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Engineering nonlinear boson-boson interactions using mediating spin systems
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We present a protocol to create entangled coherent states by engineering cross-Kerr interactions between
bosonic systems endowed with (externally driven) internal spin-like degrees of freedom. With slight modifi-
cations, the protocol is also able to produce N00N states through nonlinear beam-splitter interactions. Each
bosonic system interacts locally with its spin and by suitably tuning the model parameters, various classes of
effective bosonic interaction Hamiltonians, mediated by the coupled spins, can be engineered. Our approach
is benchmarked by numerical simulations aimed at studying the entanglement within a bosonic register and
comparing it with the expected one resulting from the target Hamiltonians.
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I. INTRODUCTION

Entangled bosonic states are valuable resources in quan-
tum computation, communication, and sensing. For instance,
entangled coherent states (ECSs) [1] can be used for quantum
communication applications such as entanglement distribu-
tion [2–4] and quantum teleportation [5–8]. They are equally
key for continuous-variable quantum computation where co-
herent states are logical qubits. ECSs also form part of
continuous-variable gate operations, such as CNOT gates [9].
As a second remarkable example, N00N states are notable for
their applications in quantum metrology and quantum imag-
ing due to their ability for superresolution and supersensitivity
[10–16].

The price to pay for such a wide range of topical appli-
cations is the need for nonlinear processes to engineer such
states. As an example, an ECS having the form

|ECS〉 ∝ |α〉1|α〉2 + | − α〉1| − α〉2, (1)

with |α〉 j a coherent state of boson j = 1, 2 with amplitude
α ∈ C, would require a cross-Kerr interaction between bosons
1 and 2, while the N00N state

|N00N〉 ∝ |N〉1|0〉2 + |0〉1|N〉2 (2)
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would necessitate nonlinear beam-splitter interactions, were
we to produce them in a direct way. Natural nonlinear mech-
anisms of this sort are typically very inefficient in light of
weak rates of nonlinearities, which makes it necessary to
seek usually convoluted and resource-expensive Hamiltonian-
engineering schemes. It is thus appealing to investigate ways
to overcome these difficulties and achieve sufficiently large
rates of non-linearity and the desired operatorial form of the
interaction Hamiltonian, with only a modest resource over-
head.

In this paper, we propose a method for the synthesis of
both ECSs and N00N states inspired by the results reported
in Ref. [17]. There, it was shown that linear spin-boson
couplings and spin drivings are sufficient to approximately
manufacture nonlinear spin-boson interactions in the form of
an nth-order quantum Rabi model. Taking issue from this,
here we address the question: Would such an approach be
successful in achieving nonlinear bosonic interactions when
considering more than a single boson? We pursue this question
along two different directions. First, we aim to design a de-
terministic protocol for the engineering of ECSs having large
coherent amplitudes. For α � 1, in fact, we have 〈−α|α〉 � 0,
which guarantees the nearly perfect distinguishability of the
components of |ECS〉 and thus maximizes its degree of en-
tanglement. ECSs with coherent state amplitudes of |α| =
0.65 have been achieved through photon subtraction [18],
though this method is probabilistic and requires the creation
of Schrödinger cat states of the form |α〉 + | − α〉, which is
a difficult task per se. Approximate ECSs with |α| ≈ 0.39
have been produced using a deterministic method of mixing
coherent and squeezed light [19]. Using an alternative source
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of squeezed light should allow for amplitudes up to |α| = 1
using the same technique [19], although this has not yet been
achieved. The authors of Ref. [20] reached α = 1.92 exper-
imentally through a deterministic process with microwave
cavities interacting via a superconducting qubit. A similar pro-
posal for magnons and phonons interacting through a trans-
mon qubit [21] took amplitudes of just over α = 2. However,
these restricted setups make it impossible for the engineered
ECS to be used in long-haul communication processes and for
distributed quantum computation. ECSs of an alternative form
|α〉|β〉 + | − α〉| − β〉 were created in the motional modes of
a trapped ion [22] where the amplitudes reached |β| = 2 and
|α| = 0.7. The method we present in this work is not limited
to any one experimental setting and can successfully entangle
coherent states with amplitudes of α > 2.

