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A B S T R A C T

The model of two coupled quantum pendula is studied and its suitability to describe Josephson junctions
interacting with axions is analysed. It is shown that some physical features of one pendulum, not directly
accessible, can be deduced by local measures on the other one, which is experimentally available. Such an effect
can be exploited for the axion (the invisible pendulum) detection based on Josephson junctions (the accessible
pendulum). The interaction between axion and Josephson junction can be enhanced at the resonance, if the
axion and the junction frequencies match, and if the accessible system is prepared in the most convenient
initial quantum state.
1. Introduction

Nonlinearity is ubiquitous in nature and can cause many intriguing
dynamic effects. For example, the co-presence of nonlinear interactions
and noise gives rise to counterintuitive effects, such as stochastic reso-
nance [1–7], noise enhanced stability [8–10], and stochastic resonant
activation [11–13]. Other scenarios where the role of nonlinearity and
noise is fundamental in determining system dynamics can be found in
memristive systems [14], and in biological and ecological systems [15–
21]. In the vast realm of nonlinear dynamics, we focus on the study
of coupled oscillators, looking in particular at the pendulum as an
archetypal oscillator. Interacting oscillators, needless to say, have been
exploited to describe a plethora of physical systems, since the discovery
of synchronization of two heavy clocks by Huygens [22], which was
extended to many oscillators [23] also to describe synchronization
in biology [24] and many applications [25]. Interacting pendula are
similar to two interacting Josephson junctions (JJs) [26,27] and, as
recently proposed, can be used to describe the dynamics of a JJ coupled
to axion particles [28]. The aim of the present work is to model the
dynamics of two distinct coupled pendula, which differ not so much
in their constitutive parameters, but rather in their accessibility, in
the sense that we assume one (equivalent to a JJ) experimentally
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controllable and the other (equivalent to the axion field) inaccessible,
but whose characteristics we would like to infer.

The relevance and the growing interest towards the axion search,
both theoretical and experimental, is proved by the remarkable increase
of works in the last years [29–42]. A wide class of experiments has
been proposed in order to probe the presence of axions [43–51]. These
experiments are based on the axion–photon conversion (Primakoff
effect) in the presence of an external magnetic field, due to a cou-
pling between axions and photons [52–54]. Recently, the interaction
between a Josephson qubit and the axion-induced photons in a resonant
cavity has been analysed [55].

Josephson junctions, modelled by a sinusoidal potential formally
equivalent to a pendulum, are of paramount importance in many
fields [56–61] and play a leading role in the search of possible pro-
tocols and schemes for the single-photon detection and the above
mentioned axion search [62–70]. Among the detection methods pro-
posed, Josephson-based experiments, based on a direct interaction
between axions and JJs [28,71], may help to understand unclear
‘‘events’’ in the Josephson response [72–74]. However, in spite of the
intense efforts, no direct observations have been registered in terrestrial
controlled experiments up to date.
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In the present work, by exploiting the nonlinearity of the two
coupled differential equations and considering appropriate physical
conditions, we formally quantize the model of the two pendula. In this
way, a mathematical framework describing two interacting effective
two-level systems (TLS) is considered [75]. Within this description the
dynamics of one pendulum is influenced by the presence of the other. If
we suppose that only one of the two subsystems can be experimentally
addressed, we demonstrate that, by measuring appropriate physical
quantities of this accessible pendulum (AP), it is possible not only to
reveal the presence of the dark pendulum (DP), but also to evaluate the
interaction strength between the two subsystems. The main signature
of the DP presence is the occurrence of induced oscillations in the AP,
due to the resonant frequency-matching between the two subsystems.

Although we discuss the possibility to exploit this effect for a
proposal of a Josephson-based axion detection, here we will not delve
deeper into the details of the cosmological problem, but we just deal
with the study of two coupled pendula dynamics. However, in possible
applications a quantum description of the axion as an effective TLS
(appropriated in environments characterized by negligible noise) is
required. The quantized version of the axion as an effective TLS can be
justified in analogy with the Josephson systems. Since, under specific
conditions, JJs actually behave as TLSs [75,76], it is possible to assume
that, if similar conditions are satisfied by the axion field, the latter
shares the same nonlinearity and hence the same quantum description
can be suitable for the axion.

2. Two coupled pendula

Let us consider the following system of differential equations

�̈� + 𝑎1�̇� + 𝑏1 sin(𝜑) = 𝛾(�̈� − �̈�), (1a)

�̈� + 𝑎2�̇� + 𝑏2 sin(𝜃) = 𝛾(�̈� − �̈�), (1b)

that describe two coupled pendula. Here, (𝑎1, 𝑎2) and (𝑏1, 𝑏2) are the
dissipation and frequency parameters, respectively [13]; 𝛾 is the cou-
pling constant between the two systems. The mathematical model
of coupled pendula also describes the dynamics of two capacitively-
coupled JJs [26,27], and the possible coupling mechanism between a
JJ and an axion particle [28] (see Appendix A for more details).

