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In this paper, we study superbiderivations on Lie superalgebras from structural and geo-
metric perspectives. Motivated by the classical fact that the bracket of a Lie algebra is
itself a biderivation, we propose a new definition of superbiderivation for Lie superalge-
bras — one that requires the bracket to be a superbiderivation, a condition not satisfied
by existing definitions in the literature. Our focus is on complete Lie superalgebras, a
natural generalization of semisimple Lie algebras that has emerged as a promising frame-
work in the search for alternative structural notions. In this setting, we introduce and
study linear supercommuting maps, comparing our definition with previous proposals.
Finally, we present two applications: one involving the superalgebra of superderivations
of the Heisenberg Lie superalgebra and another offering initial geometric insights into
deformation theory via superbiderivations.

Keywords: Superbiderivations; complete Lie superalgebras; linear supercommuting
maps.
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1. Introduction

The notion of superalgebra has emerged as a natural framework in various disci-
plines, particularly within the domains of Mathematics and Geometrical Physics. A

¶Corresponding author.
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Lie superalgebra is a Z2-graded generalization of a Lie algebra, where the algebraic
structure is defined by a bracket obeying graded versions of antisymmetry and the
Jacobi identity [20, 24].

Exploring biderivations is a conventional line of inquiry in the theory of Lie
algebras (see, among others, [7–10, 17, 27]), which are bilinear maps, acting as
derivations in each argument. It so happens that classical problems associated with
Lie algebras have been developed in the context of Lie superalgebras, as well as
the notion of a biderivation into the superalgebraic context appears to naturally
extend, and has been studied. The first appearance of the notion of a bideriva-
tion on a Lie superalgebra (called superbiderivation) appears to be in [29], where
Xu and Wang introduced and studied such maps in 2015 in the context of the
Heisenberg superalgebra — a Lie superalgebra analogue of the classical Heisenberg
Lie algebra. Subsequently, a more classical approach to the study of superbideriva-
tions on Lie superalgebras was developed in [15], where Fan and Dai focus on the
centerless super-Virasoro algebra. It has been demonstrated that all superbideriva-
tions in this case are inner, and the structure of linear supercommuting maps has
been investigated. Following these two works, several notable studies appeared in
the literature, where (super)biderivations were investigated in broader and diverse
contexts [2, 7–11, 17, 27, 28].

Setting aside the topic of biderivations for the moment, one of the most active
and enduring areas of research in Lie algebras is their classification, more precisely
the classification of nilpotent Lie algebras. Over the years, various approaches have
been proposed: assumptions about the dimension of the center, the dimension of
the derived subalgebra, the nilpotency index, and so on [3–5, 19, 21]. This variety of
approaches stems from the fact that the Levi decomposition holds for Lie algebras:
every Lie algebra can be decomposed as a semidirect product of a semisimple part
(the Levi subalgebra) and a solvable ideal. All simple, and thus semisimple, Lie
algebras have been fully classified over C and R [14, 18]; however, the classification
of solvable Lie algebras remains an open problem. Since every solvable Lie alge-
bra can be constructed from a nilpotent ideal (the nilradical) and its derivations
[22], classifying solvable Lie algebras largely amounts to classifying nilpotent Lie
algebras. Unfortunately, this is well known to be computationally wild.

In light of this, several alternative approaches to the classical classification of
nilpotent Lie algebras have been developed over the years. One of the most promis-
ing approaches, which avoids the computational costs typically associated with such
classifications, uses the geometric theory of deformations to classify k-step nilpo-
tent Lie algebras, as discussed in [16]. Nevertheless, the connection between Lie
superalgebras, deformation, and cohomology theory is much deeper than we can
cover in this paper. We refer interested readers to [12, 23] for more information.

In this context, however, another line of research has progressively emerged: are
there alternative definitions of semisimple Lie algebras? Over time, several candi-
dates have been proposed, such as complete Lie algebras (those with all deriva-
tions inner and trivial center), sympathetic Lie algebras (perfect Lie algebras, i.e.
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satisfying [L, L] = L, and complete), among others. In particular, for the latter
class, Angelopoulos constructed in [1] a family of such Lie algebras that are not
semisimple. The situation is more intricate for Lie superalgebras. In fact, Levi’s
decomposition theorem generally does not hold for Lie superalgebras (see [20]).

However, these two structures and approaches have one thing in common: the
study of biderivations, particularly in the simple, semisimple, and complete cases
[13, 25]. It is well known that derivations of simple (and semisimple) Lie algebras are
inner, and the same holds for Lie superalgebras. The definitions of biderivations for
Lie superalgebras vary across the literature. Among the numerous studies on super-
biderivations, [30] is particularly noteworthy, as it investigates superbiderivations
on classical simple Lie superalgebras.

In our work, we take a different approach, revisiting the definition of a bideriva-
tion itself. Specifically, just as in the case of Lie algebras, we require that the bracket
of a Lie superalgebra be a superbiderivation. This property is not satisfied by the
existing definitions in the literature. Furthermore, we study these superbiderivations
in the context of complete Lie superalgebras. Consequently, we introduce the notion
of linear supercommuting maps and investigate their properties in the context of
complete Lie superalgebras.

This paper is arranged as follows. Section 2 contains a collection of definitions
and preliminary results necessary for understanding this paper, as well as the nota-
tional conventions we will adopt. Section 3 presents the main results discussed
above. Section 4 studies linear supercommuting maps, with a focus on comparing
the existing definitions in the literature with the one introduced here. Section 5
contains two applications: one concerning the superalgebra of superderivations of
the complete Heisenberg Lie superalgebra and another of a more geometric nature.
In the latter, we lay the groundwork for a perspective based on deformation theory.

2. Preliminaries and Basic Idea

We recall here that a superalgebra is a Z2-graded vector space L = L0 ⊕ L1 over
a field F, endowed with an algebraic structure such that LαLβ ⊆ Lα+β, for any
α, β ∈ Z2. A Lie superalgebra is a superalgebra associated with a bilinear map
[·, ·] : L × L → L satisfying the following properties:

[Lα, Lβ] ⊆ Lα+β for any α, β ∈ Z2, (1)

[x, y] = −(−1)|x||y|[y, x], (2)

(−1)|x||z|[x, [y, z]] + (−1)|y||x|[y, [z, x]] + (−1)|z||y|[z, [x, y]] = 0, (3)

for all x, y, z homogeneous elements in L.
By convention, the elements in a (Lie) superalgebra L that has degree 0 are

said to be even, and that ones with degree 1 are said to be odd. We will use this
convention throughout this paper. In addition, unless stated otherwise, the Lie
superalgebra is assumed to be over a field of characteristic that is distinct from 2.
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The term L denotes a Lie superalgebra over a field F. Moreover, when in a formula,
the degree of an element appears, it is understood that the element is homogeneous,
i.e. it belongs to Lα, for some α ∈ Z2.

