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A residually finite analogue of Kegel’s theorem on splitting
automorphisms
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Abstract. Thompson proved that every finite group admitting a fixed-
point-free automorphism of prime order is nilpotent, and Kegel showed
that the same conclusion holds for finite groups admitting a splitting
automorphism of prime order. Motivated by these results, Sozutov asked
whether a p′-group admitting a splitting automorphism of prime order is
locally nilpotent if

〈g, gϕ, . . . , gϕp−1〉
is nilpotent for every g ∈ G [7, Problem 10.59]. We prove that if G is a
periodic residually finite p′-group admitting a splitting automorphism of
prime order p, then G is nilpotent of class bounded in terms of p. This
gives an affirmative answer, for residually finite groups, to the problem
of Sozutov. We also prove that a possible counterexample to Sozutov’s
problem cannot be a Tarski monster.
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1. Introduction. Let G be a group and let α ∈ Aut(G). An automorphism α
is called fixed-point-free if CG(α) = 1. For finite groups, every fixed-point-free
automorphism α of order n satisfies

xxαxα2 · · · xαn−1
= 1

for all x ∈ G (see [13, 10.5.1]). This led Gorchakov to introduce the notion of
a splitting automorphism.
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Definition 1.1. Let G be a group. An automorphism α of order n is called a
splitting automorphism if

ggαgα2 · · · gαn−1
= 1

for every g ∈ G.

An element a ∈ G is called an anticentral element of G if

aG′ = aG

(see [10] or [2]). It is easy to see that if a ∈ G is anticentral, then conjugation
by a induces a splitting automorphism of G′. Moreover, if α is a fixed-point-
free automorphism of a finite group G, then α is an anticentral element of the
semidirect product

H = G � 〈α〉.
Rowley observed that every finite group admitting a fixed-point-free automor-
phism is solvable [14, Theorem]. Later, Ladisch proved that every finite group
containing an anticentral element is solvable (see [10]). On the other hand, [2]
provides examples of finite non-solvable groups admitting splitting automor-
phisms. Indeed, the second author proved in [3] that a finite group admitting
a splitting automorphism of odd order is solvable. In addition, Jabara proved
in [5] that every finite group admitting a splitting automorphism of order
4 is solvable. For nilpotency, the situation is more restrictive. The existence
of splitting automorphisms imposes strong restrictions on the structure of a
group. Thompson proved that every finite group admitting a fixed-point-free
automorphism of prime order is nilpotent [16], while Kegel showed that every
finite group admitting a splitting automorphism of prime order is nilpotent [6].
Moreover, by results of Higman [4] and Kreknin–Kostrikin [9], there exists a
function f such that every finite group admitting a fixed-point-free automor-
phism of prime order p is nilpotent of class at most f(p).

Motivated by these results, Sozutov asked the following question.

Problem 1.2 ([7, Sozutov, Problem 10.59]). Is a p′-group G locally nilpotent if
it admits a splitting automorphism ϕ of prime order p such that all subgroups
of the form

〈g, gϕ, . . . , gϕp−1〉
are nilpotent?

Our first main result gives a positive answer in the periodic residually finite
case, and in fact implies bounded nilpotency class.

Theorem 1.3. There is a natural valued function f such that if G is a periodic
residually finite p′-group admitting a splitting automorphism ϕ of prime order
p, then G is nilpotent of class at most f(p).

As an immediate consequence, Sozutov’s problem has a positive answer for
residually finite groups.
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Corollary 1.4. Let G be a periodic residually finite p′-group admitting a split-
ting automorphism ϕ of prime order p such that

〈g, gϕ, . . . , gϕp−1〉
is nilpotent for every g ∈ G. Then G is nilpotent.

Our second main result shows that a possible counterexample to Problem
1.2 cannot be a Tarski monster.

Theorem 1.5. Let G be a p′-group admitting a splitting automorphism ϕ of
order p. Assume that

〈g, gϕ, . . . , gϕp−1〉
is nilpotent for every g ∈ G. Then G is not isomorphic to a Tarski monster.

