PAIRS OF SOLUTIONS FOR ROBIN PROBLEMS WITH AN
INDEFINITE AND UNBOUNDED POTENTIAL, RESONANT AT
ZERO AND INFINITY

NIKOLAOS S. PAPAGEORGIOU, CALOGERO VETRO, FRANCESCA VETRO

ABSTRACT. We consider a semilinear Robin problem driven by the Laplacian plus
an indefinite and unbounded potential and a Caratheodory reaction term which is
resonant both at zero and +o0o. Using the Lyapunov-Schmidt reduction method and
critical groups (Morse theory), we show that the problem has at least two nontrivial
smooth solutions.

1. INTRODUCTION

Let © C RY be a bounded domain with a C%-boundary 9. In this paper we study
the following semilinear Robin problem

—Au(z) +&£(2)u(z) = f(z,u(z)) in Q,
) { Su 4 B(2)u=0 on 0.

In this problem ¢ € L*(Q2) (s > N) is an indefinite (that is, sign changing) and
unbounded potential. The reaction term f(z,x) is a Caratheodory function (that is, for
all z € R, z — f(z,z) is measurable and for a.a. z € Q, © — f(z,x) is continuous).
We assume that for almost all z € Q, f(z,-) is linear near +0c0 and asymptotically as
x — Zoo resonance can occur with respect to any eigenvalue of v — —Au + &(z)u
with Robin boundary condition. Also, at zero we have resonance with respect to any
eigenvalue different from the one for which we have resonance at +o00. The boundary
coefficient 3(+) belongs in W1>(9Q) and we assume that §(z) > 0 for all z € 9. If B =
0, then our problem reduces to the Neumann problem. Hence our work, here contains
as a special case the Neumann problem. Under these conditions of double resonance
at both zero and infinity and using the Lyapunov-Schmidt reduction method together
with Morse theory (critical groups), we prove the existence of two nontrivial smooth
solutions. The Lyapunov-Schmidt reduction method for semilinear elliptic problems
was first developed by Amann [2] and Castro-Lazer [3].

Existence and multiplicity results for doubly resonant semilinear Dirichlet prob-
lems with zero potential (that is, & = 0), were obtained by Liang-Su [15], Liu [16].
For Neumann problems with zero potential (that is, £ = 0), there are the works of
Gasinski-Papageorgiou [10, 11], Motreanu-Motreanu-Papageorgiou [17]. Semilinear el-
liptic problems driven by the Laplacian plus an indefinite potential were studied re-
cently by Gasinski-Papageorgiou [12], Kyritsi-Papageorgiou [14], Papageorgiou-Papalini
[20] (Dirichlet problems), Papageorgiou-Radulescu [21, 23], Papageorgiou-Smyrlis [25]
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(Neumann problems) and Hu-Papageorgiou [13] (Robin problems with logistic reac-
tion). We mention also the very recent nonlinear works on problems driven by the
p-Lapalcian plus an indefinite potential by Mugnai-Papageorgiou [19] and Fragnelli-
Mugnai-Papageorgiou [7, 8] and the semilinear works of D’Agui-Marano-Papageorgiou
[5], Papageorgiou-Radulescu [24].

2. MATHEMATICAL BACKGROUND

Let X be a Banach space and X* its topological dual. By (-, ) we denote the duality
brackets for the pair (X*, X). Given ¢ € C'(X,R), we say that ¢ satisfies the Cerami
condition (the “C-condition” for short), if the following is true:

e Every sequence {u,},>1 C X such that {¢(u,)},>1 € R is bounded and
(1 + |lunl|)¢'(un) — 0 in X* as n — +oo, admits a strongly convergent sub-
sequence.

In the study of problem (1), we will use the Sobolev space H'()), the Banach space
C1(Q2) and the boundary Lebesgue spaces L4(99), 1 < ¢ < oo. By || - || we denote the
norm of the Sobolev space H'(Q), defined by

full = [[lull2 + [|Vul2]?  for all u € H'().

