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Abstract
We consider a nonlinear Dirichlet problem driven by a nonhomogeneous differential
operator and with a reaction which exhibits the competing effects of a parametric
singular term and of a superlinear perturbation. Using variational methods together
with truncation and comparison techniques, we show that for all small values of the
parameter, the problem has at least two positive smooth solutions.
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1 Introduction

Let � ⊆ R
N be a bounded domain with a C2-boundary ∂�. In this paper, we study

the following nonlinear singular problem

− div a(∇u) = λβ(z)u−η + f (z, u) in �,

u
∣
∣
∂�

= 0, λ > 0, 0 < η < 1, u > 0.
(Pλ)
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118 N. S. Papageorgiou et al.

In this problem the map a : R
N → R

N involved in the differential operator
is continuous, strictly monotone (thus maximal monotone too) and satisfies certain
other growth and regularity conditions listed in hypotheses H1 (see Section 2). These
hypotheses provide ageneral framework inwhichwecanfitmanydifferential operators
of interest such as the p-Laplacian and the (p, q)-Laplacian. In the reaction we have
the competing effects of two terms of different nature. One is the parametric singular
term λβ(z)u−η and the other is a Carathéodory perturbation f (z, x) (that is, for all
x ∈ R, z → f (z, x) is measurable and for a.a. z ∈ �, x → f (z, x) is continuous),
which is (p − 1)-superlinear as x → +∞ and also changes sign. Using variational
tools together with truncation and comparison techniques, we prove a multiplicity
theorem when the parameter λ > 0 is small.

Problem (Pλ) was investigated by Papageorgiou-Rădulescu-Repovš [12], under
the hypothesis that the perturbation f (z, x) is positive. This is a convenient condition
which simplifies the analysis of the problem, since the unique solution of the purely sin-
gular problem (no perturbation present), is a lower solution of (Pλ) and we can use it to
bypass the singularity and deal with C1-functionals on which we can use the minimax
theorems of the critical point theory. In [12] the authors prove an existence and mul-
tiplicity theorem which is global in the parameter λ > 0 (a bifurcation-type theorem,
see Theorem 21 of [12]). The positivity of the perturbation is present in most works
on singular problems. We mention the works of Coclite-Palmieri [1], Haitao [5], Sun-
Wu-Long [20] (semilinear problems), Giacomoni-Schindler-Takač [3] (p-Laplacian
equations) and Papageorgiou-Rădulescu-Zhang [13], Papageorgiou-Vetro-Vetro [15]
(anisotropic (p, q)-equations). In a recent paper, Papageorgiou-Vetro-Vetro [16] con-
sidered a nonparametric singular (p, q)-equation, with a negative perturbation. Hence,
the energy functional of the problem is coercive. They show that the problem has a
unique positive solution. When dealing with singular problems, the energy functional
of the problem is not C1 and so we can not use the results of the critical point theory.
Therefore, we need to findways to bypass the singularity and deal withC1-functionals.
When the perturbation of the singular term is nonnegative (as is the case in most works
in the literature, see [1, 3, 5, 12, 20]), the solution of the purely singular problem can
serve as a lower solution for the problem and can be used as a tool to bypass the
singularity and deal with C1-functionals. This is no longer possible for our problem
because of hypothesis H2 (iv) which forces the perturbation to be negative near the
origin. To overcome this difficulty we need to come up with a new approach, suitable
for our situation. So, we propose to consider two new auxiliary problems, the first
one, problem (Qλ) is motivated by hypothesis H2 (iv). The second one is defined
on the smallest open ball Bρ containing the domain � and exploits the properties of
the solution of (Qλ). This way we are able to overcome the indefiniteness of the per-
turbation function and generate an ordered pair of upper and lower solutions, which
permits us to proceed and eventually prove a multiplicity theorem for problem (Pλ).
Summarizing we can state the following multiplicity theorem.

Theorem 1 If hypotheses H0, H1, H2 hold, then for all λ > 0 small problem (Pλ) has
at least two positive solutions u0, û ∈ intC+.

As a direction for further work, it will be interesting to examine if we can improve
our result and prove a multiplicity theorem which is global in the parameter λ > 0.
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Nonlinear singular problems with an indefinite perturbation 119

2 Mathematical background - hypotheses

The two main spaces in the analysis of problem (Pλ) are the Sobolev space W
1,p
0 (�)

(1 < p < ∞) and the Banach space C1
0(�) = {u ∈ C1(�) : u∣

∣
∂�

= 0}. On account

of the Poincaré inequality, on W 1,p
0 (�) we consider the norm ‖ · ‖ defined by

‖u‖ = ‖∇u‖p for all u ∈ W 1,p
0 (�).