2.1. Fully quantized model

It is well known that an ideal physical system described by each
of the two equations can be formally identified with a particle (point-
like) moving in a cosine potential (see Appendix A). One can suppose
the existence of quantized levels within each well of the potential. The
levels are not equally spaced because of the nonlinearity of the cosine
potential. Therefore, under specific physical conditions, such as low
noise and low temperature, the dynamics can be restricted to just the
two lowest levels [75] and the system described by the two coupled
differential equations amounts to two interacting quantum TLSs. The
quantum Hamiltonian, in unit of ℏ, can be cast as follows [75]

𝐻𝐴𝐷𝑃 = 𝜔𝐴𝑃 �̂�
𝑧
𝐴𝑃 + 𝜔𝐷𝑃 �̂�𝑧𝐷𝑃 + 𝛾�̂�𝑥𝐴𝑃 �̂�

𝑥
𝐷𝑃 . (2)

The above Hamiltonian model can be used to study, for example, two
spin-1/2 subjected to two local effective fields (𝜔𝐴𝑃 and 𝜔𝐷𝑃 ) and
coupled through the simpler Heisenberg interaction of strength 𝛾 [77].

2.2. Induced oscillations

The dynamical problem related to Eq. (2) can be exactly solved; the
energy spectrum and the time evolution operator can be analytically
derived. The symmetry property of the Hamiltonian 𝐻𝐴𝐷𝑃 allows to
reduce the system dynamics to that of two independent TLSs. In other
words, the existence of a constant of motion generates two dynamically
2

invariant two-dimensional subspaces, within which the system can be 𝛾
Fig. 1. Oscillations of the magnetization 𝑀𝑧
𝐴𝑃 of the addressable pendulum induced by

he dark one when the other starts from 𝜌𝐴𝑃 (0) = |+⟩⟨+| and for three different values
of 𝛾∕𝜔𝐴𝑃 : 0.01 (dotted red line), 0.05 (full green line), 0.1 (dashed blue line). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

effectively described in terms of a single TLS. In this way the solution
of two effective independent two-level dynamics solves the dynamics of
the original system of two coupled quantum pendula (see Appendix B).

Of course, if the condition 𝑘𝐵𝑇 ≪ 𝜔𝐴𝑃 is satisfied and the coupling
between the subsystems is zero (𝛾 = 0), the AP would remain in
its initial state. Conversely, if 𝛾 ≠ 0, transitions might occur for the
presence of the DP. Therefore, clear signatures of the presence of the
second system can be detected through local measures on the first
system. Let us assume that the AP is prepared in the state 𝜌𝐴𝑃 = |−⟩⟨−|,
�̂�𝑧|±⟩ = ±|±⟩), while the second one in a generic classical mixture

𝐷𝑃 = 𝑝 |+⟩⟨+| + (1 − 𝑝)|−⟩⟨−|, (3)

ith 𝑝 ∈ [0, 1]. In this case, the population 𝜌11𝐴𝑃 (𝑡) = ⟨+|𝜌𝐴𝑃 (𝑡)|+⟩, in
he limit 𝛾 ≪ 𝜔𝐴𝑃 , 𝜔𝐷𝑃 and for 𝜔𝐴𝑃 ≃ 𝜔𝐷𝑃 , varies over the time as
see Appendix B)
11
𝐴𝑃 (𝑡) = 𝑝 sin2 (𝛾𝑡) , (4)

nd the ‘magnetization’ 𝑀𝑧
𝐴𝑃 (𝑡) ≡ Tr{𝜌𝐴𝑃 (𝑡)�̂�𝑧𝐴𝑃 } of the AP is given by

𝑧
𝐴𝑃 (𝑡) = 2𝑝 sin2(𝛾𝑡) − 1. (5)

n the prescribed limits, the oscillations induced in the AP clearly
merge and can be exploited to detect the presence of the DP. Fur-
hermore, the frequency that characterizes such oscillations is, and
ore in general depends on, the coupling parameter. For this reason,

y analysing the characteristic period of such a peculiar, periodically
scillating behaviour of the AP, the estimate of 𝛾 can be deduced.
nalogous results are obtained for a generic quantum state (|𝜓𝑎⟩ =
|+⟩ + 𝛽|−⟩, |𝛼|2 + |𝛽|2 = 1) of the DP (see Appendix B).

The condition 𝜔𝐴𝑃 ≃ 𝜔𝐷𝑃 is essential for the oscillations to occur
ore clearly. In general, in fact, the expression of 𝜌11𝐴𝑃 (𝑡) is slightly
ore complicated, since several contributions with different amplitudes

nd frequencies are present [see Eqs. (B.22)]. Since, by hypothesis,
≪ 𝜔𝐴𝑃 , 𝜔𝐷𝑃 , if 𝜔𝐴𝑃 ≠ 𝜔𝐷𝑃 the oscillations are tamed and practically

mpossible to observe, since all the contributions are negligible. In the
esonance condition, instead, there is a term that gives a non-zero
ontribution (see Appendix B). Therefore, the matching between the
requencies of the two systems is the basic condition for the DP to
nduce a detectable dynamics of the AP.