Many methods have been proposed for producing N00N
states (see Refs. [23–35] for some examples). Thus far, N00N
states with up to N = 5 have been achieved in photonic sys-
tems [32], N = 9 using the vibrational modes of a trapped
ion [35], and N = 10 in a spin system [31]. While our pro-
posal is limited in the size of N00N states it can produce, it
has the advantage of added flexibility; the second direction
that we pursue in this work is that of devizing an effec-
tive protocol—based on nonlinear spin-boson couplings—that
naturally allows for the creation of (un)even N00N states, also
referred to as N00M or M00N states [34,36], which consist
of the superposition of |N〉1|0〉2 and |0〉1|M〉2 with M �= N .
Strategies to create these states have been devized for super-
conducting microwave resonators [34] and trapped ions [36],
but we put forward a general method which is not restricted to
one particular physical system.

The remainder of this article is structured as follows. In
Sec. II, we show how to manipulate the dynamics of one
spin-boson system with linear couplings to create effective
nonlinear dynamics. This result proves useful in the rest of our
analysis. We focus on replicating a cross-Kerr Hamiltonian
of two bosonic modes in Sec. III. First, in Sec. III A we find
a protocol to generate this interaction. Second, in Sec. III B
we present the results of numerical simulations comparing
the effective dynamics entailed by the engineered nonlin-
ear model to the predictions stemming from the exact target
Hamiltonian. We then shift our emphasis to fabricating N00M
states via a nonlinear beam-splitter interaction in Sec. IV,
demonstrating the method needed in Sec. IV A and analyzing
the corresponding performance in Sec. IV B. We lastly draw
our conclusions in Sec. V.

II. SPIN-BOSON SYSTEM

We begin by describing a driven single spin-boson system
where the spin is subject to a number nd of rotations. For
the jth rotation, we denote the driving frequency � j and
phase φ j . The bosonic mode has frequency ω and annihilation
and creation operators a and a†, respectively. The system
acts according to the Hamiltonian (unless otherwise specified,
throughout the paper we will use units such that h̄ = 1)

Hg = H0 +
nd∑
j=0

ε j

2
[cos(� jt + φ j )σ

z + sin(� jt + φ j )σ
y],

(3)

FIG. 1. Schematic diagram showing the steps needed to derive
the Hamiltonian in Eq. (7).

where H0 = ωa†a + gσ x(a + a†) with σ k the k = x, y, z Pauli
matrix acting on the spin and g the coupling strength of the
linear spin-boson interaction. Finally, ε j refers to the strength
of the driving mechanism acting on the spin itself.

Following the work in Refs. [17,37], we show how Eq. (3)
is approximately equivalent to a Hamiltonian with nonlinear
spin-boson interactions. An outline of the required stages of
this process is displayed in Fig. 1. We first act on Hg with
a spin-dependent displacement operator T (α) to introduce
higher-order terms of the bosonic operators into the Hamil-
tonian. This can be written in the spin basis {|g〉, |e〉} (with
σ z = |e〉〈e| − |g〉〈g|) as

T (α) = 1√
2

(
D†(α) D(α)

−D†(α) D(α)

)
, (4)

where D(α) = eαa†−α∗a is the displacement operator of ampli-
tude α acting on the bosonic mode. Transforming Hg using a
displacement amplitude of −g/ω, we obtain

Hdisp = T †(−g/ω)HgT (−g/ω)

= ωa†a +
nd∑
j=0

ε j

2
{σ+eη(a−a† )e−i(� j t+φ j ) + H.c.}, (5)

where η = 2g/ω and σ+ = |e〉〈g|. We now have nonlinear
spin-boson interaction terms coming from the new σ+eη(a−a† )

term, which we will later leverage to generate nonlinear cou-
pling between two bosons. We next move to an interaction
picture with respect to ωa†a, resulting in the Hamiltonian

Hs =
nd∑
j=0

ε j

2
{σ+eη(a(t )−a†(t ))e−i(� j t+φ j ) + H.c.}, (6)

where a(t ) = ae−iωt .
We now need to make some approximations, which will

require imposing constraints on the parameters in our system.
First, we tune the driving frequencies � j to ±nω (n ∈ Z+).
Second, we require |� j | � |ε j | so as to claim for the rotat-
ing wave approximation (RWA) that will allow us to discard
the rapidly oscillating terms e−i� j t in Hs. Third, we invoke
the Lamb-Dicke regime by requiring |η|

√
〈(a + a†)2〉 � 1,

which enables us to neglect high-order terms in the expan-
sion of eη[a(t )−a†(t )]. This set of approximations result in the

023253-2



ENGINEERING NONLINEAR BOSON-BOSON … PHYSICAL REVIEW RESEARCH 7, 023253 (2025)

effective nonlinear spin-boson Hamiltonian

HSB =
∑

j

ε j

2
[σ+e−iφ j f (� j ) + H.c.], (7)

where

f (� j ) =

⎧⎪⎪⎨
⎪⎪⎩

ηn

n! (−a†)n, if � j = +nω,
ηn

n! (an), if � j = −nω,

1 − η2

2 − η2a†a, if � j = 0.