We know that

W 1,p
0 (�)∗ = W−1,p′

(�)

(
1

p
+ 1

p′ = 1

)

.

The spaceC1
0(�) is an ordered Banach space with positive (order) coneC+ = {u ∈

C1
0(�) : 0 ≤ u(z) for all z ∈ �}. This cone has a nonempty interior given by

intC+ =
{

u ∈ C+ : u(z) > 0 for all z ∈ �,
∂u

∂n

∣
∣
∣
∂�

< 0

}

,

with n(·) being the outward unit normal on ∂� and ∂u
∂n = (∇u, n)RN .

If u : � → R is a measurable function, then we define

u±(z) = max{±u(z), 0} for all z ∈ �.

We have u = u+ − u−, |u| = u+ + u−. Moreover, if u ∈ W 1,p
0 (�), then u± ∈

W 1,p
0 (�).
Given two measurable functions v,w : � → R such that v(z) ≤ w(z) for a.a.

z ∈ �, we define

[v,w] = {h ∈ W 1,p
0 (�) : v(z) ≤ h(z) ≤ w(z) for a.a. z ∈ �},

[v) = {h ∈ W 1,p
0 (�) : v(z) ≤ h(z) for a.a. z ∈ �},

intC1
0 (�)[v,w] = the interior in C1

0(�) of [v,w] ∩ C1
0(�).

Our hypotheses on the data of problem (Pλ) are the following:

H0: β ∈ L∞(�), β(z) > 0 for a.a. z ∈ �, 0 < η < 1.

Let k ∈ C1(0,∞) with k(t) > 0 for all t > 0 and assume that

0 < ĉ0 ≤ k′(t)t
k(t)

≤ ĉ,

c0t
p−1 ≤ k(t) ≤ c1(t

s−1 + t p−1)

for some c0, c1 > 0, all t > 0, 1 < s < p < N .

(1)

The hypotheses on the map a(·) are the following:
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120 N. S. Papageorgiou et al.

H1: a(y) = a0(|y|)y for all y ∈ R
N , with a0(t) > 0 for all t > 0 and

(i) a0 ∈ C1(0,∞), t → a0(t)t is strictly increasing on (0,∞), a0(t)t → 0 as

t → 0+ and −1 < lim
t→0+

a′
0(t)t

a0(t)
;

(i i) there exists c3 > 0 such that

|∇a(y)| ≤ c3
k(|y|)
|y| for all y ∈ R

N\{0};

(i i i)
k(|y|)
|y| |ξ |2 ≤ (∇a(y)ξ, ξ)RN for all y ∈ R

N\{0}, all ξ ∈ R
N ;

(iv) if G0(t) = ∫ t
0 a0(s)sds, then 0 ≤ pG0(t) − a0(t)t2 for all t > 0 and there

exists 1 < q ≤ p such that

lim sup
t→0+

qG0(t)

tq
≤ c∗.

Remark 1 Conditions H1 (i), (i i), (i i i) are from Lieberman [10] and from Pucci-
Serrin [18]. In fact hypothesis H1 (i) is stronger than that in Lieberman [10], because
in addition to global regularity, we want to use the nonlinear Hopf maximum principle
of Pucci-Serrin [18] (p. 120). They lead to a global regularity theory (that is, up to the
boundary, see Lieberman [10]) and to nonlinear versions of the Hopf maximum prin-
ciple (see again [18]). Hypothesis H1 (iv) is particular for the needs of our problem,
but it is mild and it is satisfied in all cases of interest (see the Examples below). Same
conditions on the map a(·) were used in [12].

Evidently G0(·) is strictly convex and strictly increasing. We set

G(y) = G0(|y|) for all y ∈ R
N .

We see that G ∈ C1(RN ) is convex and G(0) = 0. We have

∇G(y) = G ′
0(|y|)

y

|y| (by the chain rule)

= a0(|y|)|y| y

|y| = a0(|y|)y = a(y),

∇G(0) = 0.

Therefore, G(·) is the primitive of a(·) and so the convexity of G(·) implies that

G(y) ≤ (a(y), y)RN for all y ∈ R
N . (2)

Using hypotheses H1 (i), (i i), (i i i) and (1), we deduce the following properties for
the map a(·).
Lemma 1 If hypotheses H1 (i), (i i), (i i i) hold, then

123



Nonlinear singular problems with an indefinite perturbation 121

(a) y → a(y) is continuous and strictly monotone (thus maximal monotone too);

(b) |a(y)| ≤ c4(|y|s−1 + |y|p−1) for all y ∈ R
N , some c4 > 0;

(c)
c0

p − 1
|y|p ≤ (a(y), y)RN for all y ∈ R

N .

