CENTRAL POLYNOMIALS OF GRADED ALGEBRAS: CAPTURING THEIR
EXPONENTIAL GROWTH
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ABSTRACT. Let G be a finite abelian group and let A be an associative G-graded algebra over a field of
characteristic zero. A central G-polynomial is a polynomial of the free associative G-graded algebra that
takes central values for all graded substitutions of homogeneous elements of A. We prove the existence and
the integrability of two limits called the central G-exponent and the proper central G-exponent that give
a quantitative measure of the growth of the central G-polynomials and the proper central G-polynomials,
respectively. Moreover, we compare them with the G-exponent of the algebra.

1. INTRODUCTION

Let G be a finite abelian group and let A be a G-graded algebra over a field of characteristic zero. If we
denote by F(X,G) the free associative G-graded algebra, freely generated over F' by the set X of variables,
then a G-polynomial f € F(X,G) is a central G-polynomial of A if f takes values in Z(A), the center of
A. In case f vanishes on A, then it is called a G-polynomial identity of A, otherwise f is a proper central
G-polynomial.

Central polynomials were first studied after a famous conjecture of Kaplansky asserting that the algebra
M, (F) of n x n matrices over F' has proper central polynomials (see [21]). Later on, such a conjecture was
proved independently by Formanek and Razmyslov in [13] and [26]. Nowadays very few is known about
T-spaces of central polynomials. For instance, in [7] the T-space of central polynomials of the Grassmann
algebra in characteristic different from 2 was computed, while a similar result for the same algebra was
achieved in [8] for central polynomials with involution. On the other hand, there exist algebras with a
non-trivial center having no proper central polynomials (see [19, Lemma 1]).

By using an idea of Regev (see [27]), here we are interested in a quantitative approach in order to get
information about how many central polynomials a given G-graded algebra has. To this end, we consider for
any n > 1 the space P¢ of multilinear graded polynomials of degree n and we attach to it three numerical
sequences: c&(A), the dimension of PS¢ modulo the G-polynomial identities of A; ¢§*(A), the dimension
of PS modulo the central G-polynomials of A; §&(A), the dimension of the space of multilinear central G-
polynomials of degree n modulo the graded identities of A. They are called the G-graded, central G-graded
and proper central G-graded codimension sequence, respectively, and for all n > 1,

¢ (A) = 7 (A) + 67 (A).

n

G,z

%(A) behaves and viceversa (see

It follows that one can gather informations about ¢ (A) by knowing how c
for instance [6]).

The asymptotic behavior of the G-graded codimension sequence was extensively studied in the past years.
In fact, in [15] it was proved that if A satisfies a non-trivial ordinary polynomial identity (PI-algebra),
then c%(A) is exponentially bounded, moreover in [2], [3] and [14] the authors proved the existence and the
integrability of the graded exponent, exp®(A), also for non-abelian groups. Such a result was generalized in
[22] in the setting of H-module algebras, where H is a semisimple finite dimensional Hopf algebra.

In this paper we want to prove an analogous result for the central and the proper central G-polynomials.
Because of the previous relation among the codimension sequences, it is clear that ¢G*(A) and 65 (A) are

exponentially bounded, provided that A is a PI-algebra. Furthermore, what can we say about the central
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G-exponent, exp®?(A), and the proper central G-exponent, exp®?(A)? We will prove that such exponents
exist and they are non-negative integers by showing an explicit way to compute them. Moreover, we compare
the central G-exponent with the G-exponent by proving that either exp®?(A) = exp®(A) or exp®?(A) = 0.
Similar results were recently achieved for ordinary algebras in [19] and [20] and for algebras with involution
in [25].

2. THE BASIC SETTING

Let F be a field of characteristic zero, G be a finite abelian group and A be a G-graded algebra over F)
le. A= @geG Ag, where the Ag’s are vector subspaces of A such that AjA, C Ay, for all g,h € G. We
refer to such subspaces as the homogeneous component of A and we say that the element a has homogeneous
degree g if a € A, for some g € G. In this case we write |a|g = ¢ or simply |a| = ¢ if no ambiguity arises.

Let F'(X) be the free associative algebra on a countable set X of variables z1,z2,.... One can define on
such an algebra a G-grading in a natural way: write X = (J,cq Xy, where Xy = {219, 22,4,...} are disjoint
sets and the elements of X, have homogeneous degree g. If we denote by F, the subspace of F'(X) spanned
by all monomials in the variables of X having homogeneous degree g, then F(X) = e Fy is a G-graded
algebra called the free associative G-graded algebra of countable rank over F. We shall denote it by F(X, G).

From now on, let G = {¢1,...,9s}. A G-graded polynomial, or simply a G-polynomial,

F=Ff@1gis s @tr,g00- > Tlgys- -3 Lty,g,)

of F(X,G) is a G-graded identity (or simply graded identity) of A, and we write f = 0, if

Jla1,g,s s Gty grssQlgey-ensrg.) =0

for all a; 4, € Ag,, t; >0, forall 1 <i <s.

Let Id9(A) = {f € F(X,G) | f = 0 on A} be the ideal of graded identities of A. It is easily seen that
1d°(A) is a Tg-ideal, i.e. it is an ideal invariant under all graded endomorphisms of F(X, G).

Notice that if for some i > 1 we set z; = x; 4, +- - - +; 4., then F(X) is naturally embedded into F(X, G)
so that we can look at the (ordinary) identities of A as a special kind of graded identities.

Since charF = 0, then Id9(A) is determined by the multilinear G-polynomials it contains. Thus, for all
n > 1, one can define

PS = spanp{To(1), ** To(mygu, | 7 € SnsGivs- i € G}

as the space of multilinear G-polynomials in the graded variables 1 g4, ..., Zn g, , 9i; € G. Here S, stands
for the symmetric group on the integers {1,...,n}. The Tg-ideal IdG(A) is determined by the sequence of
subspaces P& N IdG(A), n > 1, and we can construct the quotient space

PG

B = B naetay

n

The non-negative integer
c%(A) = dimp PS(A), n > 1,

n

is called the nth codimension of A and the asymptotic behavior of the corresponding sequence is in some sense
a quantitative measure of how many identities are satisfied by A. In [15] it was proved that if A satisfies
a non-trivial ordinary polynomial identity, then such a sequence is exponentially bounded. Moreover, in
[2, 3, 14] the authors captured this exponential growth by proving the existence and the integrability of the
limit
G ; n
exp®(4) = Tim _{/eS(A),

called the G-exponent of A. We highlight that such a result was achieved for any finite group.

