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ABSTRACT. Let K be a field and let J, ; be the Jordan algebra of a degenerate symmetric bilinear form b
of rank n — k over K. Then one can consider the decomposition J,, = By,_i ® Dy, where B,,_ represents
the corresponding Jordan algebra, denoted as B,,_ = K @& V. In this algebra, the restriction of b on the
(n — k)-dimensional subspace V is non-degenerate, while Dj, accounts for the degenerate part of J,, ;. This
paper aims to provide necessary and sufficient conditions to check if a given multilinear polynomial is an
identity for J,, ;. As a consequence of this result and under certain hypothesis on the base field, we exhibit
a finite basis for the T-ideal of polynomial identities of .J,, . Over a field of characteristic zero, we also
prove that the ideal of identities of J,, ;, satisfies the Specht property. Moreover, similar results are obtained
for weak identities, trace identities and graded identities with a suitable Zs-grading as well. In all of these
cases, we employ methods and results from Invariant Theory. Finally, as a consequence from the trace case,
we provide a counterexample to the embedding problem given in [8] in case of infinite dimensional Jordan
algebras with trace.
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1. INTRODUCTION

Let A be an algebra over a field K, then A is said to be an algebra with polynomial identities (or simply
Pl-algebra) if it satisfies a non-trivial polynomial identity. The development of the theory of Pl-algebras
started in 1950 with [2], a celebrated paper by Amitsur and Levitzki about standard polynomials on matrix
algebras, that posed the following crucial question: given any Pl-algebra A, are we able to describe the
polynomial identities satisfied by A? In other terms, if T'(A) is the T-ideal of identities of A, how to compute
a basis for T(A)?

Around the 80’s, Kemer developed a sophisticated theory which gave a complete description of the ver-
bally prime (also called T-prime) algebras in terms of their T-ideals (that is the ideals of their polynomial
identities). He showed that the structure of the T-ideals in the free associative algebra resembles in many as-
pects that of the ideals in the usual polynomial algebra in several variables. Kemer’s work is of fundamental
importance in the theory of Pl-algebras, see for more details [18], and the monograph [19].

In spite of the extensive research in this area, little is known about the concrete form of the identities
satisfied by such algebras. In the setting of associative algebras, we can cite the monograph [9] and its
references for an exhaustive discussion about algebras with polynomial identities. Kemer’s results led to
the solution of the long-standing Specht problem. It asks whether there exists a finite basis for the ideal of
identities of an algebra in a given variety (associative, Lie, Jordan, etc.) Equivalently, the Specht problem
asks whether the ideal T'(A) of identities of an algebra A and all T-ideals containing T'(A) are finitely
generated as T-ideals. Kemer proved that the variety of the associative algebras, over a field of characteristic
0, satisfies the Specht property (see [19]). Later on Iltyakov [14] transferred Kemer’s theorem to large classes
of Lie algebras which include the finite dimensional ones, and Vajs and Zelmanov [35] obtained an analogous
theorem for finitely generated Jordan algebras (under an additional restriction). Iltyakov [13] obtained the
Specht property for finitely generated alternative algebras. Finally in [12], Iltyakov showed that the variety
of unitary algebras generated by B,, satisfies the Specht property. We recall that the Specht property does
not hold in general. The counterexamples in the case of associative algebras turned out to be much more
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intricate; such counterexamples were provided simultaneously and independently by Grishin, Belov and
Shchigolev [11, 17, 31].

Now identities for Jordan algebras even less is known. For instance, Isaev in [15] obtained a basis for the
T-ideal of identities of the Jordan algebra of a non-degenerate symmetric bilinear form, denoted by B,,, where
n=2,3,...,00, over a finite field. Vasilovsky [36] obtained an analogous result in case of an infinite field of
characteristic different from 2, 3, 5 and 7. There is an intrinsic fact related to Bs,. According to a theorem
of Sverchkov [33], over a field of characteristic 0, the variety generated by B, is special, meaning that each
algebra in it is special. There are not many examples with this property, thus such algebra plays a major role
in the variety of Special Jordan algebras. In addition to these, we also mention that in [24] the second author
of this paper exhibited a basis for the T-ideal of identities of the Jordan algebra of a degenerate symmetric
bilinear form of rank n — 1 when the base field has characteristic zero. Furthermore, in [23], together with
Koshlukov, a basis for the T-ideal of identities for the Jordan algebra of upper triangular matrices of order
2 was described. This last result was obtained when the field is infinite and of characteristic different from 2
and 3. Recently, Gongalves and Salomao in [10] obtained an analogous result over a finite field. Until now,
these are the only Jordan algebras in which a basis of their T-ideals of identities is known.

In the light of the above discussion, an interesting problem is to investigate other types of polynomial
identities such as weak, trace, and graded ones. The trace identities for M, (K), with charK = 0, were
independently described by Procesi in [26] and by Razmyslov in [29]. More precisely, the authors proved
that all trace identities of M, (K) follow from the Cayley-Hamilton polynomial of degree n. It is important to
mention that both works have great importance also for ring theory. In [37] Vasilovsky exhibited a finite basis
for the polynomial identities with trace of B, when n > 2 and the field is infinite of characteristic # 2. On
the other hand, also graded polynomial identities play an important role in the study of PI-algebras, in fact
such identities are easier to describe in many important cases and they are related to the ordinary ones. For
instance, two algebras having the same graded identities also have the same ordinary identities. For Jordan
algebras, very little is as yet known about the concrete descriptions, here we can mention [10, 22, 23, 38|.

Another interesting matter is the so-called embedding problem. More precisely, how to answer the ques-
tion: given a ring (or an algebra) that satisfies polynomial identity, what can one say about the structure of
its subrings (subalgebras)?

The matrix rings are “good” ones: they are quite well understood and their importance in Ring theory
is enormous without any doubt, thus describing conditions for embedding a ring into the n x n matrices
is a matter of great importance. Of course, an immediate necessary condition for embedding a ring S into
the n x n matrices is that S must satisfy all polynomial identities of the n x n matrices. This condition
turned out not sufficient, in fact in the 70’s, Amitsur [3] and Small [32] gave independently examples of rings
satisfying all the identities of n x n matrices over a field but not embeddable into matrices of order n over
any commutative domain.

An exhaustive answer to the embedding problem in general is not known yet. For instance, Procesi
in [28] and Berele in [4] studied such a problem in the setting of associative matrix algebras with trace
and associative matrix algebras with involution-trace, respectively. Moreover, in [8] the authors extend the
previous results, studying the embedding problem for the Jordan algebra B, with trace.

This paper deals with the Jordan algebra .J,, ;, which arises from a degenerate symmetric bilinear form b
with rank n — k over a field K, where n and k are positive integers such that n > k. If we denote by V,
an n-dimensional vector space equipped with a symmetric bilinear form b, then it is well known that we can
choose a canonical basis for V such that V,, = V,,_; @ Dy, where the restriction of b on the (n—k)-dimensional
subspace V,,_ is non-degenerate and Dy, is its degenerate part of dimension k. Under this notation, it is easy
to verify that J, , = K & V,, with the multiplication (o + u)(8+v) = (af + b(u,v)) + (aw + fu) is a Jordan
algebra. This algebra is called the Jordan algebra of the bilinear form b. It can be interesting to consider
the decomposition Jy, = By _x ® Dy, where B,,_y, is the corresponding Jordan algebra B,,_; = K & V,,_j/.
Notice that one should formally write J, 5 (b) for J,  since this algebra obviously depends on the form b.
In fact if b and b’ are two symmetric bilinear forms on V,,, the algebras J,, 1 (b) and J, ,(b’) are isomorphic
if and only if the forms b and b’ have the same rank, in other words, they are equivalent. When the base
field K is algebraically closed, there exists, up to isomorphism, only one algebra J, j; that depends on its
rank k. However, over an arbitrary field, J, ; should interpreted as the class of Jordan algebras, which
are not necessarily isomorphic, having bilinear form of the same rank n — k. Moreover, it is clear that
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T(Jnk) C T(By—k), since B,,_j is a subalgebra of .J,, . Analogously, it turns out that, under some technical
conditions, B, is a graded and trace subalgebra of J,, j, therefore, it is possible and interesting to compute
a basis for the T-ideal of identities of such an algebra in each one of the aforementioned cases.

The paper is organized as follows. In Section 2, we provided a basis for the T-ideal of ordinary polynomial
identities of J,, j, assuming that a basis for the T-ideal of B,,_j, is known. Section 3 is devoted to the study
of the Zs-graded polynomial identities of .J,, , endowed with a suitable Zy-grading called the scalar grading.
In order to obtain the description of the identities of the latter case, we exhibit a basis for the T-ideal of the
weak identities for the pair (J, i, V,). Recall that V;, was defined in the previous paragraph. In Section 4,
a basis for the T-ideal of trace identities of J, ; will be computed. In particular, we prove that the algebra
Jn.x and B,_j are Pl-equivalent, as ordinary, trace and graded algebra when n is infinite, but the same
conclusion does not hold for n finite. Moreover, we provide a counterexample to the embedding problem
in the sense of [8, Theorem 4.7] in the case of infinite dimensional Jordan algebras with trace. Finally, in
Section 5 we list some conjectures that may lead to possible generalizations of the results presented here.

2. ORDINARY POLYNOMIAL IDENTITIES

From now on, unless specified otherwise, K will denote a field of characteristic different from two. All
algebras will be unitary and considered over K. Let A be an associative algebra, then one can always
construct a Jordan algebra considering A(H) as the vector space A equipped with the Jordan product aob =
(ab+ba)/2, for all @ and b in A. Conversely, given a Jordan algebra J, the existence of an associative algebra
A such that J € AM) is not guaranteed. Jordan algebras sharing this property are called special and the
associative algebra A is called associative envelope for J. Otherwise, they are called exceptional.

Unless otherwise stated, we shall assume that X is an infinite countable set, and we denote by K (X) the
free nonassociative algebra freely generated by X over K. The elements of K(X) are called polynomials
and a polynomial f is called polynomial identity for A (written as f = 0), if f(a1,...,a,,) = 0 for all a4,

..y am € A. Let S be a subset of K(X), the set of all algebras satisfying the polynomials in S is called
the variety generated by S and we denote it by V(S). We say that A € V(S5), if S is contained in the set
of all identities for A, denoted by T(A). Moreover, we say that a variety V is generated by the algebra A
if V is the variety generated by T'(A), and we denote V by V(A). We also denote by K(X) and J(X) the
free associative and Jordan algebra freely generated by X over K, respectively. Moreover, it is possible to
construct S.J(X), the free special Jordan algebra, as the subalgebra of K (X)(+) generated by the set X by
means of the definition of the Jordan product as previously stated.

Now, let J be a Jordan algebra, the set T(J) = {f € J(X) | f = 0} is an ideal of J(X) that is closed
under the endomorphisms of J(X); such ideals are called T-ideals. A set of identities {g1, go, ...} is a basis
of the T-ideal I if {g1, go, ...} generates I as a T-ideal and in this case we write I = (g1, go,...)7. It is well-
known (see for instance [9, Theorem 1.3.7]) that, in case of characteristic zero, every T-ideal is generated
by the multilinear polynomials it contains. Over an infinite field of positive characteristic, one has to take
into account the multihomogeneous polynomials instead of the multilinear ones. Recall that a multilinear
polynomial is a polynomial of the vector subspace

P, = spang{x,(1) - Tom) | 0 € Sn},

where S, is the symmetric group and x,(1) - ¥s(n) stands for a monomial with all possible brackets ar-
rangements. It turns out that if f € P,, then in order to establish whether f € T'(J), it suffices to evaluate
f on the elements of a basis of J.

