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Floquet engineering consists in the modification of physical systems by the application of periodic
time-dependent perturbations. The search for the shape of the periodic perturbation that best
modifies the properties of a system in order to achieve some predefined metastable target behavior
can be formulated as an optimal control problem. We discuss several ways to formulate and solve this
problem. We present, as examples, some applications in the context of material science, although
the methods discussed here are valid for any quantum system (from molecules and nanostructures
to extended periodic and non periodic quantum materials). In particular, we show how one can
achieve the manipulation of the Floquet pseudo-bandstructure of a transition metal dichalcogenide
monolayer (MoS2).

I. INTRODUCTION

When a physical system is continuously driven by
a time-dependent periodic perturbation, its properties
change with respect to those of the unperturbed state.
By properties of a system, one refers both to its struc-
ture, i.e. the arrangement of its constituents, and to
the manner in which it reacts to other perturbations,
i.e. its response functions. If these are changed, one can
effectively design a new system (material, molecule, opti-
cal lattice, etc.) with desirable properties by tuning the
shape of the periodic perturbation. The name coined for
this procedure is Floquet engineering, since one often uses
the mathematical tools of Floquet theory to define then
quantum structure of stationary states of driven systems,
and to simplify the study of periodically driven systems
– although this is not mandatory and one could deal with
the problems using, e.g. higher order perturbation theory
or the straightforward solution of Schrödinger’s equation.

Floquet engineering of materials was first proposed in
the context of Floquet topological materials [1–3]: it was
shown how the topology of the light dressed electronic
structure can be changed from that of the groundstate
electronic structure. The concept has been successfully
realized in optical lattices [4] (e.g. the Haldane model
in an honeycomb lattice, a model with topologically dis-
tinct phases, was realized [5]; Zenesini et al. [6] achieved
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the dynamic control of the quantum phase transition be-
tween a bosonic Mott insulator and a superfluid). Sig-
natures of Floquet topological materials have been ob-
served also in solid state materials, namely the open-
ing of a topological gap [7] and the appearance of an
anomalous Hall current [8]. There have been numerous
further proposals for Floquet induced changes in mate-
rials [1, 9], among them control of topology in Weyl-
and Dirac-semimetals [10, 11], induced topology [12] and
higher order topologies [13].

In most occasions, the periodic perturbations that have
been tried have simple monochromatic shapes. However,
the number of possibilities obviously explode if one allows
for complex multi-frequency shaped drivings. The diffi-
culty, in that case, lies in navigating the huge parameter
space needed to describe the many possible periodic func-
tions that could lead to the desired outcome. Recently,
we have demonstrated [14] one way to use quantum op-
timal control theory (QOCT) [15, 16] to overcome this
difficulty: QOCT can be used to find the shape that best
achieves a given target in terms of the properties that
one wishes for the driven system to have. In Ref. [14],
in particular, the system of choice was a simplified tight-
binding two-band model of graphene, and the target was
the creation of a driven system with tailored electronic
Floquet pseudobands.

In this work, we discuss several different procedures
to exercise this kind of quantum control on Floquet sys-
tems. In addition to describing in more detail the method
that was used in Ref. [14], we also propose some other
possibilities, that may be more suitable for other situa-
tions, depending on the problem definition and on the
computational requirements.

The key difference of this control formulation with re-
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spect to the usual optimal control is the consideration
of periodic solutions to Schrödinger’s equation. In the
usual control problem, one is normally concerned with
an initial value problem: the state of the system is given
at some initial time, one establishes a target functional of
the system trajectory, and seeks for the control parame-
ters that maximizes that functional (e.g. the occupation
of some target state at the final time of the propagation).
In contrast, in the control problem that we are attempt-
ing here, we do not have a fixed initial state, but we work
with periodic solutions to the equations of motion. One
also establishes a target functional of the system trajec-
tory (albeit using Floquet pseudoenergies and modes as
they are convenient computational proxies), and seek for
the control parameters that lead to the periodic solutions
that maximizes that functional.

We note that we restrict the discussion to isolated sys-
tems – except for, of course, the presence of the peri-
odic perturbation. The presence of an unavoidable envi-
ronment, and the concomitant dissipation effects, should
be considered by an extension of these methods that
will be considered in forthcoming publications. There-
fore, in this work we will consider the possibility of well-
isolated states, whose prethermalized lifetimes are suf-
ficiently long compared to the relevant frequencies and
periods. This situation will be easier to achieve experi-
mentally for cold atomic systems in optical lattices than
for materials.

