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Abstract

The exponent exp(A) of a PI-algebra A in characteristic zero is an integer and measures the exponential
rate of growth of the sequence of codimensions of A [A. Giambruno, M. Zaicev, On codimension growth
of finitely generated associative algebras, Adv. Math. 140 (1998) 145-155; A. Giambruno, M. Zaicev,
Exponential codimension growth of P.I. algebras: An exact estimate, Adv. Math. 142 (1999) 221-243].
In this paper we study the exponential rate of growth of the sequences of proper codimensions and Lie
codimensions of an associative PI-algebra. We prove that the corresponding proper exponent exists for all
Pl-algebras, except for some algebras of exponent two strictly related to the Grassmann algebra. We also
prove that the Lie exponent exists for any finitely generated Pl-algebra. The value of both exponents is
always equal to exp(A) or exp(A) — 1.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Let A be an associative PI-algebra over a field F of characteristic zero, F (X) the free alge-
bra on a countable set X = {x1, x2, ...} and Id(A) the T-ideal of F(X) of polynomial identities
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of A. Since in characteristic zero all identities of A are consequences of the multilinear ones, an
effective way of measuring the identities satisfied by A is provided by the sequence of codimen-
sions ¢, (A), n=1,2,.... Recall that if P, is the space of multilinear polynomials in x1, ..., x,
then ¢, (A) =dimfg P, /(P, N1d(A)). It is well known that since A satisfies a non-trivial identity,
this sequence is exponentially bounded [18], i.e., ¢, (A) < d", for some real number d. Moreover
it was recently shown that

exp(A) = nli)rrolo Ven(A)

exists and is an integer called the exponent of the PI-algebra A [8,9].

Two more numerical sequences can be naturally associated to a T-ideal, the sequence of proper
codimensions and the sequence of Lie codimensions. They are defined as follows.

If we consider A as a Lie algebra under the Lie bracket [a, b] = ab — ba, we can study its
Lie polynomial identities; if V,, denotes the space of multilinear Lie polynomials in the first n
variables, then c,I; (A) =dim V,/(V,NId(A)),n =1, 2, ..., is the sequence of Lie codimensions
of A.

On the other hand, recall that a polynomial is proper if it is a linear combination of products
of (long) Lie commutators; the relevance of these polynomials is strengthened by the property
that any T-ideal of identities of an algebra with 1 can be generated by its proper polynomials
[4, Proposition 4.3.3]. If I}, denotes the space of multilinear proper polynomials in the first n
variables, then c,’,’(A) =dim I}, /(I, NId(A)),n =1,2,...,is the sequence of proper codimen-
sions of A.

It is well known (see for instance [7]) that if A is any algebra, the above three sequences are
related by the inequalities

cb(A) <l (A) <en(A) (1)

for all n > 1. Now, for any exponentially bounded non-negative sequence o, n = 1,2, ..., one
can construct the bounded sequence /a,, n =1,2, ..., and compute its upper and lower limit.
Hence, since for any Pl-algebra A, ¢, (A),n =1,2,..., is exponentially bounded, we define the
following real numbers:

exp”(A) = liminf y cL(A), &xp’ (A) =limsup,/cL(A),

n—oo

exp”(A) = lilrgiolgf Jcl(A), exp” (A) = limsup +/ cf (A),

n—oo

called the lower and upper Lie exponent and the lower and upper proper exponent of the alge-
bra A, respectively. In case of equality, exp’(A) = éxp’ (A) = exp’ (A) will be called the Lie
exponent of A. Similarly exp”(A) = éxp”(A) = exp” (A) will be the proper exponent of A.

It is an open question if the proper exponent and the Lie exponent exist for an arbitrary PI-
algebra. About positive results, in [20] it was proved that for any finite dimensional Lie algebra
exp’ (A) exists and is an integer. On the other hand it is known that in case of PI-Lie algebras, the
sequence of codimensions can have an overexponential growth (see [17]). Even if the sequence
of Lie codimensions is exponentially bounded, the exponential rate of growth can be non-integer
for infinite dimensional finitely generated algebras [16].
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In this paper we shall prove that if A is a finitely generated PI-algebra, exp”(A) and exp” (A)
both exist and coincide with exp(A) or exp(A) — 1.

For infinitely generated PI-algebras the same result will be proved for a wide class of algebras
and it will be shown that it does not hold in general. In fact, it can be shown that if G is the
infinite dimensional Grassmann algebra, B a finite dimensional algebra with Jacobson radical of
codimension 1 and N a nilpotent algebra, then any algebra of the type A =G @& B @ N is such
that exp” (A) does not exist.

Here we shall prove that if A is a Pl-algebra with exp(A) = d, then exp”(A) exists, is an
integer and exp? (A) =d or d — 1, unless exp(A) =2 and A is an algebra of the type above.

2. Finitely generated algebras

Throughout F will be a field of characteristic zero and A an F-algebra satisfying a non-trivial
polynomial identity.

Let F be the algebraic closure of F. If we regard A = A ® ¢ F as an algebra over F, it can
be easily shown that c,(A) = c,(A) (see [8] or [12]). The same conclusion holds for C,I; (A)
and c} (A). Therefore for our purpose we may assume that F is algebraically closed.

We start by observing that since exp(A) exists, then from (1) we obtain

&Xp (A) < &P (A) < exp(A). @)
Also, in [1] it was shown that if A is any PI-algebra with 1, then
&xp” (A) = exp(A) — 1. 3)

In this section we shall prove the existence of exp” (A) and exp?” (A) for any finitely generated
PlI-algebra A. We shall also find their precise value.

We start by remarking that if exp(A) < 1 then ¢, (A) is polynomially bounded. In this case
the proper exponent and the Lie exponent always exist. In fact we have the following

Proposition 1. Let A be a Pl-algebra whose codimensions are polynomially bounded. Then the
Lie and the proper exponent of A exist and are integers. If exp(A) =0, i.e., A is nilpotent then
expl (A) = exp?(A) = 0. If exp(A) = 1 then exp* (A) = exp?(A) =0 or 1.

Proof. For a nilpotent algebra the statement is obvious. Let exp(A) = 1. Since ¢/ (A) < ¢, (A)
then

limsup /¢t (A) < 1.

n—oo

Hence it is enough to check that for n large enough, either c?(A) = 0 always holds or
ch (A), ck(A) > 0 always holds.
Recall that by [12, Theorem 7.2.12], A has the same identities as a direct sum By @ --- @ By,
where the B;’s are finite dimensional algebras with Jacobson radical of codimension at most one.
If By, ..., By, are all nilpotent, then exp(B1 @ - - - ® B,,) = 0, a contradiction. Let B be a finite
dimensional algebra with Jacobson radical J and dim B/J = 1. Suppose that B is an algebra
with 1. Since any Lie monomial vanishes if we replace at least one variable with 1, then c,’; (B) =
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c’(B) =0 forall n > N where J¥ =0. Let now B be a non-unitary algebra. Then B = F + J
and we consider the left and right multiplication by the unit 1 € F on J. As a vector space J can
be decomposed into the sum

J =Ji1 ® Jio ® Jo1 @ Joo,

where 1 -a=0ifa e Joi+Jopand 1 -a=aifa € Jio+ J11. Similarlya - 1 =0if a € J1o+ Joo
anda-1=aifae Jy + J11.

If 0 a € Jy; then the left-normed commutator [a,1,...,1] = a is non-zero, hence
[x1,...,x,] is not an identity of B. Similarly, if 0 # a € Jjp then [a,1,...,1] = £a # 0,
and [x1,...,x,] is again a non-identity of B. In other words, if Ji9 @ Jo; # O then c£ (B) >

C,I; (B) = 1 for all n > 2. But in case J19 ® Jo1 = 0 we have the decomposition B = C & Jyo, the
sum of two two-sided ideals where Jy is nilpotent and C = F + Jq is a unitary algebra with
1-dimensional maximal semisimple subalgebra. In this case as before c,f (B) =P (B) =0 for all
n > N where JY =0.

In conclusion, we have that either c,f(Bl @ ®By)=c’(B1®---® B, =0 forall n
large enough or ¢}, (B;) > ¢k (B;) > 1 for some subalgebra B;, and in the latter case exp” (B ®
"'@Bm):expp(Bl ®---®By)=1. O

At the light of the previous proposition we may assume that the PI-algebra A is such that
exp(A) > 1. Recall that by a result of Kemer [14], if A is finitely generated, there exists a finite
dimensional algebra D such that Id(A) = Id(D). In particular A and D have the same proper
identities and the same Lie identities. Therefore without lost of generality, we may assume that
A is a finite dimensional algebra.

