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Abstract. In this paper, the structural vibration control of short-period systems by a sliding 7 
model of a Tuned Liquid Column Damper (herein referred to as STLCD) is investigated from 8 
both theoretical and experimental points of view. The proposed STLCD is essentially composed 9 
of a U-tube container with liquid inside, which can slide on a linear guide rail and is connected 10 
to the structure by a spring-dashpot system. Unlike traditional fixed TLCDs, this type of 11 
arrangement allows the proposed STLCD to be tuned to short-period structural systems since the 12 
spring can be used for tuning while the dashpot provides additional damping. Details on the 13 
selection of the optimal design parameters of the STLCD are provided and the validity of the 14 
introduced mathematical model is verified both in time and frequency domains through 15 
experimental tests conducted at the Laboratory of Experimental Dynamics at the University of 16 
Palermo, Italy. For the experimental tests, a scale model of an STLCD-controlled structure is 17 
considered, focusing on the reduction of the roof accelerations. Finally, for comparison purposes, 18 
the control performance of the proposed control strategy for the vibration suppression of stiff 19 
structures is evaluated by analyzing its structural responses in contrast to the corresponding 20 
uncontrolled structure under harmonic excitations. 21 

Keywords: vibration control; sliding tuned liquid column damper; experimental study; small-scale experiments. 22 

1 Introduction 23 
 24 

In the field of structural control, Tuned Liquid Column Dampers (TLCDs) have received considerable attention 25 
as prominent passive control mechanisms for mitigating vibrations induced by dynamic excitations such as wind 26 
and earthquakes [1,2]. TLCDs are basically U-shaped containers, filled with liquid to a proper level and attached 27 
to the system to be controlled. Structural vibration suppression is achieved by the movement of the liquid and the 28 
hydrodynamic head losses that occur as the liquid moves within the TLCD [3]. Additionally, for increased 29 
dissipation requirements, openings or embossments can be inserted in the channels of the TLCD [4,5]. In this 30 
regard, the influence of different inner orifice opening ratios and TLCD dimensions on the control efficacy has 31 
been experimentally investigated in [6,7]. 32 

Due to the inherent long-period nature of TLCDs, early investigations focused mainly on the application of 33 
these devices in flexible structures such as tall and slender structures, which are characterized by high natural 34 
periods and are highly prone to wind-induced vibrations [8,9]. In these studies, TLCDs were found to be attractive 35 
devices because of some of their particular characteristics, such as low cost, easy installation, lack of required 36 
maintenance, and no need to add solid mass to the main structure. Therefore, subsequent analyses started to 37 
consider the use of TLCDs for vibration control of structures subjected to seismic forces [10]. From the previous 38 
investigations, it can be seen that the efficiency of a TLCD depends on the precise tuning and the correct choice 39 
of damping. Thus, the optimal design of the TLCD is crucial for reducing the structural response. Generally, the 40 
optimal design of this device is approached through numerical procedures in order to accurately account for the 41 
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real characteristics of the primary system. In [11], optimal design parameters of the TLCD for mitigating the wind-42 
induced response of a 76-story benchmark building were obtained numerically. However, the structural damping 43 
and nonlinear behavior that characterizes the TLCD make it difficult to perform numerical analyses and evaluate 44 
the optimal parameters. In particular, numerical procedures are not suitable for the preliminary design stage, which 45 
requires a quick estimation of the TLCD parameters. To address this challenge, many studies have proposed 46 
simplified approaches [12]. For instance, explicit design formulas for TLCD parameters have been derived by 47 
assuming undamped primary structures under harmonic vibrations [13]. Similarly, in [14], useful design formulas 48 
for TLCD were obtained in closed form for undamped primary structures under broad-band white noise excitation 49 
of either wind or earthquake-type loads. 50 

In this context, direct approaches could be developed by resorting to the use of equivalent linearization 51 
techniques. In this way, the analytical formulas for evaluating the TLCD parameters and for predicting the behavior 52 
of a damped main system under random loads were provided [15,16]. Moreover, the successful application of 53 
direct approaches and the significant control performance of the TLCD for reducing the structural responses of 54 
flexible structures led to extend its use to base-isolated structures, which are also characterized by elongated 55 
periods as well [17]. In this context, the straightforward procedure proposed previously in [15] for the optimal 56 
design of the TLCD for the vibration control of fixed-base structures has been extended to the case of base-isolated 57 
structures in order to mitigate the displacements at the isolation floor [18]. Furthermore, experimental tests 58 
conducted on small-scale models of a single-degree-of-freedom (SDOF) base-isolated structure subjected to a base 59 
excitation proved the TLCD efficacy [19,20]. From the majority of the previous studies, it can be seen that most 60 
of the existing research on TLCDs as seismic vibration control devices has predominantly focused on flexible 61 
structures. 62 

However, seismic excitations encompass a broader frequency bandwidth, rich in high-frequency content 63 
compared to wind-induced vibrations, which can be potentially hazardous to both flexible and stiff structures. 64 
Tuning the TLCD to match the shorter periods of such structures presents challenges in achieving feasible lengths 65 
of the TLCD column tube. The need to tune the TLCD frequency to match the frequency of the structure further 66 
limits its application to stiffer structural configurations. 67 

Consequently, efforts have been made to extend their utility to short-period structures, leading to the 68 
conceptualization of a translational spring-connected model of TLCD, herein referred to as Sliding TLCD 69 
(STLCD). As can be seen in Fig. 1, the STLCD essentially consists of a conventional TLCD that can slide along 70 
a linear guide rail and is connected to the structure via a spring-dashpot system. This flexible mounting mechanism 71 
expands the range of structural systems to which the STLCD can be tailored. [21]. However, it should be 72 
emphasized that the optimal design of the STLCD presents difficulties analogous to those of the TLCD since this 73 
device is also governed by nonlinear equations of motion. In previous studies, characteristic parameters of the 74 
STLCD were only numerically optimized with the aim of minimizing the displacement response of the structure. 75 
It should be emphasized that these procedures can be computationally demanding in a design phase, resulting in 76 
parameters that are not easily applicable in real design processes. Moreover, the existing literature has mainly 77 
studied this configuration from a theoretical point of view. 78 

