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Synopsis

Fractional Viscoelasticity is referred to materials, whose constitutive law involves fractional
derivatives of order b 2 R such that 0 ! b ! 1. In this paper, two mechanical models with stress-
strain relation exactly restituting fractional operators, respectively, in ranges 0 ! b ! 1=2 and
1=2 ! b ! 1 are presented. It is shown that, in the former case, the mechanical model is described
by an ideal indefinite massless viscous fluid resting on a bed of independent springs (Winkler
model), while, in the latter case it is a shear-type indefinite cantilever resting on a bed of independ-
ent viscous dashpots. The law of variation of all mechanical characteristics is of power-law type,
strictly related to the order of the fractional derivative. Because the critical value 1/2 separates two
different behaviors with different mechanical models, we propose to distinguish such different
behavior as elasto-viscous case with 0 ! b ! 1=2 and visco-elastic case for 1=2 ! b ! 1. The
motivations for this different definitions as well as the comparison with other existing mechanical
models available in the literature are presented in the paper. VC 2012 The Society of Rheology.
[http://dx.doi.org/10.1122/1.4717492]

I. INTRODUCTION

Stress decay under constant strain (relaxation) as well as strain increments under con-
stant stress (creep), observed in real materials, has fascinated several leading scientists
from the late 19th century aiming toward the mechanical characterization of time-
dependent material behavior. Relaxation and creep function of materials have been mod-
eled in scientific literature, mainly, by means of single and/or linear combination of
exponential functions in the attempt to capture both solid and fluid phases. Such an
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approach does not allow for a correct fit of experimental results and in the last century it
has been observed that stress relaxation and creep function of real-type materials decays
with power-law [see Nutting (1921)]. Later on it has been shown that the transfer func-
tion of VE materials may be identified in frequency domain by means of real powers of
frequency leading, by inverse Fourier transform, to fractional operators in time domain
[Scott-Blair (1949)] with real-order b: 0 ! b ! 1. Since then a lot of researches on this
subject have been carried out enforcing the knowledge of hereditary materials in time do-
main [Blizard (1951); Rouse and Sittel (1953); Caputo (1974); Bagley and Torvik (1983,
1986)] and in frequency domain [Spanos and Evangelatos (1991)]. The limit cases b ¼ 0
and b ¼ 1 correspond to pure elastic solid and pure viscous fluid, respectively. This con-
sideration leads to conclude that the hereditary material behavior is intermediate between
these limit cases and therefore the most appropriate rheologic representation must
involve fractional operators. Similar considerations about fractional-order operators may
be framed in the context of renewal processes of continuous time random walk (CTRW)
as it has been observed in Metzler and Klafter (2000).

Rheologic relations involving fractional operators do not possess, to the best of
authors’ knowledge, a correspondent mechanical model and a symbolic element, dubbed
springpot [after Scott-Blair (1949)] has been introduced at the mid of the last century.
The springpot may also be combined with other, conventional, mechanical elements as
dashpots and/or linear springs to model nonvanishing long-term relaxation [Metzler et al.
(1995a, 1995b); Metzler and Nonnenmacher (2003)]. A mechanical model capable to
represent the springpot fractional elements in terms of a proper arrangement of springs
and dashpots has not been reported in scientific literature unless for derivative of orders
3/2. In this latter case, it has been proved [see Bagley and Torvik (1983)] that the shear
stress applied on a massless plate resting on an half-space filled by Newtonian fluid with
prescribed transverse motion is ruled by a fractional derivative of order 1/2 of the strain
rate (order 3/2 of the strain).

Several attempts to yield fractional-order models with exponents different by 3/2 have
been proposed in the past, from the beginning of the 1990s [Glockle and Nonnemacher
(1991); Schiessel and Blumen (1993, 1994) introducing fractance-type models composed
by springs and dashpots that are repetitions of a single unit [Friedrich (1991), (1993);
Friedrich and Braun (1994); Metzler et al. (1995); Heymans and Bauwens (1994); Saka-
kibara (2001); Podlubny (1998); Heymans (2003)]. At the limit, by increasing the number
of such units, at steady-state, the constitutive equation for such a fractance model reverts
to an approximation of fractional operator.

The present study aims to introduce an exact mechanical model of fractional visco-
elastic (VE) material. This result has been achieved in three steps:

• In the first step, the Bagley–Torvik (BT) model has been properly modified to yield an
exact mechanical model of hereditariness with a rheologic relation involving fractional
derivatives of order b ¼ 1=2. This model is obtained by means of an unbounded,
shear-type, massless elastic column resting on a bed of independent linear dashpots.

• In the second step, we observe that the Schiessel–Blumen (SB) fractal ladder model
[Schiessel and Blumen (1994); Metzler et al. (1995a, 1995b)] is completely coalescing
with a discrete shear-type linear elastic model externally restrained by linear dashpots,
that is, in turn, completely equivalent to the discretized version of the modified BT
model. The only difference with BT model is that springs and dashpot coefficients in
the SB model are nonuniform along the ladder. The main drawback involved in SB
model is that the fractal ladder yields only an approximation of fractional derivatives at
steady-state.
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• As soon as we realized that a suitable modification of stiffness and damping coeffi-
cients of the discretized version of the BT model, as in the SB model, corresponds to
approximations of fractional-order operators, in the third step, we look for the func-
tional class of stiffness and viscosity of the model to yield, exactly, fractional-order
operators.

In this regard, we propose two mechanical models: (i) If the differentiation order b is
b 2 ½0; 1=2$ then the mechanical model is composed by a column of massless Newtonian
fluid resting on a bed of independent linear springs and (ii) If b 2 ½1=2; 1$, then the corre-
spondent mechanical model is a massless, shear-type column resting on a bed of linearly
independent dashpots. By assuming that all the mechanical characteristics of the two
models decay with power-law as the distance from the upper boundary increases, then a
Caputo’ fractional derivative relating the stress at the top of the model to the correspond-
ing strain is exactly obtained. It is shown that, if the exponent of the power-law tends to
zero (that is all the mechanical characteristics are uniform) then a fractional derivative of
order 1/2 appears as in the modified BT model.

As the viscosity between shear layers disappears, then the pure solid constitutive rela-
tion is recovered b ¼ 0ð Þ. If, instead, the shear modulus of elasticity in the cantilever
model disappears, then the pure fluid behavior is recovered. Because the critical value
b ¼ 1=2 separates two different behaviors with different mechanical models, we propose
to denote elasto-viscous (EV) materials as b 2 0; 1=2½ $ and VE materials as b 2 1=2; 1½ $.
This is due to the fact that in the EV materials the elastic component prevails over the
viscous characteristics while for VE materials the viscous feature prevails over the elastic
ones as shown in Sec. V.

