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Abstract: In this review, we investigate several aspects and features of spatial field correlations for the
massless scalar field and the electromagnetic field, both in stationary and nonstationary conditions,
and show how they manifest in two- and many-body static and dynamic dispersion interactions (van
der Waals and Casimir-Polder). We initially analyze the spatial field correlations for noninteracting
fields, stressing their nonlocal behavior, and their relation to two-body dispersion interactions. We
then consider how field correlations are modified by the presence of a field source, such as an atom
or in general a polarizable body, firstly in a stationary condition and then in a dynamical condition,
starting from a nonstationary state. We first evaluate the spatial field correlation for the electric
field in the stationary case, in the presence of a ground-state or excited-state atom, and then we
consider its time evolution in the case of an initially nonstationary state. We discuss in detail their
nonlocal features, in both stationary and nonstationary conditions. We then explicitly show how the
nonlocality of field correlations can manifest itself in van der Waals and Casimir-Polder interactions
between atoms, both in static and dynamic situations. We discuss how this can allow us to indirectly
probe the existence and the properties of nonlocal vacuum field correlations of the electromagnetic
field, a research subject of strong actual interest, also in consequence of recent measurements of
spatial field correlations exploiting electro-optical sampling techniques. The subtle and intriguing
relation between nonlocality and causality is also discussed.

Keywords: field correlations; nonlocality; Casimir-Polder dispersion interactions

1. Introduction

In quantum field theory, field commutators vanish outside the light cone, as expected
from relativistic causality considerations [1]. However, it is well known that vacuum field
correlations in general do not vanish for space-like separations; this is not in contradiction
with relativistic causality since a nonvanishing field correlation function does not allow the
possibility of a superluminal transmission of information [2-6].

The fact that quantum vacuum fluctuations, for example in the case of the electro-
magnetic field, possess nonvanishing correlations between spacetime points separated by
a space-like interval can, however, have profound conceptual implications and physical
consequences. Examples are inducing correlations between quantum objects in causally
disconnected regions of spacetime [3,7] and determining radiation-mediated (van der
Waals and Casimir-Polder) interactions between atoms [8-12], even in dynamical (time-
dependent) conditions [13]. Dispersion interactions are thus an indirect evidence of the
existence of vacuum fluctuation and of their spectral and spatial correlation features. Direct
measurements of the vacuum fluctuations of the quantum electric field have been reported,
as well as their dependence on the space-time volume sampled [14].

Recently, some experiments have been able to demonstrate the existence of vacuum
field correlations between non-causally connected space-time points, exploiting electro-
optic sampling [7,15]. Previous theoretical achievements on vacuum fluctuations and their
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spatial correlations, and the experimental possibility of proving their existence, make it
very important to analyze in detail their properties and physical consequences, as well as
their relevance on observable physical effects. Very recently, the possibility of experimen-
tally probing and individually separating vacuum field fluctuations and source radiation
contributions exploiting electro-optic sampling has been also proposed [16].

The experimental results and theoretical proposals above are currently giving a strong
theoretical and experimental boost and relevance to studying the physical features of
vacuum field correlations, including their nonlocality, in both stationary and nonstationary
conditions, as well as their effects on different quantum systems and observable quantities.

The existence of zero-point field fluctuations is one of the most prominent predictions
of the quantum theory of the electromagnetic field, and quantum fields in general; even
in the ground state of the free field, the electric and magnetic fields fluctuate around their
vanishing average value, as a consequence of the Heisenberg uncertainty principle resulting
from the noncommutativity of components of the electric and magnetic field operators [17].
These fluctuations are at the origin of many important observable effects, such as the
spontaneous decay of an excited atom in vacuum, the Lamb shift, and the Casimir and
Casimir-Polder forces between neutral objects in vacuum [11,17-20].

In this paper, we review relevant properties of the electromagnetic and scalar field
vacuum fluctuations, both in the vacuum and in the presence of field sources. We consider
both equilibrium and nonequilibrium conditions. Specifically, we investigate and review
their space-time correlations in both static and dynamical conditions, their role in static and
dynamical radiation-mediated effects such as two- and many-body dispersion interactions
(van der Waals and Casimir—Polder), as well as their nonlocal properties and consequent
relation with entanglement between field and matter observables [8,9,13,21-25].

This paper is organized as follows. In Section 2, we first introduce the equal-time
vacuum field correlations in the field ground state, both for the massless scalar field and
the electromagnetic field, stressing their nonlocal features. We then discuss how they are
modified by the presence of a polarizable body such as a ground- or excited-state atom,
considering a stationary configuration. In Section 3, we investigate how Casimir-Polder
dispersion interactions between two or three atoms give an indirect evidence of the nonlocal
features of the spatial field correlations. In Section 4, we consider nonstationary cases, when
the interacting system starts from a nonequilibrium configuration, discussing in detail the
time evolution of the nonlocal spatial correlations of the electric field. We then investigate
how this leads to dynamical three-body Casimir-Polder interactions, both in the case of
three bare ground-state atoms and when one of the three atoms is initially in a bare excited
state. Section 5 is devoted to our conclusive remarks.

