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ited availability of analytical solutions and the high cost associated with experimental
the use of computational tools to assess the dynamic behavior of load-bearing comp

y when a wide design space must be explored, as is often the case with composit
n this context, a novel high-order accurate discontinuous Galerkin formulation for tr
-vibration analysis of multilayered plates and shells is presented and numerical validate
point of the formulation is a generalized structural theory for multilayered shells with a
e based on the expansion of the displacement covariant components throughout the she
e variational statement of three-dimensional elastodynamics allows deriving the stron
verning differential equations, which form the basis to obtain the corresponding discon
weak statements. As the order of the through-the-thickness expansion and the orde
uous Galerkin basis functions are free parameters, the proposed approach allows tun
accuracy of the computed solution throughout both the shell thickness and the shell m
Numerical results are reported and discussed for several validation test cases in term
nvergence analyses, demonstrating the high-order accuracy, robustness, and compu
of the formulation.

s: High-order accuracy, discontinuous Galerkin methods, composite shells, transient
, free-vibration analysis

duction

inated composite plates and shells are today widely employed in several engineering
especially where it is important to achieve high structural stiffness at low weight, a
ive and aerospace sectors [1, 2, 3, 4].
nt advancements in manufacturing methods allow the fabrication of structural mem
nts whose shape, lay-up, and load paths may be tailored on their specific employmen
the designers and engineers remarkable design freedom [5, 6]. However, the accessib
design space requires the capability of the designer of objectively assessing a larger
ns for the intended application to select the most suitable structural configuration
ure for considered function.
e experimental characterization and testing play an important role in the developm
gineering products, especially at higher technology readiness levels, virtual testing has
ental part of the earlier development process, when several alternative solutions nee
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, as typically happens in the conceptual design stage [7, 8, 9, 10, 11]. Indeed, the empl
ffective, and reliable computational models complements today the implementation o
campaigns, reducing their costs in terms of both time and hardware, and their ava
tes an invaluable asset for engineers and manufacturers [12, 13, 14].
nding on the specific application, the set of conditions for which functional and safe op
demonstrated varies from simple, well-defined static tests, to complex dynamic sc
ultiple loads, up to impact tests that may involve the destruction of the compone
design, for example, where structural requirements are obviously very stringent, accor
CFR §25.305 – Strength and deformation – at letter (a) it is stipulated that the st
able to support limit loads without detrimental permanent deformation. At any load up
e deformation may not interfere with safe operation. Moreover, at letter (e), it is requir
lane must be designed to withstand any vibration and buffeting that might occur in an
g condition [...], and, at letter (f ), that unless shown to be extremely improbable, the a
designed to withstand any forced structural vibration resulting from any failure, malf
se condition in the flight control system[...] and, in general, this must be shown by a
ts, or other tests found necessary by the Administrator. It is then apparent that bot
amic assessments are relevant.
is context, the present contribution proposes a novel discontinuos Galerkin (DG) form
inear free-vibration and transient analysis of isotropic and laminated plates and shell
es feature inherent heterogeneity, which strongly affect their mechanical response, re
dy a complex engineering task – further complicated by the presence of curvature in
lly three-dimensional models are always an option, high-order structural theories bu
the characteristic component features, for example the small thickness of the plate o
to provide high accuracy at reduced computational costs. Plates and shells may be m
uivalent Single Layer (ESL) theories, where the displacement components are assu
ording to assumed high-order functions throughout the thickness [15]. The plate or
laced by an individual layer with equivalent mechanical properties and it is govern
f differential equations depending, in general, on two curvilinear variables. Such go
s are generally solved employing approximate numerical schemes, as analytical soluti
ilable for a limited set of problems that do not cover the whole set of possible applicatio
dely employed numerical method for structural analysis is the Finite Element Method
pplication to the solution of dynamic problems of plates and shells modeled by variab
al theories is still an active topic of research, see, e.g., Refs.[16, 17, 18, 19]. Other tec
o been proposed in the literature with the aim to improve the flexibility of numerical s
pect to FEM. Examples include the meshless methods, which do not require a partitio
of analysis into elements and have been employed in conjunction with the First-order Sh
n Theory (FSDT) [20, 21] as well as higher-order structural theories [22], or the Ritz m
er a variational setting where boundary/interface conditions can be enforced either s
bly modifying the set of basis functions [23, 24, 25, 26] or weakly by suitable pena
es [27, 28].
methods have also shown to be a powerful and flexible alternative, offering adjustab
curacy over conventional and non-conventional meshes, and have been successfully em
static analysis of plates and shells, also in presence of complex morphological featu
y conditions, as in the case of presence of cut-outs [29, 30, 31]. DG methods have al
eigenvalue problems (not related to shells), see, e.g., [32, 33], and, more recently, for th
analysis of plates and shells [34]. However, a thorough investigation of the perform

hods for free-vibration and transient analysis of multilayered plates and shells appears
2
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terature. It is therefore presented for the first time in this work. The considered shells
late geometries as a particular case, are assumed to have a general curvature and are m
L kinematics in the displacement covariant components. The DG technique is then
e the resulting governing equations in space, whereas the temporal integration is pe
standard Newmark scheme.
paper is organized as follows. Section 2 recalls the key items of the shell structural
its geometric description, the generalized kinematic assumption, the constitutive mo
ieves the strong form of the shell dynamics equations starting from the appropriate var
ts. The strong form of the governing equations is the starting point for the develop
osed DG formulation, whose derivation is presented in Section 3, where also different m
s are described, including the employment of implicitly-defined meshes. Several te
considered in Section 4, where different meshing schemes are employed and in-de
nce assessments for both isotropic and laminated plates and shells are performed,
racy and robustness of the method. Some possible avenues of future developments
ons are eventually drawn.

lem statement

is section all the items entering the formulation of the structural shell theory are r
metry description is discussed in Section 2.1, the kinematic modelling in Section 2.2,
tive description in Section 2.3. Eventually, the strong form of the shell dynamics equ
ovide the starting point for the subsequent DG formulation, is retrieved in Sec.2.4 for tr
-vibrations analysis.

metry description

formulation is developed for shells whose geometry can be described as schematical
Fig.(1) and discussed in Refs.[35, 31, 34]. The shell can be analyzed identifying a re

featuring general curvature, in the physical space Ox1x2x3, and adopting over such su
parametrization based on the set of curvilinear coordinates (ξ1, ξ2). The shell volum
dinates system Ox1x2x3 can thus be represented, and conveniently built, through a m
V that associates the point x ∈ V to the natural coordinates ξ = (ξ1, ξ2, ξ3) ∈ Vξ ≡ Ω

n in Fig.(1a), where Ωξ denotes the reference surface of the shell spanned by (ξ1, ξ2)
ar coordinates space and Iξ3 ≡ [−ζ/2, ζ/2] is the thickness interval spanned by ξ3. Un
sumptions, the mapping can be expressed in the form

x = x(ξ1, ξ2, ξ3) = x0(ξ1, ξ2) + ξ3n0(ξ1, ξ2) ∀ξ ∈ Vξ

0 is a generic point of the shell reference surface and n0 is the corresponding unit vector
n be expressed as

n0 =
a1 × a2

||a1 × a2||
with aα ≡ ∂x0

∂xα

.

e mapping in Eq.(1) has been introduced, it is possible to define, see Fig.(1a), the co
tors as

gk ≡
∂x

∂ξk
, k = 1, 2, 3

l be used to express the kinematic model in Section 2.2.
3
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I⇠3

(a) The geometry of the shell in the physical space Ox1x2x3 can be described through the mapp

3), ∀(ξ1, ξ2, ξ3) ∈ Vξ ≡ Ωξ × Iξ3 ; once the mapping x = x(ξ) is defined, the covariant basis vectors g
with it; (b) A material orthonormal basis mj can be defined to facilitate the description of the con

of the different material layers, see Section 2.3.

ll kinematic model

shell formulation is built starting from the kinematic ESL representation [15], which, fo
rix notation introduced in Ref.[30, 35], is expressed as

uξ = Z(ξ3)U(ξ1, ξ2),

ξ collects the covariant components of the displacement field with respect to the contra
, k = 1, 2, 3, defined as gk · gl = δkl , while Z is a 3 × Nu matrix collecting the
s functions and U is a Nu-dimensional vector collecting the unknown generalized displa
nts. More specifically, Nu = 3+Nu1 +Nu2 +Nu3 , where Nui

expresses the order of ex
th displacement component. It worth noting that Nu and the expressions of the th
s contained in Z depend on the selected structural ESL theory [29, 30, 35]. Follo
ated notation [15], the theories generated by the kinematic model in Eq.(4) will be d
emainder of the article as EDijk, with i = Nu1 , j = Nu2 , k = Nu3 . Note that the
ion allows considering the FSDT as an ED110 theory where the plane stress hypothesis
of shear factors are introduced in the constitutive behavior.
displacement components can be expressed in the global Cartesian coordinate system O
simplifies the expression of the weak statement – through the transformation

u = Rξuξ = RξZ(ξ3)U(ξ1, ξ2),

e k-th column of the matrix Rξ collects the Cartesian components of gk. Subsequen
es with respect to the Cartesian coordinates can be retrieved applying the chain de
ich leads to

∂u

∂xk

= D0kU +Dαk
∂U

∂ξα
,

D0k ≡
∂ξj
∂xk

∂Rξ

∂ξj
Z +

∂ξ3
∂xk

Rξ
dZ

dξ3
and Dαk ≡

∂ξα
∂xk

RξZ,
4
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licit summation with respect to the repeated indexes is assumed, according to the E
, with the caveat that Greek indexes span the set {1, 2}, while Latin indexes span
throughout the paper.
Cartesian components of the small strain tensor, collected according to the Voigt notat
from the kinematic model in Eq.(5) through the relationships

γ = Ik
∂u

∂xk

= J0U + Jα
∂U

∂ξα
,

k are matrices whose entries are either 0 or 1, see e.g. Ref.[29], and

J0 ≡ IkD0k and Jα ≡ IkDαk

1, 2 and k = 1, 2, 3.

stitutive behavior

mposite laminated shells, the point x spans different material layers as ξ3 varies.
stant and only (ξ1, ξ2) are varied, x spans a surface embedded in a certain material la
me specific material reference directions can be identified, as for example in the case
d composites, where a material reference system is identified by the fibers direction an
se plane. At each point (ξ1, ξ2, ξ̄3) of a material layer, an angle θ between the relevant m

and the covariant vector g1 can be identified. A local material Cartesian reference ba
be attached to each point of the generic composite layer ⟨ℓ⟩ through the relationship

m
⟨ℓ⟩
1 ≡ Rn0(θ

⟨ℓ⟩)
g1

||g1||
, m

⟨ℓ⟩
3 ≡ n0, and m

⟨ℓ⟩
2 ≡ m

⟨ℓ⟩
3 ×m

⟨ℓ⟩
1 .

aterial reference basis m
⟨ℓ⟩
k , the constitutive law is expressed in Voigt notation as

