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AsTrACT. This paper focuses on an anisotropic system driven by (p, q)-
Laplacian operators with unbounded coefficients depending on the solution,
and whose lower order-terms exhibit full dependence on the solution and its
gradient. The main results establish the existence of solutions and the uniform
boundedness of the solution set. The approach is based on a suitable truncation
to drop the unboundedness of the coefficients and on the solvability of the
truncated system within the theory of pseudomonotone operators.

1. Introduction. Anisotropic phenomena represent a challenging object for math-
ematical physics requiring specific analysis and techniques. This is the case for
example in fluid mechanics involving anisotropic media where the conductivity de-
pends on the direction (see [1]). Anisotropic equations also appear in biology as a
model for the propagation of epidemic diseases in heterogeneous domains. The inter-
est in anisotropic problems has deeply increased recently because of many difficulties
that arise in passing from the isotropic setting to the anisotropic one. In fact, some
fundamental tools available for the isotropic setting(such as the strong maximum
principle) cannot be extended to the anisotropic (see [2, 3, 4, 6, 12, 13, 14, 15, 16, 17]
and the references therein).

Recently, Motreanu and Tornatore [10] considered a Dirichlet problem exhibiting
anisotropic differential operator with unbounded coefficients and full dependence on
the gradient in the lower order terms:

N
- Z 0i(Gy(u)|0gu|P20u) = F(x,u, Vu) in €, (1)
i=1
u=20 on 0F),
where Q is a bounded domain in R (N > 2) with a Lipschitz boundary 99, G; are
unbounded functions on R, for ¢ = 1,--- N, and F is a Carathéodory function. It
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is worth mentioning that anisotropic boundary value problems with full dependence
on the solution and its gradient have only very recently started to be investigated
(refer to [2, 3, 4, 10]). The study of problems driven by the weighted p-Laplacian
operator with unbounded coefficients was initiated in [8, 11].

Here, we consider the system counterpart of equation (1), namely the Dirichlet
system of coupled equations

Pi=29) = Fy(z,u,v, Vu, Vo)  in Q,

N
= 0i(Gri(u)|du
i=1

qi_QaiU) — F2($7uava VU, VU) in Q7

N

= 0i(Gai(v)|0iw
i=1

u=v=0 on 0f),

where 2 is as in (1), and

(1) Pis Qi € (1,+OO) for i = 1;"'3N;

(ii) the functions Gy; : R — [agi, +00) are continuous with ag; > 0 for ¢ =
1,...,N, k=1,2;

(iii) the functions Fy, Fy : @ x R x R x RN x RY — R are Carathéodory functions
(i.e., F1(+, 8,t,&,m) and Fy(+, s,t,&,n) are measurable on ( for each (s,¢,£,7) €
R xR x RY x RN and Fy(z,-,-,-,-) and Fy(x,,-,-,-) are continuous on R x
R x RY x RY for almost all z € Q).

We emphasize that, generally, the treatment for a system is fundamentally dif-
ferent with respect to an equation due to the fact that in a system problem the
variables cannot be separated to deal with individual equations. In line with this,
the main difficulty in handling system (2) is that the estimates obtained for equa-
tion (1) cannot cover the system case. Although we follow the reasoning plan in
[10], we develop new ideas and tools to resolve the system case of (2).

Set 7 := (p1,...,pn) and ¢ := (q1,...,qn). Denote by W&’?(Q) the comple-
tion of the set C°(§2) of C*°-functions with compact support in §2 with respect to
the norm

N
lulli 5 =Y 05l Lo
i=1
and by W, 7(Q) the completion of the set C2°(€2) with respect to the norm
N
lullyz =D 105 za:.
i=1

It follows that X := W&’?(Q) X W01’7(Q) is a reflexive Banach space with respect
to the norm

[, )| = flu

17 vl
To simplify the presentation, for any real number » > 1, we denote ' :=r/(r—1)
(the Holder conjugate of r).

Definition 1.1. It is said that (u,v) € X is a weak solution to problem (2) if
G ()| 0sulP "20udi, Gai(v)|Br0] % 2000;9p € LNQ), Vi =1,..., N,

Fl('> u()7 ’U(')v Vu(), V’U())(b, F2<'7 u(>7 ’U(-)7 Vu(-), VU())"/} € L1<Q)’
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and
N
5 [ Gutule) (e 0ua)do )i

- / Fi(z,u(s), v(x), Vu(@), Vo(x))é(x)dr,

N 3)
> / Gai(v(x))|dv () |7 200 () Oy () da:
i=1"%
= FQ(JZ,u(.]?),U($),VU($),VU(Z‘))¢(Z‘)d$
Q
for all (¢, ) € WP (Q) x Wh7(q).
We assume that
Y1 "1
— > 1 and —> 1 (4)
The critical exponents are defined as
N N
pfi=————and ¢ = — . (5)
Yl g1 YL g1

Notice that if p; = p for all ¢ = 1,..., N, then p* in (5) becomes the ordinary
Sobolev critical exponent when N > p. Under assumption (4), there are continuous
embeddings

WET (Q) < L (Q) and WE T (Q) < LP2(Q) (6)

provided 1 < p; < p* and 1 < py < ¢*, which are compact if 1 < p; < p*,
1 < pa < ¢* (see [7, Theorem 1]).

