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ABSTRACT 

Quantum coherence is a key resource underpinning quantum technologies, yet it is highly susceptible to environmental 
decoherence, especially in thermal settings. While frequency modulation (FM) has shown promise in preserving coherence 
at zero temperature, its effectiveness in realistic, noisy thermal environments remains unclear. In this work, we investigate a 
single frequency-modulated qubit interacting with a thermal phase-covariant reservoir composed of dissipative and dephasing 
channels. We demonstrate that FM significantly preserves coherence in the presence of thermal dissipation while being ineffective 
under thermal pure-dephasing noise due to commutation between system and interaction Hamiltonians. When both noise 
channels are present, FM offers protection only for weak dephasing coupling. Our findings clarify the limitations and potential 
of FM-based coherence protection under thermal noise, supplying practical insights into designing robust quantum systems for 
quantum applications. 
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 Introduction 

uantum coherence, a direct consequence of the superposition
rinciple, is a fundamental aspect of quantum mechanics that sets
t apart from classical mechanics [ 1–11 ]. Beyond its foundational
ignificance, quantum coherence is also a crucial resource for var-
ous quantum technologies and protocols [ 12–19 ]. These include
uantum metrology [ 20–22 ], nonclassicality measures [ 3, 23 ],
uantum dense coding [ 24 ], quantum error correction (QEC) [ 25,
6 ], quantum key distribution (QKD) [ 27 ], quantum computing
 28, 29 ], and quantum thermalization processes [ 30, 31 ]. By
everaging quantum coherence, these protocols can enhance
recision [ 21, 32–41 ] and computational efficiency [ 42, 43 ]. 

owever, in realistic settings, any quantum system inevitably
nteracts with its surrounding environment, leading to decoher-
his is an open access article under the terms of the Creative Commons Attribution Licen
riginal work is properly cited. 
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ence, that is the degradation of coherence due to the loss of
phase information between components of a quantum super-
position [ 44–46 ]. Numerous strategies have been proposed to
mitigate decoherence and protect quantum coherence [ 29, 47–57 ].
Among these, frequency modulation (FM) of the qubit’s tran-
sition frequency has emerged as a promising signal-processing
technique for decoherence suppression. In this approach, the
qubit’s transition frequency 𝜔0 is modulated sinusoidally by an
external off-resonant field [ 58–66 ], which can effectively decouple
the system from its reservoir. 

Recent studies have shown that frequency-modulated
qubits exhibit a rich variety of quantum phenomena,
including the dynamic Stark effect [ 67 ], Landau-Zener–
Stückelberg interference [ 68 ], enhanced non-Markovianity
[ 69 ], topological transitions [ 70 ], and population trapping
se, which permits use, distribution and reproduction in any medium, provided the 
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 71 ], highlighting the increasing relevance of this 
echnique. 

ost quantum protection schemes have been investigated under
he assumption of zero temperature, where thermal noise is
bsent [ 48, 49, 72, 73 ]. However, in practical scenarios, quantum
ystems operate at nonzero temperatures. For example, supercon-
ucting qubits [ 74, 75 ] and quantum networks [ 76, 77 ] are subject
o thermal fluctuations, making it essential to design coherence-
reserving techniques that remain effective in thermal environ-
ents. While frequency modulation has demonstrated efficacy in
reserving coherence at zero temperature, its performance under
hermal noise remains to be further investigated. 

n this work, we explore the dynamics of a frequency-modulated
ubit interacting with a thermal, phase-covariant reservoir,
ncompassing both dissipative and dephasing processes. First,
e analyze a scenario where the qubit couples to a thermal
issipative reservoir at temperature 𝑇1 . We show that frequency
odulation significantly prolongs coherence even at elevated
emperatures compared to the undriven case. Next, we investigate
 qubit coupled to a pure-dephasing reservoir at temperature
2 . In this case, frequency modulation is found to be com-
letely ineffective due to the commutation between the qubit’s
elf-Hamiltonian and the interaction Hamiltonian. Finally, we
onsider a more general scenario where the qubit interacts
ndependently with both a thermal dissipative and a thermal
ephasing reservoir. Our results reveal that frequency modulation
an still protect quantum coherence, but only if the dephasing
oupling strength 𝛼 remains below a certain threshold. We
lso identify the critical value of 𝛼 beyond which frequency
odulation no longer offers protection. 

he paper is organized as follows. In Section 2 we present a
eneral model to describe the dynamics of a frequency-modulated
ubit undergoing phase-covariant noise, using a time-local mas-
er equation. Section 3 and Section 4 report the results that
emonstrate the effectiveness of FM in preserving quantum
oherence of the qubit under different noisy conditions. Finally,
e outline main conclusions and prospects in Section 5 . 