II. THE FRACTIONAL MODEL OF HEREDITARINESS

It is widely understood that stress-strain relations of hereditary materials involve frac-
tional operators. The simplest way to show this behavior is provided by the observation
of creep or relaxation tests performed on hereditary specimens. At the beginning of the
20th century, Nutting observed that the relaxation function G(t) obtained from experi-
ments on polymeric materials is well fitted by a power law, that is,

G tð Þ ¼ Cb

C 1' bð Þ
t'b; (2.1)

where C (ð Þ is the Euler-Gamma function (see Appendix A), Cb=C 1' bð Þ and b are char-
acteristic coefficients depending on the material at hand that must satisfy the thermody-
namic restrictions b 2 0; 1½ $ and Cb > 0. Once the relaxation test is performed, the creep
function of the material, dubbed J(t), may be predicted since in Laplace domain the fol-
lowing relationship:

Ĝ sð Þ Ĵ sð Þ ¼ 1

s2
(2.2)

holds true, where we denoted s is the Laplace parameter, Ĝ sð Þ and Ĵ sð Þ, are the Laplace
transform of the relaxation and the creep function, respectively, (see Appendix A).

The Laplace transform of the relaxation function G(t) expressed in Eq. (2.1) is repre-
sented as
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Ĝ sð Þ ¼ Cbs
b'1; (2.3)

then, in virtue of Eq. (2.2), Ĵ sð Þ is provided in the form

Ĵ sð Þ ¼ 1

Cbsbþ1
; (2.4)

whose inverse Laplace transform yields the creep function J(t) as

J tð Þ ¼ 1

CbC 1þ bð Þ
tb: (2.5)

Thermodynamic restrictions of the range of possible values of the decaying exponent b
as well as on values of the force coefficient Cb do not allow for any mechanical consider-
ation about fractional-order VE materials and henceforth symbols reported in previous
scientific literature are consistent with Eqs. (2.1) and (2.5).

With this machinery in mind, due to the Boltzmann superposition principle for a sys-
tem with e 0ð Þ ¼ 0 the stress r tð Þ and the strain c tð Þ are related each other by the follow-
ing convolution integral:

r tð Þ ¼
ðt

0

G t' !tð Þ _c !tð Þd!t; (2.6)

where c tð Þ is the assigned strain history. By inserting Eq. (2.1) into Eq. (2.6), we obtain

r tð Þ ¼ Cb

C 1' bð Þ

ðt

0

_c !tð Þ
t' !tð Þb

d!t: (2.7)

A close observation of Eq. (2.7) reveals that the convolution integral coalesces with the
Caputos’ fractional derivative labeled as ðCDb

0þcÞt tÞð (Appendix A for details) and then,
the constitutive law is provided in the form

r tð Þ ¼ Cb CD
b
0þc

" #
tð Þ; (2.8)

from Eq. (2.8) we may assert that for a material whose relaxation function is well suited
by Eq. (2.1) in power-laws functional class, then the constitutive law in terms of Caputo’s
fractional derivatives is readily obtained.

On the other hand, using again the Boltzmann superposition principle, for the case in
which the stress history is assigned and the corresponding strain history has to be eval-
uated, we may write

c tð Þ ¼
ðt

0

J t' !tð Þ _r !tð Þd!t: (2.9)

The stress-strain law represented in Eq. (2.9) is valid for rð0Þ ¼ 0. By inserting Eq. (2.5)
into Eq. (2.9), we obtain

c tð Þ ¼ 1

CbC bþ 1ð Þ

ðt

0

t' !tð Þb _r !tð Þd!t ¼ 1

CbC bð Þ

ðt

0

t' !tð Þb'1r !tð Þd!t; (2.10)
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so that, recalling the definition of the Riemann-Liouville fractional integral ðIb0þrÞ tÞð
reported in the Appendix [see, e.g., Samko et al. (1993) for details], the constitutive law
is written as

c tð Þ ¼ 1

Cb
Ib0þr

" #
tð Þ: (2.11)

Previous formulations in terms of Caputo’ fractional derivatives hold true also in pres-
ence of nonvanishing initial conditions, namely, cð0Þ ¼ c0 6¼ 0 and then in Eq. (2.8) an
additional term that reads G tð Þc0 ¼ c0t

'a=C 1' að Þ has to be added; If, instead,
r 0ð Þ ¼ r0 6¼ 0 then the additional term J tð Þr0 has to be added in Eq. (2.11). An equiva-
lent formulation of the fractional model of hereditariness may be obtained in term of the
more familiar Riemann-Liouville fractional derivatives ðDb

0þcÞ tÞð accounting for the ini-
tial condition cð0Þ ¼ c0 6¼ 0 by means of the relation

CD
b
0þc

" #
tð Þ ¼ Db

0þc
" #

tð Þ ' c0
C 1' að Þta

: (2.12)

Summing up: By assuming that the creep and relaxation functions belong to a power-law
functional class, then the rheologic model involves Caputo’ fractional operators. It is to
be emphasized that the Caputo’ fractional derivatives coalesce with the Riemann-
Liouville fractional derivative only for a quiescent system at t¼ 0 or for systems operat-
ing from t ¼ '1; In other cases, a relation involving Riemann-Liouville operators may
be formulated by means of Eq. (2.12).

Values of coefficient b coinciding with the extrema of the closed interval [0, 1] corre-
spond to asymptotic behavior of the rheologic VE model expressed by power-law
assumption that is: pure elastic solid for b ¼ 0 and pure viscous fluid for b ¼ 1. Values
of b 2 ½0; 1$ correspond to an intermediate behavior between purely elastic solid and
purely viscous fluid as for complex-structured materials as well as for soft matter and it
may be experienced, also, in damping of elastic waves propagation [Mainardi (2010)]
and in the relaxation time spectrum of filled rubbers [Metzler et al. (1995b)].

The use of fractional rheologic model discussed in this section may also be combined
with other nonfractional elements to represent more sophisticated material behavior.
Indeed, fractional elements may be placed in parallel/series with a spring so ensuring a
nonvanishing value of the relaxation modulus or a finite value of the instantaneous modu-
lus [Metzler et al. (1995a, 1995b)]. Combination of fractional and nonfractional elements
leads to relaxation/creep function provided by analytical expressions involving Mittag-
Leffler function that represents the Green’ function of a two-or-more terms linear frac-
tional differential equation [Podlubny (1998); Mainardi (2010)].

III. REVISITATION OF MECHANICAL FRACTIONAL MODELS

This section is devoted to the analysis of two existent mechanical models of fractional
hereditary materials so that a proper path to the proposed exact model of fractional
hereditariness may be introduced in Sec. IV. The BT and the SB models are discussed,
respectively, in Secs. III A and III B.

A. The BT model revisited and modified

The BT model is represented by a thin massless plate resting on a perfectly Newtonian
viscous half-space (see Fig. 1). Let z be the vertical axis as shown in Fig. 1, u(z, t)
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denotes the transverse displacement of fluid layers at depth z and r z; tð Þ is the shear stress
among fluid layers.