 79 
TLCD STLCD 

  
(a) (b) 

Fig.1 Schematic structure of (a) TLCD device; (b) STLCD device 
 80 
 81 
Therefore, in the present paper, this innovative STLCD configuration is theoretically and experimentally 82 

investigated to provide a closed-form formula of the optimal STLCD parameters for the vibration control of short-83 
period structures. As a first novel contribution of this study, the proposed STLCD optimization procedure, unlike 84 
the optimization techniques developed in [21], seeks those parameters that minimize the seismic response of the 85 
SDOF structure in terms of top-story accelerations. Moreover, approximate closed-form formulas of the STLCD 86 
parameters are obtained by taking into account a statistical linearization technique and by assuming a white noise 87 
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process as base excitations, without resorting to unwieldy numerical algorithms. Finally, the reliability of the 88 
proposed formulation and the dynamic behavior of the STLCD are explored for the first time in both time and 89 
frequency domains through experimental studies. Shake table tests have been performed at the Laboratory of 90 
Experimental Dynamics, University of Palermo, Italy, employing a small-scale model of the STLCD-controlled 91 
structure. Furthermore, for comparison, the efficiency of the proposed control strategy in suppressing vibrations 92 
in stiff structures was assessed by analyzing the structural responses in contrast to the uncontrolled counterpart, 93 
under harmonic excitations, with particular emphasis on the reduction of roof accelerations.  94 

 95 

2 Mathematical formulation 96 
 97 
Consider the planar model of the STLCD-controlled structure (Fig.2), subjected to the base acceleration  gx t . 98 

Let  sx t  denote the horizontal displacement of the main system relative to the ground and sM , sC  and sK  its 99 

mass, damping, and stiffness coefficients, respectively. As depicted in Fig.2, the STLCD device comprises a U-100 
shaped container, partially filled with liquid, linked to the primary system via a spring with stiffness 2k  and a 101 

damper with damper coefficient 2c . The vertical displacement of the liquid and the lateral movement of the 102 

container are denoted as  u t  and  y t , respectively. The container has a mass equal to cM  and a constant cross-103 

sectional area A . Additionally, vL  and hL  represent the liquid height in one of the two vertical columns in static 104 
conditions and the horizontal length of the device, respectively, thus, the total length of the liquid can be expressed 105 
as 2h vL L L  . The liquid mass is lm AL , where   stands for the liquid density, commonly water. As 106 
mentioned above, orifices can be installed in the container to increase the damping effect due to the head losses 107 
caused by the fluid passing through them. In this study, the simple configuration without orifices is considered.  108 

 109 

 

 

Fig.2 Proposed STLCD-controlled structure 
 110 
The governing equations of motion of the STLCD-controlled structure, excited at the base, are [21]: 111 
 112 
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(1) 

where g is the acceleration of gravity and   is the head loss coefficient, introduced to model the hydrodynamic 113 
head losses experienced as the liquid moves inside the vessel [4,15]. Using the substitution 114 

                 2 2 sc c h c gc t t AL M x ut AL M t AL t AL My x ty k y                 in the first equation, and 115 

normalizing with respect to sM , cAL M  , AL , Eq. (1) can be written in a more convenient form as 116 
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(2) 

In Eq. (2), /hL L   denotes the length ratio and t l     is the total mass ratio of the STLCD, which includes 117 

both the liquid mass ratio /l sAL M   and the container mass ratio /c sM M  . Furthermore, 2l g L   118 

is the natural frequency of the liquid, while  22 ck AL M    and  2 2 2 2 cAL Mc       are the 119 

natural frequency and the damping ratio of the STLCD container, respectively. Note that by preventing the STLCD 120 
from moving (   0y t  ), the system of equations governing the response of the main structure excited at its base 121 

and equipped with a standard TLCD is retrieved.  122 
Similar to TLCDs, as shown in Eqs. (1)-(2), the STLCD also exhibits slightly nonlinear behavior, and 123 

equivalent mechanical models may be employed to streamline the analyses required for the optimal design of the 124 
device [15,16]. In the following sections, the reliability of adopting an equivalent linear model is discussed through 125 
numerical and experimental investigations.  126 

2.1 Statistical linearization technique 127 

The nonlinear formulation of the STLCD-controlled structure presented in Eq. (2) can be linearized by applying 128 
techniques such as the Statistical Linearization Technique (SLT) [22]. In this context, the main system equipped 129 
with an STLCD is assumed to be subjected to a random excitation modeled as a zero-mean Gaussian white noise 130 
process. It follows that the dynamic responses of both the primary system and the device, as well as their 131 
derivatives, are also stochastic processes (denoted by capital letters, as is customary) [15]. Therefore, by applying 132 
the SLT, the original nonlinear system Eq. (2) can be replaced by an equivalent linear system as 133 
 134 
               

           
           

2
2

2

2 2

2

/

2

1 2 1

2

t s t l s s

g

s s t

s l t

s l l l

s g

g

X t Y t U t X t X t X t

X t Y t U t t t X t

X t Y t U t U t t X t

Y Y

U

     











  

  

       

     

     

    

    

    
 (3) 

where the term  ( ) ( ) / 2U t U t L    has been replaced by 2 ( )l lU t    in the last equation and the equivalent 135 

damping ratio l  has been introduced. The error between the nonlinear system in Eq. (2) and its corresponding 136 
linear counterpart in Eq. (3) is 137 

     
2

2
1

l lU t U t U t
L

             (4) 

Hence, the value of the equivalent damping ratio l  is given by minimizing the mean square of the error with 138 

respect to l  [15]. Specifically, according to the analysis presented in [15], the expression for the equivalent 139 
damping ratio is 140 

