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Abstract. We study the asymptotic behavior of the effective thermal conductivity of a periodic two-phase dilute composite
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1. Introduction

In this paper, we study the asymptotic behavior of the effective conductivity of a two-phase composite,
consisting of a matrix and of a periodic set of inclusions, each of them of size ¢ > 0. Both the matrix
and the inclusions are filled with two different homogeneous and isotropic heat conductor materials of
conductivity A" and A~. At the two-phase interface the thermal resistance appears: while the normal
component of the heat flux is assumed to be continuous at the two-phase interface, the temperature field,
instead, displays a jump proportional to the normal heat flux by means of a parameter p(¢) > 0. Such
a discontinuity in the temperature field is a well known phenomenon and has been largely investigated
since 1941, when Kapitza carried out the first systematic study of thermal interface behavior in liquid
helium (see, e.g., Swartz and Pohl [49], Lipton [34] and references therein).
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2 M. Dalla Riva et al. / Series expansion for the effective conductivity

We are interested in the properties of the composite in the dilute case, i.e., when the singular perturba-
tion parameter €, which controls the size of the inclusions, tends to 0. In [17], the authors have proved
that under suitable assumptions the effective conductivity A°(¢) of the composite can be represented
in terms of a real analytic function for € close to 0. As a consequence, A°(¢) can be expanded into a
convergent power series for € small. The aim of this paper is to compute explicitly all the coefficients of
such a power series, providing therefore a constructive method to approximate the effective conductivity
at any desired degree of precision and which is valid for all the shapes of the inclusions.

We recall that the expression defining the effective conductivity of a composite with imperfect contact
conditions was introduced by Benveniste and Miloh in [9] by generalizing the dual theory of the effective
behavior of composites with perfect contact (see also Benveniste [8] and for a review Dryga$ and Mi-
tyushev [21]). By the argument of Benveniste and Miloh, in order to evaluate the effective conductivity,
one has to study the thermal distribution of the composite when so called “homogeneous conditions” are
prescribed. We also note that effective properties of heat conductors with interfacial contact resistance
have been studied via homogenization theory (cf. Donato and Monsurrd [20], Faella, Monsurro, and
Perugia [22], Monsurrod [42,43]).

Therefore, as in [17], we now introduce a particular transmission problem with non-ideal contact
conditions where we impose that the temperature field displays a fixed jump along a certain direction
and is periodic in all the other directions. For the sake of completeness, non-homogeneous boundary
conditions at the two-phase interface are also investigated (cf. problem (3) below).

We fix once for all (g1, g22) € 10, +oo[%. We denote the periodicity cell Q and the diagonal matrix g
by setting

qu O
=10, 0, , = .
0 =10, g1l x 10, g2l q ( 0 Q2z)

We denote by |Q|» = ¢1192 the 2-dimensional measure of the fundamental cell Q and by g~ the
inverse matrix of g. Clearly,

q7° = {qz:zeZz}

is the set of vertices of a periodic subdivision of R? corresponding to the fundamental cell Q.
Leta € 10, 1[. We fix once and for all a subset © of R? satisfying the following assumption:

Q is a bounded open connected subset of R? of

class C, R? \ Q is connected, and 0 € Q. (D)
Let p € Q be fixed. Then there exists €y € R such that
€ € 10, +o0l, P+eQC Q Ve el—e, el (2)
To shorten our notation, we set

Q,e=p+eQ VecR.
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Then we introduce the periodic domains

= J@z+ Q0.  Tc=R*\S Ve el-e.el.

zeZ?

Next, we take two positive constants A ™, A~, a function f in the Schauder space C%*(3Q2) and with
zero integral on 0€2, a function g in C%%(3Q), and a function p from ]0, o[ to 0, +o0[, and for “each
n € {1, 2} we consider the following transmission problem for a pair of functions (u, u,) € Cllo’g‘ (Se) x

Cigé (To):

AM: — in Sf,

Au, =0 in T,

wf (X + Gumen) = w (x) + S nGmm Vx € S, Vm € {1, 2},

y (X + Gumem) = 1y, (X) + Sm.nGum Vx € Te, Vm € {1, 2}, 3)
A g (x >—x+ f’“" -(x) = f((x = p)/e) Vx € 0.

2 g s -(0) + 515 <u+<x> u, (1) = g((x — p)/e) Vx € IR,

fmw un T(x)do, =0,

for all € € ]0, €[, where ng,, denotes the outward unit normal to 9€2, .. Here {e1, e2} denotes the
canonical basis of R

In problem (3), the functions u;" and u; play the role of the temperature field in the inclusions occupy-
ing the periodic set S, and in the matrlx occupying T, respectively. The parameters A ™ and A~ represent
the thermal conductivity of the materials which fill the inclusions and the matrix, respectively, while the
parameter p(¢€) is the interfacial thermal resistivity. The fifth and the sixth condition in (3) describe the
jump of the normal heat flux and of the temperature field across the two-phase interface.

Problem (3) has been investigated in [17] under the assumption that

the limit lim exists in R.

e—0+ p(€)

If € € 10, ¢, then the solution in C, 1, ”‘(S ) X C]Oc (T,) of problem (3) is unique and we denote it
by (u][e€l, u, [e]) (see [17]). As in [17] we introduce the effective conductivity matrix A% (e) with
(m, n)-entry A . (€) defined by means of the following.

Definition 1.1. Leta € 10, 1[. Let p € Q. Let Q be asin (1). Let €y be as in (2). Let AT, A~ € 10, +o0[.
Let f g € C%*(HQ) and fando = 0. Let p be a function from ]0, €y[ to ]0, +o0o[. Let (m,n) €
{1,2)%. We set

+ —
o= L (e [ P [ Bl )
|Q|2 Qpe X O\Qpe X

1
+ _/ f((x = p)/e)xndo, Ve €10, &l,
|Q|2 BQp.e

where (u[€], u, [€]) is the unique solution in Cllo’f (Se) x Cll.f (T.) of problem (3).
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4 M. Dalla Riva et al. / Series expansion for the effective conductivity

When f = 0 and g = 0 the above definition coincides with the standard definition of effective con-
ductivity of the periodic composite with matrix and inclusions of conductivity A~ and A ™, respectively,
subject to imperfect contact conditions.

As already mentioned, under suitable assumptions, it is shown in [17, Thm. 8.1] that the effective
conductivity can be continued real analytically in the parameter ¢ around the degenerate value € = 0.
This is the case, for example, if p(e) = 1/rs or p(€) = €/rs, where ry is a positive real number. In
particular, if p(¢) is as above, then k;ffl (¢) can be expanded into a (convergent) power series for € small.
The aim of this paper is to present a fully constructive method to compute all the coefficients of such
power series.

One of the most common approaches to study the asymptotic behavior of functionals related to the
solutions of singularly perturbed boundary value problems in domains with small holes and inclusions
is that of Asymptotic Analysis, which allows to write out asymptotic expansions for A% (¢). In this
sense, in Ammari, Kang, and Touibi [6] the authors compute an asymptotic expansion of the effective
electrical conductivity of a periodic dilute composite with ideal contact condition (see also the mono-
graph Ammari and Kang [3]). We also mention Ammari, Kang, and Kim [4] where the authors consider
anisotropic heat conductors, Ammari, Kang, and Lim [5] where effective elastic properties are investi-
gated, and Ammari, Garapon, Kang, and Lee [1] for the analysis of effective viscosity properties. For
the application of asymptotic analysis to dilute and densely packed composites we refer to Movchan,
Movchan, and Poulton [44]. Concerning asymptotic methods for general elliptic problems we mention,
e.g., Maz’ya, Nazarov, and Plamenewskij [37,38] and Maz’ya, Movchan, and Nieves [36]. In particular,
a uniform asymptotic approximation of Green’s kernel for the transmission problem for domains with
small inclusions has been obtained in Maz’ya, Movchan, and Nieves [35] and Nieves [45]. Boundary
value problems in domains with small holes have been also analyzed with the method of multiscale
asymptotic expansions (cf., e.g., Bonnaillie-Noé&l, Dambrine, Tordeux, and Vial [13] and Bonnaillie-
Noél, Dambrine, and Lacave [12]). Moreover, the topological-shape sensitivity analysis of the energy
shape functionals for perturbations in the form of inclusions with appropriate transmission conditions
can be found in Novotny and Sokotowski [46, Ch. 5]. An anomaly detection algorithm based on prob-
lems in perforated domains can be found in Ammari, Garnier, Jugnon and Kang [2].

We note that the above mentioned technique allows to produce asymptotic expansions of the type

)Lfnffl(e) = Zaje" + R(e) ase — 0,
j=0

for some r € N, ay, ...a, € R, and some (small) remainder function R(-). This technique has revealed
to be extremely versatile for a wide range of problems; on the other hand, this method usually does not
allow to show that the associated power series Z?io aje’ is convergent and equal to A% (¢) and may
not provide a constructive formula for all the coefficients a;.