Moreover, it should be noted that at finite temperatures, that is
ncluding thermally activated states with probability 𝑝 = 1∕

[

1 + exp
(

𝜔𝐷𝑃 ∕𝑘𝐵𝑇
)]

, the condition 𝜔𝐷𝑃 ≫ 𝑘𝐵𝑇 implies 𝑝 ≈ 0, and the DP
s in its down state 𝜌𝐷𝑃 = |−⟩⟨−|. This is reasonable since, at very
ow temperatures, thermal transitions are forbidden and the DP has
n overwhelming probability of being in its down state. The condition

≪ 𝜔𝐴𝑃 , 𝜔𝐷𝑃 freezes the two systems in their initial state, and any
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Fig. 2. (a) The amplitude 𝛥 ≡ max(𝑀𝑧
𝐴𝑃 )−min(𝑀𝑧

𝐴𝑃 ) of the oscillations as a function of the frequency difference 𝜔𝐴𝑃 −𝜔𝐷𝑃 for the same initial condition of Fig. 1 [𝑀𝑧
𝐴𝑃 (𝑡 = 0) = 1],

and at the fixed time-instant 𝑡 = 𝜋∕2𝛾; the top 𝑥-axis refers to the axion-mass values swept in the considered range of frequencies when 𝜔𝐴𝑃 = 100 GHz. (b) The amplitude 𝛥
plotted in the phase space region {𝛾 𝑡; (𝜔𝐴𝑃 −𝜔𝐷𝑃 )∕𝛾}. The resonant condition is clearly visible at 𝜔𝐷𝑃 = 𝜔𝐴𝑃 . Here, for 𝛾 𝑡 = (2𝑘+ 1)𝜋∕2, 𝑘 ∈ N, the transition of the addressable
pendulum from the up- to the down-state occurs more clearly.
measurable observable does not change. To avoid this problem, it is
more convenient to initially prepare the AP in the up-state 𝜌𝐴𝑃 (0) =
|+⟩⟨+|. The conditions 𝜔𝐴𝑃 ≃ 𝜔𝐷𝑃 and 𝑝 ≈ 0 imply (see Appendix B)

𝜌11𝐴𝑃 (𝑡) = cos2 (𝛾𝑡) , (6)

and consequently the magnetization

𝑀𝑧
𝐴𝑃 (𝑡) = cos(2𝛾𝑡) (7)

presents a periodic reversal phenomenon, shown in Fig. 1 for three
different values of 𝛾. Therefore, in addition to the synchronization
regime (𝜔𝐴𝑃 ≃ 𝜔𝐷𝑃 ), the initial state of the AP is also essential to
enhance the oscillations induced by the DP.

According to Eqs. (B.25), the amplitude 𝛥 ≡ max(𝑀𝑧
𝐴𝑃 )−min(𝑀𝑧

𝐴𝑃 )
of the oscillations induced in the magnetization of the JJ (the AP) at
the fixed time-instant 𝑡 = 𝜋∕2𝛾 is shown in Fig. 2(a) as a function of the
frequency difference 𝜔𝐴𝑃 − 𝜔𝐷𝑃 . The peak at 𝜔𝐴𝑃 = 𝜔𝐷𝑃 in this plot
can be interpreted as a resonance effect, which arises if one fixes the
AP frequency 𝜔𝐴𝑃 , and modifies the DP frequency 𝜔𝐷𝑃 , by varying the
mass across the possible range of values.

3. Possible application for Josephson-based axion detection

In this section the utility of the previous results is illustrated in the
framework of Josephson-based axion detection, where JJ and axion
play the role of AP and DP, respectively.

On the basis of the highlighted result and in the ideal scheme
previously outlined, through appropriate experimental tests and inves-
tigations on the JJ, it might be possible, in principle, to reveal the
presence of the axionic dark matter. Indeed, if the axion–JJ coupling is
different from zero and the physical conditions considered (low noise
and temperature) for the two subsystems (JJ and axion) are valid, the
measurable induced oscillations on the JJ could probe the presence of
the axion field.

As shown in Fig. 2(a), this effect should be maximum when the
axion and JJ frequencies are very close. It is interesting to note that
resonance conditions arise also in other contexts [13,28] as a funda-
mental constraint for the emergence of axion-induced phenomena in
Josephson systems. In the top 𝑥-axis of Fig. 2(a) the axion-mass values,
swept in the considered range of frequencies when the Josephson
frequency is 𝜔𝐴𝑃 ≡ 𝜔𝐽 = 100 GHz, are shown. The value of 𝜔𝐽 is
within the supposed axion-frequency range given in Eq. (A.8), with
𝜔𝐷𝑃 ≡ 𝜔𝑎. The same quantity 𝛥 is plotted in Fig. 2(b) in the phase
space {𝛾 𝑡; (𝜔𝐽 −𝜔𝑎)∕𝛾}. The resonant condition due to the Josephson-
axion frequency matching is clearly visible at 𝛾 𝑡 = (2𝑘 + 1)𝜋∕2, 𝑘 ∈ N,
where the transition of the JJ from its initial up-state to the down-state
occurs.
3

This resonant dynamical regime reveals a detectable axion-induced
dynamics in the JJ, and can be exploited for axion detection. In fact,
one can possibly think of an array of JJs with different plasma fre-
quencies, which is obtainable through an appropriate change of critical
currents and/or capacitances of the junctions. To span mass values in
the range [10 μeV−1 meV], it is possible to fabricate an array of JJs
tuned to several corresponding frequency values: 10 GHz < 𝜔𝐽 < 1
THz, which is a realistic range for JJs. Quantitatively, the analysis
of the sensitivity, defined as the width of the peak at 1∕𝑒 (with 𝑒
the Nepero number) of the magnetization amplitude and entailed by
Fig. 2(a), gives ±0.95 μeV. Thus, an array of about 500 JJs covers the
whole range of mass values, exploiting a modulation of the junction
parameters that is similar, for example, to that proposed, in another
context, in Ref. [78]. In mechanical terms, one can imagine 500 pendula
of different lengths, each coupled to a dark and unknown pendulum
whose features have being sought. If the dark pendulum exists, it swings
(in quantum terms, switches from a state to another) the accessible
pendulum, whose length determines the tuning to the dark one.

