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Abstract. The main purpose of this paper is to investigate the
behavior of the Hilbert space valued functions φ that are obtained
by applying a linear operator W to a resolution of the identity
(i.e., a continuous Parseval frame) ζ. After reviewing the case
when W is bounded with bounded inverse, we study in more details
generalized Riesz maps, i.e., the image of a ζ by an invertible closed
linear operator W .

1. Prologue: Frames

In 1952 Duffin and Schaefer, considering some deep questions in non-
harmonic Fourier series, were led to weaken Parseval identity for an
orthonormal (ON) basis {en}n∈N of a separable Hilbert space H

‖f‖2 =
∞∑
n=1

| 〈f |en〉 |2, ∀f ∈ H

and introduced frames.
In fact, if H is a separable Hilbert space with inner product 〈·|·〉, a

family of vectors {φn}n∈N ⊂ H is a frame in H if there exist α, β > 0
such that

α‖f‖2 ≤
∞∑
n=1

| 〈f |φn〉 |2 ≤ β‖f‖2, ∀f ∈ H.

This structure allows reconstruction of vectors: if {φn}n∈N is a frame
then, for every f ∈ H

f =
∞∑
n=1

cn(f)φn,

where {cn(f)}n∈N is an adequate sequence of complex numbers. How-
ever this decomposition is, in general, not unique.
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This notion was extended to a continuous environment by Ali, An-
toine and Gazeau [1] and Kaiser [13] in the 90s. Thereafter several
questions on continuous frames have been posed and many results
have been obtained (without pretending to be exhaustive, we mention
[11, 21, 8, 6]).

Let (X,Σ, µ) be a measure space. A continuous frame for H is a
function φ : x ∈ X 7→ φx ∈ H for which

i) ∀f ∈ H, x 7→ 〈f |φx〉 is a µ-measurable complex1 function on X;

ii) there exist constants α, β > 0 such that

α‖f‖2 ≤
∫
X

| 〈f |φx〉 |2dµ ≤ β‖f‖2, ∀f ∈ H.

Reconstruction reads as follows: f =
∫
X
ξ(x)φxdµ, for an oppor-

tune weakly measurable function ξ on X, in a sense to be specified.
But again we do not get uniqueness of the representation. The non-
uniqueness and thus redundancy is probably the main reason for the
popularity of frames. In fact every f ∈ H may have infinitely many
representations w.r.to the frame. This is crucial for applications: we
can sustain a loss of data without a dramatic loss of information, a
very important fact in signal analysis, internet coding, etc.

However, in several applications (mainly in Quantum Physics), the
notion of frame appeared to be too restrictive. For this reason, sev-
eral generalizations have been proposed, generalized Riesz bases, semi-
frames (upper and lower), and so on.

A coherent state is an important physical example of a resolution
of identity. It is then certainly useful to know how an operator (i.e.,
an observable) modifies it. This is actually the main subject of this
paper: to investigate the properties of the action of some operator W
on a resolution of the identity (or, equivalently, a continuous Parseval
frame). In particular, we will show that if a frame φ is close enough to
a resolution of the identity ζ, then it is the image of ζ under a bounded
operator with bounded inverse: this is what we will call a Riesz map,
because of the analogy with the discrete case.

The paper is organized as follows. In Section 2 we collect some
basic aspects of the theory and of course we do not claim originality
of these contents. Most of the results presented there come from easy
generalizations of the discrete case and can be found elsewhere (see, for

1Equivalently, if x 7→ φx is a weakly µ-measurable function on X. From now on
we will not make explicit mention of µ, if no ambiguity can arise.
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instance [9, 21] but they are discussed here sometimes from a different
perspective and with a slightly different language).

In Section 3 we select a normed space of weakly measurable functions
denoted by H∞ and we prove that this space turns out to coincide with
the space of Bessel maps. Finally, we give sufficient conditions for H∞
to be a Banach space.

Section 4 is the main part of this paper. There we examine the result
of the action of a linear operator W on a resolution of the identity ζ
depending on the properties of boundedness or unboundedness of the
operators W or W−1, when the latter exists. Theorem 4.2 shows that
a weakly measurable function φ which is close enough (w.r. to the
norm of H∞) to a resolution of the identity ζ is the image of ζ by a
bounded operator with bounded inverse. This generalizes a well-known
statement [18, §86] for the discrete case. Finally, the case in which both
W and W 1 are possibly unbounded is examined in Case 5 in Sect. 4.2,
generalizing some results in [5]. This leads to the introduction of the
notion of generalized Riezs map whose main properties are given.

