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ABSTRACT: A notable class of superconformal theories (SCFTs) in six dimensions is pa-
rameterized by an integer N, an ADE group G, and two nilpotent elements g in G.
Nilpotent elements have a natural partial ordering, which has been conjectured to coin-
cide with the hierarchy of renormalization-group flows among the SCFTs. In this paper
we test this conjecture for G = SU(k), where AdS; duals exist in IIA. We work with a
seven-dimensional gauged supergravity, consisting of the gravity multiplet and two SU(k)
non-Abelian vector multiplets. We show that this theory has many supersymmetric AdSz
vacua, determined by two nilpotent elements, which are naturally interpreted as IIA AdS~
solutions. The BPS equations for domain walls connecting two such vacua can be solved
analytically, up to a Nahm equation with certain boundary conditions. The latter admit
a solution connecting two vacua if and only if the corresponding nilpotent elements are
related by the natural partial ordering, in agreement with the field theory conjecture.

KEYwoORDS: AdS-CFT Correspondence, Supergravity Models, Superstring Vacua

ARX1v EPRINT: 1810.10013

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEP03(2019)035


mailto:g.deluca8@campus.unimib.it
mailto:alessandra.gnecchi@cern.ch
mailto:g.lomonaco1@campus.unimib.it
mailto:alessandro.tomasiello@unimib.it
https://arxiv.org/abs/1810.10013
https://doi.org/10.1007/JHEP03(2019)035

Contents

1 Introduction 1
2 The field theories 3
3 The seven-dimensional supergravity theory 9
4 Vacua 11
4.1 The Ansatz 11
4.2 Finding vacua 12
4.3 Cosmological constant 13
4.4 Masses and dimensions 15
5 Domain walls 18
5.1 Killing spinors and first order flow 18
5.2 Solving the BPS equations 19
5.3 Nahm equations 21
6 Two-tableau generalization 23
6.1 Two-tableau vacua 23
6.2 Two-tableau RG flows 25

1 Introduction

There is by now a lot of evidence for the existence of a class of six-dimensional SCFT's

N
TG,ML,MR’
prLr in G. For G = SU(k), these theories were proposed long ago [1-4]; their holographic

characterized by an integer N, an ADE group G and two nilpotent elements

duals were found in [5-7] with growing amount of detail. For G = SO(2k) or Ej, the

theories were suggested to exist in [8] and found in [9]. In [10] it was found that a certain

generalization of 72 .

space of all possible SCFTs with a large enough number of tensor multiplets.

involving two (non necessarily ADE) groups in fact covers the

It was also proposed in [9-11] that two theories are connected by a renormalization
group (RG) flow if and only if the corresponding nilpotent elements are related by partial
ordering. Focusing on the left nilpotent element:

N RG N ,
Topmm — Tap e & L <pL, (1.1)

where on the right hand side < represents the natural partial ordering among nilpotent
elements, to be reviewed below.

In this paper, we will test this conjecture for G = SU(k) using supergravity, by finding
BPS solutions that interpolate between two AdS; vacua. While those were found directly in



ITA supergravity, we will work with an effective seven-dimensional description that contains
all the expected vacua with a given k.

It was already found in [12] that for every AdS7 solution there is a consistent truncation
to the so-called minimal gauged supergravity in seven dimensions.! The fact that this
theory is the same for all AdS; vacua seems to indicate that it captures some kind of
universal sector common to all of them and to their CFTg duals. While this theory is
interesting and useful, it cannot be used to describe RG flows between two different theories,
since in this description all the vacua are identified with one another. In order to tell them
apart, we would need a reduction where more modes of the internal space are kept. In
particular, as already suggested in [12], one might want to include in the reduction the
modes living on the D6s and D8s present in the AdS7 solution.

We will not work out this reduction, but it is easy to guess what the result would be.
Let us start from the theory which is at the top of the RG hierarchy. For G = SU(k),
nilpotent elements are associated to Young diagrams, as we will see in detail in section 2.
The theory at the top of the RG chain is obtained by taking up, and pur to be a vertical

stack of k boxes (for example, for k = 4, up, = ur :E) The dual of this theory has two

stacks of k D6-branes. (The internal manifold M3 has the topology of S3, and the two
stacks sit at the north and south poles respectively.) This suggests the presence of two
SU(k) vector multiplets in the seven-dimensional effective theory. Indeed the SCFT in this
case has SU(k) x SU(k) flavor symmetry.

For other AdS7 solutions, the number k can still be identified as a certain flux quantum
of the RR field F», but the gauge groups of the effective seven-dimensional supergravity
(or the flavor symmetry of the dual CFT) is a subgroup of SU(k) x SU(k). We will argue
that these solutions are represented in the theory with SU(k) x SU(k) vector multiplets
by vacua where the gauge symmetry has been partially Higgsed. Indeed we will see that
seven-dimensional minimal gauged supergravity coupled to two SU(k) vector multiplets has
many AdS; vacua, each associated to a choice of two Young diagrams with & boxes.? They
are non-abelian vacua, in the sense that the scalars form a reducible SU(2) representation.
It is very natural to surmise that these are exactly the AdS; solutions of [5-7], for a fixed k.
The SU(2) representation is interpreted as a “puffing up” process whereby the D6-branes
become D8s, in a Myers-like [16] process.

Having found seven-dimensional avatars of all the AdS; vacua for a given k, we then
proceed to look for BPS domain-wall solutions that connect them. According to the rules of
holography, these should be dual to the RG flows (1.1). We generalize the vacuum Ansatz
to let the scalars and geometry change with the radial coordinate of AdSr.

1[13] recently showed how to reproduce (or explain) that consistent truncation from the point of view of
exceptional field theory.

20One particular case, for k = 2, had already been found in [14], along with an RG flow connecting it to
the trivial vacuum; this was in fact one of the inspirations of this paper. The vacua of minimal supergravity
coupled to extra vectors was also considered in a related context by [15], where it was concluded that
non-supersymmetric vacua have tachyons.



With this relaxed Ansatz, the BPS equations of our seven-dimensional gauged super-
gravity reduce to a variant of Nahm’s equations [17]. They were indeed expected to play
a role in the study of the TCJ;Y . theories, for reasons similar to their appearance in the
study of 3d theories [18]. Using results in [19], we conclude that a BPS domain wall exists
exactly when predicted by the field theory conjecture (1.1), thus strongly validating it.

While domain walls connecting two different AdS vacua are by now routinely found in
several dimensions, our result is notable in that we have a large number of vacua and an even
larger of domain walls — both in fact growing arbitrarily large with k. Most of the times
in the literature the BPS equations have to be solved numerically. In our case, we are able
to make contact with the well-studied Nahm equations, and that allows us to both avoid
a numerical study and prove the existence of a large number of domain-wall solutions.?

Our seven-dimensional supergravity approach was enough to capture most of the rel-
evant field theory physics; we should stress, however, that we have not found a consistent
truncation relating it to IIA supergravity in ten dimensions. That would allow us to uplift
the domain walls to ten dimensions. One obstacle to find such a consistent truncation
has to do with higher-derivative terms. In ten dimensions, the ITA supergravity action
where the AdS7 solutions [5-7] were found only contains two derivatives; however, the
brane (open-string) action to which it couples contains a Dirac-Born-Infeld (DBI) and a
Chern-Simons term. This is where the SU(k) vector field lives, and it appears with higher
derivatives. In fact the non-abelian DBI that we would need has not even been worked
out in full. On the other hand, in our seven-dimensional theory the non-abelian SU(k)
vectors appear with two derivatives only, as is customary in a gauged supergravity. To find
a consistent truncation to IIA, one should extend the action for the vectors to a DBI-like
supersymmetric action, perhaps along the lines of [21].