Definition 2.1. A linear map f : L �→ L is said homogeneous of degree |f | ∈
{
0, 1

}
if f(Li) ⊆ Li+|f |, with i = 0, 1.

Definition 2.2. A homogeneous map D : L �→ L with degree |D| is said
superderivation if

D([x, y]) = [D(x), y] + (−1)|D||x|[x, D(y)] (4)

for every x, y ∈ L.

The set of all superderivations is known as the superderivation algebra of L,
which is denoted by Der(L). The algebra Der(L) has a natural Z2-gradation, i.e.

Der(L) = Der0(L) ⊕ Der1(L),

where Der0(L) is the set of all even superderivations and Der1(L) is the set of all
odd superderivations. Moreover, the superalgebra of superderivations is a subsu-
peralgebra of End(L) with the usual graded commutator (or supercommutator)
given by

[D1, D2] = D1D2 − (−1)|D1||D2|D2D1. (5)

It is easy to check that Eq. (3) it is equivalent to

[x, [y, z]] = [[x, y], z] + (−1)|x||y|[y, [x, z]].

By the latter equation, if x is a homogeneous element of L, it follows the map
Lx : L �→ L, with Lx(y) = [x, y] is a superderivation of degree |x|. Map Lx is called
inner superderivation. The set of inner superderivations is denoted by IDer(L),
and it can be proved that is an ideal of Der(L). Also IDer(L) has a natural Z2-
gradation, i.e.

IDer(L) = IDer0(L) ⊕ IDer1(L),

where IDeri(L) = {Lx |x ∈ Li}, i = 0, 1.

Definition 2.3. A Lie superalgebra L is called a complete Lie superalgebra if L

satisfies the following two conditions:

(1) Z(L) = {0}.
(2) Der(L) = IDer(L).

Remark 2.1. The second condition is equivalent to Deri(L) = IDeri(L) for every
i = 0, 1. Indeed, if Deri(L) = IDeri(L) then trivially Der(L) = IDer(L). Conversely,
is evident that IDeri(L) ⊆ Deri(L). Let D ∈ Der0(L), in particular D ∈ Der(L) =
IDer(L) = IDer0(L) ⊕ IDer1(L), then there exist x0 ∈ L0, x1 ∈ L1 such that
D = Lx0 +Lx1 . For every y ∈ Li, [x0 +x1, y] = D(y) ⊆ Li. However, [x1, y] ∈ Li+1,
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so [x1, y] = 0L. As a consequence, x1 ∈ Z(L), i.e. x1 = 0L. Hence, D = Lx0 ∈
IDer0(L). Therefore, Der0(L) = IDer0(L). Similarly, Der1(L) = IDer1(L).

Now, we proceed to introduce a new family of homogeneous maps on L. So, let
us consider a homogeneous linear map D : L → L such that, for all x, y ∈ L,

D([x, y]) = (−1)|D||y|[D(x), y] + [x, D(y)]. (6)

In order to avoid unnecessary complexity in the ensuing argument, we define
two vector spaces, F1 and F2, as follows:

F1(L) = {D : L → L |Eq. (4) holds for all x, y ∈ L}, (7)

F2(L) = {D : L → L |Eq. (6) holds for all x, y ∈ L}. (8)

If D ∈ F1(L) (respectively, D ∈ F2(L)), we say that D is of type 1 (respectively,
type 2). Clearly, the type-1 maps are exactly the superderivations. The vector space
F2(L) has a natural Z2-gradation, i.e.

F2(L) = F2(L)0 ⊕F2(L)1,

where F2(L)0 is the set of all even type-2 maps and F2(L)1 is the set of all odd type-
2 maps. In a manner analogous to that observed in the case of left multiplications,
by the graded Jacobi identity, the map Rx : L → L, with Rx(y) = [y, x], is a
type-2 map, for every x ∈ L. These kinds of maps are called type-2 inner. As with
homogeneous linear maps, the definition of bilinear maps is recalled here.

Definition 2.4. A bilinear map B : L × L → L is said homogeneous of degree
|B| ∈ {0, 1}, if B(Lα, Lβ) ⊆ Lα+β+|B|.

Definition 2.5. A homogeneous bilinear map B : L×L �→ L is said superbideriva-
tion if, for all x ∈ L, B(x,−) is a superderivation and B(−, x) is a type-2 map.

The previous definition is equivalent to the following one.

Definition 2.6. A homogeneous bilinear map B : L×L → L is said superbideriva-
tion of L if, for all x, y, z ∈ L, the following equations hold:

B(x, [y, z]) = [B(x, y), z] + (−1)(|B|+|x|)|y|[y, B(x, z)], (9)

B([x, y], z) = (−1)(|B|+|z|)|y|[B(x, z), y] + [x, B(y, z)]. (10)

Example 2.6.1. A basic example of a superbiderivation in a Lie superalgebra is
its Lie superbracket. Indeed, since [x,−] = Lx and [−, x] = Rx, by Definition 2.5 it
follows that [·, ·] is a superbiderivation.

Among the definitions of superbiderivations of a Lie superalgebra found in the
literature, the one given by Yuan and Tang [30] initially appears similar to the one
presented in this work.

Definition 2.7 (cf. [30]). A homogeneous bilinear map B : L × L → L is said
superbiderivation of L if, for all homogeneous x, y, z ∈ L, the following equations
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hold:

B(x, [y, z]) = [B(x, y), z] + (−1)(|B|+|x|)|y|[y, B(x, z)], (11)

B([x, y], z) = (−1)|y||z|[B(x, z), y] + (−1)|x||B|[x, B(y, z)]. (12)

However, the two definitions are not equivalent, as the following example shows,
i.e. there exist homogeneous bilinear maps on L which satisfy one definition but not
the other and vice versa (Example 2.7.1).