2. Basic aspects

In this section we summarise some known definitions and results.
Given a linear operator A in H, we will denote by D(A) its domain, by
N(A) its null space, by R(A) its range and by A∗ its adjoint. Moreover,
ifH andK are two Hilbert spaces, by B(H,K) we will indicate the space
of bounded linear operators on H into K. When H = K, we will simply
write B(H).

Let (X,Σ, µ) be a measure space with the following properties: X
is a locally compact Hausdorff topological space, Σ is the σ-algebra
of Borel sets, µ is a positive regular measure on Σ; this in particular
implies that µ(Y ) <∞ for every Y compact subset of X.

Let φ : x ∈ X 7→ φx ∈ H be a weakly measurable function. We put

(2.1) D(Ωφ) =

{
f ∈ H :

∫
X

| 〈f |φx〉 |2dµ <∞
}
.

Then

(2.2) Ωφ(f, g) =

∫
X

〈f |φx〉 〈φx|g〉 dµ, f, g ∈ D(Ωφ)

is a well-defined nonnegative sesquilinear form on D(Ωφ) ×D(Ωφ). If
D(Ωφ) is dense in H, then Ωφ is a closed positive sesquilinear form and
so, by the representation theory of closed positive sesquilinear forms,
there exists a unique positive self-adjoint operator Sφ in H such that
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D(Ωφ) = D(S
1/2
φ ) and

Ωφ(f, g) =
〈
S
1/2
φ f |S1/2

φ g
〉
, ∀f, g ∈ D(Ωφ).

The operator Sφ has been called the generalized frame operator [2]. It
satisfies

(2.3) D(Sφ) ⊂ D(Ωφ) and Ωφ(f, g) = 〈Sφf |g〉 , ∀f, g ∈ D(Sφ).

Definition 2.1. The map φ is called

(i) total or complete if f ∈ H and 〈f |φx〉 = 0 for almost all x ∈ X,
implies f = 0;

(ii) µ-independent if
∫
X
u(x)φxdµ = 0, for u ∈ L2(X,µ), implies

u = 0 almost everywhere in X.

We denote by Cφ the linear operator Cφ : D(Cφ) → L2(X,µ) with
D(Cφ) = D(Ωφ) defined by

(Cφf)(x) = 〈f |φx〉 .
The operator Cφ is called the analysis operator of φ.

As for Ωφ we have

Ωφ(f, g) = 〈Cφf |Cφg〉2 , ∀f, g ∈ D(Ωφ)

where, as usual, 〈·|·〉2 denotes the inner product in L2(X,µ) (the related
norm is denoted by ‖ · ‖2).

Remark 2.2. Cφ is a closed operator, but in general is not densely
defined, therefore the adjoint operator C∗φ need not exist. The adjoint
operator C∗φ, when well-defined, is called the synthesis operator of φ

and, in this case, it acts as follows: C∗φu =
∫
X
u(x)φxdµ, for u ∈ D(C∗φ).

Proposition 2.3. If D(Ωφ) = H, then Ωφ is bounded, i.e., there exists
β > 0 such that

(2.4) Ωφ(f, f) ≤ β‖f‖2, ∀f ∈ H.

Definition 2.4. A weakly measurable map φ : X 7→ H is called a
Bessel map if (2.4) holds; i.e., D(Cφ) = H and Cφ is bounded.

As usual when dealing with closed densely defined operators, a cru-
cial role is played by their null space (kernel) and by their image and
several notions can be rephrased in terms of them. For instance,

Proposition 2.5. A weakly measurable map φ : X → H, for which
D(Cφ) is dense in H, is
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(i) total if, and only if, N(Cφ) = {0};
(ii) µ-independent if, and only if, N(C∗φ) = {0}.

These notions are also helpful for describing the behavior of certain
weakly measurable maps. This is the case of redundancy which was
defined as follows in [23]:

Definition 2.6. Let φ : X → H be a weakly measurable map. The
redundancy R(φ) of φ is defined as

R(φ) := dim (R(Cφ))⊥.

We observe that, if D(Cφ) is dense in H, then

(R(Cφ))⊥ = N(C∗φ).

Then,

Proposition 2.7. Let D(Cφ) be dense in H. The following conditions
are equivalent.

(i) R(φ) = 0.
(ii)

∫
X
u(x)φxdµ = 0, for u ∈ L2(X,µ), implies u = 0 almost eve-

rywhere.
(iii) φ is µ-independent.

Proof. It is sufficient to observe that

N(C∗φ) =

{
u ∈ D(C∗φ) :

∫
X

u(x)φxdµ = 0

}
. �

From the Riesz Lemma it easily follows:

Proposition 2.8. Let φ be a Bessel map. For every function u ∈
L2(X,µ) there exists a unique vector h ∈ H such that∫

X

u(x) 〈f |φx〉 dµ = 〈f |h〉 , ∀f ∈ H.