Another technique, the so-called Functional Equation Method, has shown to be very useful to express
the effective conductivity in terms of convergent power series of the diameter of the inclusion (cf.,
e.g., Castro and Pesetskaya [14], Castro, Pesetskaya, and Rogosin [15], Drygas and Mityushev [21],
Kapanadze, Mishuris, and Pesetskaya [27,28], Mityushev [40]), also in the case of random composites
(cf., e.g., Berlyand and Mityushev [10,11]). However, such a method applies to specific geometries as,
for example, the cases of circular and elliptic inclusions and only in the two-dimensional case.

With this paper, we present an alternative method having some advantages. Our analysis is based on
the Functional Analytic Approach proposed by Lanza de Cristoforis in [30] for the investigations of
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singular perturbation problems in perforated domains. The main aim of such approach is to represent
the solution or related functionals in terms of real analytic maps of the singular perturbation parameter.
A result of this type then allows to justify representation formulas in terms of convergent power series.
A preliminary step in the explicit computation of the series expansions has been performed in [18],
regarding the solution of a Dirichlet problem for the Laplace equation in a bounded domain with a small
hole. The present paper represents the first extension of such computation to periodic domains and to
different boundary conditions (namely, transmission conditions). We also note that the computations of
the present paper can be extended to the three-dimensional case. However, for the sake of simplicity, we
confine here to the case of dimension two.

On the computational modeling of problems on domains with small holes we mention, for example,
the paper by Babuska, Soane, and Suri [7], which presents a computational method combining analytic
knowledge of the solution singularities with finite element approximation of its smooth components.
Moreover, a scheme for the effective properties of unidirectional fibre-reinforced media can be found in
Joyce, Parnell, Assier, and Abrahams [26].

In our analysis we investigate two specific cases: p(e) = 1/rs and p(€) = €/ru. We observe that the
first case corresponds to the situation where the thermal boundary resistance p(€) is independent of ¢,
whereas in the second case the resistence is proportional to the size of the contact interface 92, . This
latter case has been considered also in the works of Castro, Pesetskaya, and Rogosin [15] and of Drygas
and Mityushev [21]. In the first case, our main result is represented by Theorem 4.4, where we prove
that

+o00
1 Cc k
)\‘eff (6) — )\.76 _|_ 62 § (m,n), Gk,
" " Q2 = k!

for explicitly defined coefficients c(y. . In the second case, Theorem 5.5 shows that A (€) can be
expressed by means of a convergent power series of €2, namely

1 d
e - 2 : m,n),2k
)\.fi(e) —)\. 8m,n+€2| |2 (( ))‘ €2k.
; k=0 ’

for explicitly defined coefficients d(,, »)2x. Moreover, in both situations, we also make some considera-
tions on the specific case when 2 is the unit ball.

The paper is organized as follows. In Section 2 we introduce some notation. Section 3 collects some
preliminaries on potential theory and on the integral equation formulation of problem (3). In Section 4,
we compute the power series expansion under the assumption p(e€) = 1/rx. Finally, Section 5 completes
the paper with the analysis of the effective conductivity in the case p(€) = €/rs.

2. Some notation

We denote the norm on a normed space X by || - ||x. Let X and ) be normed spaces. We endow the
space X x Y with the norm defined by ||(x, ¥)||xxy = llxl|lx + lylly for all (x,y) € X x ), while
we use the Euclidean norm for R2. The symbol N denotes the set of natural numbers including 0. If A
is a matrix, then A;; denotes the (i, j)-entry of A. For all m,n € N such that m < n, we denote by

(") = —“— the binomial coefficient.
m m!(n—m)!
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6 M. Dalla Riva et al. / Series expansion for the effective conductivity

Let D C @2. Then D denotes the closure of I and D denotes the boundary of . We also set
D~ = R? \D.Forall R > 0, x € R?, |x| denotes the Euclidean modulus of x in R?, and B, (x, R)
denotes the ball {y € R? : [x — y| < R}.

Let © be an open subset of R, Let ¢ € C™(Q2). D¢ denotes (% %) For a multi-index n = (11, 1) €

N? we set || = n; + n2. Then D"¢ denotes d‘r’& The subspace of C"(£2) of those functions ¢

x?l axgz ’
whose derivatives D"¢ of order || < m can be extended with continuity to Q is denoted C™ (). The
subspace of C"(2) whose functions have m-th order derivatives which are uniformly Holder continuous
with exponent « € ]0, 1[ is denoted C m (). The subspace of C” (Q) of those functions ¢ such that
bar0m € C"*(Q2NB,(0, R)) forall R € 10, 400 is denoted Cyi.* ().

Now let Q be a bounded open subset of R2. Then C!(2) and C!%(Q) are endowed with their usual
norm and are well known to be Banach spaces. We say that a bounded open subset Q of R? is of class
C! or of class C", if Q is a manifold with boundary imbedded in R? of class C' or C!*, respectively.
We define the spaces C¥%(9Q) for k € {0, 1} by exploiting the local parametrizations (cf., e.g., Gilbarg
and Trudinger [24, §6.2]). The trace operator from C**(Q) to C*“(dR) is linear and continuous. For
standard properties of functions in Schauder spaces, we refer the reader to Gilbarg and Trudinger [24]
(see also Lanza de Cristoforis [29, §2, Lem. 3.1, 4.26, Thm. 4.28], Lanza de Cristoforis and Rossi
[33, §2]). We denote by ng the outward unit normal to d€2 and by do the length element on 9€2. We
retain the standard notation for the Lebesgue space L'(9R2) of integrable functions. By |02|;, we denote
the 1-dimensional measure of d<2. To shorten our notation, we denote by fasz ¢ do the integral mean
m [yq®do forall ¢ € L'(99). Also, if X is a vector subspace of L'(92), then we set Xy = {¢ €
X: [,,¢do =0}

For the definition and properties of real analytic operators, we refer, e.g., to Deimling [19, p. 150].
In particular, we mention that the pointwise product in Schauder spaces is bilinear and continuous, and
thus real analytic (cf., e.g., Lanza de Cristoforis and Rossi [33, pp. 141-142]).

If Q is an arbitrary open subset of R, k e N, B €10, 1], we set

Cy(Q) = {u € CX(Q) : D”u is bounded Vy € N* such that |y| < k},

and we endow C ’b‘ () with its usual norm

el et ) = Z sup| D7 u(x)|  Vu € C5(Q).
ly|<k X€82

Then we set
ol (Q) = {u e C*(Q) : D"u is bounded Vy € N* such that |y| < k},
and we endow C i;’ﬁ () with its usual norm

lull b ) = > sup| DY u(x)| + > |D7u :Q|, Vue (),

|y I<k X2 ly 1=k

where |D”u : Q| g denotes the -Holder constant of DY u.
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Next we turn to periodic domains. If 2 is an arbitrary subset of R? such that Q, € Q, then we set

S[Qp] = U (qz + Q) = qZ* + Q. S[Q0]™ = R?\ S[Qy].

z€7?

Clearly,
S[Qp,e] = Se» S[Qp,e]7 = Te-

Then a function u from S[TQ] or from W to R is g-periodic if u(x + gnnen) = u(x) for all x in the
domain of definition of u and for all 1 € {1, 2}. If Q is an open subset of R? such that Q—Q C Q and
if k € Nand B € 10, 1[, then we denote by CX(S[Q2g]). Cy” (S[Q20]), CX(S[20]"), and C¢” (S[2017)
the subsets of the g-periodic functions belonging to C’,j (S[TQ]), to C],;’ﬂ (S[TQ]), to C’,j (S[2¢]7), and to
Cf’ﬂ(m), respectively. We regard the sets C,';(S[QQ]), Cg’ﬁ(S[QQ]), CZ;(S[QQ]_), Cg’ﬁ(S[QQ]—)
as Banach subspaces of C l’j (S[TQ]), of Cf’ﬂ (S[TQ]), of C L‘ (m), of Cl]j’ﬁ (m), respectively.