But then, since exp(A) > 1, by [10] (see also [12]) there exists a subalgebra B of A such that
B=UT(t,...,t), an upper block matrix algebra. Recall that

Ay Qi - Quik
A, . :
UT(t1, ... 1) = : , &)
Ok—1,k
0 Ay

where, forevery 1 <i <k, A; = M,,(F) is the algebra of #; x ; matrices over F', and the Q;; are
block matrices over F of corresponding size. Moreover exp(A) =exp(B) =t = tl2 +-+ tkz.
As we mentioned in the introduction, in [20] it was proved that for any finite dimensional
Lie algebra C, exp” (C) exists and is an integer. We next describe how the Lie exponent can be
computed.
By the Ado—Ivasawa theorem the Lie algebra C decomposes as

C=L+R,

where L is a maximal semisimple subalgebra of C and R is the solvable radical. Let
I, Ji,..., 14, J; be Lie ideals of C. We say that Iy, Ji,..., I;, J, satisfy the condition ()
if
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e J. C I, and I,/J, is a non-zero irreducible C-module in the adjoint representation, for any
r=1,...,q;

o for any irreducible L-submodules Py, ..., P, such that I, = J, ® P., r =1,...,q, there
exist py, ..., pg = 0 such that

[(Pi.L,....,L],....[P; L,....,L]] #0.
N, e’ N e’
2 Pq

Then according to [20], the Lie exponent of C is equal to

: }
Annc(j—ll)m-.-mAnnc(j—:) ’

max { dim

where Annc(§) ={a € C|[a,I] € J} and we consider only ideals I, J1, ..., I, J, satisfying
the condition ().

We now apply the above to the algebra B, considered as a Lie algebra.

If k =1, then B is isomorphic to the algebra M;, (F) and expL(B) = z‘l2 —1=1t—1(see[7)]).
In fact, as a Lie algebra, we can decompose M;, (F') = sl,,(F) @ Z, where Z is the 1-dimensional
center of B. Hence

expt(A) = expt(B) =1 — 1. (5)

Now let k > 2 and identify the algebra B with the algebra UT(t, ..., t;) given in (4). For
r=1,...,k—1, set

I, = @ Oup, Jr= @ Qup-

r+1<p<k r+l1<p<k
1<a<r (o, B)#(r,r+1)
1<aLr
Then I, J1, ..., Ix—1, Jx—1 are Lie ideals of B and for» =1, ...,k — 1, we have the decompo-

sition I, = J, @ Q41 with O, 41 an irreducible B-module.
If weset Q = Zl<i<jgk Qij,thenclearly [Q, I,] € J, and this says that Q annihilates I,/ J,,
forallr =1,...,k— 1. It follows that

I Ir—1
AHHB<J—1) n--.. mAnnB(K) = Q0 @ Ay .., (Q12® - ® Qk—1.k)- (6)

The annihilator Annyg,g...94, (Q12 @ - -+ ® Qk—1,k) is the centralizer of Q1 ® --- @ Qx—_1x in
A1 @@ Ay, i.e., the space of scalar matrices. Therefore the codimension of Annp (§—'1) N---N

Anng(%) in B equals dim(A; @ --- @ Ay) — 1 =1 — 1 and we obtain that

expL(B) >t —1. (7)

If we now assume that A is an algebra with 1 then, by combining (3), (5) and (7) we get
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1= 1 <exph(4) = exp"(4) < exp? (4) <&P"(A) <exp(4) — 1 =1— 1.
Hence exp” (A) = exp’ (A) = — 1 and this proves the following

Proposition 2. Let A be a finite dimensional algebra with 1. Then exp? (A) and exp™(A) exist
and are integers. Moreover

expl (A) = exp” (A) = exp(A) — 1.

Given an algebra B without a unit element, we denote by B* the algebra obtained from B by
adjoining a unit element. We have the following

Lemma 1. For a finite dimensional algebra B we have exp(B*) = exp(B) + 1 or exp(B).

Proof. Let B=B; & ---® By, + J be the Wedderburn—Malcev decomposition of the algebra B,
where B1 @ - -- @ By, is a maximal semisimple subalgebra with simple summands By, ..., By,
and J is the Jacobson radical of B. Then by [8],

exp(B) = maxdim(B,, @ --- @ B;,),

where B,,, ..., B, € {Bi,..., By} are distinct and satisty B, JB,,J --- J B, #0.
It is easily seen that B; @ --- @ B,, ® F is a maximal semisimple subalgebra of B¥. Hence it
follows that exp(Bﬁ) equals either exp(B) orexp(B) + 1. O

We can now prove the existence of the Lie exponent and of the proper exponent for any finitely
generated Pl-algebra.

Theorem 1. Let A be a finitely generated Pl-algebra. Then

1) expL (A) and exp? (A) exist and are integers;
2) expL (A) =exp”(A) =exp(A) orexp(A) — 1;
3) if A is a unitary algebra, then exp® (A) = expP (A) = exp(A4) — 1.

Proof. As we mentioned at the beginning of the section we may assume that F' is algebraically
closed. Moreover there exists a finite dimensional algebra B such that Id(A) =Id(B). If Bis a
unitary algebra, then the conclusion of the theorem follows from the previous proposition.

Suppose now that B is not a unitary algebra and consider B?, the algebra obtained by adjoining
a unit element to B. Clearly B and B® have the same Lie and proper identities. Hence c,f (B) =
C,I; (B%) and ¢?(B) = ¢! (BY). But then by Proposition 2, expL (B) and exp?(B) exist and also
expL (B) =exp?(B) = exp(Bj) — 1. By Lemma 1 we then obtain that

exp’ (B) = exp” (B) = exp(B) or exp(B) — 1.

In case A is a finitely generated PI-algebra with 1, then the conclusion 3) of the theorem follows
from (3). O
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We close this section with some examples showing that the equalities exp” (A) = exp(A) and
exp? (A) = exp(A) — 1 can actually occur.

Consider first the algebra A = M (F) of k x k matrices over F. Then by [12], exp(A) = k2
and expl(A) = k% — 1 [7]. Hence expl (A) = exp”(A) = exp(A) — 1. This conclusion also fol-
lows from Theorem 1.

Example 1. Let G be the infinite dimensional Grassmann algebra over F'. Recall that G is the al-
gebra generated by the elements ey, e, . .., subject to the conditions e;e; +eje; =0fori, j > 1.

If
<G G)
A= ,
0 O

then by [1], expL (A) =exp(A) = 2. Hence also exp” (A) = 2.
We next give an example of a finite dimensional algebra A with the property exp”(A) =
exp(A).

Example 2. We let A be the algebra of (k 4 1) x (k + 1) matrices with zero last row. Hence

ain ... a1+t

A= ajj € F
a1 .. Akl
o ... 0

By [20], expL(A) = k2 and by [9] exp(A) = k2. Hence also exp?(A) = k2.
3. Hook partitions

In order to study the infinite dimensional case, we shall make use of a standard approach
based on the action of the symmetric group on multilinear polynomials (see for instance [12,
Chapter 2]). In this section we shall obtain some technical results concerning the dimensions of
the irreducible modules for the symmetric group. We refer the reader to [13] for the representation
theory of the symmetric group.

Let S, be the symmetric group acting on 1,...,n. Since §, is finite and char F = 0, any
finite dimensional representation of S, is completely reducible and any irreducible representation
corresponds, up to isomorphism, to a partition A = (A1, ..., A,-) of n. Recall that, given a partition
A= (A1,...,Ar) F n, one can consider the corresponding Young diagram D, and, if we fill up
the boxes of D, with the integers 1, ..., n, we get a Young tableau 7} of shape X.

Recall also that, given a tableau T}, if Ry, and Cr, denote the row-stabilizer and column-
stabilizer subgroups of S;,, then the element

er, = Z (sgnt)ot

UGRT)\
TECT)\
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is an essential idempotent of the group algebra FS,, i.e., ezTA = aer; , for some 0 #a € F, and
FS,er, is an irreducible left F'S,,-module. Moreover, if T) and T}, are two Young tableaux, then
FSper, is isomorphic to FS,er, if and only if 7y and 7, are of the same shape i.e., A = .