On 09 we consider the (N — 1)-dimensional Hausdorff (surface) measure o(+). Using
this measure, we can define in the usual way the boundary Lebesgue spaces L(0f2)
(1 < ¢ < o0). From the theory of Sobolev spaces, we know that there exists a unique
continuous linear map vy : H'(Q) — L?(99), known as the “trace map”, such that

Yo(u) = ulaq for all u € H(Q) N C(Q).

So, we understand the trace map as representing the boundary values of a Sobolev
function v € H'(2). We know that vy is compact into L(9f2) with 1 < ¢ < % if
N > 3 and into L9(092) with ¢ > 1 if N = 1,2. Also, we have

imyy = H%’Q((?Q) and kery, = H;(Q).

In the sequel, for the sake of notational simplicity, we drop the use of the trace map ~q.
All restrictions of the Sobolev functions on 0f2 are understood in the sense of traces. Our
hypotheses on the data of problem (1), involve the spectrum of the differential operator
u — —Au+ &(z)u with Robin boundary condition. So, we consider the following linear
eigenvalue problem:

@) —Au(z) +£(2)u(z) = /):u(z) in Q,
g—z +B(z)u=0 on 0f).
This problem, for Neumann boundary condition, was investigated by Papageorgiou-
Radulescu [21, 23|, Papageorgiou-Smyrlis [25] and for the p-Laplacian by Mugnai-
Papageorgiou [19]. For Robin boundary condition, it was studied by Papageorgiou-

Radulescu [24] and D’Agui-Marano-Papageorgiou [5]. Assume that £ € L5(Q) (s > N)
and let v : H'(Q) — R be the C?-functional defined by

y(u) = || Vul|3 + /Qf(z)ifdz + , B(z)u*do  for all u € H' ().

The eigenvalue problem (2) has a smallest eigenvalue /):1 > —oo given by
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(3) A = inf %:ueHl(Q),u#O .

Then we can find > 0 such that
(4) Y(u) 4 pllullz > collul|*  for all w € H'(Q2), some co >0 (see [5]).

If we use (4) and the spectral theorem for compact self-adjoint operators, we produce
the spectrum of (2), which consists of a sequence {/):k}kZI of eigenvalues such that
Xk — +o00 as k — +o0. By E(/)\\k) we denote the eigenspace corresponding to the
eigenvalue /):k We have

E(\) CCY Q) (see Wang [27])
and it has the unique continuation property (the UCP for short), that is, if u € E(\)
and u(z) = 0 for all z in a set of positive measure, then u = 0 (see Motreanu-Motreanu-
Papageorgiou [18]). If H,, = @), E(/):k) and H,, = an = Dismit E(Xk), then H,, is
finite dimensional and we have the following orthogonal direct sum decomposition

HYQ)=H,, ® H,.

The higher eigenvalues {/):m}ng have the following variational characterizations:

Xm:inf[mzueﬁm,u#()}

lull3

(5) = sup {V(U):ueﬁm,uioy m > 2.

i3

In both (3) and (5) the infimum (and for (5) also the supremum) is realized on the
corresponding eigenspace. The first eigenvalue /):1 € R is simple and has eigenfunctions
of constant sign. In fact, if u; denotes the L?-normalized (that is, ||u;]|s = 1) positive
eigenfunction corresponding to Xl, then @, (2) > 0 for all z € Q. All the other eigenvalues
have nodal (that is, sign changing) eigenfunctions.

Using (3) and (5) and the UCP of the eigenspaces, we have the following useful
inequalities.