As the thin plate move with prescribed speed _u tð Þ ¼ _u 0; tð Þ, the fluid exerts a shear
stress r 0; tð Þ ¼ r tð Þ on the thin plate that may be obtained in terms of the transverse ve-
locity field of the viscous half space as in Fig. 1(a). In this regard, we analyze the trans-
verse motion of a fluid column with area A¼ 1 that is ruled by the solution of the
parabolic differential equation for the transverse speed _u z; tð Þ

q0€u z; tð Þ ¼ g0
@2 _u z; tð Þ
@z2

; (3.1)

where q0 and g0 are the mass density and the viscosity coefficient of the fluid, respec-
tively. Equation (3.1) is supplemented by the initial condition _u z; 0ð Þ ¼ 0, that is at t¼ 0
the fluid is at rest. The boundary conditions of the model require that u 1; tð Þ ¼ 0 (the
influence of the plate’s motion vanishes as z ! 1), and _u 0; tð Þ ¼ _u tð Þ, that is the fluid
speed at z¼ 0 equates the speed of the rigid plate. Once the transverse velocity field has
been obtained the shear stress on the fluid is provided in the form

r z; tð Þ ¼ g0
@ _u z; tð Þ
@z

: (3.2)

By combining Eqs. (3.1) and (3.2) and using Laplace transform, after some algebra we
get a relation among the shear force Fs tð Þ for unitary area, namely, the shear stress,
exerted by the fluid column on the rigid plate [Bagley and Torvik (1983); Schiessel and
Blumen (1993)] given as

Fs tð Þ ¼ r tð Þ ¼ ffiffiffiffiffiffiffiffiffi
q0g0

p
CD

1=2
0þ _u

" #
tð Þ ¼ ffiffiffiffiffiffiffiffiffi

q0g0
p

CD
3=2
0þ u

" #
tð Þ: (3.3)

That is the shear stress at the upper lamina exerted by the surrounding fluid is related to
the speed of the lamina by a fractional derivative of order 1/2. Such a model may be also
considered, in the discretized version shown in Fig. 1(b), and it is represented by a
sequence of rigid equispaced laminae of mass qDz connected by linear dashpots with dis-
sipation coefficients g=Dz and, as Dz ! 0, the equilibrium equation of each lamina,
exactly, restitutes Eq. (3.1). The last equality in Eq. (3.3) shows that BT mechanical
model does not yield a rheologic relation of viscoelasticity since the differentiation order
b 62 0; 1½ $ and it may be considered as a visco-inertial (VI) fluid since its behavior is inter-
mediate between pure fluid and pure inertial system.

A rheologic relation useful to describe VE solids may be obtained introducing slight
changes in the BT model as shown in Fig. 2 reporting an unbounded elastic shear column

FIG. 1. ( a) Original BT model; (b) discretized version of the BT model.
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of unitary cross-section (A¼ 1) with shear stiffness G0A ¼ G0 G0½ $ ¼ FL'2ð Þ resting on a
bed of linear dashpots with viscosity coefficient g0A g0½ $ ¼ FTL'2ð Þ. A nondimensional
coordinate system z is introduced, u(z, t) is considered in nondimensional form so that we
may denote u 0; tð Þ ¼ c tð Þ and u z; tð Þ ¼ c z; tð Þ, and the external force field Fs tð Þ ¼ r tð Þ
A ¼ r tð Þ.

The equilibrium equation of the mechanical system shown in Fig. 2(a) in nondimen-
sional coordinates and for unitary area reads

g0 _c z; tð Þ ¼ G0
@2c z; tð Þ
@z2

; (3.4)

yielding a relation among the shear stress r tð Þ and the shear strain c 0; tð Þ ¼ c tð Þ at z¼ 0
in the form

r tð Þ ¼ G0 s0ð Þ1=2 CD
1=2
0þ c

" #
tð Þ: (3.5)

with s0 ¼ g0=G0 and it corresponds to a fractional rheologic model as we set
G0 s0ð Þ1=2¼ C1=2 and b ¼ 1=2 in Eq. (2.8).

BT model may be obtained, also, as a limit case Dz ! 0ð Þ of the discrete system
reported in Fig. 2(b) and composed by a sequence of massless plates interconnected by
linear springs with stiffness k0 ¼ G0A=Dz ¼ G0=Dz resting on a bed of viscous dashpots
with viscosity c0 ¼ g0ADz ¼ g0Dz. The only drawback beyond BT model is related to
the fact that it restitutes, only, the particular value of the fractional derivative involved
that is b ¼ 1=2.

The specular model of the modified BT mechanical description is represented by an
indefinite massless viscous fluid, resting on a bed of independent springs reported in
Fig. 2(c) and in discretized version in Fig. 2(d). As the viscous coefficient of the fluid and
the stiffness of the springs are uniform, then, it may be easily proved that also in this case

FIG. 2. (a) BT viscoelasticity; (b) discretized BT VE model; (c) BT elastoviscosity; and (d) discretized BT EV
model.
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the shear stress r tð Þ exerted by the fluid on the upper lamina and the shear strain c tð Þ at
the top of the fluid is related to the fractional derivative of order b ¼ 1=2. This is a cru-
cial point that will be better discussed in Sec. V.

B. The SB model

The SB mechanical ladder is obtained assembling an infinite number of springs and
Maxwell dashpots ordered hierarchically in a self-similar structure, a mechanical frac-
tance that has been depicted in Fig. 3(a).

We denote the (normalized) displacements c0 tð Þ; c1 tð Þ;…ck tð Þ;… of the free nodes
P0;P1;…Pk;…, respectively, and the displacement of the first element of the fractance
[see Fig. 3(a)] is ruled by the differential equations system

r tð Þ ¼ k1 c0 tð Þ ' c1 tð Þð Þ
k1 c0 tð Þ ' c1 tð Þð Þ ¼ c1 _c1 tð Þ þ k2c1 tð Þ

%
; (3.6)

yielding a relation, in Laplace domain, among the stress r̂ sð Þ and the correspondent nor-
malized displacement ĉ sð Þ ¼ ĉ0 sð Þ, that is

r̂ sð Þ ¼ k1ĉ sð Þ 1' 1

f1 sð Þ

& '
; (3.7)

where f1 sð Þ ¼ s1sþ r2; s1 ¼ c1=k1 is a relaxation time and r2 ¼ k2=k1 is a stiffness ratio.
As we continue with the second element of the fractance in Fig. 3(b), we get a similar
expression and iterating up to the j-element, the stress is related to the strain as

r̂ sð Þ ¼ k1ĉ sð Þ 1' 1

f1 sð Þ'
r2

f2 sð Þ'
r3

f3 sð Þ'
…:

rj
fj sð Þ

& '
; (3.8)

where fj sð Þ ¼ sjsþ rjþ1; sj'1 ¼ cj'1=kj'1 and rj ¼ kj=kj'1 and the usual symbol denoting
continues fractions has been used. The stress-strain relation of the fractal ladder discussed

FIG. 3. (a) Original SB fractal ladder model; (b) equivalent shear-type mechanical system.
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by SB is obtained as j ! 1 yielding a constitutive law of the model in the form of an
untermed continued fraction.

In SB fractal ladder, the scaling law of stiffness and damping coefficients of different
elements of the fractance reads

kj ¼
1

2j' 1

C bð Þ
C 1' bð Þ

C jþ 1' bð Þ
C j' 1' bð Þ

k1; (3.9)

cj ¼ 2
C bð Þ

C 1' bð Þ
C jþ 1' bð Þ
C jþ bð Þ

c1: (3.10)

By letting j ! 1, the steady-state condition relating the imposed stress r tð Þ and the cor-
responding strain is obtained as

r tð Þ ffi k1

cb1
Db

0þc
" #

tð Þ; (3.11)

where ðDb
0þcÞ tÞð is the Riemann-Liouville fractional derivative.