Combining these properties with (2), we deduce the following bilateral growth
properties for the primitive G(·).
Corollary 1 If hypotheses H1 (i), (i i), (i i i) hold, then

c0
p(p − 1)

|y|p ≤ G(y) ≤ c5(1 + |y|p) for all y ∈ R
N , some c5 > 0.

Remark 2 ThereforeG(·) exhibits balanced growth and this leads to a global regularity
theory (see Lieberman [10]).

Examples Let

(a) a(y) = |y|p−2y, 1 < p < ∞.
This map corresponds to the p-Laplace differential operator.

(b) a(y) = |y|p−2y + |y|q−2y, 1 < q < p < ∞.
This map corresponds to the (p, q)-Laplacian (the sum of a p-Laplacian and of a
q-Laplacian).

(c) a(y) = (1 + |y|2) p−2
2 y, 1 < p < ∞.

The resulting operator is the p-mean curvature operator.

(d) a(y) = |y|p−2y

(

1 + 1

1 + |y|p
)

, 1 < p < ∞.

The resulting differential operator is used in plasticity theory (see Roubíček [19]).

The hypotheses on the perturbation f (z, x) are the following.

H2: f : � × R → R is a Carathéodory function such that f (z, 0) = 0 for a.a. z ∈ �

and

(i) | f (z, x)| ≤ â(z)(1 + xr−1) for a.a. z ∈ �, all x ≥ 0, with â ∈ L∞(�) and
p < r < p∗ = Np

N−p ;

(i i) if F(z, x) = ∫ x
0 f (z, s)ds, then limx→+∞

F(z, x)

x p
= +∞ uniformly for a.a.

z ∈ �;
(i i i) there exists τ ∈

(

(r − p) Np , p∗
)

such that

0 < ϑ0 ≤ lim inf
x→+∞

f (z, x)x − pF(z, x)

xτ
uniformly for a.a. z ∈ �;

(iv) there exist δ ∈ (0, 1) and ks > 0 such that

−β(z) ≤ f (z, x) ≤ −ks < 0 for a.a. z ∈ �, all 0 < s ≤ x ≤ δ,
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122 N. S. Papageorgiou et al.

and for every ρ > 0 there exists ξ̂ρ > 0 such that for a.a. z ∈ �, the function
x → f (z, x) + ξ̂ρx p−1 is nondecreasing on [0, ρ].

Remark 3 Since we look for positive solutions and the above hypotheses on f (z, ·)
concern the positive semiaxis R+ = [0,+∞), we may assume that f (z, x) = 0 for
a.a. z ∈ �, all x ≤ 0. Hypotheses H2 (i i), (i i i) imply that

lim
x→+∞

f (z, x)

x p−1 = +∞ uniformly for a.a. z ∈ �.

So, the perturbation of the singular term is (p−1)-superlinear. However, we do not
use theAmbrosetti-Rabinowitz condition (see, for example,Willem [21], p. 46), which
is common in the literature, when we consider superlinear problems. Our hypotheses
are less restrictive and incorporate in our framework superlinear nonlinearities with
slower growth as x → +∞, which fail to satisfy theAmbrosetti-Rabinowitz condition.
Consider the following function

f (z, x) =
{

−β(z)x+ if x ≤ 1,

x p−1 ln x − β(z)xs−1 if 1 < x,
with 1 < s ≤ p, z ∈ �.

This function satisfies hypotheses H2 above, but fails to satisfy the Ambrosetti-
Rabinowitz condition.

Let V : W 1,p
0 (�) → W 1,p

0 (�)∗ = W−1,p′
(�)

(
1
p + 1

p′ = 1
)

be the nonlinear

map defined by

〈V (u), h〉 =
∫

�

(a(∇u),∇h)RN dz for all u, h ∈ W 1,p
0 (�).

This operator has the following properties (see Gasiński-Papageorgiou [2], p. 279).

Proposition 1 If hypotheses H1 (i), (i i), (i i i) hold, then the operator V (·) is bounded
(maps bounded sets to bounded ones), continuous, strictly monotone (hence
maximal monotone too) and it is (S)+, that is, un

w−→ u in W 1,p
0 (�) and

lim supn→∞〈V (un), un − u〉 ≤ 0 imply that un → u in W 1,p
0 (�).

3 An auxiliary problem

In this sectionwe consider an auxiliaryDirichlet problem, the unique solution ofwhich
will serve as a lower solution for problem (Pλ) and this way we will be able to bypass
the singularity. We will also generate an ordered upper solution.