One of the most important results in the theory of locally finite groups is
the following:

Theorem 1.6 (Hall–Kulatilaka). Every infinite locally finite group contains an
infinite abelian subgroup.

However, existence of a periodic residually finite analogue of Theorem 1.6
is still unknown. In particular, A. Mann asked the following:

Problem 1.7 ([7, A. Mann, Problem 11.56]). Does every infinite residually fi-
nite group contain an infinite abelian subgroup? Does every infinite residually
finite p-group contain an infinite abelian subgroup? The same questions are
valid for infinite centralizers.

If there is an infinite residually finite group whose centralizers are all finite,
it must contain no involutions by [15]. Hence, every finite subgroup is solvable.
However, since periodic solvable groups are locally finite and locally finite
groups have infinite abelian subgroups, in such a counterexample every solvable
subgroup is finite. That means if there is a periodic residually finite group with
finite centralizers, there is also a non-solvable finitely generated example. Since
the possible counterexamples of both of the problems lead us to this direction,
we may formulate an intermediate problem weaker than problems by Sozutov
and Mann.

Problem 1.8. Can a hypothetical counterexample to Problem 1.7 admit a split-
ting automorphism?

2. Preliminaries. We collect some basic facts that will be used later.

Proposition 2.1. Let G be a group, and let ϕ ∈ Aut(G) be a splitting automor-
phism of order n. Then CG(ϕ) has exponent dividing n.

Proof. If x ∈ CG(ϕ), then

x = xϕ = · · · = xϕn−1
.

Now, xxϕ · · · xϕn−1
= 1 implies xn = 1. �

Proposition 2.2 ([8, 7.1.3 Lemma]).
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(1) If G is finite and ϕ is fixed-point-free, then ϕ is a splitting automorphism.
(2) If G is periodic and contains no non-trivial element whose order divides

n, then every splitting automorphism of order n is fixed-point-free.

The following result shows that on the contrary to finite groups, fixed-
point-free automorphisms and splitting automorphisms have different natures.

Theorem 2.3 ([11]). Let G be a periodic group with a fixed-point-free automor-
phism of order 2. Then G is abelian without elements of order 2.

Remark 2.4. In infinite groups, in contrast to the finite case, the relationship
between fixed-point-free automorphisms and splitting automorphisms is far
less direct. For example, the free group of rank 2 admits a fixed-point-free
automorphism of order 2, whereas every group admitting a splitting automor-
phism of order 2 is abelian.

Proposition 2.5. Let G be a group, let ϕ ∈ Aut(G) have finite order n, and
let M � G be of finite index. Then there exists a ϕ-invariant normal subgroup
N � G of finite index with N ≤ M . In particular, ϕ induces an automorphism
of G/N . Moreover, if ϕ is a splitting automorphism of G, then the induced
automorphism on G/N is also splitting.

Proof. Set

N =
n−1⋂

i=0

ϕi(M).

Since each ϕi(M) is a normal subgroup of finite index in G, the subgroup N
is also normal and of finite index.

Moreover,

ϕ(N) =
n−1⋂

i=0

ϕi+1(M) = N

since ϕn = 1. Thus N is ϕ-invariant, and therefore ϕ induces an automorphism
ϕ of G/N .

If ϕ is a splitting automorphism of G, then

g gϕ · · · gϕn−1
= 1

for every g ∈ G. Passing to the quotient modulo N , we obtain

(gN)(gN)ϕ · · · (gN)ϕ n−1
= N.

Hence ϕ is a splitting automorphism of G/N . �
3. Some properties of Tarski monsters. We now collect the facts about Tarski
monsters that will be needed in the sequel. In particular, all Tarski monsters
appearing in this section are periodic, hence infinite, two-generated simple
p-groups. For the details of their construction, see [12].

Proposition 3.1. Let G be a Tarski monster. There is no non-trivial automor-
phism ϕ ∈ Aut(G) of order n such that, for every g ∈ G, the subgroup

〈g, gϕ, . . . , gϕ n−1〉
is nilpotent.