Example 2.7.1. Clearly, for a bilinear map with |B| = 0 Definitions 2.6 and 2.7
coincide. However, if |B| = 1, the definitions can be different. To show this, let
L = L0 ⊕ L1, with L0 = 〈x〉, L1 = 〈v〉, and the only nonzero bracket is [v, v] = x.
Since [L, L] lies in the center of L, L is a Lie superalgebra because the graded Jacobi
identity is trivially satisfied. Let B : L × L → L be a map of degree 1. Then

B(x, x) = αv, B(x, v) = βx, B(v, x) = γx, and B(v, v) = δv,

for some α, β, γ, δ ∈ F. We now impose B to be a superbiderivation of degree 1
according to Definition 2.6. To do this, we must impose that Eqs. (9) and (10) hold
for the elements of the basis of L. We first show that not all choices of x, v that run
into B give us nontrivial relations on scalars. Let us start with observing that on
one hand B(x, [x, v]) = 0 and, on the other hand, we have

[B(x, x), v] + (−1)(1+|x|)|x|[x, B(x, v)] = αx.

This implies that α = 0, that is B(x, x) = 0. So B(x, u) ∈ L0 = Z(L) (same for
B(u, x)), for every u ∈ L. Then, B(x, [u1, u2]) = 0 for any u1, u2 ∈ L, because
[u1, u2] ∈ L0. Hence [B(x, u1), u2] = [u1, B(x, u2)] = 0. Moreover, for any u ∈ L,
[x, u] = 0, and then B(v, [x, u]) = 0. In addition, B(v, x) ∈ L0, and it follows that
[B(v, x), u] = 0. Hence the following holds:

B(v, [x, u]) = [B(v, x), u] + (−1)(1+|v|)|x|[x, B(v, u)] = 0.

Similar arguments imply that

B(v, [u, x]) = [B(v, u), x] + (−1)(1+|v|)|u|[u, B(v, x)] = 0.

So it remains to check Eq. (9) when the triple {v, v, v} is considered. By the assump-
tions, B(v, [v, v]) = γx. However, at the same time, we must have

[B(v, v), v] + (−1)(1+|v|)|v|[v, B(v, v)] = 2δx.

This implies the condition γ = 2δ. To verify if Eq. (10) holds, one can apply the same
arguments to check this equation only for the triple {v, v, v}. Since B([v, v], v) = βx,
and

(−1)(1+|v|)|v|[B(v, v), v] + [v, B(v, v)] = 2δx.
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Equation (10) holds if and only if β = 2δ. Hence, a superbiderivation of degree 1 is
necessarily of the following form:

B(x, x) = 0, B(x, v) = B(v, x) = 2δx, and B(v, v) = δv.

By similar reasoning, such a bilinear map satisfies conditions (11) and (12) if
and only if it is of the following form:

B(x, x) = 0, B(x, v) = −2δx, B(v, x) = 2δx, and B(v, v) = δv.

Finally, a nonzero bilinear map B of degree 1 cannot be a superbiderivation under
both definitions simultaneously.

3. Main Results

We are now ready to present a set of results concerning the relationship established
by maps of types 1 and 2. In fact, we can obtain a map of type 2 from a map of
type 1 with a multiplication by a special factor and vice versa.

Proposition 3.1. Let D be a superderivation of L of degree |D|. Let δ : L → L be
a map such that

(1) δ(x) = (−1)|D||x|D(x) for x ∈ L.
(2) δ(x0 + x1) = δ(x0) + δ(x1) for all x0 ∈ L0, x1 ∈ L1.

Then δ ∈ F2(L).

Proof. If x, y ∈ L have the same degree, then |x+ y| = |x| = |y|. Since D is linear,
by the two conditions, it follows that δ is linear. Moreover, δ is also homogeneous,
with |δ| = |D| and, since D is a superderivation, for every x, y ∈ L, at last we have

δ([x, y]) = (−1)|D||[x,y]|D([x, y])

= (−1)|D|(|x|+|y|){[D(x), y] + (−1)|D||x|[x, D(y)]}

= (−1)|D|(|x|+|y|)[D(x), y] + (−1)|D|(|x|+|y|)+|D||x|[x, D(y)]

= (−1)|D||y|[(−1)|D||x|D(x), y] + [x, (−1)|D||y|D(y)]

= (−1)|δ||y|[δ(x), y] + [x, δ(y)].

With similar arguments, one can prove the following result.

Proposition 3.2. Let δ ∈ F2(L) of degree |δ|. Let D : L → L be a map such that

(1) D(x) = (−1)|δ||x|δ(x) for x ∈ L.
(2) D(x0 + x1) = D(x0) + D(x1) for all x0 ∈ L0, x1 ∈ L1.

Then D is a superderivation of L.

The set of homogeneous elements is a set of generators for L. In some sense, we
cannot consider the second property of Propositions 3.1 and 3.2 if we impose the
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linearity. So we have two maps f : Der(L) → F2(L) and g : F2(L) → Der(L) such
that

f(D)(x) = (−1)|D||x|D(x) and g(δ)(x) = (−1)|δ||x|δ(x),

for all x ∈ L. The maps f and g are (linear) homogeneous of degree 0 (they do not
change the degree). Indeed, for every D1, D2 ∈ Derα(L), with respect to the map
f , we have

f(D1 + D2)(x) = (−1)|D1+D2||x|(D1 + D2)(x)

= (−1)|D1||x|D1(x) + (−1)|D2||x|D2(x)

= f(D1)(x) + f(D2)(x)

for all x ∈ L. The latter is true because D1 and D2 have the same degree. Therefore,
f is linear because one can extend this argument to every superderivation, since such
a map can be written as a sum of a superderivation of degree 0 and a superderivation
of degree 1. Furthermore, for all x ∈ L, we have

f(g(δ))(x) = (−1)|g(δ)||x|g(δ)(x).

Since g (and also f) has degree 0, we can conclude that

f(g(δ))(x) = (−1)|δ||x|g(δ)(x) = (−1)|δ||x|(−1)|δ||x|δ(x).

That is fg = idF2(L) and, similarly, gf = idDer(L). Thus, the results outlined
above can be summarized as follows.

Theorem 3.3. Vector space F2(L) is isomorphic to Der(L).

It is clear that the space F2(L) naturally inherits a Lie superalgebra structure
via the standard supercommutator, as will be made precise in the following result.

Proposition 3.4. The space F2(L) with bracket given by [δ1, δ2] = δ1δ2 −
(−1)|δ1||δ2|δ2δ1 is a Lie superalgebra.

