Ag : K] =1, then 64, g(a) =0
for each a € Ak, and Ax = K, whatever be K (see Remark 1).

If Agx is a linear unitary commutative K-algebra, K 1is an
algebraically closed field and [Ag : K] < card K, then Ay is a spectral
algebra, and therefore 64, x(a) = 0 for each a € Ak.

Let us prove the first part of the theorem given by 1, 2, 3, and 4.

If 2 <[Ag : K]< o, since Ag is an integral domain and a finite
dimensional K-linear space, it follows that it is a field (because

¢y : X > ax Vx € Ag is an automorphism for every nonzero a € A),

3Therefore, taking into account 2, if K is not algebraically closed, then A may be a
division algebra, finitely generated as a K-algebra. For instance, K(X) is a division
algebra (finitely generated field extension of K ), not finitely generated as a K-algebra, for

which 3. does not hold, as we have already seen. See also next Note 1.
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with Ag\Kly, # 0 (by [Ag : K]>2), so, for each a € Ag\Kly,,

we have that there exists (a-2Alg, )1 e Ag\ K1 A VA e K thus

GAK,K(G) = (. Therefore, (1) is proved.

Since Ay 1is a division algebra, we may suppose it is a field.
Furthermore, since [Ax : K] = and K is not algebraically closed, it

follows that Ay is a proper field extension of K, so Ag\Kly,, = 0,

and, hence, there exists (a-2Aly, )1 e A\ {04, } VA e K and
Va e Ag\Kly,, that is, o4, x(a)=0 for every ac Agx\Kly,,
whence5 2.

If [Ag : K]=1, then Ak is a trivial extension of K, so that
oap, k(@) ={hg} with a =2,14, for a unique %, € K, for every

a € Ag arbitrarily fixed; hence, o4, x(a) # 0 Va € Ak, and thus 4. is

proved, with Ay éK, where v : @ > A, Va € Ag.

To prove 3, we assume, by contradiction, it is not true. Let
G4y ,k(a) = 0 for, at least, one a € Ag, so that we have I(a — Al 4, )t
VA e K, whence it follows that, in particular, a € G(Ag ). If a =1 Ag >
then for 1 = 1k, we reach an absurdity so that let @ € G(Ag )\ {14, }.
If G(Ag)={la,} then we get again an absurdity, so we suppose
0 # G(Ag )\ {14, } © Ak, being G(Ag)\ {14, | # Ag because Ay is

not a division algebra. Therefore, let a € G(Ag )\ {14, }-

4For instance, if Ax = Cp, then GCR’R(L.) = 0.

SFor instance, if Ag = Rg, then [R : Q] =« and GR@yQ(e) = 0.
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We now consider A[[A]], i.e., the linear unitary commutative integral
K-algebra of the formal power series in the variable A (considered, a

priori, as an abstract theoretical variable), with coefficients in A

(= support of Ag). Since a € G(Ag )\ {14, }, we have®

(@ =Ml )1 = Z a (a7t - M ay )1 = Z " (1)

neNg neNg

We endow A[[A]] with a suitable topology as follows. We recall that, if Q

1s an abstract set (of indices), and A is a unitary commutative ring, then

we denote the total algebra, generated by the monoid (of multi-indices)
NG over A, by A[[(X;);.o]]: it is the algebra of formal power series in

the indeterminates X;(i € Q) with coefficients in A, whose generic
. .. . . _ v

element (in multi-index notation) is of the type u = ZueNfﬁ a, X" with

general term a,X" of degree || > 0. By the well-known identification

0 0
series-sequences, we have A[[(X;);.o]l= AN0, where AM0 is the

formal Cartesian product of many copies of A, that is, of the type

6In a power series ring A[[T]], where A is an arbitrary unitary commutative ring, the

following Neumann’s expansion (1 —T)_1 = ZneN T"™ subsists. Moreover, we recall
0

that, if one considers the norm

v : A[[A]] = N, v( Z a,\" )= «order of Z ap\*>»,

neNg neNg
then it is possible to define the following convergence criterion:
n n
n : i def n i .
E apNt = lim al < ( E apN*t - E a;X') = n definitively, 2)
n—o
neNg i=0 neNg i=0