We also set

A 3

:=max{pi,...,pn} and p:=min{p,...,pn}
q

:=max{q,...,qv} and ¢:=min{q,...,qn}
and further assume

p<p‘andqg<q". (7)
Consequently, by (6) there is a constant § > 0 such that

lulfs < Ollulf and o] % < Olv][¢ .V (u.v) € X. (8)

The functions Fj, for k = 1,2, are required to satisfy the following hypotheses:
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(H1) There exist constants a;,b; > 0 for ¢ = 1,--- 5, and r; € (p,p*),r2 € (q,¢")
such that

vy N 1/ry
|F1($,8,t,€,77)| < al‘s‘rl_l + a2‘t|rll +as (Z |€l|p7>
=1

1/ry
Qi> +a5’

. N 1/
[P, 5,4,€,m)] < bils| ™ + balt] ™1 + bs (Z & )

i=1

N
+aq <Z mi
i=1

N 1/}
+ b4 <Z|77i|qi> + bs,
i=1

for a.e. € Q, all s,t €R, and &€ = (&1,...,én),n = (m,...,0n) € RV,
(H2) There exist constants ¢;j,d; > 0 for j = 1,2, 3,4, with
c3 +ds + NB_le(Cl + dl) < a1; and
cq +dy + N2710(02 + dQ) < ag;

for all i = 1,..., N, and functions (1, (s € L*(Q) such that

N N

Fi(w,s,t,6,m)s < cilsP+ caltl+cs Y |67 +ea Y mi
=1 =1

N N
FQ(‘ra Sat,f,ﬁ)t < d1|8|£+ d2‘t|g+ d3 Z ‘51 Pit dy Z |7h

i=1 i=1

*+ Cl(aj)7

qi + 4'2 (SC)

fora.e. z€Q, all s,t €R, € = (&1,...,6n),n=(1,...,0n) € RN,

Let us note that (H1) is a subcritical growth type assumption, whereas (H2)
expresses a ’sublinear” type condition.

Our main result provides the existence of a bounded weak solution to problem
(2) in the sense of Definition 1.1.

Theorem 1.2. Assume that conditions (4) and (7) hold, Gi; : R — [agi, +00) with
ag; >0 fori=1,...,N and k = 1,2 are continuous functions, and Fj, : Q@ x R xR x
RY x RY — R for k = 1,2 are Carathéodory functions satisfying hypotheses (H1)
and (H2). Then, problem (2) has at least a weak solution (u,v) € X N L>=(Q)2.

The proof of Theorem 1.2 relies on an appropriate truncation destined to cut the
unboundedness of coefficients Gf;. The right choice for the truncation is possible
due to the uniform boundedness of the solution set by a bound that only depends
on the lower bound ay; of the functions Gy;. This is the contents of Theorem 3.2
below. In the proof of Theorem 3.2, we succeeded to find a way to reduce the
estimates for the solution to system (2) to a Moser iteration separately addressing
each component. The existence of solutions to the truncated system is proven in
Theorem 5.1 by applying the surjectivity theorem for pseudomonotone operators.
Finally, a comparison argument enables us to prove Theorem 1.2.
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Remark 1.3. The existence result in Theorem 1.2 does not guarantee that the
obtained solution to system (2) is nontrivial. Note that the trivial solution can
occur only if Fj(x,0,0,0,0) = 0 for a.e. = € Q, i = 1,2. Otherwise, any solution
is necessarily nontrivial. In some cases, system (2) can possess a unique solution
(for instance, under appropriate monotone assumptions for the functions Fj(z,-)).
In order to have nontrivial solutions, additional hypotheses should be imposed.
For variational problems, conditions of mountain-pass type are usually supposed.
Problem (2) is strongly non-variational, so a different method would be effective.
We plan to address this topic in a further work relying on the sub-supersolution
approach. Here, we just suggest the technique in [9], where under suitable conditions
the existence of positive solutions, thus nontrivial solutions, can be established.

The rest of the paper consists of the following sections. Section 2 discusses
the Nemytskii operator associated to the reaction terms in system (2). Section 3
contains Theorem 3.2 and its proof establishing the uniform bound for the solution
set of (2). Section 4 examines the truncated system. Section 5 presents the existence
of solutions to the truncated and original systems.

2. Associated Nemytskii operator.

Proposition 2.1. Assume (4), (7), and (H1). Then, the map N : X — L"1(2) x
L™2(Q) given by
N(u,v) = (F1(z,u,v, Vu, Vv), Fa(z,u,v,Vu, Vv)), V(u,v) € X,

is well defined, bounded (in the sense it maps bounded sets into bounded sets), and
continuous.

