Journal of Algebra 695 (2026) 432-445

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

journal homepage: www.elsevier.com/locate/jalgebra

Research Paper

Equivalent conjectures on blowing-ups of P2 ™ )

Check for
Updates

Antonio Laface®, Luca Ugaglia ™*, Macarena Vilches*

? Departamento de Matemdtica, Universidad de Concepcién, Casilla 160-C,
Concepcion, Chile

Dipartimento di Matematica e Informatica, Universita degli studi di Palermo,
Via Archirafi 34, 90123 Palermo, Italy

ARTICLE INFO ABSTRACT
Article history: We provide a characterization of asymptotical speciality of a
Received 26 November 2024 nef and big divisor D on an algebraic surface in terms of the

Available online 24 February 2026

) ' - arithmetic genus of curves in D. As a consequence we prove
Communicated by Claudia Polini

that the SHGH conjecture for linear systems on the blowing-
MSC- up of the projective plane at points in very general position
is equivalent to the fact that each nef class is non-special.
Finally we prove that if » < 2™ then any nef divisor of the

primary 14C20

Keywords: blowing-up of the n-dimensional projective space at r points
Special divisors in very general position is asymptotically non-special.
Blowing-ups of the projective space © 2026 The Authors. Published by Elsevier Inc. This is an

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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o(D) = <d:n) _i(mﬁ—:—l) T

=1

and its ezpected dimension is e(D) := max{v(D),—1}. The divisor D is non-special if
dim |D| = e(D) or equivalently if h%(X™, O(D)) - h*(X?,O(D)) = 0. When n = 2 there
are three well known conjectures about divisors:

(1) an effective divisor D which has intersection product at least —1 with any (—1)-curve
of X2 is non-special;

(2) the only negative curves of X2 are (—1)-curves;

(3) the divisor class /7H — >.._, E; is nef.

The first one is known as the Segre-Harbourne-Gimigliano—Hirschowitz (SHGH) Con-
jecture, the second statement is known as the “(—1)-Curves Conjecture” or the “Weak
SHGH” Conjecture, while the third statement is the famous Nagata Conjecture. It is
known that (1) = (2) = (3) (see [2]) and that the first conjecture admits other equiva-
lent formulations (see [3]). Our first result is the following,.

Theorem 1. Let r be a positive integer. Then the following are equivalent.

(1) The only negative curves of X2 are (—1)-curves.
(2) X2 does not contain nef and big divisors which are asymptotically special.

In order to prove the theorem we show that, on a surface, curves orthogonal to a nef
and big divisor that is not asymptotically special have arithmetic genus at most one. This
result can be used to bound the Mori cone of the surface in some cases. As a consequence
of this result we can prove the following equivalence.

Theorem 2. Let r be a positive integer. Then the following are equivalent.

(1) The SHGH conjecture holds on X?2.
(2) Each nef class of X? is non-special.

The knowledge of the nef cone of X2 is thus of a fundamental importance for all the
above conjectures. Recent results about its shape are given in [7,2,4]. We proved similar
results to those in [4] in an effort to understand the nef cone in the special case of X3,
see Remark 2.6. Finally we discuss the higher dimensional case proving the following.

Theorem 3. If r < 2" then any nef divisor of X' is asymptotically non-special.

The paper is organized as follows. Section 1 is devoted to the definition and first
properties of asymptotically special nef and big divisors on surfaces. In Section 2 we
prove Theorem 1 and Theorem 2, while in Section 3 we prove Theorem 3.
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1. Asymptotically special divisors

Let X be a smooth projective variety and let D be a divisor of X. We say that D is
asymptotically special if

Y (X,0x(nD)) >0, forn > 0.

Similarly we say that D is asymptotically non-special if h'(X,Ox(nD)) = 0 for n > 0.
If X is a surface and D? > 0 then the quadratic function D+ — Q, defined by E —
pa(E) := 3(E*+E-Kx)+1 is bounded from above. Indeed, by the Hodge index theorem,
the intersection form on D+ is negative definite, so that the function p, is concave. Thus
the following number is well defined

(DL) 0 if D is ample
Pa =
max{pq(F) : E # 0 effective and E - D =0} otherwise.

The main result of this section is the following.