Proof. Obviously, [δ1, δ2] is still a linear homogeneous map of L. We should only
prove the closure of the bracket, i.e. that [δ1, δ2] lies in F2(L).

Let D1, D2 be the associated superderivations, i.e. δi(x) = (−1)|Di||x|Di(x) for
all x ∈ L, with i = 1, 2. Clearly it holds |δi| = |Di|. Then,

[δ1, δ2](x) = δ1δ2(x) − (−1)|δ1||δ2|δ2δ1(x)

= δ1((−1)|D2||x|D2(x)) − (−1)|D1||D2|δ2((−1)|D1||x|D1(x))

= (−1)|D2||x|δ1((D2(x)) − (−1)|D1||D2|+|D1||x|δ2(D1(x))

= (−1)|D2||x|(−1)|D1||D2(x)|D1D2(x)

− (−1)|D1||D2|+|D1||x|(−1)|D2||D1(x)|D2D1(x)

= (−1)|D2||x|+|D1|(|D2|+|x|)D1D2(x)
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− (−1)|D1||D2|+|D1||x|+|D2|(|D1|+|x|)D2D1(x)

= (−1)(|D1|+|D2|)|x|+|D1||D2|D1D2(x)

− (−1)(|D1|+|D2|)|x|+2|D1||D2|D2D1(x)

= (−1)|D1||D2|(−1)(|D1|+|D2|)|x|(D1D2(x) − (−1)|D1||D2|D2D1(x))

= (−1)|D1||D2|(−1)|[D1,D2]||x|[D1, D2](x)

for any x ∈ L. Since [D1, D2] is a superderivation, then δ3(x) =
(−1)|[D1,D2]||x|[D1, D2](x) is a map of type 2, as it is his multiple (−1)|D1||D2|δ3

and this proves the statement.

A natural question that arises from the previous result is whether f and g are
isomorphisms of Lie superalgebras. Unfortunately, the answer is negative, as the
following remark illustrates.

Remark 3.1. We observe that, when one computes f([D1, D2]), with D1, D2 ∈
Der(L), by the proof one obtains (−1)|D1||D2|[f(D1), f(D2)]. This shows that, in
general, f (and also g) is not an isomorphism of Lie superalgebras.

We are now ready to study the space F2(L) when L is a complete Lie super-
algebra, as defined in Definition 2.3. Under this assumption, we will analyze the
behavior of these maps. Furthermore, we will apply this result to the study of
superbiderivations, following Definition 2.6.

Proposition 3.5. Let L be a complete Lie superalgebra. Then every map in F2(L)
is inner.

Proof. Let δ ∈ F2(L) homogeneous. Then, by Theorem 3.3, there exists a
superderivation D such that δ(x) = (−1)|D||x|D(x). Since L is complete, w.l.o.g.
we know that there exists an element t ∈ L such that D = Lt. So |D| = |t|, and

δ(x) = (−1)|D||x|D(x) = (−1)|t||x|Lt(x) = (−1)|t||x|[t, x] = −[x, t] = [x,−t].

The latter is equivalent to saying that δ = R−t. Finally, if δ ∈ F2(L) is not
homogeneous, then δ = δ0 + δ1, with δi ∈ F2(L)i, where i = 1, 2. Hence δi = R−ti ,
for such a ti ∈ Li, and δ = R−t0−t1 .

Theorem 3.6. Let L be a complete Lie superalgebra and B a homogeneous bilinear
map of L with degree |B|. Then, B is a superbiderivation of L if and only if there
exist two linear homogeneous maps ϕ, ψ of degree |B| such that

B(x, y) = [ϕ(x), y] = [x, ψ(y)] for all x, y ∈ L.

Proof. The “if” direction is the easiest to prove. Indeed, if there exist two homoge-
neous linear maps ϕ, ψ : L → L such that B(x, y) = [ϕ(x), y] = [x, ψ(y)], then B is
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a superbiderivation of L (w.r.t. Definition 2.6) because B(x,−) = Lϕ(x) ∈ Der(L)
and B(−, x) = Rψ(x) ∈ F2(L).

Now we prove the “only if” direction. Let us consider a superbiderivation B of
L. Then, B(x,−) (respectively, B(−, x)) is a map of type 1 (respectively, type 2)
of L of degree |B| + |x|, for any x ∈ L. Since L is complete, F1(L) (respectively,
F2(L)) has only left multiplications (respectively, right multiplications). Thus, for
every x ∈ L, there exist u, v ∈ L such that B(x,−) = Lu(−) = [u,−] and B(−, x) =
Rv(−) = [−, v]. So we can define two maps ϕ, ψ : L → L in the following way:

ϕ : x �→ u and ψ : x �→ v.

Now we have to prove that ϕ and ψ are homogeneous maps of degree |B|.

• Linearity: Let x1, x2 ∈ L. We now consider the two elements [ϕ(x1 + x2), y] and
[ϕ(x1) + ϕ(x2), y], for any y ∈ L. By the definition of the map ϕ, and since
B is a bilinear map, we have [ϕ(x1 + x2), y] = [ϕ(x1) + ϕ(x2), y]. This implies
that ϕ(x1 + x2) − ϕ(x1) − ϕ(x2) ∈ Z(L). The center of L is trivial because L is
complete, then ϕ(x1 + x2) = ϕ(x1)+ ϕ(x2). In a similar way one can proves that
ϕ(λx) = λϕ(x), where λ ∈ F. With the same arguments, ψ is linear.

• Degree: Let |B| = 0 (the case 1 is analogous) and x ∈ L0. We have ϕ(x) = x0+x1,
with xi ∈ Li, i = 0, 1. If y ∈ L0 then [x0, y] + [x1, y] = [ϕ(x), y] = B(x, y) ∈ L0

since |B| = 0. [x0, y] ∈ L0 and [x1, y] ∈ L1, so [x1, y] = 0. With same arguments,
if y ∈ L1, [x1, y] = 0; hence x1 lies in the center. So ϕ(x) = x0 ∈ L0, for all x ∈ L0,
i.e. ϕ(L0) ⊆ L0. With similar computations ϕ(L1) ⊆ L1. We can conclude that
ϕ is a homogeneous map of degree 0 = |B|. Similarly also ψ has degree 0 = |B|.
The case |B| = 1 is analogous.