σ̃⟨ℓ⟩ = C̃
⟨ℓ⟩
γ̃⟨ℓ⟩

he form of the matrix C̃ directly reflects the existing material symmetries (e.g. i
py, etc.). The stress-strain relationship linking the components of the stress and strain
lobal reference system Ox1x2x3 can thus be obtained from Eq.(11) through the st
ation rules [36, 37], leading to

σ⟨ℓ⟩ = C⟨ℓ⟩γ,

mplifies the expression of the variational statement in the next sections.

verning equations for shell dynamic analysis

variational statement providing the weak formulation of the shell dynamic problem
resorting to the d’Alembert principle and treating the inertial term as a volume for
lassical expression of the principle of virtual displacements, which, in the global Ca
system Ox1x2x3, leads to

∫

V ⟨ℓ⟩
δu⊺ρ⟨ℓ⟩

∂2u

∂t2
dV +

Nℓ∑

ℓ=1

∫

V ⟨ℓ⟩
δγ⊺σ⟨ℓ⟩ dV =

Nℓ∑

ℓ=1

∫

V ⟨ℓ⟩
δu⊺b dV +

Nℓ∑

ℓ=1

∫

∂V ⟨ℓ⟩
δu⊺t dS,

• denotes the first variation operator, ρ⟨ℓ⟩ is the mass density of the layer ℓ, b is the
orce term, t is the known surface traction and the summation is extended over the Nℓ l
5
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nated shell. Employing the kinematic model in Eq.(5), the strain-displacement relation
nd the constitutive relations in Eq.(12) and expanding the first variation, the above var
t leads to

⊺M
∂2U

∂t2
dΩξ +

∫

Ωξ

[
∂δU ⊺

∂ξα

(
Qαβ

∂U

∂ξβ
+RαU

)
+ δU ⊺

(
R⊺

α

∂U

∂ξα
+ SU

)]
dΩξ =

=

∫

Ωξ

δU ⊺BdΩξ +

∫

∂Ωξ

δU ⊺Td∂Ω

M ≡
Nℓ∑

ℓ=1

∫ ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

Z⊺R⊺
ξρ

⟨ℓ⟩RξZ
√
g dξ3

ralized mass matrix, the terms

Qαβ ≡
Nℓ∑

ℓ=1

∫ ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

J⊺
αC

⟨ℓ⟩Jβ
√
g dξ3,

Rα ≡
Nℓ∑

ℓ=1

∫ ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

J⊺
αC

⟨ℓ⟩J0
√
g dξ3

S ≡
Nℓ∑

ℓ=1

∫ ξ
⟨ℓ⟩
3t

ξ
⟨ℓ⟩
3b

J⊺
0C

⟨ℓ⟩J0
√
g dξ3,

ralized stiffness matrices, whereas the terms

B ≡
(
Z⊺R⊺

ξt
√
g
√
nigijnj

)
ξ3=±ζ/2

+

∫ ζ/2

−ζ/2

Z⊺R⊺
ξb
√
g dξ3

T ≡
∫ ζ/2

−ζ/2

Z⊺R⊺
ξt
√
g
√
nigijnj dξ3

ralized volume forces and generalized boundary tractions respectively. In Eqs.(15) to (1
rminant of the metric tensor and gij ≡ gi · gj are its contravariant components. Addit
7), the first term represents the surface traction applied over the top and bottom sur
, while ni is the i-th component of the unit vector normal to the shell surface.
variational statement in Eq.(14) is used to derive the strong form of the equations for t
s, which provides the starting point for the development of the DG formulation discu
3. In particular, performing the integration by parts and applying the standard rule
of variations, Eq.(14) leads to the following set of generalized equilibrium equations

M
∂2U

∂t2
− ∂

∂ξα

(
Qαβ

∂U

∂ξβ
+RαU

)
+R⊺

α

∂U

∂ξα
+ SU = B, in [0, T ]× Ωξ,

associated essential and natural generalized boundary conditions (GBCs) and the gen
nditions (GICs) defined as

GBCs :

{
U = U in [0, T ]× ∂ΩD

ξ

να

(
Qαβ

∂U
∂ξβ

+RαU
)
= T in [0, T ]× ∂ΩN

ξ

6
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GICs :

{
U |t=0 = U 0

∂U
∂t

∣∣
t=0

= U̇ 0

in Ωξ,

defines the width of the analyzed time window, ∂ΩD
ξ and ∂ΩN

ξ are the regions of the bo
he analysis domain Ωξ over which Dirichlet (essential) or Neumann (natural) boundary
assigned, respectively, να is the α-th component of the unit vector normal to ∂Ωξ, ov
nown boundary conditions on either generalized displacements or tractions, which m
on time, and the subscript 0 denotes known initial conditions.
tually, free vibrations are investigated by neglecting the external loads and assuming,
harmonic response with unknown frequency ω and homogeneous kinematic boundary
ading to the following eigenvalue problem

− ∂

∂ξα

(
Qαβ

∂U

∂ξβ
+RαU

)
+R⊺

α

∂U

∂ξα
+ (S − ω2M)U = 0, in Ωξ.

ontinuous Galerkin formulation

is section, the recently-developed DG formulation for the mechanical behavior of str
nts, such as beams [38], plates [29, 30, 39] and shells [35, 31, 34], is extended to solve the
ial equations introduced in the preceding section for either transient analysis, see Eqs.(
free-vibration analysis, see Eq.(20), of composite shells.
lar to other domain-based numerical techniques, such as the FEM, a DG-based ap
a suitable partition of the domain where the governing equations are defined. Here,
is Ωξ, which is partitioned into Ne non-overlapping elements, i.e., Ωξ ≈ Ωh

ξ ≡ ⋃Ne

e=1 Ω
e
ξ

eneric e-th element. The mesh leads to a partition of the boundary ∂ΩD
ξ ≈ ∂ΩDh

ξ ≡ ⋃N
e=

boundary ∂ΩN
ξ ≈ ∂ΩNh

ξ ≡ ⋃Ne

e=1 ∂Ω
Ne
ξ , where ∂ΩDe

ξ and ∂ΩNe
ξ are the portions t

s boundary where Dirichlet and Neumann boundary conditions, respectively, are enfo
hat, for some elements, these boundaries can be empty sets. The mesh also leads to th
ment interfaces ∂ΩIh

ξ ≡ ⋃Ni

i=1 ∂Ω
i
ξ, where ∂Ωi

ξ is the i-th generic interface. Then, the s
ntegrals are defined as follows

∫

Ωh
ξ

• ≡
Ne∑

e=1

∫

Ωe
ξ

•e dΩξ,

∫

∂ΩDh
ξ

• ≡
Ne∑

e=1

∫

∂ΩDe
ξ

•e d∂Ωξ,

∫

∂ΩNh
ξ

• ≡
Ne∑

e=1

∫

∂ΩNe
ξ

•e d∂Ωξ,

∫

∂ΩIh
ξ

• ≡
Ni∑

i=1

∫

∂Ωi
ξ

•i d∂Ωξ.

tionally, it is possible to define the average operator {•}i and the jump operator [[•]]iα
-th interface between the e-th and e′-th elements as

{•}i ≡ 1

2

(
•e + •e′

)
and [[•]]iα ≡ νe

α •e +νe′
α •e

′
,

7
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e
α is the α-th component of the outer unit normal vector νe ≡ (νe

1, ν
e
2) to the e-th el

y.
the domain partition has been selected, the space of discontinuous basis functions is intr

Vhp ≡ {v : Ωh
ξ → R | v(Ωe

ξ) ∈ Pe
p ∀e = 1, . . . , Ne},

e
p is the space of polynomials up to degree p defined over the element Ωe

ξ. The corresp

discontinuous Nu-dimensional vector basis functions is then denoted by VNu
hp ≡ (Vhp)

N

ulations for transient and free-vibration analysis of composite shells are presented in t
ions.

nsient analysis

following the same steps discussed, e.g., in Refs.[35, 31, 34], it is possible to show t
formulation corresponding to Eqs.(18) and (19) reads: find Uh ∈ VNu

hp such that

BM(V ,Uh) +BK(V ,Uh) = L(V ,B,T ,U), ∀V ∈ VNu
hp ,

d to the approximate initial conditions




∫
Ωh

ξ
V ⊺Uh =

∫
Ωh

ξ
V ⊺U 0∫

Ωh
ξ
V ⊺ ∂Uh

∂t
=

∫
Ωh

ξ
V ⊺U̇ 0

, ∀V ∈ VNu
hp .

24) and (25), Uh denotes the approximate DG solution, the bilinear forms BM(V ,U
h) are defined as

BM(V ,Uh) ≡
∫

Ωh
ξ

V ⊺M
∂2Uh

∂t2

,Uh) ≡
∫

Ωh
ξ

∂V ⊺

∂ξα

(
Qαβ

∂Uh

∂ξβ
+RαU

h

)
+ V ⊺

(
R⊺

α

∂Uh

∂ξα
+ SUh

)
+

∫

∂ΩIh
ξ

[[V ]]⊺α

{
Qαβ

∂Uh

∂ξβ
+RαU

h

}
+

{
∂V ⊺

∂ξα
Qαβ + V ⊺R⊺

β

}
[[Uh]]β +

∫

∂ΩIh
ξ

µ[[V ]]⊺α[[U
h]]α+

−
∫

∂ΩDh
ξ

ναV
⊺
(
Qαβ

∂Uh

∂ξβ
+RαU

h

)
+

(
∂V ⊺

∂ξα
Qαβ + V ⊺R⊺

β

)
Uhνβ +

∫

∂ΩDh
ξ

µV ⊺U

linear form L(V ,B,T ,U) reads

B,T ,U ) ≡
∫

Ωh
ξ

V ⊺B +

∫

∂ΩNh
ξ

V ⊺T −
∫

∂ΩDh
ξ

(
∂V ⊺

∂ξα
Qαβ + V ⊺R⊺

β

)
Uνβ +

∫

∂ΩDh
ξ

µV ⊺U

e-vibration analysis

se of free-vibration analysis, it is possible to show the weak DG formulation correspon
reads: find (ω,Uh) ∈ R× VNu

hp such that

−Bω(V ,Uh, ω) +BK(V ,Uh) = 0 ∀V ∈ VNu
hp

Bω(V ,Uh, ω) ≡ ω2

∫

Ωh
ξ

V ⊺MUh.
8



Journal Pre-proof

3.3. Me210

The trategy.211

In fact, ured or212

unstruct es.213

In th briefly214

describe le Rξ ≡215

[ξL1 , ξ
U
1 ] × ctively,216

of the r of size217

h1 ≡ (ξ ified by218

Rc
ξ ≡ [ξL1 (n2−1).219

In ca incides220

with one221

In ca ain Ωξ,222

which is223

(31)

Similarly224

(32)

where ∂ ξ with225

the stru ells. In226

particula ide Ωξ,227

and part further228

classified certain229

user-defi is then230

merged ocedure231

allows a system232

of equat cells.233

An i eported234

in Fig.(2 n 8 × 8235

grid of m btained236

implicitl237

Fina oducing238

curved b geome-239

tries tha uctured240

mesh ge use of241

high-ord taining242

a high-o etries.243

The inte mbined244

use of im o- and245

three-dim246
 Jo
ur

na
l P

re
-p

ro
of

shing

DG formulation presented in this section is not limited to a specific domain partition s
it could be employed in conjunction with both conventional partitions, such as struct
ured meshes, and less conventional ones, such as polygonal or implicitly-defined mesh
is work, we consider both structured meshes and implicitly-defined meshes, which are
d in this section. Let us assume that the curvilinear coordinates (ξ1, ξ2) span a rectang
[ξL2 , ξ

U
2 ], where (ξL1 , ξ

L
2 ) and (ξU1 , ξ

U
2 ) are the bottom-left and top-right corners, respe

ectangle. The rectangle is then partitioned using a structured grid of n1 × n2 cells
U
1 − ξL1 )/n1 and h2 ≡ (ξU2 − ξL2 )/n2, such that a generic c-th cell Rc

ξ may be ident
+ι1h1, ξ

L
1 +(ι1+1)h1]×[ξL2 +ι2h2, ξ

L
2 +(ι2+1)h2], with ι1 = 0, . . . , (n1−1) and ι2 = 0, . . . ,

se of structured meshes, the domain Ωξ simply coincides with Rξ, each element Ωe
ξ co

of the grid cell, and the total number of elements is Ne = n1n2.
se of implicitly-defined meshes, Rξ represents a background space containing the dom
implicitly-defined by a level set function φ : Rξ → R as follows

Ωξ ≡ {(ξ1, ξ2) ∈ Rξ : φ(ξ1, ξ2) < 0}.