The study of multilinear G-polynomials can be reduced to the one of smaller spaces in the following way.
Take n > 1 and write n = n; + -+ + n,, where ny,...,n; > 0. Then define P,, ., , as the subspace of
P& of multilinear G-polynomials in which the first n; variables have homogeneous degree g;, the next ny
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variables have homogeneous degree g, and so on. It is clear that P& is the direct sum of such subspaces
with ny + --- +ns = n as well as P¢(A) that inherits this decomposition. Thus, one defines

P’nl ..... n (A) _ oy Ns

: P, . N1d%(A)

and sets

.....
n
N1y, Ng

= (" e

ni+-+ns=n

Notice that, given nq,...,ns, there are ( ) subspaces isomorphic to P, . ... Therefore, for all n > 1,

1sees

Since there is a one-to-one correspondence between Ti-ideals and G-varieties of algebras, often it is
convenient to translate all the objects we have introduced into the language of G-varieties. Thus if V =
var®(A) is the G-variety generated by the G-graded algebra A, then we write Id% (V) = Id%(A), € (V) =
c%(A) and the growth of V is the growth of the codimension sequence c& (V).

n

3. GRASSMANN ENVELOPE AND (G X Z3-GRADED ALGEBRAS

In this section we introduce a useful tool that one can use in order to reduce the problem of computing
the Tg-ideal of graded identities of any G-graded algebra to that of the so-called Grassmann envelope of
a suitable finite dimensional G X Zs-graded algebra, where Zs is the cyclic group of order 2 in additive
notation.

Let E denote the infinite dimensional Grassmann algebra generated by the elements 1,e1,es, ... subject
to the relations e;e; = —eje;, for all i # j. Let B = Eo ® E; be its natural Z,-grading, where

Eo =spanp{e;, - €5, | 1 <iy < -+ <igg, k >0}

and
E1 = spanF{eil T Ciggig | 1<y <0< i2k+1, k > 0}

Moreover, let A = @(g,i)erZQ A(g,iy be a G x Zo-graded algebra. Then A has an induced Zo-grading,
A= Ay ® Ay, where Ay = EBgeG Aoy and Ay = EBgeG A(g.1), and an induced G-grading A = @geG Ag
where, for all g € G, Ay = A(0) © A1)

Then, the Grassmann envelope of A is defined as

E(A) = (A4 ® Ey) @ (A1 @ Ey).

On one hand, it has a natural G x Z-grading induced by the one of 4, i.e. E(A) = @, eaxz, E(A)g.)
where E(A) g, = A(g,i) @ E;. On the other, it has an induced G-grading by setting F(A4), = (A(4,0) ® Eo) ®
(A1) ® B1).

In case of ordinary polynomial identities, a celebrated theorem of Kemer states that an arbitrary algebra
satisfying a non-trivial polynomial identity over a field of characteristic zero has the same identities as
the Grassmann envelope F(A) of a finite dimensional Zs-graded algebra A (see [23]). This result was
independently extended in the setting of graded algebras in [1] and [29] by proving the following theorem.

Theorem 1. Let R be a G-graded algebra satisfying a non-trivial ordinary polynomial identity. Then there
exists a finite dimensional G x Za-graded algebra A such that Id°(R) = Id%(E(A)).

It is worth mentioning that in [1] the result was proved also for non-abelian groups.
By the Wedderburn—Malcev decomposition, we write

A=A +J

where A’ is a maximal semisimple subalgebra of A, which we may assume to be G x Zs-graded by [28], and
J = J(A) its Jacobson radical, which is a graded ideal of A. Also we can write A’ = A; @ --- @ Ay, where
Ay, ..., A are G X Zg-graded simple algebras (or simply G x Zg-simple algebras). The description of such
algebras is given in the following theorem proved by Bahturin, Sehgal and Zaicev in [5].
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Theorem 2. Let A be a finite dimensional G X Zs-simple algebra. Then there exist a subgroup H of
G X Zsa, a 2-cocycle a : H x H — F*, where the action of H on F is trivial, an integer m and an m-tuple
(1 =1,92,---,9m) € (G X Zz)™ such that A is isomorphic as G X Zo-graded algebras to

R=FH ® M, (F),
where Ry = spanp{by, @ e;; | g = g; 'hg;}. Here by, € F*H is a representative of h € H.

In order to simplify the notation we shall use the elements of the group instead of their representatives.
According to the previous result, it turns out that Z(A4) = Z(F*H) ® I,,, where I, is the m x m identity
matrix.

As a way to prove Theorem 1, the authors defined a map, denoted by 7, relating the G x Zs-identities of
a G x Zgz-graded algebra A to the ones of E(A).

First they introduced the following notation. In the free G x Zs-graded algebra F(X,G x Zj), write
T (g0) = Yig and ;1) = zig, for all g € G and ¢ > 1. Now let f € F(X,G x Zy) be a multilinear
polynomial in the variables z1,..., zm, y1,--.,%: and write f in the form

f= Z Ao WW0Zs (1)W1 * * " Wm—126(m)Wm
0€ESm
W:(wo’wlwwwm)
where z1, ..., z, are homogeneous variables of degree (g,1), g € G, wg, w1, ..., w,, are (eventually empty)
monomials in variables of homogeneous degree (g,0), g € G, and a,w € F. Then define

f = Z (Sgn U)ao',Wwoza(l)wl e wmflza(m)wm-

oESm
W=(wo,w1,...,wm)

According to [18], the map ~ is such that

Lj="1
2. fis a G X Zo-identity of E(A) if and only if f is a G X Zs-identity of A;
3. for any subset Z of variables {z1,..., 2}, f is alternating on Z if and only if f is symmetric on Z.

4. ON CENTRAL (G-POLYNOMIALS

In this section we shall introduce the main object of the paper. Let R be a G-graded algebra, then a
G-polynomial f(z1,4, ,---,%n,g, ) € F(X,G) is a central G-polynomial (or simply a central polynomial) of R
if f(a1,...,an) € Z(R) for all homogeneous elements a; € Ry, ,...,a, € Ry, .If f takes only the zero value,
then it is clear that f is a graded identity of R, otherwise we say that f is a proper central G-polynomial of
R.

Let 1d“*(R) = {f € F(X,G) | fis a central G-polynomial of R}. Then Id“*(R) is a Tg-space of
F(X,G), i.e. a vector space invariant under all G-graded endomorphisms of the free G-graded algebra.

We set

G PG
PE*(R) = ——— "
B PG N1d%*(R)
and
PG N1d9*
aG(r) = Lo Y

PG NI1d%(R)

Notice that AZ(R) corresponds to the space of multilinear proper central G-polynomials of R in n fixed
homogeneous variables.

It can be easily checked that if Ry and Ry are two G-graded algebras such that Id%(R;) = Id%(Ry), then
Id%*(Ry) = 1d%*(R,) and so A% (R;) = A%(Ry) for all n > 1.

Moreover, define ¢5»*(R) = dimr PS*(R) and 6$(R) = dimp AS(R), n > 1, as the sequences of central
G-codimensions and proper central G-codimensions, respectively. Then

(1) i (R) = ¢*(R) + 67 (R),
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for all n > 1. If R is a Pl-algebra, then c&(R) is exponentially bounded and so are c&**(R) and 6¢(R) and
our aim is to capture their exponential growth. In particular, we are asking whether the two limits

exp®*(R) = nBToo ¢S*(R) and exp®®(R) = nll)rfoo /0% (R)
exist and, in case of affirmative answer, compute them.
To this end, as we already did for P¥(R), one can split AG(R) into the direct sum of subspaces
Po,.....n, N1d9%(R)
Poy....n, N1A9(R)

where nqy + -+ +ns =n, and set 0, pn,(R) =dimp A, ., so that

R DI (R L)

ni+-+ngs=n

Anhm,ns (R) =

9

In order to guess the proper central G-exponent exp®°(R), we now introduce the following notation.