A polynomial identity f is a consequence of the identity g (or follows from g) if f € (g)7. Similarly, we
say that f and g are equivalent if each one is a consequence of the other, i.e. (f)r = (g)r. More generally,
if A and B are two algebras we say that A and B are Pl-equivalent if T'(A) = T'(B).

An important role in the theory is played by the so-called Capelli-type polynomials defined as follows.

Definition 2.1. A polynomial f € J(X) is a polynomial of Capelli-type of order m if f is multilinear and
alternating in m variables. Moreover, we say that the algebra J satisfies the Capelli-type identities of order
m, and we write Cap,, =0, if J satisfies all polynomials of Capelli-type of order m.
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It is clear that if dimg J = k, then Cap; = 0 on J for all t > k+ 1. Furthermore, Capelli-type polynomials
represent an important tool in order to establish an equivalence among two T-ideals, as highlighted in the
following lemma that we will use very often.

Lemma 2.2 ([6], [12]). Let K be a field of characteristic zero. Moreover, let I and Q be T-ideals of J(X)
and let 1™ = TN J(x1,...,2m) and Q™ = QN J(xy1,...,xm), for allm > 1. Then I and Q are equal
modulo Capyr1 if and only if I®) = Q¥

In what follows we are interested in the polynomial identities of a special Jordan algebra called the Jordan
algebra of a symmetric bilinear form. Let V' be a vector space, dimg V = n > 2, equipped with a symmetric
bilinear form b and let A = K @ V. It is well known that A, with the multiplication (« + u) o (8 + v) =
(af + b(u,v)) + (av + pu), for all o, € K and for all v,u € V| is a Jordan algebra with respect to the
multiplication o. Thus, if b is non-degenerate, we denote it by B,, if dimg V = n and by By, if dimg V = oc.

Assuming that V' is an n-dimensional vector space, if b is degenerate with rank n — k, for some integer k
satisfying 0 < k& < n, then A, with respect to the multiplication o, will be denoted by J,, ;. Here n and k can
be infinite. We can also write J,, = Bp_ & Dy, where B,,_;, = K @ V', V' is the subspace of V' spanned
by the non-degenerate vectors with respect to b and Dy, is the degenerate part of V. Thus, it is clear that
B,,_ is a subalgebra of J,, j, for all £ > 0. It should be noted that both B,, and J, , are special algebras,
and their associative envelopes are the Clifford algebras. Additionally, B,, is simple whereas .J, ;, is not. It
is evident that these algebras depend on the form b.

A basis of T(B,,) and T'(Bw) were found in [36], where the following theorems were proved.

Theorem 2.3. [36, Theorem 0.2] The identities
1) ([z, 9], 2,1)
(2) Z (=) (zo1)s (To(2), T, To(3)), T)

o€Ss

0
0
form a basis for polynomial identities of the var(Bw) of Jordan algebras over an infinite field of characteristic

different from 2,3,5, 7.
Theorem 2.4. [36, Theorem 0.2] The identities (1), (2),

(3) Z (_1)U(xa(1)7y17m0(2)7'"7ym7xa'(m+1)) =0
0ESm41
(4) Z (—1)0(1‘0(1), Y1,L5(2)5 -+ 5 Ym—1; xa(m))(ymv Lo(m+1)s ym+1) =0 ,
oESm+1

form a basis for polynomial identities of the varB,,, m < oo, of Jordan algebras over an infinite field of
characteristic different from 2,3,5, 7.

Here and in what follows [x,y] = 2y — yx is the commutator among the variables z and y, and (z,y, z) =
(zy)z — x(yz) stands for the associator among the variables x, y and z. One can also define by induc-
tion the associator among more than three elements of the algebra by left-normalizing the brackets. Thus
(x1,22,23,24,25) = ((x1, T2, x3), T4, T5) and so on.

It is well known that SJ(X) = J(X) if and only if | X| < 2; see for example [16, p. 47] or [39, Theorem
3, p- 59]. Therefore we are identifying [z,y]? with the corresponding Jordan polynomial written by means
of the multiplication in the associative envelope of J(z,y) = SJ(x,y). The linearization and the translation
by using Jordan multiplication of [z, y]? were computed. In fact, if we set T'(x1, 7o, 23, 74) = (v122, T3, 74) —
x1(x2, T3, x4) — T2(T1,23,24) in J(X), then it is well know that

T(x1,x2,73,74) = 1([1‘1,333] o [xa,xo] + [x1, 4] 0 [3, 22]).

Moreover, if K is an infinite field of characteristic different from 2 and 3, then by [23, Section 4], the right-
hand side is readily seen to be, up to a scalar, the multilinearization of the polynomial [x,y]?, therefore we
can substitute the identity (1) by

(5) (T($1,$2,$3,$4),Z,t),
4



which is multilinear, see also [36].

In the next subsection, a basis of T'(Joo k) and T'(J, k), for all k& > 1, will be computed. To this end,
first remark that we may assume K algebraically closed eventually by considering K, the algebraic closure
of K, and observing that polynomials (1) — (4) have coefficients in K (see also [9, Section 1.4]). Therefore,
if J,r = K @V, then we can fix an orthonormal basis of V' with respect to the bilinear form b, namely
B =NUD where N = {ej, e, ...,e,_r} spans the non-degenerate subspace of V and D = {dy,ds,...,dx}
spans the degenerate part. Hence,

e;oej=20;4, droe =drod; =0,

forall 1 <4,5,l <n—Fkand for all 1 <r,¢t <k, where §;; is the Kronacker’s delta. The above notation
also implies that B,,_j is spanned by {1} UN and Dy, is spanned by D. Notice that the previous arguments
can also be easily generalized for the case Jo . In order to simplify the notation, in the Jordan product we
shall replace o with - or we shall omit it.

2.1. Computing the T-ideal of identities. In order to reach the goal, we first state the following propo-
sition that relates the multilinear identities of J,, ; to the ones of B, _j.

Proposition 2.5. Let J, = B,—r ® Dy, be the decomposition of J,, into the direct sum of the non-
degenerate part of the algebra plus the degenerate part where k > 1. A multilinear polynomial f € J(X) is a
polynomial identity of Jy i if and only if f € T(Bn—x) and

(6) fmi:f(nh'-~uni717mi7ni+l7"’>ndegf)207
forall1 <i<degf and for all n; € By_j, j #, m; € Dy.

Proof. If f € T(J, %) then f € T(B,,—) since B,,_j is a subalgebra of J, . Furthermore, condition (6)
trivially holds and we are done.

Conversely, let us suppose that f = f(z1,...,2,) € T(B,—) is a multilinear polynomial satisfying (6).
We claim that f € T'(J, k). Since f is multilinear, one can evaluate every variable x; on elements of the
basis B U {1}. If we substitute each variable with an element of N'U {1}, then f = 0, since f € T(Bp_k).
Thus we may evaluate at least one variable on D. Moreover, since Dy, is an ideal of J, ; and D,% =0, we
have that if we evaluate at least two distinct variables of f in D, then such evaluation is automatically zero.
Therefore, it suffices to consider only the evaluations in which exactly one variable x; is mapped into D, i.e.
z; —m e Dand z; — n; € NU{1} for all j # ¢ and for all 1 < i < deg f. Since condition (6) holds, also in
this case we get zero, hence f € T'(J, k) as claimed. O

We shall use the previous result in order to prove that polynomials (1), (2) and (4) are still identities of
JIn.k, for all k> 1. First, we need the following technical lemma.

Lemma 2.6. If aj,as,a3 € NU{1}, and d € D, then
(1) (a1,d,a2) =0;
(2) d- (al,ag,ag) = 0.

Proof. If a; = 1 for some 4, then the result is trivial, thus let us suppose that ai,as,a3 € N. Since da; = 0
for all 1 < i < 3, then (a1,d,a2) = (a1d)ag — a1(dag) = 0 and the first item is proved. Moreover, if
(a1,a2,a3) € spang{N} then also d - (a1,a2,a3) = 0. The latter claim shows the last item and we can
conclude the proof. O

Lemma 2.7. If K is an infinite field of characteristic different from 2 and 3, then the polynomial (1) is
still an identity of Jp k-

Proof. Since charK # 2 and 3, by the previous arguments, it suffices to prove that the polynomial (5) is an
identity of J,, . To this end, let

[ = (122,23, 24) — x1(22, 23, 24) — T2(T1, T3, 24), T5, T6).

Moreover, by Theorem 2.3 we have that f € T'(B,,—), thus in order to reach the goal we only need to check
condition (6) of Proposition 2.5.
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By Lemma 2.6, if either x3 or x5 takes value in Dy, then we get automatically zero, i.e. f3 = f5 = 0. Now
let d € Dy and a; € N, for all 1 <4 < 6. Let us analyse f,, :
facl = ((da27 as, 0,4) - d(CLQ, as, a4) - a2(d7 as, a4)7 as, CLG).
As da; = 0 for all a; € N, then each summand of the first element of this associator is equal to zero, i.e.,
fz, = 0. Since f is symmetric with respect to the variables z; and z2, we get also f,, = 0.
Let now substitute x4 by d. We get:
fI4 = ((a1a27 as, d) - al(a% as, d) - (12(0,1, as, d)» as, aﬁ)'
It can be easily noted that the first associator is equal to zero and (a,b,d) € span{d}, for all a, b € J, .
Hence f,, = 0. Finally,
fes = ((a1a2,a3,a4) —ai(az, a3, as) — az(a1, a3, a4), as, d)
= (((a1a2,a3,a4) — a1(az, a3, as4) — az(a1,as,as))as)d.
But (ajag,as,as) — ai(as,as,as) — az(a1,as,aqs) has degree 4 and all its variables evaluate in A; then its

evaluation is a scalar o € K. This implies that f,, = aasd = 0 and we are done. (Il

Lemma 2.8. If K is an infinite field of characteristic different from 2, then the polynomial (2) is still an
identity for Jy, k.

Proof. Since charK # 2, by multilinearizing (2), it is sufficient to deal with
9= (D) (@e(1) (To(2), 7 To@):¥) + > (1) (a1, (To(2), ¥s Ta(3), T)-
o€S3 o€S3

By Theorem 2.3, g € T(B,,—), thus it suffices to prove condition (6).
As in the previous lemma, we can consider only evaluations in N'UD. For all d € Dy, and for all a; € N,
by Lemma 2.6 we have that

gy = Z (_1)U(ao(1)v (a0(2)7 a, ao(.?)))v d) = Z (_1)0((]’0(1) (aa'(2)7 a, a0(3)))d'
0€S3 oc€S3
If one expand the associator, as it was done in [24, Lemma 4|, it turns out that g, = 0. Furthermore, the
polynomial g is symmetric with respect to the variables y and x thus g, = 0.