For a partition A - n we denote by A’ the conjugate partition of A. Recall that A\’ =
(A}, ..., Ay) Fn, where |, ..., A are the lengths of the columns of D;. Thus the diagram D,
is obtained from D, by flipping D, along its main diagonal.

Given a finite dimensional S,-module M, we denote its character by y (M). In case M =
FSy,er, we write x (M) = x,. Hence, any character x (M) has a decomposition of the type

XM=Y " mx,

An

where the integers m are called the multiplicities of x, in x (M). In particular, the dimension
dim M = deg x (M) equals

deg x (M) = medx,
An

where d; = deg yx; is the dimension of the irreducible S, -module corresponding to A - n.

We also recall the hook formula for the dimension dj, of the irreducible S, -module with char-
acter x,. Let (i, j) be the box of D, lying at the intersection of the ith row and the jth column
of Dj. We define the hook number 4;; (1) of (i, j) as h;;j(A) = A; +Nj —i—j+1,where ) is
the conjugate partition of A. Then

n!
dy==—.
Hi,j hi J ()
Below we shall use the notation H (k, ) for the so-called infinite hook with k infinite rows and
[ infinite columns. Actually H (k,l) is the union of all partitions A whose (k + 1)th row is of
length at most /, i.e.,

Hk, D= J{r=0122...0Fn | mp <1}
n>1

Although we shall consider only infinitely generated PI-algebras, for convenience we allow [
to be zero in H (k, ). In this case H (k, 0) is an infinite (horizontal) strip of height k > 0.

In the next lemma, in order to compute the degrees d;, we shall estimate the product of all
hook numbers.

Lemma 2. Let n > 100 and let © = (i1, . .., ig) = n. Then the product ni,j hij(1) of the hook
numbers of | satisfies

it g P e o
i § (VDA e
i,J
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Proof. The product of the hook numbers of the ith row of u satisfies
Wi
it < Jhij) <kGe+1) - G+ i — 1) < i + 0t <.
j=1

Hence

2
prte et < T Thij () <nb ot . ®)
iJ

Recall now that by Stirling formula (see [19])

n\" On
n'=+2nn| - | et
e

for some 0 < 6,, < 1. It follows that for n > 100,

n\" n\"
—) <n!'nl—-) .
e e
11 Ik 11 Ik
(B ()" et (B) ()"
e e e e
R S Ly
e e e ’
M g P b

... !
p Surl-upl<sn o

Therefore

If we write

we obtain that

We now apply the above inequalities to (8) and we obtain the desired result. O

In order to estimate the dimension of an irreducible S,-module it is convenient to introduce
the following function.

Definition 1. Let i > 2 and let

1
@(xl,...,xm)zﬁ
x] ...xm
be the function defined for all real numbers xi,...,x,, 0 < x1,...,x, < 1, such that x; +

ety =1
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Remark 1. The function @ is continuous and has only one maximum for x; =--- = x,, = %
where cb(n%, e, %) =m.If x,,, <x1,...,xu—1 and its value x,, = a is fixed then @ (x1, ..., x;;,)
takes the maximal value when x; = --- = x,,—; and takes the minimal value when x, =

=Xy =a.

Lemma 3. Let x,, < x1,...,Xm—1. If xp < %for some o < 1 then there exists § > O such that
D(XyeeuyXm) <m—38.If x; = ﬁ then @ (x1,...,Xy) = /m.

Proof. First we prove the upper bound in case x,, = ,-. Denote ¢ = . By Remark 1 we have

1—e 1—¢ m—1\'""*% 1
D(x1,...,xp) S P = L —A.

. , €
m—1 m—1 1—¢ ge

m—o
m

Since 1 — e = , we obtain

where

Consider the function

m—1\m [1\m
(27 )"
m—Xx X

It is easy to observe that its derivative is positive if x < 1 and g(1) = 1. Hence b = g(o) < 1. It

follows that bm < m — § for some § > 0 and we are done in case x;,, = %

Suppose now that x,, < . Then x,, = % where 8 < « and as before @ (x1,...,x,) <cm
where ¢ = g(B). Since g’(x) > 0 for x < 1 and 8 < « then

o
¢<xly-~3xm17_><¢(-x17~~7xm1,£><m_8
m m

and we have proved the upper bound.
Let now x,,, = ﬁ Then by Remark 1

+1

o V> @ m+1 1 1 ) )né_—l 2m \ 2m
XlyeoosXm) = I ) = m o

m+1

1 2m 2
=2m(—) > n > /m
m+1 m+1

and we have proved the second inequality for x,, = ﬁ
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Suppose now that x,, = 8 > ﬁ Then again by Remark 1

1
(1= (m —1)p)l-m=Dgm—D1"

D(xp, ..., xm) 2 P(1—(m—DB,B,....B) =

One can easily check that the function

fx)= !
- (

1— kx)l—kxxkx
has positive derivative if x < 1 — kx. Since 8 <1 — (m — 1) and

1 1 m+1
—<l-m-1)—=—
2m 2m 2m

we obtain

1
¢(~x1’-"’xm1?ﬂ)>¢(~x17”-7~xm17%)>ﬂ' O

Letnow A n, A € H(k,1), k +1 > 2, and let )" be the conjugate partition of A. We assume
that A1,...,Ax >7and A}, ..., A; > k. Define n =n — kl,

A=, ..., k), and 2°=(A9,.... A7),

where 1; =2; — [, 1 <i<k,and A =X, —k, 1 <i <I.

=N

Since % + 42+ ’?11 + - 4 );T? = 1, then we make the following
Definition 2. Let . -n, A € H(k,l), k + 1 > 2. Then we define

1
D) =

PR Tk RS M fo A
(}Tll)n(ﬁk)n(ﬁl)n(ﬁl)n
Lemmad. Let A € H(k,l), k+1 > 2, and suppose that A, k; > % Then, for n large enough,

1 1 kl+1

e —— OV < < ——— P V)"

&+ D gty PO S BS G P

Proof. Split the diagram of A into three areas as shown in the figure below and let [ [;, [, [[5
be the products of the hook numbers of the areas 1, 2 and 3, respectively. In case | =0 we set

H2=H3=0-
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Notice that according to our previous definitions, [T, =[] 4i; (%), is the product of the hook
numbers of the partition A and [], = [%;;(1°), is the product of the hook numbers of the
partition A°. Since ]_[3 < n*, we obtain that

nkl Il

Recalling that 7 = n — kl and taking into account the above inequality (9) and Lemma 2 we get

el n! nklep)
T by 7 o < d)‘ = < T T 70 70 °
U U S Bl IWTLTTs - g et et
Since by Stirling formula( <l < n( 1) e obtain
f_lﬁ nlirlﬁft
- - 5\ )\o < dk < - = )_\.0 )_Lo
n(k+1)3k?1...x2kk? Lot A?l"‘)\zk)»cf LM
Recalling the definition of @ (1), we have that
I’_lﬁ
I sy e R A
)\1' ...)ka)\? 1...); l
hence
PN <dy <nfHo (1), (10)

n&+03

Now, i = n — kI and by Remark 1, @ (1) <k +1. Since A, A; > 3(k+l) then, for n large enough,

Therefore applying Lemma 3 we obtain

AO
Ak )‘1 satlsfy =, 7 > 2(k+l)

1 1 1 nkH—l

n —kl n n
GO e PO S R TR Sd < ey QT

kD3

the desired conclusion. O
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Lemma 5. Let 0 < n| <np < --- be a sequence of integers and let A(1) -n1,A(2) Fno, ... be
partitions. If there exist k, [ such that A(j) € H(k,l) and A(j)r < % or )»(j); <

2n;
3(k-iil)’f0r
all j =1,2,..., then

limsup /dy ;) <k +1.
j—o0
Proof. As in the proof of Lemma 4 (see (10)) we have

. i—kl
iy <o (n())" T

A(J)k

Since A(j)x or A(j ); do not exceed 3(2,:’—41) one can show that or (] )’ are bounded by 4(k s

for n; large enough. Hence we can write

O (M) = P(x1, .o, Xet1)

for some x1, ..., xk4; satisfying xgq; < X1, ..., Xp1—1 and xgq < 4(k+1) Then by Lemma 3
there exists 6 > 0 not depending on j, such that

(1)) <k+1-8

and hence dyj) < nI;[H(k +1—8)" M Therefore

k1+1
/d ",/7 k41—
)\(I (k +l )kl( + )

and the proof is complete. O

Lemma 6. Let 0 < nj <ny < --- be a sequence of integers and, for every i > 1, let A(i) - n; be
such that M(i) € H(k,1). Then

A Ad)) 1
lim ®(A())) =k +1 ifandonlyif lim Dk _ g 20 _ L

i—00 i—>o0 Nj i—>o00 nj k+1

Proof. Let lim; .~ @(A(i)) =k + [. Take § > 0 and consider the interval (k%rl -4, klj + §).