Let A be a finite dimensional G x Zy-graded algebra such that Id®(R) = Id°(E(A)) and write A =
A®---® A, +J, where Ay,..., A, are G X Zo-simple algebras and J is the Jacobson radical of A. We say
that A is reduced if A;, JA;,J---JA;  #0, where iq,... i, € {1,...,m} are all distinct.

Tm

Definition 1. A semisimple G x Zy-graded subalgebra B = A;, & --- & A, , where iq,...,i; € {1,...,m}
are all distinct, is called centrally admissible for E(A) is there exists a proper central G-polynomial

f(xlagjl PR a'rT,gjr)
of E(A) such that v > k and f(a1,...,a,) # 0, for some homogeneous elements a1 € E(Ai,)g; ..., ar €
E(Ai)g,, » art1 € E(A)gjk+1 yoosar € E(A)g, .

Remark 1. If B is centrally admissible for E(A) of maximal dimension, then B = B+ J is reduced.

Proof. Without loss of generality, we may assume that B = A; @ - - - @ Ag. Moreover, let f be a multilinear
proper central G-polynomial as in Definition 1. Since E(A;)E(A;) = 0 for all ¢ # j and f is not a graded
identity of E(A), then

E(Ai))E(J)E(Ai,)E(J) - E(J)E(A;,) # 0
for some permutation (i1, ...,4x) of (1,...,k). Thus A;, JA;,J--- JA;, # 0, that is, B = B+J isreduced. O

The next two sections are devoted to the computation of an upper and lower bound for the proper central
G-codimension sequence. In particular, we claim that exp®?(E(A)) = d, where d is the maximal dimension
of a centrally admissible subalgebra for F(A). The last section studies the central G-exponent compared
with the G-graded (ordinary) exponent. There we will prove that either such exponents are equal or the
central G-exponent is zero.

5. THE UPPER BOUND FOR 6 (R)

In this section we shall determine an upper bound for the proper central GG-codimensions of a G-graded
Pl-algebra.

Let S be the free supercommutative algebra over F' of countable rank (see [4]). Recall that S is defined
by its universal property: we let T4 = {¢; ;}, To = {m; ; } be countable sets, then S = F(T7, T5) is the algebra
with 1 generated by T}, T> subject to the condition that the elements of T are central and the elements of T5
anticommute among themselves. The algebra S has a natural Z,-grading S = Sy @ S1 by requiring that the
variables ; ; are of homogeneous degree zero and the variables 7; ; are of homogeneous degree one. Notice
that the Grassmann algebra E can be viewed as a Zs-graded subalgebra of § if one identifies the generating
elements ey, with the elements 7; ;. Hence S = E® F[{; ;], So = Eo ® F[§; ;] and S1 = E1 ® F[¢; ;]

We recall our general setting: A = A} @ --- A, + J is a finite dimensional G x Zy-graded algebra over
an algebraically closed field F, u > 0 is the smallest integer such that J**! =0 and G = {g1,...,9s} is an
abelian group. One can define the superenvelope of A to be

S(A) =8, ® Ay S ® A = E(A) @ F[& ],
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where .Ao = @gGG A(g,O) and .A1 = GageG A(g,l)'

Clearly S(A) has an induced G-grading where S(A), = E(A), ® F[¢;], g € G, and 1d°(S(A)) =
Id®(E(A)). Fix a basis B of A of homogeneous elements respect to the G x Zy-grading which is union of a
basis of J and a basis for each of the A;. Let B = {a1,...,ar,b1,...,b:} where {ai,...,a,} is a basis of Ay
and {b1,...,b;} is a basis of A;. For a fixed n > 1, we choose nr variables &; ; € Th,i=1,...,n,j=1,...,r
and nt variables n; ; € To,i=1,...,n,j=1,...,t. Fori =1,...,n, g € G, we define the generic elements:

Uiy = Z&',rj ®ap; + Zm,tj ® by, € S(A),

where the first sum runs over all 7; such that a,; is of homogeneous degree (g,0) and the second one runs
over all ¢; such that by, is of homogeneous degree (g,1). We denote by H the G-graded subalgebra generated
by the generic elements U; 4, i =1,...,n,9 € G.

Proposition 1. The algebra H is isomorphic to the relatively free G-graded algebra for E(A) in ns graded
generators.

Proof. Let 9 be the graded homomorphism of the free G-graded algebra F(21 g,, ..., Zn,g1s--->T1,gys- - Lngs)
to the algebra H mapping x; 4, +— U;g. We shall prove that Kery = Id%(E(A)). Since Id%(E(A)) =
Id%(S(A)) C 1d%(H) we have that Id%(E(A)) C Kery.

Nowlet f = f(Z1,g,,- - Tnygrs - Llger---sTn,g,) € Ker,ie, f(Uigs- - Ungrreo s Ulygys o, Unyg,) =
0 and consider arbitrary homogeneous elements of F(A)

Civgl = Zai,rj ® a’Tj + Z/B’i,tj ® btj?
i =1,...,n, 1 = 1,...s, where the first sum runs over all r; such that a,, is of homogeneous degree
(91,0), the second one runs over all ¢; such that b;; is of homogeneous degree (g;,1), a;; € Ep and
Bij € Ei. Consider then the homorphism p : A ® F[& j,mr] — A ® E which is the identity on A

and maps & ; — o4, Mk — Pk This maps U g to cig and f(ci,g15---,Cngrs-vrClgsr---sCng,) =
p(f(Uigys-- Unygrs---sUlgs---sUnyg.)). This says that if f vanishes when computed on the generic ele-
ments U; 4,, it is a graded identity for E(A). O

As a consequence we have that a G-polynomial f is a G-identity of E(A) if and only if it vanishes on the
generic elements U; 4,9 € G,% > 1. Now let 9 the homomorphism defined above and define

Zn — ¢(P§ N Idavz(E(A))) = {f(ULgil yesey Un,gin) ‘ f(ngil yese 71"”79';71) S P7? N IdG7z(E(A))}

It is clear that, since Id%(E(A)) = ker v, then
6G(B(A)) = dimp Z,
and, for fixed non negative integers nq,...,ng such that n =mnqy + -+ - + ng
(2) On,m. (B(A)) =dimp Zp, 5,
where Z,,, .. = 0(P,, .. N1d9*(E(A))) C Z,.
Next we shall prove the following result.
Lemma 1. There exist constants C > 0 and v such that
5G(E(A)) < Cnvd,
where d is the mazimal dimension of a centrally admissible algebra for E(A).

Proof. We start by computing an upper bound of dimp Z,, . ..

