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Abstract

We discuss multivalued weakly Picard operators on partial Hausdorff metric spaces.
First, we obtain Kikkawa-Suzuki type fixed point theorems for a new type of
generalized contractive conditions. Then, we prove data dependence of a fixed
points set theorem. Finally, we present sufficient conditions for well-posedness of a
fixed point problem. Our results generalize, complement and extend classical
theorems in metric and partial metric spaces.
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1 Introduction and preliminaries
In 1937, von Neumann [1] initiated the fixed point theory for multivalued mappings in
the study of game theory. Indeed, the fixed point theorems for multivalued mappings are
quite useful in control theory and have been frequently used in solving many problems of
economics. In 1969, Nadler [2] initiated the development of the metric fixed point theory
for multivalued mappings. Nadler used the concept of Hausdorff metric to establish the
multivalued contraction principle containing the Banach contraction principle as a special
case. Also, for the basic problems of fixed point theory for multivalued mappings, we refer
to [3].

Let (X, d) be a metric space and let CB(X) be the family of all nonempty, closed and
bounded subsets of X. For A,B € CB(X), x € X, let

H(A,B) = max{sup d(x, B), sup d(y,A)},

x€A y€B

where d(x, B) = inf{d(x,y) : y € B} and H : CB(X) x CB(X) — R* is the Hausdorff metric
induced by d.

Now on, the letters R, R* and N will denote the set of all real numbers, the set of all
non-negative real numbers and the set of all positive integers, respectively. Also, CL(X) is
the collection of nonempty closed subsets of X.

Definition 1.1 Let X be a nonempty set. If T : X — CB(X) is a multivalued operator, then
an element x € X is called

(i) fixed point of T if x € Tx;

(ii) strict fixed point of T if {x} = Tx.
© 2015 Jleli et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly credited.


http://dx.doi.org/10.1186/s13663-015-0293-6
mailto:bsamet@ksu.edu.sa

Jleli et al. Fixed Point Theory and Applications (2015) 2015:52 Page 2 of 25

In the sequel, we denote by Fix(T) := {x € X : x € Tx} the set of all fixed points of T" and
by SFix(T) := {x € X : {x} = Tx} the set of all strict fixed points of T

Definition 1.2 ([4]) Let (X,d) be a metric space and T : X — CL(X) be a multivalued
operator. T is called a multivalued weakly Picard operator (briefly MWP operator) if for
all x € X and all y € Tx, there exists a sequence {x,} such that:
(i) %o =2, %1 =y;
(ii) %441 € Tx, for all m e NU {0};
(ili) the sequence {x,} is convergent and its limit is a fixed point of T'.

A sequence {x,} satisfying (i) and (ii) is also called a sequence of successive approxima-
tions (briefly s.s.a.) of T starting from uxy.

For interested readers, the theory of MWP operators was presented in [4-7].

In 2008 Suzuki [8] introduced a new type of mappings in order to generalize the well-
known Banach contraction principle. This result has led to some important contributions
in metric fixed point theory (see, for instance, [9] and the references therein).

As we mentioned above, Nadler proved the following multivalued version of the Banach
contraction principle.

Theorem 1.3 ([2]) Let (X,d) be a complete metric space and T : X — CB(X) be a multi-
valued mapping satisfying H(Tx, Ty) < kd(x,y) for all x,y € X and k € (0,1). Then T has a
fixed point.

In the last decades, a number of fixed point results (see [10-17]) have been obtained in
attempts to generalize Theorem 1.3.

One of the most significant fixed point theorems for multivalued mappings appeared
in [9], Theorem 2.1. This theorem merges the ideas of Suzuki [8] and Nadler [2] into a

consistent framework.

Theorem 1.4 ([9]) Let (X,d) be a complete metric space and T : X — CB(X). Consider the
non-increasing function  : [0,1) — (0,1] defined by

1 ifo<r< L
Y = -
1-r zfi <r<l.
Assume that there exists r € [0,1) such that
y(rdx, Tx) <d(x,y) = H(Tx, Ty) < rMa(x,y)

forall x,y € X, where

Ma(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), w }

Then T has a fixed point.

We remark that the right-hand side of the above implication is known as Ciri¢ type
contractive condition, see [10, 11, 18]. Also, for our further use, we recall the following
refinement of Nadler’s theorem, see [14].
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Theorem 1.5 Letn:[0,1) — (%, 1] be a function defined by n(r) = ﬁ Let (X,d) be a com-
plete metric spaceand T : X — CB(X) be an r-KS multivalued operator, that is, there exists
r € [0,1) such that

n(rd(x, Tr) <d(x,y) = H(Tx, Ty) < rd(x,y)
forallx,y € X. Then T is an MWP operator.

The other basic notion for the development of our work is the concept of partial met-
ric space, which was introduced by Matthews [19] as a part of the study of denotational
semantics of dataflow networks. Matthews presented a modified version of the Banach
contraction principle, more suitable in this context, see also [20, 21]. For more reading
on interesting approaches to partial metric spaces and related contexts, we refer to [22—
24]. Now, the (complete) partial metric spaces constitute a suitable framework to model
several distinguished examples of the theory of computation and also to model metric
spaces via domain theory, see [18, 19, 25—37]. In this direction, Aydi et al. [38] introduced
the concept of partial Hausdorff metric and extended Nadler’s fixed point theorem in the
setting of partial metric spaces.

Consistent with [19, 38—4.0], the following definitions and results will be needed in the

sequel.

Definition 1.6 ([19]) Let X be any nonempty set. A function p : X x X — R* is said to be
a partial metric if and only if for all x,y,z € X the following conditions are satisfied:

(P1) p(x,x) =p(y,y) = p(x,y) if and only if x = y;

(P2) p(x,%) < p(x, );

(P3) p(x,y) = p(y,x);

(P4) p(x,2) < p(x,y) + p(3:2) — P, y).