Moreover, since ¢ is symmetric with respect to the variables x1, 2 and z3, we shall compute f,, only.
To this end, let us consider the evaluation ¢ such that p(z1) = d € D, p(z;) = a;, p(z) = a and ¢(y) = b,
where a;,a,b € N, i = 1,2. By Lemma 2.6 and recalling that the equality (a,b,c) = —(c,b,a) hold in every
Jordan algebra, we have

9z, = (d7 (a27aaa3)ab) - (da (a37a7a2)7b)+ (dv (a27ba CL3)7G,) - (d7 (a3ab7a2>7a')
= 2[(d7 (a27aaa3)7b) + (du (0,2,[)7 0‘,3),0,)]
= —2d[(a2,a,a3)b+ (az,b,a3)d]
= —2d[(aza)(asb) — (aas)(azb) + (azb)(aza) — (azb)(aza)] = 0.

Hence Proposition 2.5 applies the polynomial (2) is an identity of Jy, k. (]
By putting together the previous lemmas, we easily obtain the following result.

Theorem 2.9. Let K be an infinite field of characteristic different from 2, 3, 5 and 7, the Jordan algebras
Jook and B are Pl-equivalent.

Let us now focus our attention on the case n finite.
Lemma 2.10. Ifn < oo then the polynomial (4), for m = n — k, is still an identity for J, k.

Proof. The proof follows immediately from the second equality of Proposition 2.6, since the product of two
associators where one of them is in Dy, is zero. O

Things seem to be different in the case of polynomial (3), in fact it can be proved that it is not a polynomial
identity for .J, ;. The following simple example shows a particular case in which one can find a non-zero
evaluation.
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Example 2.11. Let n =2 and k = 1. The polynomial (3) is equal to

h=2((x3,y1,21,Y2, T2) + (22, Y1, 3, Y2, 1) + (T1, Y1, T2, Y2, T3)).
We recall that the basis BU {1} of Ja1 is {1,e1,e2,d}. If we consider the evaluation p(x1) = ¢(y1) = e1,
o(x2) = o(y2) = ex and ¢(x3) = d we have
Sp(h) = 2((da €1, €1, €2, 62) + (ela €1, €2, €2, d)) =4d 7& 0.

This implies that h does not lie in T(J2,1).

In order to provide a basis of T'(J, «), as a T-ideal, we shall define a linear operator firstly introduced by
Iltyakov in [12], that later on Vasilovsky used as a means to compute the T-ideal of identities of B, (see
[36, Section 1]). To this end, let Vy be the minimal subset of K(X) such that (a,b,c) € Vy, for arbitrary a,

b, ce Vi =VoUX. Set V; = {uv | u,v € Vy}. It is well known that V = Vy UV is a linearly independent
set of K(X), see [12, Propostion 1].

Definition 2.12. Let KV = span{V}. For all a, b € V|, we define the linear operator L(a,b) on KV as
follows:

(a) if u = (u1,u2,u3) € Vo, then
uL(a,b) = (1/2){(us,a,u1,b,us) + (us,b, u1,a,us) + (uz,a,b,us,uy)
+ (UQ’ ba a,us, Ul) - (u27 a, ba Uy, U3) - (u25 b7 a,uy, U’3)}a
(b) (uv)L(a,b) = (uL(a,b)) = (uL(a,b))v, where u,v € Vy;
(¢c) the operator L(a,b) is extended to KV by linearity.
Notice that the operator L(a,b) is symmetric with respect to a and b.
For all f € K(X), we set f* as the image of the polynomial f under the natural homomorphism of K (X)

onto SJ(X), i.e. fT is the associative polynomial which is obtained from f by means of substituting the
Jordan product x o y. According to the above notation, it is easy to check that the equality

(7) {(x’yaz>L(avb)}+ = (x’y,z)Jro(aob)
holds in SJ(X).

In [36], there are a lot of interesting tools and informations about such operator. Among all, Vasilovsky
proved that one can reduce the study of identities of the algebra B,, to that of the identities lying in a
suitable quotient space. More precisely, the author exhibited such a space in the next lemma.

Lemma 2.13. [36, Lemma 1.6.] The T-ideal of identities of By, is generated by the identities lying in
KV = span{ (z,y,2)L(ao,bo)L(a1,b1) - L(ax, by); (x1,y1,21)(22, Y2, 22) L(ag, bo) L(a1, 1) - --
"'L(akabk}) | mvyazami,yiazhaiabi € X7 1 Z 1ak 2 O}
The following identities are satisfied in the Jordan algebra B., (see [36, p. 148-149)]):
(8) (z,y,2)L(a,b)L(c,d) = (z,y,2)L(c,d)L(a,b);
(9) (‘T, Y, %, 8, t) = (27 S, t)L(gja y) - (’JJ, S5, t)L(ya Z)
It is clear that these identities hold also on J, j, since T(Bs) C T'(Jn k)-
In [36] the author characterizes the polynomial identities, modulo T'(Bs), using the invariants of the
orthogonal group as described by De Concini and Procesi in [27]. Such a characterization was given in terms

of double tableaux. In what follows, we shall introduce such a description for convenience of the reader.
A double tableau is an array

pPir P12 - Pimg | Q11 12 - Gimg

P21 P22 - Pomy | 421 G22  ccc G2ms
(10) T=| . .

Pr1 DPr2 e Prm,. dr1  4r2 T drm,

where m; > my > ... > my, and the p;; and g;; are positive integers. Moreover, T is called a double standard
tableau if p;1 < pi2 < ... < Pimys i1 < Giz < oo < Qim,, Pij < ¢ij and g;; < pi+1,;. Hence, a double tableau
7



is standard, if we get an ordinary standard tableau (in the sense of [9, Definition 2.2.5]) by inserting each
row of ¢;; just below its counterpart p;;.
Set u[T] = (my,ma,...,m,) and h[T] = r. We denote by T the i-th row of the tableau T

T = (pi1 - .- pim, | @1 - - - Qim,)-
We shall call the double tableaux of the type (10) a O-tableaux if p;; = 0 and all remaining entries of T

are positive integers. For all » > 0, we shall associate to each double tableau-row T'= (p1 ...pr | q1...¢r) &
linear operator on KV given by

Z[T] = Z (_1)0L(xp1 ’ xq':(l)) e L(xprv xqa(r))'
oES,
Notice that L(zp, zq) =1U(p|q). HTy =(0p2...pr | qi...¢) is a double O-tableau, then we set

1 g
(11) F[TO] = 5 Z (_1) (xQG'(l)7xp17$qo(2))L(xp37xQU(3)) e L(ijT’mQG(T))'
og€S,

If T is an arbitrary double 0-tableau with u[T(M)] > 2, then
F[T) = FITOUT®)] .. "D,
Finally, for » > 3 we set
(12) F[(pl <o Dr ‘ qi ... Qr)] = Z Z (_1)0(1:;01 ’ JC(Icr(1) ’ xpz)(qu(3) ’ xp3,qu(2))L(zp47 :C(Io(4)) e L(xpr’ xqa(,,.))-
g€S,
and if u[T™M] > 3 we define F[T] as before. For T with u[T)] = 2 and h[T] < 2 we put

A ®) (h(T))
FIT] = F | J [UT®] - r*T)

In [36, p. 163] it is proved that the polynomial (3) is equal to

(13) 2771 > (1) (1) Y1s Ta(2) L(Eo@), Y2) - LTa(mi1), Ym) = 27 F[(01...m [ 12...m + 1),
0ESm41

and (4) is

(14) 2m? Z (=17 (To1), Y1, To(2)) (Y2, To(3), Y3) L(To(a), Y4) - - L(To(m1)s Ym+1)

0ESm41

2TF[(12...m+1[12...m+1)].

Moreover, the following proposition holds.

Proposition 2.14. [36, Proposition 2.3] Every polynomial in KV can be represented as a linear combination
of polynomials {F|T)}, where the T'’s are double standard 0-tableauz.

Since the previous arguments hold modulo T'(B,), they are also valid modulo T'(Jy, ). We are now in a
position to prove that the polynomial (3) does not belong to T'(J, k).

Lemma 2.15. The polynomial in (3), for m = n —k, is not an identity for Jy, j.

Proof. Write the polynomial (3) as
f=2nrt Z (1) (To(tn—r)s Yn—k> To(n—k+1)) Lo (n—k—1), Yn—k—1) - - - L(Zo(1), Y1)
0ESn ki1

By Proposition 2.5, it is enough to prove that f,, is non-zero for some .
First remark that if a = d € D (as well as b = d) then, by definition of L, we have

(Z1,71,T2)L(d,b) = (1/2){(Z2,d,%1,b, 1) + (T2, b,Z1,d, §1) + (41, d, b, T2, 1)
+ (71,b,d, %o, %1) — (41,d,b,Z1,%2) — (G1,b,d, T1,72)}
(1/2){(41,b,d, T2, 1) — (41, b, d, T1, T2)}
(15) = 0.



Here we denote by z; the evaluation of the variable x; in an element of the algebra. The latter one plus
identity (8) and the first equality of Lemma 2.6, imply that f,, = 0, for all i. Now, since f is symmetric
with respect to the variables z;’s, we compute f,, only, i.e., Z; = d. By the identity (9) we have

(z1,%1,22)L(a,b) = (a,b,z1,y1,x2) + (a, y1,z2)L(b, 1) (mod T(Jpnx))
and so
(d7 gly 52)L(av B) = (&7 67 d7 :’jla -i‘2)'
Remark that if g, # T2 then (d,91,Z2) = 0, and consequently (d, 1, Z2)L(a, b) = 0. Moreover, if @ # b then
(d,71,Z2)L(a,b) = 0. Hence, we may assume T; = d, J; = T2, and for each pair (a,b) inside of the operator
L,a=0. Here @ and T, are elements in N.

By taking into account (8) and (15), we have that the only non-zero monomials in f;, with the evaluation
Ty =dand T;41 =7Y; =e;, forall 1 <i <n —k, are

(d,en—k,en—)L(€n—k—1,€n—k—1)---L(e1,€1)

and
(en—tsen—k,d)L(€n_p—1,€n—k—1) - L(e1,e1).
Thus
for =27 H(d en—y €n—i) Ll€n—k—1,€n—k—1) - L(e1, 1) = (en—t, en—t, d) L(€n—t—1,en—k—1) - - Ler, e1)}
and we are done. O

The connection between polynomial identities of B, and double standard tableaux is based on [27, Section
5] as follows. Let V be the “generic” vector space with a basis consisting of the vectors x; = (z;1, Ti2, - - ., Tin)-
Define an inner product by z;0x; = Zk ;1241 In [27], Procesi and De Concini associate the double tableau
(10) to the polynomial fr given by

fr=f(T) = frafre - fro
where

(16) fT(i) = Z (_1)U($I)i1 0 'rQia'(l)) e ('rp'im,; 0 xqio‘(mi))

0ESm,;

for T = (pi1 -+ -Dim; | @i1 - - - Gim, ). Moreover, the authors proved that the K-algebra A of invariants of the
orthogonal group is generated by the products z; o z;, i.e., A = K|x; o z;]. More precisely, the following
theorem holds.

Theorem 2.16. [27, Theorem 5.1] The polynomials {fr}, where T runs over all double standard tableaux
of positive integers such that my < m, form a basis of A over K.

In order to simplify the exposition, we now give the definition of weak identity of B,,. Recall that we shall
extensively study such kind of identities in the next section.