whence the following result arises: if {y,, }neNO is a sequence of A[[A]], then ZneNO Xn

converges if and only if lim,_,,, v(x, ) = +®, whence, by Equation (2), it also follows that

the general term of a convergent power series tends to zero (see [6, Capitulo 1, Seccion 1.5],
[2] and the next proposition II, 2).
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HSi ={p;0:1 > USi’ o(i) e S;Vi e I},

el el
where I = Ngl and S; = A Vi. By the Axiom of Choice (Zermelo) ANgl # 0.
Hence, for instance, it is possible to endow A with the discrete topology,
and then to equip (AN%I = )A[[(X;);co]] with the product topology
which we will call the canonical topology; if card Q < o, then such a

topology is discrete. In this topological space, it is possible to prove the
following lemma (see [2, Chapter IV, Section 4, n. 2] and references

therein).

II. Let £ be an infinite set of indices and (u;);., be a family of

elements of A[[(X;);.q]] with u; = ZvajVX“ for each j € Z. Then, the
following conditions are equivalent amongst them:

1. The family (u;); g is summable in A[[(X;);.q ]|

je&
2. We have lim;u; = 0 taken along the filter of complements of

finite subsets of = (cofinite of Fréchet filter?).

3. For every v € Nf)!, we have aj, = 0 except for a finite number of
indices j € Z. When, at least, one of these conditions holds, then the

series u = Z _Uj
JjeE

is equal to ZvaUX“ with a, = ZjGTGjV for each
Ve fo.

Remark. As an example of summable family, we consider the

following: if u e A[[(X;);co]] with a, the coefficient of X" in u, then

the family (a,X" )uefo is summable with sum u (see, also, footnote 6).

7See also what has been said in the last part of the previous footnote 6.
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In our case, we consider A[[A]] as above with card Q =1 (hence, with

the discrete canonical topology), so that (X;),_, reduces only to A. By

the convergence of the series of (1) for every A € K (as well as taking into
account what is said in footnote®), it follows that the general term of
these, tends to 0 in the cofinite topology of ¢ II, 2, whence it also follows
that

lim ¢ ™ = 1im o™ = 0 )
n—>o0 n—o0

in Nj. On the other hand, card K = © because K has characteristic
zero, so that it i1s also card A = o, and hence there is a natural
continuous?® bijection (see [3]), say ¥ : A[A] - Fpp(A, A), between the
algebra of (abstract) polynomials A[L] (which is a dense subset of A[[A]],

so that ¥ can be, in a unique manner, continuously extended to the
whole of A[[A]]) and the algebra of polynomial functions F,, (A, A)

(with elements f : A — f(L) € A VA € A). Therefore, the relations (9) in
A[A], hold too in F (A, A) via® ¥, so that we have a " 5 0 and

a5 0 for every A € A, hence also for A =14, whence

8This continuity condition surely holds, whatever is the topology given in F pol(Af A)

provided that it is at least of Hausdorff type, because we have supposed A[[L]] equipped
with the discrete canonical topology (since card Q = 1), so that the related induced topology
on A[L] is also discrete. Furthermore, since we have supposed that A is neither a finitely

generated algebra (as a K- algebra) nor a division algebra, the natural identification

A[A] £ F pol(Af A) does not have strange pathological cases: for example, it does not subsist

when A is the (infinite) pure transcendental field K(X), since, due to the singularities of

the rational functions, these latter cannot be extended, as functions, upon the whole of A.
Finally, under these hypotheses, thanks to the continuity of the bijection ¥, we have that

xp, — x implies ¥(x,) > W(x), for every {x,},.y in A[A]]. Indeed, if x, — x, then,
for each open neighbourhood U(¥(x)) of ¥(x), ¥ 1 (U(¥(x))) is an open neighbourhood of
x = ‘P_l(‘l’(x)) because of the continuity of ¥, so that x, e L U(P(x)) definitively,

hence ¥(x,) e Y(¥ 1 (UMW) = U (¥(x)) definitively, whence ¥(x,) > ¥(x).
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lim ¢ D = 0, lim ¢V = 0. (10)

n—o n—oo

But, since M\ is arbitrary, for every A # 0, we have the identity

(@t =a1)?t = A laa-2t1,)t v e K\ {0,
from which it follows that (10) must hold simultaneously, and this is an
absurdity since (in the integral domain A) we have q (g (+1) _ 4 A
vn € Njy. Hence, 3. must be true.