4. Linear Supercommuting Maps

In this section, we propose an alternative definition of linear supercommuting maps
for Lie superalgebras. Although such maps have already been defined in the lit-
erature, we will show that the existing definition is flawed. Consequently, a new
definition is needed — one that aligns with the underlying structure of Lie super-
algebras and, naturally, generalizes the notion of linear supercommuting maps for
Lie algebras, which can be seen as a special case of Lie superalgebras.

4.1. Previous definitions of linear supercommuting maps

Let L be an arbitrary Lie superalgebra and let f : L → L be a linear map of L.
In [15], Fan and Dai say that f is linear supercommuting on L if [f(x), x] = 0 for
every homogeneous x ∈ L.

Remark 4.1. We want to emphasize that, if one would compute the bracket [f(x+
y), x + y] with a supercommuting map f in order to obtain 0, it is mandatory to
consider homogeneous elements x, y ∈ L, with |x| = |y|. Were this not the case, we
would have that x + y is not homogeneous since x ∈ Lα and y ∈ Lα+1.
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Let x, y ∈ L homogeneous, with |x| = |y|. If a linear map f satisfies the condition
above, for such x, y ∈ L, then we have

[f(x + y), x + y] = [f(x), x] + [f(x), y] + [f(y), x] + [f(y), y]

= [f(x), y] + [f(y), x]

= 0.

Hence, the following equation holds:

[f(x), y] = −[f(y), x] = (−1)|f(y)||x|[x, f(y)].

This last equation is clearly different from Eq. (4.10) that appears in [15]. Moreover,
even assuming that the map f is homogeneous, we would still obtain

[f(x), y] = −[f(y), x] = (−1)|f(y)||x|[x, f(y)] = (−1)(|f |+|y|)|x|[x, f(y)],

which nevertheless differs from [15, Eq. (4.10)]. Now we are ready to show that, for
example, [15, Theorem 4.4] is not true, in general. In particular, they consider the
super-Virasoro algebra S(s), with s = 0 or s = 1

2 with the even part spanned by
{Li | i ∈ Z}, the odd part spanned by {Gk | k ∈ s + Z} and brackets

[Li, Lj] = (j − i)Li+j [Li, Gj ] =
(

j − i

2

)
Gi+j [Gi, Gj ] = 2Li+j .

As a result, they conclude that all supercommuting maps of S(s) have the form
f(x) = λx, for every x ∈ L and λ a fixed element in F. Unfortunately, this is not
true. Indeed, if we put λ = 1 and we consider the bracket [f(G1), G1], these imply
that

[G1, G1] = 2L2 	= 0.

One of the consequences of these outputs is that the statement [30, Theorem
5.4] is also false. To show this, we consider the Lie superalgebra sl(1|2), with even
part

L0 =

⎧⎪⎨
⎪⎩

⎛
⎜⎝

a 0 0

0 b c

0 d a − b

⎞
⎟⎠

∣∣∣∣∣∣∣ a, b, c, d ∈ C

⎫⎪⎬
⎪⎭

and odd part

L1 =

⎧⎪⎨
⎪⎩

⎛
⎜⎝

0 a b

c 0 0

d 0 0

⎞
⎟⎠

∣∣∣∣∣∣∣ a, b, c, d ∈ C

⎫⎪⎬
⎪⎭.

If we consider λ = 1, and the element

x =

⎛
⎜⎝

0 1 1

1 0 0

1 0 0

⎞
⎟⎠,
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we have

[f(x), x] = [x, x]

=

⎛
⎜⎝

0 1 1

1 0 0

1 0 0

⎞
⎟⎠

⎛
⎜⎝

0 1 1

1 0 0

1 0 0

⎞
⎟⎠ − (−1)|x||x|

⎛
⎜⎝

0 1 1

1 0 0

1 0 0

⎞
⎟⎠

⎛
⎜⎝

0 1 1

1 0 0

1 0 0

⎞
⎟⎠

=

⎛
⎜⎝

2 0 0

0 1 1

0 1 1

⎞
⎟⎠ +

⎛
⎜⎝

2 0 0

0 1 1

0 1 1

⎞
⎟⎠

=

⎛
⎜⎝

4 0 0

0 2 2

0 2 2

⎞
⎟⎠ 	= 03×3.

4.2. New definition of linear supercommuting maps

In the literature, an important family of maps is the set of commuting maps. Let
A be an algebra over a field. A linear map f : A → A is called commuting map if,
for any x, y ∈ A,

f(x)y = xf(y). (13)

For a Lie algebra L, if the field does not have characteristic, Eq. (13) is equivalent to

[f(x), x] = 0 (14)

for every x ∈ L. As we say in Sec. 4.1, the conditions are not equivalent for a Lie
superalgebra. Inspired by the original definition of an arbitrary algebra given by
Eq. (13), the following definition is proposed.

Definition 4.1. Let L be a Lie superalgebra. A linear map f : L → L is called
linear supercommuting map if

[f(x), y] = [x, f(y)] (15)

for any x, y ∈ L.

We immediately observe that the elements involved in the last definition are
not necessarily homogeneous. This approach ensures that the family of linear maps
under consideration is as general as possible. Due to the superalgebraic structure
of L, it naturally follows that f can be decomposed into an even part and an odd
part. We consider the projections πi : L → Li in the subspace Li, with i = 0, 1,
that is πi(x) = πi(x0 + x1) = xi. Then, for every x ∈ L, we have

f(x) = π0f(x) + π1f(x)

= π0f(π0(x) + π1(x)) + π1f(π0(x) + π1(x)) = f0(x) + f1(x),
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where f0(x) = π0fπ0(x) + π1fπ1(x) and f1(x) = π1fπ0(x) + π0fπ1(x). Maps f0

and f1 are also linear, and fj(Li) ⊆ Li+j, for all i, j ∈ Z2. Hence, f0 and f1 are
homogeneous, and — as stated in the following proposition — they also supercom-
mute.

Proposition 4.2. Let f = f0 + f1 be a linear supercommuting map, with f0 and
f1 written as above. Then f0 and f1 are linear supercommuting maps.

Proof. Let x ∈ Lα, y ∈ Lβ . Then [f(x), y] = [x, f(y)], i.e.