The paper is organized as follows. In section 2 we give a lightning review of the six-
dimensional SCFTs we are interested in, and of some features of nilpotent elements in ADE
groups. In section 3 we describe the seven-dimensional supergravity action we will use. In
section 4 we will find BPS AdS; vacua for this theory. For simplicity and clarity at this
stage we will find vacua where only one of the two SU(k) is spontaneously broken, while
the other is untouched; this corresponds to keeping one of the two Young diagrams (say
pr) trivial, while varying the other. Thus our vacua in this section are determined by the
choice of only one Young diagram ur,. We will then look for domain walls among these
vacua in section 5, still keeping one of the two SU(k) untouched. Finally in section 6 we
will generalize the results of the previous two sections to the most general case where both
SU(k) gauge groups are broken; here both ur, and ug will be nontrivial.

2 The field theories

We will begin with a quick review of the six-dimensional SCFTs that we are going to
investigate holographically. A longer discussion of the field theories and their AdS» duals
can be found in [7, section 2].

3 Analytic holographic flows for AdS; solutions were found in [20]; they represent tensor branch flows
rather than Higgs branch flows.



The SCFTs
TG]\SU'L YHR (2. 1)

are associated to a positive integer N, an ADE Lie group G, and two nilpotent elements
pr, pr € G. The case of interest to this paper will be G = SU(k).

When the nilpotent elements are zero, we have the theory TéYO’O. This has N = (1,0)
supersymmetry, and a flavor symmetry G, x Gr consisting of two copies of G and of one
U(1). (The U(1) will play no role in what follows, and we will ignore it.) This SCFT
is engineered in M-theory by N -+ 1 M5-branes on a C?/I'g singularity, where I'¢ is the
discrete subgroup of SU(2) associated to G by the McKay correspondence. For example,
for G = SU(k) of interest in this paper, I'¢ = Z;. Another possible realization is in ITA,
by considering N + 1 NS5-branes on k D6-branes [3, 22], or in IIB with & D5-branes and
a C?/Zx 1 singularity [1].

The more general SCFTs (2.1) with up, g # 0 has still N = (1,0) supersymmetry, but
its flavor symmetry is now broken to the commutant of ug, in Gt,, times the commutant of
ur inside Gr. Two nilpotent elements which can be brought to one another by the adjoint
action of G produce the same theory: %JYNL#R = Té\fM,LWR & 3g € Glgurg™! = 1. Two
such nilpotent elements are said to belong to the same nilpotent orbit O of G. So what
really matters in (2.1) is not the pr, g themselves, but the nilpotent orbits O, g to which
they belong, or of which they are a representative.

These more general SCFTs can also be engineered in string theory. For G =
SU(k), (2.1) can be engineered in ITA by adding D8-branes on which the D6s end. Some
choices of up, g for G = SO(2k) can also be realized by adding O6-planes [22]. For the
remaining choices of 1, g, and for all the G = Eg, E7, Eg cases, there is an engineering in
F-theory, as predicted in [8] and realized in [9, 23].

The string realization suggests that the theories with a given N and G are related by
Higgs RG flows [9, 11]. According to this conjecture, each theory (2.1) can be viewed as
the result of having partially Higgsed the flavor symmetry G, x Gg of 7-(%70. The Higgs
moduli space of Té\,f070 has quaternionic dimension [24]

N + 1+ dim(G). (2.2)

The structure of this moduli space is not completely known, but the dim(G) directions
are supposed to be related to the space N of nilpotent elements in G (also known as the
nilpotent cone). This space has many singularities; if one switches on a vacuum expectation
value (vev) corresponding to the points in moduli space on such a singularity, and one
follows the RG flow, one expects to obtain a new SCFT in the infrared. (Choosing a
smooth point is expected to lead to a free theory in the infrared.)

Given a point pu € N, the type of singularity depends on its orbit O. Choosing an
orbit O, r for both factors of G of the flavor symmetry group Gi, x Ggr of 72;]\7]070 results
then in the general theory (2.1). The Higgs moduli space dimension is now reduced to

N + 1+ dim(G) — dim(Oy) — dim(Og) . (2.3)

Even the reduced moduli space of dimension (2.3) will have singularities, inherited from
the original nilpotent cone A. So it will be possible to choose again a vev corresponding



Os

Figure 1. A sketch of the structure of the nilpotent cone. O; is not meant to be included in Os
and Os, but rather in their closure.

to a singularity; flowing to the infrared will produce a new theory. This gives rise to a
“hierarchy” or RG flows.

To understand this hierarchy better, notice that there is a natural partial ordering
among nilpotent orbits. An orbit O is larger than (or dominates) an orbit O if O’ belongs
to the closure of O; see figure 1 for a sketch. The hierarchy of SCFTs can be now thought
of as follows. One starts from the theory 7'(];\7[070, where both pj, g are the trivial nilpotent
orbit © = 0 (the origin of the cone in figure 1). One can Higgs the theory by choosing a
vev pur1 € Op in the moduli space N; in the moduli space of the resulting theory TGA’[#LJ’O,
the cone N is now reduced to a slice which meets Oy in p;. Referring again to figure 1,
one can now Higgs the theory further by choosing ps € Os or by us € Os, and so on.

This is the reason the arrows in (1.1) go backwards: intuitively, one loses more degrees
of freedom in the infrared by choosing a vev in a more generic point in the Higgs moduli
space, corresponding to a larger orbit.

Let us now be more concrete and describe the nilpotent orbits for G = SU(k), the case
of interest in this paper. (Nilpotent orbits in the D and E case have a more complicated
classification [25].) Every nilpotent element is conjugated to one of the following form:

Ja, 01
= Jd, , Jg = 01 d. (2.4)

Two p whose d, are related by permutations are in fact also conjugated; so to avoid
repetitions we assume that the d, are listed in increasing order, d, < dgt+1. So each
nilpotent orbit is identified by a partition of k, namely a choice [d1, da, ...] such that
>, da = k. For example, the partition [1, 1, ..., 1] = [1*] is associated to u = 0 (which is
indeed nilpotent), while the partition [k] is associated to the single Jordan block Jj.

It is also common to denote these partitions by Young diagrams. One can associate the
dg of the partition to either the rows or the columns of a Young diagram; both possibilities
are used in the literature in different contexts (for reasons that will soon become clear).



Here we are going to follow the convention that the d, are the number of boxes in each
row of the Young diagram. So for example, say for k = 6:

1=, BT (2.5)

The Young diagram representation of a partition is useful for various reasons; one
is that it allows to introduce the transpose partition u!, which is simply obtained by
reflecting it along a diagonal axis. For example with the help of (2.5) we see immediately
that [16]* = [6], and [6]' = [1%]. Another way of defining ! is by counting the number of
boxes in each column of the Young diagrams associated to u. The quaternonic dimension
of the orbit O, is

aim(0,) = (k - Z(uff) . (26)

For example dim(Opx)) = $(k? — k%) = 0, and indeed [1¥] is associated to the nilpotent
element p = 0; while dim(Op,) = Tk — k.

The flavor symmetry of (2.1) now can be described combinatorially. Define

2R = (pr)h — (pLr)by - (2.7)

Notice that
f;JvR = #{blocks J, with dimension a} . (2.8)

So for example

(2.9)

[ [ ]
hasdy =1,dy=2,d3=2,dy =5, and f; =1, fo =2, f5 = 1. Since the total dimension
of p is k, from (2.8) we have

daft=>aff =k. (2.10)

a a

In terms of (2.7), the flavor symmetry of (2.1) is*

S (ILU(f3)) x S (MLU(f3)) - (2.11)

~

So for example the gu! for [15] = are [6]; in this case the only non-zero f, is fi = 6.