Definition 2.17. An associative polynomial f = f(x1,...,2,) will be called a weak identity if, for all
V1, Un € Vi, in an associative envelope algebra of B, = K ®V,,, one has f(v1,...,v,) =0.

Remark 2.18. According to Theorem 2.16, if Y . o;fr,, where {T;}’s are double standard tableauz with

[L[T’i(l)] <, is a weak identity of the algebra B,,, with m < oo, then «; = 0, for all i.

Lemma 2.19. [36, Lemma 1.10] For all r satisfying 1 < r < m, the following weak identity holds:
{(,’E,y72)l[p1 - Pk | q1 - 'qr]}+ = (l’,y7Z)+ © f(Lpl - Pr ‘ q1 - q'r’])

From now until the end of the section, let char K = 0 and let I be the T-ideal generated by the polynomials
(1), (2) and (4). By Lemmas 2.7, 2.8 and 2.10, we have I C T'(J,, ). Furthermore, it is clear that the identity
(3) is Capelli-type of order n — k 4+ 1. Thus, we have
(17) I=T(B,_),

modulo the T-ideal generated by Cap,—x+1. Then from Lemma 2.2 it follows that 1=k = T(Bn_k)("_k).
9
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Proposition 2.20. Let K be a field of characteristic zero, we then have
T(Jn )" = T(B,) "
Proof. As B,,_, is a subalgebra of J,, , we have that T'(J,, ;) C T(B,—k). Moreover, from (17) we have
T(Bp—x) =1CT(Jpk) CT(Bps),

modulo the T-ideal generated by Capy—_k+1. Hence, T(By_x) = T(Jy k), modulo the T-ideal generated by
Capy—k+1. From Lemma 2.2, one gets T(Jmk)(”*k) = T(Bn_k)(”*k) and we are done. O

The previous proposition implies that in order to determine T'(.J,, x), it is enough to verify which Capelli-
type polynomial of order n — k + 1 which is an identity of B,,_j lies also in T'(J, ).

Lemma 2.21. Let f be a Capelli-type polynomial of order n —k+1 such that f € T(Bp—x). Then f modulo
I is a linear combination of polynomials of the type F[T], where T runs over the set of 0-tableaux containing
the integers 1,2,...,n —k + 1 in the first row.

Proof. Since f is an identity of B,,_j, by Lemma 2.13 we can suppose that modulo I, f is a consequence of
polynomial in (3) and so it can be written as a linear combination of polynomials of the form

(18) (.’lﬁ,y,Z)L(ao,bo)L(al,bl)L(ag,bg) s

Suppose that f is alternating in x1, x2,..., Tn—kt1. Since the operator L(a,b) is symmetric with respect
to a and b, by taking into account the identities (8)-(9) and passing from Jordan algebras to Lie triple
systems, we have that each polynomial in (18) can be written as

(19) (z1,y,x2)L(ws, y3) L(za,ya) - - - L(Xn—p+1, Yn—+1)L(a1,b1) - - - L(az, by) or
(20) (1,9, 2)L(x2, y2) L(z3,y3) - - - L(@n—k+1, Yn—k+1)L(a1,b1) - - - L(as, by) or
(21) (377 Y, Z)L(ﬂﬁh yl)L(l“% yQ)L(x?n y3) T L(xn—k-i-la yn—k-i-l)L(a'h bl) s L(az, bz)-

First we consider any non-zero polynomial of f of the type (19) with non-zero coefficient 5, € K. Since
every permutation can be written as a product of transpositions, an easy induction argument shows that for
any permutation o € S,

(To(1)s Ys To(2)) LT o(3), Y3) L(To (2), Ya) -+ L(To(n—1)s Yn—kt1)L(a1, b1) -+ - L(ar, br)

appears in f with coefficient (—1)?5;. It follows that there exists a double standard tableau T having
{1,2,...,n — k + 1} on its first row, such that F[T] appears in the linear combination of f.

We consider now a non-zero polynomial of f of the form in (20) with non-zero coefficient 32 € K. As
before, we have that for all o € S,,,,

(To(1), Y5 2) LT 2y, Y2) L(To(3), Y3) - L(To(n—ks1)s Yn—kt1)L(ar, b1) - - - Lag, by)
appears in f with coefficient (—1)?85. Thus there exists a double standard 0-tableau T' that corresponds to

(1’0(1)7 Y, Z)L(xa(2)7 yQ)L(xU(E})a y3) T L(xa(n—k-‘rl); yn—k+1)-

In this case as well, we have successfully established that {1,2,...,n + 1} lies in the first row of a double
standard tableau 7" and we are done.

Finally, we consider in f a non-zero polynomial of the form (21) with non-zero coefficient 83 € K. This
implies that for all o € S,,,

(#,9, 2) L(To 1), Y1) L(To(2), Y2) L(To(3), Y3) - L(To(n—kt1)s Yn—k+1) (a1, b1) -~ - Laz, by)

appears in [ with coefficient (—1)? 83, and, again, the result follows. O

The next result characterizes the Capelli-type identities of B,,_j, which are not in T'(J,, k).

Proposition 2.22. Let f be a multilinear Capelli-type polynomial of order n+ 1 which is an identity of B,,.
If, modulo I, f is a linear combination of polynomials F[T], where T’s are double standard 0-tableauz, such
that uTM) =n —k+1 and pu[T®] <n — k41 (if it exists), then f & T(Jnx).
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Proof. We have that f, modulo I, is written as linear combination of polynomials of the form
F[T) = FITOUT®)] .. [t
where T is an arbitrary double standard 0-tableau with u[T™M] =n — &k + 1.

If h[T] = 1, then the result follows from the previous lemma together with Lemma 2.15. Thus let us
consider A[T] > 1 and write

71
T(2)
T =
T&S)
As f is a polynomial of Capelli-type of order n — k + 1, by the previous lemma we get that the set
{1,2,...,n—k + 1} lies in the same row. Moreover, since each O-tableau T is standard, Proposition 2.14

implies that the first row is (0 1 ...7, | 1...n(n+ 1)). Hence we can write

f=> aF[T},

where a; € K and for all i the first row of T; is of the form TV = (0 ry...7p—x | 1...(n—k)(n — k 4+ 1)), for
some fixed integers r1, ..., rn_k. Therefore,

=PI (Y adlr)),
where

T

T(s'—l)
T(S)

K2

Suppose that f is an identity for J,, ;. By Lemma 2.19, together with the fact that F[T”] is not identity for

JIn,k, we have that Y o, f(T;) is a weak identity for B,, with u[Ti(Q)] < n — k. Thus by Remark 2.18 we get
a; = 0, for all ¢ and so f = 0, which is a contradiction since f is non-trivial. O

Corollary 2.23. FEvery multilinear Capelli-type identity of order n — k 4+ 1 of Bp_k, modulo I, which lies
in T'(Jn,k) is a consequence of

(22) hp_y = Z (=) (To(1)s Y1, To(2)s - - + s Yn> To(n—k+1)» Yn—k-+15 Lo (n—k+2))-
0ES, _kt2
Proof. Due to Proposition 2.22, we have that every Capelli-type polynomial of order m + 1 which is an
identity for J, ; can be expressed as a linear combination, modulo I, of polynomials of the form F[T], where
T’s are double standard 0-tableaux with either u[T™M] > n 4 1 or u[TM] = u[TP] =n + 1.
If u[T™M] > n+1 then by (13), F[T™M] is a consequence of h,,. If u[TM] = u[TP?] = n+1, then F[T?)] is
a consequence of (4) and hence F[T®] (and consequently F[T]) lies in I. Therefore, the result follows. [

We are now in a position to prove the main result of this section. Such theorem is a consequence of
Lemmas 2.7, 2.8, 2.10 and Corollary 2.23, together with Theorem 2.4.

Theorem 2.24. Quver a field of characteristic zero, the polynomials

(23) ([z, 9], 2, 1),

(24) Z (=17 (zo(1)s (To(2), T, To(3)), T)s
og€S3

(25) Z (_1)U(x0(1)7y17x0(2)7 vee vyn—kvxa(n7k+1)ayn—k+17xa(nfk+2))7
UESn—k-f-Q

(26) Z (1) (To(1)s Y15 To(2)s - + s Yn—k—15 Ta(n—k)) Un—ks Ta(n—k+1)> Yn—k+1);
UESn_k+1

form a basis of the T-ideal of polynomial identities for the Jordan algebra J, 1, with k> 1 and 1 <n < oo.
11



Proof. We denote by Capﬁ_ pi1 the set of all Capelli-type polynomials of order n — k + 1 that are identities
for J, and by I the T-ideal generated by the poylnomials (23), (24) and (26). By Lemma 2.2, we have
I = T(Jpx), modulo Cap,—g4+1. As in the previous result, we will denote the identity (25) by hp—g.
Assuming @ = (I, hp_g)7, it is clear that Q C T'(J, x).

Conversely, let f € T(J, k), then we get f = g+ h, where g € I and h € Capy_11. Since h=f —g €
T(Jnk), it follows that h € Capfl_kH. Moreover, by Corollary 2.23 any Capelli-type polynomial p of order
n — k + 1, which is an identity for J, ; is a consequence of h,_; modulo I, i.e., p € Q. In particular h € Q)
thus f € @ and we are done. O

We will conclude this section by establishing the Specht property for the Jordan algebra J,, , with £ > 1
and n > 1. To this end, we need the following definition.

Definition 2.25. Let A be an algebra (not necessarily associative). We say that T(A) satisfies the Specht
property if any T-ideal I such that I D T(A), including T(A), has a finite basis as a T-ideal.

In other words, I has the Specht property, if I is finitely generated as a T-ideal. Moreover, we say that a
variety V has the Specht property if the corresponding T-ideal satisfies the Specht property.

As previously highlighted in the Introduction, the Specht property was extensively investagated when
considering the variety generated by B,,. Iltyakov [12] showed that the variety of unitary algebras generated
by B, satisfies the Specht property. Vasilovskii [36] described a finite generating set of the identities of the
Jordan algebra B of a non-degenerate symmetric bilinear form on a vector space of infinite dimension, over
any infinite field of characteristic different from 2. Combining the main results of the papers [20, 36] one
deduces the Specht property for B (that is By,). These positive results hold in characteristic 0. Recall that
Lemmas 2.7 and 2.8 implies T(Boo) C T(Jp,k), for all n > 1 and k > 0.

Due to these comments, we have established the following result.

Theorem 2.26. Over a field of characteristic zero, the T-ideal of identities of J, j satisfies the Specht
property.

3. GRADED POLYNOMIAL IDENTITIES

Let Zs be the cyclic group of order 2. The main goal of this section is to describe the Zs-graded identities
of the Jordan algebras J,, 1 equipped with the so-called scalar grading. Along the way we will also compute
the weak identities of these algebras.

Let G be an abelian group with identity element € and let A be an algebra (not necessarily associative).
A grading by the group G on A is a vector space decomposition A = @gecA(g) such that A@ A" C Algh)
for every g, h in G. In this case we say that A is G-graded. The subspaces A9 are called the homogeneous
components of A. A non-zero element a € A is homogeneous of degree g if a € A and we denote it by
lall¢ = g (or simply ||a|| = g when the group G is clear from the context). A vector subspace (subalgebra,
ideal) B of A is said to be graded if B = @gegA(g) N B. Moreover, if A and B are G-graded algebras, an
algebra homomorphism ¢: A — B is a homomorphism of graded algebras if (A9)) C B for all g € G.