2. Stationary Vacuum Field Correlations

We first discuss the vacuum field correlations for the massless relativistic scalar field
and for the electromagnetic field, in a stationary case, specifically the vacuum state. Let us
first consider a massless real scalar field; the field operator is given by [26]

ne2 \V?, . . o
4’(1'/ t) — Z(sz ) (akezk‘re—zwkt + al“l;e—zk-rezwkt)’ (1)
k k

where wy = c|k|, V is the quantization volume, the annihilation and creation operators ay
and a} satisfy the usual bosonic commutation rules, and periodic boundary conditions are
used. We have (0|¢(r, t)|0), where |0) is the vacuum state of the field defined as a;|0) = 0
for all k. The equal-time vacuum correlation function is easily obtained as
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In the continuum limit, V — oo, Y3 — V/(271)? [ d®k, Equation (2) becomes
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where an exponential regularization factor e /¥, with 77 > 0, has been introduced. After the
integration over k, taking 7 — 0, we have (for r # )

Olp(x, Hg(, Hjoy = 1€ L @
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This relation shows the existence of nonlocal spatial field correlations outside the
light cone, as well as a divergence on the light cone (even if Equation (4) is an equal-time
correlation function, it can be easily extended to the general case).

Similar considerations hold for the electromagnetic field, that is the main point of this
paper. We are mainly interested to the nonrelativistic quantum electrodynamical case, and
in this case it is convenient to work in the Coulomb gauge, V - A = 0. The expressions of
the vector potential, electric field and magnetic field operators are (Gauss units) [17]

2mhc?\ 2 ; ;
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kA kA 14
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kA kA 14
where k = k/ |k| is a unit vector along the direction of the wavevector k, &y, (A = 1,2) are
polarization unit vectors, assumed real, and wy = ck.
In the vacuum state, defined by ay,|0) = 0 for any (kA), we have (E(r, t)) = 0,
(B(r,t)) = 0, and the vacuum equal-time correlation function for the Fourier components
of the (transverse) electric field is easily found as
2thw . . (e 27thw Aa\
Y (O1E; (1A, D Ej(1eA;, £)]0) = S Y (@1 i@ )™ ) = T (8 — iy )R, (6)
A A

where R = r — r’ and from now on the Einstein’s convention of repeated indices is used.
For the sum over the polarizations, we have used

Y (@)i(ein)j = 6ij — kik;. )
A=1,2

In the continuum limit, V. — oo, }3 — V/ (27'()3 f 4%k, after integration over k, we
obtain the equal-time vacuum spatial correlation for the components of the electric field

27thw N 4hc Ao 1
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where R; is a component of the unit vector R = R/|R|.

Similarly to the massless scalar field case, Equation (8) shows that vacuum fluctuations
of the electric field have nonlocal spatial correlations (i.e., they do not vanish outside the
light cone) [3,27].

There are also vacuum nonlocal correlations between components of the magnetic
field, as well as between components of the electric and magnetic fields. For the magnetic-
magnetic correlation, we have

2mhw N L .
;<O|Bi(k)\;r,t)Bj(kA;r’,t)\(» = v k EA (k x &) (ke x @p)je'™ (r=)
2mhw N
= Tk (51']' - kl-kj>elk R )
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where, for the sum over the polarizations, we have used

Y (kx ép)i(k x &) = 6 — kik;. (10)
A=1,2

Equation (9), after summation over k in the continuum limit gives, for the spatial correlation
of the magnetic field, the same expression (8) for the electric field case
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Finally, for the electric-magnetic case we obtain

2mhw . A T (et 2thw P
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A )
where for the sum over polarizations we have used
Yo (ein)ilk x &) = €ijoky, (13)
A=12

and ¢;j¢ is the totally antisymmetric Levi-Civita symbol [19]. Analogously,

Y (0[B; (KA, 1) Ey (K, £)[0) = ZL‘F;‘”keijgkze-fk‘R. (14)
A
In the continuum limit, the angular k integration of (12) yields
8rlinw sin(kr
[ a0 L 0lE i 1B ionin o) = 250w (),
A

that is purely imaginary [27]. The electric-magnetic correlation function (14), after polarization
sum and angular integration, yields the same expression of the first one, Equation (15), but with
the opposite sign. Therefore the symmetrized e-m vacuum correlation function vanishes.

In the next section, we will discuss the deep relation between vacuum field correlation
functions, also in the presence of field sources or in dynamical situations, with van der Waals
and Casimir-Polder interactions between atoms or in general electrically and magnetically
polarizable bodies.

Spatial field correlations are modified by the presence of boundary conditions [28,29]
or field sources, an atom or a polarizable body for example [21,22]. In the latter case, we
speak of dressed spatial field correlations. Let us assume that an atom A is placed at ry,
and p 4 is its dipole moment operator. The Hamiltonian of the system, in the multipolar
coupling scheme and within the dipole approximation, is

H:HA—l—HF—]/lA'E(I'A), (16)

where Hy and Hr are, respectively, the free atom and the free field Hamiltonians, p4
is the dipole moment operator of the atom A and E(r,) is the electric field operator
evaluated at the position ry of the atom (it is indeed the transverse displacement field,
that outside the field source coincides with the total electric field) [11,17,30-32]. We just
mention that also macroscopic boundary condition yield changes to the spatial correlations
of the electromagnetic field and related physical phenomena [28,29,32-34]. Very recently,
spatial field correlations of the massless scalar field between points at the opposite side of a
movable perfect mirror (thus subjected to quantum fluctuations of its position) have been
investigated [35].

