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1. Introduction

We focus on positive radial solutions for the generalized scalar curvature equation
Apu A+ K(|z]) ulu|? = 0, (1)

where Ayu = div(Vu|Vu|P~2) denotes the p-Laplace operator, z € R™, 2 74, Sp<2 1<p<n,andqis
the Sobolev critical exponent
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The function K: [0, +o0o[ — ]0,+o0o] is assumed to be C', for simplicity. We are interested in crossing
solutions, which means solutions of the problem

Apu(z) + K(|2]) u(z) Ju(x)|72 =0,
u(z) >0, lz| < R, (3)
u(z) =0, |z| = R.

In particular, we show that the existence of radial solutions of (3) depends on the behavior of K in a
neighborhood of zero, and on the length of the radius R.

Since we just consider radial solutions, we can reduce equation (1) to the singular ordinary differential
equation

(" ()l ()2 ) w2 = 0, (4)

where ' denotes the differentiation with respect to r = |z|, and, with a slight abuse of notation, u(r) = u(x).
We say that a solution u(r) of (4) is regular if and only if lim,_,ou(r) = d > 0 for a suitable d > 0: in
this case it will be denoted by u(r;d). It is well known that u(r;d) exists and it is unique for any d > 0,
see, e.g., [21,22,28,29]. Note that u'(0;d) = 0.
As an alternative, from a standard scaling argument, we can find a counterpart for the eigenvalue equation
where we fix R = 1 for definiteness and we multiply the potential IC by a parameter A

Apu(@) + A(|2]) u(@) [u(z)]172 = 0,
u(z) >0, lz| <1, (5)
u(z) =0, lz| = 1.

Indeed, if we set

wis) =), 5= i (6)

and 7 (s) = K(s\'/P), then u solves equation (4) if and only if w solves
(s" 7w (s)|w! (8)[P2) + A" (s) w]w|T2 = 0.

Moreover, w(1) = 0 if and only if u(R) = 0, where R := A/P.

Hence, the number of solutions u of (3) as R varies coincides with the number of solutions u of (5) as A
varies.

The scalar curvature equation (1) has been extensively studied in the literature due to its significance in
a broad variety of applications, such as Riemannian geometry, astrophysics, quantum mechanic, chemistry,
theory of non-Newtonian fluids and elasticity (cf. [17] for more detailed references on applications of p-
Laplace equations and, e.g., [5,6] for applications to Riemannian geometry in the case p = 2). Further,
positivity of solutions has a physical relevance in many phenomena.

A key role in our analysis is played by the following hypothesis.

(H¢) There are some constants A, B, ¢ > 0 such that

K(r) = A+ Br® + h(r) and lim
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The existence and the multiplicity of the solutions of (3) and (5) depend crucially on ¢, which, in literature,
is often referred to as the order of flatness of the function K at r = 0.

Problem (3) subject to condition (H,) has been already investigated in the early 1990s. In particular,
Bianchi and Egnell in [3], Lin and Lin in [34] determined the existence of the critical value £5 = n — 2 in
the Laplacian setting p = 2, and proved the following result.

Theorem A ([34]). Assume that K satisfies (Hg) and consider p = 2 in (3).

(i) If ¢ < n — 2, then problem (3) admits a radial solution for every R > 0.
(ii) If ¢ > n—2, then there exists a sufficiently small constant ro > 0 such that problem (3) does not admit
any radial solution when R < rg.
(#91) If n—2 <€ < n, then there exists a sufficiently large constant Ro > 0 such that problem (3) admits a
radial solution for every R > Ry.

In fact, Bianchi and Egnell in [3] focused on the case R = 1. In particular, following a shooting approach
based on ordinary differential equations, they constructed and glued together two regular solutions of (4),
one shooting from the zero initial condition and the other shooting from infinity.

The restriction £ < n has often been adopted in the Laplacian literature to ensure the existence of a
solution to problem (3). For instance, it appears in [32, Theorem 0.19], where the scalar curvature K is
required to be strictly decreasing in a left neighborhood of R. The upper constraint £ < n can be also found
in the recent work [33] dealing with the o4-Nirenberg problem on the standard sphere S™ for 2 < k < n/2.
We refer to the very recent papers [8,37], among the very few examples of existence results for the Laplacian
scalar curvature problem in the absence of upper bound conditions on ¢. In these articles hypothesis (Hy)
is combined with a (not so easily verifiable) topological global index formula on the critical points of K.

Note that in the p-Laplace context, the condition ¢ < n generalizes to £ < p—fl, cf. [18].

We emphasize that Theorem A, besides its intrinsic interest, has been a key starting point in proving
the existence of ground states with fast decay, i.e., solutions u(r) positive for any r > 0 and decaying as
r~("=2) at infinity.

In fact, it can be shown that if IC is increasing close to » = 0 and decreasing close to 7 = 0o, we might
expect to find ground states with fast decay: in the 1990s there was a flourishing of papers giving sufficient
conditions for existence and non-existence of these solutions. A possible strategy is indeed to combine
Theorem A, or similar results, with the use of Kelvin inversion, which transfers the information on regular
solutions to fast decay solutions, see, e.g., [3,10]. Roughly speaking, one can expect that if K is steep enough
at 0 (i.e., £ < n), and at infinity K(r) ~ a+br=¢ with £ < n, a > 0, b > 0, then there is a ground state with
fast decay. Conversely, if these conditions are violated one can construct a counterexample to Theorem A,
see [3, Theorem 0.3]. We also refer to [18] for a generalization of results of this type to the p-Laplace setting:
this paper follows a different strategy since the Kelvin inversion is not available in such a context.

We think it is worthwhile to point out that, if A =0 in (Hg), then the problem becomes easier: roughly
speaking, its solutions behave as the solutions of the A > 0, ¢-subcritical case, i.e., (3) admits a radial
solution for any R > 0 (or, equivalently, (5) admits a radial solution for any A > 0), for any ¢ > 0. Again,
combining this result with Kelvin inversion one might obtain the existence of ground states with fast decay.
This idea was extensively used in the 1990s in many papers to handle the Laplacian problem, starting,
probably, from [7,30,38]. Afterwards, it was developed and adapted to related problems, such as existence
of ground states with fast decay with a prescribed number of sign changes, see, e.g., [28] and [39], dealing
with the Laplacian and p-Laplacian setting, respectively.

The aim of this paper is to improve Theorem A in three main directions.

Firstly, we extend the results to the p-Laplace context, and in particular we find the formula for the
critical order of flatness, i.e.,
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which coincides with £5 = n — 2 of Theorem A for p = 2. As far as we are aware, these are the first results
in this direction, although we have to require the probably technical condition Q%F—”n < p < 2. The possibility
to remove this restriction will be the object of further investigations.

Secondly, we are able to remove the condition ¢ < n (i.e., £ < 577 in the p-Laplace context), by requiring
that KC(r) is increasing for any r > 0.

Thirdly, and probably more importantly, we are able to prove the existence of a second solution when
¢>mn—2 (ie., £ > {} in the p-Laplace context), thus completing the bifurcation diagram even in the case
p=2.

Let us state our assumptions and the main results of the paper.

(H4) The function /C(r) is increasing for any r > 0, strictly in some interval.
(W) The function K(e) is uniformly continuous in [0, +oo[ and there are K > K > 0 such that K <
K(r) < K for any r > 0.

Note that, if 7K’(r) is bounded in [1,4o0], then K(e') is uniformly continuous in [0, +o0.
Theorem 1. Assume that KC satisfies (Hpg).

If ¢ < 3, then problem (3) admits a radial solution for every R > 0.

If £ > 3, then there exists Ro > 0 such that problem (3) does not admit any radial solution when
R < Ro.

Theorem 2. Assume that K satisfies (Hg) and (Hy).
If £ = 3, then there exists Ro > 0 such that problem (3)

e does not admit any radial solution when R < Ry;
e admits at least a radial solution when R > Ry.

If £ > €3, then there exists Ro > 0 such that problem (3)

e does not admit any radial solution when R < Ry;
o admits at least a radial solution when R = Ry;
e admits at least 2 radial solutions when R > Rg.

In fact, Theorem 2 holds also if we drop the global assumption (Hy ), but we strengthen the requirement
on K'(0) by introducing the upper bound on the order of flatness ¢ < z% at zero, in the spirit of Theorem A.
Unfortunately, we need to ask for some further very weak technical conditions on /C for r large.

Theorem 3. Assume that K satisfies (He) with {7 < € < -%5. Assume further that either (W) holds or
there is p1 > 0 such that KC(r) > K(p1) when r > p1, then we get the same conclusion as in Theorem 2.

Using the change of variable (6), we can rewrite Theorems 1, 2, and 3 as follows.

Corollary 4. Assume that K satisfies (Hg).

If £ < £, then problem (5) admits a radial solution for every A > 0.
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If £ > €3, then there exists Ao > 0 such that problem (5) does not admit any radial solution when A\ < Xo.

Corollary 5. Assume that K satisfies (Hg) and (Hy).

If t = {3, then there exists Ao > 0 such that problem (5)

o does not admit any radial solution when A\ < Ao,
e admits at least a radial solution when A > Ag.

If £ > 03, then there exists Ao > 0 such that problem (5)

e does not admit any radial solution when A < Ag;
e admits at least a radial solution when X\ = \y;
e admits at least two radial solutions when \ > Ag.

Again, according to Theorem 3, we can drop the global condition (H4) and get the same result by
restricting the interval in which ¢ varies and by imposing some further weak asymptotic conditions on &(r)
for r large.

Corollary 6. Assume that K satisfies (He) with £y < € < 25 assume further that either (W) holds or

there is p1 > 0 such that K(r) > K(p1) for any r > p1. Then, we get the same conclusions as in Corollary 5.

In fact, via Theorem 3 and Corollary 6, we are also able to extend Theorem A to the case ¢ = p—fl, which
was not covered by [3,34], with the addition of a very weak technical condition, which, roughly speaking, is
satisfied unless K(r) is subject to wild oscillations for r large, or converges to 0 for r large.

Moreover, our methods are considerably different from those of Lin and Lin in [34]. Our proofs are based on
the Fowler transformation, which discloses the geometrical aspect of our problem by converting the singular
ordinary differential equation (4) into an equivalent dynamical system, cf. (10), following the way paved
by [25-27] and later on by [1,2,19]. Then, we develop a detailed phase plane analysis, involving invariant
manifold theory for non-autonomous systems, energy estimates, comparisons of the non-autonomous planar
system with suitable autonomous ones and a Gréonwall’s argument.