The pair (X, p) is called a partial metric space. If p(x,y) = 0, then (P1) and (P2) imply that
x =y, but the converse does not hold in general. A trivial example of a partial metric space
is the pair (R*, p), where p : R* x R* — R* is given by p(x,y) = max{x, y}, see also [41].

Example 1.7 ([19]) Let X = {[a,D] : a,b € R,a < b}. It is easy to show that the function
p: X x X — R* given by p([a, D], [c,d]) = max{b,d} — min{a,c} defines a partial metric
on X.

For further examples, we refer to [34, 35, 39, 42, 43]. Note that each partial metric p on
X generates a T, topology 7, on X which has as a base the family of the open balls (p-balls)
{By(x,€):x € X,e >0}, where for all x € X and € > 0,

B,(x,€) = {y € X : p(x,y) < p(x,x) + €}.
A sequence {x,} in a partial metric space (X, p) is called convergent to a point x € X, with

respect to 7, if and only if p(x,x) = lim,,_, .00 p(¥,%,), see [19] for details. If p is a partial
metric on X, then the function

P(x,y) = 2p(x,y) - plx,x) - p(3,7)
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defines a metric on X. Further a sequence {x,} converges in the metric space (X,p°) to a
point x € X if and only if

plr,x)= lim pe,x,) = lim  p(x,, %)
n—+00 1,M—> +00

Definition 1.8 ([19]) Let (X, p) be a partial metric space. Then:
(i) A sequence {x,}in X is called Cauchy if and only if lim,, ;,—, ;00 p(%y, %,,,) exists and is
finite.
(i) A partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in
X converges, with respect to 7, to a point x € X such that

p(x; x) = limn,m—> +00 P(xm xm)

Lemma 1.9 ([19, 39]) Let (X, p) be a partial metric space. Then:
(i) A sequence {x,} in X is Cauchy in (X, p) if and only if it is Cauchy in (X, p°).
(i) A partial metric space (X, p) is complete if and only if the metric space (X, p°) is
complete.

Consistent with [38], let (X,p) be a partial metric space and let CB?(X) be the family
of all nonempty, closed and bounded subsets of the partial metric space (X, p), induced
by the partial metric p. Note that the closedness is taken from (X, 7,) (7, is the topology
induced by p) and the boundedness is given as follows: A is a bounded subset in (X, p)
if there exist xo € X and M > 0 such that for all a € A, we have a € B,(xy, M), that is,
p(xo,a) < p(xo,%0) + M. For A,B € CB(X), x € X, 8, : CB?(X) x CB?(X) — R* define

px,A) = inf{p(x, a):ae€ A},
p(A,B) = inf{p(x,y) :x € A,y € B},
8,(A,B) = sup{p(a,B) ‘a EA},
H,(A, B) = max{8,(A, B), 3,(B,A)},

where H, : CB?(X) x CB?(X) — R* is called the partial Hausdorff metric induced by p.
Also, it is easy to show that p(x, A) = 0 implies that p°(x, A) = 0, where

PPx,A) =infl{p’(x,a):a € A}.

Lemma 1.10 ([39]) Let (X,p) be a partial metric space and A be any nonempty subset of
X, then a € A if and only if p(a, A) = p(a, a).

Lemma 1.11 Let (X, p) be a partial metric space and A be any nonempty subset of X. If A
is closed in (X, p), then A is closed in (X, p°).

Proof Let {x,} be a sequence converging to some x € X in (X, p°). Then we have

P(x»x) = lim p(xrxn))

Hn—>+00

which implies, by definition, that {x,} converges to x € X also in (X, p). Now, since A is
closed in (X, p), then x € A and so we deduce that A is closed also in (X, p°). O
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Proposition 1.12 ([38]) Let (X, p) be a partial metric space. For any A, B, C € CB?(X), we
have:
(i) 6,(A,A) =sup{p(a,a):acA};
(i) 8,(A,A) < 5,(4, B);
(iii) 8,(A,B)=0=>ACB;
(iv) 8,(A,B) < 8,(A,C) + 6,(C, B) —infec plc, €).

Proposition 1.13 ([38]) Let (X, p) be a partial metric space. For any A, B, C € CB?(X), we
have:
(h1
(h2
(h3
(h4

H,(A,A) < H,(A, B);

H,(A,B) = H,(B,A);

H,(A,B) < H,(A, C) + Hy(C, B) — infeec p(c, c);
Hp(A,B) =0=—=>A=B.

~ T — —

Notice that each Hausdorff metric is a partial Hausdorff metric but the converse is not
true, see Example 2.6 in [38].

Lemma 1.14 ([38]) Let (X, p) be a partial metric space, A, B € CBY(X) and q > 1, then for
any a € A, there exists b(a) € B such that p(a, b(a)) < qH,(A, B).

Theorem 1.15 ([38]) Let (X, p) be a partial metric space. If T : X — CBP(X) is a multival-
ued mapping such that for all x,y € X, we have H,(Tx, Ty) < kp(x,y), where k € (0,1), then
T has a fixed point.

In view of the above considerations and following the ideas in [44], the aim of this paper
is to discuss multivalued weakly Picard operators on partial Hausdorff metric spaces, see
also [45] for other interesting results. First, we obtain Kikkawa-Suzuki type fixed point
theorems for a new type of generalized contractive conditions. Then, we prove data de-
pendence of a fixed points set theorem. Finally, we present sufficient conditions for well-
posedness of a fixed point problem. The presented results extend and unify some recently

obtained comparable results for multivalued mappings (see [9] and the references therein).

2 Fixed point theorems in partial Hausdorff metric spaces

In this section we present several theorems which characterize MWP operators, defined
in the previous section, in terms of different contractive conditions. Results of this section
are generalizations of Theorem 1.4, Theorem 1.15 (and so Nadler’s Theorem 1.3), Ciric¢’s
theorem in [10] and others.

2.1 Result-|
To provide the first theorem we introduce the notion of (s, r)-contractive multivalued op-
erator in partial Hausdorff metric spaces as follows.

