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Coherent heat exchange in a prethermalizing open quantum system
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We investigate a simple model exhibiting a prethermal phase, i.e., a metastable state that emerges before
full thermalization, through the framework of quantum stochastic thermodynamics. We explore the effects of
quantum coherence in the energy eigenbasis of the initial state of the system on the process of heat exchange
with a bath, and their contribution to entropy production as quantified by a heat-exchange fluctuation theorem.
Such a relation is derived using the end-point measurement scheme, a protocol that accounts for initial quantum
coherence in the statistics of energy exchanges resulting from a nonequilibrium process. We compare these
results with those obtained from the widely used two-point measurement scheme, which, by construction, fails

to capture such quantum effects.
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I. INTRODUCTION

In the past few years the degree of control over quantum
systems has rapidly increased and with it the understanding
of quantum dynamics as a whole, from many-body systems
to open quantum systems. Of particular interest from both
a practical and a theoretical perspective is the development
of a nonequilibrium thermodynamic theory in the quantum
regime that is able to describe the energy exchange with the
environment of such systems and the onset of irreversibility
from the underlying unitary dynamics.

Stochastic thermodynamics has offered the best tools for
understanding such properties in mesoscale systems in the
classical regime, with the central results being the celebrated
fluctuation theorems (FTs) [1-3]. These relations are able to
capture out-of-equilibrium thermodynamic properties and to
link them to equilibrium ones in very general settings and
are able to explain the onset of irreversibility as a violation
of a time-reversal symmetry at the level of the stochastic
trajectories of the system. This promising framework has been
adopted at the quantum level as well, leading to quantum
versions of the FTs that resemble the classical ones [4] and
that have been experimentally verified on numerous experi-
mental platforms [5-8]. The protocol adopted, the two-point
measurement scheme, requires two strong energy measure-
ments on the system, one at the initial time and one at the
final. However, this approach returns the wrong marginals of
initial and final energy distributions and is thus insensitive to
initial quantum coherences in the energy basis and general
quantum correlations that could play a role at the level of
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energy exchange and entropy production. To overcome this
limitation and to give a framework able to capture all possible
quantum features, many other protocols have been proposed
leveraging, for example, quasiprobability distributions [9,10]
or dynamic Bayesan networks [11] in order to recover the
correct energy marginals, which have led to modified versions
of the classical FTs.

In order to characterize possible deviations from the usual
FTs due to initial coherences in the system and possibly being
able to experimentally verify them, it is necessary to look
at dynamics that, at least for a large enough time window,
preserves information on the initial state. Such a behavior
can be found in prethermalizing systems. These are quantum
quasi-integrable systems that reach a metastable state before
fully thermalizing and are usually associated with a quench
in a many-body Hamiltonian that breaks its symmetry to a
certain degree while keeping intact some of the original in-
tegrals of motion [12-17]. Depending on the model under
consideration, in this transient the system is either a Gibbs
state at a different temperature with respect to the one at
which it thermalizes or a generalized Gibbs state which de-
pends on the initial data through the expectation value of
some conserved quantity on that state. (See, for example,
Ref. [18] for an overview of both theoretical and experimental
aspects.) In this work we consider the simple d-dimensional
model proposed in Ref. [19], which shows prethermal behav-
ior induced by a weak interaction with a spatially correlated
bosonic bath, in the framework of nonequilibrium thermody-
namics. Specifically, we consider the two-point measurement
(TPM) and end-point measurement (EPM) schemes, which
are crucial operational tools for the quantification of ther-
modynamically relevant quantities in stochastic and quantum
thermodynamics [20]. The EPM scheme in particular has been
proposed in Refs. [21,22] to characterize the energy-exchange
statistics and fluctuations in the presence of quantum
coherence.
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Prethermalizing systems thus emerge from our study as
ideal an arena for an investigation of the role of initial quan-
tum correlations in nonequilibrium quantum thermodynamics.
The prethermal phase allows for the study of the differ-
ence in the energy-exchange processes with the environment
when either quantum coherence or entanglement is present
in the initial state of the system. Through the study of a
heat-exchange fluctuation relation resulting from the use of
either the EPM or TPM protocol, we quantify the deviations
due to thermal fluctuations between the classical case and
the coherence-dominated one. The latter generally results in
a significant decrease in the degree of thermodynamic irre-
versibility, as quantified by entropy production.