4. Conclusions

In this work we have considered the mathematical model of two
coupled pendula. At very low temperatures, each pendulum should dy-
namically behave as an effective TLS. We have supposed the condition
where one pendulum is experimentally accessible, while the other, the
‘‘dark’’ pendulum, is not accessible. By solving exactly the dynamic
problem, we have demonstrated the existence of oscillations induced on
the accessible pendulum by the dark pendulum. In this way we have
highlighted that, through measurements on the accessible pendulum,
the presence, as well as the characteristics, of the dark pendulum could
be derived.

We have shown how such a result could underlie an ideal experi-
mental scheme for axion detection using JJs. The classical model of the
two coupled pendula has been proposed to describe a JJ interacting
with an axion particle [28]. The close analogy between the axion–JJ
system and two coupled JJs allows exploiting the qubit–qubit Hamil-
tonian to describe the axion–JJ system as two interacting TLSs (under
specific conditions, i.e. low noise and temperature). In this context, the
JJ (the axion) plays the role of the accessible (dark) pendulum, and one
can speak of axion-induced oscillations in the JJ.

Such oscillations can be enhanced by suitably preparing the Joseph-
son qubit in its up-state, and matching the Josephson frequency 𝜔𝐽 with
the axion frequency 𝜔𝑎 (synchronization regime). Furthermore, the last
condition makes the oscillation frequency linearly dependent on the
axion–JJ coupling. The assumption of a reasonable very low axion–

JJ coupling requires long-term experimental investigations. Given the
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typical duration of experiments based on Josephson-qubit [75,76], one
could hypothesize that a possible cause of the lack of traces of the
axion-induced oscillations is the limited stability of the experiments
conducted so far. Therefore, long-term experiments, in the quantum
limit of low noise and weak coupling with the environment, can be
aimed at the identification of JJ oscillations, and at the same time they
could reveal the presence of axion particles and provide information
about the axion–JJ coupling parameter.
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Appendix A. Josephson junctions and axions

A.1. Josephson junctions

The dynamics of the Josephson phase 𝜑 can be described with the
resistively and capacitively shunted junction (RCSJ) model [11,12,79–
83],
𝑑2𝜑
𝑑𝑡2

+ 1
𝑅𝐶

𝑑𝜑
𝑑𝑡

+ 2𝜋
𝛷0

𝐼𝑐
𝐶

sin [𝜑 (𝑡)] = 0. (A.1)

Here, 𝐼𝑐 is the maximum Josephson current that can flow through the
device, and 𝑅 and 𝐶 are the normal-state resistance and capacitance
of the JJ, respectively. 𝛷0 = ℎ∕2𝑒 is the superconducting magnetic flux
quantum, with 𝑒 the electron charge.

The quantum Hamiltonian of a JJ can be written as

𝐻 = 4𝐸𝑐 �̂�2 − 𝐸𝐽 cos(�̂�), (A.2)

where �̂� and �̂� represent the charge and phase non-commuting oper-
ators, respectively, while 𝐸𝑐 = 𝑒2∕2𝐶 and 𝐸𝐽 = 𝐼𝑐𝛷0∕2𝜋. If 𝐸𝐽 ≫ 𝐸𝑐
𝐸𝐽 ≪ 𝐸𝑐), the phase (charge) is a ‘good’ quantum number, that is
he phase (charge) has a precise value, while the charge (phase) is
ompletely undetermined. Under the conditions 𝐸𝐽 ≫ 𝐸𝑐 and 𝐸𝐽 ≫
𝐵𝑇 (𝑘𝐵 being the Boltzmann and 𝑇 the temperature), the JJ effectively
ehaves like a TLS (qubit) and thus it can be formally described in terms
f spin-1/2 dynamical variables [75,76]. This is possible thanks to the
haracteristic anharmonicity of the Josephson systems stemming from
he sinusoidal term in Eq. (A.2). The Hamiltonian of the effective qubit
ystem, called phase qubit, reads

𝐽 = ℏ𝜔𝐽 �̂�
𝑧
𝐽 , (A.3)

here ℏ is the reduced Planck constant, �̂�𝑧𝐽 is the well known spin-
/2 Pauli operator, and 𝜔𝐽 = (

√

8𝐸𝐽𝐸𝑐 − 𝐸𝑐 )∕ℏ = 𝜔𝑝 − 𝐸𝑐∕ℏ is the
ffective qubit frequency. The latter comes from the Lamb-shift-induced
orrection 𝐸𝑐∕ℏ to the plasma frequency 𝜔𝑝 =

√

8𝐸𝐽𝐸𝑐∕ℏ.
If 𝐸𝐽 ≪ 𝐸𝑐 , the Josephson dynamics is analogous to that of a TLS,

nd a charge-qubit is generated. However, in this regime, the effective
ubit system becomes highly sensitive to the charge noise, which is
ore challenging to be reduced than the flux noise.
4