Indeed p = 0 corresponds to the partition [1%], and the flavor symmetry for 7;%(6)7070 is

4The effective theory on the tensor branch might suggest a larger number of abelian factors, but many of
them are anomalous; compactifications to lower dimensions also suggest a reduced number at the conformal
point. Eq. (2.11) is suggested naturally by the gravity duals.
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Figure 2. The hierarchy of Young diagrams with six boxes. The arrows here represent possible
RG flows.

SU(6) x SU(6). On the other hand, the p!, for [6] =111 are [1,1,1,1,1,1] = [19]; in
this case the only non-zero f, is fg = 1. So if we take this as ur,, we have that the flavor
symmetry of T]SVU(G)’[GL0 is just one SU(6).

The ordering of these orbits is also easy to describe. A diagram p dominates p’ (which
we often denote by u > p') if i’ can be obtained from p by removing a box from a higher row
and adding it to a lower row. This is more easily described by an example: in figure 2 we
have depicted the partial ordering among Young diagrams with N = 6 boxes. The arrows
depict possible RG flows, and thus point from smaller to larger Young diagrams. Indeed we

see that on the left we have the vertical Young diagram [, corresponding to the partition

[16] and thus to u = 0, which belongs to the smallest possible orbit; this is depicted in the
sketch of figure 1 as the tip of the cone. At the right extremum of figure 2 we instead have
the horizontal Young diagram [T 717, corresponding to the largest possible orbit p = Jg.

While it is customary to label the theories (2.1) by nilpotent elements, there is an-
other point of view, that will be even more important for us. By the Jacobson-Morozov
theorem [25, Chap. 3|, to a nilpotent element pu € G one can add two more elements in G
which together with p satisfy the sl(2,C) commutation relations. (One can think of u as
the “creator operator” in such a triple.) One can then find a change of basis that takes
this triple to three Hermitian matrices ¢ such that

[0, 07] = €9Fah (2.12)
In other words, one can associate to u an embedding
o:su(2) Cyg, (2.13)
where g is the Lie algebra of G.

Another way of thinking about the o; is that they provide a reducible su(2) represen-
tation:

ol = ol (2.14)



where ¢ has dimension dg; in other words, a direct sum of irreducible representations of
spins ¢, {3, ... such that 2¢, + 1 = d, in (2.4). The blocks obey

3E£A&+Jﬂ%@+l):dﬁﬁ—l) (2.15)

Tr(clol) = —k26%, K 3 19

There are several other important aspects of the theories (2.1). Let us mention here for
example that, while none of them has a Lagrangian description so far, many of them have
an effective description in terms of gauge theories. Besides the Higgs moduli space we dealt
with so far, there is a “tensor moduli space” (similar to the Coulomb branch for NV =2 in
four dimensions); as the name suggests, giving a vev along this space results in a theory with
several abelian two-index antisymmetric tensors. These tensors are coupled to several non-
abelian gauge fields and hypermultiplets. The resulting theory is not renormalizable; its ul-
traviolet completion is the original SCFT. For G = SU(k), there is an easy algorithm to read
off the tensor-branch effective theory we just sketched from the two Young diagrams i, r; it
is illustrated for example in [7, figure 2]. Again we refer to that reference for further details.

Finally let us mention very briefly the AdS7 duals. These exist for G = SU(k) and with
some caveats for G = SO(2k). They were first found numerically in [5], then analytically
in [6]; finally in [7] they were put in a very compact form:

1 /| « [ @ a?
ﬂ_\/id52 =8 7Ed52AdS7 + 75 (dz2 —+ Md8%2) N (216&)
ad o

mFyaa

B=mnx <—Z + OP—MX) V0152 , = <1627T2 + a2 — 2aa> V0152 ; (216b)

- ..3/4
¢ _ o5/4_5/294 (—a/a)
6_2/W/3Cﬁfiﬁﬁﬁ‘ (2.16¢)

& = &(z) is a piecewise-linear function on a closed interval I with coordinate z. The
internal space is topologically an S3; the metric has an SU(2) isometry acting on the round
5% which realizes the R-symmetry. There are D8/D6 bound states at the loci z = z,
where ¢ changes slope (which are copies of S?). Additionally, there may be D6-branes at
the endpoints of I.

The correspondence between these AdS7 solutions and the SCFTs is also easy to write
down: the p!,, which we defined earlier as the number of boxes in each column of the Young
diagram associated to p, give the slope of the piecewise-linear function & (see [7] for more
details, and especially figure 2 there). In this paper we will only need to know that there
are stacks of D8-branes realizing each of the factors inside the S(...) in (2.11), with the
exception of U(flL’R), which are realized on a D6-stack. So the theory 7'5%(@’070 is dual to a
solution with two stacks with & D6-branes each, while for any other example some of the D6-
branes turn into D8-branes. For example for ’TS]E[J( k), (k00 Ve have a single D8 corresponding
to the [k] on the left and a stack of k D6-branes corresponding to the 0 = [1¥] on the right.

In [7], the a anomaly was also computed from the AdS7 solutions and from the tensor-
branch effective theory, finding agreement for any N, up, and pugr. This provides a strong
check that the solutions (2.16) indeed correspond to the SCFTs (2.1).



The G = SO(2k) can be obtained by suitably orientifolding (2.16); this adds two O6-
planes to the endpoints of I; the holographic anomaly match also works in this case [26].
(An additional possibility is to have an O8 [26, 27]; this however corresponds to theories
outside the class (2.1).)

3 The seven-dimensional supergravity theory

As mentioned in the introduction, there is already a consistent truncation [12] connect-
ing each of the AdS; solutions (2.16) to a theory called minimal gauged supergravity in
seven dimensions, which we will describe shortly. This theory has a single supersymmetric
vacuum; this means that it captures only some “universal” features common to all the
SCFTs (2.1), and cannot be used to describe domain walls connecting them.

Thus for our purposes we should find a reduction that keeps more modes of the in-
ternal manifold, and more information about the physics of the SCFTs. An idea already
considered in [12] is that each of the D6- and D8-brane stacks should contribute in seven
dimensions a non-abelian vector multiplet, coming from the gauge fields living on them in
ten dimensions. This more ambitious consistent truncation was not found in [12] and will
not be found here.

However, we can try to guess what the seven-dimensional theory would look like. Once
we decide the gauge group, we can just couple the appropriate seven-dimensional vector
multiplets to the minimal gauged supergravity found in [12].

In the AdS/CFT correspondence, a flavor symmetry in the CFT becomes a gauge
symmetry in the bulk. Thus one might at first be tempted to say that the gauge group
might be (2.11). However, we would like to find a theory that describes several AdSy
solutions at once. Recall then that (2.11) is in fact always a subgroup of

SU(k) x SU(k). (3.1)

This opens the possibility that we should take this as a gauge group, and that it will be
broken to (2.11) on its various vacua.

We conclude then that our seven-dimensional theory is minimal gauged supergravity
coupled to two SU(k) vector multiplets. This theory was worked out in [28] and recently
reviewed for example in [14, 29].

The fields of minimal gauged supergravity [30] are

(eZ'L7 wﬁv L? XA7 B,U,V7O—)' (32)

The index ¢ = 1,2,3 labels three vectors, which realize an SU(2)g, gauge group; for us
this will realize the R-symmetry of the SCFTs. The index A labels the two gravitini and
dilatini, transforming in the 2 of SU(2)g,.