1.1. On the proofs of the theorems
We briefly sketch the plan of our proof. Let
J={d>0]u(r;d) is a crossing solution}, (7)

and denote by R(d) the first zero of u(r;d) when d € J. Our argument relies on a study of the properties
of the function R: J — ]0, +o0].

Using some classical results (see [12,31] for the Laplacian case, and [22,29] for p-Laplacian extensions),
we know that J = ]0, +oo[ under assumption (Hy). Then, using a standard transversality argument, it is
straightforwardly proved that R(d) is continuous, see Proposition 22 below.

Moreover, it is not difficult to show that

lim R(d) = +o0,
d—0

see, e.g., [28, Proposition 2.4].
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Ro! Ro| Ro|
d d d

Fig. 1. A sketch of the graph of the function R(d), when (Hg) and (H4) are assumed. In the critical case £ = £, we have three
possible alternatives.

The focus and the original part of our study consist in analyzing the asymptotic behavior of the solutions
with large initial data d, which is determined by the parameter ¢ in (Hg). In particular, we have the following
bifurcation phenomenon, when (Hy) is assumed

dgrfooR(d):O, ifo<e<4ty,
lggig;fR(d) >0, if 6 =10, (8)
dEI—iI-loo R(d) = +oo, ifl>1;,

see Propositions 37 and 43 below. This asymptotic analysis allows us to draw the diagrams in Fig. 1.

Since the number of solutions of problem (3) is the number of points of the preimage R~!(R), the proof
of Theorem 2 is immediately given.

Actually, using a truncation argument, see Remark 25, we are able to get the first estimate in (8), also
when assumption (Hy) is dropped, cf. Proposition 37. Hence, the proof of Theorem 1 in the subcritical case
follows.

In fact, in the case p = 2, a part of (8) has been already shown in [34, Theorem 1.6], see also [5, Remark
4.1]:

lim R(d) =0 if 0 <05,

d——+oo

Jrg>0: R(d)>rog,¥d>0 if £>{5.

Finally, we adapt our analysis to the context where the global requirement (H4) is replaced by the local
requirement ¢ < z%’ and we reprove the existence of the second solution in the supercritical case. As shown
in Lemma 45 below, the restriction ¢ < # and the technical requirement that either (W) holds or there
is p1 > 0 such that K(r) > K(p1) when r > p; are needed just in order to ensure that there is D > 0 such
that |D, 400 C J, with J as in (7).

Afterwards, using classical arguments, we see that if D ¢ J, then

lim R(d) = +o0.
d—D
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Fig. 2. A sketch of the graph of the function R(d), in the setting of Theorem 3. In the critical case ¢ = Z;, we have three possible
alternatives.

Moreover, we prove that R(d) satisfies (8) if £ < " by adapting the computation performed when (Hy)
holds, see Propositions 44 and 46 below. As a consequence, we are able to draw the diagrams for R(d) in
Fig. 2 from which Theorem 3 follows.

Notice that if D > 0, then u(r; D) is a ground state, that is a solution of (4), positive for any r > 0.

The paper is organized as follows. In Section 2 we introduce the Fowler transformation, i.e., the change
of variables (9), which turns (4) into the planar non-autonomous dynamical system (10). Then we recall
some basic tools in this context. In particular, we review some aspects of invariant manifold theory for
non-autonomous systems, and we introduce the unstable leaves W*(7) of (10) which correspond to regular
solutions of (4). In Section 3 we establish some standard properties of the function R(d), such as continuity
and asymptotic properties close to d = 0, and to d = D whenever u(r; D) is a ground state. The core of
our argument is in Section 4, where we prove the asymptotic properties of R(d) as d tends to infinity. In
Section 4.1 we focus on the subcritical case ¢ < £7. In Section 4.2 we consider the critical and supercritical
setting £ > £;. In Section 5 we briefly conclude the proofs of the main results of the paper.

2. Fowler transformation, basic notation and preliminaries

Let us introduce a change of variables known as Fowler transformation, which allows to transform (4)
into a two-dimensional dynamical system. We define

n—p B:n@—n
p p

x = u(r)re, y = (r)|u (r)[P~2r7 r=el. (9)

)

This change of variable is known from the 1930s, see [13], and it has been generalized to the p-Laplacian
case by Bidaut-Véron [4] and some years later (independently) by Franca, see, e.g., [14-16,18,19].
According to (9), we can rewrite (4) as the following dynamical system:

()6 %)) e
7 0 —a)\y —K(t)z|z|2=2 )

where K (t) = K(e'), g = p* = 755 as in (2), and “” denotes the differentiation with respect to t.
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Remark 7. Note that system (10) is C'! if and only if 22+—nn <p<2.
Given the initial data 7 € R and Q € R2, we denote by

d)(t; T, Q) = (l'(t; T, Q)u y(t; T, Q))

the trajectory of (10) such that ¢(7;7, Q) = Q.
Define the energy function

_ ]_ » q
H(z,y;t) := axy + pT ly|?=T + K(t) % (11)

If we evaluate H along a solution (z(t),y(t)) of (10), we obtain the associated Pohozaev type energy
H(z(t),y(t);t), whose derivative with respect to t satisfies

S0, 9(0):1) = K ()

(12)

We also need to consider the autonomous system obtained by freezing the t-dependence of K(-). In
particular, fixed 7 € R U {£o0}, we consider the frozen autonomous system:

z (@ 0 x N y|y|i%€ (13)
y 0 —a)\y —K(r)alz|2 )

where /C is assumed to have finite limit whenever 7 = +o0.
If we differentiate the energy H(-;7) of system (13) along a solution (x(t),y(t)) of the dynamical sys-
tem (10), we get

d

SH(2(0), 50 7) = (K (7) = K(0) 2(0)la(0)|* 2 (2). (14)

Let us fix 7 € R U {&o0} in (13), let 79 € R and Q € R?; we denote by

(f),.(t; 70, Q) = ('TT(t; 70, Q)’ yT(t; 70, Q))

the trajectory of (13) such that ¢..(70;70, Q) = Q.
System (13) exhibits an equilibrium point in {z > 0,y < 0} of coordinates

E(r) = (B(r), E,(r)) = ((%) o (%)j . (15)

It is also well known (see, among others, [18]) that for any fixed 7 € R U {£oo} system (13) admits a
homoclinic orbit (see Fig. 3)

I‘T:{(x,y)|H(m,y;7’):0,x>0}, (16)

recalling that the case 7 = 400 requires a boundedness restriction on K. Taking into account that the
flows of (10) and (13) are ruled by their linear part near the origin, we easily deduce that the origin is a
saddle-type critical point for (10) and (13). Finally, notice that E(7) is a center and it lies in the interior
of the region enclosed by I'-.
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Fig. 3. On the left, the energy levels of H at fixed time 7, with the homoclinic orbit I';-. On the right, the position of the set I',,
with respect to the set I'r, in the case K(72) > K(71).

According to [19,23], we also know the exact expression of the homoclinic trajectories ¢* = (x*,y*)
of (13). In particular, the one corresponding to the regular ground state u* such that «*(0) = d satisfies

_n—p

x*(t):d[e-wc*(d)eﬁ . (17)

where C(d) > 0 is a computable constant, see [23].
Moreover, fixed P € I' _, there exists a constant cp > 0 such that

sup{[|¢_oo (0 + 7, Q)]le 7 |9 <0, 7 <0, Qe TE } < cp, (18)

where f‘I_DOO = ¢_(] —0,0];0, P).
Let us now list some immediate consequences of assumption (Hy).

Remark 8. Assume K(72) > K(71), then the homoclinic orbit Iz, belongs to the region enclosed by I'r,,
cf. Fig. 3.

Lemma 9. Assume (H4). If u(r;d) is a regular solution, then the corresponding trajectory ¢(-;d) =
(x(5d),y(-;d)) of system (10) satisfies

im H(@(t;d);t) =0
and
H(p(t;d);t) >0 for every t < T(d)

(the equality occurs only when K(t) = K(—o0) holds), where T(d) := sup{r € R : z(t;d) > 0,Vt < 7} is
the first zero of x(-;d). Moreover,

H(p(t;d); ) > H(p(t;d);¢) >0 for every t < min{r,T(d)}
(the first equality occurs only when K(t) = K(7) holds).

Proof. The result immediately follows from (H4), (12), and (11). O
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As an immediate consequence, we have the following.

Lemma 10. Assume (H4) and fix d > 0. Then, for every t < T(d), the trajectory ¢(t;d) of system (10)
either lies in the exterior of the region enclosed by Ty, or it lies on Ty if K(t) = K(—00).

The next part of the section is devoted to explore the dynamical system (10) through an invariant
manifold approach. From [19,24,26] and [9, Section 13.4] we know that the existence of the unstable manifold
is ensured by the following condition:

(W) The function K is bounded and uniformly continuous in ] — oo, 0] and . lim K(t) = K(—o0) >0 is
——00
finite.

Notice that (W,,) is always satisfied when (Hg) holds.

Correspondingly, the existence of the stable manifold is guaranteed by (Wj). The unstable manifold
plays a key role in this paper, since we will see via Remark 17 that regular solutions u(r;d) correspond to
trajectories of (10) converging to the origin as ¢ — —oo, i.e., leaving from the unstable manifold.

Let B(0, ) denote the open ball of radius §, centered at the origin. Following [26, Theorem 2.1], which is
in fact a rewording of [24, Theorem 2.25], and its reformulation in [20, Appendix], we find the next result.

Theorem 11. Assume (W,,), then there is 6 > 0 such that for any T < 0 the set

Mo (1) :={Q | ¢(t;7,Q) € B(0,9) for any t <7}

is a C1 embedded manifold tangent to the x-azxis at the origin if -2 51 <P < 2 and to the line y = —K(;LOO)

ifp= m Further, let £ be a segment transversal to M} (1), then M .(T) N L ={Q™(7)} is a singleton,
and Q“(1) is uniformly continuous in T.
Assume (W), then there is 6 > 0 such that for any T > 0 the set

T

My (1) ={Q | ¢(t;7,Q) € B(0,9) for any t > 7}

is a C' embedded manifold tangent to the y-azis at the origin if 2% o 20 < p < 2 and to the liney = —(n —2)x
if p=2. Further, let L be a segment transversal to M} (7), then Mloc( YNL ={Q*(7)} is a singleton, and
Q°(7) is uniformly continuous in T.