3. The periodic simple layer potential and preliminaries

As in [17], our approach is based on periodic potential theory, which allows us to convert problem
(3) into a system of integral equations. To do so, we need to introduce periodic layer potentials. They
can be built by replacing the fundamental solution of the Laplace equation with a periodic analog in
the definition of classical layer potentials. As is well known, indeed, there exists a g-periodic tempered
distribution S, such that

1
NSy =D by 10l

772

where §,. denotes the Dirac distribution with mass in gz. The distribution S, is determined up to an
additive constant, and we can take

1 -
Sq(x) = — E SRS
4 214—1-2
wezv0) | Q2477 g~ 2|

where the series converges in the sense of distributions on R? (cf., e.g., Ammari and Kang [3, p. 53],
[31, Thm. 3.1, Thm. 3.5]). Then S, is real analytic in R? \ ¢Z? and is locally integrable in R? (cf., e.g.,
[31, Thm. 3.5]). We observe that Hasimoto [25] has introduced approximation techniques for periodic
fundamental solutions by exploiting Ewald’s techniques for evaluating S,, Cichocki and Felderhof [16]
have obtained expressions suitable for computations in the form of rapidly convergent series (see also
Sangani, Zhang and Prosperetti [48] and Poulton, Botten, McPhedran, and Movchan [47]). Finally, we
note that Mityushev and Adler [41] have proved the validity of a constructive formula for S, via elliptic
functions.

25
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8 M. Dalla Riva et al. / Series expansion for the effective conductivity

Moreover, if we denote by S the function from R? \ {0} to R defined by
1 2
S(x) = —1log|x| Vx e R\ {0},
2

then § is a fundamental solution of the Laplace operator and the difference S, — S admits an analytic
extension to (R? \ ¢Z?) U {0}. We denote such an extension by Ry, i.e., we set

R,=S8,— S in(R*\¢Z*) U {0},

and we have that

1
AR, = Y 84— oL )
z€Z2\{0} 2

in the sense of distributions (see, e.g., [31]). Moreover, R, is an even function and
(D”R,)(0) =0 Vy € N> with |y| odd, (5)

where (D” R,;)(0) means the value of the derivative of D” R, (-) at the point 0.
We now introduce the classical simple layer potential for the set Q2 (see (1)): for all & € C**(3Q2) we
set

vQ[Q](t)E/ S(t —$)0(s)do, Vt € R%
Q2

As is well known, vg[0] is continuous in IR?, the function v[6] = va[6]g belongs to C'*(2), and the
function vg [0] = vo[f] g2\ belongs to Cllo’g‘ (R? \ ©2). Then we set

w[01() z/ DS(t — s)ng()0(s)do, YVt e o,
a0
and we recall that the function wg,[6] belongs to C%*(92) and we have

9 vi[0] = 19+ *[0] on
ang * —:':2 Wq

(cf., e.g., Miranda [39], Lanza de Cristoforis and Rossi [33, Thm. 3.1]). In the sequel we shall also need
the following classical result of potential theory. The proof can be deduced by Folland [23, Ch. 3].

Lemma 3.1. The maps 6 +— %0 + w§[0] and 6 +— —%9 + wgl0] are bounded linear isomorphisms
from CO%(0R), to itself.

By replacing S by S,, we define the periodic simple layer potential. Let €2 be a bounded open subset
of R? of class C!* such that Qy € Q, and u € C**(9Qp). We set

Vg.,[1](x) = / Sy(x — y)u(y)do, Vx € R".
090
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M. Dalla Riva et al. / Series expansion for the effective conductivity 9

As 1s well known, Vg.0[1] is continuous in R2. Moreover, we recall that the function UIQQ[M] =

Vg.90 [ 1) 5ag7 belongs to C(}"" (S[20]), and v, g, [1] = vy, [1] 57, belongs to C;’“(S[SZQ]—). Then
we set

w;,QQ[M](X) E/ DS, (x — y)ng, (x)u(y)doy Vx € 9€2p.
Q0

The function wZ’QQ [1¢] belongs to CO*“(BQQ) and we have

1
Uy o, l] = Fop+w) o [l ondQg

BHQQ 2

(cf., e.g., [31, Theorem 3.7]).

As shown in [17], by means of the periodic simple layer potential, we can convert problem (3) into an
equivalent system of integral equations. To do so, we first introduce the maps A and A,, from the space
]—e€0, €0 x C**(3Q), to C*(3Q) and to C**(3Q), respectively, defined by

A[e,@](t)E/ R,(e(t —5))0(s)do, Vi€ 0L,
aIQ
and by
An[e,Q](t)z/ DR, (e(t — 9))na(t)0(s)do, Vi € 92,
Q2

for all (€, 0) € ]—€p, €0l x CO%(3R)o. Now, letn € {1, 2} and let p(-) be either € > 1/ry or € > €/ry.
To provide an integral equation formulation of problem (3), we define the map M, = (M,, 1, M,, ) from
]—€0, €0 x (C*¥(32)0)? to (C*¥(3L2)0)? by setting

M, e, 6",0°](t) = k(%@”(t) + w5 [0°](1) + € An[e, 90]@))

—a* (—%ei(z) + w5 [0']() + € An[e, 9"](z)>

—f@O)+ (7 =) (ne@), VieoQ,
M, o[€,0",0°]() = 1™ (—%Gi(t) + w[0'](1) + € A€, 91(;))

+ L(vg[ei](z) + Ale, 0'](1) — ][ (va[0'] + Ale. 6']) do

p(€) aQ
—vg[6°]() — Ale, 6°]() + ][ (va[0°] + Ale. 6°]) do)
a2
—g(t) +][ gdo + 1" (nq(1) Vi edQ,
Q2

for all (€, 07, 0°) € J—eo, €0l x (CO¥(3)0)>.
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10 M. Dalla Riva et al. / Series expansion for the effective conductivity

By means of the operator M,,, we can convert problem (3) into a system of integral equations, as the
following proposition shows (for a proof we refer to [17, Prop. 6.1]).

Proposition 3.2. Let either p(€) = 1/rs for all € € 1—¢q, €9l or p(€) = €/ru for all € € |—e, €[. Let
€ €10, €l. Let n € {1,2). Then the unique solution (u;[€], u; [€]) in Ci*(Se) x CL*(T.) of problem
(3) is delivered by

W el(x) = / 5,0x — »OILEN(y — p)fe) do,
082

p.€

B ][ / S4(z = M6ilel((y — p)/€) doy do,
3Qp.c J 0
+xn_][ yado, Vx €S,
02 ¢
u, [€l(x) = / Sy(x — »)82lel((y — p)/€) do,
an.e
B ][ / Sy(z = M61e1((y — p)/e)doy do
Qe JOQp

—p(e)][ g((y — p)/e)doy +xn—][ yado, VxeT,,
BQP,6

92 c
where (9:’1 [e], é,‘l’[e]) denotes the unique solution (8", 6°) in (C**(3R)o)? of
M,[e,0',6°] = 0.

In order to investigate the asymptotic behavior of the (m, n)-entry Af,ffl (¢) of the effective conduc-
tivity tensor as € — 0%, we need to study the functions u;[€] and u, [€] for € close to the degen-
erate value 0. On the other hand, Proposition 3.2 tells us how to represent u; [€] and u, [€] in terms
of the densities OA,’; [€] and é,‘; [e]. Therefore, the analysis of )»f,ff, (e) for € close to 0 can be deduced by
the asymptotic behavior of é}, [€] and é,f[e]. Accordingly, as a first step, in the following theorem we

present a regularity result for é,’l [€] and é,‘j [e] for € small and positive (cf. [17, Prop. 5.2, Thm. 6.2 and
Thm. 6.3]).

Proposition 3.3. Let either p(€) = 1/rs for all € € 1—¢q, €9l or p(€) = €/ru for all € € |—e, €[. Let
n € {1, 2}. The following statements hold.

(i) M, is a real analytic map from 1—e, €o] x (C%*(3R)0)? to (C¥*(3)o)>.
(ii) There exists a unique pair (6!, 0°) € (C%*(3K2)0)* such that M,[0, 6!, 6°] = 0.

(iii) There exist €, € 10,€0l and a real analytic map € (9};[6],9,?[6]) from ]—ey, €] to
(CO(3R)0)? such that
M,[e,0.1€],67[€]] =0 Ve € ]—€y, €l (6)
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In particular,

(0ilel, 02lel) = (9il€l, O%lel) Ve €10, e[ and (6:[01,6°101) = (6!, 67),

where the pair (é,i (€], é,f[e]) is defined in Proposition 3.2.