Due to the atom-field interaction, the non-interacting ground state |g4,0), where
|g4) indicates the ground state of the atom A and |0) the vacuum field state, is not an
eigenstate of the total Hamiltonian H. At the second order in the atom-field coupling, the
true (interacting) ground state |§4) of the system can be obtained by time-independent
perturbation theory in the form [8,12,22]
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where |1, 1i,) and |1, 1y 1)) are eigenstates of Hy in the form of a tensor product of the
atomic state n and one- and two-photon Fock states, respectively; also,

--= Zka‘A e | (18)
KA wng+wk>

is a normalization factor. In the above equations, m, n indicate a complete set of atomic
states, p'}" = (m|us|n) are the matrix elements of the electric dipole moment operator
of atom A, and wyy = (Ep — Eg) /h are atomic transition frequencies from the ground
state. Equation (17) shows that the dressed ground state is not separable in the atom and
field space state, and the atom is surrounded by a cloud of virtual photons [36,37]. A
similar situation occurs for a physical nucleon where, in the framework of generalized
parton distributions, the bare nucleon is surrounded by a cloud of virtual mesons, and an
expression analogous to (17) is indeed obtained [38].

We can now evaluate the equal-time correlation function between modes of the electric
field [22]

Znhwk

(GAlEi(KA; 1, t)Ej (KA, 1)[§a) = v

(8xr)i (ék)»)jeik'(r_r/)(skk’(s)u\’
4:7'[2 gn ng A A ~ A
+7 Wk Y ) p (1) g (@) i (@) i (B ) g (Brrar ) p
n

il (1—14) pik’- (v —14) 1 1
+ + + c.c.
Wi + Wy ((Uk +wng Wi+ wng>

e ik (r—14) pik’-(f' —14)

(wi + wng) (wyr + (Ung)

/ (19)

where c.c. stands for the complex conjugate and, for the sake of simplicity, without loss of
generality, we have assumed that the dipole matrix elements are real, that is ¢ = u8".

The first term in the RHS of (19), apart from the polarization sum, is essentially
the same in (6), which is the bare correlation function, while the second term gives the
contribution due to the presence of atom A, yielding the dressed correlation function.
Equation (19) shows that in the presence of an atom, contrarily to the bare vacuum case,
also different field modes become correlated. In the next section, we will discuss in detail the
importance of this point in the non-additive three-body van der Waals and Casimir-Polder
dispersion interaction between ground state atoms [21-23].

Summation of (19) over the field modes yields the dressed spatial correlation function
of the complete electric field at two different points of space and equal time:

(BAlEi(DE;(X)[ga) = Y (SalEi(kA;x, HEj(K A, 1)[§a)
KK AN (20)

= (0[Ei(r)E;(r)[0) + (| Ei(r)Ej(Y')|gA) D,

where the first term is the same given in Equation (8), that is the bare correlation function,
and the second term is the (dressing) correction due to the presence of the ground-state
atom A. The latter term involves polarization sum (see (7)) and angular integrations that
can be easily performed using

47 _p sin(kR)
+ik-R _ R +ik'R _ R
[ 400 — kyky ) = oFh [ aneier ~ SRS, (21)

where we have defined the following differential operator:
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and the apex R indicates the coordinate with respect to which the derivatives are taken.
After straightforward algebra, we obtain the second term in (20) at the second order in the
atom-field coupling in the form of a double frequency integration:

AIEOE)I800 = 1y DO 00 FRES e [ o [
(23)
X L} 1—&—(4) (k’ ! R i_ k) + C.C.:| (sin(kR) sin(k'R") + sin(k'R) sin(kR")),
ng k -

where R = r — ry and R’ =t/ — r4. Performing first the integration over wy and then that
over wy, we finally obtain

;1 e sinfwye(R+R')/c]
~ N & _ RrR 8
(@Al EE () ga)p = ; ONERES Ry ) A N,
2 P | ,
_ %; g FREN — flong(R+R') /],

where f(z) = ci(z)sin(z) — si(z) cos(z) is the auxiliary function of the sine and cosine
integral functions, si(z) and ci(z), respectively [39]. Equation (24) shows that the dressing
part of the correlation function is monotonically decreasing with the distance, with a
characteristic distance scale given by c/ Whg- Asymptotically, for R, R > ¢/ Wng, W€ have
fwng(R+R")/c) ~ (wng(R+ R")/c)~! [39]. Thus, Equation (24) asymptotically scales
with the inverse seventh power of the distance from the atom A; this R~7 distance scaling
should be compared with the R~ scaling of the bare vacuum fluctuations in (8). In the
next section, we will discuss the relevance of this property for the non-additive three-
body Casimir-Polder interaction between ground-state atoms or molecules in the far-zone
(retarded) regime.

Equations (17)—(19) have been obtained for a ground-state atom. If we consider the case
of an atom in one of its excited states, in the continuum limit there is an extra contribution
from the frequency integrations due to the resonance pole [23]. In this case, for simplicity
we consider a two-level atom with transition frequency ws = (E. — Eg)/h, located at
r4, and interacting with the quantum electromagnetic field through the Hamiltonian (16).
|g4) and |e,) indicate the ground and excited state of atom A, with energy E; and E,
respectively. The bare excited state is then |e4,0). We assume to consider timescales shorter
than the lifetime of the excited state, and thus we neglect the spontaneous decay of the
atom. The second-order interacting excited state is then [8,23]

2\ 12 w2 by e
2a) = (1+Nea,0)+i == A 1
o) = (N len0) +i(57) T DUABAE )
12y (w"“’k’)l/ZWf'ék'w(ﬂif'ékA)efi(Hk)'rAIeA Lalen), (25)
A (wa — wi) (Wi + wyr) ! ¢

where N’ is a normalization factor. The presence of a pole at wy = wy, related to the
possibility of a real transition from the excited to the ground state, should be noted; we will
see that its presence has important consequences on the spatial correlations of the field and
on the three-body Casimir-Polder interaction when an excited atom is involved.