2

2l U
lL

 
 

   (5) 

As can be seen from Eq. (5), l  depends on the response 
U

  , which represents the standard deviation of the liquid 141 

velocity. Consequently, an iterative approach is typically required to determine l  [15]. In particular, the process 142 

starts by calculating 
U

   with an arbitrary value of l . Once 
U

   is computed and substituted into Eq. (5), it yields 143 

a new value of l . This scheme is repeated iteratively until no significant differences in the calculation of l  arise 144 
between successive iterations, resulting in a rather cumbersome procedure that complicates the optimal design of 145 
the STLCD device for vibration control purposes. In light of these considerations, a simplified optimization 146 
procedure for the STLCD device is proposed in the next section. 147 
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 148 

3 Optimal design of the STLCD control device 149 
 150 
Determining the characteristic parameters of the STLCD control device under investigation is critical to achieving 151 
an optimal reduction in the response of the main system. As can be seen from Eq. (3), the response of the main 152 
system equipped with the STLCD is influenced by various parameters of the device, including the two mass ratios 153 

l  and  , the natural frequency l  and the equivalent damping ratio of the liquid l , the length ratio  , the 154 

natural frequency 2  and the damping ratio 2  of the STLCD container. However, due to structural and 155 

dimensional constraints, the values of l ,   and   are tentatively set as constant [23,24]. As a result, only l , 156 

2 , l  and 2  (or equivalently the frequency ratios /l l s    and 2 2 / s   , respectively) need to be 157 
appropriately optimized to effectively control the dynamic response. As usually done in the literature, these 158 
parameters can be determined by minimizing a specific objective function that measures the dynamic response of 159 
the structural system, such as the displacement or acceleration variance. In this regard, the total acceleration 160 
variance of the main SDOF structure is employed as the objective of the optimization procedure [25]. In order to 161 
find the optimal design parameters of the STLCD, Eq. (3) is written in compact matrix form as 162 

       g tt t t X   MZ CZ KZ r    (6) 

where the matrices and vectors entering Eq. (6) are defined as  163 
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By omitting time dependence for sake of conciseness and introducing the state vector 
T

   Q Z Z , the 164 

governing equations of motion can be written into the first-order state-space form as 165 
 166 

gX S SQ D Q G   (8) 

  

where  SD and SG  are given as [26] 167 
 168 
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and 3I  is a 3 3  identity matrix. The system response can be completely described by the covariance matrix 169 

  Tt E    QΣ QQ , where the symbol E[ ] denotes the expected value operator. Specifically, given that the input 170 

is modelled as a zero-mean stationary Gaussian white noise process, the corresponding Lyapunov equation 171 
describing the evolution of the covariance matrix can be written as [15,26] 172 

      0t t t G T T
Q S Q Q s S SΣ D Σ + Σ D + G G      (10) 

where the covariance matrix in terms of the state vector  tQΣ  contains the variances of each response in terms 173 

of displacements and velocities on the principal diagonal and their covariances, 174 
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Considering that only the steady-state variance must be calculated,  tQΣ  can be set equal to zero and in this 175 

manner, the solution of Eq. (10) yields all the response statistics of the system in Eq. (6).  176 
Focusing on the optimization procedure in detail, the STLCD device is designed in such a way that the total 177 

acceleration variance of the structural SDOF, namely, ,s tot s gU X X     is minimized [25]. Examining the first row 178 

in Eq. (1), the sought acceleration variance can be expressed as 179 
 180 
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By expanding the product in Eq. (12), the variance can be obtained as 182 
 183 
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which involves the covariance of both the displacement responses and the velocity responses. In this form, the 184 
minimization of the variance is quite complex and must be calculated numerically using algorithms that might lead 185 
to cumbersome and time-consuming computations during the design phase [15,16].  186 
       Furthermore, as far as the optimization of the equivalent damping ratio l  is concerned, an iterative approach 187 

should be pursued. Indeed, as previously mentioned, 
U

   remains unknown and implicitly depends on l , making 188 

the use of Eq. (5) for design purposes nontrivial [15,16]. Hence, to facilitate the estimation of the optimal STLCD 189 
parameters, a direct analytical approach is proposed. In particular, to directly determine the optimal parameters of 190 
the STLCD, it is essential to obtain an analytical expression of the total acceleration variance. For this purpose, 191 
some reasonable approximations can be introduced, as is common in many optimization procedures for passive 192 
vibration control systems [23,24]. Specifically, the SDOF main system is assumed to be undamped ( 0s  ), and 193 
considering that the damping effect of the liquid is typically small [27], the presence of the damping term is 194 
neglected at this stage ( 0l  ). It follows that the desired acceleration variance in Eq (13) can be simplified as  195 

 196 
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where the covariances in Eq. (14) can be found in closed form as solution of the Lyapunov equation presented in 197 
Eq.(10).  Hence, after some algebra, the total acceleration variance can be derived in an analytical form as  198 
 199 

,

,

2 0

4s tot

s tot

s
U

U

G

z

 
 



  
(15) 

 200 
in which 201 
 202 

,

,

,

Us tot

s tot

Us tot

z

U
z

N
z

D






  

(16) 
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is independent to both the intensity 0G  and the natural frequency of the main system s , as it can be seen from 203 
the numerator and denominator, 204 

  
,

2
2 2

2 2 1
Us tot

z t l t lN         


  

 205 

          
         

,

224 2 2 2 2 2 2 4 2
2 2 2 2 2

2 2 2 4 2 2 2 2
2 2 2 2 2 2

1 1 1 2 4 1 1 1

2 2 1 2 2 1 2 2 2 8 3 2

Us tot
z l t t t t t t l

l t t t t t t t l

D            

               

              

              



 

 