, the boundary ∂Ωξ is defined as

∂Ωξ ≡ {(ξ1, ξ2) ∈ ∂Rξ : φ(ξ1, ξ2) < 0} ∪ {(ξ1, ξ2) ∈ Rξ : φ(ξ1, ξ2) = 0},

Rξ is the boundary of Rξ. Then, the partition of Ωξ is obtained by intersecting Ω
ctured grid defined for Rξ. Such an intersection leads to a classification of the grid c
r, one obtains: entire cells falling entirely within Ωξ, empty cells falling entirely outs
ial cells that are cut by the zero-contour of the level set function φ. Partial cells are
based on their volume fraction into large cells, which have a volume fraction above a
ned threshold, and small cells, which are the remaining partial cells. Each small cell
with the one neighboring cell that has the largest volume fraction. Such a merging pr
voiding the presence of overly small elements, which would ill-condition the algebraic
ions. Eventually, the mesh elements are defined as the set of entire, large and merged
llustration of the construction of the implicitly-defined mesh as discussed above is r
), which shows a level set function φ defined over a square that is partitioned with a
esh size h, see Fig.(2a), the corresponding cell classification, see Fig.(2b), and the o
y-defined mesh after the cell-merging procedure, see Fig.(2c).
lly, it is worth noting that, the implicit definition of Ωξ as given in Eq.(31) allows intr
oundaries into the space of curvilinear coordinates, thereby extending the space of shell
t can be modeled within the present framework whilst retaining the simplicity of str
neration. Additionally, the discontinuous nature of DG methods combined with the
er accurate quadrature rules for implicitly-defined domains and boundaries allows ob
rder accurate solution of the governing equations also in case of implicitly-defined geom
rested reader is referred to Refs.[40, 41, 42, 43] for a more extensive discussion on the co
plicitly-defined meshes, including adaptive mesh refinement, and DG methods for tw
ensional problems.
9
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' > 0
<latexit sha1_base64="3G6oKeEkYnotHZvj0XjLo1MS05M=">AAACBXicbZC7SgNBFIbPxluMt6ilzWAQrMKueEkZsLFMwFwgWcLs5GwyZPbCzKwQltQWtvoYdmLrc/gUvoKzyRaa5IeBj/8/B878Xiy40rb9bRU2Nre2d4q7pb39g8Oj8vFJW0WJZNhikYhk16MKBQ+xpbkW2I0l0sAT2PEm91neeUKpeBQ+6mmMbkBHIfc5o9pYTXtQrthVey6yCk4OFcjVGJR/+sOIJQGGmgmqVM+xY+2mVGrOBM5K/URhTNmEjrBnMKQBKjedHzojF8YZEj+S5oWazN2/GykNlJoGnpkMqB6r5Swz12aZI5Wv1oW9RPs1N+VhnGgM2eIKPxFERySrhAy5RKbF1ABlkpuPEDamkjJtiiuZhpzlPlahfVV1bqs3zetKvZZ3VYQzOIdLcOAO6vAADWgBA4QXeIU369l6tz6sz8Vowcp3TuGfrK9f/QeYow==</latexit>

0

<latexit sha1_base64="qiEg0j2ptbtkj8Of+GJELtr/U00=">AAACFXicbZDLSsNAFIYn9VbrpVGXbgaL4Kok4qXLggguK9gLtKFMppN26GQSZk7EEvocLtzqY7gTt659Cl/BSZuFtv1h4Of/z4Eznx8LrsFxvq3C2vrG5lZxu7Szu7dftg8OWzpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX98U3Wtx+Z0jySDzCJmReSoeQBpwRM1LfLPWBPoIP0VgJXbNq3K07VmQkvGzc3FZSr0bd/eoOIJiGTQAXRuus6MXgpUcCpYNNSL9EsJnRMhqxrrCQh0146O3yKT00ywEGkzJOAZ+nfjZSEWk9C30yGBEZ6scvClV2WKB3oVWU3gaDmpVzGCTBJ51cEicAQ4QwRHhgQFMTEGEIVNx/BdEQUoWBAlgwhd5HHsmmdV92r6uX9RaVey1kV0TE6QWfIRdeoju5QAzURRQl6Qa/ozXq23q0P63M+WrDynSP0T9bXL7SXn4k=</latexit>

Entire
<latexit sha1_base64="jiGGK4ZpoNpKUS86XaE12scB5JE=">AAACEnicbZDLSsNAFIYn9VbrrerSzWARXJVEvHRZEMFlBXuBNpbJdNIOnUnCzIkYQt/ChVt9DHfi1hfwKXwFJ20W2vaHgY//PwfO/F4kuAbb/rYKK6tr6xvFzdLW9s7uXnn/oKXDWFHWpKEIVccjmgkesCZwEKwTKUakJ1jbG19nefuRKc3D4B6SiLmSDAPuc0rAWA89YE+g/fRGRpBM+uWKXbWnwovg5FBBuRr98k9vENJYsgCoIFp3HTsCNyUKOBVsUurFmkWEjsmQdQ0GRDLtptOrJ/jEOAPsh8q8APDU/buREql1Ij0zKQmM9HyWmUuzzFHa18vCbgx+zU15EMXAAjq7wo8FhhBn/eABV4yCSAwQqrj5CKYjoggF02LJNOTM97EIrbOqc1m9uDuv1Gt5V0V0hI7RKXLQFaqjW9RATUSRQi/oFb1Zz9a79WF9zkYLVr5ziP7J+voFfw6e9g==</latexit>

Empty

<latexit sha1_base64="V3TU8axnP+HbtVE9agWlD+e8sws=">AAACEnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXvKQM2FhYRDAXSGKYnZxNhsxemDkrhiVvYWGrj2Entr6AT+ErOJtsoUl+GPj4/3PgzO9GUmi07W8rt7K6tr6R3yxsbe/s7hX3Dxo6jBWHOg9lqFou0yBFAHUUKKEVKWC+K6Hpjq7TvPkISoswuMdxBF2fDQLhCc7QWA8dhCfUXnLL1AAmvWLJLttT0UVwMiiRTLVe8afTD3nsQ4BcMq3bjh1hN2EKBZcwKXRiDRHjIzaAtsGA+aC7yfTqCT0xTp96oTIvQDp1/24kzNd67Ltm0mc41PNZai7NUkdpTy8L2zF6lW4igihGCPjsCi+WFEOa9kP7QgFHOTbAuBLmI5QPmWIcTYsF05Az38ciNM7KzmX54u68VK1kXeXJETkmp8QhV6RKbkiN1AkniryQV/JmPVvv1of1ORvNWdnOIfkn6+sXRDWe0g==</latexit>

Large
<latexit sha1_base64="C779f+RLPzzsGaemr8ABAC6dGdM=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAIrsqMeOmy4MZlRXuBdiyZNNOGJpkhOSOWoW/hwq0+hjtx6wv4FL6CaTsLbftD4OP/z4GTP4gFN+C6305uZXVtfSO/Wdja3tndK+4fNEyUaMrqNBKRbgXEMMEVqwMHwVqxZkQGgjWD4fUkbz4ybXik7mEUM1+SvuIhpwSs9dAB9gQmTO8kEWLcLZbcsjsVXgQvgxLKVOsWfzq9iCaSKaCCGNP23Bj8lGjgVLBxoZMYFhM6JH3WtqiIZMZPp1eP8Yl1ejiMtH0K8NT9u5ESacxIBnZSEhiY+WxiLs0mjjahWRa2EwgrfspVnABTdHZFmAgMEZ70g3tcMwpiZIFQze1HMB0QTSjYFgu2IW++j0VonJW9y/LF7XmpWsm6yqMjdIxOkYeuUBXdoBqqI4o0ekGv6M15dt6dD+dzNppzsp1D9E/O1y9bNJ7g</latexit>

Small

2: (a) Level set function. (b) Cell classification based on the volume fraction. (c) Implicitly-defined

Table 1: Properties of the considered materials.

Material ID Property Component Value
M1 Young’s modulus E 1

Poisson’s ratios ν 0.25
Density ρ 1

M2 Young’s moduli E1 25
E2, E3 1

Poisson’s ratios ν23, ν13, ν12 0.25
Shear moduli G23 0.2

G13, G12 0.5
Density ρ 1

lts

developed formulation has been implemented in PySCo1, a collection of python rout
computing, and tested with several test cases, whose results are reported and discu

ent section.
s and shells with different material layups have been analyzed. Table 1 summari
cal properties of the materials M1, isotropic, and M2, transversely isotropic, used
al plies. Table 2 details the layups, labeled as P1, P2, C1, C2, S1, considered for the a
d shells.
ll the considered cases, relevant hp-convergence analyses have been performed, con
characteristic size h of the mesh and the order p of the DG basis functions, which here

r-product Legendre polynomials. The obtained results have been presented upon intr
wing error measures:

≡ |ωh − ωref |
|ωref | , eU ≡

||Uh −U ref ||L∞(Ωh
ξ )

||U ref ||L∞(Ωh
ξ )

and e∇U ≡
||Uh −U ref ||W 1∞(Ωh

ξ )

||U ref ||W 1∞(Ωh
ξ )

e superscript h refers to the scalar or vector output provided by the proposed DG

://gitlab.com/aeropa/pysco
10
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<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

<latexit sha1_base64="xboPayvL+hU8pg2CCjLL/IzVtgY=">AAACB3icbZDNSgMxFIVv6l+tf1WXboJFcFVmRLTLghuXFe0PtEPJpJk2NJMZkoxYhj6AC7f6GO7ErY/hU/gKZtpZaNsDgY9z7oWb48eCa+M436iwtr6xuVXcLu3s7u0flA+PWjpKFGVNGolIdXyimeCSNQ03gnVixUjoC9b2xzdZ3n5kSvNIPphJzLyQDCUPOCXGWvdPfbdfrjhVZya8DG4OFcjV6Jd/eoOIJiGThgqiddd1YuOlRBlOBZuWeolmMaFjMmRdi5KETHvp7NQpPrPOAAeRsk8aPHP/bqQk1HoS+nYyJGakF7PMXJlljtKBXhV2ExPUvJTLODFM0vkVQSKwiXBWCh5wxagREwuEKm4/gumIKEKNra5kG3IX+1iG1kXVvape3l1W6rW8qyKcwCmcgwvXUIdbaEATKAzhBV7hDT2jd/SBPuejBZTvHMM/oa9fp/6Zjg==</latexit>x1

F .

numeric Ωh
ξ )

and260

|| • ||W 1∞
among261

all the c aluated262
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angular264

(34)
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Eventua ccurate266

Newmar267

4.1. Squ268

In th ibes its269

geometr tigated.270

The geo271

(35)
Jo
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na
l P
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ro
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Table 2: Properties of the considered plate/shell sections.