Proposition 1.1. Let X be a smooth projective surface and let D be a nef and big Cartier
divisor of X.

o Ifp,(DY) =0, then D is asymptotically non-special.

e Ifp,(DY) =1, D >0 and Ox(D)|c ~ O¢ for an irreducible curve C with p,(C) =
1, then D is asymptotically special.

o Ifpa(D*) > 2, then D is asymptotically special.

We postpone the proof of the proposition until the end of this section and meanwhile
we discuss some of its consequences.

Example 1.2. In case p, (D) = 1 the divisor D can be neither asymptotically special nor
asymptotically non-special. As an example, consider the blow-up X of P2 at 10 points
P1-.-,p10 on a smooth plane cubic. Denote by H the pull back of a line, by F; the
exceptional divisor over p; and let C be the strict transform of the given cubic (i.e. C
is the unique element in | — Kx|[). We consider a divisor D := 10H — 21121 3E; which
restricts to a 2-torsion class on C and we claim that

0 if nisodd

1 if n is even.

hl(X, Ox(nD)> = {
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First of all observe that by [8, Thm. IIL.1], C is contained in the base locus of nD
if and only if the restriction of nD to C' is non-trivial, i.e. if and only if n is odd.
If this is the case, nD — C' is effective and satisfies (nD — O) - (~Kx) = —C? = 1,
so that h'(X,Ox(nD)) = 0 by [8, Thm. III.1]. On the other hand, if n is even, the
restriction of nD to C is trivial, and this implies that C' is not contained in the base
locus of nD. Therefore nD has no fixed part and by [8, Thm. III.1] we conclude that
h(X,0x(nD)) = 1.

Corollary 1.3. Let X be a smooth projective surface and let C' C X be an irreducible and
reduced curve with C? < 0 and p,(C) > 1. Then there exists a nef and big divisor D on
X such that D - C =0 and D is asymptotically special.

Proof. Let A be an ample divisor on X. Set A = % and define
D :=C — )\A.

We check that D is nef: by construction D - C' = 0, and for any other curve E # C we
have D-E=C-FE —MA-FE > 0, since A is ample and A < 0. Moreover

D2 = (C —AA)?2 = C2 — 2X\(C'- A) + N\2A% = —C? + \242 > 0,

so D is big. Finally, the orthogonal complement D= in the intersection pairing contains
C. Hence p,(D*+) > p,(C) > 1. By Proposition 1.1, this implies that D is asymptotically
special. O

In order to prove Proposition 1.1 we need some preliminary lemmas. We begin with
the following result which is well known in the literature.

Lemma 1.4. Let X be a smooth projective surface and let Cq,...,C, C X be distinct
trreducible and reduced curves whose intersection matriz is negative definite. Then the
classes [C1], ..., [Cy] are linearly independent in N*(X). In particular if D is a nef and
big divisor of X, then D+ contains finitely many classes of irreducible curves.

Proof. Let D := )", a;C; ~ 0. Write D = A — B, where A is the sum over the positive
coefficients of D and B over the negative ones. Then 0 = D? = A? — 2A - B + B2, and
the fact that the three summands are all non-positive, implies that both A and B are
linearly equivalent to 0. Since both A and B are effective divisors and X is complete, it
follows that A = B = 0, so that a; = 0 for any .

To prove the second statement, observe that by the Hodge index theorem and the
fact that D? > 0, the intersection form on D= is negative definite, so that the statement
follows. O

A version of the following lemma is proved in [9, Thm. 7.2.1] and we include it here
for the sake of completeness of argument.
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Lemma 1.5. Let Cq,...,C, be irreducible curves on a smooth projective surface whose
intersection matriz is negative definite. Then there exists an effective divisor E :=
o, aiCy such that E - C; <0 for each i.

Proof. Since the intersection matrix is non-singular there exists a divisor £ = Y | a,C;
such that F - C; < 0 for any i. Let £ = E; — FEy, where Fy, E5 are effective divisors
with no common support. Then 0 > E - Ey = (Ey — E3) - Ey = Ey - B3 — E5 > 0 implies
FE5 =0, so that E is effective. O

Lemma 1.6. Let X be a smooth projective surface and let D be a nef and big Cartier
divisor of X which is not ample. Then there exists an effective divisor E in D+ such
that

HY(X,0x(nD)) ~ H'(E,Op(nD)),
holds for n > 0.