Each vector multiplet has the field content

(A/LR ) )‘é ) (blR) 5 (33)



the index R runs from 1 to n = 2(k? — 1), the number of vector multiplets. When we
couple them to the gravity multiplet (3.2), the 3n scalars ¢'f* together parameterize a

moduli space
SO(3,n)

S0(3) x SO(n) ° (34)

We can parameterize this space with a coset representative L!; € SO(3,n), where the
index I = (i, R) goes from 1 to 3 + n.

In general we could then gauge any 3 + n-dimensional subgroup of SO(3 + n) whose
structure constants fL 77 satisfy the “linear constraint” which imposes that frjx =
fLrmir are totally antisymmetric. We will not write the Lagrangian here; it can be
found in [29, (2.11)]. All we will need is the scalar potential

1 , 1 42
V= Ze—ff (ClRCiR — 902) + 16h2%e* — *Sf hed/2C (3.5)

and the fermionic supersymmetry transformations in absence of gauge fields
2 4
0, = 2D,e — £e_‘T/QC”yMe — fheQ"'yNe,
30 5
1 2 16
ox = —5’}/“6#0'6 + \?ge_U/QCe — geQJhe, (3.6)

N = jyrpifigic — L670/2CiR0'i6.

(We have suppressed the R-symmetry indices A here, and we will do so from now on.)
Here h is a topological mass term, which is necessary in order to find supersymmetric
AdS; vacua [12, 14]. We have also defined®

1
V2

1 I 1J 7K_ ijk 3.7
CiR:\ﬁfIJKL j L7 LY pe”, (3.7)
PR =L (610 + f1.% A]) L.

C= fro L L7 LK) €%

Putting together the bulk duals of R-symmetry and flavor symmetry, we need®
G =SU(2)r, x SU(k) x SU(k) . (3.8)
Thus the structure constants will split as

frir = {93€ijk» gufrst» 9R S50} (3.9)

®We follow the formalism in [31], where the first index of L is split in (i, R) and both i and R are
lowered with ¢’s, while the index J is raised and lowered with an 7.

This is consistent with a general finding by [29], which says that supersymmetric AdS; vacua exist
in these theories only if the gauge group is of the form Go x H, with Go D SU(2) and H compact and
semisimple.

~10 -



where now f,s and f,;; are the structure constants of the two copies of SU(k); both r
and 7 indices go from 1 to k> — 1. We are not venturing to offer an identification of
the coupling constants g3, gr,r we just introduced (and of the topological mass h we saw
earlier), again because we do not have an uplift procedure that explicitly takes our theory
to ITA supergravity. In [12] it was found that the uplift procedure found there for the case
without vector multiplets required g3 = 2v/2h, but this might conceivably get modified for
the present case with vectors. In section 4.3 we will determine at least one relation among
the coupling constants, by using holography.

4 Vacua

Having guessed the seven-dimensional supergravity, we now need to somehow come up
with an Ansatz to find vacua that can plausibly represent the AdS7 solutions (2.16) upon
reduction. Our guiding principles will be that we should find vacua that are

e in one-to-one correspondence with a choice of two Young diagrams, which are the
main data in the SCFTs (2.1) and their AdS7 duals;

e on which the residual gauge symmetries reproduce (2.11).

In fact, to simplify the problem, for the time being we will look for vacua that are deter-
mined by the choice of a single Young diagram pur, = u, and where the second copy of SU(k)
in the gauge group is unbroken. So in this section all the fields in the second copy of the
SU(k) vector multiplet will be set to zero. We will come back to the general case in section 6.

4.1 The Ansatz

It is natural to think that the su(2) representation (2.14) should play a role: it is naturally
associated with the data of the theory, and its stabilizer gives automatically S (II,U(f,)),
thus reproducing the left half of (2.11). Thus we will simply assume

¢ =o', (4.1)

(One might try to put a different number v, in front of each block ¢%, but the vacuum
equations quickly impose that all the v, are equal.) It might look like the R-symmetry
SU(2)R, is broken, because the three ¢’ are different; but this difference can be reabsorbed
in the SU(2) C SU(k) action inside the gauge group defined by the of. In other words,
in this Ansatz the R-symmetry is realized as the diagonal SU(2)% of the original SU(2)g,
and of an SU(2) subgroup of the rest of the gauge group.

Moreover, once we expand the ¢’ on a basis of generators 77 of the gauge algebra (in
the fundamental representation), we have

¢ =17 ; (4.2)

the matrix ¢’ has the right structure to be one of the blocks of the scalars L;;. We will
normalize T} such that Tr(7yT¢) = —". Recall indeed that the indices I, J decompose
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naturally as (i,7); so ¢. might be related to the blocks L. or Lgj. It appears natural to
use the quotient in (3.4) to set the blocks L;; and L,s to zero. This leads to a matrix

0 ¢l
(@ 0 ) w3

where ¢7 = gbﬁ;. This is in fact an element of the Lie algebra so(3,n), so it looks promising.
The L' ; are in the group SO(3,n), but this is easily fixed by inserting an exponential. So
we end up with

(4.4)

. 0 &
L'y =(Ly,L")) = exp [ d)r] :

¢; 0

Encouragingly, a very particular case of the Ansatz (4.4) was considered in [14], where
it indeed led to a new vacuum. That paper considered minimal gauged supergravity coupled
to three vector multiplets, with an SU(2)g, x SU(2) gauge group rather than (3.8); so it
is more or less a particular case of the theory in our paper, if we take k£ = 2 and leave the
second SU(k = 2) factor in (3.8). For k = 2, the only non-trivial partition that we can
consider is (7. In this case ¢’ is simply proportional to 6; (4.4) then becomes the Ansatz
in [14, (3.1)], which was found there to lead to a supersymmetric vacuum.

4.2 Finding vacua

All this sounds encouraging; let us now see if we can indeed find vacua with the Ansatz (4.4).
We first need to compute the exponential in (4.4). Already at quadratic order we need to
compute gbf,d)f; and ¢7 Z, which we will now proceed to do.

From (4.1), (2.14) we have

$rdl = —Tr(¢LTE ITF) = —Tr (¢'¢)) = 4* > k267 = 0?67,

(4.5)
a25¢2/€2, /{252112.
a

On the other hand, P* = gZ)‘;qS;. is a little more subtle. This can have rank at most 3, and
so in particular it cannot be proportional to the identity 6. However, using (4.5) we see

that it is proportional to a projector:
PP = ¢j65010) = o’ ¢;07' ¢}, = a* P (4.6)
With (4.5) and (4.6), the exponential in (4.4) can be resummed and gives
cosh adij sinha /4
LIJ - ( sinha 1s  §rs cgshfjl rs) ’ (47)
a9y 0+ EE=P

We now have to check whether this leads to a supersymmetric vacuum. The quickest
way is to use the BPS equations, which consist in setting to zero the fermionic transfor-
mations laws (3.6). On a vacuum, all scalars are constant; then dxy = 0 = 0" give

Cir =0,  C=48V2he"? . (4.8)
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We can compute C' and Cj, from (4.1), (2.14), (2.15):

C=-3V2 (—gg cosh(a)? + % sinh(a)3> , (4.9a)
, 2 ,
c" = \a[ cosh asinh «v (—gg cosh o + % sinh a) o, . (4.9b)

Imposing (4.8) then results in

tanh(¢yk) = @, e% = 95 IL (4.10)

gL 16 hy/g? — g3 K?