(8)

Two spin-boson systems

Having analyzed how a single spin-boson system is trans-
formed under the described map, we now extend it to a
system made of two subsystems consisting of a spin and a
bosonic mode. That is, the full Hamiltonian can be written as
Hf = Hg1 + Hg2 + Hint where Hg1 and Hg2 is given by Eq. (3)
for each single spin-boson subsystem, while Hint refers to a
interaction between the spins 1 and 2. We further assume that
the interaction only couples spins and is of the form Hint =
λσ x

1 σ x
2 . This physical interaction between spins is standard in

many quantum setups, such as in superconducting qubits or
trapped ions, where the interspin coupling strength λ depends
on the specific implementation. Noting that T †(α)σxT (α) =
−σz, the total Hamiltonian Hf transforms into

H = HSB1 + HSB2 + λσ z
1σ z

2 , (9)

where HSB j ( j = 1, 2) reads as in Eq. (7) for the jth non-
linear spin-boson subsystem, and λ is the interspin coupling
strength.

III. ENGINEERING A CROSS-KERR INTERACTION

A. Developing the protocol

Our first goal is to simulate a cross-Kerr interaction, which
is the crucial ingredient in the task of engineering an ECS.
We begin by taking one driving term with � = 0 and φ = 0
in the system in Eq. (9). In this case, the Hamiltonian can be
approximated by

H =
2∑

j=1

ε j

2
σ x

j

(
1 − η2

j

2
− η2

j a
†
j a j

)
+ λσ z

1σ z
2 , (10)

where rotating terms at frequencies ±nω are neglected and
we label as aj the annihilation operator of the bosonic
mode of subsystem j = 1, 2. We then move to an inter-
action picture with respect to Hspins = λσ z

1σ z
2 to find the

Hamiltonian HI , which we can express in the basis SCK =
{|φ1〉, |φ2〉, |φ3〉, |φ4〉} where

|φ1〉 = |e, p〉1 ⊗ |e, q〉2, |φ2〉 = |e, p〉1 ⊗ |g, q〉2,

|φ3〉 = |g, p〉1 ⊗ |e, q〉2, |φ4〉 = |g, p〉1 ⊗ |g, q〉2, (11)

with |p〉1 and |q〉2 number states of the first and second
bosonic modes, respectively. The interaction Hamiltonian is
then

HI (t ) = ei2λt [g̃1(|φ1〉〈φ3| + |φ4〉〈φ2|)
+ g̃2(|φ1〉〈φ2| + |φ4〉〈φ3|)] + H.c., (12)

where g̃1 = ε1(1 − η2
1/2 − η2

1 p)/2 and g̃2 = ε2(1 − η2
2/2 −

η2
2q)/2. Note that, although the Hamiltonian (10) is time-

independent, it can produce nontrivial dynamics in the
bosonic degrees of freedom mediated by the spin interactions.
To obtain the effective bosonic interactions produced by the
time evolution, we use the Magnus expansion [38] of the
time-ordered time propagator UI (t ) = T exp[−i

∫ t
0 dsHI (s)]

where T is the Dyson time-ordering operator. Therefore, we
consider UI (t ) = exp(

∑∞
k=1 �k (t )) and focus on the first two

terms of the series, which read

�1(t ) = −i
∫ t

0
ds HI (s),

�2(t ) = −1

2

∫ t

0
ds1

∫ s1

0
ds2[HI (s1), HI (s2)]. (13)

We find that, provided λ is sufficiently large with respect to the
parameters ε1,2 or g̃1,2, it is possible to neglect all but one term
from �2(t ) which is proportional to t . The time-evolution
operator then becomes UI (t ) = exp(−itHeff ) where Heff is a
time-independent operator given by (in the SCK basis)

Heff =

⎛
⎜⎜⎝

α 0 0 β

0 −α −β 0
0 −β −α 0
β 0 0 α

⎞
⎟⎟⎠, (14)

and where we introduce the parameters α = (g̃2
1 + g̃2

2)/(2λ)
and β = g̃1g̃2/λ.