Analogously to the ground-state case, we can now evaluate the spatial correlation
function relative to two modes of the electric field on the dressed state (25), and we obtain,
up to the second order in the atom-field coupling (we are assuming that the matrix elements
yi‘f are real) [23]
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With a procedure analogous to the previous ground-state case we can now obtain, in
the continuum limit, the following expression for the spatial correlation function of the
complete electric field
EAlEE((W)En) = Y (Eal Eilkhin, DE (KA, D)
KK/ AN
= (O[Ei(r)E;(x')[0) + (2al|Ei(r)E;(x)[ea) D,

where (0|E;(r)E;(1')|0) is the bare spatial correlation (8) and the dressing correlation
(€4lEi(r)Ej(r")|24) p has a structure analogous to that of the ground-state case previously
considered. The main difference is the presence of a pole at wy, wy = w, in the frequency
integration path, as it is evident from Equation (26), yielding a resonant contribution to the
correlation function. The final result is [23]

(eal EXOE () le)n = = (u5)q (1),

' o 1 ! I
X FEFR- 1 PV/ dwsm[w(R +R)/c] + 27 sin waR sin waR ,
9t PI RR’ 0 w—wgy c c

(27)

where PV indicates the Principal Value of the integral. This equation contains two terms.
Comparison of (27) with (24) shows that the first term has a similar structure as in the case
of the ground state and includes contributions from all field modes; the second term in (27)
is a new one, originating from the resonant pole at w = w4 and shows spatial oscillations
with a scale given by c/w 4 [23].

3. Bare and Dressed Vacuum Field Correlations and Stationary Casimir-Polder
Dispersion Interactions between Atoms

In this section, we explore the deep connection between spatial correlations of the
vacuum electromagnetic field and dispersion interactions (van der Waals and Casimir—
Polder) between atoms, including many-body effects. The physical basis is that, even
in the vacuum state, the electric and magnetic fields fluctuate around their zero average
value, and they induce instantaneous dipole moments in electrically and /or magnetically
polarizable objects such as atoms or molecules: since vacuum fields are spatially correlated,
as we have shown in the previous section, the induced atomic dipole moments will be
correlated too, and this eventually leads to an interaction energy between them [9,11,12].
Furthermore, since these correlations change when a third atom is present (see previous
section), its presence affects the interaction between the two other atoms, leading to non-
additive effects in the dispersion interaction between three or more atoms [11,23]. We will
now address these effects.

We first analyze the two-body interaction case.

3.1. Two-Body Dispersion Interactions

Let consider two ground-state atoms or in general two polarizable bodies B and C,
located in rp and r¢, respectively. For simplicity, we assume they are isotropic. We now
discuss an heuristic model to obtain the dispersion interactions between two atoms based
on vacuum field correlations [9,11,32]; we would like to mention that this heuristic model
can also be rigorously derived from the standard atom-field Hamiltonian [10]. In the two
points where atoms B and C are located, fluctuations of the electric and magnetic fields
exist, and, as shown in the previous sections, these field fluctuations are spatially correlated;
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Vi (,R) = -

thus, for each field mode, they induce and correlate dipole moments in the two atoms. We
have, in the spirit of a linear response theory [9,11,12,20,40],

#(0)i(K) ~ gy (Wi) Ei(kA;xp(c)), pp(c)i(K) ~ agc)(wi) Bi(kAp(c))  (28)

where y%( 0)i (k) and VZI(C)i (k) are, respectively, the Fourier components of the induced elec-
tric and magnetic dipole moments of one of the two atoms; also, “%(C) (wy) and Dégl(c) (wy)
are, respectively, the electric and magnetic dynamical polarizabilities of the atoms, that
we assume are isotropic so that they are scalar functions of the frequency. We also assume
that the induced and correlated dipoles interact via a classical dipole-dipole interaction
between oscillating dipole moments. Thus, we have

AE™ =Y (i (1)l (K)) Vi (k, R = xc — x) (29)
kA
where a,b = e (electric), m (magnetic) denote the electric or magnetic components, and

Vl-‘]?b (k,R) is the classical potential tensor between electric or magnetic dipole moments [11,27].
This tensor, representing the tensor part of the interaction energy between two dipoles oscillat-
ing at a frequency wy = ck and averaged over an oscillation period, for the electric—electric
partis [9,11,27]

k? cos(kR)

) . . . (ksin(kR kR
Vie(k,R) = — | (8 — RiR;) _(5ij_3RiRj)( s1r1;(2 )+C051§3 ))}
(30)
rcos(kR)

= —F}
R 7

where Filf is the differential operator acting on the variable R defined in (22). It should
be noted that the vacuum-induced correlation between the dipole moments of B and C
appears in (29). Thus, using (28) in (29), the electric—electric interaction energy becomes

o = thB w)(0|E;(kA; g, t)E;(K'A; xc, t)|O>Vee(k rc —13p), (31)

showing a sharp relation between dispersion interactions and vacuum field correlations, as
already mentioned [9,10].

Explicit evaluation of (31) yields the standard van der Waals interaction energy be-
tween two neutral ground-state atoms, as obtained by straightforward fourth-order pertur-
bation theory [11,17,19,33,41,42]. As it is well known, this dispersion energy scales with
the distance as R~ in the near zone (London—van der Waals nonretarded regime) and as
R~7 in the far zone (Casimir-Polder retarded regime). The transition between the near and
the far zone occurs at a distance around the main transition wavelength from the ground
state of the atoms [17,19,41]. We wish to stress that the present evaluation of the dispersion
energy in terms of vacuum spatial field correlation has some conceptual relevance, since it
allows an insight of the origin of such interactions, showing that they can be interpreted
partially from classical arguments, because quantum properties enter only in the existence
of spatially-correlated vacuum fluctuations. Furthermore, in the far zone, where the atomic
static (frequency independent) polarizability is involved, the physical interpretation is very
clear: the spatial field correlation and the consequent dipoles correlation scales as R4,
as (8) and (28) show, and the potential tensor scales as R~3, yielding a far-zone interaction
energy decreasing with the distance as R~7.