Take a nonzero element f = f(Uig, ,---,Ung,:, ) = U(f(T1,9,, 5+ Tng,,)) I Zn, _n, (this says that
f(xlml s+, Tng, ) is a proper central G-polynomial) and by replacing each U; 4, write f as a linear combi-
nation of elements of the type

(3) F@e, I'=y15724 " Tnin

where ¢ € B is an element of the above basis of A and 74, is equal either to & j, or to 7y j,. Thus we shall

estimate dimp Z,, . ,, through an estimate of the number of possible monomials I' which can appear as

coefficients of the elements in Z,,, . in the chosen basis. We shall call them nonzero monomials. Since
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each variable §; ; or 7;; is attached to a basis element of some homogeneous degree, we shall say that &; ;
or n;, is a radical variable or a semisimple variable of some homogeneous degree. Take a nonzero monomial
I =TT of type (3) where T',. contains i radical variables and T's contains n — ¢ semisimple variables. Write
i =141+ -+ is where 737 < n; is the number of radical variables of homogeneous degree g1, i < nsy the
number of radical variables of homogeneous degree go and so on. Now this element is nonzero only if i < u.
The number of possible monomials I', containing ¢ = 41 + - - - 44, radical variables with i; <n;, j=1,...,s
is at most (?11) e (Z‘") (dim J)* < ¢;n®, for some constants ¢; and a. Now each such monomial involves n — i
semisimple variables with n; = n; — i; variables of homogeneous degree g;, j = 1,...,s which come from
some distinct simple components Ay, ..., A;, . This means that C = A;, ®---® A;, is a centrally admissible
subalgebra for E(A).

Now, fix a centrally admissible subalgebra C and let d“ = dim C, df = |[BNC{y, )| and I = [BNC(y, 1)]-
How many possible monomials with the semisimple variables coming from C can we write? If there are
i =11 + ...+ is radical variables, such number is at most

(77“> (“) (dim ) (df +1F)" - (dS +19)"™.

11 1s

Hence such centrally admissible subalgebra C' may contribute with at most

2 (”) (”) (dim J) e (@ 1) (@S 1) < en?(d 4 )™ (€ 4 16)

. . 71 1s
i1+...F+is<u
monomials, for some constants c,v. Thus if Cy,...,C, are all the centrally admissible subalgebras we get
that
Oy oo (B(A)) < (dim A) en® Y (df +15)™ - (dS" +157)".
i=1
Hence:

e = Y (" ) (B <

ni+--+ns=n

w

’Uw n i i\n P i \Ms v i \1 v n
DD <n1,...,ns>(df”?)1"'(“’5“5) =cn® Y (d9)" < ¢'nvd”,

1=1 ni+--+ns=n =1

where d is the maximal dimension of a centrally admissible algebra for E(A). O

6. THE LOWER BOUND FOR 6% (R)

In this section a lower bound for the proper central G-codimension sequence will be found. As consequence,
we shall compute the proper central G-exponent.

Recall that G = {g1,...,9s} and R is a G-graded algebra. We shall use for a fixed n =n; +---+ng > 1,
the representation theory of the group Sy, x---x 5, , where S, is the symmetric group of order n;, 1 <i <s.
In fact, the spaces Py, .. n.(R) and Ay, . . (R) become Sy, X --- x S, -modules via the permutation action
of the variables of the same homogeneous degree, i.e., S,, permutes the variables of homogeneous degree gy,
Sn, those of homogeneous degree g2, and so on (see [12, 18]).

In what follows, if A(1) F nq,...,A(s) F ng are partitions, we write (\) = (A(1),...,A(s)) F (n1,...,ns)
and we say that (\) is a multipartition of n = ny +---+n,. Moreover, if for every 1 <i <'s, Ty(;) is a Young
tableau of shape A\(i) and €ry;, 18 the corresponding minimal essential idempotent of F'S,,, then we denote
by Tiny = (Ta)s - - - Ta(s)) the multitableau of shape (\) and by er,, = er,,, - er,, the corresponding
idempotent of F(S,, X -+ x Sy,). Furthermore, given integers d, ,t > 0, we define the hook-shaped partition

hd, 0, t)=(t+1,...t+1,1,...,0).
—_———— —
d t

We start by recalling some results on finite dimensional G x Zs-simple algebras.
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Lemma 2 ([14], Lemma 9). Let B be a finite dimensional G X Zy-simple algebra over an algebraically closed
field F'. Let dimg By, 0y = pi and dimg By, 1) = qi, 1 <1 < s. Then, for any positive integer t there exist
a multipartition (A) = (A(1), ..., A(s)) with

h(pi, gi, 2t — dimpB) < A7) < h(ps, ¢i, 2t),
1 <i <s, and a multitableau T\yy such that er,, f ¢ Id°(E(B)), for a suitable multilinear G-polynomial f
with deg f = 2t dimp B.

Lemma 3 ([14], Lemma 10). Let B be a finite dimensional G x Zo-simple algebra over an algebraically
closed field F, then for any non-zero homogeneous elements by,ba € B there exist homogeneous elements
c1,co € B such that c1bico = bs.

From now until the end of the section, let A= A; @ ---® A, + J be a finite dimensional G x Zy-graded
algebra, where A;,..., A, are G’ X Zy-simple algebras and J is the Jacobson radical of A. Moreover, let
B =By @& ® B, C A be centrally admissible for E(A) of maximal dimension, dimgp B = d, where
By,..., By are G X Zy-simple algebras, and let

f = f(ngil IR mT)Qir)

be a multilinear central proper G-polynomial of E(A) with r > k, such that f(ai,...,a,) # 0 for some

homogeneous elements a1 € E(B1)g,,,-..,ak € E(By)g, k1 € E(A)gik+1 yoo-sar € E(A)y, . Notice that,
since B is centrally admissible of maximal dimension, then f ¢ IdG(E(E)), where B = B + J. Thus we
assume, as we may, that ai,...,a, are homogeneous elements of F(B).

Moreover, we say that a multilinear G-polynomial p has homogeneous degree ¢ if any evaluation of p
belongs to the homogeneous component g of the algebra. Notice that such a definition is not ambiguous
since p is multilinear and G is abelian.

Lemma 4. Let f1,..., fr be multilinear G-polynomials on distinct sets of homogeneous variables (different
from those ones in f) such that f; ¢ IdG(E(Bi)), i =1,...,k. Then the multilinear polynomial

= fluifive, ..., ug frvg, Thtl,giy,yr- - s gy, )
where uy,vi, ..., u, v are new homogeneous variables such that |uj|c|fjlclvile = gi;,7 = 1,...,k, is a

proper central G-polynomial of E(E)

Proof. Notice that since f is a central G-polynomial of E(A) then it follows that f’ is also a central G-
polynomial. Let ay = b ® w,...,a, = b, ®w,, w; € E be the homogeneous elements in the G x Zy-grading
such that

f(b1®w1,...,br®wr) #0,
b; € Biyi=1,....k. Now, for t =1,...,r, if by € E(gwo) (resp. b € B\(git,l)), we set Ty g, = Yg,, (resp.
Tyg,, = Zg, ), a variable of homogeneous degree (g;,,0) (resp. (gi,,1)). In this way we can regard f as a
G X Zs-polynomial and, by the property of ~, we can write

(4) Flby @wr,....by@wy) = fby,...,b) @wy---w, £ 0.
Let f; = fi(«},...,2},), i =1,... k. Since f; is not a G-graded identity of E(B;), there exist homogeneous
elements in the G x Zy-grading i, ..., &, € By, e},... e}, € E such that fj(z} ®el,..., T, @€}, ) #0. As

above, if we see f; as a G X Zs-polynomial we can write
—i i —i iy _ 7 —i i i
filZy®ey, ..., T, ®e,.) = fi(@},...,7,,)@e]---e, #0.