This result may also be obtained by using the simpler approach developed in [9, Section 13.4], with the
exception of the part concerning the uniform continuity of Q% (-) and Q*(-). Actually, [26, Theorem 2.1]
ensures that Q*(7) and Q*(7) are C* if K(t) is C1.

We notice that M (1) is split by the origin in two connected components. Since we are just interested

in positive solutions, we denote by Wi _(7) and Wy%:" (7) the components lying respectively in 2 > 0 and

loc

x < 0. Similarly, M$ (7) is split by the origin in two connected components, say W (1) and W (),
lying in « > 0 and = < 0, respectively.

Following again either [24, Theorem 2.25] or [9, Section 13.4] (and in particular [9, Theorem 4.5]), we

deduce some crucial properties concerning the uniform exponential asymptotic behavior of the trajectories

intersecting the manifolds WX () and W (7).

Theorem 12. Assume (W) and (W), then the sets

Wige(m1) :=={Q € Mjg.(m1) | z(t;71,Q) > 0 for any t <71} U{(0,0)},
Wi (m2) :={Q € M} (12) | x(t;72,Q) > 0 for any t > 72} U {(0,0)}
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are C' embedded manifolds for any 71 < 0 < To. Furthermore, if Q* € W} (1) and Q° € W}, (12), then
the limits

. . u —at . . s at
ti}glm||¢(t7TlaQ )He ) tl}?@”‘ﬁ(tv’rQ)Q )”e
are positive and finite. Further, there is co = co(9) such that

sup{[[ (6 + 71:71,Q%)le™*" | § <0, 11 <0, Q" € Wigo(m)} < co(6),
sup{[| (6 + 72:72, Q)| e*® |62 0, 7220, Q% € Wio(12)} < co(6).

Using the flow of (10), with a standard argument, we pass from the local manifolds W (1) and W} _(12),
defined for 71 < 0 < 75, to the global manifolds W*(7) and W#*(7r) defined for any 7 € R. In fact,
rephrasing [20, Appendix], we set

w(r) = J{o(:T,Q) | Q e W (]},
T<0

we(r) =] {o(nT.Q) | Q € Wit (T)}.

T>0

(19)

We observe that W*(7) and W#(7), the unstable and stable leaves respectively, are C! immersed manifolds
which can be characterized as follows

W (1) ::{Q | tl}ir_noo o(t;7,Q) = (0,0), z(t;7,Q) > 0 when t < 0} ,
W (7) ::{Q | Jim_ $(t7,Q) = (0,0), w(t;7,Q) = 0 when ¢ > o} .

By construction, if Q@ € W*(7), then ¢(¢;7,Q) € W¥(t) for any t € R.
From Theorem 11 and the smooth dependence of the flow of (10) on initial data, we get the smoothness
property of the unstable and stable manifold.

Remark 13. Assume (W), then W*(7) depends continuously on 7. Namely, let £ be a segment which
intersects W"(ry) transversely in a point Q(7p), then there is a neighborhood I of 7y such that W*(7)
intersects £ in a point Q(7) for any 7 € I, and Q(-) is continuous. Actually, it has the same regularity as
(10), so it is C1 if (10) is Ct in ¢. Analogously, if (W) holds, then W#*(7) depends continuously on 7, and
smoothly if (10) is smooth in ¢.

Let us denote by W%(—o0) the unstable manifold I'_ o, defined in (16). According to [1] and [20,
Section 2.2], the smoothness property of W*(7) observed in Remark 13 can be extended to 79 = —c0.

Remark 14. Assume (W), then W*(7) depends smoothly on 7 € R U {—o0}. In particular, let £ be
a segment transversal to I'_o, and let Q,(—o0) be the intersection point between £ and I'_; follow
W*(r) from the origin towards = > 0, then it intersects L transversely in a point, say Q,(7), for any
7 < —N, for a suitable sufficiently large N = N(L£) > 0. Furthermore, the function Q,(-) is C' and
lims e Qe(7) = Q(~o0).

We stress that Q,(7) is uniquely defined as the first intersection between W*(7) and L, although it
might not be the unique intersection, especially if L is too large.

Let £ be a segment transversal to I' _ o, take 7 < — N, and denote by WE(T) the compact and connected
branch of W"(7) between the origin and Q. (7). Analogously, denote by W (—oc) the compact connected
branch of I'_ o, = W"(—00) between the origin and Q ,(—0).
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Lemma 15. Assume (Wy,). Let L and N be as in Remark 14, then there is ¢ = ¢(L) such that
sup{[|¢(0 + 77, Q)™ | Q € Wi(7), <0, 7 < =N} < ¢(L). (21)

Proof. Let 6 > 0 be the fixed constant defined in Theorem 11. If £ is close enough to the origin so that
|Q.(—o0)|| < &, then by construction W(r) € W () for every 7 < —N, see (19), and (21) follows
straightforwardly from Theorem 12.

Now, let £ be a generic segment transversal to I' _ o, satisfying |@Q(—o0)|| > 0, and let M = M(§,£) >0
be such that

16000 (=M;0,Q(—00)) [ = 6/2.

Fix a point Q belonging to W(—o0)\ B(0, g), then there is {5 € [—M, 0] such that ¢_ o (tg; 0, Q,(—00))
Q. By construction, | _oo(T—M;T, Q)H < % for any 7 < 0, since ¢_ (71— M; T, @) =¢_(—M;0, Q)

¢—oo(7M+tQ,Oa Q,C(*OO)) B
Using Remark 14 combined with the compactness of W (7) \ W (), continuous dependence on initial

data and parameters of the flow of (10), and possibly choosing a larger N, we can assume that R =
¢(t — M;7,Q) is such that

IR|| <6, sothat R e Wpg.(r—M) (22)

whenever 7 < —N and Q € W¥(r) \ W;.(7). Notice that M does not depend on @ and 7, but depends on
L. The existence of R as in (22) is trivial for any Q@ € W (1), so (22) holds for any Q € W¥(r).
Thus, Theorem 12 ensures the existence of ¢y = ¢o(d) > 0 such that

sup{[|¢(s +7 — M;7,Q)lle™** | Q € WE(7), s <0, 7 < =N} < co.

Hence, ||¢(0 + 757, Q)||e=*? < coe®M for any 6§ < —M and Q € W(r), which proves (21) when 6 < —M.
To prove (21) for —M < 6 <0, it is enough to recall that WE(T) is compact, M > 0 is fixed and the flow
of (10) is continuous; then the lemma follows by choosing some ¢(£) > coe®™. O

The following lemma describes better the behavior of the solutions ¢(-;7, Q) departing from a point
Q € W¥(r), as 7 — —oo. Roughly speaking, we can say that such trajectories mime the autonomous
dynamical system (13) frozen at 7 = —c0.

Lemma 16. Assume (Wy,). Let £ and Q,(—o0) be as in Remark 1. Then,

lim sglg |60+ 7:7,QL(7) — ¢_oo (6;0,Q,(—00))|| = 0. (23)

T——00 0
Proof. For brevity, we set
£-(0) =00 +7:7,Q.(7)) and £7(0) = d_oo(6;0,Q,(—00)).

We argue by contradiction, and assume that there exist € > 0 and two sequences (6,,)n , (Tn)n C ] — 00,0]
such that 7,, = —oo satisfying

1€+, (0n) = € (0n)l| > <. (24)

Combining Lemma 15 with (18), we easily find that
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€+, (6n) = € (0n) | < 1€, )]l + €7 (0n)] < 2e(L)e, VY, < —N.

If (0,,)y is unbounded, then we easily get a contradiction with (24).

Thus, we can assume that there is M > 0 such that (6,,), C [—M,0]. Using continuous dependence on
initial data and parameters, we see that for any € > 0 there exists 6(g) > 0 such that if |Q - (7)—Q (—0)| <
d, then [|€,.(0) — €"(0)|| < € for any 6 € [—M, 0] whenever 7 < —N.

Afterwards, from Remark 14, we find Ny = N1(6) > N > 0 large enough so that ||Q,(7) — Q,(—0)|| < §
for any 7 < —Nj, thus eventually we get [|£,.(0) — £*(0)|| < e for any 6 € [-M,0] whenever 7 < —Nj.
However, since we are assuming that (0,,), C [-M,0] and 7, — —oo, this is in contradiction with (24), thus
concluding the proof. O

We denote by

o(t;d) = (x(t; d), y(t; d))

the trajectory of (10) corresponding to the regular solution u(r;d) of (4).
According to [17,18], all the regular solutions correspond to trajectories in the unstable leaf.

Remark 17. Assume that K € C! and (W,,) holds. Then,
u(r;d) is a regular solution <= ¢(1;d) € W*(r) for every 7 € R.

Further, fixed 79 € R, the function Q,,: [0, 400 = W¥(79) defined by Q,,(d) := ¢(70;d) is a continuous
(bijective) parametrization of W (7). In particular, Q,,(0) = (0,0). Therefore, for any Q € W*(7y) there
is a unique d(Q) > 0 such that ¢(¢; d(Q)) = ¢(t; 70, Q) for any ¢ € R.

In fact, the dependence of Q,, with respect to the parameter g is C1.

The existence of a bijective parametrization of W*(7) can be obtained extending to the p-Laplacian
setting the argument developed in the proof of [10, Lemma 2.10], written in the case p = 2. The smoothness
of Q-,(d) = ¢(79; d) with respect to 7y follows from the smoothness of the flow of (10).

According to [35, Lemma 3.7], we can easily prove the monotonicity property of regular solutions.

Remark 18. Any regular solution u(r;d) of (4) is decreasing until its first zero.

Fix £ as in Remark 14, so that Q (7) is well-defined for any 7 < —N(L£). From Remark 17, we can define
the function dz: | — 0o, =N (L)[ — 10, +00[ by setting dz(7) := d(Q (7)) for any 7 < —N(L). In particular,
G(t;de(r)) = ¢(t; 7, QL(T)).

Now, we need the following weak version of the implicit function theorem, cf. [11, Theorem 15.1].

Theorem 19. Let A(z,y): R?2 — R be a function continuous along with its partial derivative %(az,y). Let
A(zo,y0) =0 and %(xo,yo) #0.

Then, there exist § > 0 and exactly one continuous function x(y): [yo—0,yo+0] — R such that z(yo) = g
and A(x(y),y) =0 for any y € [yo — 6, yo + 9].

Our next aim consists in showing the invertibility and monotonicity of d.