Now we observe that the real analyticity result of Proposition 3.3(iii) implies that there exists €, €
]0, €;[ small enough such that we can expand 9,’; [€] and 8;[€] into power series of €, i.e.,

+0o0 0[ +00 90
i . nk k 0 . nk k
0,le]l = kEO o 0, €] = kEO o € (N

for some {9,2,,(},(51\;, {9,2’,k}keN and for all € € |—e,, €. Moreover,
eriz,k = (859:;[6])\g=0’ 0);),1( = (8597(!)[6])|e=0’

for all k € N. As a consequence,

Ai Bl 9:; k k Ao Bl Q;k k
Oilel =) e Gllel =) —2re,
k=0 ’ k=0 ’

for all € € ]0, ¢;[. Therefore, in order to obtain a power series expansion for )Lf,ffl (¢) for € close to 0, we
want to exploit the expansion of (é,’; [e], é,j’[e]) (or equivalently of (9,’; [€], 67[€])). Since the coefficients
of the expansions in (7) are given by the derivatives with respect to € of 0! [¢] and §°[€], we would like to
obtain some equations identifying (82‘9,2 [€])je=0 and (BfQ,f [€])je=0. The plan is to obtain such equations

by differentiating with respect to € equality (6), which then leads to
3t (M, [e.0,1€1,0[€]]) =0 Ve € 1—e1, e, Yk € N. (8)

Then by taking € = 0 in (8), we will obtain integral equations identifying (%0’ [€]) = and (3%0°[€]) c=o-
In order to compute the derivative in (8), we recall that

J .
0l (Fen)) =) (2)4;21"1(3{13;’1 F)(et) ©)

h=0

forall j e Nye e R, t = (t1, 1) € R?, and for all functions F analytic in a neighborhood of e¢. Here, if
[ € {1, 2}, then (0, F)(s) denotes the partial derivative with respect to #; of the function F(t) = F(t, t»)
evaluated at s = (s, 55) € R%.

We begin with a preliminary lemma.
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12 M. Dalla Riva et al. / Series expansion for the effective conductivity

Lemma 3.4. Let€| € 0, €[. Let € — O€] be a real analytic map from |—€|, ([ to C%%(3R). Possibly
shrinking €;, assume that {0y }ren is a sequence in C 0.2(3Q)¢ such that

+00

6
9[6]:Zk—k'ek Ve € 1—€), €[,
k=0 "

where the series converges uniformly for € € 1—¢;, ) in C 0-2(9Q)g. Then the following statements
hold.

(i) The map from |—€|, €| to C"*(dQ) which takes € to Ale, 0[€]] is real analytic and we have
Af0.0[01] =0, (3:(A[e. 0l€l])), o = O,

and

(a5(A [e. 0Lel]) () le=0

k j .

k P i

=> ( ) > (jl)(a?ag "R,)(0) / (11 =)' (12 — 52)7 "6 (5) do,

= NS a0
vVt € 0Q2,Vk e N\ {0, 1}. (10)

(ii) The map from |—€|, ;| to C 0.2 () which takes € to A€, 0[€]] is real analytic and we have

Aq[0,0[0]] =0,
and

/ 3 (eAn[e,0l€l])do =0 Ve € 1—€), [, Vk € N. (11)
Q2

Moreover,
(9 (€ Anle, 01€]])) .y = 0.

and

(¢ (e An[e. O] ]) (1) le=0

o (k= 1\ (J o
=k ( ; ) > (il)(a?ag "DR,)(O)ng(r)
Jj=1

h=0

X / (t1 — s1)"(t — $2) "6 _1_j(s)do, V¥t € dQ, Vk € N\ {0, 1}. (12)
Q2
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Proof. We first consider statement (i). The analyticity of the map
€ > Ale, 0[e]]

from ]—e¢;, €)[ to C'*(92) follows by the analyticity of € — 0[¢] and by standard properties of integral
operators with real analytic kernels and with no singularity (cf., e.g., [32, §4]). Clearly,

A0, 0[01](r) = Rq(O)/ 0[01(s)do, =0Vt € 3.
Q2

The validity of equality (10) follows by standard calculus in Banach spaces and by formula (9). More-
over, by formula (9) and equality (5), one verifies that (3. (Al[e, 6[€]]))je=0 = 0. We now turn to prove
(ii). Again, by the analyticity of € + 6[€] and by standard properties of integral operators with real
analytic kernels and with no singularity (cf., e.g., [32, §4]), we deduce the analyticity of the map

€ > An[e, 9[6]]

from |—€(, €)[ to C 0.2(3€2). Moreover, by standard calculus in Banach spaces and by formula (9), we
deduce the validity of (12). Clearly,

Aq[0,6[01] (1) = (DRq)(O)nQ(t)/ 6[01(s)da, =0 Vi € 3%,
Q2

which also implies (0, (€Anle, OLe]D(@))je=0 = 0 for all r € 92. To prove (11), we note that the map H
from ]—e¢, €)[ to C"*(Q) which takes € to the function

H[E](t)E/ R,(e(t — ))0[el(s)do, Vi € Q,
Q2

is real analytic. Moreover,

Al/ R, (e(t = ))0[€](s) do, =€2/ (AR (€(t — ))0[e](s) do
Q2 I

2

€ _
= —— 9 d YZO V Q,
1012 /asz [e](s) do '€

and thus H[e] is harmonic in 2 for all € € |—¢, ;. Therefore,

d
——H[eldo =0 Ve €]—¢€), €)l.
/asz ong 070

On the other hand, a straightforward computation shows that

iH[e] = eAnle, 0l€]] Ve € 1—€), €l
ang
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14 M. Dalla Riva et al. / Series expansion for the effective conductivity

As a consequence,

/ eAn[e, 9[6]]d0 =0 Ve €]—¢ €l (13)
a0

By differentiating equality (13) with respect to €, we deduce that

0= ak(/ eAn[e,Q[e]]da> =/ 3 (eAnle. O[€]]) do Ve € 1—€), €.
Q2 Q2

Thus the proof is complete. [J

In view of Lemma 3.4, we find convenient to introduce the following notation:
A i _
Ao, ... B2l () = ( > > ( >(afa;—hRq)(o)/ (ty — 1)t = 52) "6 (5) do,
= M/ o h Y
j= =
Vi € 0Q,V(60, . .., 6i) € (CO*(R)0) ",

forall k e N\ {0, 1}, and

— (k=1\ & () "
ASI60, - O ) () =k ) ( j ) > <2> (887" DR,) (O)ng (1)
j=1

h=0
x / (t1 — 51)"(t2 — 52)" 764 _1_j(s) doy
02

Vi € 02, Y6y, ..., 0 2) € (CO*@R))" ",

for all k € N\ {0, 1}. We observe that by (5), A0y, ..., 0k_»] and Aﬁ[@o, ..., 6r_»] depend only on the
0;’s with j odd if k is odd, and only on the 6;’s with j even if k is even. Then, by a linearity argument
one deduces the validity of the following technical result on A%**! and A2*! for k € N\ {0}.

Lemma 3.5. Letk € N\{0}. If6y, ...,0_1 € Co*(3Q) are such that0,;_y = Oforall j € {1,...,k},
then A* 1[0y, ..., 00_11(t) = 0 and AX**F1[6y, ..., 00 _11(t) =0 forallt € IQ.

4. Power series expansion for p(¢) = 1/rs
4.1. Series expansions for 9}; [e] and 67 [€]
Throughout this section, we consider the case where
p(€)=1/ry Ve € ]—ep, €ol. 14)

In order to compute the asymptotic expansion of the effective conductivity under assumption (14), we
start with the following proposition where we identify the coefficients of the power series expansions of
0,[€] and of 6/[€] in terms of the solutions of systems of integral equations.
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Proposition 4.1. Letn € {1,2}. Let €1, € — «9,’; [€], and € — 0)[€] be as in Proposition 3.3. Then there
exist €y € 10, €[ and a sequence {(9,’;’,{, 0, ) ken in (CO*(32)0)? such that

+00 01’ +o00 Q°
i nk k o nk k
0,le]l = ) € and 0][€] = o " Ve € ]—e, 6], (15)
k=0 k=0

where the two series converge uniformly for € € 1—es, € in (C*¥(32)¢)%. Moreover, the following
statements hold.