Proof. By (H1), through a well-known convexity inequality, we obtain

N N
/|F1(x,u,v7Vu,Vv)|’"idx SC(Z/ |8iu|pf‘dx+2/ |0;v|% dx
Q =179 i=179

+/ \u|”dx—|—/ |v|r2dx—|—1)
Q Q

N N
/|F2(x,u,v,Vu,Vv)|Tédx <C(Z/ |8iu|pidx+2/ |0;v| % dx:
Q =179 =179

—|—/ \u|”dm—|—/ |v|”2dx+1>
Q Q

for all (u,v) € X, with a constant C' > 0. Since O;u € LPi(Q) and d;v € L% (Q), we
infer that the map A" : X — L™1(Q)) x L™2(Q) is well defined and bounded.

In order to show the continuity of N, let (u,, v,) — (u,v) in X. By the definition
of the space X and the continuous embedding X — L™ (Q) x L™(Q) in (6), we
know that (un,v,) — (u,v) in L™ () x L™ () and (Q;un, Oiv,) — (Oiu, 0;v) in
LPi(Q) x L9%(Q) for ¢ = 1,...,N. Then, the growth conditions for F; and F5 in
assumption (H1) permit to apply Krasnoselskii’s theorem, obtaining

(F1 (2, U, Uny Vg, Vo), Fo(x, up, vn, Vg, Vo))
—(Fy(x,u,v, Vu, Vv), Fa(z,u,v, Vu, Vv))

in L™1(Q) x L"2(£2), which completes the proof. O

and
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Corollary 2.2. Assume that conditions (4), (7), and (H1) are fulfilled. If (un,vn) —
(u,v) in X, then

lim (N (un, v), (un — u, v, —v)) = 0.

n—oo

Proof. Holder’s inequality entails the estimate

[N (U, vn), (U — u, v —0))|

/ Fi (2, U, v, Vg, VU, ) (U, — u)dz
Q

+/ Fy(x, up, vy, Vg, Vo) (v, — v)dx
Q

SHFI (mvunyvn7 vuny an)l

sl =l

+ ||F2(.’I,',Un,’l)n, vun) VUN)HLT'Q ||U"’L - ’UHLTz °

The compact embedding (6) yields (un,v,) — (u,v) in L™(2) x L™(Q). Since
Proposition 2.1 ensures the boundedness of the sequences F(z, un, vy, Vg, VUy,)
and F5(z, Up, Uy, Vg, Vo,) in L () and LTQ(Q), respectively, the conclusion is
achieved. O

3. Global estimates. We first estimate the solutions to (2) in the space X.

Lemma 3.1. Assume that conditions (4), (7), (H1), and (H2) hold. Then, the
solution set to problem (2) is bounded in X with a bound that depends on the function
Gri only through its lower bound ay; fori=1,...,N and k =1,2.

Proof. Let (u,v) € X be a weak solution of (2). Insert (¢,4) = (u,v) in (3) to get

N
Zlﬁmmm@mw

pid:c:/Fl(:n,u,v,Vu,Vv)udx,
Q

N
Zﬁ%mwmm

Then, from hypothesis (H2), we infer

qidf,v:/F2(ZE,U,U,VU7V'U)'UdI.
Q

i=1

N N N
D aulldwulgs, <l + eallulle + eallolze +es D N0l Zo, +ca Y 10wl
i=1 =1

N N N
> asill0l| ¥ <lGallpr + dallullFe + dallvllFa + ds > 10wl +da Y | [|0w0]| T, -
=1

i=1 1=1
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Through (8), it turns out
N

> (a1; = ca)|[ Ol
1=1
N
< erflulle + callvlze + ea Y 100]| %o + 1G]
=1
N N N
<N 0> 10sullze + N eaf > (100)1Ta + sy O0l|%, + (Gl
=1 =1 =1
N N N
< N2 O(N + Y [|0ulfh,) + N eab(N 4+ [100]|Fa,) + oy [0w0]Fa,
=1 =1 =1
+11Cllze
and
N
> (azi — da) ||| Fa,
=1

N N N
< di00)_ |0sull e )2+ do0(>  |050]| Lo )2+ ds > (|0, + (| Gall e
=1 =1 =1

N N N
< NP0 | 0sullFo + N o0 [100l[Ta + ds > [0sull o + G2l 1

i=1 i=1 i=1

Pi

N
< NN + > (|0

N N
Do)+ NOT (N + ) (050 %0) + ds Y [|0;u
=1

LPi
=1 1=1
+ [I¢llr-
These estimates imply that
N N
> (ari — (es + da)) |05l 7 + > (azi — (ca + da))[0iv]|Fa,
=1 1=1
N N
SN2TY0(ey +di) (N + Y [|0mull.) + NE10(ca + do) (N + D [|050]|%s,)
i=1 i=1

Gl + G o
The conditions imposed in assumption (H2) ensure
c3 +dsz + NE710(c; + di) < ay
{04 +dy+ NT10(co + dy) < asg;
foralli=1,...,N, so the stated conclusion is valid. O

In fact, the solution set of problem (2) is uniformly bounded.

