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Abstract The present contribution aims at introducing a network data reduction
method for the analysis of 3-way networks in which classes of nodes of different
types are linked. The proposed approach enables simplifying a 3-way network into
a weighted two-mode network by considering the statistical concept of joint depen-
dence in a multiway contingency table. Starting from a real application on student
mobility data in Italian universities, a 3-way network is defined, where provinces of
residence, universities and educational programmes are considered as the three sets
of nodes, and occurrences of student exchanges represent the set of links between
them. The Infomap community detection algorithm is then chosen for partitioning
two-mode networks of students’ cohorts to discover different network patterns.
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1 Introduction

Many complex relational data structures can be described as multimode or multiway
networks in which nodes belonging to different modes are linked. The most common
multimode network in social networks is represented by the affiliation network,
where two-mode data, actors and events, form a bipartite graph divided into two
groups [6]. In the case of tripartite networks, we deal with three types of nodes, and
different graph structures can be defined.

Although only a fewpapers dealwithmethods for these networks, in recent years, a
growing number of works have appeared –especially in bipartite and tripartite cases–
to disentangle the inherent complexity of such kinds of data structures. Looking at
clustering and community detection algorithms proposed to partition a network into
groups, we can identify some strands, all deriving from generalizations of methods
suited for one-mode [19] and two-mode networks [2]. A classical approach consists
of applying the usual community detection algorithms on a unique supra-adjacency
matrix defined by combining all the possible two-mode networks in a block matrix
[11, 15]. Alternative methods rely on projecting each two-mode networks and on
applying separately the usual community detection algorithms on these matrices
[10]. In addition, there are methods adopting both an optimization procedure for
3-way networks [16, 17, 14] by extending the idea of bipartite modularity [2], and
an indirect blockmodeling approach by deriving a dissimilarity measure based on
structural equivalence concept [3].

In our opinion, approaches based on the analysis of the k-modes examined con-
sidering the collection of the : (: − 1)/2 two-mode networks [10] cannot take into
account statistical associations among all modes at same time. Hence, the aim of the
contribution is to present a network data reduction method based on the concept of
joint dependence in a multiway contingency table [1].

Starting from real applications on the Italian student mobility phenomenon in
higher education [12, 21, 7, 8, 13, 22], a 3-way network is defined, where provinces
of residence, universities and educational programmes are considered as the three
modes. Student mobility flows, measured in terms of occurrences, represent the set
of links between them. Assuming that the statistical dependency between the set of
nodes provinces of residence and the other two sets of nodes can be captured by
the joined pair of nodes (universities and educational programmes), the tripartite
network is transformed into a bipartite network, where the two modes are given by
Italian provinces of residence (first mode) and the set of nodes given by all possi-
ble pairs of universities and educational programmes (second mode). Thus, taking
advantage of this approach of network simplification, network indexes and cluster-
ing techniques for bipartite networks are available. Hence, the Infomap community
detection algorithm is adopted [9, 4] to partition the derived network.

The remainder of the paper is organized as follows. Section 2 presents the details
of the proposed strategy of analysis, and the main results are reported from the
analysis of student mobility data of Italian universities. Section 3 provides final
remarks.
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2 Simplification of 3-way Networks

In the present paper, the case of a tripartite network is considered as an example
to show how the proposed network data simplification method works. In particular,
we consider the real case study of student mobility paths in Italian universities. The
MOBYSU.IT dataset1 enables reconstruction of network data structures considering
student mobility flows among territorial units and universities.

More formally, given V% ≡ {?1, . . . , ?8 , . . . , ?� }, the set of � provinces of
residence; V* ≡ {D1, . . . , D 9 , . . . , D� }, the set of � Italian universities, and
V� ≡ {41, . . . , 4: , . . . , 4 }, the set of  educational programmes, a weighted tri-
partite 3-uniform hyper-graph T can be defined, consisting of a triple (V,L,W),
withV = {V% ,V* ,V� } the collection of three sets of vertices, one for each mode,
and being L = {L%*� }, L%*� ⊆ V% × V* × V� , the collection of hyper-edges,
with generic term (?8 , D 9 , 4: ), which is the link joining the 8-th province, the 9-th
university, and the :-th educational programme. Finally,W is the set of weights,
obtained by the function | : L%*� → N, and |(?8 , D 9 , 4: ) = |8 9: is the number
of students moving from a province ?8 towards a university D 9 in an educational
programme 4: . Such a network structure can be described as a three-way array
A = (08 9: ), with 08 9: ≡ |8 9: , and it has been called a 3-way network [3].

To deal with such a complex network structure and aiming at obtaining commu-
nities in which three modes are mixed, we wish to simplify the tripartite nature of
the graph, without losing any significant information. In statistical terms, the array
A can be interpreted as a 3-way contingency table, and then the statistical techniques
to evaluate the association among variables (i.e. the modes) can be exploited [1].
Because a 3-way contingency table is a cross-classification of observations by the
levels of three categorical variables, we are defining a network structure where the
sets of nodes are the levels of the categorical variables. Specifically, we assume that
if two modes are jointly associated –as are, for their own nature, universities and
educational programmes– the tripartite network can be logically simplified into a
bipartite one. In the student mobility network, we join the pair of nodes in V* and
in V� , and then we deal with the relationships between these dyads and the nodes
inV% .

Following this assumption, the sets of nodes V* and V� are put together into a
set of joint nodes, namely V*� . The tripartite network T can now be represented
as a bipartite network B given by the triple {V∗,L∗,W∗}, withV∗ = {V% ,V*� }.
The set of hyper-edges L is thus simplified into a set of edges L∗ = {L%,*� },
L%,*� ⊆ V% × V*� . The new edges (?8 , (D 9 ; 4: )) connect a province ?8 with an
educational programme 4: running in a given university D 9 . The weightsW∗ are
the same as in the hyper-graph T , i.e., |∗

8 9 ,:
= |8 9: . Note that the weights contained

in the 3-way array A are preserved, but are now organized in a rectangular matrix A
of � rows and (� ×  ) columns.