Similar results can be analogously obtained for the magnetic-magnetic and electric—
magnetic dispersion interactions between ground-state atoms, using the spatial correlation
functions (9), (12) and (14), respectively, together with the appropriate potential tensors
Vi;“m(k, R) and Vl?m(k, R), given by [27]

k? cos(kR)
R

(6ij — RiR;) (32)

(G- 3RiRj) (ksin(kR) n cos(kR))},

R? R3
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An explicit evaluation yields, also for the magnetic-magnetic and electric-magnetic in-
teractions [27], the known expressions as obtained by fourth-order perturbation theory [43].
This shows that the relation between spatial field correlations and dispersion interactions
holds also for magnetic-magnetic and electric-magnetic dispersion interactions.

3.2. Three-Body Dispersion Interactions

The connection between spatial field correlations and dispersion interactions dis-
cussed in the previous subsection, can be extended to the non-additive three-body van der
Waals and Casimir-Polder forces in terms of the dressed spatial correlations introduced in
Section 2.

We consider three atoms, A, B and C, respectively, located at r4, rg and rc. The main
physical point is that the presence of one atom, let us say atom A, modifies the spatial field
correlation evaluated at the points where the two other atoms B and C are located, as we
have shown in Section 2 for both a ground-state atom and an excited-state one. This change
affects the interaction between atoms B and C, that now depends also on the presence of
atom A: the spatial correlation function dressed by atom A, such as (19) or (26), is in this
case involved in the expression analogous to (29). From now on, we will consider only
electric interactions between the atoms, so, in order to simplify the notation, we omit the
apex e.

In the specific case of three ground-state atoms, the (electric—electric) interaction energy
between B and C, in the presence of A, in analogy with (31), is obtained by replacing the
bare spatial correlation of the electric field with the dressed one given by (19). Thus, it can
be written down as

AEpc = ) ap(wi)ac(wp)(galEi(kA;xp)Ej(K' A xc)|ga) Vij(k K xe — 1), (34)
AR VY

where

1
Vij(k, K ;xc —rp) = 5 (Vij(k, xc — 1) + Vii(K',xc — 1)) (35)

is the symmetrized generalization of the potential tensor (30), necessary since the dressed
field correlation depends from the two wavenumbers k and k" (due to the presence of atom
A, different field modes are now correlated).

Explicit evaluation of (34) using (19), yields two terms: a two-body contribution
consisting on the direct interaction between atoms B and C (i.e., the same discussed in
the previous subsection) plus a three-body term A3 - containing the effect of the presence
of atom A on the dispersion interaction between B and C, stemming from the dressing
term of ($|E;(kA; 1, t)E;(K'A';1, )| 4) of the spatial correlation, that is the second term
of (19) [22]. The complete three-body dispersion potential is then obtained after a sym-
metrization over the role of the three atoms; after some lengthy algebraic calculations and
introducing the imaginary frequency u = —iwy, it can be cast in the following form:

2
OEapc = 5 (8%p + Bdc + M)
(36)

hic B v 1 o0 . . . _ +B+
= ~TRELF e [ dua(in)ap(in)acin)e )
where &« = |rc — 1|, B = |rc —ra| and v = |rg — r4] are the distances between the

atoms [22]. Equation (36) coincides with the known expression of the three-body com-
ponent of the dispersion interaction as obtained by a standard sixth-order perturbative
approach [11,44-46], or also by field energy density considerations [47,48] or using effective
Hamiltonians [12,49]. Our approach, however, gives a clear physical insight on the origin
of the nonadditive nature of such interactions, stressing the fundamental role played by
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dressed spatial correlations of vacuum fluctuations. Moreover, as we will discuss in the
next section, our approach can be generalized to nonstationary conditions too.

In the far zone (retarded regime), that is when «, 8, ¥ > A, with A. a characteristic
transition wavelength of the three atoms, only the static polarizabilities of the three atoms
are involved in the three-body dispersion interaction, and, for a equilateral triangular
configuration of the atoms with side R, it scales as R~10[11,44,47]. This is fully consistent
with our considerations after Equation (24) that at a large distance from atom A the dressing
part of the correlation function scales as R~7, correctly yielding a potential energy scaling
as ~ R77R73 ~ R10 (the R73 term is from the potential tensor (30)).

4. Dressed Dynamical Field Correlations and Dynamical Three-Body Casimir-Polder
Forces

The considerations on dressed field correlations in the previous sections refer to
static (time-independent) situations. Also, the case with one excited atom was considered
for short times, so that its spontaneous decay can be neglected. In this section, we will
address dynamical nonstationary situations, when the system starts from a nonequilibrium
configuration. We will address relevant aspects of the building up in time of nonlocal
spatial field correlations, as well as dynamical time-dependent three-body Casimir-Polder
interactions. We will show that relevant nonlocal features appear in the time evolution
and build-up of the field spatial correlations, and how they manifest in the consequent
time-dependent dispersion (van der Waals and Casimir-Polder) interactions between three
(or more) atoms. This suggests that dynamical dispersion interactions could provide a way
to probe these nonlocal nonequilibrium field correlations, similarly to the stationary case of
previous section.