[f0(x), y] + [f1(x), y] = [x, f0(y)] + [x, f1(y)]. (16)

Elements [f0(x), y] and [f1(x), y] are linearly independent since [f0(x), y] ∈ Lα+β

and [f1(x), y] ∈ Lα+β+1. Moreover, [x, f0(y)] and [x, f1(y)] are linearly independent.
By Eq. (16) follows that [fi(x), y] = [x, fi(y)] for any homogeneous x, y ∈ L, for
i = 0, 1. Since the homogeneous elements are a set of generators of L, [fi(x), y] =
[x, fi(y)], for all x, y ∈ L.

In the next section, we will apply the results and definitions that have been
established thus far to the study of linear supercommuting maps of the Lie super-
algebra of derivations of the Heisenberg superalgebra.

5. Applications

5.1. The Lie superalgebra of superderivations

of the Heisenberg superalgebra

Let us start with the definition of Heisenberg superalgebra given by Wang and
Meng [26]. A Lie superalgebra L = L0 ⊕ L1 over the complex field C is said to be
a Heisenberg superalgebra if it satisfies the following conditions:

• [L, L] = L0 = Z(L).
• dimL0 = 1.

In this section, L will denote the n + 1-dimensional Heisenberg superalgebra,
where dimL1 = n. By these two conditions, let B = {x1, . . . , xn, c} be a basis of
L. If L0 = 〈c〉 and L1 = 〈x1, . . . , xn〉, then there exists a symmetric bilinear form
β : L×L → F such that [x, y] = β(x, y)c for every x, y in L. Since β is symmetric, we
can choose xi ∈ L1 such that β(xi, xj) = δij for every 1 ≤ j ≤ n. Let N ∈ Mn+1(C)
be the matrix associated to β with respect to the basis B, that is the matrix

N =

(
In 0n×1

01×n 0

)
.

We now aim to compute the derivation algebra of L. Since we adopt a differ-
ent basis from the one used in [26] to prove Lemmas 1.2 and 1.3, we provide an
alternative proof of the same result.
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Proposition 5.1. Let D be a superderivation of the Heisenberg superalgebra L.
Then, respect to the basis B, matrix M associated to D has the following form:

M =

(
λIn + B 0

a 2λ

)
,

where B is an n × n skew-symmetric matrix, λ ∈ C, and a ∈ C
n ≡ M1×n(C).

Proof. We will prove this result by considering different cases based on the degree
of D.

• If D has degree 0, then M has the following form:(
A 0n×1

01×n λ

)
.

On the one hand, for any x, y ∈ L, we have D([x, y]) = β(x, y)D(c) =
λβ(x, y)c. On the other hand, [D(x), y] + [x, D(y)] = (β(D(x), y) + β(x, D(y)))c.
So, we have

λβ(x, y) = β(D(x), y) + β(x, D(y))

for every x, y ∈ L. This is equivalent to the matrix equation λN = M tN + NM ,
i.e. (

λIn 0n×1

01×n 0

)
=

(
At + A 0n×1

01×n 0

)
.

The last equation implies that Aij = −Aji for i 	= j, Aii = λ
2 for every

1 ≤ i ≤ n.
• If D has degree 1, then M has the following form:(

0n b

a 0

)
,

where a ∈ M1×n(C) and b ∈ Mn×1(C). Since the subspace [L, L] is D-invariant,
i.e. D([L, L]) ⊆ [L, L] = 〈c〉, thus D(c) = 0L and b = 0Mn×1(C). The image
subspace of D is always contained in the center of L, then the bracket [D(x), c] =
0L for any x ∈ L, and then we do not have any constraints on a.

By [26, Theorem 1.5], we know that the Lie superalgebra of superderivations
of a Heisenberg superalgebra is complete. If we denote by eij the matrix with 1 in
position (i, j) and 0 otherwise, a basis of the superalgebra is given by {A, Bij , Ci},
where A =

∑n
k=1 ekk +2en+1,n+1, Bij = eij −eji for 1 ≤ i < j ≤ n, and Ci = en+1,i

for 1 ≤ i ≤ n. To simplify the computations, from now on, we consider Bij = eij−eji

for every 1 ≤ i, j ≤ n, with i 	= j. The set {A, Bij , Ci} is still a set of generators
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and Bij = −Bji. Elements A and Bij have degree 0, while Ci have degree 1. In
other words,

Der0(L) = 〈A, Bij〉 and Der1(L) = 〈Ci〉.

The nonzero brackets of Der(L) are given by

[A, Ci] = −[Ci, A] = Ci,

[Bij , Bkl] = −[Bkl, Bij ] = δjkBil + δilBjk + δjlBki + δkiBlj ,

[Bij , Ck] = −[Ck, Bij ] = δkjCi − δkiCj .

Proposition 5.2. Let n ≥ 3 and let ϕ, ψ : Der(L) → Der(L) be two homogeneous
maps of degree 0 such that

[ϕ(x), y] = [x, ψ(y)] (17)

for every x, y ∈ Der(L). Then there exists a complex number λ such that

ϕ(A) = λA, ϕ(Bij) = λBij , ϕ(Ci) = λCi,

ψ(A) = λA, ψ(Bij) = λBij , ψ(Ci) = λCi.

Proof. Since ϕ and ψ have degree 0, we have

ϕ(A) = αA +
n∑

i�=j
i,j=1

αijBij , (18)

ϕ(Bij) = βijA +
n∑

k �=l
k,l=1

βij
klBkl, (19)

ϕ(Ci) =
n∑

j=1

εijCj , (20)

ψ(A) = λA +
n∑

i�=j
i,j=1

λijBij , (21)

ψ(Bij) = μijA +
n∑

k �=l
k,l=1

μij
klBkl, (22)

ψ(Ci) =
n∑

j=1

σijCj , (23)

where α, αij , βij , β
ij
kl, εij , λ, λij , μij , μ

ij
kl, σij ∈ C.
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By applying Eq. (17) to the elements Bij and Cr, i.e. [ϕ(Bij), Cr] = [Bij , ψ(Cr)],
we therefore obtain

βijCr +
n∑

k �=l
k,l=1

βij
kl[Bkl, Cr] =

n∑
t=1

σrt[Bij , Ct].