Shell ID Material Layup Layer(s) thickness
P1 M1 [0] ζ
P2 M2 [0/90]2 ζ/4
C1 M1 [0] ζ
C2 M2 [0/90]2 ζ/4
S1 M1 [0] ζ

<latexit sha1_base64="JceWLQOeXJlPJgJrzCfxr003vz0=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokpWiXBTcuK9ofaEOZTCft0MkkzEzEEPoALtzqY7gTtz6GT+ErOGmz0LYHBj7OuRfuHC/iTGnb/rYKG5tb2zvF3dLe/sHhUfn4pKPCWBLaJiEPZc/DinImaFszzWkvkhQHHqddb3qT5d1HKhULxYNOIuoGeCyYzwjWxrp/GtaG5YpdtedCq+DkUIFcrWH5ZzAKSRxQoQnHSvUdO9JuiqVmhNNZaRArGmEyxWPaNyhwQJWbzk+doQvjjJAfSvOERnP370aKA6WSwDOTAdYTtZxl5tosc6Ty1bqwH2u/4aZMRLGmgiyu8GOOdIiyUtCISUo0TwxgIpn5CCITLDHRprqSachZ7mMVOrWqc1Wt39UrzUbeVRHO4BwuwYFraMIttKANBMbwAq/wZj1b79aH9bkYLVj5zin8k/X1C6mfmY8=</latexit>x2

(a)
<latexit sha1_base64="0qhgLZgbEUR2G99W2y9rJNtZQqs=">AAACEHicbVDLSsNAFL2pr1pfVZduBotQNyWpgl0W3LisYFuhCWUynbRDJ5MwMxFK6E+4cKuf4U7c+gd+hb/gJM1C2x64cDjnXjj3+DFnStv2t1Xa2Nza3invVvb2Dw6PqscnPRUlktAuiXgkH32sKGeCdjXTnD7GkuLQ57TvT28zv/9EpWKReNCzmHohHgsWMIK1kVw3xHoiw7SOL+fDas1u2DnQKnEKUoMCnWH1xx1FJAmp0IRjpQaOHWsvxVIzwum84iaKxphM8ZgODBU4pMpL88xzdGGUEQoiaUZolKt/L1IcKjULfbOZZVTLXiau9fKPVKDWmYNEBy0vZSJONBVkkSJIONIRytpBIyYp0XxmCCaSmUcQmWCJiTYdVkxDznIfq6TXbDhXjeb9da3dKroqwxmcQx0cuIE23EEHukAghhd4hTfr2Xq3PqzPxWrJKm5O4R+sr1/MB51q</latexit>

(b)
<latexit sha1_base64="OOoTDEGW5mHDT/EFVoJNesjGQj0=">AAACEHicbVDLSsNAFL2pr1pfVZduBotQNyWpgl0W3LisYFuhCWUynbRDJ5MwMxFK6E+4cKuf4U7c+gd+hb/gJM1C2x64cDjnXjj3+DFnStv2t1Xa2Nza3invVvb2Dw6PqscnPRUlktAuiXgkH32sKGeCdjXTnD7GkuLQ57TvT28zv/9EpWKReNCzmHohHgsWMIK1kVw3xHoiw7TuX86H1ZrdsHOgVeIUpAYFOsPqjzuKSBJSoQnHSg0cO9ZeiqVmhNN5xU0UjTGZ4jEdGCpwSJWX5pnn6MIoIxRE0ozQKFf/XqQ4VGoW+mYzy6iWvUxc6+UfqUCtMweJDlpeykScaCrIIkWQcKQjlLWDRkxSovnMEEwkM48gMsESE206rJiGnOU+Vkmv2XCuGs3761q7VXRVhjM4hzo4cANtuIMOdIFADC/wCm/Ws/VufVifi9WSVdycwj9YX7/Nqp1r</latexit>

<latexit sha1_base64="xboPayvL+hU8pg2CCjLL/IzVtgY=">AAACB3icbZDNSgMxFIVv6l+tf1WXboJFcFVmRLTLghuXFe0PtEPJpJk2NJMZkoxYhj6AC7f6GO7ErY/hU/gKZtpZaNsDgY9z7oWb48eCa+M436iwtr6xuVXcLu3s7u0flA+PWjpKFGVNGolIdXyimeCSNQ03gnVixUjoC9b2xzdZ3n5kSvNIPphJzLyQDCUPOCXGWvdPfbdfrjhVZya8DG4OFcjV6Jd/eoOIJiGThgqiddd1YuOlRBlOBZuWeolmMaFjMmRdi5KETHvp7NQpPrPOAAeRsk8aPHP/bqQk1HoS+nYyJGakF7PMXJlljtKBXhV2ExPUvJTLODFM0vkVQSKwiXBWCh5wxagREwuEKm4/gumIKEKNra5kG3IX+1iG1kXVvape3l1W6rW8qyKcwCmcgwvXUIdbaEATKAzhBV7hDT2jd/SBPuejBZTvHMM/oa9fp/6Zjg==</latexit>x1

<latexit sha1_base64="JceWLQOeXJlPJgJrzCfxr003vz0=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokpWiXBTcuK9ofaEOZTCft0MkkzEzEEPoALtzqY7gTtz6GT+ErOGmz0LYHBj7OuRfuHC/iTGnb/rYKG5tb2zvF3dLe/sHhUfn4pKPCWBLaJiEPZc/DinImaFszzWkvkhQHHqddb3qT5d1HKhULxYNOIuoGeCyYzwjWxrp/GtaG5YpdtedCq+DkUIFcrWH5ZzAKSRxQoQnHSvUdO9JuiqVmhNNZaRArGmEyxWPaNyhwQJWbzk+doQvjjJAfSvOERnP370aKA6WSwDOTAdYTtZxl5tosc6Ty1bqwH2u/4aZMRLGmgiyu8GOOdIiyUtCISUo0TwxgIpn5CCITLDHRprqSachZ7mMVOrWqc1Wt39UrzUbeVRHO4BwuwYFraMIttKANBMbwAq/wZj1b79aH9bkYLVj5zin8k/X1C6mfmY8=</latexit>x2

<latexit sha1_base64="bK3lGSZlg4GXwWxHizGwCnPU2F8="></latexit>

t = qH(t) sin

✓
⇡⇠1
⌅1

◆
sin

✓
⇡⇠2
⌅2

◆
g3 <latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

<latexit sha1_base64="D2HFQV/jCQqni0xunzdiCacOmZ8=">AAACBXicbZC7SgNBFIbPxluMt6ilzWAQrMKuiKYM2FhYJGAukCxhdnI2GTJ7YWZWCEtqC1t9DDux9Tl8Cl/B2WQLTfLDwMf/nwNnfi8WXGnb/rYKG5tb2zvF3dLe/sHhUfn4pK2iRDJssUhEsutRhYKH2NJcC+zGEmngCex4k7ss7zyhVDwKH/U0Rjego5D7nFFtrObDoFyxq/ZcZBWcHCqQqzEo//SHEUsCDDUTVKmeY8faTanUnAmclfqJwpiyCR1hz2BIA1RuOj90Ri6MMyR+JM0LNZm7fzdSGig1DTwzGVA9VstZZq7NMkcqX60Le4n2a27KwzjRGLLFFX4iiI5IVgkZcolMi6kByiQ3HyFsTCVl2hRXMg05y32sQvuq6txUr5vXlXot76oIZ3AOl+DALdThHhrQAgYIL/AKb9az9W59WJ+L0YKV75zCP1lfvypgmL4=</latexit>

L
<latexit sha1_base64="D2HFQV/jCQqni0xunzdiCacOmZ8=">AAACBXicbZC7SgNBFIbPxluMt6ilzWAQrMKuiKYM2FhYJGAukCxhdnI2GTJ7YWZWCEtqC1t9DDux9Tl8Cl/B2WQLTfLDwMf/nwNnfi8WXGnb/rYKG5tb2zvF3dLe/sHhUfn4pK2iRDJssUhEsutRhYKH2NJcC+zGEmngCex4k7ss7zyhVDwKH/U0Rjego5D7nFFtrObDoFyxq/ZcZBWcHCqQqzEo//SHEUsCDDUTVKmeY8faTanUnAmclfqJwpiyCR1hz2BIA1RuOj90Ri6MMyR+JM0LNZm7fzdSGig1DTwzGVA9VstZZq7NMkcqX60Le4n2a27KwzjRGLLFFX4iiI5IVgkZcolMi6kByiQ3HyFsTCVl2hRXMg05y32sQvuq6txUr5vXlXot76oIZ3AOl+DALdThHhrQAgYIL/AKb9az9W59WJ+L0YKV75zCP1lfvypgmL4=</latexit>

L

<latexit sha1_base64="D2HFQV/jCQqni0xunzdiCacOmZ8=">AAACBXicbZC7SgNBFIbPxluMt6ilzWAQrMKuiKYM2FhYJGAukCxhdnI2GTJ7YWZWCEtqC1t9DDux9Tl8Cl/B2WQLTfLDwMf/nwNnfi8WXGnb/rYKG5tb2zvF3dLe/sHhUfn4pK2iRDJssUhEsutRhYKH2NJcC+zGEmngCex4k7ss7zyhVDwKH/U0Rjego5D7nFFtrObDoFyxq/ZcZBWcHCqQqzEo//SHEUsCDDUTVKmeY8faTanUnAmclfqJwpiyCR1hz2BIA1RuOj90Ri6MMyR+JM0LNZm7fzdSGig1DTwzGVA9VstZZq7NMkcqX60Le4n2a27KwzjRGLLFFX4iiI5IVgkZcolMi6kByiQ3HyFsTCVl2hRXMg05y32sQvuq6txUr5vXlXot76oIZ3AOl+DALdThHhrQAgYIL/AKb9az9W59WJ+L0YKV75zCP1lfvypgmL4=</latexit>