Theorem 3.2. If conditions (4), (7), (H1), and (H2) are satisfied, then the solution
set of problem (2) is uniformly bounded, that is, there exists a constant Co > 0 such
that ||u||pe < Cy and ||v]|Le < Cy for all weak solutions (u,v) € X to problem (2).
The uniform bound Cy depends on the function Gy; only through its lower bound
ag; fori=1,....N and k=1,2.
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Proof. Let (u,v) € X be a weak solution to problem (2). We can express u =
ut —u” and v = vt — 07, where vt = max{u,0} (the positive part of u) and
u~ = max{—u, 0} (the negative part of «) and similarly for v and v~. It suffices
to prove the uniform boundedness for (u™,v"), because for (v~,v~) the reasoning
is similar.

For an arbitrary number h > 0, set uj := min{u™,h} and v, := min{v™, h}.
Corresponding to any k > 0 and 1 < i < N, we have (u™ (up,)*Pi vF(v,)*%) € X
because

10i (w™ (un) )| =|(un)*Ou™® + k(un)" ut Oyun|
<(k + 1) (un)*|0iu™],
(9)
10i (v (vn)")| =[(vn)*Biv™ + k(vn)* v O]

=|
<(k + 1) (o) *[d0].
)h

Testing (3) with (u™ (up)*Ps, vt (v,)k9), 1 < j < N, we find

N
Z/ Gu(u)|8iu|p'i_28iu8i(u+(uh)k”j)dx:/ Fy(z,u,v, Vu, Vo)u™t (uy) i dz,
— Ja Q

N
Z /Q Gzi(v) |aﬂ}

For the left-hand side of the equations in (10), we have the estimates

Z/ Gh |8u

:Z/ Ghi(u)|du
=179
N

> Zau/g(uh)kp”aiuﬂpidx
i=1

q1_28iv8i(v+(vh)kq-")dx:/ Fy(x,u,v, Vu, Vo)vT (v,)*% da.
Q

(10)

PRk () ) do

Pim20,u(0pu™ (up) " + kpj(up)™ uT 0wy, )da (11)

and

#2000, (v (vn) "7 ) d

Z/ng )|0;v

= Z/ G (0)]0:0|4 20;0(v™ (vp)FU + kg (vp)* 9 Lot 0o )de (12)

>Za21/ UR) q1|6v+|q’dx

forj=1,...,N.
For the right-hand side of the equations in (10), hypothesis (H1) enables to derive
the estimates

/F1(337U,U,Vu,Vv)qu(uh)kpjdx
Q
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r2
§a1/ |U|T171(uh)kiﬂju+dz+a2/ |U|T/1 (uh)kpjqudl'
Q Q

—&-ag/g ((g@u

1/7}
Qi> 1(Uh)kpju+d:€+a5/(uh)kpjqudz
Q

kpj kp;

Pi)l/?"i(uh)‘q*)((uh)7«1 u+)dx

and
/FQ(mauv'U7VU,VU)’U+(Uh)kqjdx
Q
1
<t [ (ot

-l—bg/ |U‘T2 1 'Uh kqwu"‘dx‘i‘bg/ Z|a u|pz ’Uh)kqj'l)—i_dx

’ kq;

+b4/Q ((Z|8w|qi>1/m(vh)rg)((Uh)k;f;jU+)dx+b5/9(vh)kqjv+dx_

For any € > 0, Young’s inequality provides constants c(¢), d(e) > 0 such that

(2

<EZ/ 10; (w ) [Pi (up )P da + (e )/(uh)kpj(u"’)”dx

Q

kpj kp;

pi> 1/r} (Uh)?) ((un) 7™ ut)da

and
/((ZWI“) P ) ) (o) F o) da
<ig‘§E:0/n|5

By Holder’s inequality, Lemma 3.1, and (5), there exists a constant C; > 0 such

)9 (vp)*% da: 4 d(e )/Q(vh)k‘“ (vh)2dx.

that
1
ra o
e et < ([ rae) oo
Q Q
<Cul|(un) u* | L
and
i/
/\u|r2 (vp)F vt da < (/ |u|”d;v> N (wn) 0t || e
S01||(1}h)kq1’u+| Lr2.




3808 D. MOTREANU, A. RAZANI AND E. TORNATORE

Again, by Holder’s inequality, Lemma 3.1, and (5), we obtain a constant Cy > 0
with

1/r]
[ () ’“”“”“(Z /, |av|‘hdx> )2

<Col|(up)*Prut | r

and

1/r
pidm) 1(vn) v [ 2

f(s

‘ 1/rh P N
p") (vp) " vTde < Z/Q@u
i=1

§C2 H (Uh)kq‘7U+ Her .