This paper is organized as follows. In Sec. II we present
a brief overview of the model addressed in the remainder of
this work, with particular emphasis on the relevant physical
properties. In Sec. III we introduce the prescriptions given
by the TPM and EPM schemes for the energy statistics and
apply them to a two-level system undergoing the prethermal
dynamics. We discuss the role of initial energy coherences and
entanglement in setting the gap between the two operational
approaches. In Sec. IV we explore the fluctuation theorem for
heat exchange for both protocols, focusing on the deviations
from the standard formulation given by the EPM scheme; we
also discuss the dependence on the measurement basis and
study the entropy dynamics. In Sec. V we summarize and
discuss our conclusions.

II. A SIMPLE MODEL OF PRETHERMALIZATION

Let us start by briefly reviewing the system under scrutiny,
following the assessment presented in Ref. [19]. We consider
two noninteracting qubits, each governed by the usual Zeeman
Hamiltonian Hs; = woo!/2. Here i = 1,2 is a label for the
qubits and we have assumed units such that z = 1. Each qubit
is weakly coupled to a spatially correlated bosonic bath in
thermal equilibrium at the inverse temperature 8. Using the
secular and Born-Markov approximation, it is shown that the
resulting dynamics of the two qubits can be well approximated
with the quantum master equation

d
05 _ L(ps) = Z Lii(ps) + o Z Lij(ps), (1)

dt i=1,2 i#j=1,2
where we have introduced
Lij(e) = ALj (o) + BL](e),
Li(e) =20l e 0l — (olol, e}, 2)

and the Pauli ladder operators oy = (ox £0y)/2, with o;
the j = x, y, z Pauli matrix. The spatial correlation function
o = o(r,,/§) € (0, 1] that appears in Eq. (1) decays with the
ratio between the distance between the mth and nth qubits r,,,
(which we take to be equal for all qubits, for simplicity) and
the characteristic bath correlation length &. The coefficients
A and B in Eq. (2) stand for the bath correlation functions
and characterize the strength of the energy exchange between
an individual qubit and its own bath. In particular, A re-
lates to the rate of excitation while B relates to the rate of
deexcitation, so A + B is the total relaxation rate. They are

related to the bath’s inverse temperature 8 through the relation
B = w%tanh*‘(%).

The crucial feature of Eq. (1) is the dependence of the
steady-state solution on the parameter «: For o < 1 the Li-
ouvillian £ has a single null eigenvalue, so the steady-state
solution is the Gibbs state p§* = exp(—p )Y _,_, , Hs,;)/Z, with
Z the corresponding partition function, which bears no depen-
dence on the initial state. In this case, the qubit separation
is larger than the bath correlation length and they are thus
effectively coupled to their local environment only. On the
other hand, for « = 1, £ has two null eigenvalues due to the
presence of N> = 4 conserved quantities, namely, each term
in the sum & - 55, together with 14 and o} + o5, making the
system integrable. This conserved quantity emerges as the
spatially correlated bath cannot distinguish between single
qubits as r,,,,/& — 0. The steady-state solution has thus a
dependence on the initial configuration py and achieves the
form of the generalized Gibbs ensemble (GGE)

o 1 (o)
p=gexp|-pY Hsi-— ) of®@ao]. ()

i=1,2 j=x3,z

where Z is the partition function of such a GGE and we have
introduced the Lagrange multiplier £(oy) reading

0 for F = —%
€(po) = §In {355 (1 + cosh(Bwo)l} for —3 <F < ;
In[1 + cosh(Bwo)] for F = 1.

“4)
The dependence of £(pp) on the initial state is contained in
the parameter F =}, M;jl;—o, which encodes the axial
magnetizations M; = iTr[(oj1 ® 01.2),0,].