L

<latexit sha1_base64="TYxXaYSmgJviB5dQ4rXtaBMvrgM=">AAACCnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXRFMGbCwj5AbJEmYnZ5MxsxdmzgphyRtY2Opj2ImtL+FT+ArOJltokh8GPv7/HDjze7EUGm372ypsbG5t7xR3S3v7B4dH5eOTto4SxaHFIxmprsc0SBFCCwVK6MYKWOBJ6HiTuyzvPIHSIgqbOI3BDdgoFL7gDI3V7jfHgGxQrthVey66Ck4OFZKrMSj/9IcRTwIIkUumdc+xY3RTplBwCbNSP9EQMz5hI+gZDFkA2k3n187ohXGG1I+UeSHSuft3I2WB1tPAM5MBw7FezjJzbZY5Svt6XdhL0K+5qQjjBCHkiyv8RFKMaNYLHQoFHOXUAONKmI9QPmaKcTTtlUxDznIfq9C+qjo31euH60q9lndVJGfknFwSh9ySOrknDdIinDySF/JK3qxn6936sD4XowUr3zkl/2R9/QI1DZr2</latexit>

⇥

<latexit sha1_base64="yTyJqHlOVDtOz1V+9z8w51L0EU8=">AAACBXicbZC7SgNBFIbPxluMt6ilzWAQrMKuiKYM2FgmYi6QLGF2cjYZMnthZlYIS2oLW30MO7H1OXwKX8HZZAtN8sPAx/+fA2d+LxZcadv+tgobm1vbO8Xd0t7+weFR+fikraJEMmyxSESy61GFgofY0lwL7MYSaeAJ7HiTuyzvPKFUPAof9TRGN6CjkPucUW2s5sOgXLGr9lxkFZwcKpCrMSj/9IcRSwIMNRNUqZ5jx9pNqdScCZyV+onCmLIJHWHPYEgDVG46P3RGLowzJH4kzQs1mbt/N1IaKDUNPDMZUD1Wy1lmrs0yRypfrQt7ifZrbsrDONEYssUVfiKIjkhWCRlyiUyLqQHKJDcfIWxMJWXaFFcyDTnLfaxC+6rq3FSvm9eVei3vqghncA6X4MAt1OEeGtACBggv8Apv1rP1bn1Yn4vRgpXvnMI/WV+/NCaYxA==</latexit>

R

<latexit sha1_base64="Xze4HXN3BW1YVQeMplNRoNO/+cU=">AAACH3icbZC7SgNBFIZn4y3GW9RKbBaDYGPYFW+FRcDGMqK5QBLC7ORsMmR2d5g5K4Yl+CwWtvoYdmKbp/AVnE1SaJIfBj7+/xyY83tScI2OM7IyS8srq2vZ9dzG5tb2Tn53r6qjWDGosEhEqu5RDYKHUEGOAupSAQ08ATWvf5vmtSdQmkfhIw4ktALaDbnPGUVjtfMHTYRn1H7ywAMpBqc6ljJSCJ1hO19wis5Y9jy4UyiQqcrt/E+zE7E4gBCZoFo3XEdiK6EKORMwzDVjDZKyPu1Cw2BIA9CtZHzC0D42Tsf2I2VeiPbY/buR0EDrQeCZyYBiT89mqbkwSx2lfb0obMToX7cSHsoYIWSTX/ixsDGy07LsDlfAUAwMUKa4OcRmPaooQ1NpzjTkzvYxD9WzontZvLg/L5Rupl1lySE5IifEJVekRO5ImVQIIy/kjbyTD+vV+rS+rO/JaMaa7uyTf7JGv0TKpBs=</latexit>
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lateral faces

igure 3: Geometry, constraints and loads of the investigated (a) square plate and (b) cylindrical shell

al scheme, the superscript ref refers to the considered reference solution, while || • ||L∞(

(Ωh
ξ )

are the standard L∞ norm and W 1
∞ norm defined over Ωh

ξ as the maximum value

omponents of • and among all the components of • and its derivatives, respectively, ev
omain quadrature points. In some of the convergence studies, the following non-dime
frequency is also employed

ω =
L2
r

π2

√
ρr

Erζ2
ω,

r, ρr and Er are suitably specified reference values of length, density and stiffness, respe
lly, for transient analysis, time-integration is performed via a standard second-order a
k scheme [44].

are plate

e first set of tests, the square plate shown in Fig.(3a), which schematically descr
y, boundary conditions and loads later considered in the transient analysis, is inves
metry of the plate reference surface is described by the parametrization

x0 =




ξ1
ξ2
0


 , ∀(ξ1, ξ2) ∈ [0, L]× [0, L] ≡ Ωξ.
11
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Laminated plate P2

hp-convergence analysis for the (first and third columns) first eigenvalue and the (second and fourth
vector for the free-vibration response of the analyzed square plate. Each row of diagrams group
by the corresponding structural theory; the first two columns refer to the plate with layup P1, while
to the plate with layup P2.

= 1m and ζ/L = 0.01. The two different layups P1 and P2 in Table 2 are conside
and laminated plate, respectively.
the free-vibrations problem is considered. Fig.4 shows the results of a hp-convergence a
rst eigenvalue and the associated eigenvector, for the proposed numerical scheme.
, the relevant error, either eω or eU , is computed using the exact solution as the re
[37] and is plotted against h/L = 1/n, i.e. the ratio between the mesh element edge l
plate edge length L. Each curve corresponds to a different polynomial order p assume
me – Section 3 – as expressed through the label DGp. The diagrams are grouped so th
rs to a certain structural theory, namely FSDT, ED111 and ED333. On the other han
refers to the results computed for an eigenvalue or the corresponding eigenvector, wit
p P1 or P2. It is observed that the numerical scheme features convergence of order O
eigenvector error and convergence of order O(h2(p−1)) for the eigenvalue error. It i
hat, although the results have been presented in terms of the first eigenvalue and ass
tor of the free-vibration problem, a convergence analysis for higher frequency modes is r
eometries considered in Sec.(4.3) and Sec.(4.4).
ansient analysis is then performed for the laminated plate with layup P2, consider
12
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Convergence assessment for the dynamic transient analysis of the laminated square plate with layu
s and loads specified in Fig.(3a). The transient response is computed adopting the FSDT kinematic mo
ence of the DG2 scheme is investigated in terms of time history of (a) displacements and (d) stress com
ation (ξ1, ξ2, ξ3) = (L/2, L/2, ζ/2). The p-convergence is investigated in terms of time histories of
cement and (e) stress components, setting n = 2. The hp-convergence of the solution computed at t
investigated for the (c) displacement field and (f) its derivatives.

loading term t̄ in Fig.(3a), where q is assumed as unitary, being used in the non-dime
s of stress, H(t) is the Heaviside step function, and Ξ1 = Ξ2 = L. The related
rted in Fig.(5). In particular, Fig.(5a,d) investigate the h-convergence of the plate d
, reporting the time history for the non-dimensional displacement and stress compone

û3 ≡
ζ3

L4
u3 and σ̂11 ≡

ζ2

L2q
σ11,

at the point (ξ1, ξ2, ξ3) = (L/2, L/2, ζ/2), belonging to the plate’s top surface. The r
late for t ∈ [0, 2T ], with T = 2π/ω1, is reported as computed using the FSDT wit
ynomial interpolation degree p = 2 and n = 2, 4, 8, 16. The computed time histo
d with the available exact solution and it is observed that the employed scheme p
gly accurate results when n ≥ 4, both for the displacement and stress component. Fi
e time histories for the same non-dimensional components at the same physical loca
d selecting n = 2 and different orders of polynomial interpolation p for the DGp schem
d transient responses converge to the analytic exact solutions for both the displacem
mponents. Satisfying results are provided by p ≥ 3 for the displacement and by p
s component. Eventually, Figs.(5c) and (5f) report the errors eU and e∇U of the co
s with respect to the exact solutions at t = T/2, showing orders of convergence O(hp

espectively.

arter of cylinder

second application considers the cylindrical shell whose geometry, constraints and lo
sient analysis are schematically depicted in Fig.(3b). The shell geometry is described
13
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Laminated shell C2

hp-convergence analysis for the (first and third columns) first eigenvalue and the (second and fourth
vector for the free-vibration response of the analyzed cylindrical shell. Each row groups diagrams pro
ted structural theory – FSDT, ED111, or ED333; the first two columns refer to the plate with layup
o refer to the plate with layup C2.

rization

x0 =




ξ2
−R sin(ξ1)
R cos(ξ1)


 , ∀(ξ1, ξ2) ∈ [0,Θ]× [0, L] ≡ Ωξ

= 1m, L/R = 2, ζ/R = 0.01, and Θ = π/2.
a free-vibrations analysis is performed, considering both sections C1 and C2 in Tabl
and laminated shells respectively. Fig.(6) reports the results of a hp-convergence asse

rst eigenvalues and the corresponding eigenvectors for the layups C1 and C2. The res
d and grouped analogously to what has been done for previous plate analysis. Also
ion the method features convergence of orderO(hp+1) for the eigenvectors error and conv
O(h2(p−1)) for the eigenvalues error.
nsient dynamic analysis for the cylindrical shell with laminated layup C2 is then per
l is subject to the loads defined in Fig.(3b) where, in the case of the cylindrical shell, Ξ1

= L. The results are collected in Fig.(7) and presented analogously to what has bee
bove plate transient analysis. Fig.(7a,d) investigate the h-convergence of the shell d
14
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Convergence assessment for the dynamic transient analysis of the laminated cylindrical shell with layu
s and loads specified in Fig.(3b). The transient response is computed adopting the ED333 kinemati
vergence of the DG2 scheme is investigated in terms of time history of non-dimensional (a) displacem
components at the location (ξ1, ξ2, ξ3) = (Θ/4, L/2, ζ/2). The p-convergence is investigated in term
f the same (b) displacement and (e) stress non-dimensional components, setting n = 2. The hp-con
ution computed at t = T/2 is eventually investigated for the (c) displacement field and (f) its derivat

, reporting the time history for the non-dimensional displacement and stress compone

ûξ3 ≡
ζ2

R3
uξ3 and σ̂11 ≡

ζ

Rq
σ11

at the point (ξ1, ξ2, ξ3) = (Θ/4, L/2, ζ/2). The shell transient response is compu
T ], with T = 2π/ω1, adopting a ED333 structural theory coupled with a DG2 sche
, 8, 16. It is observed that the computed transient responses converge to the availabl
s, although more slowly than in the case of the plate, and satisfyingly accurate res
only with the finer mesh, i.e. with n = 16. On the other hand, Fig.(5b,e) show t
for the same non-dimensional components at the same physical location as computed s
nd different polynomial orders p for the DGp scheme. The computed responses conv
ytic exact solutions for both the displacement and stress components and satisfying
ided by p ≥ 3 for both the displacement and stress component. Eventually, Figs.(7c) a
errors eU and e∇U of the numerical versus the exact solutions at t = T/2, revealing o
nce O(hp+1) and O(hp), respectively, analogous to those observed in the plate analysi

cular plate

circular plate shown in Fig.(8) is considered for the third set of tests. In this ca
surface Ωξ of the circular plate is defined using the implicit approach described in Se
ular, upon employing the same mapping x0 = x0(ξ1, ξ2) given in Eq.(35), where (ξ1, ξ
ground rectangle Rξ ≡ [0, 2R]×[0, 2R], being R = 1m, Ωξ is implicitly defined by the fo
function

φ = (ξ1 − c1)
2 + (ξ2 − c2)

2 −R2,
15
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u = 0

Figure 8: Geometry, constraints and loads of the investigated circular plate.