Let f;(z,..., Tl ) = b; # 0, for some homogeneous (in the G x Zy-grading) element b} € B;. By Lemma 3,
for any ¢ = 1,...,k, one can choose homogeneous elements a;, ¢; € B; such that a;bic; = b;. Therefore the
polynomial uiﬁvi takes the value b; by evaluating u;, zt, ... ,xfwvi in a;,7%,... ,a’:ﬁ”, ¢;, respectively. Let
h;, b be elements of E of the same homogeneous degree (in the Zs-grading) as a;, ¢;, respectively. Then for
i=1,...,k, we get

(a; @ hi) fi(@) @ €1, ..., 7, @€, )(ci @ h)

T (=0 = i i g/ i N
=a;fi(T],. .., Tn,)Ci @ hie] ---e;, b, = b; @ he] e, hi.
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Now if we extend the evaluations of the u; f;v; to an evaluation ¢ of f’ by specializing the remaining variables
as in (4) we get
o(f) = fl(a1, @1, ... . &L ety T, T b, ) @Rt e By hygel ek hjwpy o w,

1 1 47 k kE g1
= f(b1,...,b;) @ hiey---e, by - hyei---ep hpwiyr - w,.

Since FE is the infinite dimensional Grassmann algebra, we can choose homogeneous elements h;, hf, el w;
in F such that

hle%"'erlllhi"'hkelf"'eflkh;gwarl"'wr £ 0.
Hence, the polynomial f’ takes a non-zero value and the proof of the lemma is complete. O

Now we describe a technique of gluing Young tableaux that one can find in [18, Chapter 6].
For every 1 < i <k, let A’ F n; be a partition with the property

(5) h(di, iyt — 8i) < A < h(dy, 1, t;),
and
(6) t; — s; > max{tit1 + dit1, tig1 + liga}

where d;,l;,t;,s;, 1 <1i <k, are fixed integers.

As we know, we can associate a partition to the corresponding Young diagram. Then, by the above
relations, we can glue the first row of A**! to the (d; + 1)th row of A%, the second row of X! to the (d; +2)th
row of A" and so on. As a result we obtain a new partition A\? x A**! of the integer n; +n;,1. Along this lines
by gluing together A', ..., \F, we get the partition p = A\ % --- % A\¥ of n = Zle n; with the property

h(d, 1t — si) < p < h(d,1,1)

where d = Y% di, 1 =Y 1y and ¢ > max{t, +dy — d, t1 + 1, — 1}

In a similar way we can glue also Young tableau. Let T1,...,T\x be young tableaux corresponding to the
partition A!, ..., \¥, respectively. Now we define new tableaux as follows. Set T{, =T and, for 2 <i <k,
let T%; be the Young tableau obtained from T: by adding the integer 23;11 n; to all entries of Th:. Then
we denote by

TN :Til*"'*Tgk
the Young tableau obtained gluing together the tableaux T%,, ..., T}, according to the previous procedure.
It is clear that the tableau so obtained is filled up with the distinct integers 1,2,...,n, where n = Zle M.
Moreover, by [16, Lemma 14],

(7) er, = e --er, + b

where b € spanp{o € S,, | ¢(N;) € N; for some 1 <i < k} and N; denotes the set of integers in the tableau
T!..
A .

Next we apply the gluing technique to multitableaux. For all 1 < j < k consider the multipartition (M) =
(N (1),...,M(s)) F (n/(1),...,n7(s)), and suppose that for all 1 < i < s, the partitions A'(7),..., \*(4)
satisfy conditions (5) and (6), i.e., they are glueable. Then, by the previous arguments, we obtain a new
multipartition (i) = (u(1), ..., u(s)), where pu(i) = AL(i) x--- % A¥(i), 1 <i < s.

Set ng =0, n%(i) = 0 and n; = Z?:l n (i), 1 <i<s. Let Tpniy = (Thi(ays-- - Taigs))s 1 < J <k, be the
multitableau corresponding to the multipartition (A). If we add the integer ng +ny + -+ +n;—1 +n°(i) +
-4 n/71(i) to all entries of Thj(;, 1 <i < s, 1 < j <k, we get a new multitableau which we denote by
T<’>\j> = (T/’\j(l), e 7T;j(s)). Then we define

T<H> = T</k1> ke *T(l)\k> - (T)I\l(l) *oee *T)/\k(l)7 “e ,T)l\1(s) ) *T),\k(s)) .

We denote by N7(i) the set of integers filled in T)’\j(i), 1 <i<s 1<j <k Moreover, let N(i) =
N(i)U---UN¥(@), 1 <i<s. As a consequence of (7), we get the following.
9



Lemma 5. Let (M) = (M (1),...,M(s)), 1 < j <k, be multipartitions and suppose that for all1 < i < s, the
partitions A (i), ..., \¥(i) satisfy conditions (5) and (6). Also, let Ty = (Thirys - - - Thi(s)) be multitableau
corresponding to (N). If T\, = Tipay* - *T{Akw then

= e er: --eqr e’ +7,

€
Ty = Ty NE(L) M) Ak ()

where v € spanp{c € Sp, X -++ x Sy, | o(NI(i)) € NI(i), for some 1l <i<s, 1<j <k}
In the next lemma we apply the gluing technique in order to construct a proper central G-polynomial

that will be very useful. To this end, for all 1 <7 <k, let d; = dimg By, o) and l; = dimg By, 1)-

Lemma 6. For any positive integer t > 2k dimFE there exist an integer n, a multipartition (u) =

(1(1), ..., pu(s)) of n with
h(d;, 1;, 2t — 4dim B) < p(i) < h(ds, 1;, 2t),

1 <@ <'s, and a multitableau T\, such that er, >f is a proper central G-polynomial of E(B ) for some
multilinear G-polynomial f' with deg f' =n+k +r.
Proof. Let pg = dimp(B;j)(g,,0) and q{ = dimp(B;)g, 1), forall 1 <i <5, 1 <j <k Thend; = Z?:l p{
and [; = Z?Zl qf, 1 <i < s. Moreover, set u; = dimp Bj, for all 1 < j <k.