Lemma 20. Assume (Wy,). Let L, N = N(L) be as in Remark 14. Then, there is D = D(L, N) such that
the function dg: | — oo, —N[ — |D, 400, defined by the property ¢(t;de (7)) = d(t; 7, Q£(7)), is continuous,
bijective, monotone decreasing, and its inverse T : |D, 400 = | — 0o, —N| is continuous.
Furthermore, lim dg(7) = +o00, and so lim 7,(d) = —oc.
T——00 d—+o0
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Proof. As noticed in Remark 14, the function dz: | — 0o, —N[ — ]0, +o0] is well-defined for 7 < —N, due
to the transversality of the first crossing between W*(7) and £. Now, we show that d, admits a continuous
inverse by constructing it via Theorem 19.

Denote by £ the straight line containing the segment £, and let D(Q) be the smooth function which
evaluates the directed distance from £ to @Q, so that D(Q) = 0 if and only if @ € L. Recalling the
parametrization Q, of W"(7) introduced in Remark 17, we define A(7,d) := D(Q,(d)). Let us consider
a couple (79,dp) with 79 < —N and dy = dz(79). In particular, Q. (do) = Q,(70) and so A(ry,dy) =
D(Q (1)) = 0. From the smoothness property of W*(7) given in Remark 13, we can compute

o (7o) = (VD(@r (o). 5 @) ) =

= (VD(Qro (do)) : $(705 70, @ro (o)) ) # 0,

since VD(Q) is orthogonal to £ and ¢ (7o; 70, Qry (do)) is transversal to L.

From the previous formula, we also find that % is continuous. Hence, we can apply Theorem 19 to find
a local continuous function 7, (d) such that A(rz(d),d) = 0; so by construction 7,(d) is the local inverse
of dr. Since the previous argument can be performed for every couple (79, dy) satisfying dy = dz(79) with
To € | — 00, —N[, we can conclude that the image of d. is an interval i and 7.(d) is a global inverse.

We now show that lim,_, o dz(7) = +o0.

Let ¢ > 0 be such that £ C {(z,y) | > c}. Then, for every 7 < —N the point Q (1) = (Qz(7), Qy(7)) is
such that Q. (7) > c. Let us consider the solution u(r;dz (7)) corresponding to the trajectory ¢(t;dg(7)) =
¢(t;7,Q (7). According to Lemma 16, u(r; dz (7)) is positive for r € [0,€7], and from Remark 18 we deduce
that

de(T) =u(0;de(1)) > u(e”;de (1)) = Qu(1) e > ce™ ™ — 400

as 7 — —oo. Finally, we find that d is decreasing, and there exists D = D(L, N) such that dz(]—oo0, —N|[) =
1D, +o0[. O

3. Basic properties of the function R(d)

Using the Pohozaev identity, see, e.g., [16,17,29,36], it is possible to obtain the following classical result.
Proposition 21. Assume (H4), then all the regular solutions u(r;d) of (4) have a zero at r = R(d). Hence,
all the corresponding trajectories ¢(t;d) of (10) are such that y(t;d) < 0 < z(t;d) when t < T(d) := In R(d)

and z(T(d);d) =0 > y(T(d); d).

For the proof, we refer to [12,31] for the Laplacian operator and to [22,29] for p-Laplacian extensions.
Then, following [17, Theorem 4.2], we can prove the continuity of the function R(d).

Proposition 22. Assume (W), then the set J introduced in (7) is open and the function R: J — R is
continuous.

We need two further asymptotic results, which can already be found in literature in slightly different
contexts.

Proposition 23. Assume (W) and inf J = 0, then limy g+ R(d) = +oo.
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We refer to [28, Proposition 2.4] for the proof. With some effort, we can generalize the previous proposition
a bit.

Proposition 24. Assume (W,,) and the existence of D >0, with D ¢ J which is an accumulation point for
J. Then,

lim R(d) = +o0.

d—D

deJ
Proof. According to Remark 18, u(r; D) is positive and decreasing for any r > 0, since D ¢ J. Let § > 0
be as in Theorem 11. Choose 7y < 0 such that

W(10) == {Qro(d) | d € [0,D +1]} € Wit (m0) C B(0,0),

where Q. (d) is as in Remark 17. By construction, R(d) > e™ for any 0 < d < D + 1.

Let us assume that the thesis is false and look for a contradiction. We allow the existence of a sequence
(dp)n C J, with d, — D, and of M € R such that R(d,) < e™. Let us denote by ¢ = %min{x(t;]j) |t e
[70, M]}.

From the continuity of the parametrization Q. (-), for any o > 0 we can find n = n(o) > 0 such that
1Qro(dn) — Qro(D)|| < 0 when n > @. Then, using the continuity of the flow of (10), we can choose
o = o(e) > 0 small enough (and n > 0 large enough) such that

[¢(t;dn) — &(t; D)|| = [|6(t:; 70, Qo (dn)) — D(t; 70, Qro (D))|| < &
for any t € [r9, M], whenever n > n. Hence, we get
x(t;dp) > 2(t; D) — |x(t;dy) — 2(t;D)| > 2 —e =¢

for any t € [r9, M] and n > n. Hence, x(t;d,,) > 0 for any ¢t < M and, consequently, R(d,) > ™ for any
n > n: a contradiction. O

Let us observe also that u(r; D) is a ground state and converges to 0 as r — +oc0.
4. The asymptotic estimate of R(d) for d large

We proceed to study the behavior of R(d) for d large. We emphasize that the asymptotic estimates of
the first zero for large initial data are mainly based on the crucial assumption (Hpg).

Our first step is to locate Q(7) through the function H, see Proposition 26 and Remark 27. Then, we
use a Gronwall’s argument to get a lower and an upper bound of the time T'(7, £) taken by ¢(¢;7,Q (7))
to cross the negative y-semiaxis, see Lemmas 31 and 33. Finally, we prove the asymptotic estimates of R(d)
in Proposition 35 (for the case £ < £;) and in Propositions 43 and 46 (for the case ¢ > (7).

We emphasize that assumption (H,) implies that the function K is strictly increasing in a neighborhood
of r =0, so we can use the following truncation argument.

Remark 25. From (Hg) we see that there exists Ty < 0 such that K(Tp) < A+ 1 and
1 : .
0< iBéeZt < K(t) < 2Bte* for every t < Tj. (25)

So, we can find a function K : R — R of class C" satisfying K = K in the interval | — co, Tp], %(t) > 0 for

every t € R, and
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A+1=K(+00):= lim K(t)eR.

t——+o0

In particular, K satisfies (Hp), (H4) and (Wy). Such a truncation argument permits us to assume implicitly
the validity of the previous hypotheses, when we look for properties of system (10) in a neighborhood of
t = —oo in the presence of the only hypothesis (Hy).

Now, we provide some estimates of the energy H(Q(7); ), where Q(7) is as in Remark 14.

Proposition 26. Assume (Hg). Let L be a small enough segment transversal to I' _ o, and consider the point
Q /(1) with T < —=N(L). Then, there is a constant ¢(L) > 0 such that

H(Q(1):7) = &(L) e’ 4 o(e') as T — —oo.
Proof. We write for brevity &,.(t) = (z,(t),y-(t)) = @t + 7;7,Q(7)) and &*(t) = (z*(t),y*(t)) =

@ _ oo (t;0,Q - (—00)). Notice that, according to Lemma 16, z, is positive in | — 0o, 0].
Since Q (1) € WH(7), from Lemma 9 combined with Remark 17, we know that . lim H(E (t);t+7)=0.
——00

Hence, in the spirit of [18, p. 357], by (12) and Remark 25, we find

0

. (1)
HQein) = [ K+l -
‘ q (26)
Lt
:/ | B!t 4 p (et )ettT | T O gt = et (1, + 1),
q
where
Bl | o - B (ettT)ettT
I ::? /e z-(0)%dt  and Iy ::6 / we x, (1) dt.
We can rewrite I; in the following equivalent form:
Bl O Bl /
=5 / el (1) dt + o / o (1)1 — o (£)7] dt.
q — 00 q —0o0

We recall (23) and the fact that both x.(t), 2*(t) converge to 0 exponentially as ¢ — —oo, as observed in
Lemma 15 and in (17). We apply the Lebesgue theorem to deduce the existence of wy (t) such that

I =¢(L) +wi(r) with Tlim wi(r) =0, (27)

——00

where &(L) := BTZ ff)oo et'z*(t)4dt > 0 is finite due to (17).
Analogously, from (Hg), we find wa(t) such that

Iy = wo(1) with lim wy(r) =0. (28)

T——00

The statement follows by substituting (27) and (28) into (26). O
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For a fixed a > 0, let £(a) denote the segment of y = —a lying between the negative y-semiaxis and the
isocline & = 0 of system (10), i.e.,

1

L(a)={(s,—a) |0<s< X(a)}, where X(a) = éaﬁ . (29)

Recalling the definition of equilibrium point E(—o00) given in (15), we observe that the homoclinic orbit
I'_ intersects L£(a) transversely, for any 0 < a < |Ey(—00)|. From Lemma 16 and Proposition 26, we get
the following asymptotic result.

Remark 27. Assume (Hg). Follow W*(7) from the origin towards = > 0. Then, for any 0 < a < |E,(—00)|,
we can find N(a) > 0 such that W*(7) intersects L(a) transversely in a point, say Q(7,a) 1= Q(,)(7) =
(Qx(1,a),—a), whenever 7 < —N(a). From (29), we see that

y(r;7,Q(1,a)) > 0> &(1;7,Q(7,a)) for any 7 < —N(a).
Moreover, there is a constant ¢(a) > 0 such that
H(Q(r,a);7) = c(a) T +o(eT)  asT— —oo.

In the next part of this section we study the asymptotic behavior of the solutions, under the more
restrictive assumptions (H4), (He) and (W). Finally, (H4) and (W) will be removed using the truncation
argument suggested by Remark 25.

Lemma 28. Assume (H4). Let u(r;d) be a regular solution of (4) and let ¢(t;d) be the corresponding tra-
jectory of (10). Then, there are T,(d) < T(d) such that x(t;d) > 0 when t < T(d), and it becomes null at
t =T(d). Furthermore, @(t;d) > 0 when t < T,(d), and @(t;d) < 0 when T,(d) < t < T(d).

Proof. The existence of T'(d) follows from Proposition 21. From Lemma 9, we know that H(¢(¢;d);t) > 0
for any ¢ < T'(d). By a simple calculation, H(Q;t) < 0 for every Q = (@5, Q) in the isocline & = 0
with 0 < Q. < E,(t), so we easily deduce the existence of T,(d) < T(d) such that @(T,(d);d) = 0 and
2(T,(d);d) > E,(To(d). ©

Assume (H,) and (H4). Fixed 0 < a < |Ey(—00)|, consider £(a) and N(a) > 0 as in Remark 27 so that
Q(7,a) € W*(r) N L(a) is well-defined for any 7 < —N(a).