Definition 2.1 Letp: X x X — R* be a partial metric and T : X — CB?(X) be a multival-
ued mapping. T is called an (s, r)-contractive multivalued operator if there exist r € [0,1)
and s > r such that

p(y’ Tx) < Sp(yvx) - Hp(Txv Ty) = ’"Mp(x’y) 1)
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for all ,y € X, where

px, Ty) + p(y, Tx) }

My (x,y) = maX{p(x,y),p(x, Ix),p(y, Ty), 5

Now we state and prove our theorem.

Theorem 2.2 Let (X,p) be a complete partial metric space and T : X — CB?(X) be an
(s, )-contractive multivalued operator with s > 1. Then T is an MWP operator.

Proof Let r; be a real number such that 0 <r<r <1. Let u; € X. As Tu; is nonempty,
we can choose uy € Tu;. Clearly, if u, = u; the proof is finished and so we assume u; # 1.
Then we get

pluz, Tuy) = p(ug, uz) < p(uy, uy) < sp(ug, uy). (2)
Next, we choose u3 € Tu, such that
n
plus, uy) < 7Hp(TM2, Tuy).
Now, from (2) and by using condition (1) we write

r
pluz, uy) < pr(Tuz; Tuy) < riMp(uy, uz)

, T , T
= rymaxy p(uy, u2), pu1, T ), p(us2, Tblz),p(u1 n) + pliz, Tir) }

2

(1, u3) + p(ug, uz)
< rymax{ pluy, 1), plun, 1), plusy, uz), w2 L2 T

2

< rimax | p(u1, uz), p(us, u3), p

(ur, ua) + p(uz, u3) }
2

< rymax{p(uy, us), p(u, u3)}.
Thus, we obtain
plug, us) < rymax{p(uy, up), plua, us) }.
It max{p(u1, u2), p(u2, u3)} = p(u, u3), then p(us, u3) < rip(us, us) implies that p(us, u3) = 0,
and we obtain p5(uy, u3) < 2p(us, u3) = 0, which further implies that p5(u,, u3) = 0. Hence

uy = us € Tuy and the proof is finished. On the contrary, if max{p(u1, us), p(ua,us)} =
p(u1,uy), then we have

plug, us) <rip(u, uz).

Continuing this process, we can construct a sequence {u,} in X such that u,,,; € Tu,, u,,1 #
u, and

p(um Mn+1) < ”f_lp(uh uZ)

for every n > 1. This shows that lim,,_, ;o p(#45, #4+1) = 0.

Page 6 of 25



Jleli et al. Fixed Point Theory and Applications (2015) 2015:52 Page 7 of 25

Now, since

Py, ) + p(thi1, W) < 2Py, Unin),

then we get
lim p(u,,u,)=0 and lim p(u,., uye) = 0. (3)
n—+00 n—+00

Let € > 0 and pick N € N large enough so that for n > N we have

1
" p(uy,up) < €.

21"{’"1 r—

Then, for every positive integer k > n > N, there is some m € N such that k = n + m, and

we have

P (o ) < 20, Uyrim)
= 2[p(”nr un+1) t-- +p(”n+m—lr ”n+m)]

<2[r " plur, uz) + -+ + " plun, ur)|

1
2r! EP(”I:”Z) <e.

IA

It is immediate to deduce that {u,} is a Cauchy sequence in (X, p°), but by Lemma 1.9 {,,}
is Cauchy also in (X, p). Moreover, since (X, p) is complete, again by Lemma 1.9 we deduce
the completeness of (X, p’). It follows that there exists z € X such that lim,,_, .o %, = z in
(X, p°). Therefore lim,,_, ,, p*(1,,z) = 0 implies

p(z,2) = lim p(u,,z)= lim p(u,,u,).

n—+00 m,n— +00

Now, since {u,} is a Cauchy sequence in (X, p°), then we have

lim  p5(u,, u,,) =0
m,n—>+0Q0

and so

lim 2p(u,,u,)— lim p(u,,u,)— lim p(u,, u,) =0.

m,n—+00

It follows from (3) that

lim p(urmum) = lim p(um I/l,,) =0,

m—+00 n—+00

which further implies that

lim p(uy, u,) =0

m,n—+00
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and hence

p(z,2) = lim p(u,,z)= lim p(u,,u,)=0.
n—+00 n—+00

Page 8 of 25

Next, we will show that there exists a subsequence {u,} of {1,} such that

Pz, Tuyy) < sp(z, )

for all k € N. Reasoning by contradiction, we assume that there exists a positive integer N

such that p(z, Tu,) > sp(z, u,) for all n > N. This implies p(z, u,.1) > sp(z, u,) for all m > N.

By induction, for all # > N and m’ > 1, we get that

p(z, Upem') > Sm/P(Z; Up).

Since

p(un+m’; un) < p(un: Mn+1) +P(un+1: un+2) + -

< p(unr un+1) +p(”n+1: un+2) +oee

2 3

§p(u,,,u,,+1)(1 R O o

1-r"
SP(um un+1)|: 1 :_ ]
-1

for all » > N and m’ > 1, then we get

P(Z, Mn) < p(Z; un+m/) +p(un+m’r Mn) —P(Z; Z)

1-r"
SP(Z, un+m/) +p(unr Mn+1)|: L i|

1- ri
Passing to the limit as m’ — +00, we have

1
P(Zr u) < l—p(um upe1) forallm>N.
-n

Then we obtain

m

(4)

m' -1

. +p(un+m’—17 un+m/) - Z p(ui; ui)

i=n+l
+ P(Upsm’ -1 Unem')

+ r{",’l)

1 r
P(Z, Upem') < ﬁp(u;ﬁm’: Ui/ +1) < I—P(Mm Up+1) (5)
- N

- 1—7’1

for all » > N and m’ > 1. By (4) and (5) we get

rym'

p(Z, un) < ls p(un: Z'ln+1)
1

forall » > N and m’ > 1. Next, passing to the limit as m’ — +00, we obtain that p(z, u,) = 0

for all n > N. This contradicts (4) and therefore there exists a subsequence {u,)} of {1}

such that p(z, Tu,@)) < sp(z, ua) for all k € N.
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Also, by hypothesis we have