 Model 

he system under consideration is a qubit (two-level system),
ith an excited state |𝑒⟩ and a ground state |𝑔⟩. The qubit
ransition frequency 𝜔0 is modulated sinusoidally by an external
riving field, characterized by a modulation amplitude 𝛿 and a
odulation frequency Ω ( 𝛿, Ω ≪ 𝜔0 ). The qubit interacts with
wo independent types of ideal noise: amplitude damping noise
nd phase noise at temperature 𝑇1 and 𝑇2 , respectively, as
epicted in Figure 1 . The term ideal means that the noise is
ufficiently weak and random [ 78 ]. Each noise source can be
odeled as a reservoir composed of an infinite array of random,
road-spectrum harmonic oscillators [ 44 ]. The total Hamiltonian
or a driven qubit coupled to two local reservoirs (noise sources)
an be written as 

𝐻 = 𝐻q + 𝐻r1 + 𝐻r2 + 𝐻I , dis + 𝐻I , deph , (1)
of 16
where 𝐻q is the Hamiltonian of the driven qubit ( ℏ = 1 ) 

𝐻q =
ℏ 

2 
( 𝜔0 + 𝛿 cos (Ω𝑡) ) 𝜎𝑧 , (2)

with 𝜎𝑧 denoting the Pauli operator along the z-direction; 𝐻r1 =∑
𝑘 
𝜔𝑘 𝑎

†

𝑘 
𝑎𝑘 and 𝐻r2 =

∑
𝑙 
𝜇𝑙 𝑏

†

𝑙 
𝑏𝑙 are the Hamiltonians of the

reservoirs, where, 𝑎†
𝑘 
, 𝑏†

𝑙 
( 𝑎𝑘 , 𝑏𝑙 ) are the creation (annihilation)

operators of the damping reservoir mode 𝑘 with frequency 𝜔𝑘 
and dephasing reservoir mode 𝑙 with frequency 𝜇𝑙 , respectively.
𝐻I , dis ( 𝐻I , deph ) describes the interaction between the qubit and the
dissipative (dephasing) reservoir modes 

𝐻I , dis =
∑
𝑘 

(
𝑔𝑘 𝜎+ 𝑎𝑘 + 𝑔∗ 

𝑘 
𝑎†
𝑘 
𝜎− 

)
, (3)

𝐻I , deph =
∑
𝑙 

𝜎𝑧 

(
𝑓∗ 
𝑙 
𝑏†
𝑙 
+ 𝑓𝑙 𝑏𝑙 

)
, (4)

where 𝑔𝑘 ( 𝑓𝑙 ) are the coupling constant between the qubit and
mode 𝑘 ( 𝑙 ), while the operators 𝜎± = 𝜎𝑥 ± 𝑖𝜎𝑦 are the qubit raising
and lowering operators. 

The time-local master equation for this qubit, derived after tracing
over the two reservoirs and considering phase-covariant noise in
the interaction picture, is expressed as (see Appendix A and C for
a detailed derivation) 

𝜌̇𝑞 ( 𝑡) = − 𝑖𝜔( 𝑡)[ 𝜎𝑧 , 𝜌𝑞 ( 𝑡)] +
𝛾1 ( 𝑡) 

2 
𝐋1 [ 𝜌𝑞 ] 

+
𝛾2 ( 𝑡) 

2 
𝐋2 [ 𝜌𝑞 ] +

𝛾3 ( 𝑡) 

2 
𝐋3 [ 𝜌𝑞 ] , 

(5)

where 𝜔( 𝑡 ) = ℏ 

2 
( 𝜔0 + 𝛿 cos (Ω𝑡 ) ) is the modulated transition fre-

quency [ 61 ], and 𝛾𝑖 ( 𝑡) ( 𝑖 = 1 , 2 , 3) are the time-dependent rates
associated with the Lindbladian superoperators 𝐋𝑖 [ 𝜌𝑞 ] . These
superoperators are defined as [ 79–81 ] 

