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Abstract

Let A be an algebra over a field F' of characteristic zero and let ¢, (A), n = 1,2, ..., be its sequence
of codimensions. We prove that if ¢, (A) is exponentially bounded, its exponential growth can be any real
number > 1. This is achieved by constructing, for any real number o > 1, an F-algebra Ay such that
limy,— 00 +/cn (Ay) exists and equals «. The methods are based on the representation theory of the symmet-
ric group and on properties of infinite Sturmian and periodic words.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let F be a field of characteristic zero. The theory of polynomial identities plays a significant
role in the general theory of algebras over F. For instance, if F is an algebraically closed field,
it turns out that any finite dimensional simple associative or Lie algebra is uniquely determined
by its identities (see [17,20]). Also, in the associative case, the polynomial identities allow to
establish a surprising link between finitely generated and finite dimensional algebras [11]. In
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general, the study of the polynomial identities and of the corresponding varieties is one of the
most fruitful approaches to the investigation of some important classes of non-associative alge-
bras [23].

On the other hand, the description of the identities of a given algebra is a very difficult problem
in general. Even if A = M,,(F) is the algebra of n x n matrices over F, the description of
the identities is known only for n = 2. One of the effective ways of studying the identities of
a given algebra is that of combining algebraic and analytical methods. The idea of applying
numerical methods for investigating the identities was originally realized in the associative case
(see for instance [1,18]) and the results obtained in recent years have given new impetus to the
development of the theory (see [7]). The same analytical approach was also effectively applied
in Lie theory (see [7,13]).

In general, given an algebra A over F, one can associate to A a numerical sequence ¢, (A),
n=1,2,..., called the sequence of codimensions of A (see next section for details). The se-
quence ¢, (A),n=1,2,..., gives in some way a measure of the polynomial relations vanishing
in the algebra A and in general has overexponential growth. For instance, if F{X} is the free
(non-associative) algebra on a set X, |X| > 2, ¢, (F{X}) = pyn! where p, = %(2:__12) is the nth
Catalan number. For the free associative algebra F'(X) and the free Lie algebra L{X) we have
cn(F(X)) =n'!and ¢, (L{X)) = (n — 1)!, respectively.

A number of methods have been developed in the years in order to deal with codimension
sequences without any further assumption (see for instance [16,18]). But the most significant
results have been obtained in case ¢, (A) is exponentially bounded.

There is a wide class of algebras with exponentially bounded codimension growth. For in-
stance, if dimA = d < oo, then ¢, (A) < d" [3]. Also, any associative Pl-algebra (algebra
satisfying a non-trivial polynomial identity), any infinite dimensional simple Lie algebra of Car-
tan type [2] or any affine Kac—Moody algebra has exponentially bounded codimension growth
[18,21].

In case the sequence of codimensions is exponentially bounded, say ¢, (A) < d", one can con-
struct the bounded sequence «/c,(A),n =1, 2, ..., and it is an open problem if lim,,_, 5 v/, (A)
exists.

In the 80s Amitsur conjectured that for any associative Pl-algebra A, lim,,_, oo +/c; (A) exists
and is a non-negative integer. This conjecture was recently confirmed in [5,6]. In [22] it was also
shown that the same conclusion holds for any finite dimensional Lie algebra.

For associative algebras it was known long time before [10] that the sequence of codimensions
cannot have intermediate growth, i.e., either ¢, (A) > 2" asymptotically or ¢, (A) is polynomially
bounded. A similar result for general Lie algebras was proved in [14]. Only recently it was shown
that for any finite dimensional algebra A either ¢, (A) is polynomially bounded or ¢, (A) > ¢(d)"
where dim A = d and ¢ is some explicit function with ¢(d) > 1 [8].

There is only one known example of infinite dimensional Lie algebra L with 3.1 < /c, (L) <
3.9 [15]. Nevertheless, even for this algebra it is unknown if lim,,—, oo </ ¢, (L) exists.

The first goal of this paper is to construct examples of (non-associative) algebras A such that
lim,,_, 5~/ ¢, (A) exists and is non-integer. Actually we prove that for any real number 7 > 1 there
exists an algebra A = A(¢) such that lim,,_, o /¢, (A(f)) =t (Corollary 7.1). Then we discuss
the asymptotics of the codimensions of finite dimensional algebras. Clearly, if F' is countable,
then lim,_, »~/c,(A) can take only a countable set of values. Hence not every real number
greater than 1 can be realized as the exponential growth of the codimension sequence of a finite
dimensional algebra. Nevertheless, the set
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{ lim /¢, (A) | dimp A < oo}
n—>0oo

is a dense subset of R (Corollary 7.2).

The main tool in our study is the ordinary representation theory of the symmetric group.
Also, by applying methods of algebraic combinatorics [12], to each algebra A(f) we associate
an infinite word w in the alphabet {0, 1} and we relate the complexity of w to the sequence of
codimensions of A(¢). It turns out that the basic properties of Sturmian and periodic words will
allow us to prove our result.

The techniques developed in this paper allowed us to construct examples of infinite di-
mensional non-associative algebras whose growth of the codimensions is intermediate between
polynomial and exponential [8]. As it was mentioned above, this phenomenon cannot occur in
case of associative or Lie algebras.

2. Preliminaries and basic tools

Throughout F' is a field of characteristic zero and F{X} = F{xy, x2,...} is the free non-

associative algebra of countable rank over F. Given a polynomial f = f(x1,...,x,) € F{X},
we say that f = 0 is a polynomial identity for an F-algebra A (or that A satisfies f = 0) if
f(ai,...,ap) =0 forall ai,...,a, € A. In case A satisfies a non-trivial polynomial identity,

A is called a PI-algebra. Let
Id(A)={f e F{X}| f=0in A}

denote the subset of F{X} of polynomial identities of A. It is clear that Id(A) is an ideal invariant
under all endomorphisms (i.e., a T-ideal) of F{X}. We refer the reader to [4,7,20,23] for an
account of the basic properties of PI-algebras.

For every n > 1, let P, be the subspace of F{X} of all multilinear polynomials in the variables

X1, ..., Xp. Notice that since the number of distinct arrangements of parentheses on a monomial
of length n is the Catalan number %(2,1"__12), it readily follows that dimg P, = (2nn_—]2) (n—1.

Now let A be an arbitrary algebra and let Id(A) be its T-ideal of identities in the free algebra
F{X}.