Let μ >
p−1
η

and consider the following auxiliary Dirichlet problem

− div a(∇u) = λμβ(z) in �,

u
∣
∣
∂�

= 0, λ > 0, u > 0.
(Qλ)
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Nonlinear singular problems with an indefinite perturbation 123

Proposition 2 If hypotheses H0, H1 hold and λ > 0, then problem (Qλ) has a unique
solution uλ ∈ intC+ and uλ → 0 in C1

0(�) as λ → 0+.

Proof From Proposition 1 we know that the operator V : W 1,p
0 (�) → W−1,p′

(�) is
maximal monotone and strictly monotone. We have

〈V (u), u〉 ≥ c0
p(p − 1)

‖∇u‖p
p (see Lemma 1),

⇒ V (·) is coercive.

But a maximal monotone coercive operator is surjective (see [11], p. 135). So, we
can find uλ ∈ W 1,p

0 (�) such that

V (uλ) = λμβ in W−1,p′
(�).

We act with−u−
λ ∈ W 1,p

0 (�) and since β(·) > 0 (see hypotheses H0), we infer that
uλ ≥ 0, uλ �= 0. Moreover, the strict monotonicity of V (·) implies that this solution
uλ is unique. From Ladyzhenskaya-Uraltseva [8] (p. 286), we have that uλ ∈ L∞(�).
If m > N

p , using the Moser iteration process, we have

‖uλ‖∞ ≤ λ
μ

p−1 ‖β‖
1

p−1
m

(see alsoGuedda-Veron [4], Proposition 1.3). Then, lettingm → ∞ andusingProblem
1.9 of Gasiński-Papageorgiou [2], we obtain

‖uλ‖∞ ≤ λ
μ

p−1 ‖β‖
1

p−1∞ . (3)

From Lieberman [10], we know that we can find α ∈ (0, 1) and c6 > 0 such that

uλ ∈ C1,α
0 (�), ‖uλ‖C1,α

0 (�)
≤ c6 for all λ ∈ (0, 1].

We know that C1,α
0 (�) ↪→ C1

0(�) compactly and from (3) we have uλ → 0 in
L∞(�) as λ → 0+. It follows that

uλ → 0 in C1
0(�) as λ → 0+.

Finally, from the nonlinear Hopf maximum principle of Pucci-Serrin [18] (p. 120),
we have uλ ∈ intC+. ��

On account of Proposition 2, we can find λ∗ > 0 such that

0 ≤ uλ(z) ≤ δ for all z ∈ �, all 0 < λ ≤ λ∗.
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124 N. S. Papageorgiou et al.

Then, hypothesis H2 (iv) says that

− β(z) ≤ f (z, uλ(z)) for a.a. z ∈ �, all 0 < λ ≤ λ∗. (4)

For λ ∈ (0, λ∗], we have

− div a(∇uλ) − λβ(z)u−η
λ − f (z, uλ)

≤ λμβ(z) − λβ(z)

‖uλ‖η∞
+ β(z) (see (4))

≤ β(z)

⎡

⎣λμ − λ

λ
μη
p−1 ‖β‖

η
p−1∞

+ 1

⎤

⎦ (see (3)).

Recall μ >
p−1
η

, hence μη
p−1 > 1 and so we can find λ∗

1 ≤ λ∗ such that

− div a(∇uλ) − λβ(z)u−η
λ − f (z, uλ) ≤ 0 in �, for all 0 < λ ≤ λ∗

1. (5)

Next let ρ > 0 be large so that � ⊆ Bρ = {z ∈ R
N : |z| < ρ}. Then, given ϑ > 0

we consider the following Dirichlet problem

−div a(∇u) = ϑ in Bρ, u
∣
∣
∂Bρ

= 0.

From Proposition 8 of Papageorgiou-Rǎdulescu-Repovš [12], we know that this
problem has a unique solution uϑ ∈ intC+(Bρ) and uϑ → 0 in C1

0(Bρ) as ϑ → 0+.
So, we can find ϑ0 > 0 such that

0 ≤ uϑ(z) ≤ δ for all z ∈ Bρ , all ϑ ∈ (0, ϑ0]. (6)

Since uϑ ∈ intC+(Bρ) and� ⊆ Bρ , we have 0 < m0 = min� uϑ0 . Choosing Bρ to

be the smallest ball containing�, wewill havem0 ∈ (0, 1]. Let λ∗
2 = min

{

λ∗
1,

ϑ0m
η
0‖β‖∞

}

.