In this section, we shall need only some facts about Zs-gradings and Zs-graded identities on Jordan
algebras. We denote by J(Y U Z) the free Zs-graded Jordan algebra, over K, requiring that the variables in
Y = {y1,y2,...} are homogeneous of degree zero, and those in Z = {z1, 22, ...} are homogeneous of degree
one. This algebra has a natural Zs-grading, where the homogeneous component (J(Y U Z ))(0) is the span
of all monomials x;, ---a;  such that ||a; ||+ -+ ||=;, | = 0, together with the empty word 1; otherwise
it has homogeneous degree 1, and this spans the homogenenous component (J(Y U Z))). Notice that
JYUZ)=(JYUz)OeJYuz)® is agrading on J(Y UZ). Actually, we have that J(Y U Z) is free in
the class of every Zs-graded Jordan algebra freely generated by Y U Z over K and the elements in J(Y U Z)
are called 2-polynomials.

Let .J be a Jordan algebra grading by group Z,, J = J© @ JM) a 2-polynomial f(y1,..., Ym,21,---,2n)
is a 2-identity for J if f(ay,...,am,b1,...,b,) =0 for all ay,...,am, € J© and for all by, ... b, € JM.

Clearly the set of all 2-identities of J, denoted by T%(J), is an ideal that is closed under the graded
endomorphisms of J(Y UZ). The graded ideals of J(Y UZ) with this property are called T»-ideal. Moreover,
as was said in the ordinary case, in characteristic 0, the Ty-ideal T5(J) is generated by its multilinear 2-
polynomials and when the field is infinite by the multihomogenenous 2-polynomials it contains. Let J; and
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Jo be two Zs-graded Jordan algebras, we say that J; and Jo are Pl-equivalent as Zo-graded algebras if
To(J1) = To(J2).

We are interested in the 2-polynomial identities of J,, , = K & V equipped with the scalar grading, i.e.,
ok = JO @ JB where J(© = K and J) = V. Remark that the name “scalar” is justified by the fact
that the homogeneous component J©) is actually the field of scalars K. The analogous problem for B,, was
solved by Diniz and Koshlukov. More precisely, in [22] the following theorem was proved.

Theorem 3.1. [22, Corollary 21| Let K be an infinite field of characteristic different from 2. Then:

(i) The Ty-ideal of graded identities for the Jordan algebra Bo equipped with the scalar grading is
generated by the 2-polynomial

(27) (y,u1,u2),

where uy,us €Y U Z.
(ii) The Ty-ideal of graded identities for the Jordan algebra B,,, equipped with the scalar grading and
1 < m < o0, is generated by the polynomials in (27) and

(28) Im = Z (*1)020(1)(zm+2za(2))“'(22m+1Za(m+1))-

0€ESmt1

3.1. Computing the weak identities and 2-identities. From now on, let J = J,, , = JO @ JO | where
JO =K and JO =V.

It is easy to verify that the 2-polynomial (27) is a identity for Jj ., since the even elements are scalars.
Notice that (2122, u1,uz) is a consequence of (27).

In order to reach our goal, an important tool that we will use is the so-called weak identities. As we did
in the previous section in the particular case of B,,, we recall the definition of weak identity for convenience
of the reader. We also refer to [12] for further details.

Let J be a Jordan algebra and V' a subspace of J. A polynomial f(z1,...,2,) € J(X) is a weak identity
for the pair (J,V) if f(vy,...,v,) = 0 for all v; € V. We denote by T'(J, V) the set formed by all weak
identities for the pair (J,V). It is clear that T'(J,V) is an ideal of J(X). Pay attention that according to
V, it is natural to assume that one can substitute the variables in a weak identity by linear combinations
of elements of X, i.e., if f(x1,...,2,) € T(J,V) then f(a,...,a,) € T(J, V) for all a1, ..., a, € span{X}.
We do not treat the most general case here but instead we refer the reader to [7, 21] for more information.

Denote by I the Ts-ideal of graded identities generated by the polynomial (27). Now consider a multi-
homogeneous 2-polynomial f = f(y1,...,Yp, 21,...,2¢) of J(Y U Z). It is easy verify that modulo I, f is
written as y{* -+ yp"g(21, ..., 2,), for some polynomial g that involves only the odd variables. Therefore f
is a graded identity for Jj ., if and only if g is. Thus f is a graded identity for Jj ,, if and only if g is a weak
identity for the pair (Jp %, V). This motivates our next result.

Proposition 3.2. Let J,, = K&V = B,,_i ® Dy, be the decomposition of J, 1, into direct sum of the non-
degenerate part B,_r, = K ® V' of the algebra plus the degenerate part with k > 1. A multilinear polynomial
f e J(X) is a weak identity for the pair (Jnk, V) if and only if f is a weak identity for the pair (Bpnk, V')
and

(29) fmz = f(nl,. ey M1, T T 1y e - ,ndegf) = 0,
for all1 < i <degf and for alln; € V', j #1, m; € Dy,.

Proof. If f € T(Jpk, V) then f € T(By—x, V') since V' C V. Moreover, condition (29) trivially holds and
we are done.

Conversely, let us suppose that the multilinear polynomial f = f(z1,...,z,) € T(B,_k, V') satisfies
condition (29). Since f is multilinear, one can to make the evaluation of every variable z; by elements of
B. As in Proposition 2.5, if f is evaluated in more than one element in D then it is automatically zero.
Therefore, it is sufficient to consider evaluations by elements of 5 where at most one element lies in D.
Hence, the result follows since that f is a weak identity for the pair (B,_g, V') and satisfies the condition
(29). |
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The last proposition implies that if g is a multilinear 2-polynomial on the odd variables only, then in order
to verify that g lies in T5(J,, k), we have only to check that g is a weak identity for the pair (B,_j,V’) and

g1, bi1,di; biy1,.- .. bdegg) = 0,
for all 1 <i <degg, b; € V', j # 1, and d; € Dy,

The next theorems follow as a consequence of Theorem 3.1 and Proposition 3.2.

Theorem 3.3. Let K be an infinite field of characteristic different from 2. The weak Jordan identities for
the pair (Joox, V) are consequences of the polynomial (z1x2, 3, x4).

Theorem 3.4. Let k be a positive integer. Quver an infinite field of characteristic different from 2, the
Jordan algebras Jo 1 and B, both equipped with their respective scalar grading, are Pl-equivalent as Zo-
graded algebras. In particular, the identity (y,u1,u2) forms a basis of the Ty-ideal of 2-polynomial identities
for the Jordan algebra Jo .

Recall that if two graded algebras share the same graded identities, then they share the same ordinary
identities. Thus, we can also generalize the Theorem 2.9 in the following sense.

Corollary 3.5. Over an infinite field of characteristic different from 2, the Jordan algebras Joo i, for all k,
and Bs are Pl-equivalent.

Now, as it was done in the previous section, we focus our attention to the case n finite.
Remark 3.6. It is easily seen that the polynomial (28), for m = n—k, does not lie in To(Jp x). In fact, if we

consider the evaluation ¢ such that p(z1) = d € Dy and ¢(2;) = p(2n—k+;) = aj—1, for all2 < j <n—k+1,
where ay, ..., an_j are distinct elements of N, then

o(gn) =daf---al_j, =d#0.

As we did for the ordinary identities, we will need ideas and methods from the invariants of the orthogonal
group given in Remark 2.18. Notice that the description of these invariants is independent of characteristic
of the ground field.

Definition 3.7. Let T = (p1...pr | q1-.-G) be a double tableau consisting of one row. Then we associate
to T the 2-polynomial

fT = Z (_1)0(2101 an(l))(ZPqun(‘Z)) T (ZP7~Z%(T));
oES,
Moreover, if T is 0-tableau, then fr is

Z (_1)02%(1) (szzqa(z)) e (Zprzqa(r))'

og€S,
Finally, let T be any double tableau and let TW, T3 .. T®) be the rows of T. Then we set fr =
fro fre - fre.

Define M as the subalgebra of L = J(Y U Z)/I generated by the odd variables. Clearly the algebra
M = M© @ M@ has a grading by the group Z,, where the subalgebra M(©) is spanned by all products
(2i,25,) -+ (2, 2;,) while the vector space M) is spanned by all z;, (2, 2;,) - - (2i,25,) (see [22, Lemma 17]
for more details).

Proposition 3.8. [22, Proposition 19] The vector space MO has a basis consisting of all 2-polynomials
associated to doubly standard tableauz. Also, M) has a basis consisting of all 2-polynomials associated to
doubly standard 0-tableauz.

Here and in what follows, we will use a graded (weak) version of the results that we obtained in the
ordinary case concerning Capelli-type polynomials and their connection to weak polynomial identities.

Proposition 3.9. Let K be a field of characteristic zero, we then have
T(J'IL,]W V) = T(BTL—k:7 V/))

modulo the T-ideal generated by Capelli-type polynomials of order n — k + 1.
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Proof. By Remark 2.18, every polynomial of T'(B,,_x, V') follows from a polynomial fr where T is a doubly
standard tableau with u[T (1)] > n. The assertion now follows immediately since fr is a Capelli-type
polynomial of order n—k + 1, the polynomial (122, 23, z4) is a weak identity for the pair (J, , V) and [22,
Theorem 20] holds. O

From now on, Capglwggl (C’ap;“i)k 41, respectively) denotes the ideal generated by the weak Capelli-type

polinomials of order n—k+1 for J, ;. (Bn_p, respectively). It is clear that Capgl“i’:z_l - Capsv_)kH. The next
result will be important in order to describe the weak identities of the pair (J, x, V) and its proof follows

step-by-step the one of Proposition 2.22.

Proposition 3.10. Let f be a multilinear weak identity for the pair (Bn—_g, V') and write f as a linear
combination of polynomials { fr}, where {T'}’s are doubly standard tableauz. If, for all T, T is a double
0-tableau with p(TM)] =n —k +1 and p[(TP®)] <n —k+1 (if it exists), then f ¢ T(Jox, V).

Proof. The previous proposition implies that it suffices to consider that f is of order n—k—+1. By Proposition
3.8, f can be written as linear combination of polynomials of the form

fr = fro fre - from,

where T is a doubly standard O-tableau with u[TM] = n — k 4 1. If h[T] = 1, then the result follows by
Remark 3.6.
Therefore, we may assume that h[T] > 1, for all T and we write

T

T(2)
T =

T&S)

Recall here that T is a double O-tableau.

Since f is Capelli-type polynomial of order n — k + 1, then we must have that the set {1,2,...,n—k+1}
lies in the same row. Thus, for each T, we have T = (04 ...ip,_4 | 1...(n—k) (n —k+1)). Hence f can
be expressed as a linear combination of elements of the form

f=rr- (ZaifTi/> )
where T = T and
7

with u([Ti(Q)]) <n —k, for all . Assume that f € T'(Jp, V), then by Lemma 2.19, together with the fact
that fr/ is not a weak identity for (Jpx, V), we have that }_ «; fr/ is a weak identity for (B,_j, V') with

M(Ti(z)) < n—k. Remark 2.18 implies that o; = 0 for all ¢ and so f = 0, a contradiction. Therefore, we have
the result. 0

By taking into account the previous results and Proposition 3.2, if charK = 0, the description of a basis
for T5(J,, 1) depends on the description of the weak Capelli-type polynomials of order n—k+1 of (B, V')
that lie also in T'(Jp 1, V).