The eigenstates of Heff are {(|φ4〉 ± |φ1〉)/
√

2, (|φ3〉 ±
|φ2〉)/

√
2} with corresponding eigenvalues {α ± β,−α ∓ β}.

Therefore, taking the initial state to be |ψ (0)〉 = (|φ1〉 +
|φ4〉)/

√
2, the evolved state at time t is

|ψ (t )〉 = e−i(α+β+λ)t |ψ (0)〉. (15)

This can be recast in terms of p and q, neglecting immaterial
global phases, as

|ψ (t )〉 = e−it (θp p+θqq+ϕp p2+ϕqq2+ξpq pq)|ψ (0)〉, (16)

where

θp = ε1η
2
1

[
ε1

(
η2

1 − 2
) + ε2

(
η2

2 − 2
)]

8λ
, (17)

θq = ε2η
2
2

[
ε1

(
η2

1 − 2
) + ε2

(
η2

2 − 2
)]

8λ
, (18)

ϕp = ε2
1η

4
1

8λ
, ϕq = ε2

2η
4
2

8λ
, ξpq = ε1ε2η

2
1η

2
2

4λ
. (19)

Upon tracing out the state of the spins, the two bosonic modes
evolve according to the resulting model

H = θpn1 + θqn2 + ϕpn2
1 + ϕqn2

2 + ξpqn1n2, (20)

with n j = a†
j a j the number operator of the jth mode. While

the Hamiltonian includes the desired cross-Kerr term n1n2,
it also encompasses self-Kerr ones n2

j , which would compete
with the cross-Kerr contribution and thus deplete the fidelity
of the resultant states to the ECS we aim to generate [8]. We
thus look for a protocol resulting in an effective Hamiltonian
with no self-Kerr effect.
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FIG. 2. (a), (b) Comparison of the state evolved through Hlinear and the ideal state resulting from the effective Hamiltonian Hideal in Eq. (23).
In these simulations we use the parameters α1,2 = 0.5, ε1,2/ω = 0.2, η1,2/ω = 0.1 with ω the value taken by the bosonic frequency (identical
for both subsystems). In panel (a) we report the logarithmic negativity, while the state fidelity is plotted in panel (b). (c)–(e) Entanglement
dynamics quantified with logarithmic negativity for increasing values of the coherent-state amplitudes. We take α1,2 = 2 in panel (c), 2.5 in
(d), and, finally, 3 in (e). The other parameter values are ε1,2/ω = 0.5, η1,2/ω = 0.05, and λ/ω = 10.

To achieve this, we notice that the choice of initial state
|ψ (0)〉 = (−|φ2〉 + |φ3〉)/

√
2 gives rise to the evolution

|ψ (t )〉 ≈ e−it (θ ′
p p+θ ′

qq−ϕp p2−ϕqq2+ξpq pq)|ψ (0)〉. (21)

In this equation, the phases generated by the self-Kerr terms
are equal in modulus but opposite in sign to those in Eq. (16).
We can, therefore, cancel out the effect of the self-Kerr terms
by preparing the initial state |ψ (0)〉 = (|φ1〉 + |φ4〉)/

√
2 and

transforming it halfway through the time evolution into state
|ψ ′(t/2)〉 = (−|φ2〉 + |φ3〉)/

√
2. This can be realized by the

action of the spin operators σ x
1 σ z

2 onto |ψ (t/2)〉. At time t , the
self-Kerr terms in the Hamiltonian vanish, and, neglecting a
global phase as before, we get a final state

|ψ (t )〉 = U (t/2)σ x
1 σ z

2U (t/2)|ψ (0)〉

≈ e−it (�p p+�qq+ξpq pq) (|φ3〉 − |φ2〉)√
2

, (22)

with �p = ε1ε2η
2
1(η2

2 − 2)/(8λ) and �q obtained by taking
η1 ↔ η2 in �p. Tracing out the spin degrees of freedom, the
resultant bosonic effective interaction Hamiltonian is

Hideal = �pn1 + �qn2 + ξpqn1n2. (23)

The cross-Kerr term can be further isolated by applying the
rotation operators R1(�p) = ei�pn1t and R2(�q) = ei�qn2t af-
ter the second time evolution operator. Note that the effective
Hamiltonian including the cross-Kerr interaction is diagonal
in the bosonic operators, as it stems from Eq. (10), and con-
sequently it does not change the boson number of an initial
state |p, q〉 containing p and q bosons for the first and second
oscillator, respectively. Crucially, each Fock state |p, q〉 will
acquire a different phase during the evolution dependent on

p and q that can produce nontrivial entanglement dynamics
among them, as we will show later.