Then for 0 < λ ≤ λ∗
2, we have

− div a(∇uλ) = λβ(z) < ϑ0 = −div a(∇uϑ0) in �,

⇒ 〈V (uλ), h〉 ≤ 〈V (uϑ0), h〉 for all h ∈ W 1,p
0 (�), h ≥ 0.

Choosing h = (uλ − uϑ0)
+ ∈ W 1,p

0 (�), we obtain

∫

{uϑ0<uλ}
(a(∇uλ) − a(∇uϑ0),∇uλ − ∇uϑ0)RN dz ≤ 0.

The strict monotonicity of a(·) implies that

|{uϑ0 < uλ}|N = 0
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Nonlinear singular problems with an indefinite perturbation 125

with | · |N denoting the Lebesgue measure on RN . Therefore

uλ ≤ uϑ0 for all λ ∈ (0, λ∗
2]. (7)

We have

− div a(∇uϑ0) − λβ(z)u−η
ϑ0

− f (z, uϑ0)

≥ ϑ0 − λ
‖β‖∞
mη

0

(see (6) and hypothesis H2 (iv))

≥ 0 (recall the choice of λ∗
2 and that 0 < λ ≤ λ∗

2). (8)

Finally note that if ũ ∈ intC+, then we can find c7 > 0 such that

c7d̂ ≤ ũ (9)

with d̂(·) being the distance function from ∂�, that is, d̂(z) = d(z, ∂�) for all z ∈ �.
Then for every h ∈ W 1,p

0 (�), we have

∫

�

( |h|
ũη

)p

dz ≤ c8

∫

�

( |h|
d̂η

)p

dz for some c8 > 0 (see (9))

= c8

∫

�

(d̂1−η)p
( |h|

d̂

)p

dz

≤ c9

∫

�

( |h|
d̂

)p

dz for some c9 > 0

≤ c10‖∇h‖p
p for some c10 > 0

(using Hardy’s inequality, see [11], p. 66).

Moreover, from (9) and the Lemma (see also its proof) of Lazer-McKenna [9], we
have for λ ∈ (0, λ∗

2]

u−η
λ ∈ L1(�) (hence u−η

ϑ0
∈ L1(�), see (7)).

4 Positive solutions

In this section we will use the solutions uλ, uϑ0 from the previous section, together
with variational tools and truncation and comparison techniques, in order to prove a
multiplicity theorem for problem (Pλ) when λ > 0 is small.

Proposition 3 If hypotheses H0, H1, H2 hold and λ ∈ (0, λ∗
2] is small, then problem

(Pλ) has a positive solution u0 ∈ intC1
0 (�)[uλ, uϑ0 ].
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126 N. S. Papageorgiou et al.

Proof From (7) we see that we can introduce the following truncation of the reaction
of the problem

γ̂λ(z, x) =

⎧

⎪⎨

⎪⎩

λβ(z)uλ(z)
−η + f (z, uλ(z)) if x < uλ(z),

λβ(z)x−η + f (z, x) if uλ(z) ≤ x ≤ uϑ0(z),

λβ(z)uϑ0(z)
−η + f (z, uϑ0(z)) if uϑ0(z) < x .

(10)

This is a Carathéodory function. We set �̂λ(z, x) = ∫ x
0 γ̂λ(z, s)ds and introduce

the functional ϕ̂λ : W 1,p
0 (�) → R defined by

ϕ̂λ(u) =
∫

�

G(∇u)dz −
∫

�

�̂λ(z, u)dz for all u ∈ W 1,p
0 (�).

We know that ϕ̂λ ∈ C1(W 1,p
0 (�)) (see Papageorgiou-Smyrlis [14], Proposition 3).

From Corollary 1 and (10) we see that

ϕ̂λ(·) is coercive.

Also, using the Sobolev embedding theorem, we see that

ϕ̂λ(·) is sequentially weakly lower semicontinuous.

So, by the Weierstrass-Tonelli theorem, we can find u0 ∈ W 1,p
0 (�) such that

ϕ̂λ(u0) = inf
{

ϕ̂λ(u) : u ∈ W 1,p
0 (�)

}

,

⇒ 〈ϕ̂′
λ(u0), h〉 = 0 for all h ∈ W 1,p

0 (�),

⇒ 〈V (u0), h〉 =
∫

�

γ̂λ(z, u0)hdz for all h ∈ W 1,p
0 (�). (11)

In (11) first we choose h = (u0 − uϑ0)
+ ∈ W 1,p

0 (�). Then

〈V (u0), (u0 − uϑ0)
+〉

=
∫

�

[λβ(z)u−η
ϑ0

+ f (z, uϑ0)](u0 − uϑ0)
+dz

≤ 〈V (uϑ0), (u0 − uϑ0)
+〉 (see (8)),

⇒ u0 ≤ uϑ0 (see Proposition 1).