Thus we have succeeded in finding a BPS vacuum for each choice of partition uy,. Let

us summarize it: the vector multiplet scalars are given by (4.1), with k2 = 3_, k2 and (2.14)
the reducible su(2) representation associated to ur,. 1 and the gravity multiplet scalar o
are determined in (4.10).

The vacua we found are in one-to-one correspondence with a partition ug,, as expected.
(Recall we have kept ug = 0 in this section; we will allow pur to be nontrivial as well in
section 6.) More precisely, the non-abelian nature of the Ansatz (4.1) for the scalars,
and in particular the appearance of a reducible SU(2) representation (2.14), suggest a
Myers-like effect [16] in which the D6-branes of the trivial vacuum ¢' = 0 expand into
spherical D8-branes in the internal directions. It was already widely suspected that such
an interpretation would be possible for the IIA AdS7 solutions of [5-7].

These are encouraging signs that these vacua represent the AdS7 solutions (2.16) of
type ITA. In the next two subsections we will perform some simple checks of this picture.
In section 4.3 we will consider the cosmological constant in these vacua, comparing it with
the one in ten dimensions. In section 4.4 we will compute the masses of the scalars around
vacua, and consequently the dual operator dimensions.

It would also be possible to look for non-supersymmetric vacua with the same Ansatz.
We know that these exist, since one exists already in the minimal theory with no vec-
tors [32]; given the universal lift of [12], in fact we even know that every supersymmetric
solution has a non-supersymmetric twin. These were given a CFT interpretation in [33],
but were later found to be unstable within the larger theory with abelian vectors [15] (which
should represent transverse D6-brane motions rather than the Myers effect described in this
paper). In maximal SO(5) gauged supergravity, the perturbative instability of the AdSz
vacuum were first shown in [34]. Given this instability, we have not analyzed such vacua.

4.3 Cosmological constant

The cosmological constant on our vacua can be computed from (3.5), which gives V =
—240e*°h?. In terms of the cosmological constant V; for the trivial vacuum we get

5/4 .
<Vﬂ> . S (411)
Vo 1— k2%

91,

We would like to compare this with the computation performed in [7] directly in ITA
supergravity. That result was successfully matched there with a field theory computation
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in the large N limit. More precisely, if one makes N large and nothing else, the D8-branes
in the gravity solution become smaller and smaller, ending up with a solution with only
D6-branes (the dual of the TS%(,C)’O’O theory). To get a more interesting match, one can
also make large the D6-charges of the D8s, which are proportional to their radii. In the
language of this paper, this means that the dimensions d, of the blocks in (2.14) are large.
So the limit where the holographic match in [7] is most interesting is

N — 0, dy — 00, dy/N =4, finite. (4.12)

3 3
So we can approximate (2.15) as k2 ~ %, and k2 ~ Y %. Recalling (2.8), we can rewrite
this as

1
2 3
K NIQ;G fa- (4.13)
The regime (4.12) is now the one where the f, are non-zero only for large a.
On the other hand, after some massaging the expression for the a anomaly given in [7,
(3.15)—(3.16)] can be rewritten as

K2k
auL:N?’ﬁ—NgZa?’fa—i—..., (4.14)

where the ... denote terms of order N? and N~!. a is in fact proportional to L5Ad87 which
is in turn proportional to V~5/2. So we can rephrase (4.14) as

Vi) =1-2Nk'> d’fa+. (4.15)
v d ot
Taking into account (4.13), this matches the behavior we observed in (4.11), if we identify
2
93 1
== —. 4.16
g% Nk2 ( )

Notice that the ratio between the a-anomaly in the UV and in the IR can be read from (4.11)
in terms of the field o at the UV and the IR vacua

Voo 52 o :
Zh = ¢l0(ovv—o1R) 4.1
( - ) e (4.17)

(This is similar to a relation in the context of holographic RG flows in N' = 4 five di-
mensional supergravity in [35, eq. (3.56)], which was also shown to match the field theory
derivation.)

As commented at the end of section 3, so far we had not ventured to identify the
parameters of the seven-dimensional theory with those of ITA, because we have no consistent
truncation procedure.

So we managed to match the structure of (4.14) or (4.15) with our seven-dimensional
supergravity results. Let us look a little more closely. The two terms of (4.14) are both of
order N in the limit (4.12): from (2.10) we see k ~ N§, and from (4.13) we see k? ~ N34,
where § is a typical 6, as defined in (4.12). The terms ... in (4.14) in fact also scale like N°
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in the limit (4.12), even though they are superficially of order N° and N~!. These terms
were in fact considered in [7], and they also matched the field theory computation perfectly.

So one might want to recover these further ... terms in (4.14) or (4.15) as well. This
does not work; but with a little thought one sees why. The vectors multiplets we have added
to our pure minimal supergravity in seven dimensions have the usual quadratic action. But
in ten dimensions they originate from the brane action, which is not quadratic. For this
reason, as we anticipated in the introduction, a ITA reduction can never literally reproduce
our seven-dimensional gauged supergravity. For a perfect match, one should improve our
vector multiplet action by adding higher-derivative terms, something which is currently
beyond the state of the art.

For this reason, a perfect quantitative match between the cosmological constant as
computed in ITA and in our seven-dimensional supergravity can only be obtained when the
vev’s of the vector multiplet fields are not too large. It is natural to interpret this as saying
that the d, in (4.12) should not be too large (even if the d, = 0,N are large). Under this
condition, the ... terms in (4.14), (4.15) are in fact subdominant. Thus we obtain a match
in the regime where our approach can be quantitatively justified.

In retrospect, it is quite impressive that we still obtain a qualitative match with ten
dimensions even beyond this regime, in the sense that we obtain all the vacua expected
from ten dimensions. In the next section we will see that even the RG flows between these
vacua are in qualitative agreement with expectations, this time from field theory.

4.4 Masses and dimensions

We now perform another routine computation: the scalar masses around our vacua.

As a warm-up, we notice that it is particularly easy to compute the masses for the dila-
ton o, and for the particular direction in the L! ; space associated to 1, which corresponds
to taking 6¢’ oc ¢*. In that case, we can simply rely on the formulas of section 4.2, obtaining

4 V 8 1 V 40
2 2 2 2
ms=-0V=-8—-——]=——— mo =—=05V =40 —— )| = ———. (4.18
7 57° ( 15) Lias’ v 3k < 15) Lias (415)

(The factors 4/5 and 1/3x? are included to normalize the scalars canonically in the
Lagrangian). As expected for a BPS solution, the two masses satisfies the unitarity bound
m? > —ﬁ. From the usual holographic relation m?L3 4 = A(A — 6) one reads off the
conformal dimensions of the dual SCFT operators A =4 and 10.

There are many other scalars, and we may in particular wonder about the remaining
3(k? —1) — 1 scalars in the active SU(k);, vector multiplet. This means we have to consider
a more general fluctuation §¢’, not proportional to ¢. To analyze the masses of such
fluctuations, we have to extend a bit our computations from section 4.2.