Section II presents and discusses various methods for
optimization of Floquet systems – some of them have
already been employed in previous publications (by our-
selves and by other groups), and some of them will be
exemplified here for the first time. Those numerical ex-
amples are shown in Section. III. Concluding remarks are
given in Section IV.

II. METHODS

Let us start by formulating the problem that we want
to solve. We consider a periodically driven system char-
acterized by a time-periodic Hamiltonian

H(v; t+ T ) = H(v; t) , (1)

where T is the time period, and v = v1, . . . , vM is a
set of parameters that determine the shape of the time-
dependent Hamiltonian. Typically, but not necessarily,
H(v, t) = H0 + g(v, t)V , where g(v, t) is a real time-
dependent function, and V is the coupling operator to
the external perturbation. The parameters v can be, for
example, the amplitudes of the Fourier expansion of g.
This Hamiltonian determines the evolution operator

at all times; in particular at the periodic time T , U(T )
(we arbitrarily set the origin of time at t = 0). And, in
turn, this evolution operator defines the Floquet modes
and energies (the quasienergies or pseudoenergies), as its
eigenstates and eigenvalues (or, more precisely, the argu-

ments of the eigenvalues):

U(T )|u0α⟩ = e−iεαT |u0α⟩ , (2)

or, equivalently:

U(T ) =
∑
α

e−iεαT |u0α⟩⟨u0α| . (3)

Note that the pseudoenergies are only defined modulo
Ω = 2π

T , i.e. εα + mΩ ≡ εα for any integer m. In the
following, as it is usually done, we assume εα to belong
to the first Floquet-Brilluin zone [−Ω/2,Ω/2).
The eigenstates u0α thus defined are time-independent

objets. One however normally speaks of the Floquet
modes or Floquet states as the periodic time-dependent
objets defined by:

|uα(t)⟩ = eiεαtU(t)|u0α⟩ . (4)

|uα(0)⟩ = |u0α⟩ . (5)

The gist of Floquet theory is the fact that any solution
|ψ(t)⟩ of Schrödinger’s equation can be expanded as a
linear combination of these modes:

|ψ(t)⟩ =
∑
α

fαe
−iεαt|uα(t)⟩ . (6)

Thus, the Floquet modes constitute a valid basis set for
the expansion of the time dependent evolution of the sys-
tem.
It is clear that modes and pseudoenergies are functions

of the evolution operator from which they are computed
via Eq. (2): we could write εα = εα(U) and uα = uα(U)
– hereafter, it the time argument is not specified, U ≡
U(T ). Since, in turn, the evolution operator depends
on v (we could write it as U = U(v)), they can also be
considered functions of the parameters v; i.e. we could
also write εα = εα(v) and uα = uα(v).
Any property of the driven system can be expressed

in terms of the pseudoenergies and of the Floquet modes
just as any property of the static system can be expressed
in terms of energies and eigenstates of the Hamiltonian.
Let us therefore consider any (real) function of all of
these:

f = f(ε, u) . (7)

This includes any possible observable of the system, re-
sponse property, etc. Without loss of generality, we
now assume that the goal is to design a driven mate-
rial whose f function is as high as possible: this is the
merit function, in control theory terminology. Although
we will present and solve specific examples of control ob-
jectives later, we discuss one possibility here for the sake
of clarity. In many applications of QOCT, the goal is
to find a control function that leads to the maximiza-
tion of the expectation value of some operator O, of-
ten at the final time of the propagation, ⟨ψ(T )|O|ψ(T )⟩.
In the context of periodically driven systems, it would
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probably be more relevant to consider the time average,
1
T

∫ T

0
dt ⟨ψ(T )|O|ψ(t)⟩. If we consider Eq. (6), and as-

sume that only the lowest energy level α = 0 is occupied
(f0 = 1), one arrives to the following definition for func-
tion f :

f(ε, u) =
1

T

∫ T

0

dt ⟨u0(t)|O|u0(t)⟩ . (8)

In this case, the definition is independent of the pseu-
doenergies ε. In the examples that we will show below,
the situation is the opposite: since the goal is the manip-
ulation of the band structure of a material, we will define
a function f that is independent of the modes u and only
depends on ε.

Whatever the definition, since pseudoenergies and
modes are functions of the evolution operator, we can
consider a function of evolution operators defined as:

F (U) = f(ε(U), u(U)) . (9)

And since the evolution operator itself is determined by
the parameters v, we can finally define a function

G(v) = F (U(v)) = f(ε(v), u(v)) . (10)

The quantum optimal control problem can thus be posed
as find the parameters v that lead to the maximization of
function G.