Suppose that )‘Efi)" ¢ (k%l -4, k%l + 8) for some i. It is easy to see that in case xi ¢ (k+rl -4,
k%rl + §) the function @ (x1, ..., xx4;) takes a maximal value when

X| = =Xkl = Xp] = = Xt

andxk:kLH —801‘&—}—6.
Let this maximal value be k + [ — ¢, for some & > 0. Since lim;_, o @ (A(i)) = k + [, there
exists ip such that for all i > ig, @ (A(i)) > k + [ — . By the above this implies that )‘gl#)" €

1
k+1°

-4, m + ), for all i > iy. Hence |M’)k — —| < §,forall i > ig, and lim; _ oo Agi)k =

(k_+l k+l
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Since A(i)x = A(i)x + [ and n; = i1; + ki, we get that also lim;_, AS_)" = k+—l Similarly one
proves that lim;_, oo @ = k+rl
S () Y X () B () T
Conversely, suppose that lim;_, oo s lim; s oo = T Then also lim;_s o i
lim 00 550 = 7. Since 2(i)1 > -+ > Ak, A°(0)1 2 -+ 2 A°(); and
©(i A 1 (i r° (i
O 20 O MO
n; n; n; nj
we also have
Xor 1 (i 1
fim 200y 2O
i—»oo N; i—»oco n; k+1
for 1 < j<k,1<r<I. Hence
lim @ (A(i)) =@ . L P O
i—00 TNk T T k+L) ’
4. Verbally prime algebras
Recall that P, is the space of multilinear polynomials in x1, ..., x, and I}, is its subspace of
proper polynomials. We consider the permutation action of S, on P, given by o f(x1,...,x,) =

fGoys - s Xom)), with o € S, f(x1,...,x,) € P,. Clearly I}, is an S,-submodule of P,.
Moreover, if A is a Pl-algebra, then P, N1d(A) and I3 N1d(A) are stable under the S, -action
and this allows us to consider

P I,
and I,(A)=

B = 551 I, N1d(A)

as S,-modules. By complete reducibility we can write
Py=(P,NId(A)®T, and I, =(I,NId(A)) S R,,
where T,, = P,(A) and R, = I,(A) as S,-modules. The S,-character of P, (A) is called the nth

cocharacter of A and is denoted by y,(A). Similarly the S, -character of I;,(A) is the nth proper
cocharacter of A and is denoted by x, (A). Clearly

cn(A) =deg x,(A) and ch(A) =deg xs (A).

Since

I, -~ In+ P,NId(A)

T,(A) = =
(4) I, N P, N1d(A) P, N1d(A)

’

it follows that I5,(A) is isomorphic to a submodule of P,(A). Hence, if
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Xn(A) =Y "myy. and  xI(A) = mjx (11)
An An

are the decompositions of the nth cocharacter and of the nth proper cocharacter of A into irre-
ducible characters, we obtain that m/A <my, forall A+ n.
Recall that if x,, (A) and X,f (A) have the decompositions given in (11), then

(A=) "m; and If(A)=> m}

Abn An

are the nth colength and the nth proper colength of A. By a result of Berele and Regev [3], if
A is a Pl-algebra, then the sequence /,,(A), n = 1,2, ... is polynomially bounded. But then, by
the above we have

Remark 2. If A is a PI-algebra then, for all n > 1, we have that 1k (A) < an’, for some constants
a,t>0.

In what follows we shall write x,(A) € H(k,[), if m) =0 in (11) as soon as A ¢ H(k,[).
This means that er; f =0 is an identity of A, for any A ¢ H (k, [) and any multilinear polynomial
f=f(x1,...,x,). Similarly, xF (A) € H(k,]) ifand only if e7, h = 0 is an identity of A, for any
A ¢ H(k,l) and any multilinear proper polynomial # = h(xy, ..., x,). We shall use this approach
in order to estimate the asymptotic behavior of c2(A).

Recall that an associative algebra A is a superalgebra or a Z,-graded algebra if A has
a vector space decomposition A = AQ @ AD such that AQAO 1 ADAD < AO apd
AOAD 1 ADAO < AD  The subspace A© is called the even component while AW is the
odd component of A. Any element a € A® U A is called homogeneous. Moreover, a is even
ifae AQ andoddifae AD.

If Y and Z are two countable sets of indeterminates, and we consider all y € Y as even
variables and all z € Z as odd variables, then the free associative algebra F(Y, Z) is natu-
rally endowed with a Z;-grading. We say that a polynomial f(yi,...,¥r,21,...,2) =0 is
a graded identity of a superalgebra A = AD @ AD if f(a,...,ar,b1,...,b;) =0, for all
ai,...,ar € A9 by, ... by e AD, Let P, be the subspace of F (Y, Z) of multilinear poly-
nomials in yi,..., yr, 21,..., 2. Then P.; has a natural structure of S, x S;-module, if we let
S, acton yi,...,y and S; on 7y, ..., z;. Recall also that any irreducible S, x S;-module Q is
isomorphic to M ® N, where M and N are irreducible modules for S, and S, respectively, i.e.,
Q corresponds to a pair of partitions (w, v) where =7, v, and x (M) = xu, x (N) = xv.

An important role in Pl-theory is played by the infinite dimensional Grassmann algebra
G = (e1,e2,... | ejej +eje; =0,i,j=1,2,...). Recall that G has a natural Z;-grading
G=G9a®G"Y where G and GV are the subspaces spanned by the monomials in the ¢;’s of
even and odd length, respectively. A basic tool that we shall use here, is a theorem of Kemer as-
serting that given a Pl-algebra A there exists a finite dimensional superalgebra B = B @ B()
such that Id(A) = 1d(G(B)) where G(B) = (G© @ B©) @ (G @ BM) is the Grassmann
envelope of B (see [14]).

By a result of Berele [2, Theorem 3], for any finite dimensional superalgebra B = B® @ B,
the cocharacter of its Grassman envelope x,(G(B)) lies in the hook H(m,l), where m =
dim B© and [ = dim BY. In case B is a unitary superalgebra, for the proper cocharacter this
result can be improved as follows.
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Lemma 7. Let B = B9 @ BY be a finite dimensional superalgebra with 1 and let A = G(B)
be its Grassmann envelope. Then Xf (A) C H(k,I) foralln=1,2,..., where dim BO =k 41,
dimBM =1.

Proof. Let A - n be a partition such that m; # 0 in xF (A). Denote by f=f(x1,...,x)
a proper polynomial generating an irreducible submodule Q of R, = I';,(A) with character ;.
Since f is not an identity of A, by eventually reordering the variables, there exists an evalua-

tion x1 — aj € A(O),...,xp = ap € A(O),xp_H b e AV x, > by_p € AWM such that
flar,...,ap,by,...,b,_p)#0in A. This means that f(y1,...,¥p,Z21,...,2q) is not a graded
identity of A where ¢ =n — p, y1,..., yp are even variables and z1, ..., z; are odd variables.

Consider the S, x S;-module generated by f(y1,...,Yp,21,...,24) and let M be one of
its irreducible submodules. It is well known that M corresponds to a pair of partitions (u, v),
with i = p, v = ¢q. There exist Young tableaux 7, and 7, and a polynomial gg € M such that
07 er,er,80 € M. It follows that also the polynomial

g:( Z (Sgn0)0>€TM€Tvgo

UECTM
lies in M and is non-zero, i.e., g is not a graded identity of A. Let u = (u1,..., 4y) and v =
(v1, ..., Vs). Then in particular, g is alternating on r even variables and is symmetric on v; odd

variables. Since g is a proper polynomial, in order to get a non-zero value, we cannot evaluate
any y; into 1®a, a € G©. Since dim B©) = k+ 1, it follows that < k, i.e., i lies in a horizontal
strip of height k. Similarly, since dim B =, we get that v lies in a vertical strip of width /.