The original SB model depicted in Fig. 3(a) seems, at first glance, to be quite different
from the modified BT model depicted in Fig. 3(b). However, it may be observed that the
two mechanical models are fully equivalent as we arrange springs and dashpots as in Fig.
3(b). It follows that the SB and the revisited BT model are equivalent in a mechanical per-
spective with the only difference that fractance in Fig. 3(b) introduces new springs and dash-
pots with prescribed scaling law [see, e.g., Eqs. (3.10) and (3.11)], while in the BT scheme
in Fig. 3(b), all mechanical elements (springs and dashpots) of the model are identical.

Previous observations lead us to conclude that the exact mechanical model represent-
ing fractional hereditariness has to be composed by a half-space with proper arrange-
ments of nonuniform springs and dashpots as it will be shown in Sec. IV.

IV. EXACT MODELS OF FRACTIONALVISCOELASTICITY

In this section, we introduce the exact mechanical models of fractional hereditariness
considering that the interval of admissible values of b, namely, b! 0; 1½ $ is composed by
two disjoint intervals: 0; 1½ $ ¼ 0; 12

( )
[ 1

2 ; 1
( )

. Differentiation order in ranges 0 ! b ! 1=2
and 1=2 ! b ! 1 produces different exact models dubbed, respectively, EV and VE
materials. A wide discussion about the mechanical behavior beyond these different defi-
nitions will be discussed in Sec. V. We first examine VE materials 1=2 ! b ! 1ð Þ
because of the similarity with the modified BT model introduced in Sec. II.

A. The fractional VE case (1/2! b!1)

In this section, a mechanical model representing fractional rheologic stress-strain con-
stitutive equation will be introduced in terms of the modified BT model with varying coef-
ficients. Indeed, denoting GV zð ÞA ¼ GV zð Þ (A¼ 1), the shear stiffness of the elastic half
space and gV zð ÞA ¼ gV zð Þ the viscosity coefficients of the external dashpots as shown in
Fig. 4. We assume that both GV zð Þ and gV zð Þ decay with power-law z'a 0 ! a ! 1ð Þ as

GV zð Þ ¼ G0z'a

Cð1' aÞ
; 0 ! a ! 1; (4.1)
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gV zð Þ ¼ g0
Cð1þ aÞ

z'a; 0 ! a ! 1: (4.2)

The equilibrium equation at depth z of the shear layer reads

@

@z
GV zð Þ @c

@z

* +
¼ gV zð Þ _c z; tð Þ (4.3)

that corresponds to discrete mechanical model composed by a shear-type frame intercon-
nected by linear springs of stiffness kVj with external dashpots of stiffness cVj expressed
as

kVj ¼
G0

C 1' að Þ
z'a
j

Dz
¼ G0

C 1' að Þ
j'aDz'a'1; (4.4)

cVj ¼
g0

C 1þ að Þ
z'a
j Dz ¼ g0

C 1þ að Þ
j'aDz1'a: (4.5)

The continuous VE model and its discretized counterpart are depicted in Fig. 5.
The equilibrium equation of the jth shear layer of the discretized mechanical model is

then provided in the form

cV0 _c' kV0Dc1 ¼ r tð Þ
cVj _cj ' kVjþ1Dcjþ1 þ kVjDcj ¼ 0; j ¼ 1; 2;…1;

%
(4.6)

where c0 tð Þ ¼ c tð Þ;Dcjþ1 ¼ cjþ1 ' cj. By substituting Eqs. (4.4) and (4.5) into Eq. (4.6),
at the limit, as Dz ! 0, Eq. (4.6) reverts, exactly, to Eq. (4.3). The continuous model

FIG. 4. (a) Continuous fractional VE model; (b) discretized representation of the fractional VE model.

FIG. 5. (a) Continuous fractional EV model; (b) discretized representation of the fractional EV model.
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described in Eq. (4.3) yields a constitutive law in terms of Caputo’s fractional derivative
with order 1=2 ! b ! 1. In order to show this, we perform Laplace transform of the nor-
malized displacement field ĉ z; sð Þ ¼ L c½ $ in Eq. (4.3) yielding an ordinary differential
equation in Laplace domain in the form

d

dz
kV zð Þ dĉ z; sð Þ

dz

* +
¼ scV zð Þĉ z; sð Þ (4.7)

that may be solved, introducing Eqs. (4.1, 4.2) into Eq. (4.7) in terms of the first and the
second modified Bessel functions (see Appendix B for details) denoted, respectively,
Yb z

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sV að Þs

p, -
and Kb z

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sV að Þs

p, -
as

ĉ z; sð Þ ¼ zb B1Yb z

ffiffiffiffiffiffiffiffiffiffi
s Vð Þ
a s

q& '
þ B2Kb z

ffiffiffiffiffiffiffiffiffiffi
s Vð Þ
a s

q& '& '
; (4.8)

where we introduced the a-dependent relaxation time s Vð Þ
a ¼ 'g0Cð'aÞ= CðaÞG0ð Þ

¼ s0Cð'aÞ=CðaÞ and the index b that reads

b ¼ ð1þ aÞ
2

: (4.9)

Integration constants B1 and B2 in Eq. (4.8) are defined as we impose the relevant bound-
ary conditions that reads

lim
z!0

ĉ z; sð Þ ¼ ĉ sð Þ

lim
z!1

ĉ z; sð Þ ¼ 0

8
<

: ; (4.10)

yielding the integration constants

B1 ¼ 0; B2 ¼
ĉ sð Þ

C bð Þ2b'1
s Vð Þ
a s

" #b=2
: (4.11)

As the transverse displacement has been obtained, the shear stress at the top of the model
is obtained with the relation (see Appendix B)

r tð Þ ¼ C Vð Þ
b CD

b
0þc

" #
tð Þ; (4.12)

where we denoted

G Vð Þ
b s Vð Þ

a

" #b
¼ C Vð Þ

b ; (4.13)

and the apparent shear modulus of the model reads

G Vð Þ
b ¼ G0C 1' bð Þ

C 2 1' bð Þð ÞC bð Þ21'2b : (4.14)

It follows that the mechanical model of the modified BT representation with shear modu-
lus and dashpot coefficients expressed as power-law corresponds, exactly, to a rheologic
model in terms of Caputo’ fractional derivatives.
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The mechanical model introduced in Fig. 5 corresponds, only, to values of the frac-
tional differentiation order b 2 1=2; 1½ $ since the decaying exponent of shear modulus
and viscous coefficient a! 0; 1½ $ [see Eq. (4.9)]. Boundaries of exponent a have been intro-
duced for two mechanical reasons: (i) values of a > 1 cannot be accepted since, in this
case b > 1 and the rheological model is no more related to a consistent VE material and
(ii) negative values of the decay a cannot be accepted since, even though it may corre-
spond to values of b 2 0; 1=2½ $, the equilibrium at the top of the model cannot be satisfied
since both cV zð Þ and kV zð Þ vanish at z¼ 0. From these considerations, we conclude that
the mechanical model for values of the derivative index 0 ! b ! 1=2 has to be obtained
with a different mechanical model. It is worth noticing that, limiting cases for
a ¼ 0 ) b ¼ 1=2ð Þ and a ¼ 1 ) b ¼ 1ð Þ, corresponds to the modified BT model pre-
sented in Sec. III A and to the case of a purely viscous fluid, respectively.