 206 
To find the minimum of the total acceleration variance, the maximum of the function  

, 22 , ,
s tot lU

z     can be 207 

sought by considering its relationship in Eq. (15). In this regard, a sample of the function  
, 22 , ,

s tot lU
z     is 208 

presented in Fig. 3. Specifically, the search for the optimal design parameter 2 , l , 2  and the maximization 209 

 
, 22 , ,

s tot lU
z     involves solving the following equations,  210 

 
 
 

,

,

,

2

2 2

2

2 2

2

2

, , /

, , /

, ,

0

0

0/

s tot

s tot

s tot

lU

lU

l lU

z

z

z

   

   

   
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(17a-c) 

 

 211 

 
(a) (b) 

Fig.3 (a) Sample of the function  
, 22 , ,

s tot lU
z    ; (b) contour plot of  

, 22 , ,
s tot lU

z     on the 2 - 2  

plane (for  =0.6,  =0.01, L =12 m, s =20.94 rad/s, l =0.03, l =0.061) 

 212 
In detail, from Eqs. (17)a-(17)b an analytical expression of the optimal parameters  2,opt l   and  2,opt l   as 213 

functions of l  can be found as 214 

 2, /opt l A B    

with 
(18a-c) 
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2 2 2 2

224 2 2 2 2

1 2 1 ;
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l t l l t l

t l t l l t t l
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       
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       

         
  

and 215 
 216 

 2, /opt l C D    (19a-c) 

 
with 

 

        
  
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4 2 2
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    
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


 

 

             32 4 2 2 2 2 28 1 2 1 1 2 1 3 2 5 3t t t l l l l l t t lD                             
 

 217 
In Figs. 4(a)-(b), the approximate solutions of the optimal parameters  2,opt l   and  2,opt l   obtained by 218 

Eqs. (18)- (19), are shown for different values of l .  219 
 220 

 221 

                      

                                
                                          (a)                                  (b) 

 
              (c) 

Fig.4 Approximated solutions of the STLCD optimal parameters for different values of l  (for  =0.6, 

=0.01, L =12 m, s =20.94 rad/s, l =0.03, l =0.061): a)  2,opt l  ; b)  2,opt l  ; c) trend of 

 
, 2 2, , /

s tot l lU
z       

 222 
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As illustrated in Figs. 4(a)-(b),  2,opt l   and  2,opt l   show opposite behavior with increasing values of l , 223 

while both parameters maintain a nearly steady trend for each value of l , suggesting that  2,opt l   and  2,opt l    224 

are largely unaffected by variation  of l  within the practical range of interest. Finally, optimal values of ,l opt  that 225 

maximize the function  
, 22 , ,

s tot lU
z     can be similarly found by solving Eq. (17)c. However, due to the resulting 226 

complex expression, the analytical form of ,l opt  is omitted here for brevity and only the trend of 227 

 
, 2 2, , /

s tot l lU
z       is shown in Fig. 4(c). As evident, except for values near unity, where the derivative 228 

exhibits a discontinuity and solutions in terms of  2,opt l   and  2,opt l   would assume imaginary values, a wide 229 

range of l  values (  22 /l sg L  <0.6, a realistically achievable value for short-period structures with 230 

practical liquid lengths) leads to values of  
, 2 2, , /

s tot l lU
z       close to zero, implying that slight variations of 231 

l  in this range have minimal effect on reaching the maximum. Thus, once the value of ,l opt  is determined based 232 

on the specific frequency of the main structure s  and the total length L  suitable for the available space, Eqs. 233 

(18)-(19) can be used for a straightforward determination of the optimal STLCD design parameters  2,opt l   and 234 

 2,opt l  .  235 

Regarding the determination of the optimal head loss coefficient, as previously elucidated, conventional 236 
methods calculate the equivalent damping ratio l  by employing a time-consuming iterative process. Conversely, 237 

this study proposes a quicker alternative for the approximate estimation of l . Specifically, the optimal value of 238 

l  is evaluated based on the analysis developed in [24] considering the SDOF structure with a classical TLCD 239 
subjected to white noise excitation. In this case, the total acceleration variance 

,

2ˆ
s totU

  of an SDOF system controlled 240 

by a TLCD device can be expressed as [15]      241 
   242 

,

,

2 0ˆ ;  
ˆ4s tot

s tot

s
U

U

G

z








  

                 
(20) 

 

where 243 
 244 

, , ,
ˆ ˆ

ˆ ˆˆ /
U Us tot s tot s tot

z zU
z N D

   

 

(21) 

with the numerators and denominators given by 245 
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At this point, the optimal value of the equivalent damping ratio l  can be obtained without resorting to iteration 248 
by searching for the maximum of 

,
ˆ

s totU
z  in Eq. (21) as 249 

 250 
2 2 2 2 4 4 2 4

2 2,

1 2 2 2

2
l op

l l l l l l l l l

l

t
l

l l


       

 

    






 

(22) 

  
 251 

Next, by setting this value in Eq. (5), the value of opt  can be evaluated as  252 

 253 

 , , ˆ2 / 2opt l opt l opt s U
L      


 

(23) 

 254 
where 2ˆ

U
   is the variance of the fluid velocity of the system with TLCD, which can be obtained in the form [15] 255 

 256 
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ˆ4U
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z


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 
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U Uz zU
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As will be demonstrated in the next section, this approach leads to almost identical outcomes in terms of total 259 
acceleration variance compared to conventional iterative techniques without compromising the effectiveness of 260 
the STLCD. 261 

4 Numerical validation 262 
In this section, the proposed optimization procedure is validated through numerical simulations. To 263 

demonstrate its accuracy, the results in terms of total acceleration variance obtained by employing the proposed 264 
optimal STLCD design parameters  2,opt l  ,  2,opt l  , and opt , are compared with the optimal values obtained 265 

through a numerical iterative approach. The optimal STLCD parameters were estimated taking into account the 266 
characteristics of the SDOF structure and the STLCD device examined in [21] as a reference. Specifically, the 267 
natural period of the structure sT  is 0.3 s ( s =20.94 rad/s) and a structural damping s  of 1% was considered. 268 