Definition 2.1. The non-negative integer

P,
cn(A) =dim ————
P, N1Id(A)
is called the nth codimension of A.
As it was mentioned in the introduction, the sequence ¢, (A), n = 1,2, ..., is exponentially

bounded for a wide class of algebras. For such algebras one can define the following numerical
invariant

Definition 2.2. Let A be an algebra over F and let the sequence c,(A), n =1,2,..., be expo-
nentially bounded. Then the PI-exponent of A is the real number

exp(A) = lim /¢, (A) (D

provided the limit on the right-hand side of (1) exists.
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Since char F = 0, by the well-known multilinearization process, every T-ideal is determined
by its multilinear polynomials. Hence the T-ideal Id(A) is completely determined by the sequence
of spaces {P, N1d(A)},>1. These spaces are studied through the representation theory of the
symmetric group.

For the convenience of the reader we recall the basic notions and constructions of this theory
(see [9)).

Let S, be the symmetric group on {1, ...,n}. Since char F = 0, by Maschke’s theorem any
finite dimensional S,-representation is completely reducible. In other words, if M is a finite
dimensional module for the group algebra F'S,,, then M can be decomposed as

M=M & &M, )
where My, ..., M, are irreducible F'S,-modules. In the language of §),-characters (2) can be
rewritten in the form

X(M)=xM) D& x(My), 3)

where x (M) is the character of M and x (M;) is the character of M;,i =1, ..., g. The number
q of irreducible summands in (2) and (3) is called the length /(M) of M. Now, it is well known
that there is a one-to-one correspondence between irreducible S,,-characters and partitions of 7.
Recall that a sequence A = (A, ..., A,) of positive integers is called a partition of n, and we
write AFn,if Ay >--- > A, and A; 4+ --- + A, = n. To a partition A - n one can associate a
Young diagram D; which is an array of boxes such that the jth row of D; contains A ; boxes. If
we fill up the boxes of D, with the integers 1, ..., n, we obtain a Young tableau of shape A.

Given a Young tableau T, let Ry, and C7, be the subgroups of S, stabilizing the rows and the
columns of T, respectively. Then write

Ry, = Z o, Cr, = Z (sgn7)T

O‘ER’T)L ‘EECT)V

for the corresponding elements of the group algebra F'S,. Then the element er, = IéTA C T, 1S an
essential idempotent of F'S,, i.e., e% = aer, , for some non-zero scalar «. It is well known that
er, generates a minimal left ideal of F'S,, that is realizes an irreducible representation of S,,.
Moreover for any two tableaux 7;, and 7, of the same shape A the left modules FS,er, and
F SneT/ are isomorphic. On the other hand FSyer, and F S,,eT are not S, -isomorphic as soon
as A ;é . Recall also that er; M # 0 for any irreducible S,- module M isomorphic to FS,er, .

Since the characters of two equivalent representations coincide, by using standard notation,
we write

XL = X(FSneTx)

the irreducible character of the module F'S, er, . Combining together similar summands, we can
rewrite (3) in the form

xX(M) =Y "myx. )

An
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where m;_ is a non-negative integer called the multiplicity of x; in x (M) (m) = O if the right-
hand side of (2) does not contain summands isomorphic to FS,e7,). Recall that for any S,-
module Q, the degree of the character x (Q) is deg x (Q) = dim Q. Then from (2), (3) and (4) it
follows that

dimM = Zm s ds,
An

where d; = deg x, is the degree of the character y; and

(M) =ka.

An
Given a partition » = (A1,...,A;) - n, denote by A/, ..., A, the heights of first, second, rth
column of the Young diagram D;,, respectively. Clearly r = A1, A{ 4+ --- + A, =n and A >
-+ =M. Hence A = (A}, ..., A.) is a partition of n called the conjugate partition of A.

In what follows we shall also use the hook formula for the dimension d, of the irreducible S, -
representations. Let A = (A1, A, ...) be a partition of n and let D, be the corresponding Young
diagram. Denote by (i, j) the box of D, at the intersection of the ith row and the jth column
and define the hook number

hij=hi—( =D+, =G —D—1=a +2;—i—j+1
where A’ = (1], 1}, ...) is the conjugate partition on A. Then

n!

dy = —=————
H(i,j)eDA hij

is the hook formula for dj = deg ;..
Now let the symmetric group S, act on the left on P, by requiring that for o € S, and
f(-xla"'v-xn)epna

of(x1,...,xp) = f(xd(l)a . ~~ax<7(n))-

Since for any PI-algebra A, the subspace P, NId(A) is Sp-invariant, this in turn induces a struc-

ture of S,,-module on the space P,(A) = P,,+ZI(A)' The S,-character of P,(A), denoted y,(A),

is called the nth cocharacter of the algebra A and
cn(A) = deg xn(A) =dimp P, (A)

is the nth codimension of A. Then the nth cocharacter of the PI-algebra A decomposes as

Xn(A) =Y "myx (5)

An

where m; > 0 is the multiplicity of x, in x,(A). In particular

cn(A) =) myd. 6)

An
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The two sequences {x,(A)},>1 and {c,(A)},>1 will be the main object of our study.
Another important numerical sequence is the sequence of colengths. If the nth cocharacter of
A has the decomposition given in (5), the nth colength of A is

In(A) = my. (7

An

The equalities (6) and (7) are very useful in the study of the asymptotic behavior of the se-
quence ¢, (A). For instance, if A is an associative PI-algebra, then all d) appearing in (6) with
non-zero multiplicity m,, are exponentially bounded as functions of n, whereas [, (A) in (7) is
polynomially bounded. In the following sections we shall construct a family of non-associative
algebras sharing the same properties. This will allow us to reduce the study of the asymptotic
behavior of ¢, (A) to the estimate of the asymptotic behavior of the degrees of the corresponding
representations of the symmetric groups.

3. The algebra A(K)

Given a sequence of integers K = {k;};>1 such that k; > 2 for all i, we define a (non-
associative) algebra A(K) that will be the main object of our investigation.

Definition 3.1. Let K = {k;};>1 be a sequence of positive integers k; > 2. Then A(K) is the
algebra over F with basis

{a,p}UZ1UZrU--.
where
zZi={"|1<j<k}. i=12..,
and multiplication table given by

Na=2, ..., z,({i)_la=z,(ci), z,(cf.)a=z?), i=12,.

“ey

dWh=" i=12
and all the remaining products are zero.

Recall that, given elements yy, y2, ..., ¥, of a non-associative algebra, their left-normed prod-
uct is defined inductively as y; - - - y, = (¥1 -+ - Yu—1)Yn. From Definition 3.1 it easily follows that
only left-normed products of basis elements of A(K) may be non-zero. Moreover the only non-
zero products are of the type z(/.') f(a, b) for some left-normed monomial f (a, b). Because of the
multiplication table of A(K), any other arrangement of the parentheses in f(a, b) gives a zero
value, hence there is no lost of generality if we view f = f(a, b) as an associative monomial on
a and b and we shall tacitly do this in what follows.