Now we consider the S,-action on x| = yi1,...,Xp = Yp, Xpt1 =21, ..., Xy = Z4 and let
FS, M be the S,-module generated by M. By the Littlewood—Richardson rule (see [12, The-
orem 2.3.9]) it follows that the character of F'S,, M lies in the hook H (k,I). On the other hand,
FS,M C Q and Q is an irreducible S,-module. Hence FS,M = Q and x(Q) € H(k,[). Since
Q is an arbitrary irreducible S,-submodule of R, = I,(A) we get er (A) S H(k,I). O

Lemma 8. Letr B = B @ BY pe a finite dimensional simple superalgebra over an algebraically
closed field F, dimB©® =k + 1,dim B =1, with k +1 > 2, and let A = G(B). Then for
any 8 > 0 there exist a natural number N and partitions w(i) - iN, i = 1,2, ..., such that in
Xy (A) = D oa@-Ni M) XaG) all multiplicities my, ;) are non-zero and

n(@); 1
— —— <2k + D8,
iN k+1 (e+1)

(), 1
- <20k 4D
iN kgl SHEED

forall j=1,... .k s=1,....1 Besides, |u(i + 1)1 — u(@i)1| <N, |uG + D} — pn@jI <N,
foralli > 1.

Proof. Recall that ¢/ (A) = dim I,(A). Since A is a unitary algebra, by [1] we have that
limsup,_, v/ ch (A) =exp(A) — 1, and by [12]

lim sup /c,(A) —1=exp(A)—1l=k+14+1—-1=k+1.

n—oQo
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Since by Remark 2 the proper colength of A is polynomially bounded, it follows that there exist
a sequence of integers t; <ty < --- and partitions A(1) -1, L(2) 12, ... such that

‘lim [{/ dx(j) =k+1.
j—oo

Note that by Lemma 7, A(j) € H(k,l), forall j =1,2,.... Applying Lemma 5 we obtain that
)\(j)k,)»(j); > 3(?(%1) forall j =1,2,.... Then by Lemma 4,

lim @(A(j))=k+1
J—>00

and by Lemma 6,

M), 1

i
im 2U% _ fim . (12)
j—=oo j—ooo 1 k+1

where A(j)’ is the conjugate partition of A(j) ;.
From (12) it follows that for any 6 > O there exist f; = N and A = A(j) = N such that A C
H (k, 1), the multiplicity m, is non-zero in x /{; (A) and

M 1 5 A 1 5 (13)
— —— <4, — ——| <é.
N k+1 N k+1
As a consequence of (13) we obtain
A 1 A 1
>~ 5 and Lx>— 5 (14)
N = k+1 N~ k+1
Moreover, we can suppose that N also satisfies
k+1
— <. 15
N (15)
Since m; # 0, there exists a multilinear proper polynomial 2 = h(xy, ..., xy) generating an

irreducible Sy -submodule of I'y mod I'y NId(A) with character y;.
Given an integer i > 0, consider the proper polynomial

gi =hiha---hi,

where hj = h(x(j—1)n+1,...,XjN). Since A generates a prime variety, g; is not an identity of A
(see [14] or [12, Theorem 3.7.8]).

Consider the S;y-module generated by g; and let M be one of its irreducible submodules.
Then x (M) = x,, for some partition ;=i N. By Lemma 7, XV (A) C H(k,1). Referring to (13)
we can suppose that Ax > and Ar1 =1, i.e. A; > k. Since each h; generates an Sy-module
with character x; and x, € H(k,[), from the Littlewood—Richardson rule it follows that

Wi = ihg —il, w =ik —ik
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(see [13, p. 94]). Hence, by (14) and (15),

A [ 1 Aok 1
B 22 o 2 9, “l> - —>— 26 (16)
iN~ N N k+1 iN" N N k+l1

Denote jt = u(i). Since w(i)y = -+ = u(i)k, u(i)y =--- = pu(i); and

w(i)i (i | r@)) (i)
RN b
iN + iN + iN + iN

the relation (16) implies that

1 iy _ 1
— =25 < — + 25k +1
k+1 iN k+l+ (k+D

and

L gs MO Lo oswr.
k+1 SOIN k+1

This proves the first part of the lemma.
Finally, the inequalities 0 < [u(i + 1)1 — u(i)1] < N and O < (i + 1)} — n(@)]| < N are
obvious. O

5. Minimal superalgebras

Throughout this section we assume that F is an algebraically closed field of characteristic
zero. We start by recalling the basic structure theorems of the finite dimensional superalgebras
(see for instance [12, Section 3.5]). Let B = B® @ BW be a finite dimensional superalgebra
over F and let J = J(B) be its Jacobson radical. Then J is a graded ideal and there exists a
maximal semisimple subalgebra By such that B = By + J. Moreover By can be chosen to be a
superalgebra and we can write By, = B1 @ - - @ B,,, where By, ..., B, are simple superalgebras.
Since the field F is algebraically closed, the algebras B; must be of one of the following three

types:

1. A= M,(F) with trivial grading A = A©, A =0,
2. A:Mk,l(F):{(I;g)},k2l>0,where P,O, R, Sarek xk, k xI,l xkandl x
matrices, respectively. A is endowed with the grading

[ (O]

3. A= M,(F @ cF), where ¢> = 1 with grading AQ = M,,(F), AV = cM,,(F).

Next we recall the construction of a minimal superalgebra (see [11], [12, Definition 8.1.3,
Lemma 8.1.6]).

Let By @ --- @ B,, be a maximal semisimple subalgebra of a finite dimensional superalgebra
B =BY @ BM where By, ..., B, are graded simple and let J = J© @ J( be the Jacobson
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radical of B. Then B is said to be a minimal superalgebra if there exist homogeneous elements
W12, ..., Wy—1,m € JO U gD and minimal graded idempotents e; € By, ..., ey, € By, such that

CiWjji+1 = Wi i+1€i+1 = Wi i+1

foralli =1,...,m — 1, the product wipw23 - - - Wy —1,;m 1S nON-zero and wyz, ..., Wy—1,, geN-
erate J as a two-sided ideal of B. As a vector space the minimal superalgebra B has the
decomposition

@ Bij,

1<i<j<m

where Bj1 =By, ..., By = By, and
Bij = Bijwi,it1Bit1,i+1--- Bj—1,j-1wj—1,;Bjj

forall i < j. Moreover, J = @D, _; Bij j and B;; By = 6 i Bi; where § j; is the Kronecker delta.

i<j
Lemma 9. Let B = Bys + J be a minimal superalgebra with Bss = B1 @ - - - @ By, as above. Let
dimBY =k +1, dimBYY =1 andlet A= G(B). If B # F & cF, then for any & > 0 there exist
a constant b and a sequence of integers N1 < N> < - - - such that

N;
CN +3m— 3( )= (k +l)kl (k+l)% (k+1—e)™

foralli=1,2,.... Moreover Ni11 — N; < b, foralli > 1

Proof. The main idea of the proof is to find, by using Lemma 8§, a sequence Ni, N, ... and
partitions p (i) = N; satisfying m )y # 0 and @ (o (i)) > k + [ — . We then apply Lemma 4.

Let B = Bgg + J where Bs = B1 & --- ® By, and By, ..., B, are simple superalgebras. Let
also w;; € J be the elements defined above.

First we consider the case m = 1, i.e., B is a simple superalgebra. Then by Lemmas 7 and 8§,
for any § > 0 one can find N with the following property: for all N; =i N there exists a partition
n(i) & Ni, (i) € H(k, 1), with multiplicity m, ) # 0, where k + 1 = dim B®, ! = diim BV
and

p; 1 p@y 1
— — ——| <2k + 13, — ——— | <2(k+ DS 17
N k| THETD iN k| THEED (an
forall j=1,...,k,s=1,...,1. Since @ (w(i)) is a continuous function, by Lemma 6 it follows
that for some 6 small enough,
D(u() =k+1—e.
Hence by applying Lemma 4 we obtain the lower bound
1 N;
CN (A)—C,N(A) degXu.(l) du (k+1—¢)".