First of all we have to be more precise about how the §¢’ appear in the scalar fluctua-
tions. The scalars L’ ; live in the coset (3.4); in particular they are elements of SO(3, 34n).
Then §LL~! = §¢ is in the Lie algebra so(3,3 +n). We can now parameterize fluctuations
with a d¢ that has no generators in the subalgebra so(3) @ so(3 + n). In other words we
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have

0 ¢\ (L) L
5LIJ — ¢ k t . (419)
57 0 Le), L,
(This approach was also followed in [29, section 2.3].) We can now compute the variations
SO — C}éaﬁ” + 2Cijrs(5¢js , 0C = _30”(5(1)@-“ (4.20)
where
Cl= e fryg L' L7 L%, CI™ = 9% fry LML LY (4.21)

C'" vanishes on the vacuum; from (4.20) we also read that §C = 0. The second variation
of the potential then reads

- 4\3/57163”/2520. (4.22)

1 . 1
SV =-e? <50”50" - 0520>
2 9
A lengthy computation results in
§*V = —8Tr (§¢'6¢" — 2[0",8¢7][0",6¢] + 2[0", 6907, 6¢'] + [0", 079", 8¢7]) , (4.23)

where o° denotes the reducible representation (2.14) of su(2), to which the scalars ¢* were
taken proportional in (4.1). To normalize fields canonically, one also has to evaluate the
kinetic term in the Lagrangian, which reads more simply Tr(8,6¢'0"3¢").
Define now
0", 1] = 41T (4.24)
in terms of the basis T! of the Lie algebra su(k). In terms of this definition, we can write
the mass matrix (with canonically normalized scalars) as
MY

AR (5@'?(1 2485k - 2j<ijj>) (4.25)

af '
The o' satisfy the su(2) algebra. By the Jacobi identity, the ji, also satisfy the same
algebra: jﬁtjgs - jﬁtj;fs = ¢kjk In other words, the j° form an su(2) representation of
dimension k2 — 1. This representation depends on k and on our choice of block dimensions
in (2.14), which are the d, of the Young diagrams. For example, if k = 2 and we take the o'
to have a single block (corresponding to u = [2]), the j? simply form the [ = 1 representation
of su(2). More generally, the representation of the j? is reducible: it contains several values
of . For example, if we take the o’ to be a single dimension k block, corresponding to
p = [k], the j* are the direct sum of representations of dimensions 1, 3, ...2k + 1. The
fully general rule is this: the representation j° is the reducible representation

(dl@dz@...)@)(dl@dz@...)
= 04(2da—1®2da— 3@ ... 1) (4.26)
2@esp (da+dp —1Pda+dp—3®...8da—dp+1),

subtracting one singlet 1 from the result. Here we denote irreducible su(2) representations
by their dimension.
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A SU(2)r rep.

6 d
4146 =2d+4 d-2
41+4 =2d+2 d+2

Table 1. Operator dimensions, and their R-symmetry representation. The A = 6 in the first line
is absent in the singlet case, d = 1. The second line is only present for d > 2.

Now we can evaluate the mass matrix (4.25). The term j*j* is a Casimir invariant; the
matrix NZZB =(j (53 ))aﬁ is more complicated, but it can be seen to have (on a representation
of spin 1) eigenvalues {—I(l + 1) + %, 2( + 1), —%}, with multiplicities 20 + 1 (or 0 if [ =
0), 21 — 1, 21 + 3 respectively. With this information one can obtain the masses m? as
eigenvalues of (4.25), and the corresponding operator dimensions again with the formula
m?L3 45 = A(A — 6). The results of this analysis are detailed in table 1. We list them
in terms of SU(2)x representations, which as we mentioned below (4.1) is the diagonal of
the original SU(2)r, and of the SU(2) C SU(k) defined by the o*. The results of table 1

should be applied to all the irreducible SU(2) representations contained in (4.26).

As an example, if we consider k = 2 with a single block, corresponding to the partition
p = [2], as we mentioned earlier (4.26) gives us a single triplet, d = 3; table 1 then produces
an operator with A = 6 in the 3, one with A = 10 in the 1, and one with A = 8 in the 5.
This agrees with [14, section 3.1].

The presence of marginal operators (A = 6) deserves some comment. They would
seem to suggest the presence of deformations for our vacua. This seems to disagree with
general arguments [29, 36] forbidding supersymmetric deformations for AdS; vacua (or
their CFT¢ duals), and in fact with the classification of type II AdS7 vacua [5-7] that we
want to reproduce. However, recall that part of our gauge group has been broken, in the
pattern SU (k) — S(IT,U(fL)). The broken gauge vectors have obtained a mass, and thus
have eaten some scalars. One can show that the number of such gauge vectors is exactly
equal to the A = 6 operators from the first line of table 1.

There are additional A = 6 operators, coming from the last line of table 1 for | = 1/2
(or d = 2). However, so far we have looked at all deformations, without examining whether
they are supersymmetric or not. Following [29], supersymmetric deformations turn out to
be those that satisfy

5¢t = €9k [gt 5. (4.27)

In terms of the j% in (4.24), this is equivalent to finding eigenvectors of the matrix E;jﬁ =
ik j§ 5 with eigenvalue 1. This matrix commutes with the earlier matrix N;JB = (50 jj))ag,
which appeared in the mass matrix (4.25); so they are simultaneously diagonalizable. The
eigenspace of F with eigenvalue 1 is precisely the first line of table 1; all the others give
different eigenvalues, so do not satisfy condition (4.27) and do not correspond to super-

symmetric deformations. Thus we have no contradiction with the results in [29, 36].
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5 Domain walls

The AdS7 vacua obtained so far can be connected by supersymmetric domain walls cor-
responding to RG flows in the dual 6D SCFT. Their construction is the subject of this
section.

The first order BPS scalar flow will be described as a gradient flow in section 5.1. In
section 5.2 we will reduce the BPS equations to a study of Nahm equations. In section 5.3
we will review the literature about those equations, showing that solutions exist exactly
when they are expected to exist from the point of view of the field theory duals.

5.1 Killing spinors and first order flow

By setting to zero the fermionic supersymmetry variations (3.6) we obtain the BPS equa-
tions for the scalar fields and the Killing spinor preserved along the flow. We are going to
derive their form explicitly in this section.

Let’s consider the following Ansatz for the domain walls metric

ds% = ezA(”)dsﬁ/ﬁnkG + ezB(p)d,o2 , (5.1)

with p the radial coordinate corresponding to the direction of the flow, and define a super-

—e 7 —he” . 2
30 ¢ C’—|—5he (5.2)

If all fields have only radial dependence, by imposing the projection e®4Pe = vle = € the

potential function

W(U7 (blr) =

BPS equations yield”
o' =—4eP0,W, Py =-5¢"0,W. (5.3)

The BPS equation obtained from the gravitino variation requires more attention. In the
covariant derivative of the Killing spinor, D,e = 0,¢ + %wszymne + %eij kQujkaie, the term
containing
ij IjsKIT K AJ\T i

Qf =L (6% 0u+ frj ALk (5.4)
would require an additional projection on € involving ¢?, that however restricts the number
of preserved supersymmetries along the flow. We therefore make the Ansatz, consistent
with the solutions considered in the rest of this paper, that ¢),[;;; = 0. By setting

A =eBw, (5.5)

the BPS equations obtained from dv,, reduce to

0p€ = %EBW(U, #), Ope=0, (5.6)

where 2 = {t,2'} corresponds to Minkg coordinates. They can be easily integrated to

e(r) = exp (; /p ePW (o (p), ¢(p’))dp’> 7 (5.7)

"Notice that 6C = —3C*" §¢;,, thus E)qbiW = —ﬁC"e*”/?
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for a constant spinor satisfying v1n = n, that parametrizes the residual 1/2-supersymmetry
along the flow.