A. Gradient-free optimization

The first and most direct and obvious approach to solv-
ing this problem is using a gradient-free approach to the
maximization of function G. This procedure was for ex-
ample used by Zhang and Gong in Ref. [17]. Further-
more, in that case a gradient-based procedure could not
be used, because the function G was in fact piecewise-
constant and discontinuous: the goal was to find topo-
logical invariants, and in consequence the key object is
the Chern number.

In order to use a gradient-free approach, one only needs
of a method to compute G(v). One way to do that is by
solving Schrödinger’s equation for the evolution operator:

i
∂U

∂t
(v; t) = H(v; t)U(v; t) . (11)

Once the evolution operator at time T has been com-
puted, one can obtain the pseudoenergies and modes, and
compute function G using Eq. (10). There is however an
alternative to the computation of the evolution operator
by explicit propagation: one can reformulate the theory
in the Floquet-Hilbert space in the frequency domain (see
Sec. IID) in order to compute pseudoenergies and modes.

In any case, given any procedure to compute G(v), one
can use one of the many optimization algorithms that do
not require gradients. For example, the above-mentioned
work [17] used a particle swarm optimization method.

B. Gradient-based optimization: Target function F
defined directly in terms of the evolution operator

If the gradient of G can be computed at a reasonable
cost, the algorithms that use the gradient will be more
effective than the gradient-free ones. QOCT provides one
expression for this gradient [18, 19]:

∂G

∂vm
(v) =

∫ T

0

dt B(v; t) · ∂H
∂vm

(v; t)U(v; t) , (12)

where the inner product “·” in operator space is the
Fröbenius product: A ·B = TrA†B.
This expression requires, in addition to the propaga-

tion given in Eq. (11), the propagation of the so-called
costate B:

i
∂B

∂t
(v; t) = H(v; t)B(v; t) , (13)

Bij(v;T ) =
∂F

∂U∗
ij

∣∣∣∣∣
U(v;T )

. (14)

Eq. (13) is similar to the equation for the real propagator,
Eq. (11) – note that B is also an operator-like object –,
but the boundary condition given in Eq. (14) is different.
The computation of the gradient of G requires, therefore,
two propagations: one for U , and one for the costate B.
And, in addition, it requires of the computation of the
boundary condition (14), the gradient of F . This com-
putation, depending on the nature of F , may be trivial
or very difficult.
Let us consider one example: One possible goal may be

to find a driven system whose pseudoenergies match some
predefined target values, {ε̃α}. In order to achieve that
goal, the first idea that comes to mind is to set function
(7), for example, as:

f(ε, u) = −
∑
α

(εα − ε̃α)
2 . (15)

Upon a successful maximization of function f (that
achieves its absolute maximum at f = 0), we would ex-
actly get the target pseudoenergies. Note that this defi-
nition disregards the modes uα.
The corresponding definition of the target function

F (U) would be:

F (U) = −
∑
α

(εα(U)− ε̃α)
2 . (16)

One would therefore need to compute the gradient of
this function, needed for Eq. (14), which in turn would
require the computation of the gradients of εα(U). We
will discuss this possibility in the next section.
However, there is an alternative route that avoids

this computation, and is the route that was followed in
Ref. [14]. If the goal is to find a field that produces a
given set of target pseudoenergies {ε̃α}, we can directly
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set a target evolution operator whose decomposition has
the corresponding eigenvalues:

Ũ =
∑
α

e−iε̃αT |ũ0α⟩⟨ũ0α| . (17)

One way to set this operator as target is to define the
target function as:

F (U) = |Ũ · U |2 . (18)

This function is maximized if U is equal (or equivalent,
i.e. equal up to a phase factor) to the target evolution

operator Ũ . In this way, the calculation of the boundary
condition [Eq. (14)] is trivial:

∂F

∂U∗
ij

(U) = (Ũ · U)Ũij . (19)

By working in this way, we do not need to worry about
how to compute the derivatives of the pseudoenergies
and modes with respect to the evolution operator com-
ponents. In addition, this procedure has the advantage
that it was already tested: the application of optimal con-
trol methods for the creation of unitary operators was
pioneered by Palao and Kosloff [18], even though with
a different application in mind: the design of gates in
quantum information processing devices.

Some results obtained with this method were presented
in Ref. [14], and therefore we will not provide new exam-
ples here. The caveat of this method is that it may be
too restrictive: it essentially asks to find a driven system
whose full set pseudoenergies and Floquet modes coin-
cide with a prescribed set. Notice that, in the example
given above, where the goal is setting the pseudoenergies,
regardless of the modes, one has nevertheless to prescribe
a set of arbitrary modes in Eq. (17) – at least the “static
part”, u0α. For many target definitions, it may be bet-
ter not to force a particular set of pseudoenergies and
modes, but rather to directly optimize the target function
f . Two possible routes for this purpose will be described
in the following sections.