Next in (11) we use the test function h = (uλ − u0)+ ∈ W 1,p
0 (�). Then

〈V (u0), (uλ − u0)
+〉

=
∫

�

[λβ(z)u−η
λ + f (z, uλ)](uλ − u0)

+dz (see (10))
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Nonlinear singular problems with an indefinite perturbation 127

≥ 〈V (uλ), (uλ − u0)
+〉 (see (5)),

⇒ uλ ≤ u0 (see Proposition 1).

So, we have proved that
u0 ∈ [uλ, uϑ0 ]. (12)

From (12), (10) and (11), we infer that u0 is a positive solution of problem (Pλ).
Moreover, from Theorem B1 of Giacomoni-Schindler-Takač [3], we have that

u0 ∈ [uλ, uϑ0 ] ∩ C+.

Let ρ = ‖uϑ0‖∞ and let ξ̂ρ > 0 be as postulated by hypothesis H2 (iv). Then

− div a(∇u0) − λβ(z)u−η
0 + ξ̂ρu

p−1
0

= f (z, u0) + ξ̂ρu
p−1
0

≤ f (z, uϑ0) + ξ̂ρu
p−1
ϑ0

(see (12) and hypothesis H2 (iv))

≤ −div a(∇uϑ0) − λβ(z)u−η
ϑ0

+ ξ̂ρu
p−1
ϑ0

(see (8))

⇒ u0(z) < uϑ0(z) for all z ∈ �

(see hypothesis H2 (iv) and [12], Proposition 6). (13)

Also we have

− div a(∇uλ) − λβ(z)u−η
λ + ξ̂ρu

p−1
λ

≤ f (z, uλ) + ξ̂ρu
p−1
λ (see (5))

≤ f (z, u0) + ξ̂ρu
p−1
0 (see (12) and hypothesis H2 (iv))

= −div a(∇u0) − λβ(z)u−η
0 + ξ̂ρu

p−1
0 in �. (14)

Note that

− div a(∇uλ) − λβ(z)u−η
λ + ξ̂ρu

p−1
λ

= λβ(z) − λβ(z)u−η
λ + ξ̂ρu

p−1
λ

= λβ(z)

(

1 − 1

uη
λ

)

+ ξ̂ρu
p−1
λ .

From Proposition 2 we know that uλ → 0 in C1
0(�). Since

λβ(z)

(

1 − 1

uη
λ

)

≤ λβ(z)

(

1 − 1

‖uλ‖η∞

)

,
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we see that we can find λ∗
3 ∈ (0, λ∗

2] such that

λβ(z)

(

1 − 1

uη
λ

)

+ ξ̂ρu
p−1
λ < 0 ≤ f (z, u0) + ξ̂ρu

p−1
0

for a.a. z ∈ �, all λ ∈ (0, λ∗
3]. Therefore from (14) and Proposition 2.3 of

Papageorgiou-Winkert [17], we have

u0 − uλ ∈ intC+. (15)

From (13) and (15) we conclude that for λ ∈ (0, λ∗
3] we have

u0 ∈ intC1
0 (�)[uλ, uϑ0 ].

��
Let γλ(z, x) be the Carathéodory function defined by

γλ(z, x) =
{

λβ(z)uλ(z)
−η + f (z, uλ(z)) if x ≤ uλ(z),

λβ(z)x−η + f (z, x) if uλ(z) < x .
(16)

We set �λ(z, x) = ∫ x
0 γλ(z, s)ds and consider the C1-functional ϕλ : W 1,p

0 (�) →
R defined by

ϕλ(u) =
∫

�

G(∇u)dz −
∫

�

�λ(z, u)dz for all u ∈ W 1,p
0 (�).

From (10) and (16) we see that

ϕλ

∣
∣
∣[uλ,uϑ0 ] = ϕ̂λ

∣
∣
∣[uλ,uϑ0 ]. (17)

In the next proposition, the “C-condition” refers to the Cerami condition. We men-
tion that a similar result can be found in [12] (see the proof of Proposition 18).However,
there the assumptions are different. The proof in [12] uses a quasimonotonicity con-
dition on

eλ(z, x) = λ

(

1 − p

1 − η

)

x1−η + f (z, x)x − pF(z, x)

(see hypothesis H( f ) (i i i)). Here instead we use hypothesis H2 (i i i) which does not
involve the singular term.