Let us denote by deg, f and deg;, f the degree of f on a and b, respectively. Notice that all
degrees are well defined only if we consider the elements f (a, b) as words in the alphabet {a, b}
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and do not compute their values in A(K). It is clear that given any z;i) and z,(cl) such that/ > i or
I =i and k > j, there exists only one monomial f(a, b) on a and b with

z,((l) = zf/i)f(a, b). ®)

Some conclusions can be easily drawn about the cocharacter sequence of A(K).
Recall that given a set N C {1, ..., n}, a multilinear polynomial g(xy, ..., x,) € P, is alter-
nating on the set of indeterminates {x; | k € N}, if

og(x1,...,xp) =(sgno)g(xy, ..., xn),

for all o € S(N), where S(N) is the symmetric group on the set N. The characteristic property
of alternating polynomials is that if we evaluate the above g in an algebra A, i.e., if we substitute
xi—a€A,i=1,...,n,theng(ay,...,a,) =0assoonas a; =a; forsomei, j€N.

Now let A = (A1, ..., A;) Fn be apartition of n and let A" = (A}, ..., A..) denote the conjugate
partition of A. Denote by /(1) the height of D;, i.e., h(A) = A].

Let T), be a A-tableau and let e7, be the corresponding essential idempotent of F'S,,. Denote by
Nj, j=1,...,r,theintegers contained in the jth column of 7. Then {1, ..., n} = N;U---UN,
is a disjoint union and

Cr, =S(Ny) x -+ x S(N). ©)]
Given a multilinear polynomial f = f(xi,...,x,) € Py, consider the polynomial g =
g(xy,..., xn)_z er, f(x1,...,x,). From (9) and the definition of C7, it follows that the poly-

nomial f’ = Cr, f is alternating on any set {x; |k € N;}, 1 <i <r.

Next we evaluate the polynomial f’ in the algebra A(K). We remark that since f’ is a mul-
tilinear polynomial, it is enough to evaluate it into a linear basis of A(K). Suppose first that
N1 > 4. Note that

I=span{z{ [ 1<) <ki, i >1]

is a two-sided ideal of A(K). Hence when evaluating f’ in A(K), we have to replace two vari-
ables x; and x, i, j € N; either with elements of I or both with a or both with b. In any case,
since 12 = 0 and f' is alternating on {x; | k € Ny}, it follows that f’ is an identity of A(K).
Hence g(x1,...,x,) = RTA f'(x1,...,x,) is also an identity of A(K). We have proved that if
h(A) = Ny > 3, then e, f is an identity of A(K). Similarly, if Ny =3 and N> =3, ie., A3 > 1
inA=(A,...,A), thenalso Cr, f =0, and so ez, f =0, in A(K).

Recall that if M is an S,,-module,

M=M& --®dM,,
with My, ..., M, irreducible S,-modules and, say, x (M) = x,, for some A - n, then e; M # 0,
for any A-tableau 7). Hence, by the complete reducibility of S,-representations, the S,-module

P, can be decomposed into the sum of two S,, submodules

Py =M & (P, N1d(A(K))).
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As it was shown above, e, f is an identity of A(K) as soon as h(A) > 3 or A3 > 1. Hence M
does not contain irreducible S, -submodules with character x, where (1) > 3 or A3 > 1. Since

P,(AK - B ~M
n(AC ))_Pmld(A(K»_ ’

we immediately obtain the following

Lemma 3.1.

Xn(AK)) =muxe+ Y, moo+ Y. mx.
A=(1,A2)Fn A=(A1.h2, Dbn

In order to investigate the asymptotics of the degrees of the irreducible S,-characters we
introduce the real valued function

1

PO = i

defined on the interval (0, %].
The proof of the next lemma is based on standard arguments and is left to the reader.

Lemma 3.2. The function @ (x) is continuous in the interval (0, %], and @ (a) < @ (b) whenever
a < b. Moreover lim,_, g+ ®(x) =1 and @(%) =2.

Next we need to estimate the degrees of the irreducible S, -characters x, for the three types of
partitions: A = (n) or (A1, A2) or (A1, A2, 1). If A = (n) then deg x;, = 1. Incase A = (n — k, k),
by the hook formula (see Section 2), we obtain

n! n—2k+1
Kln—k)! n—k+1

1n<de <n
nk\gXA\k-

Now, by Stirling’s formula [19], for some 0 < 6,, < 1 we have

deg x;. =

and, so,

Since k <n — k, write k = an where 0 < o = % < % Then we have

n 2nn nnVn,k Vn k n
= = ¢((X)
k 2k 2x(n—k) kkx(n —k)"*  2ra(l —o)n

where
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e2n
Yk =5 On—k
e T2k . e12(n—k)
Notice that

€L

Yn,k _ Vn,k < ﬂ - e <1
Vra(l—on  2nk(l—a) /7 T
and
Vi k 1 1 1 1
_ —_ . >
V2ma(l —a)n eﬁ eﬁ 271%’ Jn

Hence we have proved the following

Lemma 3.3. Let A = (A1, X2) be a partition of n. Then

@ ()" <degyn < P(a)",

an3

1

— M =L
where o = % and @ (o) = (A—a) "

A similar result can be proved about partitions of the type (11, A2, 1), but we shall reduce all
calculations for such partitions to the case of partitions with only two parts.

4. Complexity of infinite words and colength sequence

In this section we shall bound from above the colength sequence of the algebra A(K) for
some special types of sequences K associated to infinite words in the alphabet {0, 1}.

We start with a non-difficult but important remark on the bound of the multiplicities in the
cocharacter of any PI-algebra. For every d < n, let W,gd) be the subspace of the free algebra
F{X} of homogeneous polynomials in x1, ..., xy of degree n. Given any Pl-algebra A, define

WDAy=—""
" W' N 1d(A)

Lemma 4.1. Let A be a Pl-algebra with nth cocharacter x,(A) =) _,, , m; x.. Then, for every
A En with h(A) <d, we have that m) < dim W,gd) (A).

Proof. Let A - n with A(A) < d and for short, write A = (A, ..., Aq) even if h(X) < d. Recall
that x, (A) is the §,,-character of the module P,(A) = m. Hence, since y; participates in
Xn(A) with multiplicity m;,, P, (A) contains a submodule

M=M &M,

with ¢ = m;, where fori =1, ..., g, each M; has character y (M;) = x,..
Fori > 1, write x; = x; +1d(A) € %. Now, let 7, be the Young tableau of shape A obtained

from the diagram D, by filling the boxes of the first row from left to right with the integers
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1,..., A1, the second row with A; + 1, ..., A1 + A2, and so on. It is well known (see Section 2)
that eTAM #0,foralli=1,...,q. Given 1 <i <n,let g; € M; be a multilinear polynomial
such that fl = f,(xl, .. x,,) = e, g # 0. By the structure of the essential idempotent er; , it
follows that fl is symmetric on each of the sets {x1, ..., X3, }, {Xa,41, ..., X5, 42,1}, €tC.
Let F{xy,...,xq} denote the free algebra on the set {xy, ..., xy} and consider the homomor-
phism
 F{X} Fi{xi,...,xq}

Q: —
1d(A)  F{xi,...,xq) N1d(A)

such that
(X)) =--=@Ey) =1,
OEo+1) = = @(Xn +2,) = Y2,
(P(X)\1+~~+Ad,1+l) == (P(Xn) =Yd

where for 1 < j <d,yj=x; + F{x1,...,xg} N1d(A).