@) / (k +l)kl (k+[)}
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Now let m > 2. Denote dim BY” =k;, j=1,....m —1,dimB{" =1;, j=1,....m, and
dim By’ = ky + 1. Let also k = kj + -~ + Ky, [ =1 + -+ + L. Then

dm(B @@ B")=k+1, dm(B @ - -®BL)=1

Suppose first that B, # F @ cF, i.e., G(By,) is not the Grassmann algebra. We start by con-
structing the sequence N1 < Ny < ---.

By Lemma 8 applied to B,,, for any § > 0 one can find N such that foralli = 1,2, ..., there
exist partitions (i) =i N with m ;) # O satisfying

moy 1 O 1
BT ok, +1,,)8, s _
iN k| =2 ) iN  kn+l,

<20k + 1n)$ (18)

forall j=1,...,k,, s=1,...,1,,. Now we fix i and denote n,, =iN, A(m) = u@) F n,.
Next we choose positive integers ny, ..., n,—1 and partitions A(1) Fny, ..., A(m — 1) Fny_g
for G(By), ..., G(B,,—1) respectively, in the following way.

By [12, Lemma 6.3.3] for any simple superalgebra B;, 1 < j <m — 1, and for any positive
integer ¢; there exist an integer n, a partition A(j) of n; with

h(kj,lj,2tj —kj—1j) <A(j) <h(kj,lj,2t)), 19)

and a Young tableau 7) ;) such that G(B;) does not satisfy an identity f; =0 corresponding
to Ty(jy. Here h(a, b, t) is the finite hook (partition)

h(a,b,t)=(b+t,...,.b+1t,b,...,b).
— e — —
a t
We choose the integers t,,,—1, ..., t2, t] in the following way. We let t,, 1 be the least integer

satisfying 2t,, 1 — kju—1 — Lu—1 = A(m)1, A(m)). Then

max{A(m), A(m)} } < 2tm_1 — kin—1 — ln—1 < max{A(m)1, A(m)} } + 1. (20)
Letallother?;, j=m—2,..., 1, be minimal satisfying 2¢; —k; —1; > 2t 1+ 41, 2tj 1 +kj1.
Then

241 +max{ljpr, kjy <2t —kj —1; <2t +max{lj1, kj}+1 (21)

forall j=1,...,m — 2. Since a hook h(a, b, t) is a partition of n = ab + (a + b)t, we obtain
that if A(j) - n;, then

Qtj—kj =1k +1)+kil; <nj<2tjkj+1;)+kjlj 22)
for all j =1,...,m — 1. We then define N; = n; + --- + n,. We shall prove below

that Ny, Na, ..., is the desired sequence. Note that N;, all ny,...ny—1, t1,...,tn—1, and
A(l), ..., A(m) (butnot ky, ..., kpy,11,..., ) dependoni =1,2,....
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We start by proving that N;1 — N; is bounded by a constant. Recall that A(m) = u(@) HiN
and w(@ + 1)1 — u@), n@ + 1)’1 — ,u(i)’l are bounded by N by Lemma 8. Then, if we write
ti=tj(i), j=1,...,m—1, from (20) we get

2wt (i + 1) — 2tm_1G) <N + 1.

Similarly, by (21) all #; (i +1) —2t¢; (i) are bounded by constants not depending on i. For instance,
2tm—n( + 1) —2t,_2(i) < N + 2. If we take for convenience a constant b" such that

20+ 1) —=2t;(0) <V
forall j=1,...,m — 1, then from (22) we deduce that
i+ 1) =) < kj +1)% + ' (kj +17).
Finally, since N; =n1(i) +--- 4+ n,—1() +iN then
Nit1— N; <b,

for some constant b not depending on i.

In order to complete the proof of the lemma in case B, # F @ cF, we need to construct
a suitable proper polynomial which is not an identity of A. As we mentioned above, by [12,
Lemma 6.3.3], for every j there exists an ordinary non-identity f; of G(B;) corresponding
to the partition A(j) - n;. The choice of A(1), ..., A(m) allows us to glue the Young tableaux
Ty, - -» Togny asin [12, Section 6.4].

More precisely, we start by gluing the Young diagrams D ;) and Dj ;1) by gluing the first
row of Dj(j41) to the (k; + 1)th row of Djj), the second row of Dj ;1 to the (k; + 2)th
row of D, j), and so on. By the inequalities (21), this procedure gives a new diagram denoted
D (j) * Dj.(j+1). We then construct the diagram D; (1) % - - - * D; () obtained by gluing together
the diagrams D, (1), ..., Dyn). We can now glue the Young tableaux T} i), ..., T) () in a similar
way: if o, is the entry appearing in the (u, v) position of T} (), we write Ty = D;,;)(ctyy). For
i=1,...,m,weaddny + -+ n;_; to each entry of T}, and we call T)?(i) the new tableau.
Then we define

0 0
Tp = Tp(i) = TA(l) Kook Tk(m) (23)

to be the diagram Dy (1) * - - - * Dy ) filled up with the entries of the tableaux T/\O(l.). Hence T) ;) is
a tableau on N; boxes.

Next we show how to construct a proper polynomial from the tableau T,,. We start with a
multilinear polynomial fi = fi(x1, ..., x,,) which is not an identity of G (B7). Then there exist
homogeneous elements ay, ..., a,, € B, g1, ..., &, € G such that

07éfl(al®glm-~7an1®gn1)=f~(al,~-aan1)®gl"'8111 :C_l®gy

where a € By and g € G. Since B; is a matrix algebra or a sum of two matrix algebras, it is
easy to find ¢y, ¢; € B; such that cjac, = e where e is a graded idempotent appearing in the
definition of a minimal superalgebra. In particular, ejwiy = wiz. Let
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fi=yifilxt, .. xn) 021

From the above it follows that under a suitable evaluation of yi, y2, X1, ..., x,, in G(B) and
of z1 into wiy ® g’, for some g’ € G, the polynomial fl takes the non-zero value wi» ® hp, for
some h) € G.

On the other hand, since w12 B; = 0, under the same evaluation, any right-normed Lie mono-
mial

(Y1, Xo(1)s -+ > Xa(ny)» Y25 21]

takes the same value as the associative monomial yXg (1) X5 (n;)y221- This means that after
replacing all monomials of f; with the corresponding right-normed Lie monomials we obtain a
proper polynomial

P1=p1(X1, ..., Xny, Y1, Y2, 21)

which takes the non-zero value wi; ® by € G(B).
By applying the above procedure to the algebras G(B1), ..., G(B;,—1), we construct polyno-
mials p1, ..., pm—1 on disjoint sets of indeterminates such that the product

Pl Pm—1

takes the non-zero value w2 - Wy—1,m @ h1---hp—1 = Wi @ h1---hpy—1 € G(B). Finally,
recalling that we are applying Lemma 8 to G(B,;), we let p, (x1,...,x;n5) be a proper poly-
nomial corresponding to the partition A(m) and p, is not an identity of G(B,). Then by
[12, Lemma 8.3.1, part 2], the polynomial p,, can take either the value p =1 ® s; or p =
(em —e€),) @52 0r p=(ey + €),) ® s3, for some s1, 52, 53 € G and for some graded idempotent
e,, € B,,. In any case

(Wim ®h1++-hp—1)p=wim ®h1---hy—15; #0.

Therefore if we let p be the product of the polynomials p1, ..., p;, on disjoint sets of variables

Pl Pm=D=P&I1, ..., XN, V1o Y2m=2s215 -+ Tm—1)5

then p is a proper polynomial and p ¢ 'y, +3,—3 NId(A). Moreover, if we let Sy, act on the vari-
ables x1,...,xy;, then er, p generates an irreducible Sy,-module where T, is defined by (23).
Let us verify that ey, p & I'y;+3m—3 N1d(A).

