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‡DICGIM, Università di Palermo, Viale delle Scienze, Edificio 6, 90128 Palermo, Italy, elisa.francomano@unipa.it

§Department of Mathematical and Statistical Sciences, University of Colorado, Denver, CO 80202, USA, michael.mccourt@ucdenver.edu

Abstract—The brain activity can be investigated in a noninva-
sive way by means of electromagnetic techniques, i.e., electroen-
cephalography (EEG) and magnetoencephalography (MEG),
which requires a typical inverse problem to be solved. Therefore,
an accurate and fast forward solver is needed. As a truly meshfree
alternative to the Boundary Element Method (BEM), we propose
the Method of Fundamental Solutions (MFS) for solving the
M/EEG forward problem. The solution of the forward problem
is obtained, via the Method of Particular Solutions (MPS), by
numerically solving a set of coupled boundary value problems for
the Laplace equation. By investigating both numerical accuracy
and computational load for spherical geometries and comparing
them with a state-of-the-art BEM solver, we show that the
proposed method is attractive.

I. THE M/EEG FORWARD PROBLEM

The EEG forward problem for a piecewise-constant con-
ductivity head model can be formulated as a set of coupled
Boundary Value Problems (BVPs) for the 3D Laplace operator.
Let L be the number of nested regions in the linear domainΩ
that represents the head,Ωℓ be the generic region, with bound-
ary ∂Ωℓ and conductivityσℓ, and letIℓ,ℓ+1 = ∂Ωℓ ∩ ∂Ωℓ+1

be the interface between the regionℓ and the regionℓ+1. The
regionΩL+1 surrounding the head corresponds to the ambient
air which is unbounded and has negligible conductivity. A
model with three regions (brain, skull and scalp) is common.
However, other regions could be added to improve the model
of the head, e.g., cerebrospinal fluid and/or distinct regions for
gray and white matter.

For the sake of simplicity, let us consider the case of a single
neural source, representable by a current dipole of momentQ

located atp′ ∈ Ω. With this position, the source current density
at a pointp ∈ Ω is given by

Js(p) = Qδ(p− p′), (1)

whereδ(p− p′) is the value atp of the Dirac delta function
centered atp′. However, since the media are supposed to be
linear, what follows can be easily extended to the general case
of many dipoles by applying the superposition principle.

The EEG forward problem can be formulated as the follow-

ing set of BVPs coupled by interface conditions:


















σℓ∇
2φℓ(p) = Sℓ(p), p ∈ Ωℓ,

φℓ(p) = φℓ+1(p), p ∈ Iℓ,ℓ+1|ℓ 6=L,

σℓn(p) · ∇φℓ(p) =

= σℓ+1n(p) · ∇φℓ+1(p), p ∈ Iℓ,ℓ+1,

ℓ = 1, . . . , L,

(2)
whereφℓ is the electric scalar potential in theℓ-th region,n(p)
denotes the outward unit normal vector to the interfaceIℓ,ℓ+1

at p and the source termSℓ(p) can be expressed as follows:

Sℓ(p) =

{

∇ · (Qδ(p− p′)), source atp′ ∈ Ωℓ,

0, otherwise.
(3)

In considering a certain region independently, it is clear that
the governing PDE is a Poisson equation if a neural source is
located in that region or a Laplace equation otherwise.

Here we focus the attention on the solution of the EEG
forward problem. This is the crucial step also in solving the
MEG forward problem which involves the evaluation of the
electric potential at the interfaces between different media [1].

So far, traditional mesh-based methods have been used
to address the M/EEG forward problem [2]. Among these
methods, the Boundary Element Method (BEM) has become
the method of choice because of its efficiency with respect to
the Finite Elements Method, and it is currently implemented
in widely used software packages for M/EEG source analysis.
However, the BEM requires high quality meshing of the
domain boundaries, which is not a trivial task, involves costly
numerical integration and could potentially introduce mesh-
related artifacts in the reconstructed neural activation patterns.