Clearly (M) C W,Ed)(A). Denote fi = (p(fl), g = go(fq). It is well known that
f], cee, fq are, up to non-zero scalars, the complete linearizations of f1,..., f;, respectively.
Since fi, ..., fy ¢ 1d(A), also fi, ..., f; ¢ Id(A).

Suppose that the elements f1,..., f; are linearly dependent over F. Then the elements
f1, .. fq obtained by complete linearization of fi,..., f; respectively, are still linearly de-
pendent over F. But f1 eM,..., fq € M,, and this is a contradiction. Thus

my =q <dimp(M; @ ---® M,) <dimWP(A). D

At this stage, in order to bound the colength sequence of A(K), we need to specialize the
sequence K.

Let w = wjw, ... be an infinite (associative) word in the alphabet {0, 1}. Given an integer
m 2= 2, let K, o = {ki}i>1 be the sequence defined by

k= m, ifw,-:O,
"Tm+1, ifwi=1

and write A(m, w) = A(K;,w).

Recall that, given an infinite word w in a finite alphabet, the complexity Comp,, of w is the
function Comp,, : N — N, where Comp,, (n) is the number of distinct subwords of w of length n
(see [12, Chapter 1]).

Lemma 4.2. For any m > 2 and for any word w, the algebra A = A(m, w) has nth colength
satisfying

[, (A) <3(m+ l)n Comp,, (n).
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Proof. Consider the quotient algebra R = % and denote by y; = x; + 1d(A),i =1,2,3,
the canonical generators of R. Recall that R = F(y1, y2, ¥3) is the relatively free algebra of the
variety generated by the algebra A.

Now, if x,(A) = le—n m;, x,. is the nth cocharacter of A, by Lemma 3.1, all partitions A - n
with m; # 0 are of the type A = (n), A = (A1, X2) or A = (A1, A2, 1). In particular 2(A) < 3 and,
by Lemma 4.1, it follows that m) < dim W,?) (A), where in our notation, W,?) (A) is the subspace
of R of homogeneous polynomials of degree n in yq, y2, y3.

Since [,(A) = ZM_n m;, and the number of partitions A = (A1, X2, A3) - n with A3 < 1 does
not exceed n2, we obtain that /,(A) < n%(dim W,f3) (A)). Therefore, in order to prove the lemma,
it is enough to show that

dim W (A) < 3(m + 1)n Comp,, (n). (10)

Fix n and make the following auxiliary construction. Let F{(a, b) be the free associative alge-
bra in the elements a and b. Let M be the free right F (a, b)-module on the set X = {x1, x2, x3}.
We make M into a F(a, b)-bimodule by requiring that F'{(a, b) M = 0. Hence any element of M
can be written as a linear combination of elements x; f (a, b) where f(a, b) is a monomial with
coefficient 1, i.e., a word in the alphabet {a, b}.

Recall that a monomial of the type (((x;, xi,)Xi;) -+ Xi,) = X, ---X;, is called left normed.
Now, since (x1x2)(x3x4) = 0 is an identity of A, one can choose a basis of R consisting of left
normed monomials in yj, y2, y3. Hence

{yl.l".yl.k |k>17 i17"'7ik€{15273}}

generate R as a vector space.
Let now o : R — A be the evaluation map such that

o(yi) = Z)»ijszf) +aja + Bib.
5

Then, by the multiplication table of A we obtain
o iy ¥i) = (an ,xz;”) (@ira+ Biyb) -+~ (aiga + B b).
S’j

It follows that o can be considered as the composition of two linear maps

RYLMS A

where 1 and ¢ are defined on generators by the rule
Y (i, - - Vi) = xiy (@ipa + Biyb) - - - (aja + B b)

and

o(xi f(a, b)) = ( Z)\ijszy)>f(a, b).

S, J
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Actually ¢ is a homomorphism of F(a, b)-modules.

Denote by I the intersection of the kernels of all such maps ¢ : M — A. Let also M denote
the space generated by all elements of the form x; f(a, b), i =1, 2, 3, where f is a monomial of
degree n — 1. Clearly,

M@

dim W, (A) < dim TAM®

(11)

Hence in order to complete the proof, we only need to show that the codimension of 7 N M in
M™ does not exceed 3(m + n Comp,, (n).

For k =1,2,3, let My be the F{(a, b)-submodule of M generated by x; and let I = I N
M®™ N M. '

For k =1, if ¢;; : M — A denotes the linear map such that ¢;;(x1) = zy), then

11 = ﬂKergo,'j.
iJj

We next bound the codimension of the kernel of any fixed map ¢;;. Later we shall compare the
kernels of different maps.

Let x1 f(a, b) ¢ Kerg;; for some monomial f = f(a, b). Then from the multiplication table
of A it follows that

f=a"ba''b...ba"+

with 0 <ig,i,+1 <m and iy,..., i € {m — 1, m}. More precisely, the structure of f is closely
related to the subword w(@ + 1,7 + 1) = wj1wit2 ... Wiyr4+1 of W = wiw;y ... in the following
way. Since we must have

Z(i) @) (i)bzzgi-i-l)’ Zg’+1)ai1

ig __ _ G+
i a” =2y, 74 7 y e

define the word f on {0, 1} by the rule f="fif...fr where
= |0, ifig=m—1,
T, ifig=m.

Then ¢;;(x1 f(a, b)) # 0 if and only if

() f=wi+1,n),
(2) ip=0incase j =1 and j + i) = m + w; otherwise,
B) i1 <m =14 Wipr41.
In this case it can be checked that ¢;;(x1 f (a, b)) = Zéi?,tl. .

Notice that distinct monomials of the type x1 f(a, b) with ¢;;(x1 f(a, b)) # 0 are automat-
ically linearly independent modulo /;. Moreover Kerg;; = Kerg;; as soon as w(i,r + 1) =
w(l,r + 1). Recalling that the number of distinct subwords of w of length r is Comp,,(r), we
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obtain that the number of subspaces Ker ¢;;, for fixed r, is at most (m + 1) Comp,, (r + 2). Since
1 <r +2 < n and Comp is a monotone increasing function, this implies that

o MiNM™

dim — 7 <n(m+1)Comp,, (n).