There are also the estimates

/(“h)k”uwxg/(uh)k”j(u+)’1dw+lﬁl
Q

Q

and
/(vh)kqjv+dx < /(uh)kqf(mmdw 1,
Q Q

where || denotes the Lebesgue measure of €.
The preceding estimates lead to

/ Fy(z,u,v, Vu, Vv)u+(uh)kpjd$
Q

Pi (uh)k”j dx

N
<a, / (u) 2 (uh)" d + agCh[| (un) P ut | Lri + aze Y / 0;ut
Q P o)

+ age(e) / ()5 () s+ aaCo | (un) 7wt | 1
Q

+as( [ ()7 () do -+ [9)

and

/ Fy(z,u,v, Vu, Vv)v+(vh)kqj dx
Q

<biC1|(vn) 0T fre +b2/(”h)kq" (v)"2dx + b3 Ca|(va) v || L2
Q
+b4€Z/ |a |qL Uh kqjdx+b4d( )/(,Uh)k%‘(v"r)Tzdx

Q
+ bs (/Q(vh)’qu (vF)2dx + Q|> .
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Let us notice that

1

. 1 1 . 1
/Q (Cun) et P lda:) I = () T+ 19U
and similarly

) 1
1(wn) 50t | zra < || (vn) 0™ | Ty + 19272

Consequently, we obtain

N
/Fl(x,u,v,Vu7Vv)u+(uh)kpfdm < (I3<€Z/ 10; (w )P (up,)*Pi dae
Q — Ja

([ 7ty do o+ )t 1),

N
/FQ(SL‘,u,U,VU,VU)U+(Uh>ijdJ] < b452/ |03 (0|9 (vp, ) ¥ daz
Q =179

+C(/Q(vh)kqf' (v 2dx + ||(1};1)’“1)+||(2’;,j,-2 + 1),
with a constant C' > 0.
Then, (10), (11), (12), and (13) show that

N

i=1 Q
<C( [ () ) de ) [ + 1),
Q

N

Z(am*b&)/(vh)kq"l&v+

i=1 Q

qi dz

SC(/Q“’h)’““ (v+)72d + (o) o | s +1)).

For any € > 0 small enough, we get
N
> [ () jout
i=1"/9

N
Z/(vh)kqf|8iv+\Qidat gc(/(vh)’fw(vﬂwdﬁ I Con) e % + 1)
=179 Q2

Pide SC(/Q(uh)kpf () do -+ | ) ot [y 4 1),

with a new constant C' > 0.
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From (9), we infer that

o5 o Cun) s <C 1) [ )72+ )t s 1)

050 o0l <O (kD [ (004 0%+ [ 0n) 0" 2y + 1) K

Q

(14)
Using that r; € (p,p*) and ro € (q,¢*) as postulated in hypothesis (H1), we can
find « € (pj,m) and S € (g, r2) satisfying

(i —py)a < p* and

@ —DPj B—q

Holder’s inequality, (6), (15), and Lemma 3.1 provide the existence of constants
K1 > 0 and K5 > 0 such that

/Q(uh)kpj (uh)"da :/ ()7 (un) )P da

Q

(r2 —q)B .

< q*. (15)

—Pj P

S(/Q(u*)(ri‘i’]j)ada:)aa (/Q(qu(uh)k)adx>7

<K Ju® (un) |7

and

/Q(vh)kqj (vt)2dx :-/(v"r)Tz_Qj((vh)k:v-‘,—)qjdx

Q

([T w) ([ ot )

<E||v* (on)* |17

Note that pjm1 > a and g;r2 > 8. From (14), we arrive at
105 (u* (un)™) | s <K (k + 1)([fu* (un)* | Lo + 1),
{ 10 (vt (vn)*) e <K (k + 1)(lo* (vn)* |15 + 1),
with a constant K > 0. As j = 1,..., N was arbitrary, this results in
™ @n)* |y ) SEN(k+ D) ([lu® (un)*|| e + 1),
1o (on) llya.7 () SEN (k4 1)(lo™ (on)"[l2s +1).
Then, the continuous embedding (6) implies
{Ilﬁ(%)klm* <C(k+ D (lut Iyt +1),
o (@)l e <Ok + (0 [ sy + 1),
with a constant C' > 0. Letting h — 0, Fatou’s lemma yields
a1 ey =) e < O+ D ([l 5Ly + 1),
||U+||§j*1(k+1) :||(U+)k+1||Lq* <C(k+ 1)(||U*||’Z§(1k+1> +1).