From Proposition 21, there exists T(1,a) > 7 such that ¢(t;7,Q(7,a)) crosses the negative y-semiaxis
at t = T(7,a) in a point, say (see Fig. 4)

R(7,a) = (0, Ry(7,0)) = ¢(T(7,a); 7, Q(7,a)). (30)

According to Remark 25, it is not restrictive to assume that K(t) > 0 for any ¢t < 7 < —N(a) (provided
that we choose —N(a) < Tp in Remark 27). So, from Lemma 9 we deduce that H(Q(7,a);7) > 0.

Our next purpose is to provide suitable estimates from above and from below of T'(7, a). From Lemma 28,
¢(t;7,Q(7,a)) is a graph on the z-axis when t € [7,T(7,a)]. In particular, we can find a function
¥:[0,Qx(7,a)] — ] — 00,0[ such that the image of ¢(-;7, Q(7,a)): [1,T(,a)] — R? can be parametrized as
(x,¢¥(x)) for x € [0, Qx(T, a)].

Let us now consider the trajectory ¢. (¢;7,Q(7,a)) of the system (13) frozen at ¢ = 7. Notice that its
graph is contained in the level set

{(z,9) | Hz,y;7) = H(Q(7, a);7) > 0}, (31)
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Fig. 4. The position of the points Q(r, a), R(7,a), and R' (7, a).

which lies in the exterior of the homoclinic orbit I'; defined in (16).
Hence, there exists T (7, a) > 7 such that ¢, (-;7, Q(7,a)) lies in the 4'* quadrant when t € [1, T (7, a)],
and it crosses transversely the negative y-semiaxis at t = T!(7, a) in a point, say (see Fig. 4)

R! (1,a) = (0, R; (1,0)) = ¢, (Tl (1,a);7,Q(7,a)). (32)

Remark 29. Assume (W), then the functions 7'(7,a) and T*(7,a) are continuous in their domain, since
the flow on the negative y-semiaxis is transversal.

From the study of the trajectories of the autonomous system (13), we can deduce that
(57, Q(r, ) < 0 < o (67, Q(r, ) for any t € [, (r,a)]. (33)

Consequently, we can find a strictly decreasing function ¢, : [0,Q.(7,a)] — [—a, R}(7,a)] such that the
image of ¢..(:;7,Q(7,a)): [r,T'(r,a)] — R? can be parametrized as (z,%.(z)) for z € [0, Q.(T,a)].

Lemma 30. Assume (Hy) and that K(t) > 0 for any t € R. Fiz 0 < a < |E,(—0)|, and let N(a) > 0 be as
in Remark 27. Then,

T(1,a) < T'(r,a) for any T < —N(a).

Proof. For brevity, let us write ¢(t) = (z(t),y(t)) = &t;7,Q(1,a)) and ¢, (t) = (x-(t),y.(t)) =
6. (17, Q(r,a).

From (14) combined with Lemma 28, we see that H(¢(:); 7) is strictly increasing in the interval [, T'(7, a)].
In particular, recalling (31), we have

H(p(t);7) > H(Q(T, a);7) = H(d,(s);7)
for every t € |7,T(7,a)] and s € [r,T"(r,a)]. Thus, we get
b(@) <ve@)  forany 0<z < Qulra), (34)
and, as an immediate consequence,
Ry(1,a) < Ré(T, a).

The statement of the Lemma holds if we prove that z(t) < z.(¢) for any ¢ € |7,T(7,a)]. Observe first
that ¢(7) = ¢ (7). Then, from (10) and (13) we find that x(7) equals z,(7) along with its first and second
derivatives, however
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3 ) — i (7 - o _
Sle() — ool = LZB Oy =t = ey 2y

Consequently, x(t) < x,(t) when ¢ is in a suitable right neighborhood of 7. Let

A

T :=sup{t > 7| z(s) <z (s), Vs €]|r,t] }.

If7 > T(7,a), the lemma is proved. So, we assume by contradiction that 7 < T < T(7,a). Then, we have
7 = 2(T) = 2, (T), $(F) = (7,(z)) and ¢, (F) = (7, 46- (7). Hence, recalling (34),

i(T)

o A1 _ N
ax(T) —[y(T)|7=7 = az — [P(z)[7—7 <
_ L LS A1 . A
< & — [ (@)|7T = awe (T) — g (D)7 = 0 (D).
So z > x, in a left neighborhood of 7', giving a contradiction. O

In the following lemma we assume K bounded. This assumption will be removed via Remark 25.

Lemma 31. Assume (H), (Hy) and (Ws). For any € > 0 we define

p—1 p—1

ale =P al a—p
Then, there is T (¢) such that, for any 7 < T (e),
1 a
1*’(7'7 CL) >T7+ a In <m) y (36)
Y7 a T (1+¢) n a
TH(r.0) <7+ 1 <|R5(T’a)|>. (37)

Proof. Let 7(g) = —N(a(e)) be the value provided by Remark 27, and fix 7 < T (¢). We consider again the
trajectories G(t) = (2(t), y(t)) = B(t: 7, Q(r, 0)) and ¢y (1) = (2-(),yr (1)) = &, (17, Q(7, ).

Observe that ¢ > 0 along the horizontal segment L£(a), as well as in the interior of the bounded set
enclosed by L(a), I'> and the negative y-semiaxis. Using this fact, according to Lemma 28 and (33), we see
that

E(t) <0 <y(t), Er(s) <0 <gr(s),
—a <y(t) <0, —a<y,(s) <0,

for any t € [7,T(7,a)] and any s € [, T*(7,a)]. Moreover, for both the trajectories, we get

r<0 = owlc<|y|z’_il = fxq*1>f|z|q;_ll. (38)
Then, since ¢(t) = (x(t),y(t)) solves (10), we find
—ay(t) ~ SO < 5(0) = —ay(t) ~ K02 < —ay() (39)

for any t € [7,T(7,a)[. Analogously, since ¢ (t) = (z(t), y-(t)) solves (13),
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K(7)

o1

—ay-(t) - [y (0P < 9e() = —age(t) — K (1) ()77 < —ay- (1) (40)

for any t € [7, T (7, a)|.
Note that (35) guarantees that

F 9—p
£|y|P—1 < 1 j_ s for every y € [—a,0].
Thus, we get
K(t) g—1 F q—p (0%
o= 2l > —ay (1= Sl ) > -5 (41)
for every t € R and y € [—a,0]. In particular, from (39), (40) and (41), we find
a
- t j t - t - T "r - T
Ty <y(t) < —ay(t), T3 Y7 (8) <r(s) < —ayr(s) (42)

for every t € [r,T(7,a)[ and s € [7, T (7,a)|.

Consequently, % < 1 for any t € [r,T(7,a)[; hence, recalling the definition of R in (30), we obtain

T(7,a) T(r,a) ) (t)
Yy
T(r,a) —T= / dt > dt =
o) “ay(?)

ot () (e,

Analogously, from (42), we also find % > 1 for any s € [7;T'(r,a)]. Hence, recalling the definition
of R' in (32), we get

Tt (7,a) Tt (1,a) . )
T'(r,a) =7 = / ds < / A+eins)
—ay-(s)

_ _11:61“ (yf(zj((:),a))) _ 1Z€1n(|R1(ija)|> - D

By a simple integration of (42), we obtain a crucial inequality.

Remark 32. Assume (H;), (H4), and (Wy). Then, for every ¢ > 0, there is 7 (¢) such that, for any 7 < T (¢),
the trajectory ¢(t; 7, Q(7,a)) = (z(t),y(t)) satisfies

ae™D) < Jy(t) < ae” =T for every ¢ €7, T(r, ). (43)

Lemma 33. Assume (Hg), (Hy), and (Wys). Let € > 0 and a = a(e) > 0 be as in Lemma 31. Then, there
are T(e) < 0 and a constant C = C(a(e), ) such that

T'(1,a(¢)) < Cla(e),e) + |7| ((1 +e) ;* - 1) for any T < T ().
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Proof. From Remark 27, (11) and (31), we deduce the following estimates on the y-coordinate of the point
R'(7,a) introduced in (32):

-1 P
I)T|R;(T, a)|77T = H(R'(1,a);7) = H(Q(7,a); 7) = c(a)e’” + 0 (¢)
E
for any 7 < T (g), possibly choosing a larger |7 (g)|. So, there is c!(a) = (c(a)%) "> 0, which is
independent of 7, such that

IR} (T,a)| = cl(a)epT_lh +o (epT_lh) for any 7 < T (e).

Then, by (37), setting C(a,e) = 2= 1n (Cf&)), we find

1 2
T (r,a) < T+ +Eln 271 =
o cl(a ==t

e’
1 -1
T+ Clae) +|r| 0 FEPT
« p
1 -1
C(a,€)+|7|(€ +€7”1)
« p

for any 7 < T (e). Since

we conclude. O
4.1. The case £<L,

Proposition 34. Assume (Hg), (W,) and that K(t) > 0 for any t € R. If { < 3, then there exists a > 0
such that

lim T(r,a) = —o0.
T——00
Proof. We simply need to choose € > 0 in Lemma 33 satisfying the assumption (1 +¢) < ;. Then, we
set @ = a(e) as in (35) and recall the inequality T'(7,a) < Ti(7,a) provided by Lemma 30. The estimate in
Lemma 33 allows us to conclude the proof. O

Proposition 35. Assume (Hy), (W,) and that K(t) > 0 for anyt € R. If { < £y, then there exists D > 0
such that 1D, 4+oo[ C J and limgy_ 400 R(d) = 0.

Proof. Let a = a(e) > 0 be as in Proposition 34. Then, we can recover the constant N(a) > 0 provided
by Remark 27 and the function d(,) defined in Lemma 20 such that ¢(t;dzq) (7)) = &(t; 7, Q(T,a)).
From Lemma 20, there exists D = D(a) such that the inverse function 7, : |D,+0o[ — | — 0o, —=N(a)| is
continuous and satisfies limg— 100 7, (d) = —oco. In particular, |D,+oo[C J.

Then, from Proposition 34 and Remark 29, we find

lim T(r,,,(d),a) = lim T(r,a) = —oo.

d—+o0 T——00
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Therefore, the first zero R(d) of u(r;d) satisfies

lim R(d)= lim e e @ =0,
d—+o0 d——+oo

thus concluding the proof. O

Since in the previous results we analyze the dynamics in a neighborhood of 7 = —o0, recalling Remark 25,
we can remove the hypothesis (W) and the monotonicity assumption on K.