Prethermalization has been predicted for quasi-integrable
quantum many-body systems, i.e., systems that weakly vi-
olate the conservation laws specific of their integrable
versions [15-17]. These systems display a transient phase,
occurring before full thermalization, during which either they
reach a thermal state characterized by a temperature that is
different from their respective asymptotic one or, more gen-
erally, they end up in a GGE like the one reported above.
This behavior is observed in our case study as well when
the spatial correlation function « approaches 1. In this case,
before thermalizing at the temperature of the bosonic bath,
the system enters a phase in which it is described by Eq. (3).
The characteristic equilibration time is proportional to m
which corresponds to the asymptotic decay rate, where Ag
and A; are the two smallest eigenvalues of the operator L.
Consequently, as ¢ — 1, the spectral gap |A¢o — ;| decreases,
leading to a longer-lived prethermal phase. It is worth noting
that the prethermal behavior in this model can be witnessed
for a system as small as two qubits, thus making it very suited
to simple numerical simulations.

III. ENERGY EXCHANGE IN THE PRETHERMAL PHASE

We now show how the prethermal phase leaves signatures
at the level of energy variations in a two-qubit system and how
it can be used to probe the role played by initial quantum cor-
relations in its thermodynamic behavior. It is well known that
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the TPM scheme allows one to assess energy fluctuations in
a nonequilibrium process [4]: Through energy measurements
performed at two different times, say,r = Oand¢ = t > 0, on
a system subjected to a quantum channel @, (-), one can access
the statistics of energy changes. However, such a protocol
is not apt to characterize the thermodynamics of genuinely
quantum systems as it does not always reproduce the cor-
rect marginal distributions of the energy of the system at
t =t;andt =ty > t; [9]. To overcome this limitation, several
other protocols have been proposed. Among them, the EPM
approach, which will be deployed in our study, allows one
to recover the correct energy marginals, accounting for the
presence of coherences in the energy eigenbasis, at the cost
of introducing a nonlinear dependence on the initial state in
the energy statistics [21,22].

Suppose we have a d-dimensional quantum system that
undergoes an open dynamics under the action of a given
completely positive and trace-preserving map ®,(-). Let E;
and IT; (i =1, ..., d) be the energies of the system and the
projectors onto the corresponding eigenstates, respectively.
The TPM and EPM protocol give the following prescriptions
for the probability of measuring an energy difference AE;; =
Ey — E; at times t; and ¢; given that the system is prepared
in state py and undergoes a general time-dependent process.
Specifically, calling p?(AE;s) the probability of finding the
energy difference AE; under the action of the inference pro-
tocol P = TPM, EPM, we have

pM(AE;p) = Te [T @y, (MipoI)Tf ],
PPN (AE;p) = Tr(I1;p0)Tr[T1, @, (po)]- )

Such distributions can be used to evaluate the statistics of en-
ergy exchanges induced by the quantum channel. In particular,
they allow us to calculate the expectation value of the energy
difference in the respective protocol (AE;s)p. Any discrep-
ancy between (AE;s)tpm and (AE;r)epm should be ascribed
to the effect of quantum coherences, which is washed out by
the first energy measurement requested in the TPM protocol.
In fact, defining AE.on = (AEir)epm — (AEif)tpMm, We have

d
AEeh = Y ETe[I1;9,, (x)]. 6)

i=1

where x = po — D(po), D(-) being a completely dephasing
map in the energy basis at time #;. A proof of this formula is
reported in Appendix A. From this result, one can establish
the sufficient condition for the two protocols to give the same
expectation value as [pg, [1;] =0Vi=1,...,d.