C. Gradient-based optimization: general targets

Let us now go back to the general target definition in
the form:

G(v) = f(ε(v), u(v)) , (20)

that may also be written as:

G(v) = F (U(v)) (21)

defining F (U) = f(ε(U), u(U)), and recall that the
QOCT formula for the gradient of this function is:

∂G

∂vm
(v) =

∫ T

0

dt B(v; t) · ∂H
∂vm

(v; t)U(v; t) , (22)

i
∂B

∂t
(v; t) = H(v; t)B(v; t) , (23)

Bij(v;T ) =
∂F

∂U∗
ij

∣∣∣∣∣
U(v;T )

. (24)

Let us now assume that one cannot, as in the previous
section, write F as an explicit function of U , which would
lead to a simple expression for the boundary condition
(24) such as Eq. (19). We face the problem of computing
the gradient elements ∂F

∂U∗
ij
.

There are a couple of technical issues that must be
considered. First of all, note that function F is a real
function of a set of complex parameters (the components
of the unitary operator U). We wish to compute the
derivatives of the function with respect to its parame-
ters. But we must remember that these derivatives can-
not be normal complex derivatives as defined in complex
analysis theory: any real function of complex arguments
is not differentiable anywhere (unless it is a trivial con-
stant function).
This difficulty is often solved by rewriting this kind of

functions in terms of both the arguments and of the com-
plex conjugate of the arguments, as if they were indepen-
dent of each other. Then, one may take the derivatives
with respect to the variables, or with respect to their
conjugates – in fact, that is the meaning of the notation
∂F
∂U∗

ij
. This procedure is not obvious if, as it is the case

in hand, one cannot explicitly write the function as a
function of both the variables and the conjugate of the
variables.
In this case, one must go back to the formal theoreti-

cal background behind the apparently ilogical procedure
of using the variables and their complex conjugates as if
they were independent. This is the concept of Wirtinger
derivative [20–22]. The basic idea is that, even though
the function F is not differentiable in the context of com-
plex analysis, if we consider it a real function of the real
and imaginary parts of its arguments (and therefore, it
is a real function of real arguments), it may be perfectly
differentiable. One may then define the following deriva-
tive:

∂F

∂U∗
ij

≡ 1

2

(
∂F

∂ReUij
+ i

∂F

∂ImUij

)
. (25)

It is easy to check that this definition leads to the usual
procedure of taking the derivative with respect to the
complex conjugate of the variables, keeping the variables
themselves constant. However the definition works even if
it is not easy to identify the decomposition into variables
and conjugate variables, and is in fact the real rigorous
mathematical definition of ∂

∂z∗ [20].
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A second technical subtlety is the following: let us con-
sider the computation of the previous derivatives using
the finite-differences expression:

∂F

∂ReUij
= lim

∆→0
∆−1

[
f(εα(U +∆E(ij)), uα(U +∆E(ij)))

−f(εα(U), uα(U))] . (26)

∂F

∂ImUij
= lim

∆→0
∆−1

[
f(εα(U + i∆E(ij)), uα(U + i∆E(ij)))

−f(εα(U), uα(U))] , (27)

where E(ij) is the matrix that has all elements equal to
zero, except for the ij element which is one. The mean-
ing of εα(U) is the α-th Floquet pseudoenergy associated
to the unitary operator U . It only makes sense if U is
a unitary operator. In that case, it can be diagonal-
ized, and the eigenvalues are complex unit numbers eiθ.
Likewise for the modes u0α, which are the corresponding
eigenvectors. However, in general, U+∆δij need not be a
unitary operator. Therefore, the functions εα(U +∆δij)
and uα(U +∆δij) are not well defined. One way to solve
the problem is to extend the definition of functions εα
and uα, so that they are defined for any operator U , and
not only unitary ones: they can be defined in terms of
the elements of the diagonal of the Schür decomposition
(to define εα) and of the corresponding Schür vectors (to
define the uα). Those objects exist for any matris U , and
when the matrix is actually diagonalizable, they coincide
with the eigenvalues and eigenvectors.

Once we have clarified those two technical issues, it
remains to actually compute the derivatives in Eqs. (26)
and (27). While there are ways to work out analytical
expressions for ∂ϵα

∂ReUij
, etc., and proceed by using the

chain rule, for relatively small systems it is feasible, as
we will show in the example shown below, to simply use
a finite difference formula. Note, however, that this can
become computationally intensive if the dimension of the
quantum space is large.