Proposition 1. (a) If n € L¥(Q), n(z) < N\ for a.a. z € Q and the inequality is
strict on a set of positive measure, then there exists ¢; > 0 such that

() — / n(dz > erul> for all u € By,
Q

(b) If n € L™(Q2), n(z) < i for a.a. z € Q and the inequality is strict on a set of
positive measure, then there exists co > 0 such that

%@—/n@ﬁMS—MMFJMMMGﬁk
Q

Finally, let us recall some basic definitions and facts from Morse theory (critical

groups).
Let X be a Banach space, ¢ € C'(X,R) and ¢ € R. We introduce the following sets:

P ={uc X :pu) <c},
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K,={ue X :¢'(u) =0},

Ko ={ue K, :p(u)=c}.
Let (Y1,Y5) be a pair of spaces such that Y5 C Y; C X. For every kK € N, by
Hy,(Y1,Ys3) we denote the k'-relative singular homology group for the pair (Y7, Ys) with

integer coefficients. Let u € K¢ be isolated. Then the critical groups of ¢ at u are
defined by
Crlp,u) = He(¢°NU, N U\ {u}) forall k € Ny,

where U is a neighborhood of u such that K, N¢°NU = {u}. The excision property of
singular homology implies that the above definition of critical groups is independent of
the isolating neighborhood U.

Suppose that ¢ € C'(X,R) satisfies the C-condition and —oo < inf p(K,,), then the
critical groups of ¢ at infinity are defined by

Ci(p,00) = Hi(X, ) for all k € Ny and with ¢ < inf p(K,).

Using the second deformation theorem (see Gasiriski-Papageorgiou [9], p. 628), we
see that this definition of critical groups of ¢ at infinity is independent of the choice of
the level ¢ < inf p(K,).

Suppose that K, is finite. We define the following expressions:

M(t,u) = Zrank Cr(p,u)t” forallt € R, all u € K,

k>0
P(t,0) = Zrank Cr(p,00)t*  for all t € R.
k>0
The “Morse relation” is the following equality:

Z M(t,u) = P(t,00) + (1 +t)Q(t) forallt € R,

ue Ky

where Q(t) = > 15 Bitk is a formal series in t € R with nonnegative integer coefficients

B
If X = H is a Hilbert space, ¢ € C?*(H,R) and v € K,, then we say that u is

“nondegenerate”, if ¢”(u) € L(H, H) is invertible. Also, the Morse index m of u is
defined to be the supremum of the dimensions of the vector subspaces of H on which
¢"(u) is negative definite. If u € K, is isolated and nondegenerate, then

Ci(p,u) =0 mZ for all k € Ny (m is the Morse index of u).
Here by 0y, we denote the Kronecker symbol defined by

1 if k=m,
5mk: .
’ 0 if k#m.

3. MuLrTtirLICITY THEOREM

In this section we prove the existence of two nontrivial smooth solutions for problem
(1). The hypotheses on the data of problem (1) are the following:
H(&): € € L*(Q) with s > N.
H(B): p € Wh=(99Q) and B(z) > 0 for all z € 9.
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Remark 1. The case = 0 is possible and corresponds to the Neumann problem.

H: f:Q xR — Ris a Caratheodory function such that f(z,0) =0 for a.a. z € Q
and
(i) there exist m € N and € L*°(Q) such that
o 1(2) < Amsy for aa. z € Q,
o the above inequality is strict on a set of positive measure,
o (f(zyz) = flz,y)(@—y) <nz)(x —y)? for a.a. z € Q, all 2,y € R;
(ii) A < liminf@ uniformly for a.a. z € Q and if F(z,2) = [; f(z,s)ds,

r—F00

then

lirin [f(z,2)x — 2F(z,x)] = —oo uniformly for a.a. z € {;
T—>LT00

(iii) there exist | € N, [ % m and § > 0 such that
Nz < fz,2)r < Npa? for aa. 2 € Q, all |z| < 6.

Remark 2. Hypothesis H (ii) implies that asymptotically at 00 we can have resonance
with respect to any eigenvalue of the differential operator. In fact hypotheses H (i), (i7)
imply that

N\, < liminf 1z 2) < lim sup f(z )

r—+o0 €T Z—400 €T

<n(z) uniformly for a.a. z € Q.
Hypothesis H(iii) implies that at zero, we can have resonance with respect to both
endpoints of any spectral interval distinct from [A,,, Apy1] (double resonance).