1

Similarly, the codimension of [ in My N M () (k = 2,3), is also bounded by n(m + 1) x
Comp,, (n). Thus, since M = M| & M> & M3,

M®
dim W,”(A) < dim TA ™ < 3(m + 1)n Comp,, (n)

and the proof of the lemma is complete. O

5. Sturmian or periodic words and real exponential growth < 2

In this section we shall further specialize the algebra A(m, w) by choosing the word w in a
suitable way.

Recall that an infinite word w = wjw> - - - in the alphabet {0, 1} is periodic with period T if
w; = wiqr fori =1,2,.... It is easy to see that for any such word Comp,,(n) < T. Moreover,
it is known that Comp,,(n) > n + 1 for any aperiodic word and an infinite word w is called a
Sturmian word if Comp,,(n) =n 4+ 1 forall n > 1 (see [12]).

For a finite word x, the height 4(x) of x is the number of letters 1 a;})pearing in x. Also, if
|x| denotes the length of the word x, the slope of x is defined as 7w (x) = % In some cases this
definition can be extended to infinite words in the following way. Let w be some infinite word
and let w(1, n) denote its prefix subword of length n. If the limit

exists then 7 (w) is called the slope of w. It is easy to give examples of infinite words for which
the slope is not defined. Nevertheless for periodic words and Sturmian words the slope is well
defined. In the next proposition we give the basic properties of these words that we shall need in
the sequel.

Proposition 5.1. (See [12, Section 2.2].) Let w be a Sturmian or periodic word. Then there exists
a constant C such that

(1) |h(x) — h(y)| < C, for any finite subwords x,y of w with |x| = |y|;
(2) the slope m(w) of w exists;
(3) for any non-empty subword u of w,

C
|7 u) — ()| < —;
ul
(4) for any real number o € (0, 1) there exists a word w with m(w) = o and w is Sturmian or
periodic according as « is irrational or rational, respectively.

In case w is Sturmian we can take C = 1, and if w is periodic of period T, then w(w) = M
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Our aim is to prove that in case w is a periodic or a Sturmian word, then for the algebra
A= A(m,w), lim,_, o v/c,(A) exists and any real number in the interval (1, 2) can be realized
in this way. We start by bounding from below the nth codimensions of such algebra.

Lemma 5.1. Let w be a Sturmian or periodic word with slope n(w) = «, let A = A(m, w) and

let B = ——. Then, given any & > 0 there exists N = N (¢) such that for alln > N, the (n + 1)th

m+a”
codimension of A satisfies

1
> _ n
T i P

Proof. Let w(l, j) =w; ---w; be the prefix subword of w of length j. Suppose first that there
exists r such that n = mr 4+ 7 (wy - - - w,)r where w(wq - - - w;) is the slope of the word wy - - - wy.

Hence m(wy -+ - w)r=w; +---4+w,. lfwesetiy=m—14+wy,...,i, =m — 1+ w,41, then
clearly

zil)ba“baiz cbat = ZYH) £0. (12)

Consider the partition A = (A1, A, 1) Fn+ 1 suchthat Ay =iy +--- +1i,, Ao =r and let

A1+ g+ 1] %]
T, =| Ji 2 1l Jr
1

be a Young tableau such that ji, ..., j. are the positions of b in the monomial on the left-hand
side of (12),1i.e., j1 =2, j» =i1 + 3, j3 = i1 + i2 + 4, and the remaining boxes on the first row of
T), are filled up with the remaining integers in {1, ..., n + 1}. Let e, be the essential idempotent
corresponding to the tableau 7. Then the evaluation

oo =2", o(x;)=--=9@x;)=b, and
o) =a ifj¢lji.... 1),

maps er;, (X1 - - Xp41), where xp - - - x4 is a left-normed monomial, to r!(n — r)!zng). Hence
er, (x1---x,41) is not an identity of A and this says that x; participates with multiplicity mj # 0
in the decomposition of x,+1(A). Therefore c,+1(A) > deg x,.

Let u = (A1, A2) -n. Since deg ;. > deg x,, by Lemma 3.3 we obtain

1
cnt1(A) > deg xp > ——=P(y)"
" T a3

where

A F r 1

J/:7=;:mr~|—n(w]-~-wr)r=m—i—7'[(w1~--wr)'
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Clearly if w is a periodic word, lim,_, o (w1 - - - w,) = av. Moreover the same conclusion holds
for Sturmian words by Proposition 5.1. Hence, given ¢ > 0, there exists N = N (¢) such that

1 1
= 2 — &= — &
Y m+m(wy---w,) m+ta p

assoonas n =mr + w(wq---w;)r > N. Hence

Cny1(A) > D(B—e)" 13)

1
vrn3
and we are done in this case.

If n cannot be written as mr + 7w (wq - - - w;)r then one can find r such that

no=mr+ax(wy---w)r <n<m@+1)+m(wy---wrp)(@ +1).

In this case, since ng < n and w(wy - wr41)(F + 1) — 7 (wy---w,)r <1 we obtain n — ng <
m + 1. By the first part of the proof, the codimension c,,+1(A) satisfies (13). Moreover, by the
structure of the algebra A, if a multilinear polynomial p(xy, ..., x;) of degree i is not an identity
of A then p(xy,...,x;)xj+1 % 0on A. This implies that ¢; | (A) > ¢; (A) for all i. Hence by (13)
we have

cnt1(A) 2 Cno—H(A) > D(B— 8)n0'

1
[ 3
Ty

Now, ng < n implies \/» «/7 and since @ (8 —¢) < 2,

PB—e)>D(B—e)" > 2 P (B —e)

Thus ¢, 4+1(A) > (D(,B —¢e)" as wished. O

2m+] /7

In the next lemma we get some information on the nth cocharacter of A(m, w). Roughly
speaking we shall prove that all characters x; whose diagram A has long second row, do not
participate in x, (A(m, w)). This fact will be exploited in the next lemma in order to get an upper
bound for ¢, (A(m, w)).

Lemma 5.2. Let w be a Sturmian or periodic word with slope o, let A = A(m, w) and let
B = m_m Given any ¢ > 0 there exists N = N (¢) such that for alln > N and forall A+ (n+ 1),
the character x) appears with zero multiplicity in x,4+1(A) whenever >pB+e.