We first concentrate on the nonstationary spatial field correlations when an atom
(A) is present, in both cases of an initially bare ground-state atom and an initially bare
excited-state atom. In such cases, the initial state at t = 0 is a nonequilibrium state, being
an eigenstate of the unperturbed Hamiltonian and not of the total Hamiltonian: thus, they
will evolve in time. The atom—field Hamiltonian is given by (16).

4.1. Dynamical Ground-State Correlations

We consider an atom A interacting with the quantum electromagnetic field via the
dipolar interaction Hamiltonian (16). We assume that at t = 0 the system is prepared in
the noninteracting (bare) ground state |g4,0), where |g4) is the ground state of the atom
and |0) is the photon vacuum. Differently from Section 2, here we use a time-dependent
approach in order to study the time evolution of the correlation function starting from
our nonequilibrium initial state. We work in the Heisenberg representation, and solve by
iteration up to the second order the Heisenberg equations for the field operators

a () = al () +a) (1) + a2t + ..., (37)

where the apex indicates the perturbative order. From the explicit iterative solution (37)
we can obtain the corresponding iterative solution for the electric field operator in the
Heisenberg representation [24,50]

E(r,t) = EO(r,t) + EV(r, ) + ED (5, 1) + ..., (38)

that we will exploit to obtain the equal-time electric-field spatial correlations in a two-level
approximation for the atom, thatis pg = yi“g'SJr + ;l‘ie S_. Here, S;, 5_ and S, are the
pseudospin operators for atom A. Also, ;uff = (ealpalga) = ‘uig* are the matrix elements
of the atomic electric dipole operator between the excited state |e4) and the ground state
|g4), with energy E, and E, respectively. We will, however, assume, as before, that the
dipole matrix elements are real, so that yff = ],tg: , In the pseudospin formalism, the atomic
Hamiltonian is Hy = fiw,S,, where wy = (E, — Eg)/h.

Writing down the Heisenberg equations of motion for the field and atomic operators
and solving them up to the second order in the atom-field coupling, we can finally obtain
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an explicit expression of the two-mode correlation function of the electric field operator in
the initial bare ground state [g4,0) [24]

cé’.(k)\ KA1, v, t) = (g4,0|E;(kA; 1, t)Ej(K'A; ¥, ) g4, 0)

_2n h L
% = (wpwi )2 (80 (B ) €™ ) Sy ane
(27.[)2 g . g . i(k'(r—rA)—wkt)
V2 (s @) (s - o) (@) (ek’A’)]wkwk’Z%{m 39)
X [(F(wk + Wy, t) — F*(LUA — Wy, i’))ei(k,'(r/ir“‘)iwk’t) — (F(wk — Wy, l’) — F*<C(JA + wyr, t))
X e*i(k/'(”’r/‘)’“k’t)] teek=kK,r= r’)},
where t stands for the real part and we have defined the function
ot ixt
_ it €0 — 1
P(x,t)—.odte =0 (40)

Equation (39) clearly shows that different field modes, initially uncorrelated, acquire
with time a correlation consequent to their mutual interaction with the atom (contrarily to
the case of the field bare vacuum).

We also obtain the two-point and equal-time nonstationary spatial correlation function
for the complete electric field, given by

CH(r,t',t) = (g4, O|Ei(r, ) Ej(¥, 1)|g4,0) = kA;N CHkA KA r t, 1)

= (g4 O[E (5 ) E (¥, 1)[34,0) + (34, O|E (1, DEV (7, 1) g4, 0)  (4D)
0 2 2 0
+ (34, 0E” (5, ) E) (¢, 1)1, 0) + (24, 0|E (1, )E\” (¥, )34, 0),
(first-order terms vanish) [8,50]. After some lengthy algebraic calculations, we find the
following expressions of the single terms in (41)

27Th ik (rir/)

<gA'O|Ei(O )E(O (r',1)|g4,0) 2 i(wp) jwie’ ,

(4, 0[EY (1, EV (¥, )], 0)
e R elwaR/c R efiwAR//c
= (W)W nFiy | —x— |En | —5— | 0(ct = R)6(ct = R'),

(g4, 0lE” (r, t)E}2><r',t>|gA,o> + <gA,0\E£2> (. HE” (¥, )[g4,0)

2 ), (1) JeR Rk pR 1/ ioRje i iwAR
_ 8 8 jal. (e iwR/e _ , 1(wk+wA)tezwA /c)
V{ ’"Z k)i wp +wy MR

x0(ct —R) +cc.(R=R,A=B,i= j)}, (42)

where R = r—r4, R' = ¥ — 1y, and 6(x) is the Heaviside step function [24]. Also, 1—"11]z
the differential operator defined in (22).

The first term in (41), explicitly given in the first line of (42), coincides with the time-
independent correlation in the bare ground state, as discussed in Section 2 (see Equation (8));
all other terms in (41) and (42) describe the time evolution of the correlation function during
the dynamical self-dressing process of the atom, and are a main object of investigation in
this section.

Some intriguing physical considerations are made in order to physically understand
the behavior of the dynamical spatial correlations we have obtained. For the sake of clarity,
we separately consider the various contributions in the expressions above.
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The second contribution in (41) and (42) is the product of the retarded dipole fields
from atom A in points r and ' (the operator ED) in (38)) [50]; the presence of the two 6
functions expresses that this contribution to spatial correlation vanishes outside the light
cone centered on atom A: it is different from zero only if both points r and t’ are inside the
causality sphere of A, in full agreement with relativistic causality. However, since |r — 1’|
can be larger than ct even if both R = |r —r4| and R’ = |/ — 14| are smaller than ct, the
correlation can be nonvanishing even for two points r and #’ that are not causally connected
each other; this peculiar behavior is possible because the fields in both points are causally
connected with the “source” atom A. This behavior clearly shows a nonlocal feature of
dynamical spatial field correlations during the atomic dressing.