At this point, since now the variables u™ and vT are decoupled, the problem
is reduced to the setting of [10], so we can proceed as therein. For the sake of
completeness, we carry out the proof. It suffices to argue in the case of u™. If for a
sequence k,, — +0o we have |[u™ || p*kn+1) < 1 for all n, then |[u™||L~ < 1, which

(16)
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ends the proof. Two situations remain to be discussed: (a) ||[u™|| pp*x+1y > 1 for all
k > 0; (b) there is ko > 0 such that ||u™||pxko+n <1 and ||[u™ || pxxs1y > 1 for all
k> k.

When (a) holds, (16) gives

™| o sy < (20)F5 (k + 1) [ut || paerny. Vi > 0.
The function k — (k + 1)"/V*+1 is bounded on (0, +00), so one has
[t o cesny < CYVEF | paerny, VE 20, (17)
with a new constant C' > 0. We can build the Moser iteration
(kn + o= (kn_1+1)p*, Vn>2,

starting with (k1 + 1)a = p*. Repeatedly applying (17) gives
n 1
[t || pox ey < CT7FVEF T e

The inductive definition of (k) ensures that k, — 400 and the series >0 1/vk, + 1
converges. Then, Lemma 3.1 shows that letting n — oo, we obtain |Ju™ ||~ < Cj,
with a constant Cy > 0 independent of the solution (u, v).

For case (b), a similar reasoning can be developed giving

[ut | o ey < )T (k + D)FT [ut || pacesn,  VE > ko,
The above argument shows

HU+HLP*<’C+1) < ct/ k+1||u+||La(k+1), Vk > k. (18)

with a constant C' > 0. The same Moser iteration applies, this time starting with
(k1 + D)oo = p*(ko + 1). Then, (18) entails

A
Jut || o knrny < CT7 VR uF]| Lor o).

As in case (a), we prove that [[u'|| =) < Cy with a constant Cy > 0 independent
of the solution (u,v). Similarly, we can establish the bound [[v™ || () < Co.

A careful inspection of the proof reveals that the constant Cy depends on Gy;
and Gg; only through their lower bounds ay; fori =1,..., N, k = 1, 2, respectively.
This completes the proof. O

4. Auxiliary truncated system. Here, we extend to system (2) the idea of trun-
cation used in the case of isotropic equations (see [8] and [11]) to overcome the
difficulty of unbounded coefficients G; fori=1,--- N and k =1, 2.

Corresponding to any real number R > 0, we truncate the functions Gy; in the
following way:

Gri(t) if [t| < R, Gai(t) if [t| < R,
Gli’R(t) = ¢ Gi(R) if t > R, and Go; p(t) = Gri(R) if t > R,
Gii(—-R) ift< —R. Gri(—R) ift < —R.

(19)
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In accordance with (19), we state the auxiliary system

N
Z (Grir(w)|Ou|P~20;u) = Fy(x,u,v, Vu, Vo) in €,
X (20)
Z (Go;i r(v)|0;0|720;v) = Fa(x,u,v, Vu, Vo)  in €,
u=v=0 on O0f2.
The driving operator in problem (20) is the map Ag : X — X* defined by
<AR(U7 U)7 (¢a 7/}»
(21)

N N
:Z/ Gli,R(u)|8¢u|p’i_26¢u8igbdx—|—Z/ Ggi’R(U)\82»11\‘11'_282»1)81-@/16[:10
=1 /9 =179

for all (u,v), (¢,v¢) € X.

Proposition 4.1. Assume conditions (4) and (7). Then, for each R > 0, the
map Ar : X — X* in (21) is well defined, bounded, continuous, and fulfills the
S -property, that is, (up,v,) — (u,v) in X, and

lim sup(Ag (un, vn), (Un — v, —v)) <0 (22)

n—oo
imply (up,vy) — (u,v) in X.

Proof. By Hélder’s inequality, for all (u,v),(¢,¢) € X and i =1,..., N, we get

‘/ GM,R(U)‘&'U

ax G R)10sul|7 |05 i + lftrllgﬁGzi,R(t)Haiv

Pi=29,ud;pdx

+ ‘/ Ggi)R(’U)|aﬂ/ qi72ai1}8¢¢dl’
Q 23)

oo 10| Las

We infer for all (u,v) € X that Ar(u,v) € X*, so Ag is well defined. Moreover,
(23) shows that the mapping Ag is bounded.
In order to prove that Ag is continuous, let (u,,v,) — (u,v) in X. We note that

||~AR(Um V) — -AR(U7 ’U) HX*

N
< Z 1(G1i,r(tn) — G1i,r(w))[Ditun [P~ 2O5un |

Pi
Lpi—1

N
; P20 — |9:ulPi—28, i
+ Z |Gi e (u0) (st P21, — |Osul” 2 00)| o,

N
+ > [1(Gai,r(vn) = Gair(0))]0i0n] %Dy,

2
Lai—1

“=29,0, — |9y

N
) . qi—25 .
+ Z 1Gai,r(v)(|Bivn o)l o,
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The following inequalities hold:

Py
Pi—

(G4, (wn) =G4, r ()05t [P 2Oy |

1
Py
-1

S/ |G1i,R(Un) — Glz,R(u)|Tll|azun Pidy,
Q
1(Ga2i, 7 (vn)—Gai g (0))|Biva| %20, i

Yidx.