A.2. Axions

The axion field is 𝑎 = 𝑓𝑎𝜃, where 𝑓𝑎 and 𝜃 are the axion cou-
ling constant and the misalignment angle, respectively. Within the
obertson–Walker metric, which is appropriate to describe the early
niverse, the equation of motion of 𝜃(𝑡) = 𝑎(𝑡)∕𝑓𝑎 reads [34]

𝑑2𝜃(𝑡)
𝑑𝑡2

+ 3𝐻
𝑑𝜃(𝑡)
𝑑𝑡

+
𝑚2
𝑎𝑐

4

ℏ2
sin [𝜃 (𝑡)] = 0, (A.4)

here spatial gradients are neglected [13]. Here,𝐻 ≈ 2×10−18 𝑠−1 is the
Hubble parameter and 𝑚𝑎 denotes the axion mass. The typical ranges
of parameters that are allowed for dark matter axions are [84,85]

3 × 109 GeV ≤ 𝑓𝑎 ≤ 1012 GeV. (A.5)

and

6 × 10−6 eV ≤ 𝑚𝑎𝑐
2 ≤ 2 × 10−3 eV. (A.6)

The forcing term sin(𝜃) is due to quantum chromodynamics instanton
effects. The effective axion potential is defined as

𝑉 (𝜃) =
𝑚2
𝑎𝑐

4

ℏ2
(1 − cos 𝜃). (A.7)

he misalignment mechanism explains the emergence of the axion
ass as due to the initial non-equilibrium position [𝜃(0) ≠ 0], which

nduces oscillations of the axions around the potential minimum [34].
he axion, therefore, can be effectively described as a particle in an
nharmonic potential well, whose anharmonicity stems from the cos(𝜃)

term, implying that for small oscillations [𝑉 (𝜃) ∝ 𝑚𝑎𝜃2∕2] the axion
ynamics is analogous to that of a harmonic oscillator. This effective
ynamic description is analogous to that of a JJ, since the analytical
orm of the potential is the same. Further, the similarity between
he axion field and the JJ equation is evident: the axion dynamics is
nalogous to that of an RCSJ with no externally applied bias current.
oreover, it is worth to remark that, besides the formal mathematical

nalogy between the two systems, the normalized parameters charac-
erizing the two equations are quite similar as their order of magnitude
s concerned [13]. As for JJs, the axion degrees of freedom can be
uantized. In this framework, therefore, it can be argued that the
nharmonicity of the cosine term induces a nonconstant spacing of the
uantized energy levels in the potential well.

In the light of the previous observation, by comparing the axion
quation with that of the JJ and by establishing a correspondence
etween the analogous terms, it is possible to verify that the axion can
e regarded as a JJ characterized by a plasma frequency within the
ange

𝑎𝑐
2∕ℏ ≡ 𝜔𝑎 ∈ [9, 3 ⋅ 103]GHz, (A.8)

hich is close to the typical values of the Josephson plasma frequen-
ies. This frequency, both for the axion and the JJ, corresponds to
he frequency of small oscillations at the bottom of a well of the
osine potential. Based on this analogy, in the low-temperature regime
𝜔𝑎 ≫ 𝑘𝐵𝑇 , one can suppose that also the axion can be approximately
onsidered as a TLS, restricting to the two lowest quantized levels of
he system, with the following effective Hamiltonian

𝑎 = ℏ𝜔𝑎�̂�
𝑧
𝑎 , (A.9)

where �̂�𝑧𝑎 is the Pauli operator associated to the axion.

A.3. Axion-JJ system

Several paradigms to search and detect axionic dark matter in
the halo of our galaxy are based on the coupling between axion and
photon [13,54,86]. In analogy to what happens in resonant cavities,
the decay of the axion in photons is supposed to be responsible for the
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axion–JJ coupling. The axion–JJ interaction was assumed in Ref. [28]
to be formally written as

�̈� + 𝑎1�̇� + 𝑏1 sin(𝜑) = 𝛾(�̈� − �̈�), (A.10a)

�̈� + 𝑎2�̇� + 𝑏2 sin(𝜃) = 𝛾(�̈� − �̈�), (A.10b)

where (𝑎1, 𝑎2) and (𝑏1, 𝑏2) are the dissipation and frequency param-
eters, respectively [13]; 𝛾 is the coupling constant between the two
systems and its value can be inferred from experimental quantities.
This proposal is based on the fact that the axion differential equation is
analogous to that of a JJ and then the axion particle can be dynamically
seen by the JJ as another fictional JJ. The physical origin of such a
supposed coupling can be ascribed to the fact that the axion, entering
the JJ, decays near the surface into two photons (Primakoff effect), one
of which (that with vanishing momentum) generates an electron–hole
pair which, in turn, after Andreev reflections, gives rise to a detectable
current. Furthermore, the axion–JJ coupling is correlated only with
the axion–JJ synchronization and the probability that the axion decays
into photons, regardless of the strength of the axion–photon coupling.
Therefore, an experimental setup constituted of JJ-based axion detec-
tors, according to the present approach, can only give information
about the axion mass and the axion–JJ coupling, and not about the
axion–photon coupling parameter.