The contribution of the other terms in (41) and (42), involving the zeroth- and second-
order electric field operators, shows a quite different and peculiar behavior. It is different
from zero even if just one of the two points r and r’ is inside the causality sphere of atom A,
notwithstanding the other point can be outside of it. Mathematically, this is related to the
fact that this term arises from a product of the second-order field generated by atom A (the
operator E@ in (38)) and the free field (the operator E(© in (38)): the first one is causally
connected with A while the second one is source independent (i.e., it is the free field at time
t). In other words, this contribution to the spatial correlation function at a generic time ¢,
can be nonvanishing even for points separated by a space-like interval, provided at least
one of them is inside the causality sphere of A.

We can conclude that nonstationary field correlations, during the evolution of the
atom-field system starting from our nonequilibrium configuration at t = 0, have peculiar
nonlocal features. An important point, in our opinion, is understanding whether such
nonlocal features can manifest or be observed, at least indirectly, in observable physical
quantities. In the next section, we will show how these nonlocal features can indeed
manifest in the dynamical three-body Casimir-Polder dispersion interactions between
atoms or, in general, polarizable bodies.

4.2. Dynamical Excited-State Correlations

We now investigate the case when atom A, approximated as a two-level system, is
initially in its bare excited state |e4), with field in its bare vacuum state |0). Also in this
case the initial state is a nonequilibrium state, and we expect a dynamical change of the
spatial correlation function of the electric field; moreover, new aspects should appear
with respect to the ground-state case, due to resonance effects related to the possibility
of emission of a real photon. The calculation proceeds similarly to the ground-state case
of the previous subsection, using the same iterative-solution method for the Heisenberg
equations of motion of the field and atom operators, and then evaluating the electric-field
spatial correlation in the bare excited state of atom A and the field vacuum state, |e4,0).
We consider time shorter than the lifetime of the excited state and thus we can neglect
its spontaneous decay; however, contrarily to the ground-state case, a resonance pole
in the frequency integrations is present in this case, yielding a new contribution to the
correlation function.

After lengthy algebraic calculations, we obtain that the spatial correlation function
of the electric field can indeed be separated in two contributions, a resonant one and a
nonresonant one,

Cii(r, v, t) = <€A,0\E( )E](r f)\@A, 0)
= (Ei(r,t ")) + (Eir, t)Ej(r/rt)>res-

The nonresonant term is found to be the same of that for the ground-state atom,
Equations (41) and (42), with an opposite sign, that is (E;(r, t)Ej(r’, )y = —ij(r, v, t).
The resonant term, resulting from the pole at wy = wy, is given by [24]

(43)

R os[(wa(R—R')/c]

(Ei(r, DEj (¥, 6))res = 2015 ) (3 )nFNER, <R 0(ct — R)8(ct — R'). (44)
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For the nonresonant contribution, the same physical considerations about its nonlocal
features given in the previous subsection for the ground-state case apply, in particular that
it is in general different from zero if one of the two points is inside the causality sphere of A,
even if the other point is outside the causality sphere. In other words, the presence of the
excited atom manifests itself in the two-point spatial correlation even if one point is outside
the causality sphere of A, provided the other point is inside, and whatever the distance
between the two points is. The resonant contribution (44) shows, as expected, oscillations
in space with a scale given by the atomic transition wavelength c/wy; it is not vanishing
provided both points are causally connected with the atom A, that is if R, R’ < ct, even in
the case they are not causally connected with each other (that is, [t —r| > ct).

We wish to stress that the nonlocal features of the dynamical spatial correlations we
have discussed in this section are totally consistent with relativistic causality, of course,
because correlations cannot transport information.

4.3. Dynamical Three-Body Casimir—Polder Interactions

In this subsection, we briefly analyze some consequence of the nonlocal character of
the dynamical field correlations investigated in the previous subsections, specifically in
dynamical Casimir-Polder three-body interactions, extending the stationary case of the
previous section to nonstationary situations.

Our starting point is the relation between the spatial correlations of a quantum field,
specifically of the electric field, and the dispersive two- and three-body Casimir-Polder
forces, as discussed in Section 3. Here, we mainly consider three-body interactions in
nonstationary conditions, both in the case of three bare ground-state atoms and in the case of
one bare excited atom and two ground-state atoms; we thus extend our methods and results
for stationary three-body interactions, presented in Section 3, to the dynamical case, on the
basis of the dynamical dressed field correlations obtained in the previous subsections.

We assume to have one atom (A) in r4 and two other ground-state atoms (B and C) in
rp and rc. We consider both cases of atom A initially in its bare ground state and in its bare
excited state.