It is worth emphasizing that it is only possible to engi-
neer the cross-Kerr Hamiltonian when the parameters take
appropriate values allowing the necessary approximations to
be made. Besides the set of requirements claimed throughout
the derivation of our effective model, we need to ensure a
large spin-spin coupling rate λ with respect to the parameters
g̃1,2, so that UI (t ) ≈ exp(−itHeff ). Such a restricted parameter
regime constrains the strength of the achievable cross-Kerr co-
efficient ξpq in Eq. (19), which, in turn, determines the amount
of entanglement that could be generated between coherent
states. There is thus a trade-off between the accuracy of the
approximations made, the amount of entanglement generated
between the coherent states, and the total time of the evolu-
tion.

B. Results of the simulations

We compare the states evolved using the ideal cross-Kerr
Hamiltonian and the original Hamiltonian model but without
claim for any of the approximations stated above, that is

Hlinear = Hdisp
1 + Hdisp

2 + λσ z
1σ z

2 , (24)

with Hdisp
1 (Hdisp

2 ) as in Eq. (5) and acting on the first (second)
spin-boson system. We first study the entanglement dynamics
of the bosonic systems using logarithmic negativity [39]. For
a bipartite system comprising parties A and B, this is given by

EN (ρ) = log ||ρTA ||, (25)

where ρTA is the partial transpose of ρ with respect to subsys-
tem A and ||ρ|| = Tr

√
ρρ† is the trace norm. The results of

our simulations are reported in Fig. 2(a) for relatively small
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coherent-state amplitudes α1,2 = 0.5 and confirm that we can
replicate a cross-Kerr interaction using just linear interactions
and spin drivings. However, as expected, the success of the
protocol depends on the spin-spin coupling λ, as too small a
value of this parameter results in significantly different entan-
glement dynamics.

To gauge the similarity of the states achieved through the
two dynamical models, we now turn our attention to the state
fidelity. For two generic density matrices ρA,B, this is defined
as

F (ρA, ρB) = (Tr
√√

ρAρB
√

ρA)2. (26)

Remarkably, despite the very good agreement of the entangle-
ment dynamics resulting from the two models being studied,
Fig. 2(b) shows that the ideal state is not retrieved by the
effective evolution. Indeed, this is due to local phases which
are present in the simulated state but do not appear in the
ideal one. Such phases stem from the Taylor expansion of the
exponential in Eq. (6)

eη[a(t )−a†(t )] =
∞∑

n=0

ηn

n!
[a(t ) − a†(t )]n. (27)

The expansion was truncated at η2 in Eq. (23). Yet, higher-
order but diagonal terms may play a role (e.g., for n = 4),
which affects the dynamics. This means that other elements
enter into the effective Hamiltonian in Eq. (23), including self-
Kerr terms. These then generate the local phases that make the
resulting state different from the ideal one.

Evidence of the correctness of this argument is gathered
already by considering the inclusion of the n = 4 component
in the ideal ECS and reconsidering the value taken by fidelity
with the simulated state. For λ/ω = 10 and over the time
period t/ξpq ∈ 2π [0, 5], values of state fidelity larger than
0.7 are achieved, thus demonstrating improved performances.
Taking into account the n = 6 component, however, does not
result in yet higher fidelity; this improving effect is therefore
not monotonic with the number of higher-order contributions
included in the effective model. This could be a result of inter-
ference effects which emerge among successive higher-order
terms.

While ECS of small amplitudes are useful, we seek to
entangle larger coherent states, which are more difficult to
generate but play a more prominent role in protocols for
quantum information processing. In Figs. 2(c)–2(e), we plot
the entanglement dynamics of ideal ECS and simulated states
using linear interactions for α1,2 = 2, 2.5, 3. We can appre-
ciate a very good performance of the effective dynamics for
α = 2, while the comparison with the target state worsens as
α grows, as should be expected for the considered parameters,
in light of the Lamb-Dicke condition. Nevertheless, though
the dynamics vary significantly for α = 3, a large amount of
entanglement is produced between the two states.