Proof. By Lemma 1.4 there are only finitely many irreducible and reduced curves
Ci,...,Csin D*. By Lemma 1.5 there exists an effective divisor E, supported at these
curves, such that F - C; < 0 for any ¢. Up to replacing F with a positive multiple, we
can assume E to be Cartier and (—F — Kx) - C; > 0 for any 4. For any n > 0, we have
the following exact sequence of sheaves

0—— Ox(TLD — E) R (’)X(nD) R (’)E(nD) — 0.

By the above assumption on E the divisor nD — E — Kx is nef and big for n > 0.
Thus we conclude by passing to cohomology and using the Kawamata-Viehweg vanishing
Theorem. 0O

Proof of Proposition 1.1. If D is ample, then the statement follows from the Serre van-
ishing theorem [10, Thm. 1.2.6]. Assume now that D is not ample. If p,(D+) = 0 then
h'(E,Og) = 0 for any effective divisor £ in D+, by [1, Lem. 3.3]. Thus

Y (E,Op(nD)) =0

for any n > 0 by [1, Cor. 3.6]. We conclude that D is asymptotically non-special by
Lemma 1.6.

Assume now p,(D+) =1, D > 0 and Ox(D)|c ~ O¢ for an irreducible curve C with
pa(C) = 1. For n > 0 the natural surjection of sheaves Ox(nD) — O¢, together with
the vanishing of h?(Ox (nD — C)), gives a surjection H(Ox(nD)) - HY(O¢). Since
h'(O¢) = 1, the divisor D is asymptotically special.

Assume now p,(D+) > 1. Let E’ be an effective divisor in Dt such that p,(E’) =
pa(D7). Since deg O/ (nD) = 0 it follows that
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X(E',Op/(nD)) = x(E',Op) =1 —pa(E") <0,

where the first equality is by [12, Tag 0BRZ] and the second is by the definition of
arithmetic genus. Since p,(E’) > 2 we deduce h'(E’,Op/(nD)) > 0. The divisor E in
Lemma 1.6 can be chosen so that E’ < E. If we denote by I the ideal sheaf of E’ in O,
we have an exact sequence of sheaves

0 —— I(nD) —— Og(nD) —— Og/(nD) —— 0.
Passing to cohomology and using the fact that we are in dimension one we get the

surjection H(E, Og(nD)) — HY(E',Op/(nD)), which implies h'(E, Og(nD)) > 0, so
that D is asymptotically special by Lemma 1.6. O

2. Proof of Theorems 1 and 2

Recall that m: X2 — P2 is the blowing-up of the projective plane at r points in
very general position with exceptional divisors FEq,...,FE, and H is the pullback of
a hyperplane. We denote by Eff(X?2) the cone of classes of effective divisors of X2, by
Eff(X2) its closure in the Euclidean topology and by Nef(X?2) the dual of the latter closed
cone with respect to the bilinear form defined by the intersection product. Elements of
Eff(X2) are called pseudoeffective classes, while elements of Nef(X?) are nef classes. Let

Q(X?) :={D € Pic(X*)g : D*>0and D-H >0}
be the positive light cone of X?2. Recall the following inclusions
Nef(X7?) C Q(X?) C Eff(X?).
Let W(X?2) be the subgroup of isometries of Pic(X?) generated by the reflections
Dw— D+ (D-R)R,
where R is one of the fundamental roots (classes of self-intersection —2): E; —
Es,....E._1—FE,. H—FE| — Ey— Es5. It is not difficult to show that any such reflection
preserves all the cones defined above. The choice of a distinguished representative for an
orbit of W(X2) contained in the effective cone leads to the following definition.
Definition 2.1. A class D :=dH — Y_,_, m;E; € Pic(X?)R is pseudostandard if

d>mi+mo+ms and mq > - >m,.

If in addition m, > 0 then the class D is standard.
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The first inequality in the definition is equivalent to D-(H — Ey — E5 — E3) > 0, while
the ordering of the multiplicities comes from D - (E; — E;y1) > 0. In what follows, with
abuse of notation, we will denote by —K the class 3H — Zle E;, for any s <.