We now apply these prescriptions to our case study to get
the mean value of the energy difference evaluated at different
values of 7 (setting #; = O for convenience) and measuring
in the computational basis {|i) ® |j)}; j—o,1 that diagonalizes
the system’s Hamiltonian H = Zi:m Hg ;. Here 0,]0) = |0)
and o,|1) = —|1). As in Ref. [19], we take A/wy = 0.1 and
B/wy = 0.9 for clarity of presentation of the results. In order
to systematically assess the role of quantum coherences, we
take an initial maximally mixed state with coherences in the
measurement basis, reading

po = 3la+ x. (7)
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FIG. 1. Mean energy difference (AE)p at growing values of
the final measurement time (in dimensionless units). We compare
the results achieved through the protocols P = EPM, TPM when
choosing an initial state as in Eq. (7) with x = 0.20! ® 0.302. The
results are typical. The prethermal dynamics is with o = 1-107> for
A/wy = 0.1and B/wy = 0.9. We have set#; = 0 for convenience. We
also report the coherent energy differences AE,,. The inset shows
the same plot but for @ = 0.5. The two protocols give different results
in the prethermal phase. The differences between the two approaches
for the quantification of energy exchanges that are visible in the
prethermal dynamics disappear in the thermalizing phase.

with 14 the 4 x 4 identity matrix and matrix x chosen to be
with null diagonal entries in the energy basis and such that
po = 0 while [H, p] # 0. The prethermalizing phase man-
ifests through the appearance of an early-time plateau in
the coherent energy differences AE.y, that cannot be asso-
ciated with any asymptotic properties of the system. Both
the EPM and TPM protocols succeed in witnessing such a
plateau, as visible from Fig. 1, where the value of « has been
chosen so as to instigate the prethermalization mechanism.
However, the presence of quantum coherences in the initial
state of the system, which is fully captured by EPM, affects
quantitatively (AE;r)tpm, Which is larger in modulus, in the
prethermalizing phase, than (AE;r)gpm. Needless to say, as
the system enters the proper thermalizing phase, both pro-
tocols deliver the same quantitative energy differences, thus
bringing AE o, to zero, as the influence of quantum coher-
ences is depleted. For dynamics where the prethermalization
process is inhibited and quantum coherences strongly sup-
pressed by the effects of the environment, such as in the inset
of Fig. 1, the differences between EPM and TPM are virtually
negligible.

The inspection of Eq. (6) also clarifies that the nature
of the coherences shared by the subsystems of the com-
pound that we have studied is important. In fact, in general,
the mere presence of quantum correlations is not enough to
make the performance of the two protocols different. This
is clearly visible in Fig. 2 where the previous analysis with
o = 1-1077 is repeated using the elements of the maximally
entangled Bell basis |¢+) = (|00) £ ]11))/+/2 and |y) =
(101) £110))/ /2 as initial states. In particular, the two pro-
tocols coincide for py = |¢+)(p+|; the mean energy variation
does not overlap otherwise. Note that, for « = 1, the state
|[Yy_) (which results in F = —%) is an eigenstate of £ in
Eq. (1). Therefore, in this case, there is no conserved quantity.
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FIG. 2. Mean energy difference (AE)p at growing values of the
final measurement time (in dimensionless units) when the initial state
is one of the maximally entangled Bell states and in prethermal
conditions given by o = 1-107. We show the results valid for (a)
even-parity and (b) odd-parity Bell states for (a) |¢) and (b) |¢_).
The insets show the results for the preparation of (a) [, ) and (b)
[vr_). Despite the maximum entanglement, showcasing strong quan-
tum coherence, the choice of |¢..) does not result in a discrimination
of performance between EPM and TPM during the prethermal phase,
which is instead evident for the choice of |/..) as initial states.

IV. FLUCTUATIONS AND ENTROPY
A. Heat-exchange fluctuation theorem

We now investigate the heat-exchange fluctuation theorem
(XFT) for the system in the prethermal phase, highligthing
how the EPM protocol leads to deviations from the standard
expression.