Given that the brackets involved arise from the supercommutators of matrices, we
obtain

βijCr +
n∑

k �=r
k=1

βij
krCk −

n∑
l �=r
l=1

βij
rlCl = σrjCi − σriCj . (24)

Since n ≥ 3, there exists r 	= i, j and, by the linear independence of the matrices
{C1, . . . , Cn} and the last equation, it follows that βij = 0 and Eq. (24) became

n∑
k �=r
k=1

βij
krCk −

n∑
l �=r
l=1

βij
rlCl = σrjCi − σriCj . (25)

If we now consider r = i, by Eq. (25) it follows σij = 0, for every 1 ≤ i, j ≤ n, with
i 	= j. If instead we consider r 	= i, j and s 	= r, Eq. (25) gives the condition became

n∑
k �=r
k=1

βij
krCk −

n∑
l �=r
l=1

βij
rlCl = 0n+1, (26)

and then βij
sr = βij

rs. So, since Bij = −Bji, then ϕ(Bij) =
∑

k<l(β
ij
kl − βij

lk)Bkl =
(βij

ij − βij
ji)Bij . Applying Eq. (17) to the elements Cr and Bij , i.e. [ϕ(Cr), Bij ] =

[Cr , ψ(Bij)], with similar computations, we rewrite Eqs. (19), (20), (22), and (23),
which are

ϕ(Bij) = β̃ijBij , (27)

ϕ(Ci) = ε̃iCi, (28)

ψ(Bij) = μ̃ijBij , (29)

ψ(Ci) = σ̃iCi, (30)

with β̃ij = βij
ij − βij

ji , ε̃i = εii, μ̃ij = μij
ij − μij

ji, and σ̃i = σii.
Now, applying Eq. (17) to A and Cr, i.e. [ϕ(A), Cr ] = [A, ψ(Cr)], we get

αCr +
n∑

k �=l
k,l=1

αkl[Bkl, Cr] = σ̃rCr.

Again, the brackets are given by the supercommutator of matrices, and therefore
we obtain

αCr +
n∑

k �=r
k=1

αkrCk −
n∑

l �=r
l=1

αrlCl = σ̃rCr.
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Since the matrices {C1, . . . , Cn} are linearly independent, we obtain σ̃r = α

and αsr = αrs for every r, s ∈ {1, . . . , n}, with r 	= s. Since Bij = −Bji, we
get ϕ(A) = αA. Similarly, if we concern to Cr and A and we apply Eq. (17) i.e.
[ϕ(Cr), A] = [Cr, ψ(A)], we obtain ε̃i = λ and λij = λji for every i, j ∈ {1, . . . , n}.
Therefore we rewrite Eqs. (18) and (21) and (27)–(30):

ϕ(A) = αA,

ϕ(Bij) = β̃ijBij ,

ϕ(Ci) = λCi,

ψ(A) = λA,

ψ(Bij) = μ̃ijBij ,

ψ(Ci) = αCi.

By considering the brackets [ϕ(Bij), Ci] = [Bij , ψ(Ci)] we obtain β̃ij = α,
and by [ϕ(Ci), Bij ] = [Ci, ψ(Bij)] we obtain μ̃ij = λ. Last, from the brackets
[ϕ(Bij), Bjl] = [Bij , ψ(Bjl)], we have α = λ and the proof is complete.

Proposition 5.3. Let n ≥ 3 and let ϕ, ψ : Der(L) → Der(L) be two homogeneous
maps of degree 1 that satisfies Eq. (17). Then ϕ = ψ = 0.

Proof. Since ϕ and ψ have degree 1, we have

ϕ(A) =
n∑

k=1

αkCk, (31)

ϕ(Bij) =
n∑

k=1

βij
k Ck, (32)

ϕ(Ci) = δiA +
n∑

k �=l
k,l=1

εi
klBkl, (33)

ψ(A) =
n∑

k=1

γkCk, (34)

ψ(Bij) =
n∑

k=1

λij
k Ck, (35)

ψ(Ci) = σiA +
n∑

k �=l
k,l=1

τ i
klBkl, (36)
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where αk, βij
k , δi, ε

i
kl, γk, λij

k , σi, τ
i
kl ∈ C. If we apply Eq. (17) to A, i.e. [ϕ(A), A] =

[A, ψ(A)], we obtain the following identity:

−
n∑

k=1

αkCk =
n∑

k=1

γkCk, (37)

that is to say αk = −γk for every k. Instead, if we apply Eq. (17) to A and Bij , i.e.
[ϕ(A), Bij ] = [A, ψ(Bij)], we obtain the identity

n∑
k=1

αk[Ck, Bij ] =
n∑

k=1

λij
k [A, Ck].

Therefore, we have

− αjCi + αiCj =
n∑

k=1

λij
k Ck. (38)

Hence λij
k = 0 for every k 	= i, j, λij

i = −αj , and λij
j = αi, for every i, j ∈ {1, . . . , n}.

With similar arguments, if we apply Eq. (17) to Bij and A, i.e. [ϕ(Bij), A] =
[Bij , ψ(A)], we obtain βij

k = 0, for every k 	= i, j, and βij
i = −γj, βij

j = γi, for every
i, j ∈ {1, . . . , n}. By Eq. (37), we have βij

i = −γj = αj and βij
j = γi = −αi. Hence

we rewrite Eqs. (32), (34), and (35), which are

ϕ(Bij) = αjCi − αiCj , (39)

ψ(A) = −
n∑

k=1

αkCk, (40)

ψ(Bij) = −αjCi + αiCj . (41)

Since n ≥ 3, there exists l 	= i, j. Then, if we apply Eq. (17) to Bij , Bil, i.e.
[ϕ(Bij), Bil] = [Bij , ψ(Bil)], we obtain

[αjCi − αiCj , Bil] = [Bij ,−αlCi − αiCl],

that is to say αjCl = αlCj . Hence αj = 0, for every 1 ≤ j ≤ n.
We can rewrite Eqs. (31), (33), and (36), and Eqs. (39)–(41), which are

ϕ(A) = ϕ(Bij) = 0,

ϕ(Ci) = δiA +
n∑

k �=l
k,l=1

εi
klBkl,

ψ(A) = ψ(Bij) = 0,

ψ(Ci) = σiA +
n∑

k �=l
k,l=1

τ i
klBkl.