Proposition 36. Assume (Hpg). If { < {3, then there exists a > 0 such that

Tgrzloo T(r,a) = —00.

Now, repeating the argument of the proof of Proposition 35 combined with the truncation argument of
the proof of Proposition 36, we obtain the asymptotic behavior of R(d) for large values of d. Therefore, we
can prove the part of Theorem 1 concerning the case ¢ < (7.

Proposition 37. Let assumption (Hg) hold with ¢ < £;. Then, there exists D > 0 such that ]f),+oo[ cJ
and lim R(d)=0.

d—+oo

4.2. The case £ > £,

In this subsection we focus our attention on the opposite case £ > £;. We invite the reader to take in
mind Lemma 20, i.e., the intersection time 7(d) — —oo if and only if d — +o0.

Remark 38. Recalling the definition of a in (9), we see that if € < 1/« then

1 qo
e o
p< 1+ep—-1

(45)

Lemma 39. Let assumptions (Hg), (Hy) and (Ws) hold with £ > £;. Let us fix e < 1/a and define a = a(e)
as in (35). Assume that there exists a sequence (T, )y with T, — —00 satisfying BT T(7n,a) = —o00. Then,
n oo

if n is sufficiently large,
H(R(Tn,a); T(Tn,a)) < 2H(Q(Th, a); ) .

Proof. Since both 7,, and T'(7,,a) converge to —oo, according to Remark 25, we can set K(t) < 2Bleft <
2Ble’s! for every t € [1,,, T(7n,a)]. Then, using (12), (38), Remark 32 and (45), we get

/H(R(Tnva)§ T<Tn7 a)) - H(Q(Tm a);Tn) =

T(Tnva)
. H)|a
B LU
q
ope
05t 4
i Py ()71 dt <
= et ly(t)]
9B T(Tn,a)—Tn
< ariels™ e(e;f%*f ﬁ>Sds <
qod

o
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—+oo
2B¢ x *_ 1 go
< qap%lee”m /e(g” e Pq—l)sds =
qo
0
2B( 1 . -
B ne e IO

when n is sufficiently large.
We argue by contradiction, and we assume that there exists a subsequence of 7,, still called 7, for
simplicity, which satisfies

H(R(Tn,a); T (T, a)) > 2H(Q(Tn,a); ) -
So, for sufficiently large n,

H(R(Tn,a); T(Tn,a)) < 2[H(R(Tn,a); T(Tn,a)) — H(Q(Tn,a); Tn)] <
< 203 (e) '™ .

Then, recalling the definition of H in (11) and the definition of R in (30), we get

*p—1

|Ry (T, a)| < C’H(e) el o

where Cy(e) = [2OH(5) %] . Hence, setting Cy(e) := + In (%), from (36) and (44) we deduce

=3 o

1 *p—
T(tp,a) > 7+ —1In ( — e_ZPTlT") =
@ \Cy(e)

- 1 -
= Ou(e) 7 (1- 6,2 ) = Oue).

which contradicts our assumption lim 7T(7,,a) = —co. O
n—-+4oo

Lemma 40. Let assumption (He) hold with £ > (3. Fir e < 1/a and define
p—1

ade =
a=ale):= ([K(—oo> 0 +e>) ' (46)

Let us assume that there exists a sequence (Tp,)n with T, — —00 such that lirf T(7p,a) = —o0. Then,
n—-+0oo

if n is sufficiently large,
H(R(7n,a); T(Tn,a)) < 2H(Q(Tn,a); Tn) -

Proof. Arguing as in Remark 25, we can modify system (10), replacing K with K and notice that we can
apply Lemma 39 in this case. From the hypothesis, we deduce that, for n large, we have 7,, < T'(1,,a) < To.
Since K and the original K coincide on | — 0o, Tp], we easily conclude. O

Proposition 41. Assume (He) with { > £;. Fiv e < 1/a, and define a = a(e) as in (46). Then,

liminf T'(7,a) > —oo0,
T——00

where we set T(7,a) := +oo if the corresponding trajectory ¢(t;7,Q(T,a)) does not cross the negative
Y-8emiaxis.
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Proof. We argue by contradiction assuming the existence of a sequence (7,),, with 7,, = —oco and satisfying
limy, s 400 T(Tn, a) = —o0.
Since we are focusing our attention on a neighborhood of ¢ = —o0, we can again suitably modify K in
the function K as suggested in Remark 25, in order to ensure the validity of the hypotheses of Lemma 39.
Hence, without loss of generality, we can assume that (H4) and (W) also hold. So, according to (12),
the energy H increases along the trajectories. As a consequence, from Lemma 40 and Remark 27, we get

5c(a)e™ < H(Q(Tn, a); ) < H(R(Tn,a); T(7n,a)) <
< 2H(Q(Tn,a);Tn) < Z’)c(a)e”n

for n sufficiently large. So, recalling the definition of 7 in (11) and the definition of R in (30), we can find
a positive constant ¢;(a) such that

Ry (ra,a)| < Er(a)e’7 T
Moreover, we can use the estimate in Remark 32 to get
ae= D =m) < |R, (1, 0)
for n sufficiently large. Hence, we have

ae—a(T(Tn,a)—T,,,) S él( )GT ZTTL,

leading to

1 1p—1

T(7n,a) > ~In (“) + T [1 pe] -
a ¢ (a) a p
v VA v
= Cl(E) + Tn |:1 — :| > 01(6) R
&

which contradicts lim,,—, oo T(7,a) = —co. O

When ¢ > (7 (with the strict inequality), we find a more precise estimate.

Proposition 42. Assume (Hg) with { > £;. Fiv e > 0 with e < 1/a and define a = a(e) as in (46).

Assume that there is N(a) > 0 such that, for every 7 < —N(a), there exists a time T(t,a) € R at which
the trajectory ¢(t; T, Q(7,a)) crosses the negative y-semiazxis and &(t; 7, Q(7,a)) < 0 for any 7 <t < T(7,a).
Then

lim T(r,a) =+o0.
T——00
Proof. Let T := liminf,,_oo T (1,a) € RU {400}, glven by Proposmon 41. Without loss of generality, we
choose the value Tj provided by Remark 25 so that Ty < 7. Recalling Remark 38, we first fix § € ]0,1]
satisfying

1-6 qa
1+ep—-1

and then 75 < —N(a) such that
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T<5T<Tg—1§T—1<T(T,a) for any 7 < Ts.
Since ¢ > E;‘,, we can introduce ¢1 < ¢ such that

1-90 gqa 1 qo

<t < < . 47
1*14—sp—1 14+¢ep—1 (47)

by
Consider the trajectory of system (10) departing from Q(7,a) at the time 7 and the points
S(r.a) = p(0rim,Q(r,a),  R(r.a) = $(T(r,0);7.Q(r,0)).
We now focus our attention on the trajectory ¢(-; 7, Q(7,a)) restricted to the interval [r,d7] C ] — o0, TO[.

Hence, recalling the truncation argument in Remark 25, we can assume that both (Hy) and (W) hold.
So, we can argue as in the proof of Lemma 39 to obtain 7 (g,4d) < 75 such that

H(S<T’ a>§ 67—) - H(Q(T7 a>; T) =

oT
= / K(t)lm(t)‘q dt <

q
BY oT
2 q
< 220 [ty 7 dt <
qa
—+o00
< 2B€ap%1e£” / e(zﬁﬁ P%l)sds = Cule) "™ (48)
qa
0

for any 7 < T (g,0). Moreover, from (43) and &(67) < 0, we have

1 1 1 1-=s

1 o
x(67) < —|y(d7)|7~T < —ar-TeTFp-17 for any 7 < T (g, ). (49)
a a

Assume by contradiction that there are M > 0 and a sequence (7,,),, such that 7, — —oo and T'(7,,,a) < M.

Let us now focus our attention on [§7,,T(7,,a)] C | — oo, M]. We remark that the validity of (H4) and
(W) is not guaranteed anymore in [§7,, T(7y, a)]; however & < 0, so x(t) < x(d7,,) in this interval. Hence,
we can compute

T(1p,a)
1|4
H(R(Tn,a); T (Tn,a)) — H(S(Tn,a); 6m0) = K(t)'x( )| dt <
OTn q
) T(n,a) A
<2 [ max{E@.0)le@n = S (50)
OTn
Then, using (49), we find
M
A(r,) < / max{K (t),0} dt 0T eI AT

q 1-5 qa
=T (M)ar—T et+ep-17"
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Substituting this last inequality into (50) and using (47), we obtain
H(R(rn,0); T(70,0)) — H(S(7n,a);07,) < Iic(M)ar-Te™ (51)
for n sufficiently large.
Since £ > {1, summing (48) and (51) with the estimate in Remark 27, we get the existence of a constant
Cy(e) > 0 satisfying

D

— 1 ~
b p_|Ry(Tn,a)|ﬁ = H(R(Tn,a),T(Tnja)) < C’H(E)ezlﬂl' .

Since § < —ay in [, T (7, a)[, we deduce that —1 % < 1 in this interval. Hence, for a certain constant

Cyr (€), we obtain

) T(Tn,a)
T(th,a) > 7y — — / %ds =
) Ry (Tn, )\d
Yy a
= — = Y+ 2
™ y e (|Ry<m,a>|>
_ 0
ZOH(€)+Tn ].——*
&

when n is large enough. Recalling (47), we get lim, 400 T'(Th, a) = 400, giving a contradiction. O
Proposition 43. Assume (Hg) and (H4). Then, J =10, 4o00[ and

o if =105, then gm inf R(d) > 0,

—+o0

o if{> 1y, then lim R(d) = +o0.

d——+oo

Proof. As stated in Proposition 21, J =)0, +oo] is a well-known consequence of assumption (Hy).

Let ¢ < L, define a = a(e) as in (46), and set N = N(a) as in Remark 27. So, W*(7) crosses transversely
L(a) in Q(7,a) for any 7 < —N.

From Proposition 21 and Lemma 28, we see that for every 7 < —N there is T(7r,a) such that
&(t; 7, Q(7,a)) < 0forany 7 <t < T(1,a), and ¢(t; 7, Q(7,a)) crosses the negative y-semiaxis at t = T'(7, a).