We point out that Proposition 4 will be used to apply the Mountain pass Theorem,
while Proposition 5 that follows is need in order to guarantee that the mountain pass
critical point is a solution of (Pλ).

Proposition 4 If hypotheses H0, H1, H2 hold and λ ∈ (0, λ∗
2] is small, then the func-

tional ϕλ(·) satisfies the C-condition.
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Proof Let {un}n∈N ⊆ W 1,p
0 (�) be a sequence such that

|ϕλ(un)| ≤ c8 for some c8 > 0, all n ∈ N, (18)

(1 + ‖un‖)ϕ′
λ(un) → 0 in W−1,p′

(�) as n → ∞. (19)

From (19) we have

∣
∣
∣〈V (un), h〉 −

∫

�

γλ(z, un)hdz
∣
∣
∣ ≤ εn‖h‖

1 + ‖un‖
for all h ∈ W 1,p

0 (�), with εn → 0+.

(20)

In (20) first we choose h = −u−
n ∈ W 1,p

0 (�). Then

c0
p − 1

‖∇u−
n ‖p

p ≤
∫

�

f (z, uλ)(−u−
n )dz

≤ c9‖u−
n ‖ for some c9 > 0, all n ∈ N,

⇒ {u−
n }n∈N ⊆ W 1,p

0 (�) is bounded. (21)

From (18) and (21) we have

∫

�

pG(∇u+
n )dz −

∫

�

p�λ(z, u
+
n )dz ≤ c10

for some c10 > 0, all n ∈ N (see hypothesis H2 (i)).
(22)

In (20), we use the test function h = u+
n ∈ W 1,p

0 (�). Then

−
∫

�

(a(∇u+
n ),∇u+

n )RN dz +
∫

�

γλ(z, u
+
n )u+

n dz ≤ c11‖u+
n ‖τ

for some c11 > 0, all n ∈ N.

(23)

We add (22) and (23) and obtain

∫

�

[

pG(∇u+
n ) − (a(∇u+

n ),∇u+
n )RN

]

dz +
∫

�

[

γλ(z, u
+
n )u+

n − p�λ(z, u
+
n )

]

dz

≤ c12(1 + ‖u+
n ‖τ ) for some c12 > 0, all n ∈ N,

⇒
∫

�

[

γλ(z, u
+
n )u+

n − p�λ(z, u
+
n )

]

dz ≤ c12(1 + ‖u+
n ‖τ ) for all n ∈ N,

(see hypothesis H1 (iv))

⇒
∫

�

[

f (z, u+
n )u+

n − pF(z, u+
n )

]

dz ≤ λη

1 − η

∫

�

(u+
n )1−ηdz + c12(1 + ‖u+

n ‖τ )

≤ c13(1 + ‖u+
n ‖τ ) for some c13 > 0, all n ∈ N. (24)
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Here we have used (16) and Theorem 13.17, p. 196, of Hewitt-Stromberg [6].
Hypotheses H2 (i), (i i i) imply that

β̂0x
τ − c14 ≤ f (z, x)x − pF(z, x)

for a.a. z ∈ �, all x ≥ 0, some β̂0 ∈ (0, β0), c14 > 0.
(25)

Using (25) in (24), we obtain

‖u+
n ‖τ

τ ≤ c15(1 + ‖u+
n ‖τ ) for some c15 > 0, all n ∈ N,

⇒ {u+
n }n∈N ⊆ Lτ (�) is bounded (recall τ > 1). (26)

From hypothesis H2 (i i i) we see that we can assume that

τ < r < p∗.

Let t ∈ (0, 1) be such that
1

r
= 1 − t

τ
+ t

p∗ . (27)

From the interpolation inequality (see Hu-Papageorgiou [7], p. 82), we have

‖u+
n ‖r ≤ ‖u+

n ‖1−t
τ ‖u+

n ‖tp∗

⇒ ‖u+
n ‖rr ≤ c16‖u+

n ‖tr for some c16 > 0, all n ∈ N

(use (26) and the Sobolev embedding theorem). (28)

From (20) with h = u+
n ∈ W 1,p

0 (�), we have

∫

�

(a(∇u+
n ),∇u+

n )RN dz ≤ c17‖u+
n ‖ +

∫

�

f (z, u+
n )u+

n dz

for some c17 > 0, all n ∈ N (see (16)),

⇒ c0
p − 1

‖u+
n ‖p ≤ c18(‖u+

n ‖ + ‖u+
n ‖tr + 1)

for some c18 > 0, all n ∈ N (see (28) and H2 (i)). (29)

From (27), we have

tr = p∗(r − τ)

p∗ − τ
,

⇒ tr < p (see hypothesis H2 (i i i)).