Lemma 2.2. Let D € Pic(X2)r be a standard class. If D* <0 and D - K <0 then D is
a positive multiple of either H — E1 or — K.

Proof. Let D = dH— Z _, m;E;. Since D is standard we have that d > mi+ma+ms and
mi > --- > m, > 0. The inequalities D2 < 0 and D - K, < 0 imply D?> + msD - K, <0,
that is

= d(d — 3m3) — (m? —mim3) — (m32 —mamsz) < Y (m? —mam;) < 0.
i=3

Since d > my + mgo + mg the left hand side is greater than or equal to (mji + ms +
m3)(my +mg +m3 —3ms) — (m3 —mym3) — (m3 —mamsz) = 2(m1mg —m3), from which

we deduce
-
0 < 2(mymg — m%) < Z(mz2 —mgm;) < 0.
i=3
Therefore either mg = --- = m,. = 0 or all the multiplicities are equal. In the first case

D? < 0 imply d? < m2, so that d = m; and D is a multiple of H — Ej. In the second
case D = dH — Y_;_, mE;. The inequalities 0 < d? — 3md = D? + mD - K, < 0 imply
d=3m and D? = D - K, = 0, which proves the statement. O

Corollary 2.3. The surface X? does not contain (—2)-curves and the classes of (—1)-
curves form an orbit for W(X?2).

Proof. Let C be a (—1) or (—2)-curve. Since the action of W (X?2) preserves the effective
cone, we can assume the class [C] := dH—)_._, m; E; to be effective and pseudostandard.
By Lemma 2.2 this class cannot be standard. This immediately implies d = 0, so that
by the irreducibility of C' one deduces m; = --- = m,._; = 0 and m,. = —1, which proves
the statement. O

Remark 2.4. The following result has been proved also by T. de Fernex in [7, Prop. 2.4].
That paper contains other results towards the (—1)-Curves Conjecture: specifically, it
proves the conjecture for the blow-up of P2 at 9 very general points [7, Prop. 2.3] and
for curves whose image in P2 has a singularity of multiplicity 2 at one of the centers of
the blow-up [7, Thm. 0.2].
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Lemma 2.5. If C is an irreducible and reduced curve of X2 with C? < 0 and p,(C) = 0,
then C is a (—1)-curve.

Proof. Since p,(C) = 0, the curve C is smooth and rational. By Corollary 2.3, it suffices
to show that C? cannot be smaller than —2. Assume, by contradiction, that C? < —2.

Consider a flat family X — A whose general fiber is of type X2 and whose special
fiber Y over 0 € A is an anticanonical rational surface containing a smooth irreducible
member E € | — Ky|. The existence of such a degeneration is guaranteed by specializing
the r points to lie on a smooth plane cubic.

The smooth rational curve C degenerates to an effective divisor T'on Y. Let 7 : C — A
be a flat family with general fiber C' and special fiber I'. Since p,(C) = 0, we have

I'"E=T-(-Ky)=C-(-K,)=C?+2<0,

so E must be a component of I'. Let i : C — C be a resolution of singularities. We obtain
the commutative diagram

é ! c
A

Since the base A has dimension 1, the morphism 7 is still flat. Let I be the special fiber of
7. As E C T, the fiber I" contains a smooth genus-one curve E. By [11, Prop. (6.4.2)], the
morphism 7 is cohomologically flat, hence h°(Oz) = 1. By invariance of the arithmetic
genus, it follows that h'(Op) = 0. The natural surjection O — Of  then induces a
surjection

H'(Op) - H'(Of,),

showing that pa(f‘red) = 0. Hence fred consists only of smooth rational curves, contradict-
ing the presence of the elliptic component E. This contradiction proves that C? > —2. O

Proof of Theorem 1. We first observe that for r < 9, the SHGH Conjecture holds (see,
e.g., [8]), implying the validity of the two statements of the theorem. Thus, we henceforth
assume 7 > 9.