The dips in the plots are due to the entangling phases
applied to the Fock states |p, q〉 in Eq. (22). Were just one
of these |p, q〉 elements to acquire a phase, the entanglement
dynamics of the overall state would show entanglement falling
to zero periodically with period dependent on the frequency
of the phase. However, when the phases in Eq. (22) are ap-
plied to all |p, q〉 elements in the coherent states, they all

have different frequencies. Dips in the logarithmic negativity
appear, then, at times depending on the periods of the phases
of Fock state elements |p, q〉 with large contributions in the
ECS. As higher p and q values result in higher frequencies,
this effect is more pronounced for larger coherent state am-
plitudes α as we can see by comparing Figs. 2(a) and 2(c) to
2(e).

Surprisingly, the average entanglement E avg
N (ρ) is larger for

the simulated case than the ideal one, the difference between
them growing with α. Taking the average for 0.1 � t � 0.9 so
as to avoid the boundaries of the period (where entanglement
rapidly rises and falls), for α = 2 we find that E avg

N (ρsim ) =
1.869 compared to E avg

N (ρideal ) = 1.863, while for α = 2.5 the
average entanglement is E avg

N (ρsim ) = 2.098 and for the tar-
get state E avg

N (ρideal ) = 2.069, and finally, for α = 3 we have
E avg

N (ρsim ) = 2.304 and E avg
N (ρideal ) = 2.233. Despite the sim-

ilarities in entanglement dynamics, the fidelities between the
ideal and simulated states are again very poor. When we com-
pare the state populations only, finding the fidelity between the
states when off-diagonal terms are neglected, this increases
dramatically. Optimizing over time t ∈ [0, 1], the maximum
infidelity 1 − F is 2.912 × 10−7 for α = 2, 2.016 × 10−5 for
α = 2.5 and 7.279 × 10−4 for α = 3. The strong overlap be-
tween state populations is yet another indicator that the lack in
fidelity between our target and simulated states is due to local
phase factors.

IV. ENGINEERING A NONLINEAR BEAM
SPLITTER INTERACTION

A. Developing a protocol

We now turn our attention to particular forms of N00M
states, which generalize the well-known N00N family to su-
perpositions of asymmetric number states as follows:

|N00M〉 = |n, 0〉12 + i|0, m〉12√
2

, (28)

with |p〉 j a Fock state of the bosonic mode j = 1, 2 with p
excitations. To create states of this form, we would need to
simulate a nonlinear beam splitter interaction. Starting again
from Eqs. (7) and (9), in this case we take one spin rotation
term with driving frequency � = −nω for the first spin sys-
tem and � = −mω for the second [with n, m as in Eq. (28)]
and null phase for both. The Hamiltonian in each spin-boson
system thus becomes a Jaynes-Cummings interaction, of the
form

HSB j = k j
[
σ+

j a
p j

j + σ−
j (a†

j )
p j

]
, ( j = 1, 2), (29)

where k j = ε jη
p j

j /(2p j!), p1 = n and p2 = m. We now follow
a similar approach as for the cross-Kerr case, passing through
the move to the interaction picture with respect to the spin-
spin coupling λσ z

1σ z
2 and the Magnus expansion of the time-

ordered evolution operator. As before, the latter reveals that
most terms can be neglected. By using the basis elements

|φ1〉 = |e, p〉1 ⊗ |e, q〉2,

|φ2〉 = |e, p〉1 ⊗ |g, q + m〉2,

|φ3〉 = |g, p + n〉1 ⊗ |e, q〉2,

|φ4〉 = |g, p + n〉1 ⊗ |g, q + m〉2, (30)

023253-5



MCALEESE, PATERNOSTRO, AND PUEBLA PHYSICAL REVIEW RESEARCH 7, 023253 (2025)

(a) (b)

(c)
Re

Im

Im
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FIG. 3. (a) Difference between the logarithmic negativity of the target N00M state and the time-evolved state. For n = m = 1, we take
η/ω = 0.25 and ε = λ/6. For n = m = 2, we take η/ω = 0.31 and ε = 2λ/5. For n = 1, m = 2, we take η/ω = 0.35 and ε = 5λ/34.
(b) Infidelity between the same states as in (a). (c) Density matrix elements for n = m = 2 taking ε/ω = 1/750. (d) Density matrix elements
for n = 1, m = 2 taking ε/ω = 1/750.