D. Gradient-based optimization based on
perturbation theory

We finally describe a method for the computation of
the gradient of function G(v) that somehow bypasses the
standard QOCT, and uses instead perturbation theory on
the Floquet-Hilbert space. In fact, the following proce-
dure may be the one that is best suited for larger systems,
as it avoids the explicit construction and manipulation of
the full evolution operator.

In the previous equations, the calculation of the Flo-
quet modes and pseudoenergies was assumed to be done
through the explicit construction of the evolution opera-
tor of the system, and its diagonalization. However, the
cost of this procedure grows unfavorably as the dimen-
sion of the system grows. For larger systems, the usual
procedure is to move to the “Floquet-Hilbert” space of

time-periodic states, and compute the pseudoenergies
and Floquet modes from the diagonalization of the ex-
tended Hamiltonian.
Let us recall the key objects to fix the notation:

let T be the space of time-dependent periodic square-
integrable complex functions defined in the interval [0, T ];
we may define an inner product in this space as:

(f |g) = 1

T

∫ T

0

dt f∗(t)g(t) . (28)

An orthonormal basis of this state is formed by the
Fourier functions:

bn(t) = einΩt (n ∈ Z; Ω =
2π

T
) (29)

that verify (n|m) = δnm and
∑

n |n)(n| = I, thus effec-
tively defining the Fourier expansion of any function:

f(t) =
∑
n

(n|f)einΩt . (30)

If H is the Hilbert space of the quantum system, we
may define the “Floquet-Hilbert” space as F = H ⊗ T .
It can be understood as the set of all (periodic) quantum
trajectories t → |ψ(t)⟩; the inner product in F is given
by:

⟨⟨ψ(t)|ϕ(t)⟩⟩ = 1

T

∫ T

0

dt ⟨ψ(t)|ϕ(t)⟩ . (31)

Note the double angles to distinguish the inner product
in F from the inner product in H. Often, states in F are
also denoted with a double angle: |ψ⟩⟩ ∈ F .
The Floquet modes uα, defined with Eqs. (2) and (4),

verify the following equation:[
H(t)− i

d

dt

]
|uα(t)⟩ = εα|uα(t)⟩ . (32)

If we regard the Floquet modes as elements of F and call
them |uα⟩⟩, this equation can be rewritten as:[

H(v)− i
d

dt

]
|uα(v)⟩⟩ = εα(v)|uα(v)⟩⟩ . (33)

where now H and i d
dt are operators in F and, moreover,

we have made explicitly the dependence on the periodic
driving parameters v. In this way, the time-dependent
propagation equation is transformed into an eigenvalue
problem.
Let us go back to our optimization problem. The goal

is to optimize some function of a set of parameters v that
determine the Hamiltonian, and this function is defined
in terms of the pseudoenergies and modes:

G(v) = f(ε(v), u(v)) . (34)

One may compute the gradient components ∂G
∂vm

using
the chain rule, if there is a way to compute the gradi-
ents ∂εα

∂vm
and ∂uα

∂vm
. But these can be obtained using the
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previous equation (33): One can now apply perturbation
theory in the Floquet-Hilbert space. Thus, for example,
for the derivatives of the pseudoenergies, we would use
an extension of the Hellman-Feynman theorem:

∂εα
∂vm

= ⟨⟨uα(v)|
∂

∂vm

[
H(v)− i

d

dt

]
|uα(v)⟩⟩ (35)

=
1

T

∫ T

0

dt ⟨uα(v; t)|
∂H

∂vm
(v; t)|uα(v; t)⟩ . (36)

And, for the derivatives of the Floquet modes one can
use an extended version of Sternheimer’s equation:[
H(v)− i

d

dt
− εα(v)

]
| ∂uα
∂vm

⟩⟩ =
[
∂εα
∂vm

− ∂H

∂vm

]
|uα(v)⟩⟩ .

(37)
The solution of Eqs. (36) and (37) provides a practical

way to compute the derivatives of the pseudoenergies and
Floquet modes with respect to the control parameters v,
and in consequence one way to do quantum control for
Floquet systems [23]

In practice, one also needs to expand the previous
equations into a complete basis. First, let us consider a
generic basis {|i⟩} of the Hilbert space. We can then con-
sider the basis {|im⟩ ≡ |i⟩ ⊗ |m)} for F . Then, Eq. (33)
takes the form:∑

jn

[
H

(n−m)
ij (v) + δijδmnmΩ

]
ujnα (v) = εα(v)u

im
α (v) .