At each endpoint of the flow, (5.3) and (5.5) describe an AdS7 vacuum, fully super-
symmetric, satisfying the attractor equations and Killing spinor equation

%<W>W ~0. (5.8)

(0,W) =0, (05 W) =0, D, —
The latter is simply the Killing spinor equation for AdS with radius L = (W)~!, which
explains the enhancement of supersymmetry at the vacuum. The AdS; geometries found
in section 4 are solutions of (5.8).
Notice finally that, in terms of the superpotential W (o, ¢%), the scalar potential (3.5)
can be written as

5
V=5 (—3W2 +20,W + S0y W8¢;W> . (5.9)

It can be easily verified that the BPS flow, expressed as the gradient flow (5.3), (5.5),
implies the second order equations of motion of the scalars of seven-dimensional half-
maximal supergravity in absence of gauge fields. The warp factor e*? represents a choice
of radial parametrization and thus it is not constrained by the first order flow. We will
show in the remaining of this section that, in order to solve the equations for the scalars,

a convenient radial parametrization will be necessary, leading to a choice for e?5.

5.2 Solving the BPS equations

In section 4 we have found a large set of vacua of seven-dimensional supergravity coupled
to vector multiplets, in one-to-one correspondence with a choice of partition ur. In this
section we are going to explicitly construct BPS domain walls connecting two such vacua.

In the metric (5.1) we will redefine
2B =2Q+o0, (5.10)

for later convenience. At p — 4oo, we will impose that A — Aip, where AL are two
constants, whereas ) and all the scalars (including o) will have to become constants; for
example

¢Z(_OO) = LL, ) ¢Z(+OO) = LL+ ) (5'11)

where qZ)LL N
pr+ asin (2.14). (As we anticipated, in this section we are still keeping ug = 0.) The limits
p — oo represent respectively the ultraviolet (UV) and infrared (IR) limits of the RG flow.

We will again find a solution by solving the BPS equations (5.3), (5.5). C and Cj,

now are different from (4.9a) because we no longer assume the ¢! to be proportional to

will be proportional to the su(2) representations associated to two partitions

a reducible su(2) representation as in (4.1). Moreover, the P do not vanish, since the
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scalars now depend on the radial coordinate p. We obtain

PZT = —¢¢ sinilaap cosh o + <5rs + 7coshaa2 — lPTs> 0y <Sin$a¢i> ) (5.12a)
cr = \/§< - %3 cosh? avsinh avgl.

4 g S0 (60 2570 ) [0, o] ). (5.12D)

0= - (oameosi?a+ 0 T 46 ) ) (5120

recall a was defined by Tr(¢'¢’/) = —a?§” back in (4.5).

We start by imposing d\ = 0, which is the second in (5.3). The presence in (5.12) of
the projector P4 acting on the derivative and on the commutator of ¢’s makes solving the
equation apparently problematic. However, the recurring combination

cosha — 1
Ups = 0ps + ———5—Prs (5.13)
o
is an invertible operator:
~1_ s cosha—1
s = 0rs a? cosh « (5.14)
Applying IT™! to 6\ = 0, we get
. 1. . , tanh
e_Q3p<1>7“ = cosh <—g3<I>Z + B [q)j , @k] e”k> , O’ = gr,¢" anha (5.15)

(The presence of e~ @ is due to the vielbein in VMP;iT-) We see that it is useful to fix the
radial gauge by setting
e~ @ = cosha, (5.16)

which will be our choice from now on. With this, (5.15) becomes
. o1 g
0,0 = —gs@' + 3 @7, o] et (5.17)

This is a variant of the Nahm equation, to which it can be mapped by a change of variables.
We will study it in section 5.3; we will show that there exist solutions which at p — £oo
approach two different vacua of the type we found in section 4, as in (5.11).

For now we turn to the other BPS equations, showing that they can be completely
solved once a solution ®(p) (and hence a(p)) of (5.17) has been found. o and A are
determined by the first in (5.3) and by (5.5). We replace the commutator in C' using (5.15).
We obtain the equations

6750/2 6750'/2 16h
o, | —— — =0 5.18
’ (cosh « + 9 cosha  cosh?a ’ ( 2)
1 4
0pAcosha — 5(93 — 0, coshar) — 5h65"/2 =0. (5.18b)
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Eq. (5.18a) can be immediately solved for o(p) analytically by performing an integral:

14 eg3y

€737 = 16h e 95" cosha/ dy (5.19)

o cosh” a(y)

A linear combination of (5.18) then gives

Or (64A+U/2 cosh a) — g3e* 4172 cosha = 0 (5.20)
whose solution is
1 1
A= 1 (ggp — log cosh v — 20) + Ap. (5.21)

Thus A(p) and o(p) are determined by the BPS equations, as promised. One can also
check that they obey the appropriate boundary conditions we demanded at the beginning
of this section, i.e. o goes to constants o1 and A goes as Aip at +£oo. Moreover, the
precise values of o+ and A4 agree with the values determined for the vacua in section 4.
In particular, for the cosmological constants we find

5/4
Vi) g - kiad (5.22)
& 9 — K495 '

in agreement with (4.11). In the next subsection we will see ki < k_; it then follows
Vi < V_, as expected for a domain wall representing an RG flow.

5.3 Nahm equations

We will now review why (5.17) have solutions with boundary conditions (5.11), using results
in [19]. (Those results are also reviewed nicely in [37], where (5.17) appears in the context
of domain walls for the so-called ' = 1* field theory in four dimensions.)

By the change of variables T; = ngs(I)i’ s = e 93P (5.17) becomes the classic Nahm
equation

1
OuT; = —geisnlTy Tl (5.23)

This is encouraging, since this equation is very well-studied; however, for us this transfor-
mation will be a bit of a curiosity, since in fact our (5.17) has already been studied in [19]
essentially already as it is. (If one wants to make contact with the notation there, one can
rescale p = g%t, P =—-2A")

Translated in our language, the main result in [19] is that the moduli space of solutions
to (5.17) with boundary conditions (5.11) is the space®

O N S(uiy). (5.24)

8 An intersection between a nilpotent orbit and a Slodowy slice appears in several places in the literature,
perhaps most notably as the moduli space of the three-dimensional theory ’7;)‘ in [18]. While a similar
description applies to Higgs moduli spaces of six-dimensional theories, it would require using orbits of a
group much larger than SU(k). This is equivalent to the formula (2.3) [23, section 2.2], which is in terms
of orbits of SU(k) but does not seem to have the structure (5.24).
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Here S(u) is the so-called Slodowy slice:
S(p) ={e, + X | [X, 0] =0}, (5.25)

where QSL give the embedding su(2) — su(k) associated to p, as we discussed around (2.12),
and ¢F = %(gbl +i¢9). This space has the property of intersecting O, in only one point
(namely qb;) Moreover, it intersects every orbit O, such that 4 < p'. For example, S(0)
is any matrix, and it then meets every orbit. So (5.24) is non-empty if and only if

M4 < Ur,— - (5.26)

The dimension of (5.24) is

: <Z<ui+>2 - Z(ui_)2> . (5.27)

a a

Thus the orbit ur, corresponding to the theory in the UV, should be dominated by
the orbit ur,_ corresponding to the theory in the IR. This precisely agrees with our field
theory prediction (1.1).

Another non-trivial check of our conjecture consists in computing the conformal di-
mension of the scalars triggering the flows. In fact, as shown in [36], six-dimensional
superconformal theories do not admit relevant deformations. In order to do this, we need
to check the expansion of a general solution of the Nahm equations around the UV. So-
lutions to the Nahm equation (5.23) admit an asymptotic expansion consisting of a pole
plus a regular part, which we can write as

1. . .
T’NET;+T§+ST1’+.... (5.28)
In terms of the original variables this becomes:

P~ 4 mieTC9P 4 (5.29)

HR+

where ¢ > 1 is a constant determining the first non-trivial contribution. Near the UV
boundary, moreover, we can introduce the correct AdS radius r = % p, so that we recognise
the more standard form: i

B~ tmie T 4., (5.30)

HR+

The AAC/CFT dictionary states that the fluctuation of scalar in the bulk must have the

following general profile:

(6=2)p/L 4 e AR/ (5.31)

590 A ©Ononnorm€

where the first term corresponds to deforming the theory by an operator O of dimension
A, while the second contribution is associated to giving a vev to O. Let us now assume
that the flow is triggered by the source of a unitary operator, i.e. A > 2: comparing (5.31)
and (5.30) one finds that the unique two possibilities are A = 6 and A = 2. In the first
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case, we would obtain another leading term contradicting our initial assumption ¢ > 1; in
the second case the flow would be triggered by a free scalar and this is impossible.