𝐋1 [ 𝜌𝑞 ] = 𝜎− 𝜌𝑞 ( 𝑡) 𝜎+ −
1 

2 
𝜎+ 𝜎− 𝜌𝑞 ( 𝑡 ) −

1 

2 
𝜌𝑞 ( 𝑡 ) 𝜎+ 𝜎− , 

𝐋2 [ 𝜌𝑞 ] = 𝜎+ 𝜌𝑞 ( 𝑡) 𝜎− −
1 

2 
𝜎− 𝜎+ 𝜌𝑞 ( 𝑡 ) −

1 

2 
𝜌𝑞 ( 𝑡 ) 𝜎− 𝜎+ , 

𝐋3 [ 𝜌𝑞 ] = 𝜎𝑧 𝜌𝑞 ( 𝑡) 𝜎𝑧 − 𝜌𝑞 ( 𝑡) , 

(6)

The three superoperators 𝐋1 , 𝐋2 , and 𝐋3 , describe dissipation,
heating, and dephasing, respectively. The time-local master equa-
tion for this qubit combines the effects of a pure-dephasing
reservoir when 𝛾1 ( 𝑡) = 𝛾2 ( 𝑡) = 0 and a dissipative reservoir when
𝛾3 ( 𝑡) = 0 [ 79–81 ]. The bath temperatures are meant to be included
in the general time-dependent noise rates 𝛾𝑖 ( 𝑡) , as we shall report
in the next section. 

The solution of this master equation, expressed in the basis
{|𝑒⟩ , |𝑔⟩} , is represented as the qubit density matrix 

𝜌q ( 𝑡) =
( 

1 − 𝑃𝑔 ( 𝑡) 𝜁( 𝑡) 

𝜁∗ ( 𝑡) 𝑃𝑔 ( 𝑡) 

) 

, (7)
Advanced Quantum Technologies, 2026
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FIGURE 1 A sketch of the driven qubit system. A qubit (two-level atom) interacts with two independent types of ideal noise: dissipative noise at 
temperature 𝑇1 and phase noise at temperature 𝑇2 . The transition frequency of the qubit 𝜔0 is modulated sinusoidally by an externally applied field, 
characterized by a modulation amplitude 𝛿 and a modulation frequency Ω. 𝑅 and 𝛼 represent the dimensionless coupling strengths between the qubit 
and the dissipative and dephasing reservoirs, respectively. 
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here 𝜁( 𝑡) = ⟨𝑔 |||𝜌q ( 𝑡)||| 𝑒⟩, i.e., the off-diagonal element of 𝜌q ( 𝑡) ),
orresponds to the well-known 𝑙1 -norm of coherence [ 16, 17 ], and
𝑔 ( 𝑡) = ⟨𝑔 |||𝜌𝑞 ( 𝑡)||| 𝑔⟩ represents the population of the qubit ground
tate. These time-dependent elements of the qubit density matrix
re given by [ 82 ] 

𝜁( 𝑡) = 𝜁(0) 𝑒𝑖𝜔̃ ( 𝑡 ) − Γ( 𝑡 )∕2 −Γ̃( 𝑡 ) , 

𝑃𝑔 ( 𝑡) = 𝑒− Γ( 𝑡) [ 𝑃𝑔 (0) + 𝐺( 𝑡)] , 
(8)

here 

Γ( 𝑡) = 1 

2 ∫
𝑡 

0 

𝑑𝑡′( 𝛾1 ( 𝑡
′) + 𝛾2 ( 𝑡

′)) , 

Γ̃( 𝑡) = ∫
𝑡 

0 

𝑑𝑡′𝛾3 ( 𝑡
′) , 

𝜔̃ ( 𝑡) = ∫
𝑡 

0 

𝑑𝑡′𝜔( 𝑡′) , 

𝐺( 𝑡) = 1 

2 ∫
𝑡 

0 

𝑑 𝑡′𝑒Γ( 𝑡
′) 𝛾1 ( 𝑡

′) . 

(9)

o capture the dynamics of the system, it is necessary to find the
ime-dependent functions in Equation ( 9 ), which are associated
ith the time-dependent rates of the master equation. To achieve
his, we employ an intuitive heuristic model that ensures com-
lete positivity and trace preservation (CPTP) [ 82 ], the formal
roofs of which are provided in Appendix B . In this approach,
he decay rates are first determined for the zero-temperature case,
hich are then extended to the nonzero-temperature scenario. 

n the following, we first consider a thermal dissipative reservoir
nd successively include a second thermal pure-dephasing reser-
oir. 

 Driven Qubit in a Thermal Dissipative 
eservoir 

e first consider the case where the qubit interacts only with
 dissipative reservoir. Therefore, the rate associated with pure-
dvanced Quantum Technologies, 2026
dephasing is zero, i.e., 𝛾3 ( 𝑡) = 0 in the master equation of
Equation ( 5 ). As discussed above, we begin with the scenario
of a zero-temperature ( 𝑇1 = 0 ) dissipative reservoir, which fur-
ther implies 𝛾2 ( 𝑡) = 0 in Equation ( 5 ). From the Hamiltonian
perspective, these conditions allow us to omit 𝐻r2 and 𝐻I , deph in
Equation ( 1 ). Under these assumptions, the aim is to derive the
expression for the decay rate 𝛾1 ( 𝑡) . 