We put

h =

∫
X

u(x)φxdµ.

Taking into account Proposition 2.8, if u is a measurable complex
valued function, we say that

∫
X
u(x)φxdµ exists in H, if

L(f) :=

∫
X

u(x) 〈f |φx〉 dµ, f ∈ H

defines a bounded linear functional on H.
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The procedure outlined before can be extended to more general sit-
uations; i.e., also to the case when φ is not Bessel. We discuss shortly
this point here.

Let us simply suppose that φ is a weakly measurable map and put

D(Tφ) =

{
u ∈ L2(X,µ) :

∫
X

u(x)φxdµ exists in H
}

Tφu =

∫
X

u(x)φxdµ, u ∈ D(Tφ).

If D(Tφ) is dense in H, the adjoint T ∗φ exists and is defined on

D(T ∗φ) = {g ∈ H : 〈g|φ.〉 ∈ L2(X,µ)}
by

(T ∗φg)(x) = 〈g|φx〉 , g ∈ D(T ∗φ).

In other words, T ∗φ = Cφ.
In particular, under the assumptions of Proposition 2.8, the map

Tφ : u ∈ L2(X,µ)→
∫
X

u(x)φxdµ ∈ H

is a bounded linear operator with ‖Tφ‖ ≤
√
β, where ‖·‖ is the operator

norm and β > 0 is the upper bound in (2.4). The adjoint operator
T ∗φ = Cφ is also bounded.

Corollary 2.9. Let φ be weakly measurable on X. Then

∫
X

u(x)φxdµ

exists for every u ∈ L2(X,µ) if, and only if, φ is Bessel.

The proof is straightforward.

Definition 2.10. A weakly measurable map φ : X → H is called

(i) a continuous frame if φ is Bessel and Ωφ is also bounded from
below, i.e., there exist α, β > 0 such that

α‖f‖2 ≤ Ωφ(f, f) ≤ β‖f‖2, ∀f ∈ H;

(ii) a lower semi-frame if D(Ωφ)=H and Ωφ is bounded from below
(but not necessarily from above);

(iii) an upper semi-frame if it is total and Ωφ is bounded from above
(but not necessarily from below).

Proposition 2.11. Let φ : X → H be a weakly measurable map. The
following statements are equivalent:

(i) φ is a resolution of the identity for H; i.e., φ is total and
Ωφ(f, g) = 〈f |g〉, for every f, g ∈ H.
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(ii) φ is a continuous Parseval frame; i.e., Ωφ(f, f) = ‖f‖2, for
every f ∈ H.

Remark 2.12. We will adopt the terminology resolution of the identity
instead of continuous Parseval frame because this terminology makes
clear that, at least formally,∫

X

φx ⊗ φxdµ = IH,

where IH is the identity operator of H and φx ⊗ φx denotes the rank 1
operator acting as (φx ⊗ φx)f = 〈f |φx〉φx, x ∈ X.

If φ is a resolution of the identity, the equality∫
X

〈f |φx〉 〈φx|g〉 dµ = 〈f |g〉 , ∀f, g ∈ H,

can also be read as ∫
X

〈f |φx〉φxdµ = f, ∀f ∈ H.

From these equalities it follows, in particular, that if y ∈ X

(2.5) 〈f |φy〉 =

∫
X

〈f |φx〉 〈φx|φy〉 dµ.

Hence, 〈φx|φy〉 dµ can be read as the Dirac measure on X centered at
the point y ∈ X.

Remark 2.13. It is important to notice that both a resolution of
the identity and a lower semi-frame cannot be µ-independent without
being, so to say, discrete. Indeed, as proven in the more general case in
[23], rediscussing known results of [12, Theorem 2] and [4], if φ is a lower
semi-frame with finite redundancy, then the measure space (X,Σ, µ) is
atomic, which implies that φ can be discretized. On the other hand, if
the measure space has no atoms, then necessarily R(φ) = ∞, see [23,
Corollary 10]. This implies that requiring a weakly measurable function
to be µ-independent is too strong a condition if we are interested in
genuine continuous maps.

Example 2.14. If f ∈ L2(R), the translation operator Ta, a ∈ R, is
defined by

Taf(t) = f(t− a);

the modulation operator Mb, b ∈ R, is defined by

Mbf(t) = e2πibtf(t).
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Let g ∈ L2(R), ‖g‖2 = 1. Then the function

φ : (a, b) ∈ R2 7→ φ(a,b) := MbTag ∈ L2(R)

defines a resolution of the identity in L2(R), since∫
R2

〈f |MbTag〉 〈MbTag|h〉 dadb = 〈f |h〉 , ∀f, h ∈ L2(R).