Thus we discovered that our flows are triggered by the non-trivial vev of a unitary op-
erator, in perfect agreement with [36]; moreover, comparing again (5.31) and (5.30) we can
state that relevant “trigger” operators must have A = 4. Observe that, studying the UV ex-
pansion of (5.19), one discovers that also o is associated to a vev of an operator with A = 4.

We will now give a simple example (taken from [37]) where the solution can be found
explicitly, and analyze it in more detail. It regards the case when the UV partition py . is
0. In that case

i_ 93 i
o' = T coor A (5.32)

is a solution for any py,. The constant matrices (ﬁLL_ form the (reducible) SU(2) represen-
tation associated to the partition uy—, normalized as in (2.15). Recalling the change of
variable performed in (5.15), the actual matrices parametrizing the scalar manifold read:

(5.33)

_ 1
o = arctanh {93 L }

, 1
@' = ——arctanh
gr, 1+ e93°

g3k— 1 i
KL—

gL 14egp| H—

Using (5.18), it is possible to also compute the dilaton o and the warping A, although their
explicit expressions are quite involved.
In the UV limit p — +00,” the metric is asymptotic to

ds? ~ 62¥dsl2vﬁnk6 + dp?, (5.34)

which we recognize as the AdS; metric of radius Ly = 4/gs. The dilaton and the scalar
fields behave as

4p 4p

P~ e T+ qﬁLLJ on~e '+, (5.35)

Consistently with the general analysis, we can interpret (5.35) as saying that the RG flow
is triggered by a vev of two operators both with dimension A = 4. There is also a simple
modification [37, (2.17)] of (5.32), also analytical, which connects the partition [k/2, k/2]
to the partition [k/2 + 1,k/2 — 1]; in other words, it moves a single block from one row of
the diagrams to the next.

6 Two-tableau generalization

We will now study how the previous two sections get modified if one also makes ug non-
trivial.

6.1 Two-tableau vacua

Our Ansatz in this case is

Q/JRO'R

In the following analysis, we will set 16 h = gr; with this choice, the vacuum expectation value of the

dilaton is zero for uy, = [1°].
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where ¢, g are two numbers, and o’ are two reducible representations of su(2). (Re-
call (2.14) for the pr = 0 case.) We have then

ot r ot pl = €0t r.  Te(of roig) = K7 67 (6.2)

Recalling (3.9), ¢' = ¢LT} can now be further decomposed as ¢LT" + ¢LT . We have
¢rd; = TrL(¢'¢)) = Vit = afdiy,  ¢pd; = TrL(¢'¢) = Viek = afdij . (6.3)
Moreover, now we have three different projectors:
Grdl = P, Ghdh = Prs, 0ok = Ty (6.4)
They act on the fields as
Prs¢; = O‘% szr ) Prg ¢f = O‘%{ CZ)Z? (6.5)
Tos ¢} = af ¢, Tis ¢f = of ¢},
and satisfy the relations
PP = a2 Pt PP = ol Pt
T,sT* = o P, Tp, T = o2 Pt (6.7)
P T = 02 T,0, PoT% = X T

At this point we can compute our scalar matrix as:

o 5 cosha sinh o d),é sinh o ¢Z§
0 ¢ o o a
°e sinh o cosha—1 cosha—1
LIJ =exp ¢§ 0 0 = o ¢§ 57’5 + T o9 frs TTT‘S ’ (68)
¢f 00 sinha cosha—1 cosha—1
’ o ———Trs st ———5—Frs
« o «
with
o? =al +ak. (6.9)
Now the quantities in (3.6) are
3 sinh® v 4 A 2 2
C:3\/§<ggcosh o — S C) , C=grLYL0of + grYROR ,
sinh « sinha cosha —1 - sinh « .
Cir = V2 - (93 cosh? a + o 2 C + YLgL 5 > a8 (6.10)

inh inh ha—-1 . inh ;
Cr = \/ismaoz <—93 cosh?q + Smhacosha—1 . Y gR sin a>¢;'

« o? Q

Just like in (4.8), we need to impose C; = 0, which now reads C; = Cj = 0.
From (6.10) we then see

gLYL = grRYR - (6.11)
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Thus we can parametrise everything in terms of a single constant:

Y=, dr = (6.12)
IR
We also define
K2 K2
pr=%+ = a=vYfgL. (6.13)
91, IR

Going back to Cj. = C; = 0, we now get

sinh
gscosh(v) B gL) = (TgﬁgL) (6.14)
and thus finally we get
1 1
Y1, = ——arctanh(gz ), Yr = arctanh(gs /) . (6.15)
9. 9r B
Finally we can read off o from the C' equation in (4.8):
50/2 _ g3 1 6.16
e ey T 1 (6.16)
The cosmological constant reads
v, 5/4 1 1
HLMR — 5 — 5 5 (617)
Voo 1— g3 o (KL, KR
g1 IR

generalizing (4.11).
Along the lines of section 4.3, we can compare with the results in [7]. Eq. (4.14) has
to be modified by adding the contribution from both p, g:

k2 k
Oy = N° 35 = N <Za3f§+za3f§> - (6.18)
a a
The comparison with (6.17) now works if one assumes

9 1
gL=9r =9, g2 N2 ( )
6.2 Two-tableau RG flows

To find domain walls connecting the vacua of the previous subsection, we proceed as we
did in section 5: we modify the vacuum Ansatz by allowing all fields to depend on the
radial coordinate p, and by no longer assuming that the ¢’ are proportional to a reducible
su(2) representation, only recovering this at p — +o0.

Again we need to compute the quantities appearing in (3.6). Since they now become
a bit lengthy, we prefer writing them more compactly by defining

cosha —1 cosha —1
5TS —"_ T PT’S T TT‘ s
Srs = ; (6.20)
cosha —1 cosha —1
— 0z L Ot —— oD
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which collects the four lower-right blocks in (6.8).
The only things we need to know about the pseudo-projector Sgg is that it is invertible
and that:

. B 1 .
SRS%S = cosha ¢}, = SRéGb%g = mﬁﬁz; (6.21)
recall that a2 = a% + a%{. We now have
) inho . 0, cosha sinha
S—l PzS _ _ s i P o )
RS- o Or cosh a + O o Or | (6.22)
_ : sinh o cosh? v sinh? o . iy ‘
\/§SR§ C = -2 g3 L O + 9L.R o2 [W?(ﬁk}R 6”]{7

where in the second line the choice g7, g depends whether the index R is r or 7. As in the
single-tableau case, we find it useful to fix the radial gauge by taking @ as in (5.16).
From dAf = 0 we now obtain two copies of the Nahm-like equations (5.17):

4 ~ 1 .. - ; - . tanh«

O = ~gs ¥ + 5 [0 a L] . WLp=grmdlp.  (629)
Using this, the analysis of d1),, = 0 = §x works just like in the single-tableau case, and we
will not repeat it here.

Also, the analysis of (6.23) simply involves repeating the considerations of section 5.3
separately for the nilpotent elements ur,, ugr.
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