We prove (1) = (2). Let D be a nef and big divisor of X2. By hypothesis the only
negative curves in D+ are (—1)-curves. By the Hodge index theorem and the fact that
D? > 0, the intersection matrix of these curves is negative definite. In particular these
curves are disjoint, since (E + E’)? > 0 if E,E’ are (—1)-curves with E - E' > 0.
Contracting these curves we get a birational morphism X? — X2, with s <r, and D is
the pullback of an ample divisor of X, so that it is not asymptotically special.
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We prove (2) = (1). Assume there is a negative curve C' on X2 which is not a (—1)-
curve. By Lemma 2.5 we have p,(C) > 0. If p,(C) > 1, then by Corollary 1.3 the surface
X2 would contain an asymptotically special divisor, a contradiction.

We may then assume that p,(C) = 1. By adjunction, Ox, (K, + C)|¢ ~ w¢. Since
C is a divisor on a smooth surface, it is Gorenstein, so that w¢ is an invertible sheaf.
Moreover, deg(wc) = 2p.(C) —2 = 0, and h°(C,wc) = pa(C) = 1. Since we is a line
bundle of degree 0 admitting a non-zero global section, this section is nowhere vanishing,
yielding we = O¢. We then have the following exact sequence

0— Ox, (K,)— Ox, (K, +C)— Oc — 0.

From the fact that h*(Ox, (K,)) = 1 for i = 2 and 0 otherwise, and h?(Ox, (K, +C)) =0
we deduce

K,+C~D2>0, rY(Ox. (D)) =1, r*(Ox, (D)) = 0.

Let C1,...,Ck be the irreducible components of the support of D. Since D — C ~ K,
is not effective, the divisor D cannot contain C' in its support. Hence the condition
Ox, (D)|¢c =~ O¢ forces C; N C = for all 1.

Let us assume that p,(C;) = 0 for some i. If C? > 0, then 1 < h%(Ox, (C;)) <
h°(Ox, (D)) = 1, a contradiction. Thus C? < 0, and by Lemma 2.5 such a curve must
be a (—1)-curve. Since the curves C; are disjoint from C, we can contract them to obtain
a new surface X;. The image of C' in X, retains the same arithmetic genus and self-
intersection. On X, we consider the new effective divisor equivalent to Kx, + C. If this
new divisor contains rational components, they must again be (—1)-curves. We repeat
the argument: since the Picard rank decreases at each step, this process terminates,
leading to a situation where all irreducible components have positive arithmetic genus.

So from now on we assume p,(C;) > 0 for any 4. For any such C;, Serre duality gives
H2(OXT(D — Cl)) ~ HO(O)((KXT - D + C’z)) = HO(OXr(Ci — C)) = O, where the last
equality is due to h®(Ox (C;)) < h%(Ox, (D)) = 1. From the long exact sequence of

0— Ox, (D—-C;) = Ox, (D) = Oc¢,(D)—0

and h!(Ox, (D)) = 0 it follows that h'(Oc, (D)) = 0. Hence D-C; > 0 by the generalized
Riemann-Roch Theorem for singular curves [12, Tag 0BRZ]. In particular D is nef. If D
were big, it would be asymptotically special by Proposition 1.1, a contradiction.

It remains to consider the case D? = 0. We have

D-K,=(K,+0C) K,=(K,+C)>=D*=0.

Thus, by Lemma 2.2, after applying an isometry ¢ of the Picard group which takes D
to its standard form, we get ¢(D) = —mKy, with m > 0. Moreover ¢(K,) = K,. Thus
K, + ¢(C) ~ —mKy, i.e.
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B(C) ~ —(m+ 1)Ko — Ejg = — E,

where Ej are exceptional classes. Since h%(—(m + 1)Kg) = 1, imposing additional base
points we obtain a divisor that can not be effective. Hence ¢(C') (and therefore C') cannot
exist. This contradiction completes the proof. 0O

Before entering the proof of Theorem 2 we recall that the virtual dimension of a
divisor D =dH — Y, m;E; is

v(D) = <d‘£2> —i: (m’; 1) 1= %(DQ —D-K,).

i=1

Proof of Theorem 2. The implication (1) = (2) is obvious.