Based on the analytical solutions provided in Eqs. (18)-(19)-(23), the optimal STLCD design parameters have 269 
been calculated assuming that the liquid is water ( 997  kg/m3) and the total length is 10L  m. A feasible value 270 

of the liquid mass ratio 0.05l  has been assumed and the STLCD container mass is considered equal to the 271 
liquid mass, thus, 0.05  . Moreover, the ratio of the horizontal length to the total length of the liquid column 272 
tube,  , is assumed to be a commonly used value of 0.9. Additionally, to calculate the total acceleration variance 273 
the Power Spectral Density (PSD) intensity is set equal to 0 0.002G  m2/s3.  274 

With reference to the previously considered structural parameters, the optimal STLCD design 275 
parameters determined through the proposed method have been used to compute the total acceleration variance 276 

,

2

s totU
   in Eq. (13). It is worth noting that the optimal STLCD parameters in Eqs. (18)-(19) do not depend on s ,277 

s , 0G , and l , and are therefore assumed to be constant as these parameters vary. Since these terms were 278 
previously neglected to derive the proposed approximate expressions of the STLCD parameters, the reliability of 279 
the proposed formulation may be compromised especially when they assume relatively high values. Furthermore, 280 
as discussed earlier, the optimal frequency ratio of the liquid ,l opt  can be varied over a wide range of values, which 281 
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can differ significantly depending on the feasible lengths of the liquid tank L . Therefore, a parametric analysis 282 
has been conducted to evaluate mainly the impact of l , s , s , 0G , l ,  and the other parameters ,  and l  283 
on the variance estimation. Each one of them was varied within a plausible range of values greater than zero, since 284 
they cannot take negative values. On the other hand, the numerical solution in terms of optimal STLCD parameters 285 
that minimize the total acceleration variance in Eq. (13), can be obtained by a control algorithm. In this respect, 286 
the particle-swarm optimization (PSO) method was employed [28,29].  287 

Obviously, the implementation of this numerical minimization algorithm requires the imposition of 288 
certain constraints on the optimal parameters sought for the STLCD. The numerical optimal values of 2,opt , and 289 

2,opt  are sought in the range 0.01-1, while the limits for the head loss coefficient are chosen according to the 290 

empirical data of [12] and the equivalent damping ratio is limited by the maximum value of 1l   [16]. It should 291 

be emphasized that each iteration of the numerical algorithm yields an optimal value of opt , which requires an 292 

iterative application of the SLT to evaluate the equivalent linear damping ratio l , and results in a cumbersome 293 
numerical procedure. Next, the control performance of the STLCD-controlled structure is assessed by examining 294 
the values assumed by a performance index 

,Us tot





 that quantifies the vibration reduction achieved by the structure 295 

controlled with STLCD compared to the same structure without the control device. This performance index is 296 

calculated as 
, 0,,

2 2

s tot s totUs tot
U U

  


   where 
0 00,

2 2 2 2 4 2
0,[ ] 4

s ss tot s tot s s x s xU
E U        

  [25] represents the acceleration 297 

variance of the system without STLCD and 
0

2

sx   and 
0

2

sx  are the variances in terms of relative velocity and 298 

displacement, respectively. Note that lower values of 
,Us tot





 indicate higher control effectiveness of the STLCD. 299 

The comparisons between the normalized acceleration variance obtained by the numerical procedure 300 
(black solid line with square markers) and that one calculated using the proposed analytical solutions of the optimal 301 
STLCD parameters (red dots with circular markers) are illustrated in Fig. 5 for various values of s , s , 0G , l , 302 

l ,  ,   and l . In all the graphs, it can be seen that the control performance index values 
,Us tot





 are always 303 

lower than 1, confirming the efficacy of the STLCD device in mitigating the accelerations compared to the 304 
uncontrolled system. It is worth highlighting that the absolute percentage calculated error  as 305 

, ,

100
U Us tot s tot

num prop

 
  

 
, where 

,U s tot

num





 is the maximum acceleration variance derived from the numerical 306 

procedure and  
,Us tot

prop





that obtained by the proposed analytical solutions for the optimal STLCD parameters, 307 

remains below 2% over various values of  l  and below 10 %  for l  (Fig. 5 (a)-(b)). This suggests that the 308 

recommendation to determine the optimal values of l  based on practical constraints related to the length of the 309 
column liquid and the period of the structure, and to extract the equivalent damping ratio l  from the 310 
corresponding system controlled by a traditional TLCD, does not compromise the reliability of the predicted 311 
response. Moreover, consistent results are observed for other parameters (discrepancies below 2% for different 312 
values of  , 0G , l , 4% for   and s , and 8% for s ), with the most significant discrepancy occurring at very 313 

high values of the frequency ratio l . However, since these discrepancies are consistently kept below 10%, the 314 
suggested optimization method can be considered as practically equivalent to the numerical approach in terms of 315 
control performance. It is worth mentioning that the optimal STLCD parameters found by the numerical approach 316 
are obtained by considering the original damped structure with the nonlinear dynamic behavior governed by Eq. 317 
(2). Hence, the damping of the structure leads to increased computational times to minimize the variance. 318 
Moreover, this numerical algorithm must be adapted to the new structural configuration for each potential variation 319 
of each parameter and repeated accordingly. Conversely, the proposed approach provides a direct formula that can 320 
be readily utilized for the STLCD design. Therefore, considering the substantial computational gain achieved by 321 
the proposed approximate formulation, it can be concluded that the analytical expressions provided in Eqs. (18)-322 
(19)-(23) can be used as a practical convenient tool for the optimal design of the STLCD. 323 