Appendix B. Coupled quantum pendula and their dynamics

Let us consider the following model (in units of ℏ)

𝐻 = 𝜔𝐽 �̂�
𝑧
𝐽 + 𝜔𝑎�̂�𝑧𝑎 + 𝛾�̂�

𝑥
𝐽 �̂�

𝑥
𝑎 , (B.1)

describing two interacting TLSs subject to two local longitudinal (along
the 𝑧 direction) fields (𝜔1 and 𝜔2). Here, �̂�𝑥𝑖 and �̂�𝑧𝑖 (𝑖 = 1, 2) are the
Pauli matrices.

The Hamiltonian exhibits the following canonical symmetry trans-
formation, that is it remains unchanged under such a transforma-
tion [77,87–90],

�̂�𝑥𝑖 → −�̂�𝑥𝑖 , �̂�𝑧𝑖 → �̂�𝑧𝑖 , 𝑖 = 𝐽 , 𝑎. (B.2)

This fact implies the existence of a unitary time-independent operator,
by construction a constant of motion, accomplishing the transforma-
tion (B.2). This unitary operator is given by ±�̂�𝑧𝐽 �̂�

𝑧
𝑎 , being the trans-

formation (B.2) nothing but the rotations of 𝜋 around the �̂� axis with
respect to each spin, and reads

𝑒𝑖𝜋�̂�
𝑧
1∕ℏ ⊗ 𝑒𝑖𝜋�̂�

𝑧
2∕ℏ = −�̂�𝑧𝐽 �̂�

𝑧
𝑎 = cos

(𝜋
2
�̂�𝑧

)

, (B.3)

here �̂�𝑧 ≡ �̂�𝑧𝐽 + 𝜎𝑧𝑎 . Eq. (B.3) shows that the constant of motion
�̂�𝑧𝐽 �̂�

𝑧
𝑎 is indeed a �̂�𝑧-based parity operator since, in correspondence of

ts integer eigenvalues 𝑀 = +2, 0, 0,−2, it has eigenvalues 1,−1,−1, 1,
respectively. This constant of motion implies two dynamically invariant
sub-dynamics related to the two eigenvalues of �̂�𝑧𝐽 �̂�

𝑧
𝑎 . We can extract

these two sub-dynamics by considering that the operator �̂�𝑧𝐽 �̂�
𝑧
𝑎 has the

same spectrum as �̂�𝑧𝑎 , i.e., the same eigenvalues (±1) with the same
twofold degeneracy. There exists therefore a unitary time-independent
operator U transforming �̂�𝑧𝐽 �̂�

𝑧
𝑎 in �̂�𝑧𝑎 . It can be easily seen that the

unitary and Hermitian operator

𝑇 = 1
2

[

1̂ + �̂�𝑧𝐽 + �̂�𝑥𝑎 − �̂�
𝑧
𝐽 �̂�

𝑥
𝑎

]

(B.4)

ccomplishes the desired transformation
†�̂�𝑧𝐽 �̂�

𝑧
𝑎𝑇 = 𝑇 �̂�𝑧𝐽 �̂�

𝑧
𝑎𝑇 = �̂�𝑧𝑎 . (B.5)

ransforming 𝐻 into �̃� = 𝑇 †𝐻𝑇 , we get

̃ = 𝜔𝐽 �̂�
𝑧
𝐽 + 𝜔𝑎�̂�𝑧𝐽 �̂�

𝑧
𝑎 + 𝛾�̂�

𝑥
𝐽 . (B.6)

Therefore �̂�𝑧𝑎 is a constant of motion of �̃� and, consequently, �̃� may
e written parametrically in 𝜎𝑧𝑎 , by considering �̂�𝑧𝑎 as a parameter

𝑧 =
(

𝜔 + 𝜔 𝜎𝑧
)

�̂�𝑧 + 𝛾�̂�𝑥 . (B.7)
5

𝜎𝑎 𝐽 𝑎 𝑎 𝐽 𝐽
hat is, there exists two (𝜎𝑧𝑎 = ±1) two-dimensional sub-dynamics
related to the two dynamically invariant Hilbert subspaces. The two-
spin system, thus, in each dynamically invariant subspace behaves
effectively as a TLS.

However, it is worth pointing out that the latter Hamiltonian is a
four-dimensional Hamiltonian, since the operators of the first spin are
to be understood as multiplied by the identity operator of the second
spin (𝜎𝑧𝑎 is just a number). Moreover, we can write two two-dimensional
Hamiltonians of a fictitious TLS. In particular, when 𝜎𝑧𝑎 = ±1, we get

𝐻± =
(

𝜔𝐽 ± 𝜔𝑎
)

�̂�𝑧 + 𝛾�̂�𝑥. (B.8)

These two Hamiltonians must be understood as effective two-dimensiona
Hamiltonians that govern the dynamics of the two-spin system within
each dynamically invariant two-dimensional Hilbert subspace relative
to one of the two eigenvalues of �̂�𝑧𝑎 . The overall dynamics of the two-
spin system, therefore, in each subspace is equivalent to that of a
fictitious single spin-1/2 immersed in a fictitious field.