In the context of stochastic thermodynamics, XFTs are
used to characterize the process of heat exchange between
two bodies that are initially at equilibrium at two different
temperatures and mutually isolated and then connected, for
a time 7, through a weak interaction [3]. Under reasonable
assumptions, for classical systems and some restricted cases
of quantum systems, using the TPM protocol, it is possible to
show that

p-(+0)
p<(=0Q)

where p. (g) is the probability that the two bodies exchange an
amount of heat ¢g. The latter is defined as the internal energy
difference of one of the two bodies (neglecting the work
needed to turn on and off the interaction between them), while
AP is the difference between the initial inverse temperatures
of the parties at hand. Remarkably, this holds regardless of

=9(Q) = 1n< ) = ABQ, ®)

how far from equilibrium the two bodies are at time 7, when
the interaction is turned off. Typically, £*¢ is identified with
the entropy production of the transformation [3]. However,
in general, such a classical XFT does not hold for nonunital
quantum evolutions [23] and fails to capture true quantum
effects in thermodynamics due to the use of the TPM protocol.
In our context, we can study this figure of merit considering
values of 7 such that our system is in the prethermal phase
and using the prescription given by the EPM protocol for the
calculation of the probabilities of heat exchange. Thus, we
define the entropy production as
SEM (p‘EPMmEif)) (Mo Te(o5 T1)
v PEM(AEf) Tr(po T ) Tr(p§ L) )
9)
where again p5® = ®.(po), as prescribed by Eq. (3). Consider
an initial separable state of the two qubits whose local pop-
ulations follow Gibbs distributions with inverse temperature
Bs # B and being endowed with local coherences, in the
computational basis, that is, given pj = exp(—Bswo0!/2)/Z
[withi=1,2 and Z = Tr(p}"ss)] and x! = [a(} o 1, the initial
state is

po = (op, + x') ® (05, + x7)- (10)
Here we have set a; = r;e® with |r;|> < 1/2? to guarantee
0o = 0. For such a state, we have F = rjr, cos(0; — 6,) +
itanh(@). This results in predictions that differ from the
so-called standard XFT of Eq. (8) and, in order to highlight
the deviations, we can write

M = (Bs — B)AE;s + Ty

Tr(pSTI
with T;y = In eﬂAEvM , (11)
Te(osTL)
where {I1},—o 3 are the projectors on the computational

basis. Notice that although in the above relation initial co-
herences only affect I';; through pg®, which depends on F,
once we take the average, the term AE = (AE;,) will depend
on them as well through the EPM’s probability distribution.
In order to show these behaviors, we consider the specific
case of Bs = % B (with Bwy = 21n 3 for the choice of param-
eters made in this simulation) with a; = a, and vary r in the
range [0, 1/Z]. (For two identical qubits, only the modulus
of the coherences matter since the only dependence on them
is through F as reported above. For this reason we can take
them real for simplicity.) We then take « = 1-107> and a final
time that guarantees that the state is in the prethermal phase to
study the averaged version of the entropy productions reported
above. The results corresponding to wgty = 50 are reported
in Fig. 3, which also includes an assessment of the results
stemming from the use of the TPM scheme. As expected, the
TPM protocol is insensitive to the presence of initial coher-
ences and coincides with the classical definition, despite the
nonunital nature of the dynamics. This can be ascertained by
checking that the reverse heat-exchange processes give rise
to a properly normalized probability distribution p,(—¢g). An
explicit expression of the terms I';; as they appear in the case
analyzed in Fig. 3 is provided in Appendix B.
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FIG. 3. Plot of FPM (blue solid line) and =™ (green dashed
line) and their corresponding classical counterparts (orange dot-
dashed and red dotted lines) for a system of two identical qubits
prepared in the factorized state py, = ,05 ® pg with local thermal
populations and non-null quantum coherences as per Eq. (10). Here
a,, = r, while Bs = 38/2, with Bwy = In9 and wyt; = 50. The two
schemes give different thermodynamic characterizations of the same
process.