Hy(Tuy, Tz)

(Unry, T2) + p(z, Tityry) }

p
< rmax {P(un(k)»z)y P(tny, Tthny), p(2, T2), 3

(Unr), 2) + Pz, TZ) + p(2, Uni)+1) }
5 )

p
< rmax {p(un(k), 2), P(Un(iy, Un(y+1), P2, T2),
Therefore, we write

plz, Tz)
< P2 Uy 1) + Hp(Tthyy, T2) — ()1 Un(iy+1)

< p(z, Un(y+1)

(Unik), 2) + p(z, T2) + P(2, Un(iy+1) }

V4
+ rmax {P(un(k); Z):p(un(k)r un(k)+1),]9(zx TZ)r 9

On passing to the limit as k — +00, we get

plz, Tz)

p(z, Tz) < rmax {p(z, Tz), } =rp(z, Tz).

Since r < 1, it follows that
plz, Tz) = 0.

Therefore p(z, Tz) = 0 = p(z,z) and hence by Lemma 1.10 we deduce that z € Tz, that is,
z is a fixed point of T. d

The following example illustrates the use of Theorem 2.2.
Example 2.3 Let X = {0,1,2} and p : X x X — R* be defined by p(0,0) = 0, p(1,1) =

p(2,2) = %,p(l, 0) = é,p(Z,O) = %,p(2, 1) = % and p(y,x) = p(x,y) for allx,y € X. Then (X, p)
is a complete partial metric space. Also define T': X — CB?(X) by

0}  ifx#2,
{0,1) ifx=2.

Tx =

Therefore, we get

H,(T0,T0) = H,(TO, T1) = H,(T1, T1) = p(0, TO) = p(0, T1) = p(0,0),
H,(T0,T2) = H,(T1,T2) = p(1, T0) = p(1, T1) = p(1,0),
p(2,T2) =min{p(2,0),p(2,1)} = p(2,1),

H,(T2,T2) = p(2,2).
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It follows easily that the inequality

P, Tx) < sp(x,y)
holds for all x,y € X with s > %. Also, for all x,y € X with r € [%, 1), we get
Hy(Tx, Ty) < rM,(x, ).
Thus all the conditions of Theorem 2.2 are satisfied and 0 is a fixed point of T
From Theorem 2.2 we deduce some corollaries.

Corollary 2.4 Let (X,p) be a complete partial metric space and T : X — CB?(X) be a
multivalued mapping. Assume that there exist r € [0,1) and s > 1 such that

p, Tx) <sp(x,y) = H,(Tx, Ty) < rmax{p(x,y),p(x, Tx), p(y, Ty)}

forallx,y € X. Then T is an MWP operator.

Corollary 2.5 Let (X,p) be a complete partial metric space and T : X — CB?(X) be a
multivalued mapping. Assume that there exist r € [0,1) and s > 1 such that

PO Tx) <spx,y) = H,ATx,Ty)sg[p<x,y)+p(x,Tx>+p(y,Ty)]

forallx,y € X. Then T is an MWP operator.

In the case of single-valued mappings, Theorem 2.2 reduces to the following significant

corollary.

Corollary 2.6 Let (X,p) be a complete partial metric space and T : X — X be a single-
valued mapping. Assume that there exist r € [0,1) and s > 1 such that

p()/, Tx) SSP(X:J/) - P(Tx, Ty) SrMp(x’y): (6)

where

(= Ty) + p(y, Tx)
M (%,5) = max {p<x,y>,p(x, %), p(y, T9), % :
Then T has a unique fixed point.

Proof The existence part of the proof follows easily by Theorem 2.2. Thus, we need to
prove uniqueness of the fixed point. Suppose to the contrary that, for s > 1, there exist

x,y € Fix(T) with x # y. It follows immediately that

P, Tx) = p(y, x) < sp(y,%).
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Thus, by hypothesis on T, we would have

p(Txr Ty) < rmax {P(x»y)»l?(x, Tx)»p(y’ TY), IM}

p,y) + p(y,x) }
2

rmax {p(x,y),p(x, x),p(,)

rp(x,y).

We deduce that p(x,y) = 0, which further implies that pS(x,y) < 2p(x,y) = 0 and hence
x =y, a contradiction. This completes the proof. O

The following two examples, adapted from [46], show the validity of Corollary 2.6.

Example 2.7 Let X = [0,1] be endowed with the partial metric p(x,y) = max{x,y} for all
%,y € X. Then (X, p) is a complete partial metric space. Also define T': X — X by

x2

Tx =

l+x
Take arbitrary elements x,y € X with y <x. Then we have

2
p(y, Tx) = max{y, x_} <sx=sp(x,y)
1+x

for all x,y € X and s > 1. On the other hand, we get

PR 2
p(Tx, Ty) = max , =
l+x 1+y 1+x

and

M, (x,y) = max{ p(x, y), p(x, Tx), p(y, Ty), 3

) 22 y2 1 y2 X2
= max xX,9), X, ) ) y = X, —— + )
pyhp 1+x py1+y 2 p 1+y py1+x

1 x>
=maxi|x,%,% —| x + maxyy, — =x.

2 1+x

Thus the inequality p(Tx, Ty) < rM,(x,y) holds for all x,y € X with y <x and for any r €

px, Ty) + p(y, Tx) }

[%,1). Note that we obtain the same conclusion if we assume that x < y. Hence, all the

conditions of Corollary 2.6 are satisfied and 0 is a fixed point of 7.

The following example underlines the crucial role of the right-hand side of (6) in estab-

lishing existence of the fixed point.