A simple function satisfying the above conditions is the following. For the sake of
simplicity we drop the z-dependence

Nz + ca® if |z| < 1, N R R
flx) =< _ X\ withm >0, e < N1 — N, A > A\ +c
AT — == (31 +) if 1 < ||,
x

Let ¢ : H'(Q2) — R be the energy functional for problem (1) defined by

o(u) = %7(11) - /QF(z,u(z))dz for all u € H'(Q).

Evidently ¢ € C*(H'(Q2)). In what follows, we set

Y=H,=PEXN) and V=10H,= @ EN)=Y"
i=1 i>m+1
We have the following orthogonal direct sum decomposition

H' Q) =Y aV.
So, every u € H'(2) can be written in a unique way as
u=y+v withyeYvelV

Proposition 2. If the hypotheses H(§), H(B), H hold, then there exists a continuous
map v : Y — V such that

oy +9(y)) =inflp(y +v) :v e V] forall y €Y.
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Proof. We fix y € Y and consider the C'-functional ¢, : H'(2) — R defined by
o (u) = @y +u) for all u € H*(Q).
By iy : V — H'(Q) we denote the inclusion map. We define
Py =pyolty
From the chain rule we have
(6) Py = Pv+ 0 @),

with py« being the orthogonal projection of H'(2)* onto V*. By (-, )y we denote the
duality brackets for the pair (V*, V). For vy,vs € V we have

@;(Ul) - @;(UQ)a vl — Va)y

(i, (0n) — @ (02), v —va)  (see (6)
=ﬂV@r—wW§+/€@Xm—wﬂ%z+ B(2) (01 — va)?do
Q o0

-1Luuwn—f@wgmu—wmz

>y(vy — vy) — /Qn(z)(vl —vy)%dz  (see hypothesis H (7))

(7) >cs|lvp — val|* for some c3 > 0 (see Proposition 1),
:>§5’y is strongly monotone, hence @, is strictly convex.
We have
(@y(v),v)v = (@, (v) — ,(0), v)v + (,(0),v)v
(8) > c3||v]|? — ealjv||  for some ¢y >0 (see (7)),

= @), Is coercive.

Note that @, (-) being continuous and monotone, it is maximal monotone (see Gasiriski-
Papageorgiou [9], p. 309). But a maximal monotone and coercive map is surjective (see
Gasinski-Papageorgiou [9], p. 319). So, we can find vy € V such that

(9) (o) = 0.

From (7) it is clear that vy € V' is unique. In fact, it is the unique minimizer of the
strictly convex functional @, = ¢,|v. So, we can define the map ¢ : Y — V' by setting
Y(y) = vo. We have

(10) pve'(y+9(y)) =0 and @y +9(y)) = inflp(y +v) v e V].

Next we establish the continuity properties of the map ¥ : Y — V. So, let y,, — v in
Y. For all n € N, we have

0 = (@y, (W(yn)), 9(yn))v  (see (9))

> cs]|9(yn)II” = call9(ya)ll (see (8))
= {V(yn) }n>1 C V is bounded.

Passing to a suitable subsequence if necessary, we may assume that

(11) I(y,) = v in H'(Q),0 € V.
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The Sobolev embedding theorem and the compactness of the trace map imply that
¢ is sequentially weakly lower semicontinuous. So, from (11) we have

(12) ply +0) < liminfo(y, +9(yn))-
From (10), we have

O(Yn + Hyn)) < @y, +v) foralln eN, allveV,
= limsup o(y, + I(yn)) < @(y +v) (since y, =y inY)

n——+oo
=p(y+0) <ply+v) foraloveV (see (12))
=0 =9(y).
So, by the Urysohn criterion, for the initial sequence {J(y,)}n>1 we get
I(y,) = I(y) in H(Q).