By Lemma 2, for any integer ¢; > 1, there exists a multipartition (A\) = (M (1),..., M (s)) F (n?(1),...,n%(s)),
a multitableau Tisy = (Thi(1), - - - Thi(s)) and a multilinear G-polynomial h; such that
forall 1 <i<s,and er, h; ¢ 1d°(E(B;)).

Let t = t; > 2k dimp B be an arbitrary integer and for 2 <[ < k, define

Ty =Uj—1 + max{pl17 s >p.lg7Qéa ) qé}
Also set rj =7 if r is even and r] = r; + 1 if r; is odd. Moreover, for all 1 <1 < k — 1, we define
241 =2t — 7“2_,’_1.

Hence for all 1 <1 < k, it follows that

2 — g =241 g —w > 2y + T — w = 24 + max{pit', ... pi gt gl )

Thus, conditions (5) and (6) hold and, for each 1 < i < s, we can glue the partitions A*(i),..., \*(i). In this
way we get a multipartition (u) = (u(1),...,u(s)), such that, for 1 <14 < s,

h(di,li,th — uk) S /J,(Z) S h(di,li,vi)

for every v; > max{2t; + p; — d;,2t1 +q} — I;}.
Now we compute

k—1 k—1 k—1
2t1 — 2ty = Z(?tj —2tj11) = ZT;'H <k+ ZTJH
j=1 Jj=1 Jj=1
k—1
- k + Z(u] + max{pj+1 . 7pi+17 Q{+1a DR qz+l}) S k + 2dlInF B S 3d1mF B
j=1

Thus,
2y — upy > 2ty — 3dimp B — uy > 2ty — 4dimp B.
Hence, recalling that ¢t = ¢1, we get for all 1 <i < s,

h(d;, 15,2t — Adimp B) < pu(i) < h(d, 1;, 2t).

Moreover, by the gluing technique shown above, we also obtain the multitableau T,y = (773, (1 * ek
Ty T * * D)

10



For all 1 < j < k, denote by f; the polynomial ep . h; written in the set of variables {z;q | i €

. . (AT)
N(r), 1 <r < s}, where N’(r) is the set of integers filled in 77, . Hence the polynomial constructed in
Lemma 4

/ / !/
f = f(wlflwla s 7wkfkwka mn«t»l,gikJrl yee e 7xn+7‘,gir)7
where wy, ..., wg, W], ..., w) are new homogeneous variables distinct from Trtlgi, o Tntrg, and those

ones of f1,..., fx, is a proper central G-polynomial of E(B) and deg f' =n+k+r, where n = ny +-- - +n,.
We claim that also f = er,,, f' is a proper central G-polynomial of E(B)

Notice that by construction f is a central polynomial, thus we have only to prove that f ¢ IdG(E(E)).
To this end, let 1) be a non-zero evaluation of f’. Then by Lemma 5

¢(f) V(e Cer creeq e f)+¢(7f/)

Ay Ak (1) A AR ()
where v € spang{oc € S, x - e | 0(NI(i)) € NI(i), for some 1 <i<s, 1<j<k}. It readily follows
that since E(B;)E(B;) =01if 4 7é 7, then w(’yf )=0. Moreover since €2, =al e, for some non-zero
X (@) i
— ’ ’ - / N / — ] .
integer a ,and f; = €T T hj, we also get that €T/, e )f al --od f;. Hence
f / 7 . ’ / = ‘7 ‘7 J
Y(f) =ler Ty Tgy T eT)k(s)f) - al -agp(f') #0,
as claimed. ]

As a consequence of the previous result we get the following lemma which gives us the required lower
bound for the proper central G-codimension sequence of E(B).

Lemma 7. There exist constants C > 0 and a such that for n large enough,
8¢ (E(B)) > Cnod",
where d = dimp B.

Proof. Let N be any integer such that N > (4 + s)km? + 4m + r, where m = dimp Band r = deg f, and
let us divide N — kY7, d;l; — 2m — r by 2d. Then we have that N = 2¢td + k> ;_, d;l; + 2m + r + v with
t>2kmand 0 <wv < 2d.

By Lemma 6, there exist an integer n = .7, n;, a multipartition (u) = (u(1),...,u(s)) F (n1,...,n)
with the property

h(di, li, 2t — 4m) S /J(’L) S h(di, li, 2t),
1 <i < s, a mutitableau 7,y and a multilinear proper central G-polynomial f" such that €T, f! is a proper
central G-polynomial for E(E) andn <c=degf <n+2m-+rand N > n.

Let now f be the polynomial obtained by er,,, f multiplying the variable u; by ®ct1,14 - TN,14, Where
Tet11gs - -+ TN,1¢ are new G-graded variables of homogeneous degree 1¢. Since E(Bi) is a unitary G-graded
algebra, it follows that f is a proper central G-polynomial of F(B). Now, by the branching theorem (see
[18, Theorem 2.4.3]) there exist a multipartition (A\) = (A(1),...,A(s)) F (Ny,...,Ns) of N with N; > n;,
for all 1 < i <'s,ie., A(d) > p(i), 1 <i < s, and a multitableau Ty such that er,, f is a proper central
G-polynomial of E(B).

Notice that

N = |h(d;, 1,2t — 4m)| = 2dt + k> dil; +2m + 7 +v— Y _ dil; — 2dt + 4dm

i=1 i=1 i=1

k=1)) dili +2m+r+2d+4dm = K
i=1
and K is a constant. Hence for all 1 <14 < s, it follows that N; — |h(d;,1;, 2t — 4m)| < K, since N; > n; >
|h(d;, i, 2t — 4m)|. Thus by [18, Lemma 6.2.4],

dxgiy = N5 dpas i, 20-am)»
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for all 1 <17 < s, where d)\(i) is the degree of the irreducible Sy,-character associated to A(7), 1 <i < s. By
taking into account [18, Lemma 6.2.5], it follows that

5](\}]1 ,,,, ~ (E(E)) > Hd)\(z) > HN;Qth(di,li,Qt—4m) > aHNz'Ki (dz + li)dili+(2t—4m)(di+li)
j = i=1
> /BNU H(d7 + li)(2t74m)(di+li),
i=1
for some constant «, 8, K1, ..., K, u.
Let r; = d; +1;, 1 <i <s. Then, since N; > (2t — 4m)r;, we get

N! < (>oi, (2t — 4m)r;)!
Nyl NG ™ T (2 — 4m)ry)

Thus

(Z (Qt - 4m H (2t— 4m)ri.

Gl P N < —
5N(E(B))2<Nh 7N5>6N1,...,N5(E(B)) (2 P

Recalling Stirling formula n! ~ v/27n (ﬁ) / , we get
e

s

s Sl t—4m)r; s (2t—4m) >27_
G ) /I nTGQ (Zzl(Qt B 4m)7"1) (2t—4m)r; ! nTQ _ a gN
ON(E(B) 2 O'N f{jzl((% — dm)r;)(Gt=Am)rs Hl =N Z i = N

for some constants C’, C and a. The proof is now complete. O

Theorem 3. Let E(A) be the Grassmann envelope of a finite dimensional G x Zy-graded algebra A over a
field F' of characteristic zero. If there exists a centrally admissible G x Zo-subalgebra for E(A), then for n
large enough, there exist constants C1,> 0 Cs, ay, as such that

Cin®d" < 68 (E(A)) < Cyn2d™,

where d is the maximal dimension of a centrally admissible G X Zo-subalgebra for E(A). Thus the proper
central G-exponent exp®?(FE(A)) erxists and is a non-negative integer.