II. M ETHODOLOGY

To remedy the drawbacks of the BEM, we propose the
application of the Method of Fundamental Solutions (MFS) [3]
via the Method of Particular Solutions (MPS) for solving the
M/EEG forward problem. The MFS approximates the solution
u of the given homogeneous BVP by a linear combination of
fundamental solutionsK of the governing homogeneous PDE,
i.e.,

u(p) ≈
∑

ξj∈Ξ

cjK(p, ξj), p ∈ Ω, (4)

whereΞ is a set ofcenterslocated on afictitious boundary
outside the physical domainΩ (Figure 1) in order to avoid the
singularities ofK in the representation of the solution.



Ω

Fig. 1. Collocation points (crosses) and centers (dots) distributions on physical
and fictitious boundaries, respectively.

The coefficients of the combination are determined by
enforcing it to satisfy the boundary conditions by means of
a collocation procedure.

An inhomogeneous problem can be reduced to a homo-
geneous one by the MPS, i.e., by considering the solution
u as the sum of a particular solutionup and its associated
homogeneous solutionuh.

As shown in Section I, the governing PDE of the EEG
forward problem in the regionℓ may be homogeneous or
inhomogeneous depending on the absence or the presence,
respectively, of a neural source in the region. While MFS
can be applied directly in the former case, in the latter case
the solution has to be sought via MPS. For the sake of
generality, let us introduce a parameterαℓ such thatαℓ = 1
if the source is inΩℓ, andαℓ = 0 otherwise. This enables
us to express the potential function in theℓ-th region as
φℓ(p) = φh,ℓ(p) + αℓφp,ℓ(p).

An analytical expression for a particular solutionφp,ℓ of the
PDE of the BVP in theℓ-th region, when a neural source is
located atp′ ∈ Ωℓ, is known [4].

Therefore, the homogeneous termφh,ℓ is given by the
solution of the following BVP:



















































∇2φh,ℓ(p) = 0, p ∈ Ωℓ,

φh,ℓ(p)− φh,ℓ+1(p) =

= αℓ+1φp,ℓ+1(p)− αℓφp,ℓ(p), p ∈ Iℓ,ℓ+1|ℓ 6=L,

σℓn(p) · ∇φh,ℓ(p)+

−σℓ+1n(p) · ∇φh,ℓ+1(p) =

= αℓ+1σℓ+1n(p) · ∇φp,ℓ+1(p)+

−αℓσℓn(p) · ∇φp,ℓ(p) p ∈ Iℓ,ℓ+1.

(5)

and it can be approximated, by means of MFS, as a linear
combination of fundamental solutions for the 3D Laplace
equation:

φ̂h,ℓ(p) =
∑

ξj∈Ξℓ

cℓjK(p, ξj), p ∈ Ωℓ, (6)

whereΞℓ is the set of centers relative to the regionΩℓ and
the fundamental solution for the Laplace equation in 3D is
K(p, q) = 1

4π‖p−q‖ .
Normals to boundaries and pairwise distances between

points are the only geometric quantities that are needed: the
proposed method is truly meshfree. Moreover, no numerical
integration has to be performed, the method has the potential
for spectral accuracy and its implementation is straightforward.

III. N UMERICAL RESULTS

We have compared the proposed method with the state-
of-the-art implementation of the BEM in solving the EEG
forward problem for a unitary dipolar current source in a multi-
layered sphere representing the head, with realistic geometric
proportions and electric conductivities.
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Figure 2 shows that the proposed method, implemented
for different ratiosRMFS between the number of collocation
points and the number of centers, is spectrally convergent
while the BEM convergence is only algebraic. Moreover,
as shown in Figure 3, the proposed method is extremely
competitive when compared to BEM from an accuracy vs.
CPU time standpoint. This advantage is important in the
perspective of the iterative solution of the inverse problem and
it becomes more significant as the desired accuracy increases.
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