With the simplifications above, we can obtain the effective
Hamiltonian in the interaction picture via 𝐻eff = 𝑈†

0 𝐻𝑈0 +
𝑖 ( 𝜕 𝑈†

0 ∕𝜕 𝑡) 𝑈0 , where the unitary transformation is given by [ 61 ]

𝑈0 = exp 

[ 

− 𝑖

{ ∑
𝑘 

𝜔𝑘 𝑎
†

𝑘 
𝑎𝑘 𝑡 + [ 𝜔0 𝑡 + ( 𝛿∕Ω) sin (Ω𝑡 )] 𝜎𝑧 ∕2

} ] 

. 

(10)
Using this transformation, the effective Hamiltonian becomes 

𝐻eff = 

∑
𝑘 

𝑔𝑘 𝜎+ 𝑎𝑘 𝑒
− 𝑖( 𝜔𝑘 − 𝜔0 ) 𝑡 𝑒𝑖( 𝛿∕Ω) sin (Ω𝑡 ) 

+ 

∑
𝑘 

𝑔∗ 
𝑘 
𝑎†
𝑘 
𝜎− 𝑒

𝑖( 𝜔𝑘 − 𝜔0 ) 𝑡 𝑒− 𝑖( 𝛿∕Ω) sin (Ω𝑡 ) . (11)

the formal proof is presented in Appendix A.2 . 

Using the Jacobi–Anger expansion, the exponential factors in
Equation ( 11 ) can be written as 

𝑒± 𝑖( 𝛿∕Ω) sin (Ω𝑡 ) = 𝐽0 

( 

𝛿

Ω

) 

+ 2

∞∑
𝑛= 1 

( ± 𝑖) 
𝑛 
𝐽𝑛 

( 

𝛿

Ω

) 

cos ( 𝑛Ω𝑡) , (12)

where 𝐽𝑛 
(
𝛿

Ω

)
is the 𝑛-th Bessel function of the first kind. 

A zero-temperature reservoir implies that at most one excitation
exists due to the spontaneous emission of the qubit. Conse-
quently, the combined state of the qubit and the reservoir can be
expressed as |Ψ(0)⟩ = 1 √

2 
(|𝑒⟩ + |𝑔⟩) |0⟩, where |0⟩ is the vacuum

state of the reservoir. The conservation of the total number of
excitations leads to the time-evolved state of the system |Ψ( 𝑡)⟩ =
1 √
2 
𝐶( 𝑡 )|𝑒⟩|0⟩ + 1 √

2 
|𝑔⟩|0⟩ +∑

𝑘 
𝐶𝑘 ( 𝑡 )|𝑔⟩|1𝑘 ⟩, where |1𝑘 ⟩ describes

the presence of a single photon in mode 𝑘 of the reservoir, and
3 of 16
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𝑘 ( 𝑡) represents the corresponding probability amplitude. Solving
he time-dependent Schrödinger equation for the total system
ields the differential equation for the probability amplitude 𝐶( 𝑡) ,
iven by 

𝐶̇ ( 𝑡) + ∫
𝑡 

0 

𝑑𝑡′𝐹( 𝑡, 𝑡′) 𝐶( 𝑡′) = 0 , (13)

here the correlation function 𝐹( 𝑡 , 𝑡′) can be expressed in terms
f the continuous spectrum of the environment frequencies, as
etailed in Ref. [ 61 ], as 

𝐹( 𝑡 , 𝑡′) = exp [ 𝑖( 𝛿∕Ω){sin (Ω𝑡 ) − sin (Ω𝑡′)}] 

×∫
∞

0 

𝐽( 𝜔 ) 𝑒− 𝑖( 𝜔− 𝜔0 )( 𝑡 − 𝑡
′) 𝑑𝜔 , (14)

here 𝐽( 𝜔) is the spectral density of the reservoir. We assume
hat the spectral density of the dissipative reservoir follows a
orentzian profile [ 44, 47 ], given by 