Example 2.8 Let X = {1,2,3,4} and p : X x X — R* be defined by p(x,x) = % for each
xeX, p(1,2) =p3,4) =2, p(1,3) = p(2,4) =1, p(1,4) = p(2,3) = % and p(y,x) = p(x,y) for

Page 11 of 25
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all x,y € X. Then (X, p) is a complete partial metric space. Also define 7: X — X by

1 2 3 4
T = .
2 1 1 2
Trivially T has no fixed points, but we try to apply Corollary 2.6. It is easy to check that
the inequality p(y, Tx) < sp(y,x) certainly holds for all x,y € X with s > 2. Now we note
that, for x =3 and y = 1, we get

p(T3,T1) = p(1,2) =2

and

M,(3,1) = max {p(S, 1),p(3,T3),p(1, T1),

1/3 1
=max41,1,2,—| = + = =2.
2\2 2

It follows that

p(3,T1) + p(1, T3) }
2

p(T3,T1) =2 % 2r = rM,(3,1),
whatever r € [0,1) is chosen. We conclude that Corollary 2.6 is not applicable in this case.

2.2 Result- I
Another interesting characterization of MWP operators is provided by the following the-

orem.

Theorem 2.9 Let (X,p) be a complete partial metric space and T : X — CB?(X) be a
multivalued operator. Assume that there exist r,s € [0,1), with r < s, such that

1 1
mp(x, Ix) < p(x,y) < Ep(x, Ix) = H,(Ix, Ty) < rMp(x,y) (7)

forall x,y € X, where

px, Ty) + p(y, Tx) }

My (x,y) = maX{p(x,y),p(x, Ix),p(y, Ty), 5

Then T is an MWP operator.

Proof Letr; beareal number such that 0 <r <r <s. Also, let u; € X and u, € Tu; be such
that

1-r
Pl ) < S plr, T).

Then we have

1 1
——p(uy, Tuy) < p(uy, Tuy) < p(uy, us) < ——p(ug, Tuy)
1+r 1-s
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and so, by using condition (7), we obtain

Ptz Tus) < Hy(Tu, Tuy)

puy, Tuz) + p(ua, Tuy) }

S rmax p(ul’ MZ),P(ul; Tul);p(”Z: TuZ), 9

) T ’
< rmax{ p(u, u2), p(ts, Tr), plur, Tu) + p(uy u2)}

2

< rmax{ p(u1, u2), p(ua, Tii),

plui, uz) + p(uz, Tus) }
5 .

Thus
plug, Tup) < rmax{p(uy, uy), pua, Tuz) }.

Now, if max{p(uy, uy), p(uz, Tuz)} = p(us, Tuy), then p(uy, Tuy) < rp(us, Tu,) implies that
p(uy, Tuy) = 0 and so we obtain

PP (w2, Tu) < 2p(un, Tuz) = 0,

which further implies that p5 (i, Tu,) = 0. In view of Lemma 1.11, u, € Tus, and the proof
is finished. On the contrary, if max{p(us, u,), p(u12, u3)} = p(us1, u3), then we have

Ptz Tuy) < rp(u, uy).

It follows that there exists u3 € Tu, such that

1-r
plug, u3) <rip(u,uz) and  p(uy,uz) < T;P(sz Tuy).

This implies

1 1
——p(uy, Tuy) < pluy, usz) < ——plus, Tuy).
1 +r 1- s

Now, by using condition (7), we get p(us, Tus) < rp(us, u3). Continuing this process, we
can construct a sequence {u,} in X with the following properties:

Ups1 € Tum
p(un+11 Tun+l) < rp(um un+l);
P(Mn+1, un+2) =< VlP(Mn» un+l),
1-
P(Uni1, Upi2) < lTrslp(unﬂ» Tuty1)
for every n € N. Next, from p(u,41, Uys2) < rip(uy, uy.1) we deduce that
lim p(uy,, ) = 0.
n—+00

Since

P(”m Mn) +p(un+lr Mn+1) < Zp(un: un+1)¢
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then we get

lim p(u,,u,)=0 and lim p(u,41,u,.1) = 0.

n—+00 n—+00

Proceeding as in the proof of Theorem 2.2, one can show that the sequence {u,} is a
Cauchy sequence in (X, p) converging to some z € X with p(z,z) = 0.
Now, since

1-r
p(um un+1) =< Tslp(um TM,,),

then we have
1
p(zr un) S —P(Mm Tun)
1-s

for all n > 1. Then we assume that there exists a positive integer N such that

1
p(Z, un) < —P(Mm Tun)
1+r

holds for every n > N. Consequently, we have

p(um un+1) = P(Z’ u}’l) +P(Z, Z'tn+l) —P(Z: Z)

1
< —— [P, Tn) + p(thns1, Tthni1) ]
1+7r

< —— [P, Tuan) + rp(thy, 1) ]
1+r

1
=1 [0, 1) + 1Pty 1) = P(thns i)

which is a contradiction. Hence, there exists a subsequence {u,(} of {u,} such that

1
P(Zr un(k)) > mp(un(k): Tun(k))

holds for every k > N. Since p(z, u,,) < ﬁ p(uy, Tu,) for all n > 1, by condition (7), we have
Hp(TZ, Tutuy) < rMp(z, Un(ky)- This implies
p(z, Tz)
< P(tn(ry+1,2) + Hy(Ttinr), T2)

< pUtn(i)+1,2)

P(tuy, T2) + p(2, Tihury) }
2

+rmax {p(un(k); 2), p(Uniic), T )> p(2, TZ),

Pty T2) + p(2, Un(iy+1) }

< rmax {p(un(k>,z), P(Un(iys Un(iy 1), P(2, T2), 5

On passing to the limit as k — +00, we get

plz, Tz) < rmax {p(z, Tz), p(z, Tz) } '
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Since r < 1, it follows that
plz,Tz) = 0.

Therefore p(z, Tz) = 0 = p(z, z) and hence by Lemma 1.10 we have z € 7z, that is, z is a fixed
point of T. d

In the case of single-valued mappings, Theorem 2.9 reduces to the following corollary.