Now, we consider the function dg(q: | — 00, =N[ — |D, 4+o0[ introduced in Lemma 20. In particular,
u(r; d () (7)) is the solution of (4) corresponding to the trajectory ¢(t; 7, Q(7,a)). Further, the inverse 7 (4)
of dp(q satisfies limg—, 1 o Tz (a)(d) = —00.

If £ > £}, Proposition 41 gives liminf,_,_ T(7,a) > —oo. Arguing as in the proof of Proposition 35, we
have

lim inf R(d) = liminf e7 (72@ (@) — Jim inf T (") >
d—+o0 d—4o00 T——00

If £ > ¢7, we are able to apply Proposition 42 and get

lim R(d) = lim elme@@a) = Jim 70 = 400, O (52)
d—+o0 d—+o0 T —o00
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Theorem 2 follows from Proposition 43, cf. Section 5 for more details.

In order to prove the second part of Theorem 1, we need to remove the monotonicity assumption from
Proposition 43. Note that if (H4) does not hold, we cannot ensure the existence of points of J in a
neighborhood of +o0o when ¢ > £7. However, we can prove a weaker result.

Proposition 44. Assume (Hy), and define

R(d):{R(d) ifdeJ,
+oo  ifd¢ J.

If £ > £, then there is Ro > 0 such that R(d) > Ry for any d > 0.

Proof. Fix 0 < £ < 1/a, a = a(e) as in (46) and set N(a) as in Remark 27. Let T be as in Remark 25.
From Proposition 41 we deduce that

there is 7" < Ty such that T(r,a) > T for any 7 < —N(a). (53)

Now, let us fix 79 < —N(a) and denote by W*(7g) the branch of the unstable manifold W*(7) between
the origin and Q(79,a). From Remark 17, we see that there is D* > 0 such that the function Q,,(d)
restricted to d € [0, D*] gives a parametrization of W*(7p), i.e., Qry: [0, D*] — W¥(7p) is a continuous
bijective function.

Using Remark 14 and Lemma 16, reducing 7y if necessary, we see that if Q@ € W*(7y) then ¢(t; 7, Q) is
close to the corresponding trajectory in W*(—oo) when ¢ < 79; in particular x(¢; 79, Q) > 0 if ¢ < 79. Hence
R(d) > e™ for any d < D*.

Let now d > D*. Recalling Remark 17, we have Q. (d) € W*(1y) \ W*(7p). Using Lemma 20, we see
that there is a unique 77(4)(d) < 7o such that the trajectory ¢(t;79, Qr,(d)) crosses transversely L(a) at
t = Tr(a)(d) < 790 < —N(a). Then, from (53) we deduce that

T(7e(ay(d),a) > T for any d > D*.

Hence R(d) > €T’ for any d > D*.
Finally, setting Ry = min{e™, eTl}, we conclude. O

Now, we reprove Proposition 43 by replacing the global assumption (H4) with the local assumption
{ < p—fl. Motivated by [3,5,34] and inspired by [14,18], we obtain the following result.
Lemma 45. Assume (Hg) with £ < %5 assume further either (Ws) or that there is p1 > 0 such that

K(r) > K(p1) when r > p1. Then, there is D >0 such that ]ﬁ, +oo][ C J.

Assume (Hg) with £ < %5 notice that Lemma 45 can be applied either if lim, o K(r) exists and it
is positive (either bounded or unbounded), or if K (¢) is asymptotically periodic.

The proof of Lemma 45 is rather technical and it is postponed to Section 4.2.1, as well as the related
proof of the following adapted version of Proposition 43.

Proposition 46. Assume (Hg) with {} < { < 25 assume further either (W) or that there is p1 > 0 such
that K(r) > K(p1) when r > p1. Then

lim R(d) = +o0.

d—+o0



28 F. Dalbono et al. / J. Math. Anal. Appl. 559 (2026) 130482

4.2.1. Proof of Lemma 45 and Proposition 40

We start by proving Lemma 45 under assumption (Wy). The alternative case, where K(r) > K(p1), is
then obtained as a corollary. We begin with some preliminary arguments.

Let us assume (W), so that we can construct the stable manifold W*(7), see Section 2 and, in particu-
lar, (20). Since we are dealing with system (10), we use the following shorthand notation: we write {# < 0}
instead of {(z,y) € R? | az +y \y|12°_Tzf < 0}. Similarly, we write {# = 0} and {2 < 0}.

Firstly, we need to define several sets, and we invite the reader to follow the argument on Fig. 5. Assume
(Hy) and (Wy), then for any 7 € R we set

_1 p _xq
H(w.y) = azy+ L2yl + K L

_]_ p xq
Hla,y) = aay + 2yl +57'.

We define ' := {(z,y) | H(z,y) =0,2 >0} and I := {(z,y) | H(x,y) =0,z > 0}. Notice that both T and
T are the images of closed regular curves. We denote by F' and by F the bounded sets enclosed by I' and
T, respectively; notice that FF C F. We denote by G = (G, G,) the (transversal) intersection between I'
and the isocline {& = 0} such that G, > 0. Then, we denote by G the intersection between the line * = G,
and I contained in {# < 0} and by G the vertical segment between G and G. Moreover, we denote by 0B"
the branch of T between the origin and G contained in {# < 0} and by B* the branch of I between the
origin and G contained in {# < 0}. Finally, we denote by B the compact set enclosed by G, BT and 9B,
see Fig. 5.
We emphasize that if ¢(t) = (z(t),y(t)) is a trajectory of (10), we find, according to (14),

H(o(t) = (K — K(t) z(t) l=()]"2 (1),
H((t) = (K — K(t) z(t) |=(t)]"~2 @(t).
Using this fact, we easily obtain the following crucial remark.

Remark 47. Assume (Hg) and (W), then the flow of (10) on G := G\ {G, G} aims towards the interior of
B for any t € R, while on (0BT U9B*) \ {(0,0)} aims towards the exterior of B for any t € R.

Let us now fix 7 € R. From Remark 47 and the construction in Section 2, we see that W*(7) intersects G
(not necessarily transversely), see [18, Lemma 2.8]. Follow W#*(7) from the origin towards z > 0: denote by
Q°(7) the first intersection with G and by W#*(7) the connected branch of W#(7) between the origin and

Q°(7).

Moreover, we introduce the set
We(r) :={Q e W*(r)NB | i(t;7,Q) < 0 for any t > 7} D W*(7).
In particular, using Remark 47, we have

Q e W3(r) = ¢(t;7,Q) € W*(t) for every t > 7, (54)
Qe We(1) = ¢(t;7,Q) € Wi(t) for every t > 7.

In what follows, we recall the argument from [18, pp. 357-360]. Let us consider the autonomous sys-
tems (10), where K (t) is replaced by K, respectively K, and we denote by



F. Dalbono et al. / J. Math. Anal. Appl. 559 (2026) 130482 29

Fig. 5. The constructions needed in the proof of Lemma 45.

¢(t; T, Q) = (E(t; T, Q)» y(t3 T, Q)) , Tesp. Q(t; T, Q) = (g(t; T, Q)v y(t; T, Q)) ’

the trajectories of these systems starting at time 7 from the point Q. Recall that in the region {& < 0} the
branch of I lies under the corresponding branch of T, see Fig. 5. So, from (17), we can find C' > ¢ > 0 such
that

n—p

ce -t < 2(t;0,G) <T(t;0,G) < Ce” P10t for any t > 0,

or, equivalently,
— BT < (g (7 G — St (=)
ce P=D <z(t;7,G) <ZT(t;7,G) < Ce pe—D for any t > 7. (55)
Such estimates permit us to provide analogous ones for the solutions of the non-autonomous system (10).
Lemma 48. Assume (Hg) and (W,). Let 7 € R and Q € W*(7) NG, then
ce D ¢TT) < z(t;7,Q) < Ce 7 ¢T) foranyt>T1.

Proof. We will prove that

A

2(t;7,G) < z(t;7,Q) <Z(t;7,G) for any t > 7.

Then, the conclusion follows from (55).

We present the proof of the first inequality, the other being similar.

Let T = sup{t > 7 : z(s;7,G) < 2(s;7, Q) for any s € [r,1] }. If T = 400 we are done. Hence, assume
that T € R. Then, z(T;7,G) = «(T; T, Q) and since Q € WS(T), from (54) and Remark 47, the trajectory
remains in the interior of B. In particular we get y(T; 7, G) < y(T’; T, Q) So, from (10) and (13), we deduce
that #(T;7,G) < &(T;7,Q), providing z(t;7,G) < z(t;7,Q) in a right neighborhood of T, leading to a
contradiction. 0O

From Lemma 48, we obtain the following result, which was proved in [18, Lemma 3.1], where the second
author considered points in the smaller set Q*(7) € W*(r). We repeat the argument here to correct some

typos.
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Lemma 49. Assume (W) and (He) with { < ;5. Then, there is N1 > 0 such that H(Q;7) < 0 for any
Qe Ws(r) and 7 < —Nj.

Proof. Let Tj be as in Remark 25, so that (25) holds.

Take any 7 < Ty and consider a point Q € W* (7). We denote, for brevity, the trajectory ¢(t;7, Q) as
B(t) = (2(6),y(1).

We note that ¢ must cross the line G at a time smaller than 7. So, let us denote by Tg < 7 the largest
value with such a property. In particular, by construction, z(Tg) = G, 0 < z(t) < G, and @(t) < 0 for
every t > Tg. Using Lemma 48, we have

ce 70 T8 < g(4) < Ce w0 T for any ¢ > Ty . (56)

Since Tg < 7 < Tp, we see that x is decreasing in the interval |Tp, 4-00[ C]Tg, +00[; so using (56),

“+o0
q

[0 = x, /K 1[ >}dt>

J q d

To

R [)a q R aln)
> —K(To)x( 0) > _“ K(Ty) e #6=0 @o-Te) _
q q

Moreover, using (25) and (56),

Ty . . To
[ro™ 0> 2 / R -To) gy
q

Ty

=G [ ta

2q

T

Summing up, setting b; = %q K(TO) e 7170 and by =

+oo
_ / k() z(t)|

e ey
__/K(t)Tdt—/K(t) Lt <

Ty
et o, [l

T

ch

, from (12), we get

So, since /¢ <45 , the integral diverges as 7 — —oo, thus giving the proof. O
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Let us assume now (Hg) and (Wy). Recalling the definition of E given in (15), fix

0<a< (%)m <inf{|E,(t)] : t € R}, (57)

and consider the segment L£(a) defined as in (29).