Proof. Let g = g(a, b) be an associative monomial on a and b, and suppose that zy) gla,b)#0
in A for some i, j. Then, as in Lemma 4.2,

g=a""ba''b- - ba'r+
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with 0 < ip,i,41 < m and iy,...,i, € {m — 1,m}. Moreover, i1 + --- + i, = (m — l)r +
rr(Wisy - - Witr) Where w(wjy1 - - wiy,) is the slope of the subword w;4g - -- w;j4, of w. By
Proposition 5.1,

C C
| (wi - wp) = T (Wigr ... wigr)| < — a—mwiw) < —
and, so, rm (W1 - Witr) Zra(wy---wy) — C = ar —2C. It follows that
degg=n=io+irt1+ir+---+i,+r+1
zmr+rar(Wiyr - Wig) +12 m+a)r —2C—1).
Hence we obtain
degpg _r+1 _ r+1
degg n  (m+a)yr—Q2C-1)
1 1 (14)
= < y
m+ o — "7’+O‘rflc_l m—i—a—%

where C; = 6m(m + o +2C — 1) and the last inequality in (14) follows from the relations
iv+- iy <(m—Dr+r=mr
and
n=io+irp1 +it i+ 1 <do i+ Om+ Dr 4+ 1< 3m 4 2mr <6m(r + 1),

Let now A be a partition of n + 1 such that % > B + e. Given a multilinear polynomial
f = f(x1,...,x,11) and a Young tableau T, consider the value of f’ = ey, f under any eval-
vation ¢ : {x1,...,xp+1} — {a, b, z;')}. Recall that ey, = RTA C_‘TA and the polynomial C_‘Txf is
alternating on A5 disjoint subsets of variables of order A/, .. ., A; > 2, respectively. Therefore the
same property holds for the polynomial o C 1, [, for any o € S,. Hence f’ is a linear combina-
tion of polynomials of the type f”(x1, ..., Xx,+1) where f” is alternating on A; disjoint subsets of
variables each of order at least two (see Section 3). It follows that, in order to get a non-zero value

of f’, we need to replace one of the x;’s with zy) and at least Ap — 1 of the x;’s with b. In this

case @(f’) will be a sum of monomials of type zy)g(a, b) with degg =n and deg, g > Ap — 1.
But then

d d A —1 1 1 1
€88 _ Egbg2 2 SB4e——= e L (15)
degg n n n m+to n

Clearly, the inequality (15) contradicts (14), provided n is large enough. Thus er, f =0 is an
identity of A for any multilinear polynomial f and this says that m) = 0in x,+1(A). O
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Lemma 5.3. Let w be a Sturmian or periodic word with slope « and let A = A(m,w). If B =
m+i_a, then asymptotically

ent1(A) <3(m+ D(n+2)°(@(B) +v)",
forany v > 0.

Proof. Let v > 0 be an arbitrary real number. Since @(x) is a continuous function (see
Lemma 3.2) there exists ¢ > 0 such that |@(x) — @(B)| < v as soon as |x — B| < e. By
Lemma 5.2 there exists N such that y; has zero multiplicity in x,+1(A) for all A+ (n + 1),
assoonasn}Namdkn—2 >fB+e.

Consider A - (n + 1) with m) # 0. Then An—z =a < B +e¢e.If A3 =0 then by Lemma 3.3,

deg xu < D (@) < (D (B) +v)"".
If A3 #£ 0 then A3 = 1, and by the hook formula (see Section 2), we obtain

A+ 1Dm+1)
A2+ DM +2)

deg x, = (deg xu) <+ 1)degxu,

where (&t = (A1, A2) - n. Hence by Lemma 3.3,
deg ), < (n+ 1)@ ()"

where « = An—z It follows that in any case

degxn < (n+ D)(@(B) +v)", (16)

for all A = (n + 1) such that m, # 0. Now, from (16) and Lemma 4.2, we obtain

cus1(A) =Y mydeg i < lns1(A)n + D(D(B) + )"
An

<3m+ D+ D +2)(2(B) +v)"
<3m+Dn+2°(@B) +v)". O

Recall that by Definition 2.2, the PI-exponent of an algebra A is exp(A) = lim,,— 5 v/ (A)
in case such limit exists.

Putting together Lemmas 5.1 and 5.3 it is clear that for the algebras A(m, w) the PI-exponent
exists and equals @ (8). We record this in the following.

Theorem 5.1. Let w be an infinite Sturmian or periodic word with slope «, 0 <a < 1. If m > 2
then for the algebra A = A(m, w) the Pl-exponent exists and exp(A) = @ (B) where = ﬁ

Recalling that the function @ :R — R defined by @(x) = W is continuous and
@D ((0, %)) = (1, 2), we immediately obtain.
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Corollary 5.1. For any real number d, 1 < d < 2, there exists an algebra A such that
exp(A) =d.

All algebras A(m, w) constructed above are infinite dimensional. In case the word w is pe-
riodic we can actually construct a finite dimensional algebra B such that Id(B) = Id(A(m, w))
(and exp(B) = exp(A(m, w))). The construction is the following. Recall that given an infinite
word on {0, 1} and m > 2, the sequence Ky, , = {k;};>1 is defined by

b — m, if w; =0,
T lm+1, if w; =1.

Definition 5.1. Let K = K, ,, = {k;};>1 be a sequence such that m > 2 and w is an infinite
periodic word of period T'. Then B(K) is the algebra over F with basis

{a,byUZ UZ,U---UZp
where
zi={|1<j<k}, i=12...T,
and multiplication table given by

Wazel o a=® Pam® i=12,

D=tV =12, (T—1)
and
D=,
All the remaining products are zero.
Proposition 5.2. The algebras A(K) and B(K) satisfy the same identities.

Proof. In order to distinguish between the elements of the basis of A(K) and those of the basis
of B(K), we rename the elements a, b, zy) of B(K) as a, b, Z(/’), respectively.
Let T be the period of w. It is easy to see that the linear map ¢ : A(K) — B(K) defined by

p@=a.  ob)=b  ¢()=z

where 1 <i’ < T and i =i’ (modT), is an epimorphism of algebras. Hence B(K) satisfies all
the identities of A(K).

Conversely, let f = f(x1,...,x,) =0 be an identity of B(K). Since char F = 0, it is
enough to prove that f is an identity of A(K) in case f is multilinear. Consider the algebra
B = B(K) QF F[t], where F[t] is the polynomial ring in the indeterminate ¢. Then clearly B
still satisfies f = 0. If we let

A=spanfa®1,b@r.2) @120, 1<i<T, 1<) <k},
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then it is readily seen that A is actually a subalgebra of B. Moreover the map ¢ : A — A(K) such
that

pa@eh=a, 9ben=>b @i )=
extends to an isomorphism of algebras. Since A(K) is isomorphic to a subalgebra of B, it must
satisfy the identity f =0, and the proof is complete. O

Note that if w is an infinite periodic word, then its slope « is a rational number. Conversely,
any positive rational number can be realized as the slope of an infinite periodic word.
The following result is an obvious consequence of Proposition 5.2 and Theorem 5.1.