In passing we observe that the discrete counterpart of the mechanical model is analo-
gous to the SB fractal ladder model with a different scaling law of springs and dashpots.
That is the model proposed in this section is analogous to the fractal ladder model dis-
cussed in Schiessel and Blumen (1993) and Glockle and Nonnemacher (1991) with a
different scaling law of springs and dashpots, and it represents a generalization of the BT
model in Eq. (3.5).

B. The fractional EV case (0! b!1/2)

The arguments introduced in Sec. IV A led us to conclude that only differentiation
orders 1=2 ! b ! 1 may be covered with the pure shear elastic model resting on linear
dashpots discussed in Sec. IV A. As a consequence differentiation order 0 ! b ! 1=2
must be obtained with a different mechanical model with a different role among springs
and dashpots. To this aim, we introduce an indefinite massless Newtonian fluid resting on
a bed of independent springs (such as the Winkler model) depicted in Fig. 6.

The viscosity of the fluid gE zð Þ and the stiffness of the external springs GE zð Þ, for uni-
tary area, decay with power-law z'a with 0 ! a ! 1 as

GE zð Þ ¼ G0z'a

Cð1þ aÞ
; 0 ! a ! 1; (4.15)

gE zð Þ ¼ g0z
'a

Cð1' aÞ
; 0 ! a ! 1: (4.16)

The equilibrium equation of the continuous model reads

@

@z
gE zð Þ @

_c
@z

* +
¼ GE zð Þc z; tð Þ: (4.17)

The discretized counterpart of such continuous model is composed by a shear-type frame
interconnected by linear dashpots with external springs. The coefficient of viscosity of
the dashpots between two adjacent floors located at depth zj ¼ jþ 1ð ÞDz is provided in
the form

cEj ¼
g0

C 1' að Þ
z'a
j

Dz
; j ¼ 1; 2;…;1; (4.18)

while the stiffness of the external springs located at the jth shear layer, namely, kEj is
defined as
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kEj ¼
G0

C 1þ að Þ
z'a
j Dz; j ¼ 1; 2;…;1: (4.19)

The equilibrium equation of the jth shear layer may be written as

kE0c' cE0D _c1 ¼ r tð Þ
kEjcj ' cEjþ1D _cjþ1 þ cEjD _cj ¼ 0; j ¼ 1; 2;…;1

%
; (4.20)

where c0 ¼ c tð Þ;D _cjþ1 ¼ _cjþ1 ' _cj. By inserting Eqs. (4.18) and (4.19) into Eq. (4.20), at
the limit Dz ! 0 Eq. (4.20) reverts to Eq. (B3). The transverse displacement of the model
is obtained in Laplace domain of Eq. (B3) yielding an ordinary differential equation

d

dz
gE zð Þ dĉ z; tð Þ

dz

* +
¼ GE zð Þĉ z; tð Þ

s
: (4.21)

After some manipulations, a Bessel equation of second kind for the mapped field
ĉ z; sð Þ ¼ za!c z; sð Þ is obtained from Eq. (4.21) yielding the transverse displacement in
terms of ĉ z; sð Þ as (see Appendix B for details)

ĉ z; sð Þ ¼ zb B1Yb
zffiffiffiffiffiffiffiffiffi
s Eð Þ
a s

q

0

B@

1

CAþ B2Kb
zffiffiffiffiffiffiffiffiffi
s Eð Þ
a s

q

0

B@

1

CA

0

B@

1

CA; (4.22)

where s Eð Þ
a ¼ 's0CðaÞ=Cð'aÞ is, dimensionally, a relaxation time. Evaluation of integra-

tion constants B1 and B2 in Eq. (4.22) is provided with the aid of boundary conditions in

FIG. 6. (a) Normalized creep functions of fractional hereditary materials for different values of b; (b) curvatures
of normalized creep functions for different values of the fractional derivative order b.
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Eqs. (4.10) yielding the shear stress r̂ sð Þ at the top of the model in terms of the transverse
displacement ĉ sð Þ as

r̂ sð Þ ¼ G Eð Þ
!b

s Eð Þ
a

" #!b
s
!bĉ sð Þ; (4.23)

where !b ¼ 1' b 0 ! !b ! 1=2
, -

and the shear modulus G Eð Þ
!b

reads

G Eð Þ
!b

¼
G0C !b

, -

C 2' 2!b
, -

C 1' !b
, -

21'2!b
: (4.24)

The observation of Eq. (4.23) shows that the exponent of the Laplace parameter is a real
number in [0, 1/2] yielding a rheologic stress-strain relation in time domain in the form

r tð Þ ¼ C Eð Þ
!b CD

!b
0þc

" #
tð Þ; (4.25)

where C Eð Þ
!b

¼ G Eð Þ
!b

sE að Þð Þ!b. Hence, we conclude that the mechanical model of EV material
corresponds to the rheologic fractional model discussed in Eq. (2.7). Equation (4.25) allows
to describe the purely elastic solid behavior assuming b ¼ 1 ) !b ¼ 0 that is obtained as
a ¼ 1. In this context, the model corresponds to a sequence of shear layer externally
restrained by linear springs of decreasing stiffness without internal connections.

At this stage, we may withdraw additional comments that represent fundamental con-
sideration in the description of fractional VE rheologic models. The value b ¼ 1=2 of the
derivation order separates two different ranges of material behavior: In the range
1=2 ! b ! 1 in which the viscosity prevails, the elastic phase decreases with increasing
b and then it is appropriate to define such materials as VE. The corresponding mechanical
model is composed by a shear indefinite column resting on a bed of linear dashpots. The
second behavior is evidenced as 0 ! b ! 1=2 in which the elastic phase prevails with
decreasing b, and then it is appropriate to define these materials as EV ones. The corre-
sponding mechanical model is described as an indefinite fluid resting on a bed of linearly
independent springs. A detailed physical discussion about this point is reported in Sec. V.

The critical value of the fractional derivation order b ¼ 1=2 may be also obtained as a
limit case b ¼ 1=2ð Þ for the two different models above described.

Additionally, we observe that the mechanical SB model is equivalent to the mechani-
cal model reported in Sec. IV A and then the VE behavior may be captured in approxi-
mate form by those models. However, such a correspondence in the EV behavior is not
equivalent to the mechanical model described in Sec. IV B. It follows that the EV behav-
ior cannot be captured by the SB fractal ladder model and a different fractance-type
structure must be considered by changing the role of springs and dashpots.