S/ |G2i,r(Vn) — Gz¢,R(”)|;7il|aiUn
Q

The continuity and boundedness of the functions G1; r and G2; r enable us to apply
Lebesgue’s dominated convergence theorem on the basis of the strong convergence
(un,vn) = (u,v) in X that provides

Jim |[(Gri,r(un) = Gri,r(w)[dsun pi*Q@iunHLpfil =0,
Jim [1(Gir(vn) = Gair(v)|0wwn | *Oi0p|| _u =0,
and
Jim (G r () (195 [P 2 0iun — 0sulP 2 0pu)|| v =0,
nl;r& |Gai. 1 (v)(|0ivn| %2050y, — D0 qi*Z&;v)HL% =0.

Then, from (24), we derive that Ag(un,vn) = Ag(u,v) in X*, whence the conti-
nuity of Ag.

Now we focus on the S -property of Agr. Let (un,v,) — (u,v) in X and (22) be
satisfied, which takes the form

hmsup<AR(unavn) - AR(U,U), (un — U, Up — U)> <0. (25)

n— o0
It is seen that

<-AR(un7 Un) - AR(“? 'U)a (un — U,V — 'U)>
N
> Zau‘ /Q(|8iun

N
+ Z /Q(Gli,R(un) — Ghir(u))|0iu

Pi=20u, — |0 pi_Qaiu)ai(u" —u)dx

pi728¢u8i(un —u)dx

(26)
N
+ Zam‘ / (10500 | %2050, — |030|% 2050) 03 (v, — v)da
i=1 2
N
+ Z / (GQi,R(Un) - G2i7R(U))|8iU qiiZBZ‘Uai(Un — U)dx
=179
As before, we can prove that
Jim / (Craor(tim) — Grioe(w))|9: ()P~ Bruds (wn — u)dar = 0,
n—oo Q
(27)
h_>m /(G2i7R(Un) — Ggi’R(v))|8i(v)|q"_28iv8i(vn — ’U)d.’l? =0.
n (oo} Q

On the other hand, using Holder’s inequality, we observe that
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| o
Q

Q

Q

> Yot %5, + [l 2 — ( /Q Brin

p;—1
—</ |8¢upidx) " </ |0,
Q Q
T+ lu

P20, — |Oiu

Pide + / |0
Q

pi71|8¢u|dx7/ |c'91u
Q

Pi=20,u) 0 (up, — u)da

DPi dz

Pi=1| sy, | d

pidx> " (/ |0;u
Q
Pldx) P

|ullLe: = [lu

1
. Pi
Pidy

pi—1
LPi

B a7

= (lunllzee = lullze) (unl o™ = llulf )

Then, from (25), (26), (27), and Holder’s inequality, it turns out

= [lun [t Lo

Tim ([9stn|o: = 9sull o) (1050l = sl ) =0,
Jim ([|ion|[pe — ||3ﬂf||m)(||3ivn it — [0 qﬁq?l) =0,

forall i =1,..., N. This results in
lim ||8iun||Lpi = HaiUHLpi and
n—oo
lim ||O;vp|lLai = ||Oiv]|pa, foralli=1,... N.
n—oo

Since the spaces LPi(Q) and L% (Q) are uniformly convex, we infer the strong con-
vergence u,, — u and v,, — v in W&’?(Q), which completes the proof. O

The properties of the operator Az — N, with Ar and A introduced in (21) and
Proposition 2.1, respectively, are listed in the next statement.

Proposition 4.2. Assume (4), (7), (H1), and (H2). Then, for each R > 0, the
map Agr — N : X — X* satisfies:

(i) Ar — N is bounded;

(ii) Ar — N is pseudomonotone, that is, if (up,vs) = (u,v) in X and

limsup((Ar — N)(tn, vn), (un — 1, v, —v)) <0, (28)
then
lim inf (AR = N) (ttn, V), (10 = 6,0 = ) (29)

> llnrggf«AR_N)(uvv)?(ua 'U) - (¢ﬂ/’)>, V(QM/’) € X;
(iii) Ar — N is coercive, that is,

<(AR - N)(U, U)7 (u7 U)>

Il (uv) [ =00 [| (w, v) |

= +o00. (30)

Proof. (i) The assertion follows from Propositions 2.1 and 4.1.

(ii) Let up, — v and v, — u in Wol’?(ﬂ) and W(}’?(Q), respectively, and sup-
pose that (28) is satisfied. From Corollary 2.2 and (28), we derive (22). Thanks
to Proposition 4.1, the Sy-property of the operator Ag implies u, — u and
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v, — v in Wy ?(Q) and W, ’7(9), respectively. Then, Proposition 2.1 ensures that
N (up,v,) = N(u,v) in X*, while Proposition 4.1 entails Ag(un,v,) — Agr(u,v)
in X*. Therefore, (29) holds true.