(1) The pair of functions (9};,0, 0, o) is the unique solution in (C%*(3R)0)? of the following system of
integral equations

1
_EQWO(Z) + wh[6,0] (1) = (g(t) - ]iggda) — (ng(n)), Vi €9Q, (16)
1 1

0 67 o(1) + w67, ](1) = F(g(t) — ]izgdo + f(t)) — (nq(n)), V€. (17)

(i1) The pair of functions (9,’;11, 0, 1) is the unique solution in (C 0.2(3)0)? of the following system of
integral equations

L, .
o, (1) + w6 ](1) = ——( [N () —][ vy [6h0] do
2 aQ
— g [670](0) + ][ vel02,] da) Vi € 32, (18)
Q2
1 . .
593,1(1‘) +wgl6y ] = —;—ﬁ(@[@,’uo](t) - ][ vg[6n.0] do
Q2
—vg[67,](0) + ][ ve[02,] da) Vi € 0Q. (19)
Q2

(ii1) The pair of functions (92,2, 0, ,) is the unique solution in (C%*(3R)0)? of the following system of
integral equations

1 : . 2 . .
=300+ w050 = ~3(os o)) - 7% (vl )0 ~ . vl ]
IR

— w0z o+ f

ve 074 ] d0> Vi €99, (20)
02

1 2 . .
S002(0) + wh[67,) (1) = —A2[67,] ) — A—?(vg[%l](r) _ ][ v[00]do
Q2

_UQ[QO ](l)—|—][

ve 02 ]a’o) Vi € 39. (21)
Q2
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16 M. Dalla Riva et al. / Series expansion for the effective conductivity
(iv) Forall k € N\ {0, 1, 2} the pair of functions (Gli’k, Q,f’k) is the unique solution in (C%2(32))? of 1
the following system of integral equations which involves {(9,’;, e O h)}l,‘l;(l) 2
3
1 i * i 4
_Een,k(t) +wg[6,,]® 5
=—AL[6] o, ... 00, L] j
kr# +[pi +[pi —[po —[po 8
— | vl ]O — F W& [0, i]do —vg[07, ] + 1 vgl6 . ]do
At 0 2 9
(Ak‘[e,; 0r o O i3] (@) — ][ A0 g0 0h 5] do 11
’ ’ 9 ‘ ’ 12
- o o - o o 13
— N[00, ., 00, 5] + ][ A0, 005 ] do) Vit € 99, o
| 15
500 + w367 ] hi
17
= —Ay[07,. ... 18
19
- <v$[9,‘l’k_1](t) - ][ v [0h ko1 ]do — vg[67 1 ]@0) + ][ vg [Qf’k_l]da) 20
Q2 Q2 21
~1pi i i 22
(A" 0o 0 5] — ]g 0]y s]do »
24
— A 67 0,0 00, 3]0 + ][ A0, 004 5] da) Vi € 0. 25
26
. 27
Proof. We first note that Proposition 3.3(iii) implies the existence of €, and of a family (e 9,‘1’, ) YeeN 08
such that (15) holds. By standard properties of real analytic maps, one has 29
(6] 4. 67,) = (656,101, 0562101) Vk € N. %0
31
By equality p(¢) = 1/ry and by taking € = 0, equation (6) can be immediately written as the system of 32
integral equations (16)—(17). The existence and uniqueness of solution for this system are then ensured 33
by Proposition 3.3(ii). Then observe that M, [e, 9,’; [€], 67[€]] = O for all € € ]—e, €[ (cf. Proposi- 34
tion 3.3(iii)). Accordingly, the map which takes € to M, [€, 9,’; [€], 67[€]] has derivatives which are equal 35
to zero, i.e., Bf(Mn[e, 9,§[6], 07[ell) = O for all € € |—e;, €[ and all k € N\ {0}. Keeping equality 36
p(€) = 1/rs in mind, a straightforward calculation shows that 37
, 38
9t (My.1[e, 0)1€], 071€1]) (1) 39
40
10+ wR 2] 0 + 2 (eafe. 60 ;
42
o Lok * k i 43
=2 =590l + wé[ @) + 85 (e An[e. 6,[€1]) () .
=0 VreoQ, e
46
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(Mo o[e, 0 1€, 021€1]) (1)

1, . .
=t (—Eafeg[e](t) + wi[050.[€1] (1) + 3% (e Anle, 9,;[6]])(:))

+ er#(vg[afe,i[e]](z) + 3 (Afe. 0lel]) () — ][ (v [050i1el] + 0f (Ale. 6,l€1])) do
Q2
—waleteptell ~at (afe.otel) o + f(alotestel] + o (afe. oer]) )
Q2

+ kr#<vg[a§—‘9,j [e]](®) + 3" (Ae, 6[€]]) () — ][ (va[ak"011el]
a2
+0: (A€, 6,L€1])) do — vo [0 '07TeT] (1) — 3¢ (Afe, OTel]) @)

o (ualotagte] + 0t (A, op1e]) do
a0
=0 VieoQ, (25)

for all € € |]—ey, €[ and all k € N\ {0}. Then, by Lemma 3.4, one verifies that system (24)—(25)
with € = 0 can be rewritten as (18)-(19) if k = 1, as (20)—(21) if k = 2, and as (22)—(23) for all
k e N\ {0, 1, 2}.

One can easily verify that the integral on 92 of the functions on the right hand sides of (18) and (19)
vanishes. Then, by Lemma 3.1 one proves that the solution (6; |, 67 ,) € (C**(3R))*> of (18)—(19)
exists and is unique (we have already observed that the existence is granted by Proposition 3.3(iii)). By
Lemma 3.4(ii) one also has that

/a . AL[6] ... 0. 5]do =0 and /a . AL[67 g, ... 00 5]do =0

for all k € N\ {0, 1}. Then a straightforward computation shows that the right hand sides of (20)—(23)
belong to C%¥(3R), for all k € N\ {0, 1}. Hence, Lemma 3.1 ensures that the solution (0,;',,(, 07 €
(C%*(3R)0)? of system (20)=(21) for k = 2 and of system (22)—(23) for all k € N\ {0, 1, 2} exists and
is unique (the existence also follows by Proposition 3.3(iii)). The proof is now complete. [l

4.2. Series expansion of the effective conductivity

The aim of this subsection is to compute the series expansion for the effective conductivity under
assumption (14). To do so, we need the following two lemmas where we compute the power series
expansions of two auxiliary maps.

Lemma 4.2. Let m,n € {1,2}. Let € — 9,’; [e] and € — 07[€] be as in Proposition 3.3. Let €, and
{(6,,.1> 0 1) }ken be as in Proposition 4.1. Let Ut be the map from 1—e, €[ to C1%(3Q) defined by

U Tel(t) = v [6/[e]](1) + Ale, 0;[€]](1)

—][ (vy[oilel] + Ale. 6.l€]]) do + 1, —][ spdog Vi €9Q.
Q2

Q2
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18 M. Dalla Riva et al. / Series expansion for the effective conductivity

Then U,f is real analytic and there exists €3 € 10, €[ such that
/ U 1€l (na(),, do;
a0
= Q80 + / vt [6] o]0 (na(0)), do,
aQ

+e / vh[6r 1] (ne@), do
Q2

=1 . . .
+ kX_; 2l (/BQ(USJQ [6,4] @) + A [6,0. - - 6,42] ) (n2(®),, d‘71>6k (26)

for all € € 1—e3, €3], where the series converges uniformly for € € |—e3, e3].

Proof. We first note that by [17, Thm. 7.1] U, is a real analytic map from ]—e,, €[ to C*(3).
Therefore, there exist €3 € 10, ;[ and a sequence {a, ; }rey in C1*(3€2) such that

+00
.k
USlelt) = a—]i"( )b Ve e e, el Vi € 99,
k=0 ’

where the series converges uniformly for € € |—e3, €3[. By taking € = 0 and by Lemma 3.4(i), we verify
that

ano(t) = v5[0) ] (1) — ][

- vg[Oholdo + 1 —][ spdo, ¥t € 9.

Q2

In order to compute the other coefficients, we take the derivative of order k € N\ {0} of the map
€ — U [€] and we obtain

(U, Tel) (1) = v 06 [e1] @) + 3% (A[e, 0i1€1]) ()

—][ (vi[akoilel] + 9% (Ale, Oilel])) do Vi € 9%
90
Again, by taking € = 0 and by Lemma 3.4(i), we find

an1(t) = vg[6; 1] —][ v [0l ]do Ve,
Q2

an i (1) = v [00 ] + A 0] g, ... 00 5] (@) — ][ (v&[60 ]+ A [0 g - .. 0Lk 5]) do
o

Vt € 02, Vk e N\{0,1}.
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As a consequence, possibly shrinking €3, we have

/ Ut [el(t) (ne(1)), do; = / Z ”"(t) e“(nq(1)), do
Q2

+o00 1
= Z E(/ an,k(f)(nsz(t))m dOz)ék,
= k' \Jag

where the series converges uniformly for € € ]—es3, €3[. Then we consider separately the cases k = 0,
k=1,and k € N\ {0, 1}, and we have

/ a,0(0) (o (1)), do, = / (UES[@'L,o](f) —][ v[0h 0] do + 1, —][ Sn dGs)(nQ(I))m do,
a0 92 9% ) &
:/ v [6.0]() (n2(),, da,—][ vg[65.0] d"/ (ne()),, do:
Q2

082 Q2

+/ t(na(1)),, daz—][ Sn das/ (ne(),, do
R Q2 02

= [ vl na), do+ | (na(n), dor
Q2

082

and

/ an1 (1) (ng () do, = / (vg[@‘;,l](t)—][ va[@’;,l]da)(nsz(ﬂ)mdm
a2 a2 2
- / w3 [6: 10 (na(), do.
a2

and
/ an i (1) (ng(1)), doy = / (v;g[@,’;,k](t) + AM[0] gv - 0L 5] ()
Q2 Q2
—f (o] A ) da) (na()) do,
a2
— / (&[0 1@ + A [0} 0. - .. 0245 ] () (na()), doy.
Q2

Moreover, by the Divergence Theorem one verifies that

= |Q|25m,n-

/ ta(ng (1)), do, =
Q2

Accordingly, the validity of (26) follows. [

Q 8l‘m
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Ler_nma 4.3. Let m,n € {1,2}. Let € > 9,2 [e] and € + 07[€] be as in Proposition 3.3. Let €, and
{(6),.1> 6, 1) }ken be as in Proposition 4.1. Let V,~ be the map from |—e€, €[ to C'%(3Q) defined by

V, [e](t) = vg[07e]] (1) + Ale, 07[€]] (1) + 1, Vi € 99

Then V, is real analytic and there exists €4 € 10, €[ such that

/ VIl (na (), do;

Q2

= Q280 + / vg[e,f’o](t)(ng(t))m do, + € / v{z[@ﬁ,l](t)(ng(t))m do,
Q2 Q2

3 alozdo T s ]0) 0m0), ) @)

where the series converges uniformly for € € |—ey, €4].