= c2 = R. The considered circular plates have the isotropic and laminated sections den

2 in Tab.(2), have thickness ζ/R = 0.01 and are modeled using the FSDT. The discre
rcular plate is obtained by dividing the background rectangle Rξ using a n×n structu
wing the procedure discussed in Sec.(3.3).
results obtained for free-vibration problem are considered first. Tab.(3) shows the eige
k = 1, 2, 4, 6, 7, for the isotropic circular plate, computed using a DG4 scheme as a f
esh size h = 2R/n, with n = 2, 3, 4, 6, 8. With reference to Eq.(34), the non-dime
ues are computed using Lr = R, Er = E and ρr = ρ, where E and ρ are the Y
and the density, respectively, of the material M1. In Tab.(3), the top row shows the im

mesh for each considered value of n, the second column from the right reports the co
sults, while the rightmost column shows the eigenmodes associated with each eigenva
d by the present approach using the finest mesh.
larly, Tab.(4) shows some selected eigenvalues for the laminated circular plate computed
me and the same mesh sizes employed for the isotropic plate. In this case, the non-dime
ues are computed using the Young’s modulus and the density of the material M2. Th
rts the converged FEM results and the eigenmodes associated with each eigenvalue.
th the isotropic and the laminated plate cases, it is possible to observe that the propo
s able to recover the reference FEM solution; as expected, the higher the computed eige
is the required mesh to achieve convergence. A more detailed convergence analysis is r
), which illustrates a comparison between the present DG formulation and two FEM
of computed eigenvalues versus the total number of degrees of freedom (DOF). In th
), each colored curve corresponds to the results obtained using a specific value p of
ctions and different mesh sizes, while the dashed gray and black lines correspond to the
via Abaqus’ S4R and S8R elements, respectively. Figs.(9a,b) refer to the isotropic plat

,d) refer to the laminated plate. In all cases, it is possible to observe the savings in t
abled by the use of higher-order basis functions, which allows the proposed formula
faster convergence than FEM.
nsient analysis is then performed considering a uniform load t applied over the top
ircular plate as sketched in Fig.(8). Similar to the square plate and cylindrical sh
t response is computed for t ∈ [0, 2T ], where T = 2π/ω1. The obtained results are r
0) for the isotropic plate case and in Fig.(11) for the laminated plate case. Figs
.(11a,c) illustrate the h-convergence of the transient response in terms of the followi
nal components of displacement and stress

û3 ≡
ζ2

R3
u3 and σ̂11 ≡

ζ

Rq
σ11,
16
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Table 3: the DG4

scheme.
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M

ω

ω

ω

ω

ω
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Table 4: the DG6

scheme.
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Effect of the mesh size on some selected eigenvalues for the isotropic circular plate computed using

2 3 4 6 8 FEM Eigenmod

esh

1 0.3091 0.3085 0.3086 0.3085 0.3085 0.3085

2 0.6560 0.6467 0.6426 0.6419 0.6419 0.6419

4 1.0819 1.0568 1.0580 1.0529 1.0527 1.0527

6 1.2291 1.2041 1.2056 1.2005 1.2004 1.2004

7 1.8944 1.6431 1.5777 1.5405 1.5399 1.5398

||u||
0 0.5 1

Effect of the mesh size on some selected eigenvalues for the laminated circular plate computed using

n 2 3 4 6 8 FEM Eigenmode

ω1 0.1738 0.1738 0.1738 0.1738 0.1738 0.1738

ω2 0.3602 0.3601 0.3602 0.3602 0.3602 0.3602

ω6 0.6675 0.6674 0.6674 0.6674 0.6674 0.6674

ω7 0.8348 0.8345 0.8346 0.8345 0.8345 0.8346

ω10 1.0409 1.0346 1.0346 1.0345 1.0345 1.0345

||u||
0 0.5 1.0
17
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(d)

Comparison between the proposed DG formulation and two FEM schemes in terms of computed eig
r of degrees of freedom. Figures (a) and (b) refers to the first and seventh eigenvalues, respectively
circular plate, while figures (c) and (d) refers to the sixth and tenth eigenvalues, respectively, for the la
late. Light and dark gray areas denote the regions of less than 5% and 1% deviation, respectively,
values.

d using the DG2 scheme. The p-convergence for the same displacement and stress com
ed in Figs.(10b,d) and Figs.(11b,d), for n = 4. The obtained results confirm the ben
gh-order basis functions to obtain a converged solution, in terms of both displacem
mponents, using relatively coarse meshes.

erally-curved shell

e last set of tests, we consider the free-vibration response of the generally-curved shel
2). The shell’s reference surface is a B-spline surface [45] defined by the mapping

x0(ξ1, ξ2) =

K1∑

k1=0

K2∑

k2=0

N q1
k1
(ξ1)N

q2
k2
(ξ2)P k1,k2 , ∀(ξ1, ξ2) ∈ [0, 1]× [0, 1] ≡ Ωξ,

k1,k2 , with k1 = 0, . . . , K1 and k2 = 0, . . . , K2, are the so-called control points, and N
B-spline basis function of degree q. For the shell of Fig.(12), K1 = K2 = 3 and q1 =
e control points are reported in Tab.(5).
shell has thickness ζ = 0.01m, is made of the isotropic material M1 reported in Tab.
led by the FSDT. A convergence analysis in terms of some selected computed eige
ions of DOF is reported in Fig.(13), which shows a comparison between the results o
proposed formulation using different DG schemes and the results obtained using A
S8R elements. In this case, the non-dimensional eigenvalues are evaluated setting E
ρ of material M1 and Lr = 1m in Eq.(34). From Fig.(13), it is possible to notice t

approach recovers the FEM results within an error of less than 3% and, similar to the
lar plate, higher-order basis functions enable faster convergence. Eventually, the co
des associated with the eigenvalues of Fig.(13) are reported in Fig.(14) as contour plot
de of the displacement field. The figures also show the same contour levels of the eige
d using FEM as solid black lines, which match well with the contour levels compute
ent formulation, thus confirming its accuracy.

ussion and further developments

is study, a novel computational framework has been developed and assessed for the a
ent and free vibrations in composite laminated plates and shells. The proposed form
18
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: Convergence assessment for the transient analysis of the isotropic circular plate having layup P1 and
DT. The h-convergence of the DG2 scheme is investigated in terms of time history of non-dimens
ents and (c) stress components at the location (ξ1, ξ2, ξ3) = (c1, c2, ζ/2). The p-convergence is investi
non-dimensional displacements and stress components in figures (b) and (d), respectively, setting n =
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(d)

: Convergence assessment for the transient analysis of the laminated circular plate having layup
y the FSDT. The h-convergence of the DG2 scheme is investigated in terms of time history of non-dim
cements and (c) stress components at the location (ξ1, ξ2, ξ3) = (c1, c2, ζ/2). The p-convergence is inv
me non-dimensional displacements and stress components in figures (b) and (d), respectively, setting
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<latexit sha1_base64="1Gs3ZdYpkgH39MAxWRKbkkOTJsg=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokVbTLghuXFe0PtKFMppN26GQSZiZiCX0AF271MdyJWx/Dp/AVnKRZaNsDAx/n3At3jhdxprRtf1uFtfWNza3idmlnd2//oHx41FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7lJ884jlYqF4kFPI+oGeCSYzwjWxrp/GtQG5YpdtTOhZXByqECu5qD80x+GJA6o0IRjpXqOHWk3wVIzwums1I8VjTCZ4BHtGRQ4oMpNslNn6Mw4Q+SH0jyhUeb+3UhwoNQ08MxkgPVYLWapuTJLHal8tSrsxdqvuwkTUaypIPMr/JgjHaK0FDRkkhLNpwYwkcx8BJExlphoU13JNOQs9rEM7VrVuape3F1WGvW8qyKcwCmcgwPX0IBbaEILCIzgBV7hzXq23q0P63M+WrDynWP4J+vrF6lNmY4=</latexit>x2

Figure 12 estigated
generally-

P k1,

k2 95)
07)
59)
08)

1

4.20

4.40

4.60

4.80

5.00

1

105

DG4
DG6
DG8

Figure 13 envalues
vs numbe e regions
of less tha
 Jo

ur
na

l P
re

-p
ro

of<latexit sha1_base64="1Gs3ZdYpkgH39MAxWRKbkkOTJsg=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokVbTLghuXFe0PtKFMppN26GQSZiZiCX0AF271MdyJWx/Dp/AVnKRZaNsDAx/n3At3jhdxprRtf1uFtfWNza3idmlnd2//oHx41FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7lJ884jlYqF4kFPI+oGeCSYzwjWxrp/GtQG5YpdtTOhZXByqECu5qD80x+GJA6o0IRjpXqOHWk3wVIzwums1I8VjTCZ4BHtGRQ4oMpNslNn6Mw4Q+SH0jyhUeb+3UhwoNQ08MxkgPVYLWapuTJLHal8tSrsxdqvuwkTUaypIPMr/JgjHaK0FDRkkhLNpwYwkcx8BJExlphoU13JNOQs9rEM7VrVuape3F1WGvW8qyKcwCmcgwPX0IBbaEILCIzgBV7hzXq23q0P63M+WrDynWP4J+vrF6lNmY4=</latexit>x2

<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

<latexit sha1_base64="vo/Qmgku5QsSk/svozH1nJ36Ayw=">AAACMHicbVDLSgMxFM34rPU16tJNsAjiosxI0W6EghuXFewDOkPJpJk2NJMMSUYow/yD3+LCrX6GrsStG3/BTDuL2vZAyOGce+DeE8SMKu04n9ba+sbm1nZpp7y7t39waB8dt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC8V3ud56IVFTwRz2JiR+hIachxUgbqW9fesLYeTr1AsEGahKZL02yDN7CecXJ+nbFqTpTwGXiFqQCCjT79q83EDiJCNeYIaV6rhNrP0VSU8xIVvYSRWKEx2hIeoZyFBHlp9ObMnhulAEMhTSPazhV5xMpilS+mpmMkB6pRS8XV3q5IlWoVpm9RId1P6U8TjTheLZFmDCoBczbgwMqCdZsYgjCkppDIB4hibA2HZdNQ+5iH8ukfVV1r6u1h1qlUS+6KoFTcAYugAtuQAPcgyZoAQyewSt4A+/Wi/VhfVnfs9E1q8icgH+wfv4AGiqrLQ==</latexit>

u = 0

(a)
<latexit sha1_base64="0qhgLZgbEUR2G99W2y9rJNtZQqs=">AAACEHicbVDLSsNAFL2pr1pfVZduBotQNyWpgl0W3LisYFuhCWUynbRDJ5MwMxFK6E+4cKuf4U7c+gd+hb/gJM1C2x64cDjnXjj3+DFnStv2t1Xa2Nza3invVvb2Dw6PqscnPRUlktAuiXgkH32sKGeCdjXTnD7GkuLQ57TvT28zv/9EpWKReNCzmHohHgsWMIK1kVw3xHoiw7SOL+fDas1u2DnQKnEKUoMCnWH1xx1FJAmp0IRjpQaOHWsvxVIzwum84iaKxphM8ZgODBU4pMpL88xzdGGUEQoiaUZolKt/L1IcKjULfbOZZVTLXiau9fKPVKDWmYNEBy0vZSJONBVkkSJIONIRytpBIyYp0XxmCCaSmUcQmWCJiTYdVkxDznIfq6TXbDhXjeb9da3dKroqwxmcQx0cuIE23EEHukAghhd4hTfr2Xq3PqzPxWrJKm5O4R+sr1/MB51q</latexit>