(iii) By assumption (H2) and (8), we infer that

<('AR - N)(ua U)) (u,v))

N
ZZ/QGM,R(U)|81'U
i=1

Pi
LPi

N
Pidy = cy||ullFe — collvll7a — 3 Y [|0iu
i=1
N
—ca Y [100llFa, = ¢l
=1

Pi
LPi

N
Y / Gai,n ()| Oh0] s — dy[[ull, — daflol|e — ds 3 0w

i=179 i=1

N
—da ) 110:0]| 0, — l1Gall e
i=1

N
> Y (i — (e3 + ds) = N2 (1 +d0)0) |9yl
=1

N
+ Z(azi — (ca +dg) = N1 (co + d2)0)]|Osv

i=1

qi
L%

— NE(c1 +d1)8 — NB(ca + d2)0 — [|C1l[ 2 — [IC2][ -

From hypothesis (H2), we know that a;; — (c3 + d3) — NE7(c; +d1)0 > 0 and
ag; — (c4 +dy) — N2 Y (cy + dy)0 > 0. Taking into account that p; > 1 and ¢; > 1
for all ¢ = 1,..., N, the preceding inequality implies (30), thus completing the
proof. O

5. Solutions to the anisotropic systems. Now we are able to prove the exis-
tence of solutions to auxiliary system (20).

Theorem 5.1. Assume that conditions (4) and (7) hold. The functions Gg; :
R — [agi, +00), with ag; > 0 fori = 1,...,N, k = 1,2, are continuous, and
F,: OxRxR xRN xRNV = R, k = 1,2, are Carathéodory functions satisfying
hypotheses (H1) and (H2). Then, for every R > 0, problem (20) has at least a weak
solution (ur,vr) € X, which means

N
Z/QGU,R(“R("E))WW(I) pi*zaiu(x)aid)(x)dx:/Fl(:c,u,v,Vu,Vv)ngdx,
i=1

Q

N
iz_:l/QG%R(UR(LU))|8“’(x)|qi_26iv(x)aiw($)d$:/QF2($7U7%VU,VU)wd;E

(31)
for all (¢,v) € X. Moreover, the solution set of system (20) is uniformly bounded
with the bound Cy > 0 in Theorem 3.2. In particular, one has ||(ur,vr)||L~ < Co.

Proof. For a fixed R > 0, the auxiliary system (20) is equivalent to resolving in X
the operator equation

(Ar = N)(u,v) =0. (32)
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By Proposition 4.2, it is known that the operator Agp — N : X — X* is pseu-
domonotone, bounded, and coercive. Hence, we are entitled to apply the main
theorem for pseudomonotone operators (see, e.g., [5, Theorem 2.99]) from which we
deduce that equation (32) possesses at least a solution (ug,vr) € X. Due to the
mentioned equivalence, (ug,vgr) is a weak solution of auxiliary problem (20) in the
sense of (31).

On the other hand, Theorem 3.2 is applicable with G; g in place of Gy; for every
i=1,...,N and k = 1,2. This is true because the range of G, r is contained in
the interval [ay;, +00), as it is the case for Gy;. Consequently, the solution (ug,vg)
of (20) fulfills the a priori estimate ||(ug, vg)||Le < Co, where Cy > 0 is the uniform
bound given in Theorem 3.2. This completes the proof. O

Remark 1.3 can be applied to Theorem 5.1 in place of Theorem 1.2.
Now we prove that (ugr,vr) € X obtained in Theorem 5.1 is a weak solution of
the original problem (2) provided R > 0 is sufficiently large.

Proof of Theorem 1.2. Theorem 3.2 provides the existence of a positive constant
Cy such that ||(u,v)| L~ < Cy for all weak solutions (u,v) € X to problem (2). As
known from the statement of Theorem 3.2, the constant Cy depends on the function
Ggi in (2) only though its lower bound ag; for i = 1,...,N and k = 1,2. From
(19), it is clear that ag; is a lower bound for each truncation Gy; r. Therefore, the
same constant Cy bounds the solution set of each auxiliary problem (20) whenever
R > 0, so for the solution (ugr,vr) € X to problem (20) given by Theorem 5.1, it
holds that ||(UR7UR)HL°O < ().

In view of the fact that Cy does not depend on R, we are allowed to choose
R > Cy, getting that |ur(z)| < R and |vg(z)| < R almost everywhere on Q. Owing
to (19), we have

Grir(up(z)) = Gii(ur(z)) and Go; r(vr(7)) = Gai(vr(x))

for a.e. € Q,and ¢ = 1,...,N. It follows that (ug,vgr) € X is a bounded weak
solution for the original problem (2), thus completing the proof of Theorem 1.2. [
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