Denote by Cy the subgroup of Cr, of permutations preserving the entries inside each one of

the tableaux Tf(l), ey T)f’(m - Similarly, let Ro be the subgroup of Rr, of permutations preserving
the entries inside all tableaux TAO<1)’ e T)\°( my* Then define

ey = Z (sgnt)ot = €T,y " €Tyim
oeRy
‘L’EC()

in FSN,w Let
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CTPZC()UCOTH U---,
RT/) =RoUviRyU---

be the decompositions of Cr, and Ry, into right and left cosets over Co and Ry, respectively.
Then, clearly,

er, =eo+ Z vieomj = eo + e,
itj>1

where vy = 7o denotes the unit element of Sy;, .
Recall that ¢(p) # 0, for some evaluation ¢ : F(X) — G(B) such that ¢(x1), ..., ¢(xs,),

(1), 9(y2) € G(B1), @(Xn141), - -+ @ (X 402), (33), 9(¥4) € G(B2), and so on; also ¢(z1) =
WM, ..., 0@Zm-1) = Wn—1,m @ hm—1 € G(J). Note that

eop = (et P1) -~ (€T Pm) = VP
for some non-zero scalar . On the other hand, since
Bsywi2Bs2) - Bom—1)Wimn—1,mBo@m) =0
in B, for any permutation o € S,,,, 0 # (1), we have that
@(jp) =@ ip) =0,
assoonasi > 1or j > 1. Thatis (e p) = 0. Hence
p(er,p) =g(eop +eyp) = yo(p) #0,
and we get that C%,«+3m—3 (A) = dyiy.
In order to find a lower bound for cﬁi Jr3m_3(A) = dim I'y,13,—3(A) we first recall that

A(m) = (i) satisfies (18), where 6 can be chosen to be an arbitrary positive real number.
From (21) it easily follows that

L2+l o+ L+1<--
<

2
21+ 20k + ko +h+ ) Yk o1 +m =2
and by (20)
20 <max{A(m)1, A(m)}} + 2k +1) +m — 1.
Hence by (19) we have

Ay <1426 <max{A(m), A(m)|} + 3k +1D) +m — L. (24)
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Similarly,
A1) <k 424 < max{k(m)l , A(m)’l} +3k+1)+m—1. (25)
By using (18) we can write

Mm, M),
N; N;

iIN
< -
N;

Am)y,  Am)
iN iN

< Ak + Ln)S < 4k +1)8. (26)

Also, if N; is large enough, say %ﬁrm_l < (k+1)é, then by (24) and (18) we obtain

M1 Am)y

N N <S5k +1)8.
Finally by the above and (18) we get
’\21_)1 - % <9k +1)s. 27)
Similarly, by (25) and (18) we get
Ll)/1—%§9(k+l)8. (28)
N; N;

If we now recall the above construction of the partition p(i) = N;, we have that p(i); =
A1, pDk = Am)g,, p()) =A(D)], ..., p>0); = )»(m)}m. Hence from (26), (27) and (28)
it follows that any two arguments of the function @ (p(i)) differ at most by 22(k + /)$. Since §
was initially taken arbitrarily small, we get that, given any 8’ > 0, we can find § such that

p@; 1

— | <¥
N; k+1

) i 1
pw; 1 <& and
N; k+1

forall j=1,...,k,s=1,...,1. But then by Remark 1,

D(p(i))>k+1—s.
Finally, by Lemma 4

1 1 N
011\7/,-+3m—3(A) Zdpiy = mw(k +1—e)™,
i

and the proof of the lemma in complete in case B,, # F @ cF.

Now let B, = F @ cF,ie. G(By) ~G =GO @ GW. 1t is well known that the polynomial
[x1, x2, x3] generates the T-ideal Id(G) (see for instance [12, Theorem 4.1.8]). It follows that
any multilinear proper polynomial of odd degree lies in Id(G) and, so, an +1(G)=0,forn > 1.
Also, since [x, y11[z, y2] = —[x, y21[z, y1] (mod Id(G)), it is easily checked that the polynomial
[x1, x2] - [x20—1, X2, ] spans I, mod I, NId(G). In conclusion we have
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0, ifnisodd,

05(G)=dim1"n(G)={ .
1, ifniseven.

The final part of the proof is similar to the previous one. Given positive integers N and i,

we denote A, = (1,...,1) = 2iN and consider the standard polynomial St,; y which is a proper
polynomial not vanishing on G(B,,) ~ G. Then, as above, we take for By, ..., B,_1 partitions
AMbEni, ..., Au_1Fn,_1 such that

hikj 1,205 —kj — 1) <Ay <hkj,1;,2t), j=1,...,m—1,

tm—1 =2iN and 11, ..., t,—1 satisfy (21). Then we glue the tableaux Tj,,..., T3, as above.

m

Clearly the corresponding partition p = p(i) = N; =n1 + --- +n,—1 + 2i N satisfies

h(k,1,2t —q) < p < h(k,1,2t) (29)

where t =1, ¢ is a constant not depending on i and N;4; — N; is bounded by some constant
also not depending on i. Recall that

dni1,n nsoo anb(k + 0"

for some constants a, b (see, for instance, [12, Lemma 6.2.5]) where n = (k +{)t + kl. From (29)
it follows that

—Qt—gq)k+1D) —ki<(k+1D)gq.

Applying Lemma 4 to dj,1,2:— p) We conclude that the inequality

1 1 1 Ni—(k+l)q
dnk,1,21—q) 2 * —i—l)"l (k+1)? (k +1— 58)

holds for all N; large enough, for any fixed ¢ > 0. Hence if we take our initial N sufficiently
large, the inequality

1 1

N;
CN+3m 3( )= (k—{-l)kl (k+l)"( +l—e)™

holds and the proof of the lemma is complete. O

Note that Lemma 9 holds also for B = F @ cF but in the proof presented here, we have used
the function @ (A) which is defined only in case k + [ > 2.

Theorem 2. Let B = B @ B be a minimal superalgebra, B # F @ cF, with dim Bv(?) =k+1,
dim BS) =1 and let A = G(B). Then exp? (A) exists and equals k + 1.
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Proof. By Lemma 9, for any fixed ¢ > 0 there exist N < Ny < --- such that N;;1 — N; < b and

R a3 (A) > (k41— e)Ni (30)

CN?
for some constants a, b, C not depending on €. Here m is the number of simple components of
the semisimple superalgebra Byj.

Suppose first that B is a simple superalgebra, i.e., m = 1. We will show that c,’: +j (A) > cl(A)
for any j > 2. Indeed, let ¢} (A) =k and let fi, ..., f; be multilinear proper polynomials on
X1, ..., X, linearly independent modulo I';, N Id(A). Since B # F & cF, A = G(B) is not Lie
nilpotent, that is g = [y1,...,y;] is not an identity of A. Hence, since A generates a prime
variety [14], for any set of scalars «1, . .., &, not all zero, the polynomial

(arfi+--+afi)g

is not an identity of A. In particular, c5+j (A) > ¢l (A). Hence by (30), for any N; <n < Niy1,
we have

1
cn(A) = CZFI (A) > ——(k +1 — g)Ni-1

CNE,

1
> Cna(k—i—l—e)”

1 o1
L S g
k+i—o® ~ Cni @ 17O

since n — N;_1 < 2b. In particular,
lim inf +/cP(A) =k +1. (31
n—oo
Since by [1]
lim sup +/ck(A) =exp(A) — 1=k +1,

the proof is complete in case m = 1.

Let now m > 2. We shall first prove that 65+1(A) > cf(A4). Again, let c?(A) =t and let
f1, ..., f; be multilinear proper polymomials on x, .. ., x, linearly independent mod I;, N1d(A).
Given a set of not all zero scalars «q, ..., o, the polynomial

f=afit o taf;

is not an identity of A. Then by [12, Lemma 8.3.1], for some p € G, the element wy,, ® p is a
linear combination of values of f in A. But since

[(Wim @ p,em @ gl =wimen @ pq =wim ® pg #0,

for some g € G, the proper polynomial [f,y] is not an identity of A and therefore
cr 1 (A) = ¢ (A).
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From the latter inequality we get that for any N; +3m —3 <n < Njy1 +3m — 3,

1 1
k+1—e)Ni >

p
A) >
() > ey C'na

(k+1—e),
for some constant C’ not depending on i. In particular,
lim inf /ch(A) >k+1—¢
n—oo
for any ¢ > 0. As before we conclude that

lim inf +/cf(A)=1lim sup +/ct(A)=k+1. O
n—oo

n—o00

6. Computing the proper exponent

In this section we shall prove the existence of the proper exponent for all PI-algebras with the
exception of some algebras strictly related to the Grassmann algebra and whose proper exponent
does not exist.

We start with the following technical lemmas. Recall from Section 2 that B* denotes the
algebra obtained from an algebra B by adjoining a unit element.

Lemma 10. For any superalgebra B, 1d(G (B%)) =Id(G(B)¥).