Corollary 2.10 Let (X,p) be a complete partial metric space and T : X — X be a single-
valued mapping. Assume that there exists r € [0,1) such that

1 1
mp(x, Tx) < px,y) < mp(x, x) = p(Tx, Ty) < rM,(x,y)

forall x,y € X, where

px, Ty) + p(y, Tx) }

My (x,y) = maX{p(x,y),p(x, Ix),p(y, Ty), 5

Then T has a fixed point.

Proof 1t is easy to prove that for every u; € X the sequence {u,} defined by u,,; = Tu,
satisfies the relationship p(u,11, Uns2) < rp(u,, uy,1). Consequently, the sequence {u,} is
Cauchy, and there is some point z € X such that lim,_, .« %, = z. Proceeding as in the

proof of Theorem 2.9, we can show that

pz,2) = lim p(u,,z)= lim p(u,,u,)=0.
n—+00 n—+00

Also in view of Theorem 2.9, for all # > N, we can assume p(z,,) < %Hp(u,,,uml) for

leading to contradiction. Consequently, there exists a subsequence {u,x)} of {u,} such
that

1
Pz, i) > mp(un(k); Un(k)+1)

holds for every k > N. Therefore, we obtain that

P(Uniy1, T2)

Py, T2) + p(z, Ty }

< rmax {p(un<k),Z), P(Un(y, Triny), p(2, T2), 5

Py, 2) + p(z, 12) + p(2, o 1) }

< rmax {P(umk), 2), P(Un(iy> Un(iy+1), P2, T2), 5

On passing to the limit as k — +00, we get

p(z, Tz) < rmax {p(z, Tz), p(z, Tz) } '
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Since r < 1, it follows that
plz, Tz) =0
and so z = Tz, that is, z is a fixed point of 7. O

The following example shows that Theorem 2.9 is proper extension of the respective

result in standard metric spaces.

Example 2.11 Let X = {0,1,2} and p : X x X — R* be defined by p(0,0) = p(1,1) = 0,
p(2,2) = i, p(1,0) = é, p(2,0) = %, p(2,1) = % and p(y,x) = p(x,y) for all x,y € X. Then
(X, p) is a complete partial metric space. Also define T': X — CB?(X) by

0} ifx#2,
{0,1} ifx=2.

Tx =

Therefore, we get

min{p(x, Tx) : x € X \ {0}} = min{p(x,y) : 5,y € X and x # y} =

Wl

and
2
max{p(x, Tx):x GX} =z

It follows easily that the inequalities

1 1
—px, Tx) < p(x,y) < —p(x, Tx)
1+r 1-5s

hold for all ,y € X with x # y and for some 1> s > r > 1. Also the above inequalities hold
forx =y=2withl>s>r> % On the other hand, the above inequalities are not applicable

for x = y € {0,1}. Clearly we have

H,(T0, TO) = H,(T0, T1) = H,(T1, T1) = p(0, T0) = p(0, T1) = p(0,0),
H,(T0, T2) = H,(T1,T2) = p(1, T0) = p(1, T1) = p(1,0),
p(2,T2) = min{p(Z, 0),p(2, 1)} =p(2,0),

H,(T2,T2) = p(2,2).

Finally, by routine calculations and taking 1 >s>r > %, one can show that the inequality

H,(Tx, Ty) < rMp(x,)

holds true as for all x,y € X with x #y, as for x = y = 2. Thus all the conditions of Theo-
rem 2.9 are satisfied and 0 is a fixed point of 7.
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Next, we consider the metric p° induced by the partial metric p. Indeed, we have

Px,x) =0 forallx € X, p°(1,0) = %,pS(Z,I) = %,ps(% 0) = % and pS(x, ) = p*(y, %) for all

x,y€X.
We show that Theorem 2.9 is not applicable in this case. Indeed, for x =2 and y = 0, the
inequalities

L L L S L s
—p°(2,T2) = —p°(2,{0,1}) = —p°(2,0) < 2,0) < —p°(2, T2
P 212) 1+rp( {0,1}) P 20=p020)=—p 212
hold true for all r € [0,1) with r < s. Therefore, we need to have

H,s(T0,T2) < rM,s(0,2).

Unfortunately, this is not the case because

H,s(T0,T2) = H,s({0},{0,1}) =

[SCHN ]

and

5(0,72) +p5(2, TO
Mps(0,2) =maX{pS(O,2),pS(O, 70),p°(2, 72), 7 );p ( )}

2
—,0, —, =—<=.
200 20 2 3

{11 1 0+%} 1
0

Consequently, for any 7 € [0,1) we have
H,s(T0,T2) % rM,s(0,2).

3 Data dependence theorem in partial Hausdorff metric spaces
The aim of this section is to discuss data dependence of a fixed points set for MWP op-
erators on partial metric spaces. Also, this section is motivated by Popescu [44], see also
[4]. Precisely, we will prove a result for (1, 7)-contractive multivalued operators in partial
Hausdorff metric spaces.

First, we need the following auxiliary lemma.

Lemma 3.1 Let (X, p) be a partial metric space and T : X — CB?(X) be a (1, r)-contractive
multivalued operator. If z € Tz, then p(z,z) = 0.

Proof Since p(z, Tz) = p(z, z), then we have

H,(Tz, Tz) < r max {p(z, 2),p(z, Tz), p(z, Tz), IM } =rp(z, 2).
Thus, by definition, we write
p(z,2) < p(z, Tz) < Hy(Tz, Tz) < rp(z, 2) < p(z, 2)
and hence we deduce that p(z,z) = 0. (]

We recall the following concept.
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Definition 3.2 ([47]) Let (X, p) be a partial metric space and let ¢ : X — R* be a function
on X. Then the function ¢ is called p-lower semi-continuous on X whenever

lim p(x,,x)=pkx) — ok =< lirnOO inf ¢(x,,) = sup inf ¢(x,,).

n—+00 p>1Mm=n
Now we state and prove our theorem.