For all n € N we have

0= (@' (Yn +V(yn)), Vyn) — V(y)) (see (10))
= V(Yo + ) = 2y +0(y))
= [V (yn + (a2 — [V (y + 9(y))]2
= Yo+ yn) — v+ 9(y) (Kadec-Klee property)
= J(y,) — VI(y) in H(Q)
= 1 :Y — V is continuous.

Moreover, from (10) we have

ey +9(y)) = inflp(y +v) v e V]

We set

(13) poly) = oy +9(y)) forallyeY.
Using Proposition 2, we see that ¢q is continuous. In fact, we can say more.

Proposition 3. If hypotheses H(E), H(B), H hold, then ¢y € C*(Y,R) and o)(y) =
py=¢' (y + Hy)) forally €Y.

Proof. Let y,h € Y and ¢t > 0. From (12) and Proposition 2, we have
1
;[800(9 +th) — ¢o(y)]
1
< lply +th+0(y)) — ely +9(y))]

(14) = lim sup %[900(9 +th) —@o(y)] < (¢ (y +9(y)), h).

t—0

Also we have

>
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. /
(15) = Tliminf [eo(y + th) = ¢o(y)] = (¢'(y + V(). )
(since ¢ € C1(H'(Q),R) and ¥(-) is continuous, see Proposition 1).

If by (-,-)y we denote the duality brackets for the pair (Y*,Y), from (14) and (15) we
have

(o), h)y = (¢'(y +9(y)),h) forally heY,
=y € C'(Y,R) and ¢)(y) = py~¢'(y + 9(y)) for all y € Y.
U

Proposition 4. If hypotheses H(E), H(B), H hold, then the functional pq is anticoercive
(that is, if ||y|| — 400, y € Y, then ¢o(y) — —0).

Proof. We argue indirectly. So, suppose we could find {y, },>1 € Y such that

(16) llynl] = +o00 and  @o(y,) > —M; for some M; >0, all n € N.
We have
1
(17) —M; < po(yn) < 57(%) - / F(z,y,)dz for all n € N.
Q

(see Proposition 1 and (13)).

Let w, = II?;_ZII ,n € N. Then ||w,|| =1, w, € Y for all n € N. Because Y is finite

dimensional, we may assume that
(18) w, —win H'(Q), weY, |w|=1.

From (17) we have

M 1 F n
(19) _—12 < —v(wy,) — / (Z7y2)dz for all n € N.
Hypothesis H (i) implies that
1
(20) F(z,z) < 577(2)952 for a.a. z € Q, all z € R.
On the other hand, hypotheses H (i7), (i7i) imply that

(21) F(z,2) > —cs2® foraa. z€Q, all z € R, some c; > 0.
From (20) and (21), it follows that

{w} C L'(9Q) is uniformly integrable.

Yn n>1

So, by the Dunford-Pettis theorem and hypotheses H (i), (ii), we have
FCoyn() w 1o o 0
———"= — —qw* in L (),
[ynl? 2
(23) A < 7(2) < m(2) for a.a. z € Q,
(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 30). So, if in (19) we pass
to the limit as n — 400 and use (18) and (22), we obtain

(24) /Qﬁ(z)w2dz < v(w).

(22)
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Ifn # Xm, then from (24) and Proposition 1, we have
0 <~v(w)— / n(2)w?dz < —cgl|w|*  for some cg > 0
=w =0, WhiCthontradicts (18).

Next, we assume that 7(z) = A for aa z € Q (resonant case). Because of hypothesis
H(i7) given any p > 0, we can find My = Ms(p) > 0 such that

(25) f(z,x)r —2F(z,z) < —p for a.a. z € Q, all |z| > M.
We have

de \| |z]? > ——b—foraa. z €, all x < —M,

|$|2£U |z|2x

d (F(Z,x)) _ flz,x)r — 2F(2,2) {S —L foraa. z€Q, all z > M,

(26)
F(z,v) F(zu) pl 1 1
(see (25)) = W Jup < 5 W — W for a.a. z € Q, all |v| > |u| > Ms.

