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I would like to thank the Authors for writing this interesting article dealing with unsteady 6 

stage-discharge relationships for sharp-crested weirs. The operation of triangular and rectangular 7 

sharp-crested weirs in unsteady flow conditions was experimentally investigated. Results indicated 8 

the presence of looped rating curves, with transposition of the rising and falling limbs compared to 9 

that commonly observed in stream gauge ratings. The Authors found that the deviation between 10 

steady and unsteady flow rates in the looped rating curves depends on the weir type and on the 11 

hydrograph gradient (i.e. the temporal depth variation), especially when the latter changes rapidly.  12 

Finally, they proposed calibrated relationships, where two empirical coefficients account for 13 

the so called Hydrograph Equivalent Slope  defined as the geometric mean of the absolute slope 14 

value of the water head above the weir crest, between the rising and the falling limb, which 15 

incorporates the effect of flow unsteadiness. 16 

For a circular sharp crested orifice made at the bottom of a tank, which the unsteady stage 17 

discharge relationship, only differing in the exponent x of the water level, h, above the crested orifice 18 

(x = 1/2 for circular holes, x = 3/2 for rectangular weirs, x = 5/2 for triangular weirs), was recently 19 

derived (Baiamonte, 2020), the only objective of this discussion is to show that the deviation between 20 

steady and unsteady flow rates in the looped rating curves, could be analytically derived without 21 

calibration. As a consequence, the effect of the average hydrograph gradient  found by the Authors 22 

can be analytically determined for both the rising and the falling limb. The analysis is performed for 23 
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dimensionless groups, which make results more general and make them more useful for their ability 24 

to contract, or make more succinct, the functional form of physical relationships. 25 

Under steady-state condition, for a circular sharp crested orifice made at the bottom (or at a 26 

vertical side) of a water tank (x = 1/2), the rating curve is expressed as: 27 

 (1) 28 

where Q0 (m3/s) is the steady-state discharge,  is the discharge coefficient, and g (m/s2) is the 29 

acceleration due to gravity. The outlet discharge from the hole per unit surface tank base, A (m2), is 30 

denoted as v (m/s): 31 

 (2) 32 

Of course, the maximum value of Q0 and v, Q0,max and vmax, respectively, are achieved when the water 33 

level h equals the tank height, Z: 34 

 (3) 35 

 (4) 36 

Under steady-state condition, the inlet discharge equals the outlet discharge and can be written 37 

by normalizing Q0 with respect to Q0,max (Eq. 3), and h with respect to Z: 38 

  (5a) 39 

 (5b) 40 

where the superscript, ss, of the dimensionless water level, h*, denotes the steady state condition. 41 

 Now, let define a characteristic time of the water tank, tc (s), as the time that the water particle 42 

needs to cross the entire tank height Z, under steady state conditions and with velocity v = vmax: 43 

 (6) 44 

Moreover, in order to introduce an unsteady-state condition, without loss of generality for the 45 

results that will be described, let assume that the water level, h, due a different new inlet discharge, 46 

Q  Q0, rises in the time according to: 47 



 

 (7a) 48 

Eq. (7a) can also be rewritten dimensionless by normalizing h, v and t with respect to Z, vmax (Eq. 4) 49 

and tc (Eq. 6), respectively: 50 

 (7b) 51 

where  = t/tc and  = v/vmax. 52 

 Under unsteady-state conditions, the recently introduced dimensionless unsteady-state 53 

relationship linking the normalized water levels, h* and h*0, corresponding to the normalized actual 54 

time, , and to the antecedent time, 0, is rewritten here (Baiamonte, 2020): 55 

 (8) 56 

where  is the dimensionless input discharge: 57 

  (9) 58 

Eq. (8), which is explicit in , can be solved with respect to h* in an implicit form: 59 

 (10) 60 

 In order to compare the discharge between the steady-state and the actual unsteady-state 61 

conditions, in Eq. (10), the normalized input discharge corresponding to the antecedent condition, 0, 62 

, ( 0): 63 

  (11) 64 

that in the end right side was also expressed according to Eq. (7b), under the reasonable assumption 65 

that during the close interval [ 0, ], the new input discharge Q  Q0 and the corresponding v and  66 

values are time-invariant. 67 

 Substituting Eq. (11) into Eq. (10) yields: 68 

 (12) 69 



 

Eq. (12) can also be made explicit by using the Lambert function, W (Olver et al., 2010): 70 

 (13) 71 

Eq. (13) is valid for the rising water limb (h* > h*0) as well as for falling water limb (h* < h*0). 72 

However, in the latter case, in order to explore in the falling limb the same entire water level range 73 

h* [0,1] than the rising limb, in Eq. (11), in place of Eq. (7b), a gradually decreased water level 74 

relationship needs to be considered: 75 

 (14) 76 

For different normalized hydrograph gradients,  (Eq. 7b) set equal for both the rising and the 77 

falling limb, Fig. 1 shows the unsteady stage-discharge relationships derived by the suggested 78 

procedure (Eq. 13), together with that corresponding to the steady-state conditions (Eq. 1). Similarly 79 

to the results obtained by the Authors, Fig. 1 shows that the transposition of the rising and of the 80 

falling limbs occurred with higher discharges in the rising limb (Neely and Bingham 1986), and with 81 

lower discharges in the falling limb, which effect increases more and more at increasing ,  = 0.02 82 

(Fig. 1a),  = 0.05 (Fig. 1b),  = 0.2 (Fig. 1c),  = 0.4 (Fig. 1d).  It is interesting to observe that for 83 

very low values of the normalized hydrograph gradient, , the transposition becomes negligible (Fig. 84 

1a), according to the fact that the steady-state condition is achieved. For the falling limb, larger 85 

relative errors in discharge measurements, RE, than the rising limb were observed, which achieved 86 

their maximum for h* = 0 (tank completely empty) and for h* = 1 (tank completely full), for the falling 87 

and for the rising limb, respectively (Fig. 1d). Of course, the latter conditions are meaningless for 88 

practical purposes. 89 

In Fig. 2 the relative error RE in Q* estimation, REmax Q*, is plotted versus the normalized 90 

hydrograph gradients, , together with the dots corresponding to the application of the suggested 91 

procedure made in Fig. 1, showing what is expected. Results confirmed that Eq. (13), already 92 

experimentally tested in laboratory (Fig.2a), could be apply in the field for discharge measurements 93 

under unsteady state conditions (Baiamonte 2020), by relaxing the error emphasized by the Authors.  94 



 

As a separate matter, the discusser would like to note that the error analysis by using 95 

dimensionless groups performed to investigate the influence of the steady state assumption when 96 

using rating curves, is not affected by the dependence of the runoff coefficient by the kinetic head, 97 

whereas experimental measurements made in laboratory channels equipped with weirs could be. 98 

 99 
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Figure Captions 

 

Fig. 1 - Transposition of the rising and falling limbs compared to the steady-state rating curve, for the 

rising and for the falling limb, for different normalized hydrograph gradient, : a)  = 0.02, b)  = 

0.05, c)  = 0.2 and d)  = 0.4. 

 

Fig. 2  a) For the rising and the falling limb, maximum RE in Q* versus , when assuming steady-

state conditions, b) Graphical Abstract showing input discharge measurement, under unsteady-state 
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