(b)
<latexit sha1_base64="OOoTDEGW5mHDT/EFVoJNesjGQj0=">AAACEHicbVDLSsNAFL2pr1pfVZduBotQNyWpgl0W3LisYFuhCWUynbRDJ5MwMxFK6E+4cKuf4U7c+gd+hb/gJM1C2x64cDjnXjj3+DFnStv2t1Xa2Nza3invVvb2Dw6PqscnPRUlktAuiXgkH32sKGeCdjXTnD7GkuLQ57TvT28zv/9EpWKReNCzmHohHgsWMIK1kVw3xHoiw7TuX86H1ZrdsHOgVeIUpAYFOsPqjzuKSBJSoQnHSg0cO9ZeiqVmhNN5xU0UjTGZ4jEdGCpwSJWX5pnn6MIoIxRE0ozQKFf/XqQ4VGoW+mYzy6iWvUxc6+UfqUCtMweJDlpeykScaCrIIkWQcKQjlLWDRkxSovnMEEwkM48gMsESE206rJiGnOU+Vkmv2XCuGs3761q7VXRVhjM4hzo4cANtuIMOdIFADC/wCm/Ws/VufVifi9WSVdycwj9YX7/Nqp1r</latexit>

<latexit sha1_base64="QH1ylgElwXM3MwCoOa0FSXZGA4g=">AAACB3icbZDNSgMxFIVv/K31r+rSTbAIrspMEe2y4MZlRfsD7VAyaaYNzWSGJCOWoQ/gwq0+hjtx62P4FL6CmXYW2vZA4OOce+Hm+LHg2jjON1pb39jc2i7sFHf39g8OS0fHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745ssbz8ypXkkH8wkZl5IhpIHnBJjrfunvtsvlZ2KMxNeBjeHMuRq9Es/vUFEk5BJQwXRuus6sfFSogyngk2LvUSzmNAxGbKuRUlCpr10duoUn1tngINI2ScNnrl/N1ISaj0JfTsZEjPSi1lmrswyR+lArwq7iQlqXsplnBgm6fyKIBHYRDgrBQ+4YtSIiQVCFbcfwXREFKHGVle0DbmLfSxDq1pxryrVu8tyvZZ3VYBTOIMLcOEa6nALDWgChSG8wCu8oWf0jj7Q53x0DeU7J/BP6OsXp1qZjA==</latexit>x1

<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

: (a) Control points and reference surface, and (b) geometry and boundary conditions of the inv
curved shell.

Table 5: Control points defining the reference surface of the generally-curved shell of Fig.(12).

k2 [m] k1 = 0 1 2 3
= 0 (0.0, 0.0,+0.1831) (1/3, 0.0,+0.0263) (2/3, 0.0,−0.1955) (1.0, 0.0,+0.14
1 (0.0, 1/3,−0.0061) (1/3, 1/3,−0.1650) (2/3, 1/3,−0.0696) (1.0, 1/3,−0.10
2 (0.0, 2/3,−0.1183) (1/3, 2/3,+0.0601) (2/3, 2/3,+0.1219) (1.0, 2/3,+0.16
3 (0.0, 1.0,−0.1334) (1/3, 1.0,−0.1146) (2/3, 1.0,+0.1499) (1.0, 1.0,−0.02
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: Comparison between the proposed DG formulation and two FEM schemes in terms of computed eig
r of degrees of freedom for the considered generally-curved shell. Light and dark gray areas denote th
n 5% and 1% deviation, respectively, from the converged FEM values.
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of<latexit sha1_base64="QH1ylgElwXM3MwCoOa0FSXZGA4g=">AAACB3icbZDNSgMxFIVv/K31r+rSTbAIrspMEe2y4MZlRfsD7VAyaaYNzWSGJCOWoQ/gwq0+hjtx62P4FL6CmXYW2vZA4OOce+Hm+LHg2jjON1pb39jc2i7sFHf39g8OS0fHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745ssbz8ypXkkH8wkZl5IhpIHnBJjrfunvtsvlZ2KMxNeBjeHMuRq9Es/vUFEk5BJQwXRuus6sfFSogyngk2LvUSzmNAxGbKuRUlCpr10duoUn1tngINI2ScNnrl/N1ISaj0JfTsZEjPSi1lmrswyR+lArwq7iQlqXsplnBgm6fyKIBHYRDgrBQ+4YtSIiQVCFbcfwXREFKHGVle0DbmLfSxDq1pxryrVu8tyvZZ3VYBTOIMLcOEa6nALDWgChSG8wCu8oWf0jj7Q53x0DeU7J/BP6OsXp1qZjA==</latexit>x1

<latexit sha1_base64="1Gs3ZdYpkgH39MAxWRKbkkOTJsg=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokVbTLghuXFe0PtKFMppN26GQSZiZiCX0AF271MdyJWx/Dp/AVnKRZaNsDAx/n3At3jhdxprRtf1uFtfWNza3idmlnd2//oHx41FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7lJ884jlYqF4kFPI+oGeCSYzwjWxrp/GtQG5YpdtTOhZXByqECu5qD80x+GJA6o0IRjpXqOHWk3wVIzwums1I8VjTCZ4BHtGRQ4oMpNslNn6Mw4Q+SH0jyhUeb+3UhwoNQ08MxkgPVYLWapuTJLHal8tSrsxdqvuwkTUaypIPMr/JgjHaK0FDRkkhLNpwYwkcx8BJExlphoU13JNOQs9rEM7VrVuape3F1WGvW8qyKcwCmcgwPX0IBbaEILCIzgBV7hzXq23q0P63M+WrDynWP4J+vrF6lNmY4=</latexit>x2

<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

<latexit sha1_base64="/aX5c8alBsLKZUTqDLUQHwt5UTs=">AAACDnicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuCG5cVTFtsQ5lMJ+3QySTMTIQS+g8u3OpnuBO3/oJf4S84SbPQtgcuHM65F849fsyZ0rb9bZU2Nre2d8q7lb39g8Oj6vFJR0WJJNQlEY9kz8eKciaoq5nmtBdLikOf064/vc387hOVikXiQc9i6oV4LFjACNZGehyEWE9UkNrzYbVm1+0caJU4BalBgfaw+jMYRSQJqdCEY6X6jh1rL8VSM8LpvDJIFI0xmeIx7RsqcEiVl+aJ5+jCKCMURNKM0ChX/16kOFRqFvpmM0+47GXiWi9TpArUOrOf6ODGS5mIE00FWaQIEo50hLJu0IhJSjSfGYKJZOYRRCZYYqJNgxXTkLPcxyrpXNWdZr1536i1GkVXZTiDc7gEB66hBXfQBhcICHiBV3iznq1368P6XKyWrOLmFP7B+voFnVSc0Q==</latexit>

0
<latexit sha1_base64="zlUo17K1DkS7AZdkKcbOdLJiq/Y=">AAACEHicbVDLSsNAFL2pr1pfVZduBovgqiRSq8uCG5cV7AOaUCbTSTt0MgkzE6GE/oQLt/oZ7sStf+BX+AtO0iy07YELh3PuhXOPH3OmtG1/W6WNza3tnfJuZW//4PCoenzSVVEiCe2QiEey72NFORO0o5nmtB9LikOf054/vcv83hOVikXiUc9i6oV4LFjACNZGct0Q64kKUrt+PR9Wa3bdzoFWiVOQGhRoD6s/7igiSUiFJhwrNXDsWHsplpoRTucVN1E0xmSKx3RgqMAhVV6aZ56jC6OMUBBJM0KjXP17keJQqVnom80847KXiWu9TJEqUOvMQaKDWy9lIk40FWSRIkg40hHK2kEjJinRfGYIJpKZRxCZYImJNh1WTEPOch+rpHtVd5r15kOj1moUXZXhDM7hEhy4gRbcQxs6QCCGF3iFN+vZerc+rM/Faskqbk7hH6yvX5BznUg=</latexit>

0.5
<latexit sha1_base64="0+9m0KontDEbBuU5Gx37CrDV85c=">AAACEHicbVDLSsNAFL2pr1pfVZduBovgKiQi1WXBjcsK9gFNKJPppB06mYSZiVBCf8KFW/0Md+LWP/Ar/AUnaRba9sCFwzn3wrknSDhT2nG+rcrG5tb2TnW3trd/cHhUPz7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+74lKxWLxqGcJ9SM8FixkBGsjeV6E9USFmWs782G94dhOAbRK3JI0oER7WP/xRjFJIyo04Vipgesk2s+w1IxwOq95qaIJJlM8pgNDBY6o8rMi8xxdGGWEwliaERoV6t+LDEdKzaLAbBYZl71cXOvlilShWmcOUh3e+hkTSaqpIIsUYcqRjlHeDhoxSYnmM0Mwkcw8gsgES0y06bBmGnKX+1gl3SvbbdrNh+tG67rsqgpncA6X4MINtOAe2tABAgm8wCu8Wc/Wu/VhfS5WK1Z5cwr/YH39AontnUQ=</latexit>

1.0

<latexit sha1_base64="Y6/6YRdx5zno3UiD0OdnDxpJLD0=">AAACGHicbVC7TsMwFHV4lvIKZWSxqJCYqgSh0rESC2OR6ENqo8pxnNaqY0e2g6iS/ggDK3wGG2Jl4yv4BZw2A7Q9kuWjc+6Vzj1+zKjSjvNtbWxube/slvbK+weHR8f2SaWjRCIxaWPBhOz5SBFGOWlrqhnpxZKgyGek609uc7/7SKSigj/oaUy8CI04DSlG2khDu5JlA1+wQE0j86XJLMuGdtWpOXPAVeIWpAoKtIb2zyAQOIkI15ghpfquE2svRVJTzMisPEgUiRGeoBHpG8pRRJSXzrPP4IVRAhgKaR7XcK7+3UhRpPJwZjJCeqyWvVxc6+WKVKFaZ/YTHTa8lPI40YTjRYowYVALmLcEAyoJ1mxqCMKSmkMgHiOJsDZdlk1D7nIfq6RzVXPrtfr9dbXZKLoqgTNwDi6BC25AE9yBFmgDDJ7AC3gFb9az9W59WJ+L0Q2r2DkF/2B9/QLRxqE/</latexit>||u||
<latexit sha1_base64="pHe6RjSIOMQzTcAYvhq4A03kjsM=">AAACEHicbVDLSsNAFL2pr1pfVZduBovgqiQitcuCKG6ECvYBTSmT6aQdOpmEmYlQQn/ChVv9DHfi1j/wK/wFJ2kW2vbAhcM598K5x4s4U9q2v63C2vrG5lZxu7Szu7d/UD48aqswloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHm1ynfueJSsVC8ainEe0HeCSYzwjWRnLdAOux8pPbm/vZoFyxq3YGtEycnFQgR3NQ/nGHIYkDKjThWKmeY0e6n2CpGeF0VnJjRSNMJnhEe4YKHFDVT7LMM3RmlCHyQ2lGaJSpfy8SHCg1DTyzmWVc9FJxpZcqUvlqldmLtV/vJ0xEsaaCzFP4MUc6RGk7aMgkJZpPDcFEMvMIImMsMdGmw5JpyFnsY5m0L6pOrVp7uKw06nlXRTiBUzgHB66gAXfQhBYQiOAFXuHNerberQ/rc75asPKbY/gH6+sXAqOdkQ==</latexit>