Evidently hypotheses H (i), (i7) imply that

N 2F 2F
(27) Ay <liminf M < lim sup M

< iformly for a.a. 2z € Q.
z—F00 |x|2 s ’$‘2 _77(2) uniformly for a.a. z

So, if in (26) we pass to the limit as |[v| — +o0 and use (27), then

~

Am
(28) 7|u]2 — F(z,u) < —g for a.a. z € Q, all |u] > Mo.
Since p > 0 is arbitrary, from (28) we infer that
A
(29) 7|u|2 — F(z,u) - —oo uniformly for a.a. z € Q, as |u| — +o0.

From (17), we see that for all n € N we have

1
_Ml S §7<yn) - / F<Z>yn)dz
Q

~

(30) < / [%yi - F(z,yn)] dz (see (5) and recall y, € Y).
Q

From (18) we see that, if Qy = {z € Q : w(z) = 0}, then |Q\ Qo|y > 0 (here by |- |n
we denote the Lebesgue measure on RY). Then

(31) lyn(2)] = +o0  for a.a. z € Q\ Q.

From (29) and (31) and Fatou’s lemma, we have

1~
(32) / [5)\myi — F(z,yn)| dz — —0c0 as n — +o0.
Q
Comparing (30) and (32), we reach a contradiction. This proves the anticoercivity of
¥0- O

From this proposition, we infer that q satisfies the compactness-type condition (see
Papageorgiou-Winkert [26]).
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Corollary 1. If hypotheses H(E), H(B), H hold, then the functional vy satisfies the
C-condition.

The next lemma is a straightforward observation. For completeness we include its
proof (see also Castro-Lazer [3]).

Lemma 1. If hypotheses H(§), H(5), H hold, theny € K, if and only if y+9(y) € K.

Proof. < : This is immediate from (6) and (10).
= : Suppose that y € K,,. Then

0=¢(y) =pv-¢'(y+9(y)) (see (6) and (13)).
Since H'(Q)* = Y* @ V*, it follows that ¢'(y + 9(y)) € Y* and so from Proposition
3 we have

(W'(y+9(y)),h)y =0 forallhey,
= ' (y+9(y) =0,
=y +J(y) € K,.

U

Using the above lemma, we see that we may assume that K, is finite. Otherwise
K, is infinite (see Lemma 1) and so we have a whole sequence of distinct nontrivial
solutions of (1) which belong in C'*(Q) (regularity theory, see Wang [27]) and so we are
done.

So we assume that K, is finite. Then because of Corollary 1, we can compute the
critical groups of g at infinity. We do this using some ideas of Liu [16].

Proposition 5. If hypotheses H(E), H(B), H hold, then
Cr(0,00) = O.a,,Z  for all k € Ny with d,, = dim Y = dim H,,.
Proof. In what follows for any r > 0, we define
Co={yeY:llyl=r}, 0C,=0B ={yeY:|y|=r}

Let mo < inf ¢o(K,,). From Proposition 4 we know that ¢, is anticoercive. So, we
can find A < 7 < mg and R > r such that

Cr C ¥y € Cr C 5
We consider the following triples of sets
(}/7 Cru CR) and (Y7 @67 90()5)
Using these two triples, we introduce the following commutative diagram of homomor-
phisms of relative singular homology groups
(33)
coo—= Hy(Cr,Cr) 2 Hp(Y,Cgr) 3+, Hp(Y,C,) 9 Hp(C,,Cg) —

\Lh*|Cr ih* ~l/h* ih*|0r

e Hk(SOEa@S) L> Hk(Ya%‘) 3_> Hi (Y, ¢7) a_*> Hk_1(908,<p8) -
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In (33) -~ j*,}*, h, are the group homomorphism induced by the corresponding
inclusion maps and 0, 5* are the boundary homomorphisms. In (33) the two horizon-
tal lines are exact and the whole diagram is commutative (see Motreanu-Motreanu-
Papageorgiou [18], p. 148).