Therefore from (29), we infer that

{u+
n }n∈N ⊆ W 1,p

0 (�) is bounded. (30)
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From (21) and (30) it follows that

{un}n∈N ⊆ W 1,p
0 (�) is bounded.

So, we may assume that

un
w−→ u in W 1,p

0 (�), un → u in Lr (�). (31)

In (20) we choose h = (un − u) ∈ W 1,p
0 (�), pass to the limit as n → ∞ and use

(31). Then

lim
n→∞〈V (un), un − u〉 = 0,

⇒ un → u in W 1,p
0 (�) (see Proposition 1).

Therefore ϕλ(·) satisfies the C-condition. ��
In what follows by Kϕλ we denote the critical set of ϕλ(·), that is,

Kϕλ =
{

u ∈ W 1,p
0 (�) : ϕ′

λ(u) = 0
}

.

The next proposition localizes Kϕλ .

Proposition 5 If hypotheses H0, H1, H2 hold and λ ∈ (0, λ∗
2] is small, then Kϕλ ⊆

[uλ) ∩ intC+.

Proof Let u ∈ Kϕλ . Then

〈V (u), h〉 =
∫

�

γλ(z, u)hdz for all h ∈ W 1,p
0 (�).

We choose h = (uλ − u)+ ∈ W 1,p
0 (�). Then

〈V (u), (uλ − u)+〉 =
∫

�

[λβ(z)u−η
λ + f (z, uλ)](uλ − u)+dz (see (16))

≥ 〈V (uλ), (uλ − u)+〉 (see (5)),

⇒ uλ ≤ u.

As before from the regularity theory of Giacomoni-Schindler-Takač [3], we have

Kϕλ ⊆ [uλ) ∩ intC+.

��
Now we are ready to produce a second positive solution for problem (Pλ) with

λ ∈ (0, λ∗
2] small.
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Proposition 6 If hypotheses H0, H1, H2 hold and λ ∈ (0, λ∗
2] is small, then problem

(Pλ) has a second positive solution û ∈ intC+.
Proof From Proposition 3 and its proof, we know that we already have a positive
solution

u0 ∈ intC1
0 (�)[uλ, uϑ0 ], (32)

which is a global minimizer of ϕ̂λ(·). From (17) and (32) it follows that

u0 is a local C
1
0(�)-minimizer of ϕλ(·),

⇒ u0 is a local W
1,p
0 (�)-minimizer of ϕλ(·) (see [13]). (33)

We assume that Kϕλ is finite or otherwise on account of Proposition 5, we already
have an infinity of positive smooth solutions for (Pλ) and so we are done. Then from
(33) and Theorem 5.7.6, p. 449, of [11], we can find ρ ∈ (0, 1) small such that

ϕλ(u0) < inf{ϕλ(u) : ‖u − u0‖ = ρ} = mλ (see (36)). (34)

If u ∈ intC+, then by hypothesis H2 (i i), we have

ϕλ(tu) → −∞ as t → ∞. (35)

From Proposition 4, we know that

ϕλ(·) satisfies the C-condition. (36)

Then (34), (35) and (36) permit the use of the mountain pass theorem. So, we can
find û ∈ W 1,p

0 (�) such that

û ∈ Kϕλ ⊆ [uλ) ∩ intC+, mλ ≤ ϕλ(̂u),

⇒ û �= u0 and û is a second positive solution of (Pλ).

��
Combining Proposition 3 and Proposition 6, we get the existence of two positive

solutions for problem (Pλ), as stated in Theorem 1.
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2. Gasiński, L., Papageorgiou, N.S.: Exercises in Analysis. Part 2. Nonlinear Analysis, Problem Books
in Mathematics, Springer International Publishing, Switzerland (2016)
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19. Roubíček, T.: Nonlinear Partial Differential Equations with Applications, 2nd edn. Springer Science

& Business Media, Birkhäuser Verlag, Basel (2013)
20. Sun, Y., Wu, S., Long, Y.: Combined effects of singular and superlinear nonlinearities in some singular

boundary value problems. J. Differential Equations 176, 511–531 (2001)
21. Willem, M.: Minimax Theorems. Birkhäuser, Boston (1996)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

http://creativecommons.org/licenses/by/4.0/

	Nonlinear singular problems with an indefinite perturbation
	Abstract
	1 Introduction
	2 Mathematical background - hypotheses
	3 An auxiliary problem
	4 Positive solutions
	Acknowledgements
	References