The above proposed optimization procedure has been derived considering a white noise base excitation, 324 
which leads to the simplified analytical expressions in Eqs. (18)-(19)-(23) with minimal computational expense. 325 
In light of this, in order to study the robustness of the optimized STLCD for vibration control of short-period 326 
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structures and the validity of the proposed formulation, an experimental investigation was conducted on small-327 
scale models, as shown in the following. 328 

  
(a) (b) 

  
(c) (d) 

 
 

(e) (f) 

  
(g) (h) 

Fig.5 Normalized acceleration variance of the main system. Comparison between the numerical procedure 
(black solid line with squared markers) and the proposed formulation (red dash-dotted line with dots) varying 

0 0.05 0.1 0.15 0.2

0.05

0.1

0.15

0.2
Proposed approach
Numerical approach

0 0.1 0.2 0.3 0.4
0

0.2

0.4

0.6

0.8

1
Proposed approach
Numerical approach

0.5 1 1.5 2 2.5 3

10-3

0.05

0.2

0.35

Proposed approach
Numerical approach

0 0.05 0.1 0.15 0.2
0

0.2

0.4

0.6

0.8

1
Proposed approach
Numerical approach

10 20 30 40 50
0

0.1

0.2

0.3

0.4

0.5
Proposed approach
Numerical approach

0.01 0.02 0.03 0.04 0.05 0.06
0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
Proposed approach
Numerical approach

0 0.3 0.6 0.9

0.05

0.1

0.15

0.2
Proposed approach
Numerical approach

0.05 0.1 0.15 0.2

0.05

0.1

0.15

0.2

0.25

0.3
Proposed approach
Numerical approach



 
 
 
 
 
 

13 
 

the system parameters. Reference set of parameters: 0G =0.002 m2/s3; 10L  m;  =0.05; l =0.05; s =20.94 

rad/s; s =0.01;  =0.9. 

 329 

5 Experimental investigation 330 

5.1 Description of the scale model and the experimental set-up  331 
 332 

This section presents the experimental tests conducted on a small-scale model of an STLCD-controlled 333 
structure to investigate the effectiveness of the proposed optimized STLCD device for vibration control of stiff 334 
structures. First, two subsystems, namely, the benchmark SDOF structure (Fig. 6) and the STLCD device (Fig. 7), 335 
were investigated and tested individually. The benchmark SDOF structure, illustrated in Fig. 6, is composed of a 336 
single-story, single-bay frame structure. Two plexiglass plates, each 300 mm wide and 15×300 mm in section, 337 
represent the base and the roof. Two pairs of aluminium elements with a height of 300 mm and a rectangular 338 
section of 70×0.5 mm serve as vertical supports connecting the top plate to the base. For comparison purposes, a 339 
200 mm long linear guide is attached to the top plate, which serves as a support for the STLCD control device to 340 
be studied. In this manner, the mass of the linear guide is included in the total mass of the structure.  341 

 342 

  
 
Fig. 6 Small-scale model of the benchmark SDOF structure 

 343 
From a practical point of view, the STLCD device (Fig. 7) was realized using a U-shaped acrylic glass container 344 

with a constant rectangular cross-section. The container was filled with water, and a few drops of lubricant fluid 345 
were added to the water to enhance the contrast and provide a reflecting surface that allows an optical laser to 346 
analyze the reflected signal. The device support is free to move, and it is connected to the support plate through a 347 
spring (length 50 mm, diameter 10 mm, stiffness 0.2 N/mm). The spring and the total mass of the device were 348 
chosen according to the optimal tuning described in the previous sections. The dashpots depicted in the 349 
mathematical models in Fig. 2 were not realized. Thus, the inherent damping was estimated based on the intrinsic 350 
properties of the systems. By successively assembling the two subsystems, the benchmark SDOF structure (Fig. 351 
6) and the STLCD device (Fig. 7), the whole STLCD-controlled structure as illustrated in Fig. 8 was realized and 352 
analyzed in its entirety. 353 

 354 
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Fig. 7 Small-scall model of the proposed STLCD device 

 355 
 356 

  
 
Fig. 8 Small-scale model of the STLCD-controlled structure 

 357 
In order to assess the validity of the proposed mathematical models, identification procedures are applied to 358 

numerically evaluate the parameters of each one of the subsystems and of the complete STLCD-controlled 359 
structure, so that the theoretical dynamic response of the scale model matches the experimental measurement data. 360 
The parameters to be identified are mainly the fundamental frequencies and damping ratios, and they are found 361 
separately for each subsystem, given the other known structural and geometrical properties, which are summarized 362 
in Table 1.  363 

 364 
Table 1. Reference parameters for the primary SDOF structure and STLCD device 365 

SDOF structure Total mass 3.449sM  kg 

STLCD 

 

Liquid mass ratio / 0.034l sAL M    

Container mass ratio / 0.095c sM M    

Total mass ratio 0.13t l      

Length ratio / 0.48hL L    

 366 
The experimental tests were carried out at the Laboratory of Experimental Dynamics, University of Palermo 367 

using the APS 113 ELECTRO-SEIS shaker providing the base excitation. During testing, the total lateral 368 
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accelerations of the shake table, the roof, and the sliding STLC container were recorded by two types of piezo-369 
electric accelerometers, i.e., DeltaTron Accelerometers Brüel&Kjaer Type 4507-002B and PCB-Type 393B04, 370 
respectively. The first type was used to acquire the accelerations of the device and roof of the structure, while the 371 
second type was used to measure the acceleration of the shake table. Moreover, an optical laser sensor of type 372 
optoNCDT 1420-500, manufactured by Micro-Epsilon Messtechnik GmbH, was attached to one column of the 373 
STLCD to measure the vertical liquid displacement. The signal data originating from the accelerometers was 374 
acquired by an NI PXIe-1082 DAQ device, equipped with a high-performance multi-channel NI PXIe-4497 board. 375 
Finally, the entire system was controlled by ad-hoc developed signal processing software in the LabVIEW 376 
environment.  377 