Theorem 3.11. Over a field of characteristic zero, any weak identity of the pair (Jnk, V) follows from the
weak identities

(w12, 73, T4)

ln—k = > (D) W2eq) WeTo@) - (Un—kt1Ta(n—k+1))-
0E€ESn_ ki1
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Proof. Proposition 3.10 implies that every multilinear weak identity for .J, ; is a linear combination of
polynomials fr, where T’s are doubly standard tableaux.

Let T be such a tableau. Then, by Remark 3.6 and (16), fr«u) is a consequence of [,,_j. Hence, we can
suppose that every tableau T is a O-tableau such that u[T™M] > n—k-+1 or u[TW] = p[T?] = n—k+1 (if T
exists). If u[TM] > n—k+1, then fq) is again a consequence of I,, ;. Finally, if u[TM] = u[T®)] = n—k+1,
then fre is consequence of I,,_. Therefore, in all the cases we have fr as a consequence of [,,_j and the
result follows. O

We are now ready to prove the main theorem of this section.

Theorem 3.12. Let K be a field of characteristic zero. The Ts-ideal of the 2-polynomial identities of the
Jordan algebra J, j with the scalar grading, where n is a positive integer and k > 0, is generated by the
2-polynomials from

(ya uy, U’2>

Z (=1 (Zn—r+2201)) (Bn—k+3%20(2)) = (22(n—k)+3%0(n—k+1) )
0€ESn ki1

where uy, us € Y U Z.

Proof. Let f € To(Jy,n). The identity (y,uq,us2) implies that f can be considered as a 2-polynomial in the
odd variables only. In this case, f is a weak identity for the pair (J, 5, V') and the result immediately follows
from the previous theorem. O

The corresponding Specht property for associative algebras graded by a finite group G was proved by 1.
Sviridova [34] (for abelian groups) and by E. Aljadeff and A. Kanel-Belov [1], whereas in case of Jordan
algebras we have experimental results, such as in [5, 30], all of them in characteristic 0. In [30], the authors
proved the Specht property for B, with the scalar grading, where n is a positive integer. The case B, is
open so far. Moreover, it is easy to see that To(By_k+1) C To(Jpnk)-

In addition to the above comments, one can establish the next result.

Theorem 3.13. Over a field of characteristic zero, the Ta-ideal of the 2-polynomial identities of the Jordan
algebra Jy, i, with the scalar grading, where n is a positive integer and k > 0, satisfies the Specht property.

4. TRACE POLYNOMIAL IDENTITIES

This section is devoted to the study of the trace polynomial identities of J,, . To this end, let us now
introduce some basic tools and definitions.

Let A be an algebra (not necessarily associative) over K, and let Z = Z(A) be its associative and
commutative center. A K-linear map 7: A — Z such that 7(7(a)b) = 7(a)7(b) and 7([a,b]) = 7((a,b,¢)) = 0,
for all elements a, b and ¢ in A, is called a trace on the algebra A. The pair (A, 7) will be called a trace
algebra (or algebra with trace). The pure trace algebra for (A, 7) is defined as the image of A under T,
denoted by 7(A). It follows immediately that 7(A) is a subalgebra of Z. An ideal (subalgebra, respectively)
in a trace algebra (A, ) is called a trace ideal ( trace subalgebra, respectively) of (4, 7) if it is an ideal
(subalgebra, respectively) that is closed under the trace map. Let (A4,7) and (B,6) be a trace algebras, a
map p: (A, 7) — (B, 0) is a homomorphism of trace algebras if it is a homomorphism of algebras, ¢(14) = 15,
and ¢(7(a)) = 0(p(a)) holds for every a in A.

In particular, the above definition implies that the pair (B,,,tr) is a Jordan algebra with trace, where
tr(a +v) = 2a, with o € K and v € V. Additionally, (J, k,tr) is also a Jordan algebra with trace. It is
important to mention that we do not require that the map trace to be non-degenerate. Furthermore, Dy, is
a trace ideal, while B,,_j, is a trace subalgebra of (J, k, tr).

Let V be a variety of unitary Jordan K-algebras. We recall the definition of the free trace algebra in V, see
[37] for more details. Assume A € V is a Jordan algebra with trace Tr, and let X C A. The algebra (A4, Tr)
is V-free with a set of free generators X if for all Jordan algebra with trace (B, p) in V, every map X — B
can be extended in unique way to a homomorphism of trace algebras (A, Tr) — (B, p). The existence of
free trace algebras in a variety follows from general arguments, see for example [39, Theorem 2]. The same
arguments yield that two free trace algebras in V are isomorphic if and only if their free generating sets have
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the same cardinality. We shall denote the free Jordan trace in V as Jrr(X). Recall that the trace algebras
in V form a variety (one includes the trace in the signature of the variety).

Unless otherwise stated we shall assume that X is an infinite countable set. It is immediate that Jrg(X)
contains the ordinary free algebra J(X) in the variety V.

The subalgebra G(X) generated in Jrr(X) by the set

{g9(z1, .. 2n), Tr (g(z1, ..., 20)) | (21, - 2n) € J(X)}

is the algebra of generalized polynomials in the variety V. Its elements are called trace polynomials. It is
clear that G(X) is spanned by the generalized monomials of the form

(30) agTr (ay) - - Tr (ay),

where t > 1 and ag, a1, ..., a; are monomials in J(X). Here @y means that ag can be eventually empty.
The trace monomial from (30) has degree deg ap + degaj + - - - + deg a; and the degree of a trace polynomial
is defined as the greatest degree of a monomial that appears with non-zero coefficient in it.

Let (J,7) be a trace algebra in the variety of all Jordan algebras with trace. A trace polynomial
flz1,...,2) € G(X) is a trace identity of (J,7) if, substituting Tr by 7, we have f(ai,...,a,) = 0,
for all ay, ..., a, € J. We denote by Tr-(J,7) (or simply Tr-(J)) the set of all trace identities for trace
algebra (J, 7). An ideal I of the algebra G(X) is called Ty -ideal (or T-ideal with trace) if, for all trace poly-
nomial f(x1,...,x,) € I and for all trace polynomials g1, ..., g, in J(X), the trace polynomial f(g1,...,gn)
is contained in I. For each Jordan algebra with trace (J, 7), the ideal of its trace identities is a Ty -ideal, in
the sense that is an ideal closed under the endomorphisms of the free algebra with trace.

The trace identity f = 0 follows from the trace identities g; = 0, i € A, if f lies in the least Ty -ideal
containing all g;, i € A. The latter ideal will be denoted as (g; | i € A)r,. Asin the graded and ordinary case,
in characteristic 0, the Ty -ideal Ty, (J, 7) is generated, as a Tr,.-ideal, by its multilinear trace polynomials
and when the field is infinite by this multihomogenenous ones.

Vasilovsky [37] proved that all trace identities of B, follow from the identities

(31) fa(x) = o= Tr(2)z + (1/2)(Tr(z)* - Tr (2?)),
(32) Lm+1 = Z ( 1) (:Ea(m-ﬁ—l) - (1/2)TI‘ xa(m+1 H xa(k:
0ESm+1 k=1
Here H(z,y) = Tr(xy) — (1/2)Tr (2)Tr (y) and Lyy1 = L(z1, -+ s Tt 1, Y15 - Ym), m = 2, 3, .... More

precisely, the author proved the following results.

Theorem 4.1. Let K be an infinite field of characteristic different from 2.

(1) [37, Theorem 1] All trace identities of the Jordan algebra By, for any positive integer m > 1, follow
from the polynomials (31) and (32).
(2) [37, Theorem 2| All trace identities of the Jordan algebra B follow from the polynomial (31).

Remark 4.2. It is easily seen that

(z = (1/2)Tr(x))(y — (1/2)Tr(y)) = (1/2)H (x,y),

modulo the T-ideal with trace generated by (31).

4.1. Computing the T-ideal of identities with trace. We start by the following proposition that relates
the trace identities of B,, with the ones of J, j.

Proposition 4.3. Let J,, = By_, @ Dy, be the decomposition of J, . into direct sum of the non-degenerate
part of the algebra plus the degenerate part with k > 1. A multilinear trace polynomial f € G(X) is a trace
identity of (Jn.k, tr) if and only if f € Ty (Bp—g, tr) and

(33) fml - f(nla ey M1, Mgy M1y - v - 7ndegf) = 07
forall1 <i<degf and for all n; € By_j, j # i, m; € Dy.

Proof. If f € T, (Jn k), then f € Ty (B, —i) since B,,_j, is a trace subalgebra of J,, . Moreover, condition
(33) trivially holds and we are done.
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Conversely, let us suppose that the multilinear trace polynomial f = f(x1,...,2,) € Tr.(Bp_k) satisfies
condition (33). Since f is multilinear, one can evaluate every variable x; by elements from BU{1}. Moreover,
as Dy, is a trace ideal of (J, x, tr) and D? = 0, any monomial in f that contains some element of Dy, inside
of a trace or has more than one element in Dj outside is automatically zero. Hence we are done, since

f € Try(Bp_i) and the condition (33) holds. O

Let I be the T-ideal with trace generated by the trace polynomial (31). In [37], it was proved that every
trace polynomial can be represented modulo (fs)7, in the following way:

Z g .. GoTr (a1) - Tr(as),

where s > 0 and ag, a1, ..., as are monomials in J(X) such that deg(ag) < 1 and deg(a;) <2,1 <i<s.
The main goal of this section is to describe a basis for all trace identities of (J, k, tr).

Lemma 4.4. If K is an infinite field of characteristic different from two, then the polynomial (31) is a trace
identity of the Jordan algebra (Jn i, tr), for any k and n > 1.

Proof. The complete linearization of (31) is
(34) h = 2xy — (Tr(x)y + Tr(y)x) + (Tr(zy) — Tr(x)Tr(y))-

Since h is multilinear, all variables of h can be evaluated on elements from B U {1}. Thus, it is enough to
verify that the polynomial h satisfies condition (33) of Proposition 4.3. Notice that h is symmetric with
respect to the variables « and y, hence we compute h, only.

Let ¢ be a substitution such that p(z) = d € D and ¢(y) = 1, then

o(h) = 2d — (tr(d)1 + tr(1)d) + (tr(d - 1) — tr(d)tr(1)) = 2d — 2d = 0.

Now let ¢’ be a substitution such that ¢’(z) = d and ¢'(y) = e € N'\ {1}, then we get easily that o(h) = 0.
Therefore condition (33) holds and the proof this lemma is complete. ]

The following result is a immediate consequence of the above lemma together with Theorem 4.1.

Theorem 4.5. Quver an infinite field of characteristic different from 2, all trace identities of the Jordan
algebra J ., for any integer k > 0, follow from the polynomial

fo(z) = 2% — Tr (2)x + (1/2)(Tr(x)* — Tr (2?)).

We now restrict our attention to the case n finite. Consider the evaluation ¢ such that p(z,—xy1) = d
and ¢(z;) = ¢(y;) = e; for all 1 < j < n, where ey, e,..., e, are distinct elements of A/, then the only
monomial in L,,_;4+1 which is non-zero under this evaluation is @,k 177(z1y1) - - T7(Tp—kYn—k) and its
evaluation is 2" ~*d. We conclude that the polynomial (32), where m = n—Fk, is not a trace identity for .J,, j.