Proof. We first note that by [17, Thm. 7.2 (ii)] V, is a real analytic map from ]—e;, €;[ to C LeaQ).

Therefore, there exist €4 € 10, €[ and a sequence {b, ; }rey in C1*(3€2) such that
+00

V. [el(r) = Z "]g(t) k' Ve € ]—es, ea V1 € 392,
k=0

where the series converges uniformly for € € |—e4, €4]. By taking € = 0 and by Lemma 3.4(i), we verify
that

buo(1) = vg[67]() +1, Vi €0%.

In order to compute the other coefficients, we take the derivative of order k € N \ {0} of the map
€ — V" [€] and we obtain

AL (V, [e]) (@) = vg[0k0olel] () + 3% (A€, 021€]]) (1) Vi € A%
Again, by taking € = 0 and by Lemma 3.4(i), we find
by 1 (1) = vg[00,]() V1 edQ,
by (t) = vg[02,]() + A 67, ... 02, 5] (1) Vi €dQ

and for all k € N\ {0, 1}.
As a consequence, possibly shrinking €4, we have

[ vitein(naw), do = / 20 (g 1), doy
Q2 aQ

k=0

+00 1
=3 ( /a bus(na(0), dcrt)ék
k=0
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where the series converges uniformly for € € ]—ey, €4[. Then we consider cases k = 0, k = 1, and
k € N\ {0, 1} separately and we have

/B ] b o(t)(n (1)) do, = / (vl 0] @) + 1) (na(®), do;

Q2

= / 1)5 [9;:0](1‘)(119(1‘))’” dat + |Q|28m,na
Q2
/ by 1 (1) (ng(t)) doy = / va[62,]0) (ne®)  day,
Q2 Q2

/ b k(1) (n(1))  do, = / (va[02, ] + AM 020, - ... 02, 5] (1) (0 (1)), do;.
a0 IR
Accordingly, the validity of (27) follows. [

We are now ready to prove the main result of this section, where we expand A (€) as a power series
and we provide explicit and constructive expressions for the coefficients of the series.

Theorem 4.4. Let m,n € {1,2}. Let €; and {(9,’;,,(, 07 ) }ken be as in Proposition 4.1. Then there exists
€5 € 10, e[ such that

+00

1 C k
A (€) = A8+ €&— (mmek ck 28
ml® =1t €m0 @

forall € € 10, es[, where

Cm.n).0 = )»Jr/ v (61 0] (na(@®)  doy+ (A — 17) Q280
90
— A" / Vg [9310] (t)(ng(t))m do, + / ft, doy,
il i)

Clmn)1 = )~+/ va [6h1] () (ne(),, do, _’\/ va[67, ] (ne(®),, doy,
a2

Q2

Commp = AT / (val0s ] + Ak[e,i,o, o eg,k_Q](z))(nQ(r))m do,
0

— A" /GQ(US_Z [@?,k](l‘) + AF [9,‘1”0, NN () (nQ(t))m do,,

forall k € N\ {0, 1}.

Proof. By [17, Thm. 8.1], if we set

+

A . A _
Annte) = o [ UHAD(an), dor— o [V lel0(nat0),, do
1012 Jaq 1012 Joa

1
T md I X}
lon /agf(t)t d
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for all € € |—e,, €], then we have

A (€) = A" 8mn + € Amn(e) Ve €10, el
Then the definition of {c(, )« }xeny and Lemmas 4.2, 4.3 imply the validity of the statement. [
4.3. Application to the effective conductivity in the composite with inclusions in the form of a disc

Introducing more restrictive assumptions, it is possible to obtain simpler expressions for the coeffi-
cients ¢y » «. For example, in this subsection we will assume that

0=10,1[ x]0,1[, f =0, gisareal constant, and Q2 = B,(0, 1), (29)

and we will write the first five coefficients as simple functions of rx, A", and A~. We begin by observing
that, under assumptions (29), the system of integral equations (16)—(17) takes the following form

1 i * i
—50&0(1‘) + wg [0 0] (1) = —(ng(1)), Vi €, (30)
1 o * (4
700 + wy[Or 0] = —(ne(®), ¥t €02, (31)

which is equivalent to the system of the following equations

dug[0] ]
STQ’O@) = —(np(n), Vi edQ,
Jvglo? ]
;’Tg‘)(z) = —(ng(), Vi€ dQ.

Hence, one can verify that if (9;;’0, 6, o) is the solution in (C%(3)0)? of system (30)—(31), then there
exists a constant ¢y € R such that

va[0h o] = —ti+co VieQ,

INIENIOES ;7 Vi e R*\ Q. G2
We now note that, since €2 is a ball, we have

wh[01 =0 Vo € C™*(3Q),. (33)
Then by (30)—(31) and (33) we have that

Qé’o(t) = 2t,, 0, 0() = —=2t, Vte€IQ. (34)
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Next, taking into account equalities (32) and since ¢, = (ng(?)), on 9€2, the system of integral equa-
tions (18)—(19) takes the following form

—59,;1(:)+w9[ nl](r)_ (ng(t)) vt € 0Q, (35)

SO +wg 67, ] () = —(nsz(f)) vVt € 9Q, (36)

or, equivalently,

avg[et 1] 2ry
W( ) = /\+( Q(t)) vVt € 092,
Ivg (6] 2ry
T() —(ng(r), Ve .

If (0” 1> 0y 1) is the solution in (CY*(32)0)? of system (35)—(36), then one can verify that there exists a
constant ¢; € R such that

vi[0n,]@) = tn+c1 Vt € Q,
37
vgl62,]) = 2r# v e R\ @ o7
A P2 ’
and, moreover, by (35)—(36) and (33), one has
6 (1) = — 00 (1= T v 38
nﬁ](t) - _)\‘__’_tns n,l(t) — Ftn t e . ( )
Next, we rewrite the system of integral equations (20)—(21) as follows
Mz——ﬁ@" t)—% 2ol 1) — 2ol 14
Ing ( ) = n[ n,O]( A+ vQ[ n,l] ) . UQ[ n,l] o
—US_Z[Q;”I](I)—F][ val60 ]da) Vt € 3R, 39)
IQ
dvg 67,1 . 2r ;
a0 = ~adlorlo - 2 (vdleh 10 - fviloL)ao
ng A BT
—vg[67,]®) +][ val67 ]da) Vi €99, (40)
IQ
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and, moreover, for k = 3 we rewrite the system of integral equations (22)—(23) as follows

Jvgle: 4] o 3 . .
vg S = Ai[eﬁ,o» 6! ] — Lj(vg[@’l’z](t) —][ v[0h2]do —vg[07,]()
ng A FYe)
+f vales)ao) = 32 (alord - o a2(0s)ao
B ’ At 29 ’
— A?[67 ] + ]ig A*[67 ] do) Vi € 0Q, (41)
Jvg[02 5] 3r . . _
71}; =) = —A[67,. 07,00 — —#< [0 —][ vi[61 5] do —vg[62,]0)
ng A Fle)
- f walt)de ) = 2 (2oLl ~ f 2fojc]do
a0 ’ A ’ 90 \
— A*[67,]@®) + ]fg A*[67,] da) vVt € 9. (42)

We now exploit (39)—(40) and (41)—(42) to add other two explicit terms in our expansion. To do so,
we have to compute the A2, A3, A2, and A} terms which appear in (39)—(40) and (41)—(42). In view of
the definitions of A* and Afl we need to know the value of (812Rq)(0) and (822Rq)(0). Hence we observe
that by (4) we have (AR,;)(0) = —1, thus (3;R,)(0) + (93R,)(0) = —1. Since Q is a square, by a
symmetry argument we deduce that

1
(812Rq)(0) = (822Rq)(0) = N (43)
Also, one verifies that R, (x1,x2) = R,(—x1, x2) for all x € (R?\ ¢Z?) U {0}. Then it follows that
(0102R,)(0) = 0. (44)

Hence, by the definitions of A* and AX and by equalities (5), (34), (38), (43), and (44) one can show
that

Aol @) =2mt,,  AP[07,](1) = —2mt, Vi€ 0,
A6 o] @) = 271y, AL[02,]@) = =271, Vi €0, (5)

1277y 121y

Ttn’

A6 . 00 1] (1) = — A)670,00,]@) = t, VtedQ.