From Remark 27, there is N(a) > 0 such that W*(7) intersects transversely £(a) in a point denoted
by Q(r,a) for every 7 < —N(a). Moreover, since a > G, a subsegment of L£(a) joins B+ with dB"
(transversely), and, consequently, W*(7) intersects £(a), too, for every 7 € R,

Lemma 50. Assume (Ws) and (He) with £ < 25 Then, there is N(a) > 0 such that for any T < —N(a)
the trajectory ¢(t; T, Q(7,a)) corresponds to a crossing solution, i.e., there is T = T(r,a) > T such that
z(t;7,Q(1,a)) > 0 for any t < T, and it becomes null at t = T. Further, &(t;7,Q(7,a)) < 0 for any
T<t<T(r,a).

Proof. For any 7 € R, let us consider the compact set C = C(a, ), delimited by we (1), the negative y-
semiaxis and the line £(a), see Fig. 5. Then, from Remark 27, we can find N(a) > Ny, with N; provided
by Lemma 49, such that

H(Q(T,a);T) > @eh >0 for every T < —N(a). (58)

Hence, from Lemma 49, we get Q(7,a) € C(a,7) for any 7 < —N(a).

Fix 7 < —N(a); then by construction ¢(t;7,Q(r,a)) € C(a,t), when ¢ is in a sufficiently small right
neighborhood of 7, see Remark 13.

So, there is T'(7,a) > 7 such that either ¢(t;7,Q(7,a)) € C(a,t) for any 7 < t < T'(r,a) and it leaves
C(a,t) when t > T'(7,a), or ¢(t;7,Q(7,a)) € C(a,t) for any t > 7 (ie., T(1,a) = +00).

From an analysis of the phase portrait, we see that

z(t;7,Q(1,a)) <0< y(t;7,Q(1,a)) when 7 <t <T(r,a). (59)

Assume first that T'(7,a) € R, then either ¢(¢; 7, Q(7,a)) crosses the negative y-semiaxis at t = T(7,a) and
we are done, or R := ¢(T(7,a);7,Q(7,a)) € W*(T(7,a)).

So, assume the latter and observe that R € W*(T(r,a)), thus Q(r,a) € W*(r). Then, i(t; T(r,a), R) < 0
for any t > T'(7,a), and by construction &(¢; 7, Q(7,a)) < 0 for any 7 <t < T'(7, a). So, since the trajectories
é(-;7,Q(7,a)) and ¢(-;T(t,a), R) coincide, we conclude that (¢; 7, Q(7,a)) < 0 for any ¢ > 7, thus giving
us Q(7,a) € W*(1).

Hence, we get a contradiction comparing (58) with Lemma 49.

We consider now the remaining case T'(7,a) = +o0o. Recalling (59), the only reasonable conclusion is that
d(t;7,Q(7,a)) — (0,0) as t — 400, i.e., Q(1,a) € W5(r). Then, from (59) we find Q(r,a) € W*(r) and
get again the contradiction comparing (58) with Lemma 49. O

We can extend Lemma 50 to a wider class of functions.

Lemma 51. Assume (He) with { < S5 and that there is p1 > 0 such that K(r) = K(p1) when r = p1. Then

the same conclusion as in Lemma 50 holds.

Proof. Recall that K (t) := K(e'). By assumption there is 71 € R such that K(t) > K(71) when ¢ > 7;. Let
us define
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K (t) L K(t) ifthl,
e K(r) ift>mn.

Let

G (57, Q(T,0)) = (:Um(t; 7,Q(1,a)), ym (t; 7, Q(T, a)))

be the trajectory of the modified system (10) where K (t) is replaced by K, (t). Observe that K,,(t) satisfies
(Wy), and we can still apply Remark 13, but W#*(7) depends continuously and not smoothly on .

Since the original system and the modified one coincide for ¢ < 77, then their unstable manifolds are the
same in this interval.

Concerning the modified system, let K,,, > sup,cg Kpm(t) = sup,,, K(t) and select the point Gp, =

p—1

(Gz.m,Gy.m) as above. Then, from Remark 27 we see that for any 0 < a < (%) 7, cf. (57), there is
N = N(a) > |r1]| > 0 such that W*(7) crosses transversely L(a) in Q(7,a) for any 7 < —N.

From Lemma 50 applied to the modified system, we can find N(a) > N(a) such that for any 7 <
—N(a) there are T),(1,a) € R and R, = (0,R,,) such that ¢,, (T (7, a);7, Q(7,a)) = Ry, and both
T (t; 7, Q(T,a)) > 0 and &, (t; 7, Q(T,a)) < 0 < Y (t; 7, Q(7,a)) hold for any 7 <t < T,,(7,a), see (59).

Since ¢,,,(t;7,Q(T,a)) = ¢(t;7,Q(7,a)) for any t < 7, if T,,,(7,a) < 71 the proof is complete. So, we
assume now 1, (7,a) > 71. Since K, is constant, then also H(¢,,, (t; 7, Q(7,a)); 71) is constant when ¢ > 7y,
see (14). Hence,

(P (87, Q(7,0)); 1) = H(Rum;m1) = 325 | R/ P7D > 0

for any ¢ € [71, Ty (7, a)).

Let us set S = (S, Sy) == ¢(m1;7,Q(7,a)) = ¢,,,(11;7,Q(7,a)). Then, from the previous estimate, we
get H(S;7m1) = H(Rm;71) > 0. Notice that the image of ¢,,(¢;7,Q(7,a)) is a graph in z, i.e., there is a
decreasing smooth function f,, such that

Fi={om(t:7.Q(1,a)) [ 1 <t < Tp(r,0)} = {(2,y) |y = fm(z), 0 < 2 < So}.
Let us define
T(r,a) = sup{s > 1 | &(t;7, Q(7,a)) < 0 < 2(t;7, Q(,a)) for any 71 < ¢ < s).
From (14) we have
H((t:7,Q(7,a));71) = H(S; 1) = H(Rm;m1) >0

for every 7 < t < T(7,a). Therefore, we see that the trajectory ¢(¢;7,Q(7,a)) is forced to stay in the
unbounded set

A :{(l',y) | 0<z< Szv y < 07 7—[(%3;;71) > H(Szvsy;'rl)}
={(7,9) |0 <z < Sp5y < frm(x)}

whenever 7; < t < T(7,a). Observe now that the maximum of #(z,y) = ax —|y|/?~1 within A is obtained
in F, which is compact; further, it has to be negative, so there is C' > 0 such that i(t; 7, Q(1,a)) < —C
when 7 <t < T(7,a). Then it is easy to check that ¢(¢;7, Q(7,a)) is bounded when 71 <t < T(7,a). So,
from elementary considerations, we see that ¢(t; 7, Q(7,a)) crosses the negative y-semiaxis at t = T(7,a) <
71 + Sx/C O
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The previous lemmas allow us to complete the proof of Lemma 45.

Proof of Lemma 45. If we assume (W), we fix a as in (57), while if we assume the second alternative in
the same formula we replace K with K,,. Then, we consider the segment L£(a) defined as in (29). From
Remark 27, there is N(a) > 0 such that W"(7) intersects L(a) in Q(7,a) for every 7 < —N(a).

Using Lemma 20, we consider the decreasing continuous function dz () : | — 00, —=N(a)[ — |D, 400 such
that the solution u(r;dz,) (7)) of (4) corresponds to the trajectory ¢(t; 7, Q(7,a)) of (10).

Now, we can apply either Lemma 50 or 51, in order to find the value N(a) > N(a) such that the solution
u(r;dg(q)(T)) is a crossing solution for every 7 < —N(a). So, if we set D such that dr(a)(] — o0, —N(a))) =

1D, 400, we get |D, +oo[ C J. O

Proof of Proposition 46. Take ¢ < 1/« such that the value a = a(e) introduced in (46) satisfies the inequal-
ity (57). Define the segment £(a) as in (29), and N(a), T(-,a) as in Lemma 50 or 51. Set D as in the proof
of Lemma 45.

Recalling Lemmas 20 and 45, we have TL(Q)(]ﬁ,+oo[) =] —o00,—N(a)| and limg_, 0 Tr(a)(d) = —o0.
Moreover, the function T'(-, a) is well-defined in | — 0o, —N(a)[ and it is continuous, cf. Remark 29.

Hence, we are able to apply Proposition 42 to infer (52). O
5. Proof of the theorems and final remarks

We conclude the paper by giving the explicit proof of the main theorems. Further, at the end of the
section, we suggest some future developments of the results presented in this article.

Proof of Theorem 1. If ¢/ < {7, from Proposition 37 there is D > 0 such that }Ij,Jroo[ C J and
limg_, 400 R(d) = 0. So, there is D > 0 such that D ¢ J and |D,4oo[C J. Hence, from Propositions 23
and 24, we have lim, , 5+ R(d) = +oo. Further, since R is continuous in J, see Proposition 22, we find
R(J) =0, 400, i.e., for every R > 0 there is d € J such that R(d) = R, which amounts to say that u(r; d)
solves problem (3).

The second assertion follows immediately from Proposition 44. 0O

Proof of Theorem 2. The proof takes advantage of Propositions 23 and 43.

If £ = (3, we distinguish two alternatives. Either R(]0,+o0o[) = [Ro, +oo[ with R¢ internal minimum of
R, or R(]0,4+0[) = Ry, +oo[ with Rg = liminf,_, . R(d) > 0. Therefore, we obtain the required result in
this case.

On the other hand, if £ > £, from limg o R(d) = limg, o R(d) = +oo, we deduce that the function R
has an internal minimum R, and the pre-image R~!(R) has at least two elements for every R > R, thus
giving the multiplicity result. O

Remark 52. We want to underline that, in the critical case £ = £7, we are not able to discern which of the
alternatives analyzed in the proof of Theorem 2 holds, and, consequently, we are not able to say if there is
a solution for R = Ry.

Proof of Theorem 3. From Proposition 44 and Lemma 45, the set J contains a nontrivial interval, and there
exists Rg := infges R(d) > 0. Then, the proof follows the lines of the one of Theorem 2, profiting from
Propositions 22, 23, 24 and 46. O

In this paper, we dealt with the differential equation (1) under the restrictive assumption 2 2+Ln <p<
2, in order to obtain a sufficiently smooth dynamical system (10). This allowed us to profit of classical
techniques borrowed from invariant manifold theory for non-autonomous dynamical systems, cf. [9,24]. In
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order to remove this hypothesis, we could possibly rely on Wazewski’s principle in the spirit of [14,15], or,
alternatively, we could try to develop a degree theory approach. However, such a generalization could make
the proofs even longer and more involved, so it will be the subject of a forthcoming paper.
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