whose form is dictated by the conservation of the total number
of excitations entailed by the nonlinear beam-splitter dynam-
ics, the effective Hamiltonian can again be written in matrix
form as Eq. (14) where now α = (k̃2

1 + k̃2
2 )/(2λ) and β =

k̃1k̃2/λ with k̃1 = k1
√

(p + n)!/p! and k̃2 = k2
√

(q + m)!/q!.
We see from Eq. (14) that acting on state |φ3〉 with Heff

will have the effect of making a superposition of |φ2〉 and
|φ3〉. This is precisely what we need to generate N00M states.
For the superposition to resemble the state in Eq. (28), we
need to take p = q = 0. The initial state then takes the form
|φ3〉 = |g, n〉1 ⊗ |e, 0〉2. We also require a fixed evolution time
t = π/(4β ) so that the two superposition elements have equal
contribution in the state. The whole system of spins and
bosons at time t is

|φ(t )〉 = eiπα/(4β )

√
2

(|g, n〉1 ⊗ |e, 0〉2 + i|e, 0〉1 ⊗ |g, m〉2).

(31)

To retrieve the bosonic N00M state and isolate it from
the spins, we make use of a probabilistic protocol. That is,
we measure the spins with either projectors �±x = (|e〉 ±
|g〉)(〈e| ± 〈g|)/2 or �±y = (|e〉 ± i|g〉)(〈e| ∓ i〈g|)/2 (ensur-
ing that the same measurement is performed on each spin)
before tracing them out of the system. The outcome of the
measurement is irrelevant, resulting in a N00M state of the
same form as in Eq. (28).

B. Results of simulations

As done before for the cross-Kerr dynamics, we aim at
characterizing the performance of the effective model by ex-
plicit comparison with the target state that we would like to

accomplish. We begin from the Hamiltonian

Hlinear (t ) = H s
1 (t ) + H s

2 (t ) + λσ z
1σ z

2 , (32)

where H s
1 (t ) [H s

2 (t )] is the spin-boson Hamiltonian in Eq. (6)
acting on the first (second) system. It is worth recalling that,
in this case, the Hamiltonian becomes time-dependent.

We evolve the system for the fixed time

t = π

4β
= πλ

√
n!m!

ε1ε2η
n
1η

m
2

, (33)

so that the time needed to produce N00M states with increas-
ing n and m quickly grows. We aim to limit the length of time
needed to achieve such states, in particular by choosing small
values of λ and large values of ε and η. However, each of
the above conditions directly contradicts the limitations we
put in place for the approximations to be accurate. Therefore,
as in the cross-Kerr case, there is a trade off and we must
find a compromise between restricting the needed evolution
time and maintaining a high accuracy of the approximations.
We can use the time-independent Hamiltonian in Eqs. (9) and
(29) to find a suitable relation between the parameters; when
the value of η (in units of ω) is fixed, the time-evolved state is
determined only by the ratio between ε and λ. A close-to-unit
fidelity of the time-evolved state with the ideal N00M state
shows that the approximation we made using the Magnus
expansion is highly accurate for our chosen parameter regime.

We show the results of our simulations in Fig. 3. We
generate three states: the first is a Bell-like N00N state with
n = m = 1, the second has n = m = 2, while the third one
is a N00M state where n = 1 and m = 2. The difference
|E target

N − EN | between the logarithmic negativity of the target
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states and the time-evolved ones is shown in Fig. 3(a). Clearly,
we need small values of ε and λ for the approximations in
our analysis to be valid. The achievement of such a regime
entails promising results. For the n = m = 2 state, we need
especially low values; the entanglement does not start to level
off before around ε/ω = 1/500, and the difference with its
target settles at a value of around 4 × 10−3. However, this
is not the minimum in entanglement difference that we can
achieve, which instead occurs at ε/ω ≈ 1/340. This is be-
cause the logarithmic negativity of the simulated state is much
higher than that of the ideal N00N state when ε is relatively
large, but then falls to be slightly lower than the target before
it converges.

The infidelity 1 − F of each simulated state with its cor-
responding ideal one is shown in Fig. 3(b). We achieve a
much better result than for the ECS, due to the absence of
different local phases among many populated Fock states, as
is the case for the ECS. It is clear that increasing the number
of excitations n or m limits the success of the protocol due,
once more, to the constraint set by the Lamb-Dicke regime.