Corollary 5.2. For any rational number 8,0 < 8 < %, there exists a finite dimensional algebra
B such that exp(B) = @ ().

6. Gluing PI-algebras

We next wish to extend Theorem 5.1 and Corollary 5.1 to all real numbers > 1, i.e., we want
to construct, for any real number « > 1 an algebra A such that exp(A) = «. We shall accomplish
this by constructing an appropriate algebra B and then by gluing, in an appropriate way, B to
one of the algebras A(m, w) constructed in the previous section.

Given any positive integer d we define a non-associative algebra B = B(d) as follows: B has
basis {u1,...,uq, s1,...,8q¢} with multiplication table given by

Siuy =Uuz, ..., Sd—1Ud—1 = U4, Sdiq = Uy,

and all other products are zero.

Now given a sequence of integers K = {k;}; > let A(K) be the algebra given in Definition 1.
Starting with A(K) and B, we next define an algebra A (K, d) which will contain both A(K) and
B as subalgebras.

Definition 6.1. Let W be the vector space spanned by the set {w(t) [11<i<<d, j>21,t>21}

i

and let A(K, d) be the algebra which is the vector space direct sum of A(K), B and W,
AK,d)=A(K)®BDdW.

@)

The multiplication in A(K, d) is induced by the multiplication in A(K), B and uxzj. =w;,

1<s<d, 1 <j<ki, i > 1, and all other products are zero.
We start by studying the identities of B = B(d).
Lemma 6.1. The algebra B satisfies the right-normed identity
yi(xr - (xa—102xa)) . ) = va(x1 - (xa—1 (1xa)) - - ) (17)

and the left-normed identity x1x3x3 = 0.
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Proof. The second statement is obvious. Now take an evaluation x; — x; € B, i =1,...,d,
yj = yj € B, j =12, and let vi = y1(x1---(xg-1(32%Xq))...) and vy = ya(xy---
(Xa—1(71%4)) . ..). We will show that v| = v, and, since we are dealing with multilinear polyno-
mials, we may restrict ourselves to substitutions into elements of a basis. If vy =0 and v, =0
then vy = vy. Suppose one of the monomials, say vy is non-zero. Then x; = u; for some
1<i<dand y, =i, Xg—1 = Si+1,Xd—2 = Si42,...,X1 = si—1 where all the indices of the
s;’s are reduced modulo d. Also y; =s; and vy = u;41. But then y; = ¥, and v = u; 1 follows.
Therefore we are done. O

It is clear that modulo the identity (17) any right-normed monomial of degree n + 1 can be
written in the following form:

xin (xin—l ( a ('xilxj))) (18)

where

Write n =qd +r = (g + 1)r +gq(d —r), with 0 < r < d. Consider the following decomposition
of {1,2,...,n}:

{1,2,...,n}=LU---Uly

where
I ={i1,ig+1, 02d+15 - - -5 igd+1)
L ={i2,iq42, 02442 - - -, igd+2}
lg=\iq,i2d,...,1qaq}
and [Ii|=---=|I;|=q+ 1, |[,1]=--- = [14| = q. Denote by m j(I1, ..., I;) the monomial
(18).

The interesting property of the monomials 2 (1, ..., Iy) is given in the next lemma.
Lemma 6.2. The monomials m j(Iy, ..., 1) are linearly independent modulo 1d(B), the T -ideal
of identities of B.

Proof. Clearly any evaluation ¢ : X — B, suchthat ¢ (x;) =uy, ¢ (x;) =sg mapsm (I, ..., 1)
to a non-zero value and all other monomials m j (11, ..., I})) with {j', I{, ..., [} # {j. I1, ..., 14}
to zero, as soon as i € Iy. In fact in this case ¢ (m j (11, ..., Ig)) =--- (s1(s4--- (5111))) #0. O

We next compute the nth codimension of B.
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Lemma 6.3. Letn =qd +r, 0<r <d. Then

(1) cpr1(B) =+ l)(kl“'.’.’kd) where (kl,.r.l.,kd) = kl'n—'kd' is the generalized binomial coefficient
andky=--=k=q+ 1, k1= =ka=g;

(2) for any multilinear polynomial f(x1,...,X,+1) not vanishing on B there exists an evalua-
tion ¢y : X — B such that ¢ (f) = ux, for some 1 < k < d. Moreover for any multilinear
polynomial f"in xi, ..., xp41, ¢ (f) = A(f ux, for some L(f') € F.

Proof. By Lemma 6.1 any multilinear polynomial is a linear combination of right-normed mono-
mials of type m;(li,...,1;) and, by Lemma 6.2 these monomials are linearly independent
modulo Id(B). Since the number of such monomials is (n + 1)(](1,‘}:1., kd)’ the first part of the
lemma is proved.

In order to prove (2), as in the proof of Lemma 6.2, notice that any evaluation ¢ (x;) = u1,
¢(x;j) = s¢ for all i € Iy, k =1,...,d, maps any monomial of the given type, except
mj(Ii, ..., 1g), to zero. The latter monomial is mapped to some uy, 1 <k < d. Clearly, any
linear combination of basic monomials evaluates to A - uy, for some scalar A. O

Next we want to estimate the codimensions of the algebra A(K, d). Fix n and consider the
space P, of multilinear polynomials in x1, ..., x,. Denote for short any right-normed product

V1 Om=1Ym) =) by [V1 -+ Ym—1Ym].
In the next lemma we find a set of generators of P,(A(K, d)).

Lemma 6.4. Let A(K, d) be the algebra defined above. Then

Pi= @ Vi (modId(AK,d)))
I<{l,....n}

where V is the subspace spanned by all monomials of the type
[xiy - xi 1Oy oo, ) (19)
with{i1,...,ix}=1and {j1,..., jn—k} ={1,...,n}\ L.

Proof. It is readily checked that the algebra A(K) satisfies the identity [xjx2x3] = 0 and the
algebra B 4+ W satisfies the identity x1x2x3 = 0. It follows that all monomials except the ones in
(19) are identities of A(K, d). Hence

Po= Y Vi (modId(A(K,d))).
I1<{l,..., n}

Suppose that

where f7 € V. Fix a subset I and show that f7 is also an identity of A(K,d). Let ¢ : X —
A(K,d) be any evaluation such that ¢ (x;) is some element in a fixed basis of A(K, d), for all
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i=1,...,n. If ¢(x;) ¢ B+ W for at least one j € I, then ¢(V;) =0 and ¢(f;) =0. On the
other hand, if ¢ (x;) € B+ W for all j € I then, by the above, ¢ (V;/) =0 for all I’ # I. Hence

also in this case ¢ (f1) = o (f) =0.
It follows that modulo Id(A(K, d)) the sum ), V; is direct and the proof is complete. O

Lemma 6.5. Let I C {1,...,n}, |I| =k, and let cx(B) and c,—;(A(K)) be the codimensions of
B and A(K), respectively. Then

dimV; =cx(B) - ch—k (A(K))

Proof. Write p = cx(B), g = c,—x(A(K)) and suppose for short that I = {1,...,k}. By
Lemma 6.2 all monomials m;(Jy,...,Jq), J1U---UJg={1,...,k}, 1 <j <k, form a basis
of Py modulo Id(B). Rename these monomials as m’l, e m;, and fix some multilinear polyno-
mials m’l/ e m;’ in Xg4+1, ..., X, linearly independent modulo Id(A(K)). Then V; is spanned
modulo Id(A(K, d)), by all products m’ -m’j’, 1 <i < p, 1< j<q.Letus check that all these
products are linearly independent modulo Id(A(K, d)).