(38)
where:

ujnα (v) = ⟨⟨jn|uα(v)⟩⟩ =
1

T

∫ T

0

dt e−inΩt⟨i|uα(v; t)⟩ ,

(39)

H(n)(v) =
1

T

∫ T

0

dt e−inΩtH(v; t) . (40)

H
(n)
ij (v) =

1

T

∫ T

0

dt e−inΩt⟨i|H(v; t)|j⟩ . (41)

Eq. (38) is an eigenvalue equation; if we truncate the
quantum Hilbert space to a space of dimension d, and the
Fourier basis expansion toM functions, the dimension of
the problem is dM .

III. EXAMPLES

In this section, we will study in detail one example of
application using the two new techniques described above
(those in sections II C and IID). The methods described
above have been implemented in the qocttools code [24],
used to perform the following calculations.

For the sake of clarity and generality, the discussion of
the QOCT method presented in the previous sections was
for an arbitrary quantum system. In the following, how-
ever, we will work with periodic materials, which benefit
from the decomposition of the Hilbert space into k-points

Mo

S

Top View Side View

FIG. 1. Monolayer MoS2

that derives from Bloch’s theorem. This entails a huge
computational simplification – at the cost of slightly com-
plicating the notation. Thus, many of the objects intro-
duced above should now carry a k-point index: εkα, ukα,
Hk(v, t), Uk(v), etc. The generalization of the expres-
sions given above is fortunately rather trivial, and it just
sometimes involves summation over the Brilluoin zone
(or over whatever set of points in a region of the Bril-
louin zone that is deemed to be relevant). For example,
Eq. (12) becomes:

∂G

∂v
(vm) =

∑
k

∫ T

0

dt Bk(v; t) ·
∂Hk

∂vm
(v; t)Uk(v; t) . (42)

To exemplify this technique, we have chosen to work
with a monolayer of a transition metal dichalcogenide
(TMD). We have used a three-band tight-binding model
of a MoS2 monolayer (depicted in Fig. 1), fitted to repro-
duce the DFT first principles electronic structure [25]. In
particular, the model that includes up to the third near-
est neighbor, and has been parametrized using the gen-
eralized gradient approximation (GGA). The field-free
Hamiltonian at each k point is given by a 3x3 matrix
Hk, whose elements are parametrized functions of k. It
gives rise to a band structure depicted in Fig. 2 (red solid
lines). Notice the direct gap at the K point, of almost 2
eV.

We must now consider the monolayer to be subject
to an external time-dependent electric field. It is given,
in the velocity gauge, by a spatially homogeneous vec-
tor potential A(v, t), where v are the set of parameters
that determine the particular temporal shape of the field,
and whose variation we may use in order to modify the
material properties. The time-dependent Hamiltonian of
the driven system can then be modeled using a Peierls
substitution:

Hk −→ Hk+ e
ℏcA(u,t) . (43)

The control parameters u1, . . . , uP will be the Fourier
coefficients that determine the shape of the vector poten-
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FIG. 2. Field-free bands (red solid lines) of the MoS2 model
along the ΓKMΓ path in reciprocal space. Floquet pseu-
dobands (blue dots), computed with the reference monochro-
matic circularly polarized field described in the text. The
pseudobands εkα within the first Floquet-Brilloiun energy
zone (area between -1 eV and 1 eV) are replicated at εmkα =
εmkα +mΩ for m0,±1, 2. These sidebands are shaded accord-
ing to weight of those frequencies (see text for details).

tial A(t):

Ax(u, t) =

M∑
n=1

u2n cos(Ωnt) + u2n−1 sin(Ωnt) , (44)

Ay(u, t) =
M∑
n=1

u2M+2n cos(Ωnt) + u2M+2n−1 sin(Ωnt) .

(45)

The frequencies Ωn = 2π
T n (n = 1, . . . ,M) are multiples

of the fundamental floquet frequency Ω = 2π
T . In our

case, we have set this frequency to Ω = 2 eV, in order
to make it slightly larger than the band gap. We allow
for two electric field components along the x and y com-
ponents. The application of such periodic external fields
may then be studied in terms of the Floquet states and
pseudobands. Let us consider, for example a monochro-
matic circularly polarized field:

A(t) = λ cos(Ωt)x+ λ sin(Ωt)y . (46)

where λ is set such that the electric field has an amplitude
of 4 V/nm. The corresponding Floquet pseudobands are
also depicted in Fig. 2 (blue dots). Recall that the pseu-
doband energies εkα are only defined module Ω, and one
may consider the bands to be folded within the Floquet-
Brillouin energy range [−Ω/2,Ω/2). Additionally, one

may then define the sidebands, by vertically shifting them
by multiples of Ω: εmkα = εkα + mΩ, for any integer m
are also valid pseudoenergies. These are replicas of the
first pseudobands, but contained in the displaced energy
intervals [−Ω/2+mΩ,Ω/2+mΩ), and are also shown in
Fig. 2. These sidebands are actually visible in angular-
resolved photoelectron spectroscopy experiments [26]. In
Fig. 2 they are color-coded: the blue intensity of each
dot in the curve corresponding to the m-th pseudoband
is proportional to ⟨umkα|umkα⟩, where

|umkα⟩ =
1

T

∫ T

0

dt eimΩt|ukα(t)⟩ . (47)