In particular, the subspace related to the eigenvalue +1 of �̂�𝑧𝑎 is
spanned by the two-spin states {|++⟩, |−−⟩} (�̂�𝑧|±⟩ = ±|±⟩) and the
ynamics is ruled by the effective Hamiltonian 𝐻+. Therefore, the
wo states {|++⟩, |−−⟩} are mapped into the states {|+⟩, |−⟩} of the
ictitious TLS. It follows that, in this case, by studying the dynamics
f the fictitious TLS, we study the dynamics of the TLS within the
pace spanned by {|++⟩, |−−⟩}. Analogously, the subspace related to
he eigenvalue −1 of �̂�𝑧𝑎 is spanned by the two-spin states {|+−⟩, |−+⟩}
nd the effective two-level Hamiltonian, ruling the dynamics, is given
y 𝐻−. In this case, the two states {|+⟩, |−⟩} of the fictitious spin-1/2
re the mapping images of the two two-spin states {|+−⟩, |−+⟩}.

It is important to point out that, even if we describe the dynamics
ithin each subspace in terms of a single fictitious spin-1/2, it does not
ean that the two actual TLSs are effectively decoupled. Actually, the
ynamics within each subspace involves both the real spins; this can be
asily seen by the fact that the spin states involved in each dynamically
nvariant subspace are two-spin states: {|++⟩, |−−⟩} in a subspace and
|+−⟩, |−+⟩} in the other.

Let us consider the two two-dimensional Hamiltonians

± =
(

𝛺± 𝛾
𝛾 −𝛺±

)

, (B.9)

here 𝛺± = 𝜔𝐽 ±𝜔𝑎. Each Hamiltonian represents a spin-1/2 or, more
n general, a TLS subject to two time-dependent magnetic fields: one
long the 𝑧-direction [giving rise to the energy term ℏ𝛺(𝑡)], the other
long the 𝑥-direction [giving rise to the energy term ℏ𝛾(𝑡)]. It is im-
ortant to point out that, in the two-level representation, what we call
ransverse field (along the 𝑥-direction) represents the coupling between
he two real interacting spins. The solution of each (sub)dynamical
roblem is related to the solution of the Schrödinger equation 𝑖�̇�± =
𝐻±𝑈± with 𝑈±(0) = 1. Here, 𝑈± are the time evolution operators
enerated by 𝐻±, and can be represented as

±(𝑡) =
(

𝑎±(𝑡) 𝑏±(𝑡)
−𝑏∗±(𝑡) 𝑎∗±(𝑡)

)

, |𝑎±|
2(𝑡) + |𝑏±|

2(𝑡) = 1, (B.10)

here 𝑎±(𝑡) and 𝑏±(𝑡) are two complex-valued functions whose expres-
ions can be determined by solving the Schrödinger equation. The time
volution operator related to the two-spin Hamiltonian, represented in
he coupled basis, takes the form

(𝑡) =

⎛

⎜

⎜

⎜

⎜

⎝

𝑎+(𝑡) 0 0 𝑏+(𝑡)
0 𝑎−(𝑡) 𝑏−(𝑡) 0
0 −𝑏∗−(𝑡) 𝑎∗−(𝑡) 0

−𝑏∗+(𝑡) 0 0 𝑎∗+(𝑡)

⎞

⎟

⎟

⎟

⎟

⎠

. (B.11)

t is straightforward to retrieve the two exact expressions of 𝑎±(𝑡) and
±(𝑡), that read

±(𝑡) =
[

cos
(

𝜈±𝑡
)

− 𝑖
𝛺± sin

(

𝜈±𝑡
)

]

, (B.12a)

𝜈±
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𝑏±(𝑡) = −𝑖
𝛾
𝜈±

sin
(

𝜈±𝑡
)

, (B.12b)

ith 𝜈± =
√

𝛺2
± + 𝛾2.

If the two real spins are initialized in |−−⟩, that is

𝜌𝐽𝑎(0) =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎠

, (B.13)

the dynamics of the two-spin system is restricted to the two-dimensional
subspace spanned by {|++⟩, |−−⟩} and then only the solution of the
dynamical problem related to 𝐻+ is required. In this case, the initial
state of the effective TLS, according to the underlying mapping, is
𝜌+(0) = |−⟩⟨−|. Therefore, the entries of the matrix

𝜌+(𝑡) = 𝑈+(𝑡)𝜌+(0)𝑈
†
+(𝑡) =

(

𝜌+11(𝑡) 𝜌+12(𝑡)
𝜌+21(𝑡) 𝜌+22(𝑡)

)

(B.14)

are exactly the four entries of the two-(real)spin matrix

𝜌𝐽𝑎(𝑡) = 𝑈 (𝑡)𝜌𝐽𝑎(0)𝑈†(𝑡) =

⎛

⎜

⎜

⎜

⎜

⎝

𝜌+11(𝑡) 0 0 𝜌+12(𝑡)
0 0 0 0
0 0 0 0

𝜌+21(𝑡) 0 0 𝜌+22(𝑡)

⎞

⎟

⎟

⎟

⎟

⎠

. (B.15)

Of course, an analogous result is obtained if the two spins start from
|−+⟩. This implies that only the subdynamics governed by 𝐻− is
involved and then, on the basis of the mapping, we get the following
evolved density matrix

𝜌𝐽𝑎(𝑡) = 𝑈 (𝑡)𝜌𝐽𝑎(0)𝑈†(𝑡) =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 0
0 𝜌−11(𝑡) 𝜌−12(𝑡) 0
0 𝜌−21(𝑡) 𝜌−22(𝑡) 0
0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