5. 2 Dynamic identification of the benchmark SDOF structure and the STLCD device 378 
 379 
This section first describes the dynamic identification technique used to determine the fundamental parameters of 380 
the benchmark structure through shake table tests and validates the mathematical model. Subsequently, the 381 
dynamic identification of the parameters of the STLCD device is performed and the mathematical models are 382 
verified analogously through shake table tests.  383 

 384 
The first phase of experimentation involved the dynamic identification of the SDOF scale model (Fig. 5 (a)). The 385 
linear dynamic response of the system is described by using the following mathematical model [30], 386 

       22s s sss s gx t x t x t x t      
 

(26) 

The natural frequency and the damping ratio of the structure, s  and s , are the parameters to be identified. For 387 

their identification, the experimental model was subjected to a broadband noise as ground acceleration  gx t , 388 

ranging from 0.1 to 15 Hz in 20 seconds, supplied by the APS Shake Table II. Ten tests were performed and the 389 
ground acceleration (i.e., the shake table acceleration) and roof acceleration were recorded. The experimental 390 
frequency response functions (FRF) of the roof accelerations were calculated using the tfestimate (Transfer 391 
function estimate) built-in command in MatLab [31], taking the ground acceleration as the input signal. The 392 
objective that the mean experimental FRF and analytical FRF  

0sX
H   given by 393 

 394 

 
0

2

2 2
 

2s
s s s

X
H

i


   




 
  

(27) 

 395 
match provides the parameters to be identified. This match was performed using the nonlinear least square curve 396 
fitting method [32] (implemented with the lsqcurvefit built-in command in MatLab), resulting in the following 397 
frequency s =19.13 rad/s ( sT =0.33 s) and damping ratio s =0.012. As can be seen from Fig. 9(a), the FRF 398 
computed with Eq. (26) (i.e., analytical solution, shown by dash-dotted lines) based on these parameters is in 399 
excellent agreement with the experimental one (dotted lines). For the sake of completeness, Fig. 9(b) also shows 400 
a comparison of the time history response in terms of roof absolute acceleration, obtained numerically by solving 401 
Eq. (25) with the ode45 built-in command in MatLab [33]. Full agreement between the numerical and recorded 402 
acceleration is also observed in the time domain. 403 
 404 
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(a) (b) 
Fig. 9 Total acceleration response of the SDOF system in terms of (a) FRF; (b) time history 

 405 
In order to reduce the accelerations of this structure, an STLCD control device was properly designed. In fact, it 406 
should be noted that the use of a TLCD would not be possible in this case because the total length of the liquid 407 
inside the container should be 5L   cm for optimal tuning ( 2 /l sg L   ), which is difficult  to achieve in 408 

practice.  On the other hand, considering the liquid mass ratio as 0.034l  , the total mass ratio 0.13t   and 409 
the length ratio set as 0.48  , the spring constant of the STLCD was set in such a way that 2 0.8 s   410 
according to the optimal tuning procedure proposed in this paper. As mentioned above, in order to fully 411 
characterize the STLCD device, the damping ratio l  , the frequency l  of the liquid in the container, the damping 412 
ratio 2  and the frequency 2  of the STLCD container can be determined by studying the dynamic behavior of 413 
the stand-alone STLCD using the following equivalent linear model 414 
 415 

         
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   
 

(28) 

 416 
In the underlying tests, the STLCD is investigated through base excitation by the APS shaker as depicted in Fig. 417 
6. In order to apply the SLT, the STLCD is subjected to a band-limited white noise base excitation with a frequency 418 
range of 0.1-15 Hz. Specifically, ten samples of broadband noise with a duration of 20 s were generated and used 419 
as ground acceleration. Low-amplitude dynamic tests were conducted to prevent water from spilling out of the 420 
STLCD container. In this way, sloshing effects can be considered negligible since they are usually associated with 421 
large amplitude excitations. For each sample, the ground acceleration, the container acceleration, and the free 422 
water surface displacement were recorded by the accelerometers and the optical sensor, respectively. Based on 423 
these data, the averaged experimental FRF was computed using the ground acceleration as the input signal and the 424 
liquid column displacement or the STLCD acceleration as the output signal. The STLCD parameters are 425 
determined with the nonlinear least square curve fitting method by imposing a match between the experimentally 426 
FRFs of the acceleration of the STLCD container and the liquid displacement and their analytical counterparts, 427 
  428 
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 429 

The identified damping ratio and frequency of the liquid and of the STLCD container are l =0.023, l =11.74 430 

rad/s, 2 =0.079 and 2 =15.49 rad/s, respectively. Figs. 10 (a)-(b) and Figs. 10 (c)-(d) show the liquid response 431 
and the acceleration of the STLCD container in frequency and time domain. As can be seen, the experimental and 432 
numerical responses agree satisfactorily in both domains, confirming that the approximate linear behavior of the 433 
fluid column is sufficiently accurate to model the STLCD response as well.  434 
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(c) (d) 

Fig. 10 Response of the STLCD device in terms of (a) FRFs and (b) time history of the liquid displacement; (c) 
FRFs and (d) time history of the total acceleration of the STLCD container 
 

5.3 Performance evaluation of the STLCD-controlled structure  435 
 436 
Finally, the dynamic behavior of the controlled system equipped with the STLCD is studied. In particular, since 437 
the previous results have shown that the slightly nonlinear behavior of the STLCD device can be captured 438 
sufficiently accurately by linear analytical models, the equivalent linear equations for the STLCD-controlled 439 
structure were taken into account. The previously identified parameters of the various subsystems were 440 
incorporated into the analytical model, and numerical accelerations were derived and compared with the 441 
experimental data. Table 2 summarizes the results concerning of the identification procedures for each of the 442 
analyzed subsystems. 443 