Proof. Clearly G(B)* = G(B)+ F and G(B*) = G(B) + G D G(B)*. Hence G(B)" satisfies
all the identities of G(B*). On the other hand, G lies in the center of G(B?) and therefore
Id(G(BY)) =1d(G(B)+ F). O

Lemma 11. For any finite dimensional superalgebra B we have exp(G(B®)) = exp(G(B)) or
exp(G(B)) + 1.

Proof. As we remarked before, we may assume that F' is algebraically closed. Let B =C; @
-+ @ Cy + J be the Wedderburn—Malcev decomposition of B where Cy, ..., C,, are simple
superalgebras and J is the Jacobson radical of B. By [8] (see also [12]),

exp(G(B)) =maxdim(C;; & --- ® C;,),

where C;, ..., C;, € {Cq,...,Cy} are distinct and satisty C;) JC;, J --- JC; #0.
Since C; @ - @ C, + F is a maximal semisimple subalgebra of BF, we obtain that
exp(G(B?)) is equal to exp(G(B)) or to exp(G(B)) +1. O

Given an algebra A let var(A) be the variety of algebras generated by A. Suppose that the
field F is algebraically closed. Recall that a finite dimensional superalgebra A is called reduced if
A has a Wedderburn—Malcev decomposition A = A1 ®---D A, +J where Ay, ..., A, are simple
superalgebras, J is the Jacobson radical and A1 JA>J --- JA, # 0 (see [12, Definition 9.4.2]).

We say that two algebras A and B are Pl-equivalent and we write A ~py B if Id(A) = Id(B).
We recall the following result that we shall use in the next theorem.
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Theorem 3. (See [12, Theorem 9.4.3].) If A is a PI-algebra, there exist a finite number of reduced
superalgebras By, ..., By and a finite dimensional superalgebra D such that

A~prG(B)® - ®G(B) @ G(D),
where exp(A) = exp(G(By1)) = --- =exp(G(By)) and exp(G(D)) < exp(A).

It is known that for any given integer d > 2 there are only finitely many so-called minimal
varieties of exponent d. Recall that a variety V with exp(V) =d > 2 is called minimal if any
proper subvariety of V has exponent strictly less than d, i.e., at most d — 1 (see [5,6,10]). For
d = 2 the minimal varieties are var(G) and var(UT>) where UT3 is the algebra of 2 x 2 upper
triangular matrices. In particular, if exp()) = 2 then V contains either UT> or G or both of them
(see for instance [12, Lemma 8.1.5]). We shall make use of this result below.

Next theorem is the main result of this paper about the existence of the proper exponent. We
remark that if A= G @ B @& N where B is a finite dimensional algebra with Jacobson radical
of codimension 1 and N is a nilpotent algebra, then, for n large enough ¢} (A) = ¢} (G). Hence
exp” (A) does not exist in this case. Next we shall prove that actually this is the only exception.

Theorem 4. Let A be a Pl-algebra with exp(A) =d > 1. Then exp? (A) exists, is an integer
and exp? (A) =d or d — 1, unless exp(A) = 2 and A is Pl-equivalent to an algebra of the type
G @ B & N where B is a finite dimensional algebra whose Jacobson radical is of codimension 1
and N is a nilpotent algebra.

Proof. At the light of Proposition 1, we may assume that exp(A) > 2.

Suppose first that either exp(A) > 3 or exp(A) =2 and UT; € var(A). As we mentioned
at the beginning of Section 2, we may assume that the base field F is algebraically closed.
Then, by [12, Lemma 8.1.5], there exists a minimal superalgebra B such that G(B) € var(A)
and d = exp(A) = dim Bg; = exp(G(B)). If exp(A) > 3, then B # F @ cF. On the other hand if
exp(A) =2, by hypothesis UT> € var(A) and we may take B = UT> with trivial grading. Hence
also in this case B # F @ cF, and by Theorem 2 we conclude that exp” (G (B)) exists and equals
d—1.

Now, if A is a unitary algebra, then by [1], exp”(A) = exp(A) — 1 =d — 1. On the other hand,
exp? (A) = expP(G(B)) =d — 1. Hence exp” (A) exists and equals d — 1.

If A is not a unitary algebra, by Lemmas 10 and 11 for the algebra A* we have exp(A¥) = d
or d + 1. If exp(A*) = d then by the first part of the proof, exp”(A%) =d — 1. Since A and A"
have the same proper identities, we get exp”(A) =d — 1 and we are done. If exp(A®) =d + 1,
then exp”(Aﬁ) =d since A%isa unitary algebra. Since I}, (A) = I,(A) for all n, exp” (A) exists
and equals d.

Therefore in order to finish the proof we may assume that exp(A) =2 and UT> ¢ var(A). We
shall prove that in this case exp”(A) exists provided A is not PI-equivalent to an algebra of the
type stated in the theorem.

By Theorem 3, A ~p; G(B1) & --- & G(B;) & G(D), for some reduced superalgebras
B1, ..., B; and a finite dimensional superalgebra D, where exp(G(B1)) =--- =exp(G(B;)) =2
and exp(G (D)) < 1. Now, by the defining property of the exponent, it follows that for 1 <i <¢,
either B; = F; @ F» + J where Ffy =, = F and F1 @ F» C B, or Bi=F @ cF, 2 = 1.
In the first case, F1JF, # 0 implies that UT € var(G(B;)) C var(A), a contradiction. Thus
Bi =F & cF,and G(B;) = G. In conclusion A ~p; G & G(D) and exp(G(D)) < 1.
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By [12, Theorem 7.2.12], G(D) ~p1 B1 & - - - ® B,,, where for 1 <i < m, B; is a finite dimen-
sional algebra and dim B; /J (B;) < 1.

First suppose that By, ..., By, are nilpotent or unitary algebras. Let, for example, By, ..., Bk
be unitary and By 1, ..., By, nilpotent. Then N = By @ - - - @ By, is a nilpotent algebra.

Let ey, ..., ex be the unit elements of By,..., By and Ji,..., J; the Jacobson radicals of
By, ..., By, respectively. Denote by L the one-dimensional subspace spanned by e = e +
-+-+ey. Then L >~ F. We will show that the algebra

B=L+J1® - ®J

is Pl-equivalent to By @ --- @ By. If f = f(x1,...,x,) is a multilinear polynomial and, say,
ai,...,a; € Jy for some 1 <t < k then

flai,....aj,e,....e))= f(a1,...,aj,e,....e).

That is if f is not an identity of B, then f is not an identity of B. Since B € var(B; @ - - - @ By)
we get: B ~py B1 @ --- ® By. Hence A ~p1 G & B & N, where N is a nilpotent algebra and
B = F + J is an algebra with 1, the desired conclusion.

Hence we may assume that some B; is a non-unitary algebra which is not nilpotent. Write
B; = F + J and decompose J = J11 @ J10 @ Jo1 @ Joo as in Proposition 1. Then, since B; is
non-unitary, Ji1o® Jo1 # 0. As in Proposition 1, it follows that [x1, ..., x,] is not an identity of B;,
for all n > 2. Hence ¢/ (B1 @ --- @ By,) > ¢k (B;) > 1 for all n > 2. In conclusion, exp”(A) =
exp?(G & B; & --- ® B,,;) = 1 and the proof is complete. O

We conclude the paper by remarking that one cannot expect to extend the equality exp? (A) =
expl(A) from finitely generated PI-algebras to arbitrary algebras. In fact, the following is an
example of a (unitary) PI-algebra A such that expL(A) < exp”(A) =exp(A) — 1.

Let

GO GO
G G<0>> '

A=M11(G)=G(M1(F)) = (

It is easily checked that A satisfies the Lie identity [[x1, x2], [x3, x2], x5] =0, i.e., A is a central
metabelian Lie algebra. Also c,f(A) > 1 since A is not Lie nilpotent. It can be shown (see [15]
or [12]) that c,f (A) is polynomially bounded. Actually it is not difficult to see that asymptotically
c,f (A) < n3. Hence expl (A) = 1. On the other hand, it is well known that exp(A) = 4 (see for
instance [12]); hence by Theorem 4, exp?(A) = 3.

We finally remark that the question whether the Lie exponent of an associative PI-algebra
exists and is an integer is still open in general. In case of Lie algebras of so-called non-associative
type, there is an example of a Lie algebra L such that 3.1 < exp(L) < éxp(L) < 3.9 [16].
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