1 Database MOBYSU.IT [Mobilità degli Studi Universitari in Italia], research protocol MUR -
Universities of Cagliari, Palermo, Siena, Torino, Sassari, Firenze, Cattolica and Napoli Federico II,
Scientific Coordinator Massimo Attanasio (UNIPA), Data Source ANS-MUR/CINECA.
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Taking advantage of this method, we aim to analyse weighted bipartite graphs
adopting clustering methods. Among others, we use the Infomap community de-
tection algorithm [9, 4] to study the flows’ patterns in network structures instead
of modularity optimization proposed in topological approaches [18, 5]. Indeed, the
rationale of this algorithm –map equation– takes advantage of the duality between
finding communities and minimizing the length –codelength– of a random walker’s
movement on a network. The partition with the shortest path length is the one that
best captures the community structure in the bipartite data. Formally, the algorithm
defines a module partition M of n vertices into m modules such that each vertex is
assigned to one and only one module. The Infomap algorithm looks for the best M
partition that minimizes the expected codelength, ! ("), of a random walker, given
by the following map equation:

! (") = @y� (Q) +
<∑
8=1

?8�� (P 8) (1)

In equation (1), @y� (Q) represents the entropy of the movement between mod-
ules weighed for the probability that the random walker switches modules on any
given step (@y), and

∑<
8=1 ?

8
�� (P 8) is the entropy of movements within modules

weighed for the fraction of within-module movements that occur in module 8, plus
the probability of exiting module 8 (?8�), such that

∑<
8=1 ?

8
� = 1 + @y [9].

In our case, the Infomap algorithm is adopted to discover communities of students
characterized by similar mobility patterns. Indeed, to analyse mobility data, where
links represent patterns of student movement among territorial units and universities,
flow-based approaches are likely to identify the most important features. Finally, in
our student mobility network, to focus only on relevant student flows, a filtering
procedure is adopted by considering the Empirical Cumulative Density Function
(ECDF) of links’ weights distribution.

2.1 Main Findings

Students’ cohorts enrolled in Italian universities in four academic years (a.y.) 2008–
09, 2011–12, 2014–15, and 2017–18 are analysed. The number of nodes for the sets
V% (107 provinces),V* (79-80 universities), andV� (45 educational programmes),
and the number of students involved in the four cohorts are quite stable over time
(Table 1). Furthermore, the percentage of movers (i.e., students enrolled in a univer-
sity outside of their region of residence) increased, from 16.4% in the a.y. 2008–09
to 20.6% in the a.y. 2017–18, and it is higher for males than females.
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Table 1 Percentage of students according to their mobility status by cohort and gender.

Cohort Gender
Mover status

Stayers% Movers%

2008–09
F 136,381 84.2 15.8
M 106,950 82.8 17.2

Total 243,331 83.6 16.4

2011–12
F 126,606 81.7 18.3
M 102,479 80.9 19.1

Total 229,085 81.0 19.0

2014–15
F 121,121 80.5 19.5
M 102,358 80.4 19.6

Total 223,479 80.5 19.5

2017–18
F 134,315 79.1 20.9
M 113,496 79.8 20.2

Total 247,811 79.4 20.6

Following the network simplification approach, the tripartite networks –one for
each cohort– are simplified into bipartite networks, and the four ECDFs of links’
weights are considered to filter relevant flows. The distributions suggest that more
than 50% of links between pairs of nodes have weights equal to 1 (i.e., flows of only
one student), and about 95% of flows are characterized by flows not greater than a
digit. Thus, networks holding links with a value greater or equal to 10 are further
analysed.

To reveal groups of universities and educational programmes attracting students,
the Infomap community detection algorithm is applied. Looking at Table 2, we
notice a reduction of the number of communities from the first to the last student
cohort, suggesting a sort of stabilization in the trajectories of movers towards brand
universities of the center-north with also an increase in the north-north mobility [20],
and a relevant dichotomybetween scientific and humanistic educational programmes.
Network visualizations by groups (Figures 1 and 2) confirm that the more attractive
universities are located in the north of Italy, especially for educational programmes
in economics and engineering (the Bocconi University, the Polytechnic of Turin and
the Cattolica University).

Table 2 Number of communities, codelength, and relative saving codelength per cohort.

Cohort Communities Codelength
Relative saving
codelength

2008–09 14 0.96 83%
2011–12 17 1.72 70%
2014–15 3 5.23 12%
2017–18 3 1.00 83%
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Fig. 1 Network visualization by groups, student cohort a.y. 2008–09.

Fig. 2 Network visualization by groups, student cohort a.y. 2017–18.
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3 Concluding Remarks

The proposed simplification network strategy on tripartite graphs defined for student
mobility data provides interesting insights for the phenomenon under analysis. The
main attractive destinations still remain the northern universities for educational
programmes, such as engineering and business. Besides the well-known south-to-
north route, other interregional routes in the northern area appear. In addition, the
reduction in the number of communities suggests a sort of stabilization in terms of
mobility roots of movers towards brand universities, highlighting student university
destination choices close to the labor market demand.

Hyper-graphs and multipartite networks still remain very active areas for research
and challenging tasks for scholars interested in discovering the complexities underly-
ing these kinds of data. Specific tools for such complex network structures should be
designed combining network analysis and other statistical techniques. As future lines
of research, the comparison of community detection algorithms that better represent
the structural constraints of the phenomena under analysis and the assessment of
other backbone approaches to filter the significant links will be developed.
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