V. A DEEPER INSIGHT IN FRACTIONAL HEREDITARY MATERIALS

In Sec IV B, it has been shown that fractional hereditary materials (FHM) are repre-
sented by two distinct mechanical models that correspond to the same rheologic relation
as b ¼ 1=2. In this section, the authors aim to investigate phenomenological and physical
aspects behind the differences among EV and VE materials.

Let us consider the normalized creep function !J tð Þ defined as

!J tð Þ ¼ J tð ÞCbC 1þ bð Þ ¼ tb; (5.1)

reported in Fig. 6(a) for different values of the exponent b.
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Normalized creep functions are monotonically increasing; As t¼ 0 they have vertical
slope for 0 ! b ! 1 and all of them share a common point for t¼ 1. However, since
b ¼ 1=2 is a critical separation value among different mechanical behaviors this peculiar-
ity must be reflected in the creep functions for b < 1=2 and b > 1=2. A first difference is
that for EV materials and 0 ! t ! 1 the creep function is always above the creep curve
for b ¼ 1=2, and it remains below for t > 1, whereas an opposite trend is evidenced for
VE materials. A physical picture of this behavior may be provided as we observe that the
value of time instant t¼ 1 corresponds to a crossover temporal value of EV and VE mate-
rials with respect to the critical value b ¼ 1=2ð Þ. Indeed, EV materials show a rheological
behavior intermediate among a pure solid b ¼ 0ð Þ and FHM with critical order b ¼ 1=2.
In this case, it may be observed that at the beginning 0 ! t ! 1ð Þ, the normalized trans-
verse displacement follows the applied constant actions (similar to an elastic solid), and
the creep curve is over the case b ¼ 1=2. As t + 1, the viscous phase becomes predomi-
nant so that increments of material displacement decelerates and the creep function is
below the critical case b ¼ 1=2. VE materials show an opposite trend since the rheologi-
cal features of the material are intermediate among a pure fluid b ¼ 1ð Þ and the critical
value b ¼ 1=2ð Þ. Indeed, as 0 ! t ! 1, the materials behave like a pure fluid showing a
progressive increment of the transverse displacement with time, due to the viscous phase
and the creep function is below the curve with b ¼ 1=2ð Þ. As t + 1, instead, the presence
of the elastic phase tends to accelerate the increment of the transverse displacement with
respect to the critical material hereditariness b ¼ 1=2ð Þ, and the creep curve is over the
case b ¼ 1=2ð Þ.

More evident geometrical differences among EV and VE materials may be observed
on the curvature jb tð Þ of !J tð Þ provided as

jb tð Þ ¼ b b' 1ð Þtb'2

1þ b2t2 b'1ð Þ
, -3=2 : (5.2)

Curvature jb tð Þ has been depicted in Fig. 6(b) for different values of b and very small t.

It must be observed that, for 0 ! b ! 1=2, all curvatures lim
t!0

jb tð Þ
( )

¼ 0 decrease up to a

minimum value at time instant t?b and then monotonically increase up to zero as t ! 1.

If b ¼ 1=2, then lim
t!0

jb tð Þ
( )

¼ '2 and then monotonically increase as lim
t!1

j1=2 tð Þ ¼ 0.

A different situation may be observed for VE materials since lim
t!0

jb tð Þ
( )

¼ '1 and

monotonically increase reaching zero as t ! 1. With these considerations in mind we
preliminary observe that the purely elastic behavior start in zero (point 0 in Fig. 6(a))
with unbounded slope, at the point B in Fig. 6(a), the slope drops down to zero and the
curvature remains zero as t > 0, while the curvature attains a minimum in B that is '1.

The EV materials start in zero with unbounded slope (as the pure solid), the curvature
in zero is zero (like the pure solid at point O), then as the time instant reaches t?b the curve
remains monotonic. The point corresponding to the maximum curvature corresponds to
point B of the purely elastic solid. From these considerations, we may affirm that, for
very small values of t the pure solid behavior prevail in the EV materials. As t > t?b, the
viscous trend influences more and more the EV behavior.

A different scenario appears for VE materials as it may be observed from Fig. 6(b). In
fact, the curvature in zero as 1=2 ! b ! 1 is '1 and then the curvature monotonically
tends to zero as t ! 1. This behavior is quite similar to the pure viscous fluid for which,
at t ! 0, the curvature is '1 (singular point), and then it remains zero for t > 0. Indeed,
as t¼ 0, the slope for b > 1=2 is unbounded, because the curvature is '1, for very small
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values of t we may affirm that the VE material behaves like a pure fluid. Then, we con-
clude that for b > 1=2 the viscous behavior prevails.

For b ¼ 1=2, the minimum curvature is attained as t¼ 0, where the value of curvature
is –2, and then the curvature monotonically increases and this is an intermediate behavior
between VE and EV materials since lim

t!0
jb tð Þ
( )

is neither 0 nor '1 but it is a finite
value.

All these considerations have been made simply by direct inspection of the creep
curve and bearing in mind that b ¼ 1=2 is a critical value; some other insights about the
mechanical behavior of the EV and VE materials may now be withdrawn.

EV material model possesses a mechanical representation in terms of fluid layers
restrained by external springs. The springs and dashpots decay with power-law as the
depth increases, then the model is free and the global equilibrium is guaranteed only by
the external springs. It follows that, when the top layer experiences a load history
r tð Þ ¼ U tð Þ (creep test) then in proximity of t¼ 0, the fluid behaves like a rigid solid and
then all the external springs restitute a load proportional to their own stiffness. In this
phase, the EV material behaves like a solid in the point O shown in Fig. 6(a). As soon as
the time increases the dashpots between adjacent layers start to experience a velocity gra-
dient among the layers and the motion begins giving in time the constitutive law
described by the creep function.

The VE material model is a free unbounded elastic shear column solid resting on a bed
of viscous dashpots. At time t¼ 0, the unforced stress at the top of the model is constrained
only by the external dashpots since both the displacements and the relative displacements
are very small, and then the internal mutual interactions are nearly vanishing and this justi-
fies the unbounded slope in zero. As t increases, each dashpots move with different veloc-
ities then the internal springs start to redistribute the internal forces. This effect is
highlighted as the relative displacement among adjacent layers increases as it happens for
large values of t. It follows that, in the first few instants, the viscous fluid behavior prevails
over the elastic one and this justify the definition of VE materials for b > 1=2.

As a conclusion, the two mechanical models behave in a very different fashion espe-
cially for small values of t during the creep test. The critical point for b ¼ 1=2 may be
obtained as a limit b ! 1=2 from the left (EV) material or from the right (VE) material,
that is the behavior trend passes from EV to VE with continuity.

Similar considerations may be also withdrawn from the relaxation curves, but they
have not been reported for shortness sake’s.

VI. CLOSURE AND DISCUSSION

In this paper, two exact mechanical models describing fractional hereditary materials
have been presented. The two models cover the entire range of the derivation order
be 0; 1½ $. FHM with 0 ! b ! 1=2 have been dubbed EV and the equivalent mechanical
model is composed by an unbounded viscous fluid column resting on a bed of linear
springs. FHM with 1=2 ! b ! 1 have been dubbed VE and they possess a mechanical
model represented by an unbounded shear-type column resting on a bed of linear dash-
pots. The constitutive law obtained introducing at the top of the model an assigned load
history and measuring the corresponding strain, restitutes, exactly, the well-known frac-
tional constitutive law.