Again, if () ,, 67 ,) and (6} 5, 67 5) are the solutions in (C**(3€2)o)* of the systems (39)~(40) and (41)—
(42), respectively, then, taking into account equalities (37) and (45), one can verify that there exists a

© 0o N o o~ WO N =



© o N o o » O N =

A A B B D D DWW W W W W W W WWNDNDMNDNDDNDNDNDDNDNDDND 2SS a4 ada g
o O M WON =+ O © 0N O o M ON -+~ O O 0O N OO O P~ ODN A O 0 0o NP DN =+ o

ASY (iosart2x 2018/08/27 v1.3.4) asy1495.tex 2018/09/28 12:06 [research-articlel p. 25/34

M. Dalla Riva et al. / Series expansion for the effective conductivity 25
real constant ¢, such that
va[0i,](0) = -2 2re)’ i+L +rlt, 4+ Ve
Q I’l,2 - )\’+ )\44’, )\’7 n 2 ’
2re)? (1 1 t (30
—Tho _ Iy - I n 2
ve[67,](0) = 2( = (/\+ + x—) n) PE Vi e R*\ Q.
Similarly, by (46) one verifies that there exists a real constant c3 such that
: 12(r4)3 [ 1 1\° _
+[pi _ _ _
va (053]0 = & \E ) e Vieq
47)

e 2r( (1 1Y ty 5
vQ[enﬁ](t):—A—_ (r4) ,\_++)\_— — 27 mE vVt e R*\ Q.

Then, by Theorem 4.4 and equalities (32), (37), (46), and (47) we deduce that if m,n € {1, 2}
then

1 1 1
eff (o _ [1— _ -2 3 of 2oy Lt .-\ 4
A (€) = ()» 2n A" € +4mrye 4n<(r#) ()dr - )\_) 271A )e
+ 4| (re)? L—{—i 2—27T e s —I—O(E6)
ase — 0.
5. Power series expansions for p(¢) = €/rs
5.1. Series expansions for 9,’; [e] and 0] [€]
Throughout this section we consider the case where
p(€) =€/ry Ve € ]—ep, €. (43)

As done in Section 4, in order to compute the asymptotic expansion of the effective conductivity un-
der assumption (48), we start with the following proposition, where we identify the coefficients of the
power series expansions of 6![€] and of 67[€] in terms of the solutions of systems of integral equa-

tions.
Proposition 5.1. Letey, € — 9}; [€], and € — 07[€] be as in Proposition 3.3. Then there exist €; € 10, €;[
and a sequence {(H,i’k, 0 ) ken in (CO*(3R)0)? such that
+00 ei +00 00
i _ nk k 0 _ nk _k
0[] = kz ot and 0le] = kz et Yeel-a,al, (49)
=0 =0
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where the two series converge uniformly for € € 1—es, e[ in (C*¥(32)o)%. Moreover; the following
statements hold.

(1) The pair of functions (9,’;,0, 0, o) is the unique solution in (C 0.2 (9Q)0)? of the following system of
integral equations

1 1 .
(50000 + walez0)0)) = 1 (= 30400 + w0 )
— )+ (A" —AaF)(ng(), =0 Vi €3, (50)

1 . ; ' i
a (‘592,00) + wzz[@,i,o](’)) * ”(”5[9'3*0]”) - ]fg vg [0 0] do = vg[676]()

+][ va [ 0] da) —g() +][ gdo +1"(ng() =0  Vie€dQ. (51)
R Q2

(ii) Forall k € N, we have (0, 51,0 1) = (0,0).
(iii) For all k € N\ {0} the pair of functions (0,’;,2,(, 61 o) is the unique solution in (CO*(3)0)? of the
following system of integral equations which involves {(9,’;’2}1, 9,‘;’2,1)}];!;3)

1 Lo :
AT (595,%(0 + wg[95,2k](t)) —AF (—59;1,%0) + w}}[@,;ak](t)>

= 2NN 0] s - O () = AT A7 s - 00 o] (1) VI €0Q, (52)
1. . . .
A+ (_59,;,2,((:) + wé[@é’z,c](t)) + r#<vg [65 2] @) — ]fg v [0h o] do

— v [67 %] @) + ][ ve [0 2] da)

2%
= —2FTAH[0h g - O a] ()

S (S (TSI GRS SO RSN I
Q2

— N[00, -1 00 ] +][ A[07 0, 00 5] da) Vi € Q. (53)

a2

Proof. The existence of €, and {(9,’;’ i 0 ) tken for which (49) holds true is granted by Proposi-
tion 3.3(iii). By equality p(€) = €/ry and by taking € = 0, equation (6) can be written as the system of
integral equations (50)—(51). The uniqueness of the solution for this system is then ensured by Proposi-
tion 3.3(ii) (see also [17, Prop. 5.2]). Next, we observe that M,,[e, 9,1; [e],67[e]]l =O0forall e € |—er, €
(cf. Proposition 3.3(iii)). Accordingly, the map which takes € to M, [e, 0,‘; [e], 67[€]] has all the deriva-
tives equal to zero, i.e., Bf (M, [e, 9,’; [€],67[€]]) = O for all € € ]—e,, €;[ and all kK € N\ {0}. Keeping
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equality p(€) = €/ry in mind, a straightforward calculation shows that

9t (M,.1[e. 0,1€], 07[€]]) ()

= (%afe,f[e](t) + w0562 1€1] (1) + 8% (e An[e, 95[61])(”)

1., . . .
— At <—§a§9,;[e](t) + w0505 1€1] (1) + 9% (€ Anle, eg[e]])(t))
=0, (54)
3 (M o[e, 0[€, 021€1]) (1)

I . .
=t (_5359,; [€](t) + wi[050.[€1] (1) + 3% (e An[e, 6] [6]])(t))

v r#<vg[afe,;[e]]<r> + 05 (Afe. 6Le1]) () — ][ (va[3cOulel] + 9 (A[e. 0,1€1])) do

Q2

—valategien) - ¢ (afe.opte) 0+ f_(alategien] + o (afe.opte]) o

a0
=0 (55)

for all t € 0Q, all € € ]—ey, €[, and all k € N\ {0}. By taking ¢ = 0 in (54)—(55) and noting that
(0} 4 02, = (3501101, 9%62[0]) for all k € N, we deduce that (6) |, 67,) is a solution of the following

> YeTn

system

(1 1 .
A (595,10) + w;;[e,;’,l](t)) — 2" (—59,;,1(:) - wé[@,;’l](t)> =0 ViedQ, (56)
Iy : : .
At <—§9,’,,1(t) + w}‘z[é’,’,’l](t)> + r#(vg[G,’l,l](t) - ][ v[0h 1] do
082

—walogJor+ f

vs_z[@;”l]do) =0 ViedQ, (57)
992

(see also Lemma 3.4), and that, for k € N\ {0, 1}, the pair (6] ,, 67 ,) is a solution of the following
system

1 1 . .
(a0 sl ) (2ot + e[, )

=ATAR[0] 0o 0L L] = AT AL[67 . ... 00, 5] Vi€ dQ, (58)

= © 00 N O 0o »~ WO N =
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1 . . . ‘
At <_5 L)+ wg[e,;,k](t)> + r#(vg[é?,i’k](t) — ][ vh [0 4] do
Q2
—vg[607 ] @ +][ ve[04] do)
Q2
= —ATAL[0] 0r -1 O a] ()
—ry <Ak[0,i’0, O] () — ][ A0, 004 n]do
Q2

— A6 s 0] () + ][ AMO2 . .., 00,05] do) Vi € 3Q. (59)

Q2

Since the right hand sides of equalities (56)—(57) and (58)—(59) belong to the space C*%(32),, the
uniqueness of the solution to (56)—(57) and of the solution to (58)—(59) follows by [17, Prop. 5.2] (we
have already observed that the existence is granted by Proposition 3.3(iii)). Moreover, (9,’;,1, 0,1 =
(0, 0). Also, by Lemma 3.5 and by the uniqueness of the solution to system (58)—(59), one can verify
that (65, 41205 = (0,0) for all k € N\ {0}. The validity of the proposition is now proved. [

By Proposition 5.1, we immediately deduce the validity of the following.