It is known that, for certain values of a, b, this function is total but not
µ-independent [19, 20], with µ the Lebesgue measure of the plane.

3. Bessel and Riesz maps

If φ is Bessel, i.e., if Ωφ is bounded on H, then the operator Sφ is
bounded and

〈Sφf |g〉 =

∫
X

〈f |φx〉 〈φx|g〉 dµ, f, g ∈ H,

which we can also write as

(3.1) Sφf =

∫
X

〈f |φx〉φxdµ, f ∈ H.

The operator Sφ is then simply called the frame operator of φ. If φ
is a resolution of the identity, then Sφ is the identity operator IH of H.
If φ is a continuous frame, then Sφ has closed range.

It is easily shown that a Bessel map φ is a continuous frame for H if
and only if there exists a Bessel map ψ such that

(3.2)

∫
X

〈f |φx〉 〈ψx|g〉 dµ = 〈f |g〉 , ∀f, g ∈ H.

Definition 3.1. A Bessel map ψ is said to be dual to a continuous
frame φ if (3.2) holds.

Clearly, ψ is also a continuous frame.

Definition 3.2. We denote by H∞ the set of all weakly measurable
functions φ : x ∈ X 7→ φx ∈ H for which there exists γφ > 0 such that

(3.3)

∥∥∥∥∫
X

u(x)φxdµ

∥∥∥∥2 ≤ γφ

∫
X

|u(x)|2dµ = γφ‖u‖22 ,

for every u ∈ L2(X,µ).

Lemma 3.3. The following statements are equivalent.

(i) φ ∈ H∞.
(ii) The analysis operator Cφ is everywhere defined and bounded.

(iii) The synthesis operator Tφ ∈ B(L2(X,µ),H), that is, Tφ is well-
defined and bounded on L2(X,µ).
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(iv) φ is a Bessel map.

Proof. (i)⇒(ii): If (i) holds and u ∈ L2(X,µ), we have

∣∣∣∣∫
X

u(x) 〈φx|f〉 dµ
∣∣∣∣ =

∣∣∣∣〈∫
X

u(x)φxdµ|f
〉∣∣∣∣

≤
∥∥∥∥∫

X

u(x)φxdµ

∥∥∥∥ ‖f‖ ≤ √γφ‖u‖2‖f‖.
These inequalities imply that the function x ∈ X 7→ 〈f |φx〉 ∈ C is in

L2(X,µ), because the integral on the lhs is finite for every u ∈ L2(X,µ)
and that

(3.4) ‖ 〈f |φ.〉 ‖2 = sup
‖u‖2=1

∣∣∣∣∫
X

u(x) 〈φx|f〉 dµ
∣∣∣∣ ≤ √γφ‖f‖.

This proves that Cφ is bounded.
(ii)⇔(iii) Follows from Tφ = C∗φ.
(iii)⇒(iv): The proof is similar to (i)⇒(ii).
(iv)⇒(i): If φ is Bessel and f ∈ H, then

∫
X
u(x) 〈φx|f〉 dµ is well-

defined ∀u ∈ L2(X,µ) and∣∣∣∣∫
X

u(x) 〈φx|f〉 dµ
∣∣∣∣ ≤ √γφ‖u‖2‖f‖.

This implies that (3.3) holds for every u ∈ L2(X,µ). �

Example 3.4. (See also [21]) Let φ ∈ H∞ and let W ∈ B(H). Put
ξx = Wφx, x ∈ X. Then the function ξ belongs to H∞. Indeed, if
u ∈ L2(X,µ)∥∥∥∥∫

X

u(x)ξxdµ

∥∥∥∥ = sup
‖f‖=1

∣∣∣∣∫
X

u(x) 〈ξx|f〉 dµ
∣∣∣∣

= sup
‖f‖=1

∣∣∣∣∫
X

u(x) 〈Wφx|f〉 dµ
∣∣∣∣ = sup

‖f‖=1

∣∣∣∣∫
X

u(x) 〈φx|W ∗f〉 dµ
∣∣∣∣

≤
∥∥∥∥∫

X

u(x)φxdµ

∥∥∥∥ sup
‖f‖=1

‖W ∗f‖ = ‖W‖
∥∥∥∥∫

X

u(x)φxdµ

∥∥∥∥
≤ √γφ‖W‖

(∫
X

|u(x)|2dµ
)1/2

.