Since A < 7 < mq < inf (K, ), from the second deformation theorem (see Gasiriski-
Papageorgiou [9], p. 628), we have that ¢} is a strong deformation of . Hence

(34) Cr(h,0)) =0  for all k € Ny

(see Motreanu-Motreanu-Papageorgiou [18], p. 143).
Also, let h: [0,1] x C, — Y be the deformation defined by

h(t,u) = (1 —t)u+ tR— forallte 0,1], all u € C,.

Then h(1,-)|sc, = id|ac, and so ICr = OBY is a deformation retract of C,. On the
other hand, using the radial retraction and Theorem 6.5, p. 325, of Dugundji [6], we
see that OCF is also a deformation retract of Cg. Therefore C, and C'r are homotopy
equivalent, which implies

(35) Hk(Cr, OR) =0 forall ke Ny

(see Motreanu-Motreanu-Papageorgiou [18], Proposition 6.11, p. 143).
The exactness of the two horizontal lines in (33), together with (34), (35) and the
rank theorem, imply that

0 =imi, = kerj,, 0=imi, = ker j,,
= J, and j, are group isomorphisms.

Invoking the "Five Lemma” (see, for example, Motreanu-Motreanu-Papageorgiou
[18], Lemma 6.17, p. 145), we have that h, is an isomorphism. So, we have

Hi(Y,C,) = Hi(Y, ) forall k € Ny,
(36) = H(Y,C,) = Ck(po,00) for all k € Ny (recall that 7 < my).
But as we already established earlier
oC, = 033,/ is a deformation retract of C,,
(37) = H(Y,C,) = Hp(Y,0BY) forall k € Ny

(see Motreanu-Motreanu-Papageorgiou [18], Corollary 6.15, p. 145).
Recall that Y is finite dimensional. Therefore

(38) Hy(Y,0BY) = 64,7 for all k € Ny, with d,, = dimY.

(see Motreanu-Motreanu-Papageorgiou [18], Example 6.28(i), p. 149).
From (36), (37), (38), we conclude that

Cr(0,0) = Opa,,Z for all k € Ny, with d,,, = dimY = dim H,,.

Next we compute the critical groups of the energy functional ¢ at the origin.
Proposition 6. If hypotheses H(&), H(/3), H hold, then
Cr(9,0) = 0p.q,Z  for all k € Ny, with d; = dim H,.
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Proof. Let Y = H, = @'_, E(XZ) andV =Y =10 = Divrn E(Xz) We have the
following orthogonal direct sum decomposition -

H'(Q) =YV,

Then every u € H'(Q) can be written in a unique way as

(39) u=7+v withyeY,veV.
Let A € (A, As1) and consider the C2-functional ¢ : H'(€2) — R defined by
1 A
P(u) = 57(u) — §Hu\|g for all u € H'(Q).

We consider the homotopy h(t,u) defined by
h(t,u) = (1 —t)p(u) + tp(u)  for all (¢t,u) € [0,1] x H' ().
Suppose we can find {t,},>1 C [0,1] and {u, },>1 € H'(Q) \ {0} such that
(40) th —t, u, — 0in HY(Q) and A, (tn,u,) =0 for all n € N.
Since K, is finite, we may assume that ¢, # 0 for all n € N. We have
(1 =t )@ (un), B) + (¥ (u,), h) =0 for alln € N, all h € H'(Q),

:>/(VUth)RNdZ+/§(Z)unhdz—|- B(2)u,hdo
Q Q o9

(41) = /[(1 —t)f(2z,un) + thduy)hdz  for allnm € N, all h € H'(Q),
Q

which implies
—Au,(2) + £(2)un(z) = (1 — t,) f(2,un(2)) + tpdu,(2) for a.a. z € Q,
{ Qun 1 B(2)u, =0 on 0f)
(see Papageorgiou-Radulescu [22]).