Also in the case of trace polynomials, we can generalize the definition of Capelli-type polynomial of order [.
We say that a trace polynomial f € G(X) is Capelli-type of order [ if f is linear and alternating in [ variables.
It is clear that f vanishes whenever the set of alternating variables is substituted for linearly dependent
elements. Hence if J is a Jordan algebra with trace of dimension r then all Capelli-type polynomials with
trace of order m where m > r + 1 are trace identities of J.

Remark 4.6. Asin Lemma 2.2, one can deduce the following fact. Two Tp,.-ideals I and Q are equal modulo
the Capelli-type polynomials of order r+1 in G(X) if and only if '™ = QU™ where I'™) = ING(z1,...,Tm)
and QU = QNG (x1,...,zm). See for example [8, Remark 5.4].

Due to Remark 4.6 and Proposition 4.3, over a field of characteristic zero, a complete description of a basis
for Ty (Jp i, tr) as Tpp-ideal depends on the Capelli-type trace polynomials of order n—k+1 in Ty (B, tr)
which are also in Tp,.(Jp, g, tr). Thus, from now on K denotes a field of characteristic zero.

Lemma 4.7. FEvery Capelli-type polynomial of order n — k + 1 which is a multilinear trace identity for
(Jnks tT) is a consequence of

n—k+1

Noki= >, (07 I H@ewv)-
=1

0ESn—k+1
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Proof. Clearly N,,_j41 is a trace identity Capelli-type for (J,, i, tr). Now let f be a multilinear Capelli-type
polynomial of order n — k + 1 in G(X) which is a trace identity for T, (J,, , tr). Proposition 4.3 implies
that we may assume f € Tr,.(B, _) satisfying condition (33).

If f has even degree, then by the proof of [37, Theorem 1], we have that f is a consequence of Ny, _j11.
Therefore, we will now focus on the case where f has odd degree, denoted as 2] + 1. Moreover, we can
suppose | > n, since L,,_j4+1 is not an element of T'p,.(J, k, tr). By using again the proof of [37, Theorem 1],
we can write

f= Z Q; xm (1/2)Tr(zi,)) H H(z,,xp).
i0,k,1 rl>1
Notice that if zg is a new variable, then

9= (20— (1/2)Tr(z0))f = > af H(zo, i) [[ Hwn,m),

io.k,l mi>1

modulo I. In this case, the polynomial g is still a trace identity of (J, x,tr). Since this identity holds in

B,,_, we have
T, _
g ;) (vr, ) =0,

i(),T’,l
where (v,.,v;) = v.ov; is the inner product on V' defined before in Theorem 2.16. Recall also that by Remark
2.18, the algebra of invariants of the orthogonal group K{(v;,v;)] is generated by polynomials of the form

Jr = frofre - fro,
where T is a doubly standard tableau with rows T, ..., T(") and

fT“') = Z (_1)U(Upi1’UQia(1)) T (Upimi ) ’quo(mi))7

0ESm,;

with 7() = (pi1 -+ Pim; | €i1 - - - Qim; ), Tor all 1 <4 < r. Using the same arguments as in Proposition 3.10, if
TW is a double O-tableau with u[T™M] =n+ 1 and u[T®] < n — k+1 (if it exists), then g is zero in G(X).
Hence the polynomial g is a linear combination of polynomials of the form

(i) (w0 — (1/2)Tr(x0)) Ln—k+1Nn—k+1 [ H(zk, %)),

(i) (xo — (1/2)Tr(xo)) (i — (1/2)Tr (i) N1 [T H (21, 25),
since in a standard tableau the leftmost entry of the first row must correspond to xy. Furthermore, modulo
the trace identities of B,,_j, we have that f is a linear combination of trace polynomials of the form

(i) Ly—k+1Np—g+1 H H(er Zj)§
(i) (@i — (1/2)Tr(2i)) No—r+1 [T H (20, ),

since the form tr is non-degenerate on B,,_;. Then the result follows, since f is a polynomial in G(X). O
Now we have the ingredients to prove the main result of this section.

Theorem 4.8. Let K be a field of characteristic 0 and let n and k be positive integers, where 1 < n < oco.
Every trace identity of the Jordan algebra (J,, i, tr) follows from the polynomials

f2(x) = 2® = Tr(2)z+ (1/2)(Tr(x)* - Tr (%)),
n—k+1
Np_gpt1 = Z (=17 H H (2o ), Ys)-
0ESH _kt1 i=1

Here H(xz,y) = Tr (zy) — (1/2)Tr (z)Tr (y).

Proof. We denote by Cap?™, 41 the trace ideal of all Capelli-type trace polynomials of order n — k + 1 that
are trace identities for (J, i, tr) and by I the T-ideal with trace generated by the trace polynomial fo.
Theorem 4.1 implies I = Tp,.(Jp &, tr), modulo C’apgfkﬂ.

Assuming that Q is the Tp,-ideal generated by fo and N,_g41, we have @ C Ty (Jp i, tr). On the other
hand, as charK = 0, for any multilinear polynomial f € Tp,.(Jp k, tr), we get f = g+ h, where g € I and
h € Capl™, 41- Lemma 4.7 implies that any Capelli-type trace polynomial p of order n—k + 1, which lies in
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Trr(Jk,m), is a consequence of N,,_j11, modulo I, i.e., p € Q. In particular, h € @, and so f € Q. Thus, we
get the desired conclusion. O

We can also generalize the Specht problem to classes of trace algebras. In other words, the ideal of trace
identities of (A, ) satisfies the Specht property if each T-ideal with trace containing Tr,.(A,7) is finitely
generated, as a Tp.-ideal.

Let us mention that the variety of associative algebras with trace generated by the n x n matrices as well
as the variety of the Jordan algebras with trace generated by B,, both have the Specht property. The former
result was deduced by Razmyslov [29], and Fidelis, Diniz, and Koshlukov established the latter in [8]. These
are the only known examples so far, although in [8] it was proved that under some additional restrictions
on the algebra A, each ascending chain of Tr.-ideals Iy C Iy C I3 C ... of the algebra G(X), containing
Tr,(A), stabilizes. Finally, as in the graded case, it is easy to see that Tr,.(Bp—k+1) C Trp(Jn k) holds, for
alln >1and k > 0.

Due to these comments we have just established the following result.

Theorem 4.9. Over a field of characteristic zero, the Tr.-ideal T (Jy i, tr) satisfies the Specht property,
for all positive integers n and k satisfying 1 <n < oo and k > 0.

We conclude this paper by making some short consideration about the so-called embedding problem. To
better understand it, we have to make a brief comment on the theory of invariants.

Let (A,tr) be an algebra with trace, let A¥ = A®---@® A, k times, be the direct sum of k copies of A and
let G C Autg A be an algebraic group acting diagonally on AF. If one considers the algebra A of polynomial
functions A¥ — A, then G acts also on A as follows. If f € A, then

f9ay,...;ap) =g-flg™  ~ar,...,g7 " - ap),
for all ¢ € G and for all ay,...,a; € A. Therefore, f = f9 for all ¢ € G means that f is a G-equivariant
map.

Denote by R, respectively L,, the operator of right, respectively left, multiplication on A by the element
a € A and denote, as usual, by Endx A the K-algebra of all linear transformations on the vector space A.
Every element b = b(z1,...,71) € K(21,...,2) defines the following functions on A" :

Rb, Lb : Ak — EndKA,

by means of Ry(ai,...,ax) = Rya,,....ap) and Ly(ai,...,ar) = Ly, a,)- Finally, denote by K[AF] the
algebra of polynomial functions A¥ — K and let T, be the subalgebra of K[A*] generated by the set

{t’I“(Thl i 'Thn) | T e {R,L}, hl,. .. ,hn S K(X)}
The description of the generators of the algebra of invariants
K[AMY = {f € K[AF]| f9 = f for all g € G}

is one of the main problems of the classical Invariant Theory. It is often referred to as the First Fundamental
Theorem of Invariant theory. We also recall for completeness that the Second Fundamental Theorem deals
with the description of the relations among the generators. If we consider G as the automorphism group of
A, it is clear that T'ry, C K[AF]%. Tt is natural to ask whether Try = K[A*]9. Such equality is not valid in
general, although holds for many important cases. For instance, the equality holds for the algebra M, (K)
of n x n matrices over K (see [26, 28]). Popov in [25, subsection 4.7] constructed a simple algebra A such
that Try, C K[A¥]%, a proper inclusion.

In [8], the authors consider A as being a central simple finite dimensional associative or Jordan algebra
over K. They take the generic trace Trd on A and denote by T'r, the subalgebra of K[A*] generated by
the elements Trd (v) = Trd o v, where v € K(y1,...,yr), the free algebra on the set of k free generators y1,

.+, Yk Notice that T'rj, C K[A¥]%. In [8], Fidelis, Diniz and Koshlukov considered algebras that satisfy the
following condition:

(C1) Let G be an algebraic linear reductive non-trivial group. If G is the group of automorphisms of the
central simple finite dimensional algebra A then T}, = K[A¥]S.
In the same paper, the authors obtained the following theorem.
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Theorem 4.10. [8, Theorem 4.7| Let A be a central simple finite dimensional associative or Jordan algebra
that satisfies the conditions (C1). Assume that R is an algebra with trace belonging to the same variety of
algebras as A, and that satisfies all trace identities of A. Then there exists a commutative—associative algebra
C such that R can be embedded into A @k C as a K-algebra.

Here an algebra will be called commutative—associative if it is a commutative algebra in the variety of all
associative algebras over K.

A question that seems to be interesting is whether the latter result holds in the case of infinite dimension.
Moreover, an important tool was the construction of universal maps. More precisely, let A and R be algebras
in a same variety V such that A is a central simple power associative algebra. In [8], it was proved that if A
is of finite dimension, then there is an universal map

j: R—> ARk S,

where S is a commutative—associative algebra, satisfying the following universal property: given a homomor-
phism ¢: R =+ A®y F, for some commutative—associative algebra F', there exists an unique homomorphism
n: S — F making the diagram

R ‘> A®k F,

|

AQr S

commutes, where 74 is the map induced by 7. The pair (S, j) is called A-universal map for R. This pair has
an important function: the entries of the elements j(r), for all » € R, together with the element 1, generate
the algebra S. In particular, assuming the projection map m,—x: Jux — Bn-r = (Jnx/Dy), it is easy to
verify that the pair (K,m,) is B, _g-universal map for J, j for all n > 1 (in variety of all Jordan algebra).
Such property is even obtained for n = co.

Our final goal, in this work, is to exhibit an example for which the embedding problem solved in Theorem
4.10 is not valid in general. Notice that Theorem 4.5 implies that the algebras Ju » and B are PI-equivalent
as trace algebras.

In order to simplify the notation, from now on let B = By.

Clearly Remark 2.18 also applies to B. Hence K[B']|“ can be expressible in terms of scalar products, i.e.,
it is generated by Tr X; and Tr (X, X)), where each X; denotes the projection given by (a1, as,...) — a; on
the I-th coordinate. We conclude that B satisfies (C1).