Thus the image of a Bessel map φ by a bounded operator W in H,
more precisely the map x ∈ X 7→ Wφx ∈ H, is a Bessel map too.
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In H∞ we introduce the following norm

‖φ‖∞ := sup

{∥∥∥∥∫
X

u(x)φxdµ

∥∥∥∥ , ‖u‖2 ≤ 1

}
.

In other words,

‖φ‖∞ = ‖Tφ‖;
that is, we endow the space of Bessel maps with the topology induced
by the operator norm of B(L2(X,µ),H) (see also [10]).

Moreover since ‖Cφ‖ = ‖Tφ‖, then ‖φ‖2∞ is the smallest of the posi-
tive numbers β’s such that∫

X

| 〈f |φx〉 |2dµ ≤ β‖f‖2, ∀f ∈ H;

i.e., ‖φ‖2∞ is the optimal Bessel bound of φ.

In [3] and in [14] it is proved that the spaces of Bessel sequences
and of g-Bessel sequences are complete in their natural norm using
the existence of some orthonormal (or g-orthonormal) bases. In the
following result we require the existence of a resolution of the identity
in L2(X,µ) which is not guaranteed a priori, depending on the measure
space (X,µ).

Proposition 3.5. Assume that L2(X,µ) possesses a resolution of the
identity j : x ∈ X 7→ jx ∈ L2(X,µ). Then H∞[‖ · ‖∞] is a Banach
space.

Proof. The map φ ∈ H∞ → Tφ ∈ B(L2(X,µ),H) is, by definition
isometric and, therefore, injective. If A ∈ B(L2(X,µ),H), define φx =
Ajx. By the definition itself, Tφ = A. Indeed, if u ∈ L2(X,µ) (see also
Proposition 2.8),

Tφu =

∫
X

u(x)φxdµ =

∫
X

u(x)Ajxdµ = Au.

Therefore the map φ ∈ H∞ → Tφ ∈ B(L2(X,µ),H) is an isomorphism
of Banach spaces and, consequently, H∞ is complete. �

Remark 3.6. We show how to construct a resolution of the identity
in L2(X,µ), provided that this space is separable. In this case, in
fact, L2(X,µ) possesses a countable ON basis {wn}n∈N. Without loss
of generality, we may suppose that each wn is a continuous function.
Moreover we assume that the evaluation functional

Lx(f) :=
∞∑
n=1

〈f |wn〉wn(x)
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is bounded in L2(X,µ), for almost all x ∈ X. Then, for almost all
x ∈ X, there exists jx ∈ L2(X,µ), such that

〈f |jx〉 :=
∞∑
n=1

〈f |wn〉wn(x).

It is clear that j is total and by the previous equation, it is a resolution
of the identity of L2(X,µ).

We have,∫
X

〈f |jx〉 〈jx|g〉 dµ =
∞∑
n=1

〈f |wn〉 〈wn|g〉 = 〈f |g〉 .

4. Acting on a resolution of the identity

From now on, ζ will denote a resolution of the identity for H.
Let us consider a linear operator W : D(W )→ H, where D(W ) is a

dense domain with the property that ζx ∈ D(W ) for every x ∈ X. We
will study what is obtained by applying W to ζ, i.e., defining a map
ζW by (ζW )x := Wζx, for every x ∈ X.

4.1. W is bounded. For the sake of completeness we begin with con-
sidering the case when W is bounded. The corresponding results are,
of course, mostly well-known [9, 21].

Case 1. W is everywhere defined and bounded.

If f ∈ H we have∫
X

| 〈f |Wζx〉 |2dµ =

∫
X

| 〈W ∗f |ζx〉 |2dµ = ‖W ∗f‖2 ≤ ‖W‖2‖f‖2.

This means that ζW : x 7→ Wζx is a Bessel map with its optimal Bessel
bound ‖ζW‖∞ = ‖W‖ and frame operator WW ∗ since, as is known,
the frame operator of ζ is the identity operator IH of H.

We just mention some particular situations.

• If W is isometric (but not unitary), i.e., W ∗W = IH, but
WW ∗ =: P is the projection onto R(W ), then ζW is a reso-
lution of the identity of PH.

Indeed, if h ∈ R(W ), then there exists a unique f ∈ H : h =
Wf and ‖f‖ = ‖h‖. Hence,∫

X

| 〈h|Wζx〉 |2dµ =

∫
X

| 〈Wf |Wζx〉 |2dµ

=

∫
X

| 〈f |ζx〉 |2dµ = ‖f‖2 = ‖h‖2.
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• If W is unitary, i.e., W ∗W = WW ∗ = IH, it is clear that ζW is
also a resolution of the identity of H.

Case 2. W is everywhere defined, bounded and surjective.