They are therefore most visible if the m-th frequency
component of the corresponding Floquet mode is larger.
It can be seen how the Floquet pseudobands, for this

reference strong circularly polarized driving field, are sig-
nificantly different to the field-free bands. Several side-
bands are visible (⟨umkα|umkα⟩ > 0) for various values of m,
which means that the associated Floquet modes oscillate
with several multiples of the fundamental 2 eV frequency.
Let us now concentrate on the region around the K

point; the two lowest field-free bands (one is the va-
lence band, the other one is a conducting band) approach
there, although a gap of nearly 2 eV remains. Suppose
that we wish to modify the material in such a way that
the Floquet pseudobands are much closer, or even close
the gap. The first step is the definition of function f
[Eq. (7)], which in this case can be defined solely in terms
of the pseudoenergy at the K point, regardless of the Flo-
quet modes; for example we may try:

f(ε) = εK0 − εK2. (48)

Therefore, the function only depends on the pseudoener-
gies at point K; the function grows with increasing val-
ues of the lowest pseudoenergy εK0, and also grows with
decreasing values of the highest pseudoenergy εK2. The
goal is therefore for the shaped optimized fields to induce
a larger lowest pseudoenergy εK0, and a smaller highest
psuedoenergy εK2, thus approaching them and leading
to a narrower gap.
The optimization seeks for the parameters u ≡

u1, . . . , u4M that maximize function f ; we add to this
definition of the problem a bound constraint:

|uj | ≤ κ, (j = 1, . . . , 4M) . (49)

In this way, the amplitude of each frequency component
is limited to a certain value.
We have performed these optimizations using the two

procedures described in sections II C (the QOCT for-
mula for general targets) and IID) (the formula based
on perturbation theory in Floquet-Brillouin space). The
function maximization algorithm that we have used is
the Sequential Least-Squares Quadratic Programming
(SLSQP) algorithm [27] as implemented in the NLOPT
library [28]. The results obtained with the two proce-
dureds are, of course, identical, since they provide the
same gradient.
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FIG. 3. Field-free bands (red solid lines) of the MoS2

model along the ΓKMΓ path in reciprocal space. Floquet
pseudobands (blue dots), computed with the optimized field
constrained with the 0.5 V/nm bound.
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FIG. 4. Field-free bands (red solid lines) of the MoS2

model along the ΓKMΓ path in reciprocal space. Floquet
pseudobands (blue dots), computed with the optimized field
constrained with the 1 V/nm bound.
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FIG. 5. Field-free bands (red solid lines) of the MoS2

model along the ΓKMΓ path in reciprocal space. Floquet
pseudobands (blue dots), computed with the optimized field
constrained with the 2 V/nm bound.

Figs. 3, 4 and 5 display the results obtained when con-
straining the electric amplitudes to 0.5 V/nm, 1 V/nm
and 2 V/nm, respectively. In the first case, the allowed
amplitudes are too low, and the Floquet pseudobands,
even for the optimized field, barely differ from the orig-
inal field-free bands. When allowing the electric ampli-
tudes to be of up to 1 V/nm per component (Fig. 4),
the optimized bands start to show a visible closure of the
gap. Finally, if the limit is set to 2 V/nm (Fig. 5), the
gap is almost fully closed.
Note that, in the definition of function f(ε) = εK0 −

εK2, the meaning of εK0 is the lowest pseudoenergy at
the K point, whereas εK2 is the highest pseudoenergy at
the K point (given that there are only three levels). As
a consequence, if the highest and lowest band approach
each other, the middle band will, too. That is why in
the plots we observe that all bands approach. Note also
that the motif is repeated for all values of m, i.e. for
all sidebands, although only the ones with m = 0 and
m = 1 have significant weight in the Fourier expansion
of the modes.

IV. CONCLUSIONS

In this work, we discussed several practical schemes for
the quantum optimal control in the context of the Flo-
quet engineering, by maximizing a target function de-
fined in terms of a set of control parameters that de-
termine the temporal shape of the driving fields. First,
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we briefly discussed the gradient-free optimization, where
one needs to maximize the target function without the
knowledge of its gradient. Second, we discussed in
Sec. II B a gradient-based optimization scheme, that can
be used for a special case of target functions, that are
directly defined with the corresponding evolution oper-
ator. This gradient-based scheme has been used in our
previous work [14], where it was demonstrated that it
is capable of properly optimizing the Floquet states and
their properties.