Then from Wang [27] and the Calderon-Zygmund estimates we see that there exist
a € (0,1) and M; > 0 such that

up € CH(Q)  and  Jupllcragg < Ms for all n € N.

Exploiting the compact embedding of C**(Q) into C'(Q) and using (40) we can say
that
u, = 0in C'(Q) asn — +oo.
So, we can find ny € N such that
(42) u,(z) € [0,0] for all z € Q, all n > ny.

In (41) we choose h =1, € V. C H*(Q) (see (39)). Then since Y and V are orthogonal
and using hypothesis H (iii) (see (42)), we have

v(T,) < /[(1 — tn)XHl +t, \Jo2dz  for all n > ng
Q

= c7||[v,]|> <0 for all n > ng, some c; > 0

(see Proposition 1 and recall ¢, # 0 for all n € N, A € (A, Ais1)),
(43) =7, =0 for all n > ny.
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Next in (41) we choose h =7, € Y C H'(Q) (see (39)). Then as above we have
V@) > / (1= )% + toAT2d> (see (42) and hypothesis H(iii)),
Q

= cs|y,]|I> <0 for all n > ng, some cg > 0,
=7, =0 forall n > nyg,
=u, =0 foralln>mny (see (43) and (39)),

a contradiction.
So, (40) can not occur. This permits the use of Theorem 5.2 of Corvellec-Hantoute
[4] (the homotopy invariance of the critical groups). Hence we have

(44) Cr(p,0) = C(1,0)  for all k € Ny.

Since A € (XZ,/):lH), u = 0 is a nondegenerate critical point of ¢p € C*(H(2)) with
Morse index d; = dimY = dim H,. Therefore

(45) Cre(1,0) = 6p.q,Z  for all k € Ny, with d; = dimY.

(see Motreanu-Motreanu-Papageorgiou [18], Theorem 6.51, p. 155). From (44) and
(45), we conclude that

Ck(QO, 0) = 5k,dlZ for all k € Nj.
U

Since the critical groups of ¢ at an isolated critical point y coincide with those of ¢
at y + J(y) (see, for example, Liu [16], Lemma 2.3), we have:

Corollary 2. If hypotheses H (), H(B), H hold, then
Cr(p0,0) = 0p.q,Z  for all k € Ny, with d; = dimY = dim H;.

Now we are ready for the multiplicity theorem which produces two nontrivial smooth
solutions for problem (1).

Theorem 1. If hypotheses H(§), H(B), H hold, then problem (1) admits at least two
nontrivial solutions ug, @ € C*(Q).

Proof. From Proposition 3 we know that the functional ¢, is anticoercive. So, we can
find yo € Y such that

(46) vo(yo) = max(po(y) : y € Y.

Since Y is finite dimensional, from Motreanu-Motreanu-Papageorgiou [18], Example
6.45(6) (p. 153), we have

(47) Cr(po,Y0) = 64, Z for all k € Ny (recall d,,, = dimY = dim H,,).
From (46) we see that
Yo € Ky,
= yo+I(yo) =up € K, (see Lemma 1),
= g is a solution of (1) and uy € C'(Q) (see Wang [27]).

Since d; # d,, (recall [ # m, see hypothesis H(iii)), from (47) and Corollary 2 we infer
that yo # 0, hence ug # 0. From Proposition 5 we know that

(48) Ci(pg,00) = 0p.q4,,Z for all k € Ny.
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Suppose K, = {0,y0}. Then from (47), (48), Corollary 2 and the Morse relation with
t = —1, we have (—1)% = 0, a contradiction. So, there exists ¥ € K., ¥ ¢ {0,v0}.
Then @ = 7 + 9(7) € C1(Q) is the second nontrivial solution of (1). O

Acknowledgment: The authors wish to thank the referee for his/her corrections and
useful remarks.
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