In this case ζW is a continuous frame, its frame operator is WW ∗; the
lower bound is ‖W †‖−2 and the upper one is ‖W‖2, where W † is the
pseudoinverse of W , which exists by hypotheses (see [7]).

Case 3. W is everywhere defined, bounded with everywhere defined bounded
inverse W−1.

SinceW−1 is everywhere defined and bounded, W is necessarily bounded
from below; in particular,

‖W−1‖−1‖g‖ ≤ ‖Wg‖ ≤ ‖W‖‖g‖, ∀g ∈ H;

or, equivalently,

‖W−1‖−2‖g‖2 ≤
∫
X

| 〈Wg|ζx〉 |2dµ

=

∫
X

| 〈g|W ∗ζx〉 |2dµ ≤ ‖W‖2‖g‖2, ∀g ∈ H.

Then, the function ζW
∗

is a continuous frame. By analogous arguments

ζW , ζW
−1

, ζ(W
∗)−1

are also frames. In particular, for every f, g ∈ H,
we have ∫

X

〈f |W ∗ζx〉
〈
W−1ζx|g

〉
dµ =

∫
X

〈Wf |ζx〉
〈
ζx|(W−1)∗g

〉
dµ(4.1)

=
〈
Wf |(W−1)∗g

〉
= 〈f |g〉 .(4.2)

This means that ζW
∗

and ζW
−1

are dual to each other in the sense of
Definition 3.2. Of course, an analogous statement holds for the pair

(ζW , ζ(W
∗)−1

).

4.2. At least one among W and W−1 is unbounded.

Case 4. W is everywhere defined, bounded injective with unbounded
inverse W−1.

In this case ζW
∗

= W ∗ζ is Bessel and again its optimal Bessel bound
is ‖ζW‖∞ = ‖W ∗‖ and the frame operator is WW ∗. Since W−1 is
defined on a domainD(W−1) ( H and has bounded everywhere defined
inverse W , the following inequality holds:

‖W‖−1‖g‖ ≤ ‖W−1g‖, ∀g ∈ D(W−1);
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or, equivalently,

‖W‖−2‖g‖2 ≤
∫
X

|
〈
W−1g|ζx

〉
|2dµ

=

∫
X

|
〈
g|(W−1)∗ζx

〉
|2dµ, ∀g ∈ D(W−1).

However, this is not enough to say that ζ(W
−1)∗ is a lower semi-frame

because the inequality is true only for g ∈ D(W−1), unless D(W−1) is
dense.

Riesz sequences are the image by a bounded operator with bounded
inverse of some orthonormal sequence. It is then natural to give the
following

Definition 4.1. A weakly measurable map x ∈ X 7→ φx is called a
(continuous) Riesz map if there exists a resolution of the identity ζ and
a bounded operator W in H with bounded inverse such that φx = Wζx
almost everywhere in X.

Every Riesz map is clearly a Bessel map. A Riesz map is complete
but not necessarily µ-independent. In view of the discussion in Section
2, µ-independence will, in fact, reduce a continuous map to a discrete
one.

The following theorem (which reformulates in the continuous lan-
guage a Paley-Wiener Theorem for sequences [18, §86]) shows that
Bessel maps that are close enough to a resolution of the identity are
actually Riesz maps.

Theorem 4.2. Let ζ be a resolution of the identity for H and φ a
weakly measurable function with φ ∈ H∞. If ‖φ− ζ‖∞ < 1, then

(i) there exists a bounded operator W with bounded inverse such
that φx = Wζx for almost every x ∈ X; i.e., φ is a Riesz map.

(ii) there exists a Riesz map ψ such that for every f ∈ H the fol-
lowing equalities hold

f =

∫
X

〈f |ψx〉φxdµ; f =

∫
X

〈f |φx〉ψxdµ.

Proof. (i): Let f ∈ H. Put θ = ‖φ− ζ‖∞. We define

Kf :=

∫
X

〈f |ζx〉 (ζx − φx)dµ.

We have∥∥∥∥∫
X

〈f |ζx〉 (ζx − φx)dµ
∥∥∥∥2 ≤ ‖φ− ζ‖2∞ ∫

X

| 〈f |ζx〉 |2dµ = θ2‖f‖2.
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Thus K is bounded and its operator norm is ‖K‖ ≤ θ < 1. Hence, the
operator W = IH −K possesses a bounded inverse.

Finally, Wζy = φy, for every y ∈ X. Indeed,

〈Wζy|g〉 = 〈ζy|g〉 − 〈Kζy|g〉 = 〈ζy|g〉 −
∫
X

〈ζy|ζx〉 〈(ζx − φx)|g〉 dµ

=

∫
X

〈ζy|ζx〉 〈φx|g〉 dµ, ∀g ∈ H.