We finally prove the second and last part of the theorem.

First of all, since char K =0, we have card K = o, whence
card Ax = » (independently by [Ax : K] < card K = ©).

If I is an arbitrary maximal ideal of Ay, then it follows that ZK =
Ay /I is a field extension of K. We suppose, by contrast, that ZK = K,
so, being ZK a field extension of K, in any case we have K < ZK, so that,
let ¥ € Ag \ K(= 0). Hence (% — Al Z]K) is invertible for every A e K,
that is, o ZK,K(E) =0, and therefore p ZK,K(E) = K. Then, since
n=[Ax : K] < card K = o, if {xq, ..., x,,} is a system of generators for
Ay, it follows that {X = x; + I; i =1, ..., n} is a system of generators for
ZK, so that (by Steiner’s lemma of linear algebra) [ZK : K] < n < card K.

Hence, {(¥ - M Ay )L & € K} is necessarily a linearly dependent system

because we have card {(X - MAK yhineK) = card pZK,K(E) = card K,

whence

~ -1 _ . _ .
Zpi(x - %ing) = OA]K for some n; € K, i € A, not all zero,
e
and for each finite set (of indices) A. Therefore, x is algebraic over K, so

that ¥ € K (being K algebraically closed), which is impossible. Thus

ZK = K, and we shall obtain the complete proof arguing as in [1, IV].
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Note 1. Under the hypotheses of I, if K is algebraically closed, then

2 <[Ag : K] < o cannot be true. In fact, since Ag is an integral
domain, if it were 1 < [Ag : K] < o, then Agx would be a field (as proved

in 1.), hence a finite degree field extension of K (which is necessarily

algebraic - see [2]) and, therefore, it should be Ax = K because K is

algebraically closed. Hence dimg Ax =1, against [Ag : K] > 1.

Likewise, ever due to the algebraic closure of K, we obtain an
absurdity if we suppose [Ag : K] = o, K algebraically closed and Ak a
division algebra, whereas, if K is algebraically closed and Ay is a
division algebra, then (see I, 4) it has to be Ax = K, and so, in this case,
we have again C’AK,K(G)¢ 0 Ya € Ax. The proof of 3, has been
conducted through an auxiliary artifice, precisely considering A[[L]]

equipped with a particular product topology (the canonical one, which is

discrete for card Q =1) and F,, (A, A) endowed with an arbitrary
Hausdorff topology.

Finally, we observe that the condition [Ag : K] < card K, of the last
part of the theorem I, is satisfied by every linear unitary commutative
K-algebra having a (finite or) infinite system of generators ® whose

cardinality has an infinity’s order less than of K (we recall that

card K = o, since K 1is algebraically closed): for instance, it may be

card ® = 8y and card K = 2%o,

Then, if we keep into account the infinity’s order of card K, it is

possible to opportunely extend the first part of I, on the basis of its

second part.

Remark 1. Historically, the origin of the notion of spectrum of an
element of an algebra, may be partially recognized in a proof given by
Weyl in [5, Chapter V, Part A, Section 7, p. 316] (of the Dover edition),
where it is proved that the only division algebra of finite order, over an

algebraically closed field, is this field itself.
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On the other hand, the so-called Gelfand-Mazur theorem states that

every complex Banach algebra — that is, a division algebra — 1is

(isometrically) isomorphic to C. This theorem is truly one of the most

fundamental theorems in the study of commutative Banach algebras: it

was announced by Mazur in 1938 (see [7]) and proved by Gelfand in 1941

(see [8]). For various other proofs of this theorem, see [9].
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