In addition to those methods, we further developed two
novel optimization scheme for the Floquet states, capa-
ble of dealing with general targets, in Secs. II C and IID.
In particular, the last one is based on perturbation the-
ory, and it does not require the explicit construction and
manipulation of the evolution operator. Since the com-
putational cost of the explicit construction of the evo-
lution operators grows badly with the system size, this
optimization scheme is expected to be suitable for appli-
cations to large system models, such as when using full
ab-initio simulations on solid-state systems (for example,
using time-dependent density-functional theory [10]).

To demonstrate these optimal control schemes, we
have applied the gradient-based optimization schemes
discussed in Sec. II C and Sec. IID to the bandstruc-
ture engineering of a monolayer of TMD, MoS2. Here,
we intended to reduce the bandgap of the MoS2 at the K
point by optimally tuning the parameters of the driving

field. As a result of the optimization, we demonstrated
that the optimized driving fields can indeed reduce the
bandgap of MoSe2 at the K point, and in the strong field
regime, can even close the gap.
The optimal control methods for Floquet systems de-

scribed in this work are practical prescriptions for tuning
the parameters of the driving fields in such a way that
the systems may exhibit desired properties and function-
alities, beyond the equilibrium phase. This opens a path
towards an efficient engineering of material properties on
demand [29–31]. We finish by noting that there may
be another interesting application of this version of con-
trol theory: since there is a deep analogy between Flo-
quet states of periodically-driven matter and quantum-
electrodynamics (QED) states of matter in an optical
cavity, one may extend this Floquet optimal control pro-
cedure to the QED materials engineering [32].
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Herbrüggen, D. Sugny, and F. K. Wilhelm, Quantum op-
timal control in quantum technologies. strategic report
on current status, visions and goals for research in eu-
rope, EPJ Quantum Technology 9, 19 (2022).

[16] J. Werschnik and E. K. U. Gross, Quantum optimal con-
trol theory, Journal of Physics B: Atomic, Molecular and
Optical Physics 40, R175 (2007).

[17] S. Zhang and J. Gong, Floquet engineering with particle

Page 9 of 10 AUTHOR SUBMITTED MANUSCRIPT - NJP-115854.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t

https://doi.org/10.1038/nature13915
https://doi.org/10.1103/PhysRevLett.102.100403
https://doi.org/10.1103/PhysRevResearch.4.033213
https://doi.org/10.1103/PhysRevResearch.4.033213
https://doi.org/10.1140/epjqt/s40507-022-00138-x
https://doi.org/10.1088/0953-4075/40/18/R01
https://doi.org/10.1088/0953-4075/40/18/R01


10

swarm optimization: Maximizing topological invariants,
Phys. Rev. B 100, 235452 (2019).

[18] J. P. Palao and R. Kosloff, Quantum computing by an
optimal control algorithm for unitary transformations,
Phys. Rev. Lett. 89, 188301 (2002).

[19] A. Castro, A. G. Carrizo, D. Zueco, and F. Luis, Opti-
mal control of molecular spin qudits, arXiv:2111.15313
(2021).

[20] R. F. H. Fischer, Appendix a: Wirtinger calculus, in
Precoding and Signal Shaping for Digital Transmission
(2002) pp. 405–413.

[21] P. Bouboulis, Wirtinger’s calculus in general hilbert
spaces; https://arxiv.org/abs/1005.5170 (2010).

[22] W. Wirtinger, Zur formalen theorie der funktionen von
mehr komplexen veränderlichen, Mathematische Annalen
97, 357 (1927).

[23] This link between perturbation theory and control the-
ory is not surprising; see A. Castro and I. V. Tokatly,
Quantum optimal control theory in the linear response
formalism, Phys. Rev. A 84, 033410 (2011) for a work
that discussed this issue; however, not in this context
of Floquet formalism, where it appears in an even more
natural way in the language of the Floquet-Hilbert space.

[24] A. Castro, qocttools (2022), https://qocttools.

readthedocs.io/en/stable/.
[25] G.-B. Liu, W.-Y. Shan, Y. Yao, W. Yao, and D. Xiao,

Three-band tight-binding model for monolayers of group-
vib transition metal dichalcogenides, Phys. Rev. B 88,
085433 (2013).

[26] S. Aeschlimann, S. A. Sato, R. Krause, M. Chávez-
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