On the other hand, by (2.5),

〈ζy|W ∗g〉 =

∫
X

〈ζy|ζx〉 〈ζx|W ∗g〉 dµ, ∀g ∈ H.

Hence∫
X

〈ζy|ζx〉 (〈φx|g〉−〈ζx|W ∗g〉)dµ =

∫
X

〈ζy|ζx〉 (〈φx|g〉−〈Wζx|g〉)dµ = 0

for all g ∈ H, which implies, again by (2.5), that 〈φx|g〉 − 〈Wζx|g〉 = 0
for every g ∈ H and then φx = Wζx for almost every x ∈ X.

(ii): Define ψx = (W−1)∗ζx, x ∈ X. Then, from

Wf =

∫
X

〈f |ζx〉Wζxdµ

it follows that

f = WW−1f =

∫
X

〈
W−1f |ζx

〉
Wζxdµ =

∫
X

〈f |ψx〉φxdµ, ∀f ∈ H

and

f = (W−1W )∗f =

∫
X

〈f |Wζx〉 (W−1)∗ζxdµ =

∫
X

〈f |φx〉ψxdµ, ∀f ∈ H.

The fact that ψ is also a Riesz map is straightforward. �

As in the discrete case, one can prove that a Bessel map φ is a Riesz
map if, and only if, it is complete (Definition 2.4). This of course also
applies also to resolutions of the identity.

Case 5. W is closed, densely defined but unbounded.

In the discrete case, applying a closed invertible possibly unbounded
operator to an orthonormal system led to introduce and study in [5, 15,
16] the notion of generalized Riesz system. It is natural at this stage to
extend this notion to the continuous case, by modifying appropriately
Definition 4.1.
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Definition 4.3. A weakly measurable function φ : X → H is called a
generalized Riesz map if there exists a resolution of the identity ζ for
H and a densely defined closed operator W in H with densely defined
inverse, such that

ζx ∈ D(W ) ∩D((W−1)∗) and Wζx = φx, µ-a.e..

As in [5], the couple (ζ,W ) will be called, for short, a constructing pair
for φ.

As before, if φ is a generalized Riesz map, we can define the sesquilin-
ear form Ωφ by (2.1) and (2.2). If D(Ωφ) is dense in H, then we can
apply Kato’s theorem on closed nonnegative sesquilinear forms and
introduce the operator Sφ.

Let us begin with considering the special case when W−1 is every-
where defined and then bounded (in other words, 0 ∈ ρ(W ), the resol-
vent set of W ). Then, as in Case 3, the operator W is bounded from
below; more precisely,

‖W−1‖−1‖g‖ ≤ ‖Wg‖, ∀g ∈ D(W ).

Let us put ψx = (W ∗)−1ζx. Then for every f ∈ D(W ∗) and g ∈ H, by
calculations similar to (4.1) we get:∫

X

〈f |φx〉 〈ψx|g〉 dµ =

∫
X

〈f |Wζx〉
〈
(W ∗)−1ζx|g

〉
dµ = 〈f |g〉 .

This means that φ, ψ are almost dual to each other; in the sense that
f is restricted to the domain D(W ∗).

Let us come back to the more general case.

Proposition 4.4. Let φ be a generalized Riesz map, with constructing
pair (ζ,W ). Then D(Ωφ) = D(W ∗

0 ), where W0 denotes the restriction
of W to the linear span Dζ of the resolution of the identity ζ, and
D(Ωφ) is dense in H.

Proof. Suppose that h ∈ D(W ∗
0 ). Then, h ∈ D(Ωφ):∫

X

| 〈h|φx〉 |2dµ =

∫
X

| 〈h|Wζx〉 |2dµ =

∫
X

| 〈W ∗
0 h|ζx〉 |2dµ = ‖W ∗

0 h‖2 <∞.

On the other hand, if h ∈ D(Ωφ), then 〈h|φ.〉 ∈ L2(X,µ), hence we can
define a vector g by

g :=

∫
X

〈h|φx〉 ζxdµ;

but it is also g =
∫
X
〈g|ζx〉 ζxdµ. Then

∫
X

(〈g|ζx〉 − 〈h|φx〉)ζxdµ = 0;
hence, by (2.5),

〈g|ζx〉 − 〈h|φx〉 = 0, µ− a.e.;
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i.e.,

〈g|ζx〉 − 〈h|W0ζx〉 = 0, µ− a.e..