Proof. Since the codimensions do not change by extending the ground field, we may assume that F' is
algebraically closed. The proof follows from Lemmas 1 and 7, by noticing that 65 (E(A)) > 65 (E(B)),
where B = B+ J and B is a centrally admissible G x Zs-subalgebra for E(A) of maximal dimension. O

In case E(A) has proper central polynomials but A has no centrally admissible G' X Zy-subalgebras, then
the following proposition holds.

Proposition 2. If for E(A) there are no centrally admissible subalgebras, then for n large enough, 6G (E(A)) =
0.

Proof. If A is a nilpotent algebra, we have nothing to prove. So let us assume that A = A+ J, where A is a
maximal semisimple G X Zs-graded subalgebra of A, and A is not nilpotent. If F(A) has no proper central
polynomials then the result easily follows. Otherwise, let h(:z:L_(h1 ;- Tn g, ) be a multilinear proper central
G-polynomial of E(A). Then there exist G-graded homogeneous elements a; € F(A), 1 < i < n, such that
h(ai,...,a,) # 0. Since A has no centrally admissible G X Zg-subalgebras, then a; € E(J), for all 1 <i <mn,
and J" # 0. Thus it follows that §§G(E(A4)) =0 a soon as JV = 0. O

Corollary 1. If R is a G-graded algebra over a field of characteristic zero, then the proper central G-exponent
exp®®(R) exists and is a non-negative integer. Moreover, exp®?(R) < exp®(R).
12



7. THE CENTRAL EXPONENT

In this section we shall study the central graded exponent exp®?(R), where R is any G-graded algebra,
and we will compare it to the ordinary G-graded exponent.

To that end, we need some preliminary results about GG-graded minimal varieties and their relation with
central G-polynomials. Minimal varieties were completely described in [17], [11] and [10] in the setting of
ordinary polynomial identities, identities with involution and identities with graded involution, respectively.
Moreover, in [9] the authors studied minimal varieties for algebras graded by the cyclic group Z,. In what
follows we present some basic results strictly related to our purpose.

We start by recalling the definition of minimal G-graded algebra.

Definition 2. Let F be an algebraically closed field. A finite dimensional G-graded algebra A is called
minimal if either A is G-simple or A= A1 @ ---® A, + J, where

1. Ay,..., A, are G-simple algebras and m > 2;
2. there exist homogeneous elements wiz, W3, ..., Wm—1,m € J and minimal homogeneous idempotents
e1 € Ay,...,eym € Ay such that

e1W; i41 = Wii41€i41 = Wit1, 1 <1< m
and
Wi2W23 * ** Win—1,m 7 0;
3. Wiz, W3, ... Wnm—_1,m generate J as two-sided ideal of A.
We highlight that in some papers, minimal algebras are called triangular algebras since their properties
recall in some sense the ones of upper triangular matrix algebras.

Strictly connected to minimal algebras, there are the minimal varieties of exponential growth whose
definition in the graded case is the following.

Definition 3. Let V be a variety of G-graded algebras. Then V is said to be minimal of G-exponent d if
exp (V) = d and for any proper subvariety U, exp® (U) < d.

The next theorem relates minimal G-varieties and Grassmann envelope of minimal algebras. To this end,
notice that Definition 2 has to be properly translated in case of algebras graded by the group G x Zs.

Theorem 4. Let V be a minimal G-variety of G-exponent d > 2. Then there exists a minimal G X Zy-graded
algebra A such that V = var®(E(A)).

Proof. By following the lines of [18, Lemma 8.1.5] with the necessary adaptations to the graded case, one can
prove that there exists a minimal G x Zs-graded algebra A such that E(A) € V and exp® (V) = exp®(E(A)) =
d (see also [25, Lemma 9]). Thus, by the minimality of V), it readily follows that V = var®(E(A)) as
claimed. |

Grassmann envelopes of minimal G X Zs-graded algebras, which are not simple, have no proper central
G-polynomial as proved in the following lemma.

Lemma 8. Let A=A ®---® A, + J be a minimal G X Zs-graded algebra. If m > 2, then E(A) has no
proper central G-polynomials.

Proof. Since A is minimal, we notice that Z(A) N J = 0. Moreover, if we set Z(A)o = P
one can easily check that Z(E(A)) = Z(A)g ® Ey, thus also

Z(E(A)) N E(J) = 0.

geG Z(A)(%O), then

Let f = f(z1,4,,-»Tn,g,,) be a multilinear central G-polynomial of E(A). In order to reach our goal, we

have to prove that f € IdG(E(A)). To this end, let assume by contradiction that f is not a G-identity of
E(A).
Since E(A;)E(A;) = 0, for all ¢ # j, and Z(E(A)) N E(J) = 0, then in particular we can assume that
f is a proper central G-polynomial of E(A;) for some i. Moreover, notice that since G x Zs is abelian
13



and f is multilinear, any evaluation of f on elements of E(A) is G x Zs-homogeneous. Hence there exist
G x Zs-homogeneous elements aq, . ..,a, € E(4;) such that

f((],l7 . ,an) =a®he Z(Az)(g,O) ® FEy C Z(E(A)),

for some g € G, h € Fy, a # 0.
According to Theorem 2, if A; & F*H ® My (F), for some k > 1, H < G x Zy and « 2-cocycle, then we
write a = Bgo ® I, where 5 € F*, go = (9,0) € H and I is the k x k identity matrix. Let suppose that [ is

the order of gg, then
-1

a' = ' T (g6, 90) <1G><22 ® Ik)
i=1
is a non-zero central element of A;. Thus in particular, (1GX22 ® Ik) ®h e Z(E(A)).

Denoted by 14, = 1lgxz, ® Ii the unit element of A;, we have that if 1 <i<m —1
(La; @ h)(wiip1 @) = w; i1 @ A" #0
for some h' € E, whereas
(Wi i1 @B )(1a, ® h) = 0.
Similarly,
(1a,, ® h)(Wp—1,m @K') =0
and
(Win—1,m @ W' )(1a,, @h) = wp_1,m @hh#0.

Hence we get a contradiction since we are assuming that 14, ® h € Z(E(A)).

Thus f € Id°(E(A;)) for all 1 < i < m and so, according to what remarked above, f € Id°(E(4)). O

We are now in a position to prove the existence of the central G-exponent of a G-graded algebra provided
that its graded exponent is greater or equal than 2.

Theorem 5. Let R be a G-graded algebra over a field of characteristic zero such that exp®(R) > 2. Then
either ¢$*(R) =0 for alln > 0, or

Cin' exp®(R)™ < ¢&%(R) < Con'? exp®(R)"
for some constants Cy > 0, Co, t1, ts.