By applying Eq. (17) to Bij and Ck, we have

0 = [ϕ(Bij), Ck] = [Bij , ψ(Ck)]
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=
n∑

r �=s
r,s=1

τk
rs[Bij , Brs]

=
n∑

r �=s
r,s=1

τk
rs{δjrBis + δisBjr + δjsBri + δriBsj}

=
n∑

s�=j
s=1

τk
jsBis +

n∑
r �=i
r=1

τk
riBjr +

n∑
r �=j
r=1

τk
rjBri +

n∑
s�=i
s=1

τk
isBsj

=
n∑

s�=j
s=1

(τk
js − τk

sj)Bis +
n∑

s�=i
s=1

(τk
si − τk

is)Bjs

because Bij = −Bji. Since i 	= j, the elements {Bis, Bjs} are linearly independent,
hence τ t

rs = τ t
sr, for every r, s, t ∈ {1, . . . , n}. Thus we have

ψ(Ck) = σkA +
n∑

k �=l
k,l=1

τ i
klBkl = σkA +

n∑
k<l

k,l=1

(τ i
kl − τ i

lk)Bkl = σkA.

With similar computations on [ϕ(Ck), Bij ] = [Ck, ψ(Bij)], one can obtain
ϕ(Ck) = δkA. Lastly, if we consider the brackets [ϕ(Ci), Cj ] = [Ci, ψ(Cj)], with
i 	= j, we get δiCj = −σjCi. Then δr = σs = 0, for every r, s ∈ {1, . . . , n}.

By Theorem 3.6, Propositions 5.2, and 5.3, the following statement is
proved.

Theorem 5.4. Let F a superbiderivation of Der(L), with n ≥ 3. Then F has degree
0. Moreover, there exist λ complex numbers such that

F (A, A) = F (A, Bij) = F (Bij , A) = F (Ci, Cj) = 0,

F (Bij , Bkl) = λ[Bij , Bkl],

F (A, Ci) = λ[A, Ci], F (Bij , Ck) = λ[Bij , Ck],

F (Ci, A) = μ[Ci, A], F (Ci, Bjk) = μ[Ci, Bjk],

i.e. F (x, y) = λ[x, y] for every x, y ∈ L.

We are now ready to classify the linear supercommuting maps for the complete
Lie superalgebra Der(L).

Proposition 5.5. A homogeneous map f of Der(L) is linear supercommuting if
and only if f is homogeneous of degree 0 and f(x) = λx, for some λ ∈ C.

Proof. The “only if” direction is trivial. Conversely, let f a homogeneous linear
supercommuting map of Der(L). Then the map F : L × L → L, with F (x, y) =
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[f(x), y], is a superbiderivation of Der(L). Indeed we have:

• Since the bracket is linear and f is linear, F is also linear.
• Since the bracket is a homogeneous bilinear map and f is homogeneous, F is also

homogeneous and its degree coincides with |f |.
• Since f is a linear supercommuting map of Der(L), hence F (x,−) = [f(x),−] =

Lf(x) and F (−, x) = [f(−), x] = [−, f(x)] = Rf(x), for any x ∈ Der(L).

If |f | = 1, by Theorem 5.4 F is zero, and so 0 = F (x, y) = [f(x), y]. The last one
implies that f(x) = 0, for every x ∈ Der(L) because the center of Der(L) is trivial.
Otherwise, if |f | = 0, by Theorem 5.4 there exists λ ∈ C such that [f(x), y] = λ[x, y]
for every x, y ∈ L. Thus [f(x) − λx, y] = 0, for all x ∈ Der(L). Since the center of
Der(L) is trivial, it follows f(x) = λx.

Corollary 5.6. Let f be a linear supercommuting map of Der(L). Then f has the
form f(x) = λx, for some λ ∈ C and for all x ∈ Der(L).

Proof. The map f can be decomposed into an even and odd part, respectively, f0

and f1 (see Proposition 4.2). From the previous proposition, the even part f0 must
be a multiple of the identity map and the odd part f1 must be zero.

5.2. Deformations of a Lie superalgebra by a superbiderivation

The concluding segment of this section, which is dedicated to applications, adopts
a geometric perspective. In this section, we introduce the concept of deformation
of a Lie superalgebra through the use of a superbiderivation. In the introduction,
the applications of deformation theory for both Lie algebra and Lie superalgebra
were discussed.

Following the treatment given in [6], let L be a Lie superalgebra over a field F of
characteristic zero with brackets [·, ·]. Let λ be a parameter in F∗, let φi ∈ C2(L, L)
(i.e. the vector space of all 2-cochain for L into itself) and let [·, ·]λ be a new bracket
defined as

[x, y]λ = [x, y] +
∞∑

i=1

λiφi(x, y). (42)

It must be noted that this does not a priori define a Lie superbracket on L.
Further considerations must be made regarding the φi (for more details, see [6]).
In this section, we demonstrate the possibility of deforming the bracket of a Lie
superalgebra through the application of a superbiderivation. Let B be a super-
skewsymmetric superbiderivation of L with |B| = 0. We define the bracket (linearly)
deformed by B, denoted by [·, ·]B, as

[x, y]B = [x, y] + λB(x, y) (43)

for every x, y ∈ L. Since L is a Lie superalgebra and B has degree 0, we have
[Lα, Lβ] ⊆ Lα+β and B(Lα, Lβ) ⊆ Lα+β , and then [Lα, Lβ] ⊆ Lα+β . Hence this
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new deformed bracket is compatible with the Z2 graduation of L. Moreover, by the
super-skewsymmetry of B, we have

[x, y]B = [x, y] + λB(x, y)

= −(−1)|x||y|[y, x] − (−1)|x||y|λB(y, x)

= −(−1)|x||y|([y, x] + λB(y, x))

= −(−1)|x||y|[y, x]B .

We denote by LB the pair (L, [·, ·]B). We collect these results into the following.

Theorem 5.7. Let L be a Lie superalgebra and B a bilinear map defined on L.
Then:

(1) If |B| = 0, then LB is a superalgebra.
(2) If B is super-skewsymmetric, then LB is a supercommutative algebra.

As an immediate result, if we consider the usual supercommutator (as in
Eq. (16)), the bracket induced by it on LB, denoted by [·, ·]B, defines a Lie super-
algebra structure on L. Thus the following is inferred by the last theorem and this
last observation.

Corollary 5.8. The pair (LB, [·, ·]B) is a Lie superalgebra.

Given the assumptions that have been made thus far, a comparison of our defini-
tion of a deformation of the bracket with those found in the extant literature — such
as those related to the cohomology of Lie superalgebra — and with the topology of
(sub)varieties of Lie superalgebra is already possible (for instance, nilpotent ones, to
name just one example). Furthermore, our findings concerning superbiderivations
— most notably our novel definition — could serve as a foundational starting point
for future geometric and algebraic developments.
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