We prove (2) = (1). Since every nef class is non-special, it is also asymptotically
non-special, so that, by Theorem 1, the only negative curves of X2 are (—1)-curves. Let
D be a divisor such that D-E > —1 for any (—1)-curve E. Then D ~ M + F, where F is
the sum of all (—1)-curves which have intersection product —1 with D. Observe that if
E, E’ are two distinct (—1)-curves in F' then both curves are in the base locus of | D] so
that E- E' = 0. It follows that F is a reduced divisor (each curve in its support appears
with coefficient 1) and M - F' = 0. Thus

v(D)

1
§(D2—D~KT)

S(M+ PP = (M +F)- K,)

I
s
+
=
3
_|_
A
=

Observe that M is nef because the only negative curves of X2 are (—1)-curves. Thus M
is non-special and we deduce dim |D| = dim |M| = v(M) = v(D), which shows that D
is non-special as well. O

Remark 2.6. As a consequence of Lemma 2.2 one can show that any divisor class of
Pic(X%))r satisfying the equalities D> = D - K19 = 0 is nef (see [7] and [4]). The
argument goes like this. First of all observe that for any r > 10 a class D € Pic(X?2)
satisfying D2 = D - K, = 0 is effective. Indeed, by Riemann-Roch either D or K, — D
is effective but (K. — D) - H < 0. If D is in pseudostandard form, we can write D =
Do +miE1 + - + mgE,, with Dy effective, Dy - E; = 0 and m; > 0 for any 7. If we
denote by m: X2 — X2__ the contraction of E1, ..., Es, then Dy = 7*(B) for an effective
divisor class B € Pic(X?2_,). Thus

0=D- K, = <D0+imlE7> Kr:BKr—sfiml
i=1

i=1
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implies that B - K,._ s = 2;1 m; > 0. Thus —K,_, is not nef, so that »r — s > 10. We
deduce that if » = 10 then s must be zero or in other words D is a standard divisor class.
By Lemma 2.2 we conclude that D is nef. To conclude one observes that such classes
define a quadric in Pic(X%,)g whose rational points are dense.

Example 2.7. Let B := dH — Zle m; E; be such that b :=
let a := —1B - Ks. Then the following class

1(2B? — (B - Ks)?) > 0 and

D:=B—(a+Vb)Ey — (a — Vb)Ey
satisfies D? = D - K1 = 0 so that it is nef.
3. Higher dimension

We recall that a divisor on a projective variety is said to be semiample if it admits
a base point free multiple. In this section we consider the asymptotical behavior of
semiample divisors in X" with the purpose of studying possible generalizations of the
conjectures described in the Introduction. A possible generalization of these conjectures
could be:

Conjecture 3.1. The blow-up X' of P™ at r points in very general position does not admit
nef divisors which are asymptotically special.

We are going to prove that Conjecture 3.1 holds if » < 2™ (Theorem 3), but first we
need some preliminary results.

Definition 3.2. Given a semiample Cartier divisor D on a normal variety X let
mp = ged(n € N : nD is base point free).

For any positive integer m denote by ¢,,: X — Y,, the rational map defined by the
linear system |mD|. By [10, Thm. 2.1.27] there is a morphism with connected fibers

fp: X =Y

onto a normal variety Y, such that ¢,,, = fp and Y,,, = Y for any sufficiently big multiple
m of mp. Moreover mpD = f}; A for some ample Cartier divisor A on Y.

Remark 3.3. The semiample and big divisor D of Example 1.2 has mp = 2. Indeed
any odd multiple of D restricts to a non-trivial degree zero class on the elliptic curve
C € | — Kx|, while the even multiples restrict trivially to C. The latter fact implies that
C' is not in the base locus of 2D and by [8, Thm. ITI.1] we conclude that 2D is base point
free.
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Proposition 3.4. Let X be a normal projective variety and let D be a semiample big
Cartier divisor of X with mp = 1. If R* fp,Ox is trivial then D is asymptotically
non-special and otherwise it is asymptotically special.

Proof. Let f := fp and recall that D = f*A, with A ample on Y. By Serre’s vanishing
[10, Thm. 1.2.6] the higher cohomology groups of Oy (mA) vanish for all m > 0. Since
the Grothendieck-Leray spectral sequence

EYY(D) := H(Y,R1f.0Ox (D)) = H’*1(X,Ox(D))

is a first quadrant one, by [9, Prop. 3.6.2] we have the following five terms exact sequence:
0 = Ey°(mD) - H'(Ox(mD)) - Ey"(mD) - E3°(mD) - H?(Ox(mD)).