Theorem 3.3 Let (X, p) be a partial metric space and Ty, T, : X — CBP(X) be two multi-
valued operators. We suppose that:
(i) T;isa (1, r;)-contractive multivalued operator for i € 1,2;
(ii) there exists A > 0 such that H,(Tix, Tox) < A for all x € X;
(iii) the function ¢ : X — R* defined by ¢(x) = p(x,x) is p-lower semi-continuous.
Then:
(a) Fix(T)) e CLP(X), i € {1,2};
(b) Ty and Ty are MWP operators and

A
Hy (Fix(T1), Fix(T3)) < ——————.
p( ix(7T7), Fix( 2))— 1 —max{ri, )}

Proof (a) From Theorem 2.2 we have that Fix(T;) is a nonempty set, i € {1,2}. Let us prove
that the fixed point set of a (1, 7;)-contractive multivalued operator T; is closed. Let x,, €
Fix(T;), with n > 1, be such that lim,,_, ; %, = z in (X, p). In view of (iii) and Lemma 3.1,

we have

lim p(x,,z) =p(z,z2) — plz,2) < lim infp(x,,x,) =0.

n—+00

It follows that
p(z,z) = lim p(x,,z)= lim p(x,,x,)=0.
n—+00 n—>+00
Also, since x,, € Tjx,, we have p(z, Tix,,) < p(z,x,) and then

Pz, Tiz) < p(z,%,) + p(xp, TiZ) — p(%, %)
<p(z,x,) + Hy(Tixy, Tiz)

< pz,x,) + 1ip(xn, 2).
Passing to the limit as # — +00, we obtain that p(z, T;z) = 0. Therefore
p(z,Tiz) =0 = p(z,2)

and hence by Lemma 1.10 and T;z € CL?(X) we get z € T}z, that is, z € Fix(T}).

(b) From the proof of Theorem 2.2 we immediately get that a (1, ;)-contractive multi-
valued operator is an MWP operator. For the second conclusion, let g be a real number
such that g > 1, and %, € Fix(T7) be arbitrary. Then, by Lemma 1.14, there exists x; € T
such that

p(x0,x1) < gH,(T1x0, Taxo).
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Next, for x; € Toxo, there exists x, € Thx; such that
plxr,x2) < gHp(Toxo, Taxa).

Since x1 € Thxo, p(x1, Toxo) = p(x1,%1) < p(x0,%1), then we have
p(x1,x2) < qH,(Taxo, Tox1) < qrap(xo,x1).

Iterating this process allows us to construct a sequence of successive approximations for
T, starting from x, satisfying the following assertions:

%41 € Tox, and  p(x,,x,.1) < (gr2)"p(xo,x1) forallmeN.

Hence, for all # > N and m > 1, we write

m-1

Py Xn) < Py Xi1) + Pty Xns2) + -+ PEoemts Xam) = Y, Py )
i=n+1
< PO Xp11) + PXns1, Xnra) + - + P X1, Xnam)
= %p(xo,xll
Consequently, we get
P° W Xsm) < 2D (s Xem) < i(i”;:: p(xo,x1). (8)

Now, choosing 1 < g < min{ %, %} and passing to the limit as n — +00, we deduce easily
that the sequence {x,} is Cauchy in (X,p°) and, by Lemma 1.9, {x,} is Cauchy in (X, p).
Then there exists # € X such that
lim x,=u in (X,p°).
n—+00
Therefore, (8) and lim,_, ;o0 p° (%, 1) = 0 imply

pu,u)= lim p(x,u)= lim p(x,,x,)=0.
n— +00 n,mM—>+00

We will prove that « is a fixed point for T,. To this aim, suppose that there exists a positive
integer N such that

p(u, Tox,) > p(u,x,) foralln> N.

This implies that p(u, x,,,1) > p(#, x,,) for all n > N, which leads to contradiction since x,, —

u as n — +00. Hence, there exists a subsequence {x,)} such that

P, Toxniy) < p(u, x,4)  forall k € N.
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Next, from
P, Torr) < p(kn(iy 1, ) + Hp(Taxn(ry, Tots),
on passing to the limit as k — +o0, we get

p(u, Tzu) < lim p(x,,(k)+1,u) + lim Hp(szn(k),Tzu)
k—+00 k—+00

< lim ryp(Xy,u) =0
k—+00

and so u € Fix(T5).
By (8), passing to the limit as m — +00, we get

p(xm 14) 5 ml_i)r?oo[p(xn;xwrm) +p(xn+mr 14) —P(u, M)]

. 2(qra)"
< lim [ 1 P(x0,%1) + P (K> 1)
m—+o00| 1 —qry

< (g3) p(xg,x1) foreachneN.
1-gry
Then
A
plxo, u) < Pxo,%1) < 1 .
1-gr, 1-gry

Analogously, one can show that, for each uy € Fix(T3), there exists x € Fix(71) such that

puo, 1) <

<
pliko,%) = 1-gn T 1-¢gn

and hence

. 1 q)\’
Hy (Fix(Th), Fix(T3)) < -——————.
p( ix(71), Fix( 2)) ~ 1-max{gr,qrs}

Finally, passing to the limit as ¢ — 1*, we obtain the assertion. This concludes the proof.
O

4 Well-posedness of fixed point problems in partial Hausdorff metric spaces
According to [48, 49], we get the notions of well-posedness of a fixed point problem in
the setting of partial metric spaces.

Definition 4.1 (see [48, 49]) Let (X, p) be a partial metric space and T : X — CB?(X) be
a multivalued operator. Then the fixed point problem is well posed for T with respect to

pif:
(a1) Fix(T) = {z};
(by) ifx, € X, n € Nand lim,,_, ;o p(x,, Tx,) = 0, then lim,,_, , o p(x,,,2) = 0.

Definition 4.2 (see [48, 49]) Let (X, p) be a partial metric space and T : X — CB?(X) be
a multivalued operator. Then the fixed point problem is well posed for T with respect to
H, if:
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(a2) SFix(T) = {z};
(by) ifx, € X, n e Nand limy,— ;o0 Hp (%, T,,) = 0, then lim,,_, . p(x,,2) = 0.