, (B.16)

where the entries are those of the effective two-dimensional state
𝜌−(𝑡) = 𝑈−(𝑡)𝜌−(0)𝑈†

−(𝑡).
Therefore, if the two spins start from the state

𝜌𝐽𝑎(0) =

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0 0
0 0 0 0
0 0 |𝛼|2 𝛼𝛽∗

0 0 𝛼∗𝛽 |𝛽|2

⎞

⎟

⎟

⎟

⎟

⎠

= 𝜌𝐽 (0)⊗ 𝜌𝑎(0), (B.17)

with

𝜌𝐽 (0) =
(

0 0
0 1

)

= |−⟩⟨−|,

𝜌𝑎(0) =
(

|𝛼|2 𝛼𝛽∗

𝛼∗𝛽 |𝛽|2

)

= |𝜓𝑎⟩⟨𝜓𝑎|, |𝜓𝑎⟩ = 𝛼|+⟩ + 𝛽|−⟩,

|𝛼|2 + |𝛽|2 = 1, (B.18)

one gets

𝜌𝐽 (𝑡) = Tr𝑎{𝜌𝐽𝑎(𝑡)}
= (|𝑏+|

2
|𝛽|2 + |𝑏−|

2
|𝛼|2)|+⟩⟨+| +

− (𝑏+𝑎∗−𝛼
∗𝛽 + 𝑎∗+𝑏−𝛼𝛽

∗)|+⟩⟨−| +

− (𝑏∗+𝑎−𝛼𝛽
∗ + 𝑎+𝑏∗−𝛼

∗𝛽)|−⟩⟨+| +

+ (|𝑎+|
2
|𝛽|2 + |𝑎−|

2
|𝛼|2)|−⟩⟨−|. (B.19)

If, on the other hand, the initial state 𝜌𝐽𝑎(0) = 𝜌𝐽 (0) ⊗ 𝜌𝑎(0) of the
two spins is defined by

𝜌𝐽 (0) =
(

0 0
0 1

)

= |−⟩⟨−|,

𝜌𝑎(0) =
(

𝑝 0
0 1 − 𝑝

)

= 𝑝 |+⟩⟨+| + (1 − 𝑝)|−⟩⟨−|,
6

𝑝 ∈ [0, 1] (B.20)
the reduced density matrix of the first spin becomes

𝜌𝐽 (𝑡) = Tr𝑎{𝜌𝐽𝑎(𝑡)}
= [(1 − 𝑝)|𝑏+|

2 + 𝑝|𝑏−|
2]|+⟩⟨+| +

+ [(1 − 𝑝)|𝑎+|
2 + 𝑝|𝑎−|

2]|−⟩⟨−|. (B.21)

The probability 𝜌11𝐽 (𝑡) ≡ ⟨+|𝜌𝐽 (𝑡)|+⟩ of the transition |−⟩ → |+⟩ for the
JJ thus reads

𝜌11𝐽 (𝑡) = (1 − 𝑝)|𝑏+|
2 + 𝑝|𝑏−|

2, (B.22a)

|𝑏±|
2 =

𝛾2

𝜈2±
sin2(𝜈± 𝑡). (B.22b)

e see that, in the limit 𝛾 ≪ 𝜔𝐽 , 𝜔𝑎, and for 𝜔𝐽 ≃ 𝜔𝑎, we have that
∕𝜈+ ≈ 0 and 𝛾∕𝜈− ≈ 1. So that 𝑏+ ≈ 0 and the transition probability
akes the simple form
11
𝐽 (𝑡) = |𝛼|2 sin2 (𝛾𝑡) and 𝜌11𝐽 (𝑡) = 𝑝 sin2 (𝛾𝑡) , (B.23)

n the first [Eq. (B.19)] and the second [Eq. (B.21)] case, respectively.
n the second case, if 𝜌𝐽 (0) = |+⟩⟨+|, we obtain

𝐽 (𝑡) = Tr𝑎{𝜌𝐽𝑎(𝑡)}
= [𝑝|𝑎+|

2 + (1 − 𝑝)|𝑎−|
2]|+⟩⟨+| +

+ [𝑝|𝑏+|
2 + (1 − 𝑝)|𝑏−|

2]|−⟩⟨−|. (B.24)

hus, for 𝑝 ≈ 0, 𝛾 ≪ 𝜔𝐽 , 𝜔𝑎, and 𝜔𝐽 ≃ 𝜔𝑎, we obtain

𝜌11𝐽 (𝑡) = cos2(𝛾𝑡), (B.25a)

𝜌22𝐽 (𝑡) = sin2(𝛾𝑡), (B.25b)
𝑧
𝐽 (𝑡) = 𝜌11𝐽 (𝑡) − 𝜌22𝐽 (𝑡) = cos(2𝛾𝑡), (B.25c)

here 𝜌22𝐽 (𝑡) ≡ ⟨−|𝜌𝐽 (𝑡)|−⟩. Finally, it is worth pointing out that the
ymmetry property possessed by the Hamiltonian does not depend on
he Hamiltonian parameters, but only on its structure. This implies that,
ven in the presence of time-dependent characteristic frequencies of
he spins [𝜔𝐽 (𝑡) and 𝜔𝑎(𝑡)], the reduction of the main two-spin dynam-
cal problem to two independent effective single two-level dynamical
roblems remains valid.
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