A residually finite analogue of Kegel’s theorem

Proof. Let G be a Tarski monster and suppose, for a contradiction, that there
exists a non-trivial automorphism ϕ ∈ Aut(G) of order n such that, for every
g ∈ G, the subgroup

Kg := 〈g, gϕ, . . . , gϕ n−1〉
is nilpotent.

Fix 1 �= g ∈ G. If Kg = G, then G is nilpotent, which is impossible since G
is an infinite simple group. Hence Kg is a proper subgroup of G. By definition
of a Tarski monster, every proper non-trivial subgroup of G is cyclic of prime
order. Therefore Kg = 〈g〉, and in particular gϕ ∈ 〈g〉.

Since this holds for every g ∈ G, it follows that ϕ is a power automorphism
of G.

By [1], every power automorphism of G is central, that is,

x−1xϕ ∈ Z(G) for all x ∈ G.

Since Z(G) = 1, it follows that xϕ = x for all x ∈ G, so ϕ = idG, contradicting
the assumption that ϕ is non-trivial.

Therefore no such automorphism exists. �

Remark 3.2. The direct analogue of Proposition 3.1 for groups merely involv-
ing a Tarski monster is false in general; see Example 3.4.

Remark 3.3. Unlike the finite case, infinite non-solvable groups can have split-
ting automorphisms of prime order. Let G be a Tarski monster p-group. By
[12], every proper non-trivial subgroup of G has order p, where p is a suitably
large prime. Fix a non-trivial g ∈ G. For every x ∈ G, one has

xxg · · · xgp−1
= (xg−1)p = 1.

Thus every inner automorphism of a Tarski monster p-group induced by a
non-trivial element is a splitting automorphism of order p.

Example 3.4. Let p be a sufficiently large prime, and let H be a Tarski monster
of exponent p. Let A be a cyclic group of prime order q such that p | q − 1.
Then A admits a fixed-point-free automorphism α of order p. Set G = H × A,
and define

(h, a)ϕ = (h, aα) (h ∈ H, a ∈ A).

Then ϕ is a splitting automorphism of order p of the infinite finitely generated
group G. Moreover, for every (h, a) ∈ G, the subgroup

〈(h, a), (h, a)ϕ, . . . , (h, a)ϕp−1〉
is a finite cyclic group. However, G is not nilpotent.

4. The proof of the main theorem.

Proof of Theorem 1.3. Let c = c(p) denote the bound for the nilpotency class
of a finite group admitting a fixed-point-free automorphism of order p, which
exists by [4]. We claim that

γc+1(G) = 1.
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Suppose, for a contradiction, that γc+1(G) �= 1, and choose

1 �= x ∈ γc+1(G).

Since G is residually finite, there exists a normal subgroup M � G of finite
index such that x /∈ M . Set

N =
p−1⋂

i=0

ϕi(M).

By Proposition 2.5, the subgroup N is normal, of finite index, and ϕ-invariant.
Moreover, x /∈ N since N ≤ M .

Again by Proposition 2.5, the automorphism ϕ induces a splitting auto-
morphism ϕ on the finite quotient G/N . Since G is a p′-group, the quotient
G/N is also a finite p′-group. We now show that ϕ is fixed-point-free.

Let yN ∈ CG/N (ϕ). Then

(yN)ϕ = yN,

and hence

(yN)ϕi

= yN for all i = 0, 1, . . . , p − 1.

Since ϕ is a splitting automorphism of G/N , we have

(yN)(yN)ϕ(yN)ϕ2 · · · (yN)ϕp−1
= N.

Therefore,

(yN)p = N.

As G/N is a finite p′-group, it contains no non-trivial element of order dividing
p. It follows that yN = N . Thus

CG/N (ϕ) = 1,

so ϕ is fixed-point-free.
By [4], the finite group G/N is nilpotent of class at most c. Hence

γc+1(G/N) = 1,

and therefore

γc+1(G) ≤ N.

But x ∈ γc+1(G) and x /∈ N , a contradiction. This proves that

γc+1(G) = 1.

Consequently, G is nilpotent of class at most c, as required. �

Clearly, the proof of Corollary 1.4 follows immediately from Theorem 1.3
and the proof of Theorem 1.5 follows from Proposition 3.1.
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