We also note here that, though we select specific values for
η and ε in Fig. 3 using Eqs. (9) and (29) as explained above,
we obtain similar results when they are varied. For instance,
we checked the reliability of our results for n = m = 1 by
obtaining results for 0.2 � η � 0.3 and 0.05 � ε/λ � 0.25.
The corresponding range of fidelities is {0.99411, 0.99856},
compared to our original value of 0.99694, and entanglement
difference goes between {0.001164, 0.005663} with an orig-
inal value of 0.003053. Fidelity and entanglement are both
broadly increasing as η decreases. We carried out the same
analysis for the parameters in the n = m = 2 and n = 1, m =
2 cases and achieved comparable results.

To get a deeper insight into the similarities between tar-
get and actual states, we study the density matrices of the
bosonic modes whose real and imaginary elements are plotted
in Figs. 3(c) for n = m = 2 and 3(d) for n = 1, m = 2. We
take ε/ω = 1/750, a value for which the resemblance to the
desired N00N state is evident. However, in both cases we lack
the symmetry we should see, especially in the plots of the real
parts of the density matrix elements. Half of the population of
|n, 0〉 should have been transferred to state |0, m〉 through the
course of the time evolution but this did not occur perfectly.
For instance, for n = m = 2, the final population of |0, n〉 was
0.574 instead of 0.5.

To bypass potential limitations in the performance of our
comparisons, we next consider a class of N00M states having
the form

|N00Mgen〉 = |n, 0〉 + eiθ |0, m〉√
2

, (34)

with θ a phase whose value we change to look for potential
better comparators with the achieved state. The fidelities with
varying θ are shown in Fig. 4. As expected, we find that
the maximum fidelity for each case is reached for values of
θ close to π/2, corresponding to the ideal N00N state. For
n = m = 1, the difference is negligible: fidelity is maximized
for θ � π/2 and the increase in fidelity is in the order of
10−6. There is no difference at all for n = m = 2, where the
fidelity is maximized for π/2 exactly. However, there is a
more noticeable gain for the N00M state as the maximum

FIG. 4. Fidelity between the state evolved with Hlinear (t ) and the
N00N state |n, 0〉 + eiθ |0, m〉. For each case, the driving strength is
taken to be ε = 1/750.

occurs slightly away from θ = π/2, leading to an increase of
10−3 in the fidelity.

V. CONCLUSION

We proposed two protocols for generating ECS and N00M
states of two bosons requiring only linear spin-spin and
spin-boson interactions and spin rotations. Such effective in-
teraction mechanisms hold under a suitable parameter regime,
namely, strong coupling between the spins, small spin driv-
ing amplitudes, and large bosonic frequencies. However, the
above conditions also come with restrictions. In the case of
replicating a cross-Kerr Hamiltonian, they limit the amount
of entanglement that can be generated, while also for N00N
states, they escalate the total time evolution needed. Suitable
parameters can nevertheless be found so that the requirements
are fulfilled and we can successfully replicate the entangle-
ment dynamics of an ECS for coherent state amplitudes of
α > 2 and simulate N00M states with high fidelity and match-
ing entanglement values.

The coherent state amplitudes achieved in our work go
beyond what has currently been experimentally realized
[18–20,22], as this method can generate ECSs with ampli-
tudes over 1.92 [20]. We also generate considerably higher
entanglement than other proposals; as the authors of Ref. [21]
proposed a method to create ECSs proportional to |0, 0〉 +
|α, α〉, they are restricted to a maximum of EN = ln 2 under
ideal conditions, even when α is as large as 2. Meanwhile,
we can reach EN = 2 for the same amplitude. Moreover, our
scheme has the added benefit of flexibility with regards to
physical systems we can use to implement it.

While we see more limitations in the size of the N00N
states we can engineer compared to other works [31,35], our
protocol brings the advantage of the ability to create N00M
states. We can achieve a fidelity of 0.989 with our protocol for
the state |10〉 + |02〉, where those found in Ref. [34] can reach
only F = 0.42. We can also obtain high-fidelity N00N states
for n = m = 2; we get a fidelity of 0.994. While higher fideli-
ties can be obtained for optical N00N states [32], our protocol
performs well against other proposals limited to fidelities of
0.861 [40], 0.78 [41], and 0.5 [34]. We hope to follow this
work with a study of the effects of decoherence and losses on
the performance of the protocol in due time.
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