In virtue of such a consideration several comments may be withdrawn:

(1) The BT model in its original form gives an exact mechanical description for b ¼ 3=2:
Here, with convenient modifications, the derivation order has been reduced to yield a
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model that provides a derivation order b ¼ 1=2 so reproducing a true VE behavior. This
modified version coalesces with the exact model presented in the paper for b ¼ 1=2:

(2) The discretized version of the BT model, from a mechanical perspective, is equiva-
lent to the fractal ladder model proposed by SB. That is both are obtained as mass-
less, shear-type, indefinite frames resting on a bed of independent dashpots. The only
real difference is related with the different laws of variation of stiffness and viscosity
from adjacent shear layers.

(3) The exact mechanical model here proposed in discretized form is quite similar to the
SB model for values of b in the interval 1=2 ! b ! 1. It is represented by an unde-
fined massless shear frame resting on a bed of independent dashpots with a power-
law decay of stiffness and viscosity coefficient as the distance between the top of the
frame increase. Values of b in the interval 0 ! b ! 1=2, the exact mechanical model
is the same as in case 1=2 ! b ! 1 with an opposite role of springs and dashpots.

(4) During the few time instants of creep test, the mechanical models behave in a differ-
ent way: As 0 ! b ! 1=2, the material behaves as a solid whereas for 1=2 ! b ! 1
the fractional-type material behaves like a fluid. The different mechanical behaviors
suggest to define EV materials for 0 ! b ! 1=2 and VE materials for 1=2 ! b ! 1:

(5) Differentiation order b ¼ 1=2 corresponds to critical-order hereditariness and the
mechanical model may be obtained at the limit as b increases from the left (EV) or b
decreases from the right (VE). That is the transition among the two regimes is con-
tinuous with b:

(6) The results provided in the paper open new perspectives on fractional operators.
Such an example, in presence of differentiation order, 1 ! b ! 2, the mechanical
model is represented by an indefinite fluid with density and viscosity coefficients
that decay with power-law. But also in this case the value b ¼ 3=2 separates two dif-
ferent cases that now, we recognize as VI and inertial-viscous (IV) fluids. Analogous
considerations may be exported in the field of nonlocal continuum mechanics as well
as in nonlocal thermal energy transport where nonlocal contributions are modeled as
power-laws of the interdistances among interacting locations.

The discretized versions of the continuous models have also been analyzed, and sev-
eral numerical analyses have been performed by contrasting the results with Grnwald-
Letnikov representation of fractional integration scheme for fractional constitutive laws.
Such results have been not reported for shortness’ sake. But the beauty of such results
allow us to affirm that the discretized versions of those two continuous models are capa-
ble to provide a physical interpretation of fractional operators as well as they may be
used for practical calculations. This issue will be addressed in a future paper.
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APPENDIX A: FRACTIONAL OPERATORS

In this appendix, we report a brief outline of the main steps used to derive Eq. (4.8) as
well as fundamental definitions used in the paper about real-order (fractional) operators.
The Euler-Gamma function C bð Þ may be considered as the generalization of the factorial
function since, as b assumes integer values as C nþ 1ð Þ ¼ n! and it is defined as the result
of the integral
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C bð Þ ¼
ð1

0

exp 'zð Þzb'1dz: (A1)

Riemann-Liouville fractional integrals and derivatives defined on the entire real axis R
are defined as

Ibþf
" #

tð Þ ¼ 1

C bð Þ

ðt

'1

f sð Þ
t' sð Þ1'bdn

Db
þf

" #
tð Þ ¼ d

dt
I1'b
þ f

" #
tð Þ

h i
¼ 1

C 1' bð Þ

ðt

'1

f sð Þ0

t' sð Þb
dn

: (A2)

Riemann-Liouville fractional integrals and derivatives of functions defined over intervals
of the real axis, namely, f tð Þ! a; b½ $ , R reads

Ibaþ f
" #

tð Þ ¼ 1

C bð Þ

ðt

a

f sð Þ
t' sð Þ1'bdn

Db
aþ f

" #
tð Þ ¼ d

dt
I1'b
aþ f

" #
tð Þ

h i
¼ f að Þ

C 1' bð Þ t' að Þb
þ 1

C 1' bð Þ

ðt

a

f sð Þ0

t' sð Þb
ds

: (A3)

Beside Riemann-Liouville fractional operators defined in Eqs. (A2) and (B2) another
class of integrodifferential operators that are often used in the context of fractional vis-
coelasticity is represented Caputo fractional derivatives CD

b
aþ f

" #
tð Þ that are defined as

CD
b
aþ f

" #
tð Þ ¼ 1

C 1' bð Þ

ðt

a

f sð Þ0

t' sð Þb
ds (A4)

that coincides with the integral part of the Riemann-Liouville fractional derivative
reported in Eq. (A4) in unbounded domain.

The observation of Eqs. (B2) and (A4) shows that under mild conditions for the func-
tion class f(t), and under the assumption f(a)¼ 0, Caputo and Riemann-Liouville frac-
tional derivatives coalesce. Similar considerations hold true also for Caputo and
Riemann-Liouville fractional derivatives defined on the entire real axis. As a conse-
quence, Caputo fractional integral is perfectly coalescing, in bounded and unbounded
domains, with Riemann-Liouville fractional integral and it is not defined in scientific lit-
erature. Caputo fractional derivatives may be consider as the interpolation among the
well-known, integer-order derivatives, operating over functions f(t) that belong to the
class of Lebesgue integrable functions Lð1Þ, that is, f tð Þ 2 Lð1Þ and, as a consequence,
they are very useful in the mathematical description of complex systems’ evolution.

The Laplace L -½ $ and Fourier F -½ $ integral transforms of Caputo fractional derivatives
read, respectively,

L CD
b
0þ f

" #
tð Þ

h i
¼ sbL f tð Þ½ $ ¼ sb f̂ sð Þ

F CD
b
þþ f

" #
tð Þ

h i
¼ 'ixð ÞbF f tð Þ½ $ ¼ 'ixð Þb~f xð Þ

8
><

>:
; (A5)

where the Laplace and Fourier transforms are defined as
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L f tð Þ½ $ ¼ f̂ sð Þ ¼
Ð1
0 f tð Þ exp 'tsð Þdt

F f tð Þ½ $ ¼ ~f xð Þ ¼
Ð1
'1 f tð Þ exp 'ixtð Þdt

(

: (A6)

The Laplace and Fourier transforms of Riemann-Liouville fractional integrals reads

L Ib0þ f
" #

tð Þ
h i

¼ s'bL f tð Þ½ $ ¼ s'b f̂ sð Þ

F Ibþþ f
" #

tð Þ
h i

¼ 'ixð Þ'bF f tð Þ½ $ ¼ 'ixð Þ'b~f xð Þ

8
><

>:
: (A7)