FEM

(a)

<latexit sha1_base64="QH1ylgElwXM3MwCoOa0FSXZGA4g=">AAACB3icbZDNSgMxFIVv/K31r+rSTbAIrspMEe2y4MZlRfsD7VAyaaYNzWSGJCOWoQ/gwq0+hjtx62P4FL6CmXYW2vZA4OOce+Hm+LHg2jjON1pb39jc2i7sFHf39g8OS0fHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745ssbz8ypXkkH8wkZl5IhpIHnBJjrfunvtsvlZ2KMxNeBjeHMuRq9Es/vUFEk5BJQwXRuus6sfFSogyngk2LvUSzmNAxGbKuRUlCpr10duoUn1tngINI2ScNnrl/N1ISaj0JfTsZEjPSi1lmrswyR+lArwq7iQlqXsplnBgm6fyKIBHYRDgrBQ+4YtSIiQVCFbcfwXREFKHGVle0DbmLfSxDq1pxryrVu8tyvZZ3VYBTOIMLcOEa6nALDWgChSG8wCu8oWf0jj7Q53x0DeU7J/BP6OsXp1qZjA==</latexit>x1

<latexit sha1_base64="1Gs3ZdYpkgH39MAxWRKbkkOTJsg=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokVbTLghuXFe0PtKFMppN26GQSZiZiCX0AF271MdyJWx/Dp/AVnKRZaNsDAx/n3At3jhdxprRtf1uFtfWNza3idmlnd2//oHx41FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7lJ884jlYqF4kFPI+oGeCSYzwjWxrp/GtQG5YpdtTOhZXByqECu5qD80x+GJA6o0IRjpXqOHWk3wVIzwums1I8VjTCZ4BHtGRQ4oMpNslNn6Mw4Q+SH0jyhUeb+3UhwoNQ08MxkgPVYLWapuTJLHal8tSrsxdqvuwkTUaypIPMr/JgjHaK0FDRkkhLNpwYwkcx8BJExlphoU13JNOQs9rEM7VrVuape3F1WGvW8qyKcwCmcgwPX0IBbaEILCIzgBV7hzXq23q0P63M+WrDynWP4J+vrF6lNmY4=</latexit>x2

<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

(b)

<latexit sha1_base64="QH1ylgElwXM3MwCoOa0FSXZGA4g=">AAACB3icbZDNSgMxFIVv/K31r+rSTbAIrspMEe2y4MZlRfsD7VAyaaYNzWSGJCOWoQ/gwq0+hjtx62P4FL6CmXYW2vZA4OOce+Hm+LHg2jjON1pb39jc2i7sFHf39g8OS0fHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745ssbz8ypXkkH8wkZl5IhpIHnBJjrfunvtsvlZ2KMxNeBjeHMuRq9Es/vUFEk5BJQwXRuus6sfFSogyngk2LvUSzmNAxGbKuRUlCpr10duoUn1tngINI2ScNnrl/N1ISaj0JfTsZEjPSi1lmrswyR+lArwq7iQlqXsplnBgm6fyKIBHYRDgrBQ+4YtSIiQVCFbcfwXREFKHGVle0DbmLfSxDq1pxryrVu8tyvZZ3VYBTOIMLcOEa6nALDWgChSG8wCu8oWf0jj7Q53x0DeU7J/BP6OsXp1qZjA==</latexit>x1

<latexit sha1_base64="1Gs3ZdYpkgH39MAxWRKbkkOTJsg=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokVbTLghuXFe0PtKFMppN26GQSZiZiCX0AF271MdyJWx/Dp/AVnKRZaNsDAx/n3At3jhdxprRtf1uFtfWNza3idmlnd2//oHx41FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7lJ884jlYqF4kFPI+oGeCSYzwjWxrp/GtQG5YpdtTOhZXByqECu5qD80x+GJA6o0IRjpXqOHWk3wVIzwums1I8VjTCZ4BHtGRQ4oMpNslNn6Mw4Q+SH0jyhUeb+3UhwoNQ08MxkgPVYLWapuTJLHal8tSrsxdqvuwkTUaypIPMr/JgjHaK0FDRkkhLNpwYwkcx8BJExlphoU13JNOQs9rEM7VrVuape3F1WGvW8qyKcwCmcgwPX0IBbaEILCIzgBV7hzXq23q0P63M+WrDynWP4J+vrF6lNmY4=</latexit>x2

<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

(c)

<latexit sha1_base64="QH1ylgElwXM3MwCoOa0FSXZGA4g=">AAACB3icbZDNSgMxFIVv/K31r+rSTbAIrspMEe2y4MZlRfsD7VAyaaYNzWSGJCOWoQ/gwq0+hjtx62P4FL6CmXYW2vZA4OOce+Hm+LHg2jjON1pb39jc2i7sFHf39g8OS0fHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745ssbz8ypXkkH8wkZl5IhpIHnBJjrfunvtsvlZ2KMxNeBjeHMuRq9Es/vUFEk5BJQwXRuus6sfFSogyngk2LvUSzmNAxGbKuRUlCpr10duoUn1tngINI2ScNnrl/N1ISaj0JfTsZEjPSi1lmrswyR+lArwq7iQlqXsplnBgm6fyKIBHYRDgrBQ+4YtSIiQVCFbcfwXREFKHGVle0DbmLfSxDq1pxryrVu8tyvZZ3VYBTOIMLcOEa6nALDWgChSG8wCu8oWf0jj7Q53x0DeU7J/BP6OsXp1qZjA==</latexit>x1

<latexit sha1_base64="1Gs3ZdYpkgH39MAxWRKbkkOTJsg=">AAACB3icbZDNSsNAFIVv6l+tf1WXbgaL4KokVbTLghuXFe0PtKFMppN26GQSZiZiCX0AF271MdyJWx/Dp/AVnKRZaNsDAx/n3At3jhdxprRtf1uFtfWNza3idmlnd2//oHx41FZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7lJ884jlYqF4kFPI+oGeCSYzwjWxrp/GtQG5YpdtTOhZXByqECu5qD80x+GJA6o0IRjpXqOHWk3wVIzwums1I8VjTCZ4BHtGRQ4oMpNslNn6Mw4Q+SH0jyhUeb+3UhwoNQ08MxkgPVYLWapuTJLHal8tSrsxdqvuwkTUaypIPMr/JgjHaK0FDRkkhLNpwYwkcx8BJExlphoU13JNOQs9rEM7VrVuape3F1WGvW8qyKcwCmcgwPX0IBbaEILCIzgBV7hzXq23q0P63M+WrDynWP4J+vrF6lNmY4=</latexit>x2

<latexit sha1_base64="NQ1BX49JoYlDJEkXyhACxS5IaBs=">AAACB3icbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJcqSxI1LjBZIoCHTYQoTptNmZmokDQ/gwq0+hjvj1sfwKXwFp9CFAieZ5Ms59yZ3jh9zprRtf1uFtfWNza3idmlnd2//oHx41FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+yvP1IpWKReNCTmHohHgoWMIK1se6f+pf9csWu2jOhZXByqECuZr/80xtEJAmp0IRjpbqOHWsvxVIzwum01EsUjTEZ4yHtGhQ4pMpLZ6dO0ZlxBiiIpHlCo5n7dyPFoVKT0DeTIdYjtZhl5sosc6QK1Kqwm+ig7qVMxImmgsyvCBKOdISyUtCASUo0nxjARDLzEURGWGKiTXUl05Cz2McytC6qzlW1dlerNOp5V0U4gVM4BweuoQG30AQXCAzhBV7hzXq23q0P63M+WrDynWP4J+vrF6tAmZA=</latexit>x3

(d)

: Comparison between the results obtained by the proposed DG formulation (the contour plots) a
by FEM (the solid lines) in terms of the computed eigenmodes for the generally-curved shell. Figures
) refer to the first, fourth, seventh and tenth eigenmodes associated with the eigenvalues of the plots
) of Fig.(13), respectively.
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e analysis of general laminated configurations as well as general geometrical curvatur
g an effective tool for the design of components with potential applications in the auto
space sectors. Owing to the combined use of variable-order ESL theories and DG m
ature of the formulation is related to the possibility of tuning independently the orde
erpolations throughout both the shell thickness and the shell modeling domain, which
the analysis to the application of interest. The high-order of accuracy of the formulat
roughly assessed through several hp-convergence tests involving square and circular
al shells and generally-curved shells, ultimately demonstrating that a selected level of a
ttained with a comparatively reduced number of degrees of freedom with respect t
al techniques, such as FEM.
framework also offers several avenues for further research. First, the considered tests
y simple geometries and material properties; therefore, a natural extension of the presen
plication of the proposed formulation to the analysis of composite structures featuring m
[46, 47], through-the-thickness cracks [48, 49], assembly of shells [28], and/or variable s
rved fiber placement [50, 51]. Another interesting development could consist in moving
mptions of small strains and linear elastic constitutive behavior, so to investigate geom
erial non-linearity and their effect on the free-vibration [52, 53] and transient [54, 55] re
lly, plate and shell problems involving multiple fields coupling, such as thermo-elastic
ctricity [57], or magneto-electro-elasticity [58, 59], are of scientific and engineering int
arvesting, morphing or structural health monitoring applications [60, 61, 62], and can
e savings in terms of degrees of freedom offered by the present formulation to red
tional effort associated with the numerical analysis.

clusions

vel high-order formulation for the dynamic analysis of general laminated shells has bee
d validated. Its key features can be summarized as follows: i) the geometry of the sh
ibed by a general mapping, thus allowing the modeling of structures with general cu
iable-order ESL approach based on the expansion of the covariant components of the d
ld allows tuning the order of approximation throughout the shell thickness; iii) the us
y-defined mesh allows introducing curved boundaries in the space of the curvilinear
ile retaining the simplicity of generation of structured meshes; iv) the developed DG m
sing variable-order basis functions and solving the governing equations associated with a
ory with high-order accuracy; v) the obtained results show that the method offers hig
for the calculation of the eigenvectors, eigenfunctions and the transient response; vi)
rder basis functions enables faster convergence with respect to using standard finite el
s been measured in terms of error versus overall number of degrees of freedom.
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