Corollary 5.2. Let the assumptions of Proposition 5.1 hold. Then

+00 pi +
0ile] = i .2t e and 0°[le] = 2’0 e ek Ve € ]—e, e,
" (2k)! " (2k)!

k=0 k=0

where {(9,2 2> 07 1) Yken are as in Proposition 5.1.
5.2. Series expansion of the effective conductivity

By exploiting Proposition 5.1, we can prove the following Lemmas 5.3 and 5.4. The proofs can be
effected by a straightforward modification of the proofs of the analogous Lemmas 4.2 and 4.3 and it is
accordingly omitted.

Lemma 5.3. Let m,n € {1,2}. Let € > 9,’; €] and € — 07[€] be as in Proposition 3.3. Let €, and
{(0,’;’,(, 0, i) }ken be as in Proposition 5.1. Let Ut be the map from 1—e,, €[ to C'%(3Q) defined by

U Tel(t) = v [0/[e]](t) + Ale, 0;[€]](1)

—][ (vy[oilel] + Ale. 6.l€]]) do + 1, —][ spdog Vi €9Q.
Q2

Q2
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Then UnJr is real analytic and there exists €3 € 10, €;[ such that

/ Ulel(n) (na(), do;
aQ

= / v [0 0] () (ne (1)), do; + QU8
Q2

+00

1 . . ‘
+ Z ao ( /8 Q(vg[e,;lk](z) + A*[0)0. - 6 () (na(D)) da,>62k

k=1

Ve € |—e3, €3],

where the series converges uniformly for € € |—es3, €3].

Lemma 54. Let m,n € {1,2}. Let € > 9,2 [e] and € + 07[€] be as in Proposition 3.3. Let €, and

p. 29/34

29

{(Q,i’k, 0 ) }ken be as in Proposition 5.1. Let V,~ be the map from |—é, €[ to C1%(3Q) defined by

V, [e](t) = vg[071e]] () + Ale, 67[€]] (1) + 1, Vi € 9.

*n

Then V,” is real analytic and there exists €4 € 10, €[ such that

/ V, [el(0) (na(0)), do;
Q2

= / valby o] (ne®)  doy + Q28
I

+00 1
’ k; (2h)! (/ag(”5 (6220 + A% 675, 67 2] (D) (02 (D), dm>62k

Ve € |—ey, ey,

where the series converges uniformly for € € 1—eu, €4].

By Lemmas 5.3 and 5.4 and by arguing as in the proof of Theorem 4.4, one deduces the validity of

the following result concerning the expansion of A (¢).

Theorem 5.5. Let m,n € {1,2}. Let €; and {(9,’;’,(, 0, ) }ken be as in Proposition 5.1. Then there exists

€5 € 10, ex[ such that

+00

1
o (€) = A8y + €
’ 101 2

k=0

Aim.n) 2k o
(2k)!

(60)
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forall € € 10, es[, where

d(m,n),O = )\+/ Ug-;[e;i)()](t)(nﬂ(t))m dO’, + ()\-+ - )‘_)|Q|28m,n
a2
— A" / a7 o] (ne (1)) do, + / [ty doy,
02 Q2

dimmox =2+ / (va[0h 2] @) + A*[05 4. - .., Qli’zk_z](t))(ng(t))m do,
a2

— A / (val09 2] @) + A*[62, - ... 025 5] ) (na(1)), do
aIQ

forall k € N\ {0}.

p. 30/34

(61)

(62)

5.3. Application to the effective conductivity in the composite with inclusions in the form of a disc

As in Section 4.3 we consider assumption (29), but this time with p(€) = €/rs. We will write the first
three terms of the series expansion of A% (¢) in terms of simple functions of r4, A ™, and A~. We begin
by noting that under assumption (29) the system of integral equations (50)—(51) takes the following

form

1 1) :
" (59:,00) + wz[%’,o](t)) — At (—59,2,0(0 + wz‘z[%,o](f))

+ (A =A%) (ne®), =0 Vi e,

1. . . .
3+ (_59;1’0@) + w}}[%d(z)) + 1" (ne(n), + r#(v;g[ai,o](t) - ][ v[0 0] do
Q2

—g6e ] + ]fg va[62,] do) _0 viedn,

which are equivalent to the following equations

dvg (07 ] 0vg[6, o = \{ Q
)\(__n, t )\‘+7n’ t AT — )\,+ t =0 ! 3
ong ® ang () + ( )(nQ( ))” © ’
g l0! o] ' — 0] do
)”Jr;i Ilszi)(t) )‘+(n9(t))n try <U5 [frol® ]fsz “alfno]

~vglozlo + f

val62o] da) =0 VtedQ.
Q

(63)

(64)
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If (6], 67,) is the solution in (C**(9€2)o)* of system (63)—(64), one can verify that there exists a
constant ¢y € R such that

va[oh o] =—(1- 2h 1y th+cy VieQ
@0 AT At Ay )0 ’ )
“Tho — (1 2)\+I”# 1, v ]R2 Q

Vo [Qn,()](t) T\ A AT+ ATt Ay 2|2 reRi\.

Then we recall that by the jump formula for the normal derivative of the single layer potential we deduce
that if 2 = B,(0, 1), then

+ —_
16l ) _ ,9v510]

0(t) =-2
( ) 8119 8119

(r) Vteo, (66)

for all & € C%*(3RQ). Therefore, by (65) and (66), one has

o (1) =2(1 2 1y t, Vi€ odQ
mOv AAT AT+ Ay )" ’
(67)
0° (1) = —2( 1 227y t, Vi€ oQ
mOYS AAT F AT+ )" ‘
Now if k = 1, the system of integral equations (52)—(53) takes the form
dvgl07,] g0 5] :
AT PR gy - A 22 () = AP AL[0] () — AT A2[07,]() Vi € dR, (68)
anQ GnQ ’ )
g0 5] . . ~ ~
e Mallsl ) r#(vg[e,’l,z](t) _ ]iz v [0 5] do — va[02,]0) + ]fg va[62,] do)
= —ATAL[6) 0] () — r#<A2[0,’;,O](t) — ][ A*[6] o] do
R
— A6 + ][ A*[67,] do> Vi € 0Q, (69)
Q2

since 8’ | = 0 and 6°, = 0. Then, by the definitions of A* and Aﬁ, by equalities (5), (43), and (67), one

n,1 — n,1 —

can show that

N[0! o)) = A2[6] o] =27 (1 — 24y b Vi€ dQ
0 nl"s0 AAT + AT+ Ay ) " ’
2F 70
Ty
A[0°0,]@) = A2[67,]() = —2n( 1 — t, VtedQ.
ERI0 a0l n( ATAT ATy + )»r#)
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If (6] ,, 6y ,) is the solution in (C**(d£2)o)* of system (68)—(69), then, taking into account equalities
(70), one verifies that there exists a constant ¢; € R such that
AAtATrg
()\._)\.+ + )\.+I”# + )\._I"#)z
2)»+I"# 2 t,
AAt 4+ At + Ay |Z‘|2

vh[6,](0) = —27r<1 — )zn +c VieqQ,
(71)

Vi e R?\ Q.

v [67,](1) = =27 (1

Then by Theorem 5.5 and equations (65), (71), we have that if m, n € {1, 2}, then

ot
WM ey =a(1-27(1— i ¢
A~AT + A+r# + A—r#

2)\.+I"#
AAT + )LJFF# + )Fr#

2
+ 2712(1 > e“)am,n + 0(€°) (72)

as € — 0T. Taking A~ = 1, we observe that series expansion (72) agrees with the first terms in the series
expansion of the effective conductivity obtained in Dryga$ and Mityushev [21] for the case where the
unit cell Q contains only one inclusion.

6. Conclusions

In this paper, we have investigated the asymptotic behavior of the effective thermal conductivity of a
periodic two-phase dilute composite. The composite is obtained by introducing into an infinite homo-
geneous matrix a periodic set of inclusions of a different material, each of them of size proportional to
a positive parameter €. At the two-phase interface, we have assumed that the temperature field displays
a jump proportional to the normal heat flux. By [17], one knows that the effective conductivity can be
represented as a convergent power series in € for € small. Here we have determined the coefficients in
terms of the solutions of explicit systems of integral equations. The method developed in the present
paper provides a constructive formula for all the coefficients of the power series expansion and for very
general shapes of the inclusions. Our techniques are based on the reduction of the problem defining the
effective conductivity into integral equations. Such formulation is obtained by exploiting a periodic ver-
sion of layer potentials operators built with a periodic analog of the fundamental solution of the Laplace
operator. The authors plan to extend the approach proposed in the papers to other properties of periodic
materials.
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