APPENDIX B: BESSEL DIFFERENTIAL EQUATIONS

Ordinary differential equation reported in Eq. (4.8) may be solved as we perform dif-
ferentiations at the left hand side yielding

d2ĉ s; zð Þ
dz2

þ k0V zð Þ
kV zð Þ

dĉ s; zð Þ
dz

' cV zð Þ
kV zð Þ sĉ s; zð Þ ¼ 0; (B1)

and replacing for the stiffness coefficient kV zð Þ and viscous coefficient cV zð Þ the corre-
sponding power-laws reported in Eqs. (4.1) and (4.2) the differential equation ruling the
unitary transverse displacement of the system reads

d2ĉ s; zð Þ
dz2

' a
z

dĉ s; zð Þ
dz

' s0sĉ s; zð Þ ¼ 0: (B2)

The governing equation of the transverse displacement may be reverted into a Bessel
equation of the second kind introducing an auxiliary function !c z; sð Þ related to the
unknown function ĉ z; sð Þ by means of the nonlinear mapping ĉ z; sð Þ ¼ za!c z; sð Þ so that
the first and second-order derivatives involved in Eq. (B2) read

dĉ z; sð Þ
dz

¼ aza'1!c z; sð Þ þ za
d!c z; sð Þ

dz
; (B3)

d2ĉ z; sð Þ
dz2

¼ d

dz
aza'1!c z; sð Þ þ za

d!c z; sð Þ
dz

* +

¼ a a' 1ð Þza'2!c z; sð Þ þ 2aza'1 d!c z; sð Þ
dz

þ za
d2!c z; sð Þ

dz2
; (B4)

and substitutions into Eq. (B2) yield a modified Bessel equation for function !c z; sð Þ as

z2
d2!c z; sð Þ

dz2
þ az

d!c z; sð Þ
dz

' z2s Vð Þ
a sþ a

" #
!c z; sð Þ ¼ 0; (B5)

where s Vð Þ
a ¼ 's0

C 'að Þ
C að Þ . Second-order differential equation for the function !c z; sð Þ in

Eq. (B5) is solved in terms of the modified first and second Bessel functions, namely,
Yb zð Þ and Kb zð Þ yielding
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!c z; sð Þ ¼ z
1'a
2 B1Yb z

ffiffiffiffiffiffiffiffiffiffi
s Vð Þ
a s

q& '
þ B2Kb z

ffiffiffiffiffiffiffiffiffiffi
s Vð Þ
a s

q& '& '
; (B6)

where Bessel functions are defined as extension of power-series expansion of classical
exponentials as

Yb zð Þ ¼
P1

k¼0

z=2ð Þbþ2k

k!Cðk þ bþ 1Þ
Kb zð Þ ¼ p

2sin 2pbð Þ
Y'b zð Þ ' Yb zð Þ
( )

; (B7)

and with B1;B2 unknown integration constants that depend on the relative boundary con-
ditions in Eq. (4.10).

The strain field ĉ z; sð Þ is then expressed by the relation

ĉ z; sð Þ ¼ ĉ sð Þ
C bð Þ2b'1

s Vð Þ
a s

" #b=2
zbKb z

ffiffiffiffiffiffiffiffiffiffi
s Vð Þ
a s

q& '
(B8)

that corresponds to a shear stress among adjacent locations of the elastic shear layer in
the form

r̂ z; sð Þ ¼ kV zð Þ @ĉ z; sð Þ
@z

¼ G Vð Þ
b ĉ sð Þ s Vð Þ

a s
" #1þb

2

z1'bKb'1 z

ffiffiffiffiffiffiffiffiffiffi
s Vð Þ
a s

q& '
; (B9)

where the b-dependent apparent elastic shear modulus of the VE model, namely, G Vð Þ
b is

reported in Eq. (4.14). The stress-strain relationship at z¼ 0 is then provided at the limit
r̂ 0; sð Þ ¼ r̂ sð Þ ¼ lim

z!0
r̂ z; sð Þ as

r̂ sð Þ ¼ G Vð Þ
b s Vð Þ

a s
" #b

ĉ sð Þ (B10)

that in the time domain restitutes the fractional rheologic model of VE material in
Eq. (4.12).

A similar approach may be used to obtain the fractional rheologic model of EV mate-
rial. In this case, differentiation of Eq. (4.21) yields

d2ĉ s; zð Þ
dz2

þ g0E zð Þ
gE zð Þ

dĉ s; zð Þ
dz

' GE zð Þ
sgE zð Þ

ĉ s; zð Þ ¼ 0; (B11)

and replacing the decay of stiffness and viscosity along the fluid column reported in Eqs.
(4.15) and (4.16) into Eq. (B11), it yields

d2ĉ s; zð Þ
dz2

' a
z

dĉ s; zð Þ
dz

' 1

ss Eð Þ
a

ĉ s; zð Þ ¼ 0; (B12)

where s Eð Þ
a ¼ 's0

C að Þ
C 'að Þ. As we introduce the nonlinear mapping ĉ z; sð Þ ¼ za!c z; sð Þ with

the aid of Eqs. (B3) and (B4) a Bessel differential equation of second kind is obtained as

z2
d2!c z; sð Þ

dz2
þ az

d!c z; sð Þ
dz

' z2

s Eð Þ
a s

þ a

 !
!c z; sð Þ ¼ 0: (B13)
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Solution of Eq. (B13) is obtained in terms of the modified first and second Bessel func-
tions Yb zð Þ and Kb zð Þ as

!c z; sð Þ ¼ z
1'a
2 B1Yb

zffiffiffiffiffiffiffiffiffi
s Eð Þ
a s

q

0

B@

1

CAþ B2Kb
zffiffiffiffiffiffiffiffiffi
s Eð Þ
a s

q

0

B@

1

CA

0

B@

1

CA; (B14)

with boundary conditions coalescing with Eq. (4.10). As we require fulfillment of the
boundary conditions we get values of the integration constant in Eq. (4.22) leading to
B1 ¼ 0 and

B2 ¼
ĉ sð Þ21'b

C bð Þ
s Eð Þ
a s

" #'b=2
; (B15)

so that the transverse displacement field of the model is expressed as

ĉ z; sð Þ ¼ 21'bĉ sð Þ
C bð Þ

s Eð Þ
a s

" #'b=2
zbKb

zffiffiffiffiffiffiffiffiffi
s Eð Þ
a s

q

0

B@

1

CA: (B16)

The Laplace transform of the stress field at a prescribed depth z is given, after some alge-
braic manipulations, in the form

r̂ z; sð Þ ¼ cE zð Þs @ĉ z; sð Þ
@z

¼ G Eð Þ
b s Eð Þ

a s
" #1'b

2

z1'bKb'1
zffiffiffiffiffiffiffiffiffi
s Eð Þ
a s

q

0

B@

1

CA; (B17)

where G Eð Þ
b has been reported in Eq. (4.24).

The stress field at z¼ 0 is obtained as r̂ 0; sð Þ ¼ r̂ sð Þ ¼ lim
z!0

r̂ z; sð Þ yielding

r̂ sð Þ ¼ G Eð Þ
!b

s Eð Þ
a s

" #!b
ĉ sð Þ (B18)

that corresponds to the fractional rheologic model expressed in Eq. (4.25).
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