Suppose

Z)Lijm;m/j’ =h(x1,....,x))=h
ij
is an identity of A(K, d) and let one of the A;;’s, say A1; be non-zero. We can write & as
h:flm/]/++fqm/q/
where

fi=FiGn o x) =Y Ajm;
i

and f] is not an identity of B. By Lemma 6.3 there exists an evaluation ¢ :{x1,...,xx} > B
such that ¢ (f1) =u; and ¢(f;) = yju; forall j =2,...,n. Since h is an identity of A(K, d),
then

u,-lﬁ(m'l/) + yzuilﬂ(m/z/) +---+ )/quil//(mg) =0
for any evaluation v : {x¢11,...,Xx,} = A(K). Thus
uiyy (my + yam} + - - + ygmy) =0. (20)

Since the polynomials m7, ..., m/q/ are linearly independent modulo Id(A(K)), the polynomial
flGugt, o xg) =mi +yomi + - + qu;’ is not an identity of A(K). Hence there exists a
non-zero evaluation of f” in A(K). If n — k > 2 then any non-zero value of f’ is of the form

(r)
>_izy
r,Jj

)

If n — k =1 then f’(x,) = ax,, for some o € F, and clearly zil is one of the values of f’. In all

cases (20) takes the form
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(r) (r)
”i< Dz ) = _arjuw;)’ =0,
rJ rj

a contradiction, since one of the «;;’s is non-zero.

We have proved that the elements m;m’ are linearly independent and span V; modulo
Id(A(K,d)). Hence dim V] = pg = cx(B)c,—x(A(K)) and the proof of the lemma is com-
plete. O
7. Algebras with real exponential growth > 1

We start with an easy technical lemma.
Lemma 7.1. Let oy, By, Y, n = 1,2, ..., be three sequences of real numbers such that
(1) there exist constants Cy,...,Ca,d1,...,ds,q2,q4 > 0and q1, q3 <0, such that
Cin'd} < ap < Con?dy,

Canid} < < Can*dy,

foralln > 1;
2) ¥ = Yko (o) kBt

Then
C1C3n 03 (dy + d3)" < vy < C2Can® 44 (dy + dy)".
Proof. Clearly,
n

Ya<), <Z> CrCak® (n — k) dd ™"
k=0

n

< CrCyn P+ Z (Ddgdf_k = CoCyn P94 (dy + dy)".
k=0

The lower bound is computed similarly. O
In order to apply Lemma 7.1 we need to bound the codimensions of B.

Lemma 7.2. For any & > O there exists N such that for all n > N, the nth codimension of
B = B(d) satisfies the inequalities

1\¢1
(6—) —d" < cy(B) <6n'(d +e)".
e n
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Proof. Write n = gd 4+ r, with 0 <r < d. By Lemma 6.3, since k =--- =k, =¢g + 1 and
ky+1=---=kq = q, we obtain
n—1 (n—1)! n!
cn(B)y=n =n = = =
ki,....ka ((g+ DY @hH*" g+ DY (gH*

Using Stirling’s formula we obtain

n" n"
— <n!l<bn—,
el el

d qd
q? " ad
wga <) < (69)" 5.

Hence, since gd =n —r,

n\" ¢ rd \"
cn(B) < 6n(—> L<en ! (d + ) .
q e’

n—r

For n large enough we get % <&, and c,(B) < 6n?(d + ¢)" as required. Similarly,

1 d n n qr 1 d n n 1 d 1
cn(B) > — - —=>— - =2l=) =a"
6q q) e 6ne q 6e) nd
and the proof of the lemma is complete. 0O

Combining all previous results we can now prove the main theorem of this section. Recall that
if K, 18 the sequence defined by the integer m > 2 and by the periodic or Sturmian word w,
then the algebra A(K,, ) = A(m, w) satisfies the conclusion of Corollary 5.1.

Theorem 7.1. Let m > 2 and let w be a periodic or Sturmian word. Then the PI-exponent of the
algebra A(Kp ., d) exists and exp(A(Kpy w,d)) =d + § where § = exp(A(Kp,w))-

Proof. Let o be the slope of w, 0 <o < 1 and let § = m}ra. If 6 = @(B) then by Lemmas 5.1
and 5.3 we have that asymptotically

Cin®'(8 — &)" <cu(A(m, w)) < Con® (5 +¢)"

for any ¢ > 0. Also by Lemma 7.2, C3n?3d" < ¢, (B) < C4n?*(d 4 ¢)" for some constants C;, g;,
i=1,...,4.
Since by Lemmas 6.4 and 6.5,

n

Ciz(A(Km,w)7d) = (Z)Ck(B)Cn—k(A(Km,w))s

k=0
we can apply Lemma 7.1 and obtain that

Cni(d +8 — )" < cn(A(Km,w), d) < C'n? (d + 5 +2¢)",

for some constants C, C’, g, g’ and for any & > 0.
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This readily implies that exp(A(K;,)) = limy,— o0 /cn (A(Kin,w), d) = d + § and the proof
is complete. O

As an immediate consequence of Theorems 5.1 and 7.1 we obtain.

Corollary 7.1. For any real number t > 1 there exists an algebra R such that exp(R) =t.
Another consequence of the previous theorem together with Corollary 5.2 is the following.

Corollary 7.2. For any 1 < a < B there exists a finite dimensional algebra R such that a <
exp(B) < B.

Recall that the PI-exponent of any finite dimensional associative or Lie algebra always exists
and is an integer [5,22]. In [8] we showed that for general non-associative finite dimensional
algebra A either ¢, (A) is polynomially bounded or asymptotically c,(A) > §" where § is an
explicit function of dim A. At the light of Corollary 7.2 and recalling the results about associative
and Lie algebras it is worth asking if the PI-exponent exists for any finite dimensional algebra.
Also, is the set of all possible values of exp(A), dim A < oo, countable?
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