We first consider the case of atom A initially (¢ = 0) in its bare ground state and
the field in the vacuum state. As already mentioned, this is a nonstationary condition,
because bare states are not eigenstates of the complete Hamiltonian. We start evaluating
the interaction energy between atoms B and C during the self-dressing of atom A assuming,
as mentioned, the state of the interacting system field-(atom A) in the nonequilibrium bare
state [g4,0). We evaluate this interaction energy exploiting the expression (34), extended to
the present nonstationary situation by substituting the two-mode correlation function of
the electric field with its time-dependent expression, Equation (39). After lengthy algebraic
calculations, we can obtain the explicit analytical expression of the dynamical interaction
energy, that at a generic time t > 0 is given by [13]

1 . e 1 ® ap(lw
AE4(B,C;t) = —E(Vf)nwzf)ppmpnéppén apy {/0 dwwi—(w)A
X [Z(zxc(w) eTHPIC _i(wy)emwab/comilwatwlt) sin(%) cos(%))@(ct - B)
+ sin(%) e—iw(lx+ﬁ)/c . (Xc(wA)e—iwA(vc+ﬁ)/ce—i(wA+w)t)9(Ct —(a+ ,B)) (45)
+ sin(%) Je iwlpal/e _ zxc(wA)e*"“’AW*“Vce*"(“’A*“’)t) sgn(p —a)f(ct — |B — oc|)}

+cc(B=Cp= 'y)},

where sgn(x) is the function giving the sign of the variable x, 6(x) is the Heaviside step
function and «, B, <y are the distances between the atoms defined in Section 3.2.
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Several physical considerations relevant to nonlocality and causality can be made
starting from (45), in different specific situations.

Let us first assume that both atoms B and C are inside the causality sphere of A. In such
a case, it is possible to show from (45) that, after a transient period when the interaction
energy is time-dependent, it settles to a stationary value [13], that coincides with that found
with the time-independent approach of Section 3.2. This also shows the self-consistency of
our time-dependent approach.

A remarkable and unexpected result is when at least one of the two atoms B and C is
outside the light-cone of A, i.e,, when 8 > ct and/or ¢ > ct; evaluating (45) in this case
it follows that AE 4 (B, C; t) can be nonvanishing, and that the interaction between B and
C can be affected by A, clearly showing a nonlocal behavior of the three-body dispersion
energy due to the nonlocality of the dynamical correlation function of the electric field;
more details on the ranges of the relevant parameters «, v, t in which this occurs can be
found in [13].

A relevant quantity worth of investigation is the symmetrized dynamical interaction
energy, given by

2
A(A,B,C,t) = g(AEA(B, C;t)+ AEg(A,C;t) + AEc(A, B; 1)), (46)

where the role of the three atoms is exchanged in the symmetrization (for a more detailed
discussion of the difference between the time-dependent interaction energies (45) and (46),
in particular in relation with their measurement, see [51]). Its expression can be directly
obtained from (45). We will discuss here only its main features relevant to the indirect
manifestation of the nonlocality of dressed field correlations in three-body dispersion
interactions, aspect we are mainly interested to.

Firstly, after a transient, it is possible to show that the dynamical interaction energy (46)
settles to its stationary equilibrium value (similarly to (45)), as given by (36) or by a direct
sixth-order perturbative calculation [11,44,45,47].

Secondly, although (46) vanishes if each atom is outside the causality sphere of the
other two, i.e., a, B, v > ct, it nevertheless shows relevant nonlocal aspects: for example,
for times such that one atom (A, for example) is not causally connected with the other two
atoms (B and C), while B and C are causally connected to each other, situation represented
by the conditions 8 > ct, ¥ > ct, « < ct, the dynamical three-body interaction (45) is not
vanishing. In other word, this observable interaction energy manifests a nonlocal behavior,
ultimately related to the nonlocal features of the dynamical spatial correlations of the
electric field, since it is not vanishing even if one atom is outside the causality sphere of the
other two [13,51].

Similar considerations can be made in the nonstationary case in which one of the three
atoms (A) is initially in its bare excited state with the field in its vacuum state, using the
dynamical excited state field correlations given in (43). In this case, the main difference with
the previous case is the presence of the resonant term (44) in the spatial correlation function
of the electric field. This extra term finally yields the following additional contribution to
the dynamical three-body interaction energy [24]:

ge ge v B e—iwo(Btct)/c
AEyes(A,B,C,t) = — (5 )n (1S ) paB(wo)ac (wp)2R Fj Fpp———F7———
By “7)
< (0D Yocr - ppoger - ),

where the same notation of the previous cases have been used. The resonant contribution (47)
at time ¢ is not vanishing only if both atoms B and C are inside the light cone of A, i.e., B < ct
and 7 < ct even if they can be causally disconnected each other, for example if [rg — rc| > ct,
showing also in this case some nonlocal aspect of the resonant term of the interaction energy.

Finally, we wish to mention that similar considerations about the nonlocal features of
the three-body component of the dynamical dispersion interaction between three atoms can
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be obtained by evaluating them exploring effective Hamiltonians [40,49], as discussed in de-
tail in [13,24,51] also with reference to the measurement of the three-body component of dis-
persion interactions which involves the overall system and thus it is intrinsically nonlocal.

5. Conclusions

In this paper, we have reviewed several aspects of spatial correlations and their non-
local features of quantum fields, mainly the electromagnetic field in the Coulomb gauge,
both in their bare vacuum state and in dressed states when a ground- or excited-state atom
is present. We have also considered dynamical (time-dependent) conditions when the
interacting atom-field system starts from a nonequilibrium state, such as the bare ground
or excited states of the atom, with the field in its vacuum state. We have discussed in detail
the nonlocality of the spatial correlations of the quantum electric field in stationary and
nonstationary situations, and their relation to two- and three-body dispersion interactions
between atoms (van der Waals and Casimir-Polder). Specifically, we have shown that
such observable interatomic interactions allow, both in stationary and nonstationary con-
figurations, to gain an indirect evidence on the existence of these nonlocal spatial field
correlations, and their physical properties.
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