This equality extends obviously to Dζ ; then h ∈ D(W ∗
0 ) and W ∗

0 h =
g =

∫
X
〈h|φx〉 ζxdµ. Furthermore, D(Ωφ) is dense inH becauseD(Ωφ) =

D(W ∗
0 ) and W0 = W�Dζ

is a closable densely defined operator (Dζ is
dense since ζ is total). �

Let now D be a dense subspace of H, φ, ψ : X → H be two weakly
measurable functions and assume that for all f, g ∈ D, the following
equalities hold:

(4.3) 〈f |g〉 =

∫
X

〈f |φx〉 〈ψx|g〉 dµ =

∫
X

〈f |ψx〉 〈φx|g〉 dµ.

Then the sesquilinear forms

Ωφ,ψ(f, g) =

∫
X

〈f |φx〉 〈ψx|g〉 dµ

and

Ωψ,φ(f, g) =

∫
X

〈f |ψx〉 〈φx|g〉 dµ

are nonnegative and densely defined. It is apparent that (4.3) can be
read as a sort of confined duality (since it holds on a domain D ( H)
and it is then reasonable to say that the pair (φ, ψ) is a generalized
D-dual pair.

Let us also suppose that the following generalized biorthogonality
condition holds:

(4.4) ∀f ∈ D,
∫
X

〈f |φx〉 〈φx|ψy〉 dµ = 〈f |φy〉 , µ− a.e..

Now, for the sesquilinear form Ωφ defined in (2.2), then we have:

Ωφ(ψy, h) =

∫
X

〈ψy|φx〉 〈φx|h〉 dµ = 〈φy|h〉 =
〈
S
1/2
φ ψy|S1/2

φ h
〉

From the last two terms of the previous equation it follows that ψy ∈
D(Sφ) and Sφψy = φy, µ-a.e.. In a similar way one proves that φy ∈
D(Sψ) and Sψφy = ψy, µ-a.e.. Then,

ψy = SψSφψy, φy = SφSψφy.

We suppose now that

(r.1) D ⊂ D(Ωφ) ∩D(Ωψ)
(r.2) the ranges of the functions φ, ψ are contained in D
(r.3) S

1/2
φ S

1/2
ψ f = f, ∀f ∈ D.
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Then we can define

ζx := S
1/2
φ ψx and ζ ′x := S

1/2
ψ φx.

Using (4.4), we have〈
ζy|S1/2

φ g
〉

=
〈
S
1/2
φ ψy|S1/2

φ g
〉

= Ωφ(ψy, g)

=

∫
X

〈ψy|φx〉 〈φx|g〉 = 〈φy|g〉 , g ∈ D(S
1/2
φ ).

This implies that ζy ∈ D(S
1/2
φ ) and S

1/2
φ ζy = φy ∈ D, y ∈ X, by

assumption. Similarly, one proves that ζ ′x ∈ D(S
1/2
ψ ) and S

1/2
ψ ζ ′x =

ψx ∈ D, x ∈ X. Then we have

ζx = S
1/2
φ ψx = S

1/2
φ S

1/2
ψ ζ ′x = ζ ′x, x ∈ X;

∫
X

| 〈f |ζx〉 |2dµ =

∫
X

∣∣∣〈f |S1/2
φ ψx

〉∣∣∣2 dµ
=

∫
X

〈
S
1/2
φ f |ψx

〉〈
ψx|S1/2

φ f
〉
dµ

=
〈
S
1/2
ψ S

1/2
φ f |S1/2

ψ S
1/2
φ f

〉
= ‖f‖2, f ∈ D.

Hence, the map ζ is a resolution of the identity for H because of the
density of D.

We have then proved the following (for the discrete case see [5, The-
orem III.1]).

Theorem 4.5. Let D be a dense subspace of H and φ, ψ : X → H
weakly measurable functions, satisfying (4.3), (4.4) and the conditions
(r.1)-(r.3). Then φ and ψ are generalized Riesz maps and (φ, ψ) is a
D-dual pair.

Remark 4.6. We notice that the condition (r.3) is quite natural if we
want, as expected, that the function ζ is a resolution of the identity
for H, related to the generalized D-dual pair (φ, ψ). If this is true, in



18 Antoine, Bellomonte and Trapani

fact, for all f, g ∈ D,

Ωφ,ψ(f, g) =

∫
X

〈f |φx〉 〈ψx|g〉 dµ

=

∫
X

〈
f |S1/2

φ ζx

〉〈
S
1/2
ψ ζx|g

〉
dµ

=

∫
X

〈
S
1/2
φ f |ζx

〉〈
ζx|S1/2

ψ g
〉
dµ

=
〈
S
1/2
φ f |S1/2

ψ g
〉

= 〈f |g〉 .

This implies that S
1/2
ψ S

1/2
φ f = f , for every f ∈ D.
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