Clearly, (by) of Definition 4.2 implies (b;) of Definition 4.1. Moreover, from (a;) and (az),
that is, Fix(T) = SFix(T) = {z}, we deduce that if the fixed point problem is well posed for
T with respect to p, then it is well posed for T with respect to H,.

Motivated by the above facts, we will prove the following theorem for (s, r)-contractive
multivalued operators, with s > 1, in partial metric spaces.

Theorem 4.3 Let (X, p) be a partial metric space and T : X — CB?(X) be a multivalued
operator. We suppose that:

(1) T is an (s, r)-contractive multivalued operator with s > 1;

(2) SFix(T) #9.
Then:

(a) Fix(T) = SFix(T) = {z};

(b) the fixed point problem is well posed for T with respect to H, if s > 1.

Proof (a) Suppose z € SFix(T). Clearly, z € Fix(T). We show that Fix(T) = {z}. To this aim,
let € Fix(T') with u # z. Since p(u, Tz) = p(u,z) < sp(u, z), we get H,(1z, Tu) < rp(z, u) and
therefore

plz,u) = p(Tz,u) < H,(1z, Tu) < rp(z, u),

which leads to contradiction. Thus, Fix(T) = {z} and so the assertion (a) holds true.
(b) Now, let x,, € X, with n € N, be such that lim,,_, ,» p(x,,, Tx,)) = 0. We have to show
that lim,,_, , o p(x,, 2) = 0. Suppose this is not the case; suppose that p(x,, z) does not con-
verge to zero. Consequently, there exist € > 0 and a subsequence {x,)} such that
Pxuy,z) > € forallk e N.

Now, assume that there exists a subsequence {x, )} of {x,x)} with
(2, Txur(y) < 3p(2 Xu(i(j)))-

Then we get
Hy(Tz, Txniy) < rp(2, %n(kii))»

and so we write

P2 X)) = PEnii()s T2)
= PGntiis Tonk(y) + Hp (T2, Ton(ii)

< P&y Txne() + 10(20 Xn(iey))-

The above inequality leads to the following:

1
€ < p(z, %n(x(j))) < Ep(xn(k(;)), Txn(i())-
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Passing to the limit as j — +00, since lim,_, .00 p(x,, Tx,) = 0, we get the contradiction
€ = 0. Consequently, we deduce that there exists k; € N such that

Pz, Txuy) > sp(z, %uy)  for all k > k.
Again, since lim,,_, ;o0 p(x,,, Tx,) = 0, there exists k, > k; such that
P&ngyr Thng) < (s —1)e  for all k > ky.
Finally, for all k > k,, we write
(s =1e < (s = D)p(z, %(0))
= sp(2,%n() — (2> %n(i))
< p(z, Txny) — P2, Xn(k))
< pXnky, Txny)  (by (P4) of Definition 1.6)
< (s—1)e,
which leads to contradiction. Consequently, we conclude that lim,,_, , o p(x,,2) = 0. a

5 Application to integral equations
The literature is rich with papers focusing on the study of integral operators of various
types: Fredholm, Urysohn, Volterra and others. It is well known that integral operators
provide an important subject of numerous mathematical investigations and are often ap-
plicable in many scientific disciplines as physics, biology and economics. The papers we
refer to essentially present a fixed point approach based on the Banach contraction prin-
ciple and its constructive proof. These results give sufficient conditions for establishing
the existence (and uniqueness) of solution of certain integral operators, see [50—52].
Here, following this line of research, we prove an existence theorem for the solution
of integral equations by using Corollary 2.6. Precisely, we consider the following integral
equation:

-
u(t) = / K(t,s,u(s)) ds + g(t), %)
0

tel=10,7T], where T > 0. Also we denote
C() :={u:I— R |uis continuous on I},
and define d: C(I) x C(I) - R by

d(u,v) = rrtlealx|u(t) - v(t){

for all u,v € C(I), so that (C(I), d) is a complete metric space.
Finally, we define the operator T : C(I) - C(I) by

-
Tx(t) = / K(t, s,x(s)) ds+g(t)
0

forallx € C(/) and t € I.
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Then we consider the following hypotheses:
(i) K:IxIxR—Randg:I— R are continuous;
(ii) there exist @ € [0,1), B > 1 and a continuous function G :I x I — R* such that

T
max/ G(t,s)ds = a,
0

tel

and the inequality

max
tel

-
/ K(t, s, u(s)) ds+g(t)—-v(t)| <B malx{u(t) - v(t)|
0 te

implies

’K(t, S, u(t)) - K(t, S, v(t)) }

’

< G(t,s) max{ |u(t) —v(t)

’ ’

T T
‘/ K(t, s, u(s)) ds+g(t) — u() / K(t, s, v(s)) ds +g(t) — v(t)
0 0

1
2
for all u,v € C(I) and ¢,s € I.

We will prove the following result.

+

T T
/ I((t, s, v(s)) ds+g(t) — u(z) / K(t,s, u(s)) ds+g(t) - V(t)D }
0 0

Theorem 5.1 Suppose that hypotheses (i) and (ii) hold. Then the integral equation (9) has
a unique solution x* € C(I).

Proof First we note that the space (C([), d) is trivially a complete partial metric space with
zero self-distance.
Next, for all u,v € C(J), by (ii), we deduce that

’Tu(t) - Tv(t)‘

T
< / ‘K(t, s, u(s)) - K(t, s, v(s)) ’ ds
0

u(t) — T(u(t))

) )

T
5/ G(t,s)dsmax{|u(t)—v(t)
0

|v(t) - T(v(t))

|u(t) = T(w(@))] + [v(E) = T (u(?))] }
2 )

’

which, on routine calculations, leads to
d(Tu, Tv) < aMy(u,v).
Therefore, without loss of generality, we can write that

dw,Tu) < Bd(u,v) = d(Tu,Tv) <aMy(u,v)
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for all u,v € C(I). Thus Corollary 2.6 is applicable in this case, and hence the operator T
has a unique fixed point x* € C(J). Clearly, x* € C(I) is the unique solution of (9). O
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