Now we suppose that the trace algebra (B, tr) satisfies Theorem 4.10. By Theorem 4.5, there exists a
commutative-associative algebra Cj (which depends on the integer k > 1) such that J , can be embedded
into B ®x C), as a K-algebra. In particular, Joo,1 € B ®k Ch, if £ = 1. On the other hand, if we let F' be
the field of fractions of C, then we get

Joo1 @k FOB®g F =Bk (C1 ¢, F)~ (Bok C1)®c, F O (B®k C1) @k F.

Here the first inclusion is valid because B C J 1 and the last one follows from the restriction of scalars
induced by the inclusion map K < . Therefore,

Joo1 @k F C (B C1) @k FCBQk F C Joo1 Qk F.

We conclude Jo1 @ F' = B @k F, which is a contradiction.
Hence we can summarize the previous arguments in the following theorem.

Theorem 4.11. In the variety of unitary Jordan K-algebras, the finiteness hypothesis of Theorem 4.10 is
essential.

5. OPEN PROBLEMS

Throughout this section we relate some possible generalizations of the results presented in this paper.
Here our intention is to motivate future research on the subject. We believe we have grounds to raise the
following conjectures.
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Conjecture 5.1. Let K be an infinite field of characteristic different from 2,8,5 and 7. The polynomials

([m7 y]Q’ z7 t),
Z (71)0(1‘0(1)7 (xU(Q)? z, ‘TU(3))7 ZL‘),
ogESs3

Z (71)0(‘%0(1)’ Y, T52)s -5 Yns To(n—k+1)) Yn—k+1, xa(n—k+2))a
0ESh k42

Z (_1)U(xa(l)a Y1, Z52)5 -+ Yn—1, xa(n—k))(yn*ka Lo(n+1)s ynkarl)v
0ESh k41
form a basis of the T-ideal of polynomial identities for the Jordan algebra J, 1, with k>1 and 1 <n < oo.

Conjecture 5.2. Let K be an infinite field of characteristic different from 2, then any weak identity of the
pair (J k, V) follows from the weak identiies

(IlIEQ, x3, LU4)
Z (_1)U(yl$a(1))(y2$a(2)) T (ynkarlmo‘(nkarl))'
Uesn—k+1

Conjecture 5.3. Let K be an infinite field of characteristic different from 2. The Ts-ideal of the 2-polynomial
identities of the Jordan algebra J, . with the scalar grading, where n is a positive integer and k > 0, is
generated by the 2-polynomials from

(y7 uy, ’U,Q)

Z (=1)7 (Zn—r+220(1)) (Zn—k+3%20(2)) - - (22(n—k)+3%0(n—k+1) )
0ES, _kt1

where uy, us €Y U Z.
Conjecture 5.4. Let K be an infinite field of characteristic different from 2 and let n and k be positive

integers, where 1 <n < oo and k > 0. Every trace identity of the Jordan algebra (J, , tr) follows from the
polynomials

folx) = @ =T (x)x+ (1/2)(Tr(z)” - Tr (27)),
n—k+1
S 07 ] (T @ewyi) = (1/2)Tx (200) Tr (i)
0ESn k41 i=1

Although we have enough evidence to believe that these results may be true, the techniques developed in
this paper are not enough to prove such conjectures, since the use of multilinear polynomials was essential
in order to get our main theorems.

ACKNOWLEDGEMENTS

The authors thank the anonymous referee for her/his valuable comments that improved the exposition of
the paper.

REFERENCES

[1] E. Aljadeff, A. Kanel-Belov, Representability and Specht problem for G-graded algebras, Adv. Math. 225 (2010), no. 5,
2391-2428.

[2] S. A. Amitsur, J. Levitzki, Minimal identities for algebras, Proc. Amer. Math. Soc. 1 (1950) 449-463.

[3] S. A. Amitsur, A Noncommutative Hilbert Basis Theorem and Subrings of Matrices, Trans. Amer. Math. Soc. 149 (1)
(1970), 133-142.

[4] A. Berele, Matrices with Involution and Invariant Theory, J. Algebra 135 (1) (1990), 139-164.

[5] L. Centrone, F. Martino, M. S. Souza, Specht property for some varieties of Jordan algebras of almost polynomial growth,
J. Algebra 521 (2019), 137-165.

[6] V. Drensky, Representations of a symmetric group and varieties of linear algebras, Mat. Sb. 115 (1) (1981), 98-115
(Russian). English translation in: Sbh. Math. 43 (1) (1981), 85-100.

[7] V. Drensky, P. Koshlukov, Polynomial identities for Jordan algebras of degree two, J. Indian Math. Soc. (N.S.) 55 (1-4)
(1990), 1-30.

22



(8]
[9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

18]
[19]
[20]
[21]
22]
(23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
31]
32]
[33]
[34]
[35]

[36]

[37]
(38]

(39]

C. Fidelis, D. Diniz, P. Koshlukov. Embeddings for the Jordan Algebra of a Bilinear Form. Adv. Math. 337 (2018), 294-316.
A. Giambruno, M. Zaicev, Polynomial Identities and Asymptotic Methods, Math. Surveys Monogr., vol.122, Amer. Math.
Soc., Providence, RI, 2005.

D. Gongalves, M. Salomao, Zz-graded polynomial identities for the Jordan algebra of 2 X 2 upper triangular matrices, arXiv
preprint, arXiv:2011.11116v1, 2020.

A. V. Grishin, Ezamples of T-spaces and T-ideals of characteristic 2 without the finite basis property, Fundam. Prikl. Mat.
5 (1) (1999), 101--118 (Russian).

A. Tltyakov, Specht ideals of identities of certain simple nonassociative algebras, Algebra i Logika 24 (3) (1985), 327-351
(Russian). English Translation: Algebra Logic 24 (3) (1985), 210-228.

A. V. Iltyakov, Finiteness of the basis of identities of a finitely generated alternative PI-algebra over a field of characteristic
zero, Sibirsk. Mat. Zh. 32 (6) (1991), 61-76, 204. English Translation: Siberian Math. J. 32 (6) (1991), 948—961 (1992).
A. Tltyakov, On finite basis of identities of Lie algebra representations, Nova J. Algebra Geom. 1 (3) (1992), 207-259.

I. M. Isaev, Identities of the algebra of a bilinear form over a finite field, Some Problems of Analysis and Algebra.
Novosibirsk (1985), 61-75 (Russian).

N. Jacobson, Structure and Representation of Jordan Algebras, Colloq. Publ. 39, Amer. Math. Soc., Providence, RI, 1968.
A. Ya. Kanel-Belov, Counterexzamples to the Specht problem, Mat. Sb. 191 (2000), 13-24 (Russian). English Translation:
Sb. Math. 191 (2000), 329-340.

A. R. Kemer, Varieties and Zz-graded algebras, Izv. Akad. Nauk SSSR Ser. Mat. 48 (5) (1984), 1042-1059 (Russian).
Translation: Math. USSR Izv. 25 (2) (1985), 359-374.

A. Kemer, Ideals of Identities of Associative Algebras, Translations Math. Monographs, vol. 87, Amer. Math. Soc., Prov-
idence, RI, 1991.

P. Koshlukov, Polynomial identities for a family of simple Jordan algebras, Commun. Algebra 16 (7) (1988), 1325-1371.
P. Koshlukov, Finitely based ideals of weak polynomial identities, Comm. Algebra 26 (10) (1998), 3335-3359.

P. Koshlukov, D. Diniz, 2-Graded polynomial identities for the Jordan algebra of the symmetric matrices of order two. J.
Algebra 327 (1) (2011), 236-250.

P. Koshlukov, F. Martino, Polynomial identities for the Jordan algebra of upper triangular matrices of order 2. J. Pure
Appl. Algebra 216 (11) (2012), 2524-2532.

F. Martino, Polynomial identities for the Jordan algebra of a degenerate symmetric bilinear form, Linear Algebra Appl.
439 (12) (2013), 4080-4089.

V. L. Popov, An Analogue of M. Artin’s Conjecture on Invariants for Nonassociative Algebras, Transl. Amer. Math. Soc.
Ser. 2, 169 (1995), 121-144.

C. Procesi, The Invariant Theory of n X n Matrices, Adv. Math. 19 (3) (1976), 306-381.

C. Procesi, C. De Concini, A characteristic free Approach to Invariant Theory, Adv. Math. 21 (3) (1976), 330-354.

C. Procesi, A Formal Inverse to the Cayley-Hamilton Theorem, J. Algebra 107 (1) (1987), 63-74.

Ju.P. Razmyslov, Identities with trace in full matriz algebras over a field of characteristic zero, Izv. Akad. Nauk SSSR,
Ser. Mat. 38 (4) (1974) 723-756 (in Russian); English Transl.: Math. USSR, Izv. 8 (1975) 727-760.

D. Silva, M. S. Souza, Specht property for the 2-graded identities of the Jordan algebra of a bilinear form, Comm. Algebra
45 (4) (2017), 1618-1626.

V. V. Shchigolev, Construction of non-finitely based T-ideals, Comm. Algebra 29 (9) (2001), 3935-3941. (Special issue
dedicated to Alexei Ivanovich Kostrikin.)

L. W. Small, An Ezample in Pl-rings. J. Algebra 17 (3) (1971), 434-436.

S. Sverchkov, Varieties of special algebras, Comm. Algebra 16 (9) (1988), 1877-1919.

1. Sviridova, Identities of pi-algebras graded by a finite abelian group, Comm. Algebra 39 (2011), no. 9, 3462-3490.

A. Ya. Vajs, E. 1. Zelmanov, Kemer’s theorem for finitely generated Jordan algebras, Izv. Vyssh. Uchebn. Zaved., Mat. 6
(325) (1989), 42-51 (Russian). English Translation: Sov. Math. 33 (6) (1990), 38-47.

S. Yu. Vasilovsky, A finite basis for polynomial identities of the Jordan algebra of a bilinear form, Trudy Inst. Mat.
(Novosibirsk) 16 (1989), Issled. po Teor. Kolets i Algebr, 5-37, 198 (Russian). English Translation: Siberian Adv. Math.
1 (4) (1991), 142-185.

S. Vasilovsky, Trace identities of the Jordan algebra of a bilinear form, Sibirsk. Mat. Zh. 32 (6) (1991) 19-23 (Russian),
English translation: Sib. Math. 3J. 32 (6) (1991), 916-919.

S. Vasilovsky, Graded polynomial identities of the Jordan superalgebra of a bilinear form, J. Algebra 184 (1) (1996),
255-296.

K. A. Zhevlakov, A. M. Slink’ko, I. P. Shestakov, A. I. Shirshov, Rings that are Nearly Associative, vol. 104, Academic
Press, Inc., 1982.

DEePARTMENT OF MaTHEMATICS, UNICAMP, 13083-859 CampiNnas, SP, BraziL
Email address: fideles@unicamp.br

DIPARTIMENTO DI MATEMATICA E INFORMATICA, UNIVERSITA DEGLI STUDI DI PALERMO, VIA ARCHIRAFI 34, 90123,

PaLERMO, ITALY

Email address: fabrizio.martino@unipa.it

23



	1. Introduction
	2. Ordinary polynomial identities
	2.1. Computing the T-ideal of identities

	3. Graded polynomial identities
	3.1. Computing the weak identities and 2-identities

	4. Trace polynomial identities
	4.1. Computing the T-ideal of identities with trace

	5. Open problems
	Acknowledgements
	References