Proof. If R is commutative, then it is clear that ¢5+*(R) = 0 for all n > 0, so let us suppose that R is not
commutative.

As we already did before, we may assume that F' is an algebraically closed field and R = E(A), where A
is a finite dimensional G x Zs-graded algebra.

By [14, Theorem 2], there exist constants C; > 0, Cy, t1, t3 such that

(8) Cintrd™ < ¢9(E(A)) < Con'2d™,

where d = exp®(FE(A)). Hence by (1), we get that also ¢§*(E(A)) < Cont2d™. Thus we have to prove now
the lower bound.

Let V = var®(E(A)). Since any Tg-ideal is finitely generated, it readily follows that V contains a subvariety
U which is minimal of G-exponent d = exp%(U) = exp®(V). Hence by Theorem 4, there exists a minimal
G x Zy-graded algebra B such that U = var®(E(B)).

Suppose first that B is not G' x Zs-simple. Then by Lemma 8, F(B) has no proper central G-polynomials
and therefore

1d%*(E(A)) C 1d°*(E(B)) = 1d°(E(B)).

Thus ¢§#(E(A)) > ¢§(E(B)) and, since c§ (E(B)) has a lower bound as in (8), we are done in this case.

Now suppose that B is G x Zy-simple. If E(B) is commutative, then Id%*(E(B)) = 1d%(E(B)) and,
as in the previous case, we get the desired result. Thus let us suppose that F(B) is not commutative.
Let N = c¢(E(B)) and let fi,...,fx € PY be multilinear G-polynomials linearly independent modulo
1d¢ (E(B)). We shall prove that fix,11,..., [N®Tnt1, where z,1 is an extra variable of any homogeneous
degree, are linearly independent modulo Id%*(E(B)).
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Suppose by contradiction that there exist not all zero scalars ay,...,an such that oy fix,41 + - +
anfnEny1 € Id9*(E(B)) and set f = oy fi + - + an fx. It is clear that f ¢ Id°(E(B)).

If f is a central G-polynomial of E(B), then it must be a proper central polynomial and there exists a
non-zero evaluation ¢ such that ¢(f) € Z(E(B)) = Z(B)o ® Ey. Recall that Z(B)o = @,cq Z(B)(4.,0)-
In particular, if B & F*H ® My(F) for some k > 1, H < G X Z2 and « 2-cocycle, then we can assume
o(f) = (a® It) ® lg, where a € Z(F*H), I, is the k x k identity matrix and ly € Ep.

If £ > 1, then we set b = lgxz, ® e12 and we can extend ¢ to an evaluation ¢’ of fz,y; such that
O (frne1) = (@ ® e12) ® lpl # 0, for some suitable | € E. Since such an element is not central, we get a
contradiction.

Suppose now k = 1. Since F(B) is not commutative, then either B is not commutative or there exists an
element (g,1) € G x Zo such that B, 1) # 0.

Suppose first that B is not commutative, write a = >, .y Bnh and let hg € H be such that £, # 0.
Then there exists hy ¢ Z(F*H) and we set b = hy *hy. Thus

ab="Y" Bra(h, hy  ha)hhg ' hy = Buga(ho, hg ' ha)hy + > Bua(h, by tha)hhg  hy,
heH h#ho

where B, a(ho, halhl) # 0. We get that ab is a non-zero non central element of F*H, since if ab € Z(F*H),
then each summand should be a central element, thus in particular hy € Z(F*H), a contradiction. We now
evaluate x, 1 in b® 1, for some suitable | € F, so that ¢ can be extended to an evaluation ¢’ of fx,1 such
that

¢ (frn1) =ab@lol #0
that is a non central element of E(B).
Now suppose that there exists i’ = (g,1) € G x Zg such that B, 1) # 0. Then

ah’ = Boa(ho, W )hoh’ + Y Bua(h, h)hh! # 0.
h#hg

Therefore, by evaluating x,,.1 in ' ® I; where I; € F, we get
@ (frni1) = ab @ loly # 0

that is a non central element of F(B) since lgl; € F.

Finally, suppose that f is not a central G-polynomial of E(B), then fx,1 has a non central evaluation
by specializing x,1 with 1p ® [, for a suitable | € Ej.

Thus in both cases we have a contradiction and a1 = --- = ay = 0.

We have proved that c§(E(B)) < cf_fl (E(B)) and we are done. O

We now study G-graded algebras with G-exponent less or equal than 1. If R is such an algebra, then by
[24, Lemma 2.1], we may assume that R is finite dimensional.

Lemma 9. Let R be a finite dimensional G-graded algebra over an algebraically closed field such that
exp?(R) = 1. If ¢§*(R) = 0 for some n > 2, then R = C @ N, where C is a commutative G-graded algebra
and N is a nilpotent G-graded algebra.

Proof. Write R=A1®---® A, +J, where Ay, ..., A, are G-simple algebras and J is the Jacobson radical.
Since exp®(R) = 1, then A; 2 F for all 1 <i < m.

Denote by e the unit element of A; and set Jy={j€ J|ej=je=0}and Jy ={j € J|ej =je=j}
It is clear that Jy and J; are G-graded ideals of R.

Moreover, remark that J = Jo®J;. In fact, for all j € J, we can write j = j—ej+ej and since ¢§*(R) = 0,
for some n > 2, in particular z - - -z, is a central G-polynomial of R, where z1,...,z, are homogeneous
variables of any degree. Therefore, j —ej € Jy and ej € J7.

Notice that eA; = A;e = 0 for all 2 < i < m, hence A;J; = J1A; =0 and

R=(M+11)®(A®--@An+Jo)

as G-graded algebras. Remark that for all j € J;, we can write j = e”~!j, therefore j is a central element
of R and A; + J; is a commutative G-graded algebra.
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Applying the same arguments to A; ® --- ® A, + Jy, we finally get that R=C, & --- ® C,, & N, where
Cy,...,C,, are commutative and N C .Jy is nilpotent, as claimed. O

Putting together the previous results we finally get the following theorem.

Theorem 6. Let R be any G-graded algebra over a field of characteristic zero. Then its central G-exponent
exp®?(R) exists. Moreover either exp®*(R) = exp®(R) or exp®*(R) = 0.

Proof. 1f exp®(R) > 2, then by Theorem 5 either exp®?(R) = exp®(R) or exp®*(R) = 0.

Now suppose that exp®(R) = 1, then R can be assumed finite dimensional. Furthermore, since the
codimension sequence does not change by extending the base field, we may assume F' to be algebraically
closed. Notice that in this case ¢&**(R) is polynomially bounded and exp®?#(R) < 1.

If ¢#(R) # 0 for all n > 1, then it readily follows that exp®?#(R) = 1. Otherwise there exists an integer
n such that ¢&*(R) = 0, so Lemma 9 applies and R = C' @ N, where C is commutative and N is nilpotent.
Thus exp®?(R) = 0.

Finally, if exp®(R) = 0, then R is nilpotent, exp®*(R) = 0 and we are done. |
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