Following Ref. [23], this implies that the equality be-
tween the two definitions of entropy production holds on
average (while being possibly broken at the level of single
trajectories). On the other hand, the EPM scheme gives a
coherence-dependent entropy production that deviates from
the classical definition even for r = 0, when the latter co-
incides with X", This captures the different information
content of the probability distributions provided by the two
schemes, which in general differ even for zero initial co-
herences due to the classical uncertainty on the initial state
present in the EPM scheme, where no initial measurement is
performed [21]. Overall, it is clear that the two protocols give
different thermodynamic descriptions of the same process, the
EPM being able to capture the effect of coherences on the
entropy production and not to satisfy the standard FT.

Basis (in)equivalence

We now explore the dependence on the choice of the en-
ergy eigenbasis, allowed by the degeneracy of the system’s
Hamiltonian, upon which we measure. Until now we have
assumed the measurement basis to be the one that diagonal-
izes the system’s Hamiltonian, but not the GGE. However,
the basis of eigenstates {|00), |[Y_), |[¥4), [11)} can be used
as well for the two-qubits case. We call this the common
basis and we refer to the protocols that use it as TPM-2 and
EPM-2. In Fig. 4 we compare the protocols using both bases
by looking at the energy exchange [Fig. 4(a)] and the entropy
production [Fig. 4(b)] obtained by varying the degree of initial
coherence and maintaining the same setup as in the previous
analysis. The energy variation in the system depends upon the
choice of the measurement basis in the TPM scheme, while
in the EPM scheme the results are the same, as expected.
In particular, the TPM-2 agrees with both EPM and EPM-2
schemes and thus depends on the initial coherence, which
indeed refers to the computational, local basis. This should be
expected: Coherences in the computational basis contribute to

00805
— TPM

0.075: TPAL>
% 0.070; EPM-2
50065l
<0.060F = ou N

0.055; \

0.0507‘ 0.00 005‘ rﬂ|ﬂ 0.15 ‘ ‘

000 005 010 0I5

r

FIG. 4. Average energy against initial coherence for each of the
protocols that we have addressed. The inset shows the entropy pro-
duction against initial coherence. We have compared the EPM and
TPM schemes, measuring in the computational basis (green and blue
solid lines), to the EPM-2 and TPM-2 ones with measurements in the
common basis (red and orange markers).

the populations when moving to the common basis. As for the
FTs, both TPM and EPM have different associated entropy
productions with respect to EPM-2 and TPM-2, which in turn
give the same X. These differences are to be expected since a
different basis implies a different information extracted by the
associated positive-operator-valued measure.

B. Entropy dynamics

The peculiarity of the prethermal dynamics is well cap-
tured by the entropy production and its rate of change I17 =
»”. The second law of thermodynamics imposes the non-
negativity of the entropy production rate, which is zero only
when the system thermalizes. Thus, it is generally conceived
as a measure of the system’s distance from equilibrium
that is useful, for example, to characterize dissipation in
nonequilibrium steady states, where a constant entropy pro-
duction rate is present (see Refs. [20,24-28] for an in-depth
analysis).

Using the above definitions and taking an initial state as
defined in Eq. (10), we computed the average of the stochastic
entropy production (SEP) over the whole trajectory and its
time derivative, the entropy production rate, over time. The
corresponding results are shown in Fig. 5. In particular, in
Fig. 5(a) we see that the SEP reaches the local maximum in
the prethermal phase and then achieves the absolute maximum
later, when the system fully thermalizes. The two protocols
give a similar overall behavior, although with quantitative dif-
ferent values. In Fig. 5(b) we see the entropy production rate
computed as the time derivative of the SEP in the time interval
leading to the prethermal regime. The two SEP rates have
different profiles, but both of them approach a null plateau.
Indeed, the prethermal phase behaves in an almost indistin-
guishable way from a truly thermal one as far as the entropy
production rate is concerned. In the inset of Fig. 5(b) we
magnify the behavior of the SEP rate in this regime, showing
how the values of I1” are of the order 10~*, and thus not null,
which is instead the case in the thermal regime.
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FIG. 5. (a) Dynamics of the trajectory-averaged entropy for a
system prepared in the initial state defined in Eq. (10) (identical
qubits with » = 0.1) and evaluated using both the EPM and TPM
protocols. (b) Trajectory-averaged entropy production rate approach-
ing the prethermal phase. The inset shows a close-up of the region of
the prethermal plateau shown in the main panel.