 444 
Table 2. Identified parameters 445 

System Frequency Damping ratio 

Main system 19.13s  rad/s 0.0102s   

STLCD 2 15.49  rad/s 2 0.079   

 11.74l   rad/s 0.023l   

 446 
Fig. 11 shows the responses of each degree of freedom of the STLCD-controlled structure under resonant 447 

conditions. Specifically, in Fig. 11 (a)-(b)-(c) the experimental STLCD acceleration, liquid displacement and roof 448 
total acceleration are plotted against the numerical ones. As can be observed, the equivalent linear mathematical 449 
model of the entire STLCD-controlled structure in Eq. (3), described by the parameters derived from the dynamic 450 
identification of each subsystem, can be considered reliable for predicting the real behavior of the small-scale 451 
model. This is evidenced by the close agreement between the experimental and numerical solutions. Interestingly, 452 
in Fig. 11 (a) the numerical acceleration underestimates the acceleration of the experimental response during 453 
positive acceleration peaks, while both responses are closely aligned at the negative peaks. In fact, the expected 454 
symmetrical response predicted by the numerical procedure, is not fully realized by the experimental model. This 455 
discrepancy may be attributed to a potential imperfection in the behavior of the spring connecting the STLCD 456 
device to the roof plate, which exhibits differing characteristics under compression and tension, particularly in 457 
conditions close to its resonance, possibly due to wear and tear associated with prolonged use. 458 

In a final study, the performance control of the STLCD-controlled structure is experimentally evaluated against 459 
the benchmark uncontrolled SDOF structure, the SDOF structure equipped with the corresponding fixed TLCD 460 
(Fig. 12(b)), and the SDOF structure equipped with a traditional Tuned Mass Damper (TMD) (Fig.12c). The TMD 461 
was realized by using a solid mass with the same mass as the STLCD and mounted on the same sliding guide 462 
connected to the roof plate by the spring. Since the TLCD was not practically applicable to this type of structure, 463 
comparisons were made with a TLCD with the same STLCD mass ratio. Specifically, the different control 464 
strategies were tested under harmonic and sweep signal excitation. 465 

The effect of the proposed control strategy on reducing the roof accelerations is depicted in Fig. 13 (a) under 466 
resonance conditions. It can be seen that the accelerations can be significantly mitigated by up to 70% when the 467 
STLCD is attached to the SDOF structure (red dash-dotted line). As expected, the untuned TLCD provides no 468 
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benefit to the structure. On the other hand, it is shown that, the STLCD has a clearly superior performance 469 
compared to the TLCD (blue dashed line) with the same mass while its performance is very similar to the TMD. 470 
(green line). These results are confirmed by the tests conducted by exciting the aforementioned small-scale models 471 
with a sweep signal and analyzing their response in the frequency domain. In this regard, Fig. 13(b) shows the 472 
response of the uncontrolled structure, the TLCD-controlled structure, the TMD-controlled structure, and the 473 
STLCD-controlled structure in terms of the FRF of the roof acceleration. As can be seen, the traditional TLCD 474 
shifts the fundamental frequency of the system without significantly suppressing the peak response. On the 475 
contrary, the STLCD results in a flatter FRF, suggesting that the STLCD device can be considered an attractive 476 
device for effectively reducing the accelerations of SDOF systems due to the versatility of its tuning procedure.  477 

 478 
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(c) 

Fig. 11 Response of the STLCD-controlled structure in resonance conditions. (a) Acceleration of the STLCD 
container; (b) liquid displacement; (c) roof total acceleration 

 479 
 480 

(a) (b) (c) (d) 
Fig. 12 Small-scale models: (a) Uncontrolled structure; (b) TLCD-controlled structure; (c) TMD-controlled 
structure; (d) STLCD-controlled structure 
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(a) (b) 

Fig. 13 Response of the STLCD-controlled structure compared to the uncontrolled structure, the TLCD-
controlled structure and TMD-controlled structure: (a) Roof total acceleration in resonance conditions, (b) FRF 
of the roof acceleration 

 482 

6 Conclusions 483 

In this study, a sliding version of the Tuned Liquid Column Damper (STLCD) was introduced as an alternative to 484 
the conventional TLCDs for mitigating seismic vibrations in short-period structures. Unlike TLCDs, the STLCD 485 
has the potential for broader applicability due to its improved tunability. Owing to the inherent nonlinearities, a 486 
complex numerical solution scheme is usually required to optimally design the device. Therefore, for design 487 
purposes, the nonlinear governing equations of motion of the STLCD-controlled structure are linearized through 488 
a statistical linearization technique and an optimization formulation for designing the STLCD, using explicit 489 
closed-form solutions, has been proposed. This is achieved by considering a Gaussian white noise model as the 490 
base excitation and minimizing the total acceleration variance of the equivalent linearized system. The validity of 491 
the proposed expressions is verified by comparison with results obtained from a more computationally intensive 492 
numerical iterative method. In addition, the efficiency of the optimized STLCD in reducing structural accelerations 493 
is investigated through experimental tests on a shake table. Specifically, a small-scale model of the STLCD-494 
controlled structure was analyzed in comparison with the same structure controlled with traditional TLCD, Tuned 495 
Mass Damper (TMD) and with the uncontrolled structure. The results demonstrated that the slightly nonlinear 496 
behavior of the system can be accurately approximated by a linear analytical model. Moreover, the roof 497 
accelerations were reduced by up to 70% under sinusoidal harmonic ground acceleration. The experimental tests 498 
conducted on this scaled model highlight the effectiveness of the STLCD-based control strategy over the 499 
conventional approach involving TLCD as a seismic protection measure and emphasize the adaptability of STLCD 500 
devices to short-period structures in the field of structural control. Although the observed 70% reduction in roof 501 
accelerations is promising, further studies under realistic seismic conditions are essential. To extend the scope of 502 
this investigation, future research efforts will include testing different configurations of the STLCD device under 503 
recorded ground motions to evaluate the device efficacy in scenarios that closely mimic real-world seismic 504 
conditions. 505 
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