By the projection formula we have f,Ox(mD) = f.Ox ® Oy (mA) ~ Oy (mA), so that
the first and fourth cohomology groups E5’(mD) = H(Y, f.Ox(mD)) vanish for all
m > 0. Thus the second and third cohomology groups are isomorphic. Again by the
projection formula we have R'f,Ox(mD) ~ R'f.Ox ® Oy (mA) so that

HY(X,0x(mD)) ~ H°(Y,R' f.Ox ® Oy(mA))  for all m > 0.

If R'f.Ox is trivial we conclude that D is asymptotically non-special. On the other
hand if R'f,Ox is non-trivial, since it is a coherent sheaf and A is ample, by Serre’s
Theorem [10, Thm. 1.2.6] the sheaf R f,Ox @ Oy (mA) is generated by global sections
for all m > 0. We conclude that D is asymptotically special. 0O

Before proving Theorem 3 we are now going to discuss an example of a nef and big
divisor which is special but asymptotically non-special, on the blow up of P* at 14 points.

Example 3.5. Let D be the divisor 2H — 23; E; on X{,. The virtual dimension of
mD, for m = 1,2,3 is 0, —1, —1 respectively, so that 2D and 3D are special. Moreover
a computer calculation shows that 4D is non-special of dimension 4 and its base locus
is zero-dimensional. Thus D is semiample by [10, Rem. 2.1.32] and it is big because
D* = 2. We now show that m.D is non-special for m > 5 using a degeneration argument.
Let X — Al be a flat family whose general fiber is X, and whose special fiber Y is
the blowing-up of P at 14 general points on the complete intersection of three general
quadrics. Denote by Y1 C Y5 C Y3 C Y, = Y the strict transforms of the complete
intersections of three, two and one quadrics respectively, plus the central fiber of the
degeneration. By abuse of notation we denote by D the specialized divisor on Y. Observe
that for any 2 <i <4, Y;_; € |Dl|y,|, so that we have an exact sequence

0 —— Oy,((m—1)D) —— Oy,(mD) —— Oy,_,(mD) —— 0.
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Since Y7 is a smooth curve of genus 5 and deg(Dly,) = D-Y; = 2 it follows that mDly, is
non-special for m > 5. From the above exact sequence we deduce that h'(Oy,(mD)) <
h'(Oy,((m—1)D))--- < ht(Oy,(5D)). A computer calculation shows that 5D|y, is non-
special for 2 < ¢ < 4. A repeated use of the above exact sequence shows that for any
m > 5, mD is non-special on Y, and, by semicontinuity of cohomology, it is non-special
on X1, too.

Proof of Theorem 3. Let H, F1,..., E, be a basis of Pic(X]") consisting of the pullback
of a hyperplane together with the exceptional divisors. If we denote by h,eq,...,e, the
dual basis in N7 (X), we have that the Mori cone of X is polyhedral, generated by the
classes h —e; —e; and ey, for 4,7,k € {1,...,r} and i < j. (see [5]). The proof of this
fact goes as follows: the cone generated by these classes is dual to the cone generated by
the classes

H, H-E;, 2H- ZE
el

for any subset I C {1,...,r}. These classes are all semiample (and thus nef) on the
variety Y, obtained by degenerating the r points to a complete intersection of n general
smooth quadrics. Then one concludes by observing that the nef cone can only become
smaller by degeneration.

By semicontinuity of cohomology it is now enough to show that any nef class of
Y is asymptotically non-special. Observe that any H — F; is asymptotically non-special
because it is pullback of a class of X7" which is asymptotically non-special by Kawamata-
Viehweg vanishing. All the nef classes of Y, which are not multiples of H — E;, are big.
Thus by Proposition 3.4 it suffices to show that for any nef and big divisor class D of Y,*
the sheaf R! Jp.Oyn is trivial. This is a consequence of the fact that fp can contract
only exceptional divisors and strict transforms of lines through any two of the blown-up
points. In the first case one gets a smooth point while in the second case the image of
fp has a rational singularity because the morphism is locally toric and one can apply [6,
Thm. 11.4.2]. O
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