V. CONCLUSION

We have studied the out-of-equilibrium thermodynamics
of a simple model of prethermalization using two different
protocols, TPM and EPM, to highlight the role that quan-
tum coherence has. While both protocols successfully signal
the prethermal phase in the form of a plateau in the en-
ergy variation of the system, they disagree quantitatively in
predicting the statistics of the energy exchanges resulting
from the dynamics. This is clearly due to the existence of
quantum coherences in the state of the system entering the
prethermal phase, an effect that is fully captured by the EPM
approach. Through the use of the heat-exchange FT and the
EPM scheme, we have shown that quantum corrections to
the entropy production stemming from an evolution fully
within the prethermal phase are needed. Interestingly, such
corrections depend on the initial quantum coherences but are
nonzero even when the initial state is diagonal in the energy
basis, which is due to the different information content of
the state provided by the two schemes. In general, not just
the amount of quantum coherences, but also their nature is
important, as seen by using a measurmeent basis for the imple-
mentation of the EPM approach that involves entangled states.
Our study characterizes prethermalizing dynamics as thermo-
dynamically rich and affirms it as a promising candidate for
investigating a range of fundamental phenomena, such as the
effect of initial quantum coherence on entropy production and
heat exchange in genuinely nonequilibrium contexts.
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APPENDIX A: DERIVATION OF EQ. (6)

Here we provide a derivation of Eq. (6). We compute the
average energy change (AE;s)p from the corresponding joint
probability p*(AE;y),

d
(AEy)p = Y (Ey — E) p"(AEyy). (A1)
i,f=1
Considering the TPM protocol probability distribution
P (AE) = Tr[T @y, (TipoITy)]. (A2)
we have
(AEif)TPM = ZEfTr[H_fCDr,(HipoHi)]
if
— > E{Te[T1;®;, (T;poIT)]. (A3)

if

Using the linearity and trace-preserving properties of ®,,, and
the completeness relation ), IT; = [, it is straightforward to
see that

st (s un)

f

— > ETr(ipy). (A4)
Consider now the EPM protocol, for which
PP"M(AE;p) = Tr(Tipo) Te[ T, @y, (00)].  (AS)

Using this expression in Eq. (A1), we have

(AEy)epm = Y EfTe[T1;®,, (p0)] — Y E/Tr(Iipy).
f i
(A6)
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Subtracting Eq. (A4) from Eq. (A6), the term proportional to the initial energy of the system cancels out, leaving us with

AE. = ZEf{Tr[nfcb,f(po)] - Tr[nfcb,f (Z n,-pon,)] }

=Y EfTr{T;®;, oo — Dipo)l} = Y E;Te[T1;®,, (x)],

f f f
(A7)
which is Eq. (6) in the main text.
APPENDIX B: EXPLICIT FORM OF T;; IN EQ. (11) AND SPECIFIC TO THE CASE IN FIG. 3
Considering the initial state defined in Eq. (10) and setting r; = r, = r and 8; = 6, = 0, the steady state is given by
_1lep2 2 1 2
Py = 1 0 AB O 0 n 0 5(A°+ B7) 5(A+B) 0 7 B1)
A+B2|0 0 AB O A2+ AB+B2| 0 lAa+B? -1@A’+B)H 0
0 0 0 A2 2
0 0 0 A
where we used the relation between the inverse temperature 8 and the coefficients A and B,
B =2tanh™! B-4 (B2)
B B+A)

Owing to Eq. (B1), the explicit expression for the I';; associated with the transitions among the four energy levels of the system,

written in the computational basis, can be cast using Eq. (11) as

0 y 0

-y 0 vy
T = , B3
f —y 0 y (B3)

0 -y 0

with
r*(A+ B)*

=1 1— . B4
v n( 2AB[A + r2(A + B) +AB+BZ]) (B4
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