𝐽( 𝜔 ) = 1 

2 𝜋

𝛾𝜆2 

[( 𝜔0 − 𝜔 )2 + 𝜆2 ] 
, (15)

here 𝜆 represents the spectral width of the coupling, and
denotes the spontaneous emission decay rate [ 48 ]. For the
nalysis, we can introduce the dimensionless parameter 𝑅 = 𝛾∕𝜆

hich quantifies the coupling strength between the driven qubit
nd the dissipative reservoir (see Figure 1 ): 𝑅 < 1 means a weak
oupling regime, while 𝑅 > 1 indicates a strong coupling regime.

trictly speaking, the Fourier transform of the Lorentzian spec-
rum over the interval [0 , ∞) , in Equation ( 14 ), differs from the
ull-line transform over ( −∞, +∞) . However, for the physical
egime considered here, where the Lorentzian spectral density
n Equation ( 15 ) is centered at 𝜔0 with spectral width 𝜆 ≪ 𝜔0
i.e., a narrow distribution centered far from the origin), the
ontribution from negative frequencies becomes negligibly small:

∫
0 

−∞
𝑑𝜔 𝐽( 𝜔) =

𝛾𝜆2 

2 𝜋 ∫
0 

−∞

𝑑𝜔 

( 𝜔0 − 𝜔)2 + 𝜆2 

≈
𝛾𝜆2 

2 𝜋

[ arctan ( − 𝜔0 ∕𝜆) + 𝜋∕2] 

𝜆

≈
𝛾𝜆

2 𝜋
𝑒− 2 𝜔0 ∕𝜆 ≪

𝛾

2 
. (16)

his approximation is well established in the theory of non-
arkovian decay in structured reservoirs [ 83, 84 ] and in the
uasimode theory of quantum optical processes [ 85 ]. The con-
ition 𝜆 ≪ 𝜔0 is physically well motivated for optical and
uperconducting qubit systems, where the qubit transition fre-
uency is typically several orders of magnitude larger than the
eservoir bandwidth. 

ith the Lorentzian spectral density of Equation ( 15 ), one obtains
n explicit expression for the correlation function as 𝐹( 𝑡 , 𝑡′) =
𝛾𝜆

2 
𝑒− 𝜆( 𝑡 − 𝑡

′) 𝑒𝑖( 𝛿∕Ω)( sin (Ω𝑡 ) −sin (Ω𝑡
′)) , which substituted in Equation ( 13 )
of 16
gives [ 61 ] 

𝐶̇ ( 𝑡) = −
𝛾𝜆

2 
𝑒𝑖( 𝛿∕Ω) sin (Ω𝑡 ) 

× ∫
𝑡 

0 

𝑑 𝑡′ 𝑒− 𝑖( 𝛿∕Ω) sin (Ω𝑡
′) 𝑒− 𝜆( 𝑡 − 𝑡

′) 𝐶( 𝑡′) . 

(17)

The solution of the above equation for the probability amplitude
𝐶( 𝑡) is used to obtain the quantum coherence 𝜁( 𝑡) of the
qubit interacting with a zero-temperature dissipative reservoir, as
reported in Ref. [ 61 ]. 

After recalling the result for the zero-temperature case, we now
extend the analysis to nonzero temperatures by relating the
probability amplitude 𝐶( 𝑡) to the decay rates 𝛾1 ( 𝑡) and 𝛾2 ( 𝑡) in
the master equation of Equation ( 5 ). The reservoir at a finite
temperature 𝑇1 introduces thermal effects, described by the
Bose–Einstein mean occupation number, 𝑛̄ = ( 𝑒( ℏ𝜔∕𝐾𝐵 𝑇1 ) − 1)− 1 .
Here, 𝐾𝐵 represents Boltzmann’s constant [ 86 ], and 𝜔𝑇 = 𝐾𝐵 𝑇1 ∕ℏ

defines the thermal frequency [ 87 ]. The decay rates incorporating
the effects of nonzero temperatures are given by 𝛾1 ( 𝑡)∕2 = (𝑛̄ +
1) 𝑓( 𝑡) and 𝛾2 ( 𝑡)∕2 = 𝑛̄ 𝑓( 𝑡) [ 82 ], where 𝑓( 𝑡) is 

𝑓( 𝑡) = − 2Re 

( 

̇𝐶( 𝑡) 

𝐶( 𝑡) 

) 

. (18)

The time-dependent decay rate Γ( 𝑡) is analytically calculated by
substituting the above expression in Equation ( 9 ), that is 

Γ( 𝑡) = −ln 
|||| 𝐶( 𝑡) 𝐶(0) 

||||
2𝑛̄ + 1 

. (19)

Thanks to these expressions, from Equations ( 8 ) and ( 9 ) we obtain
the quantum coherence 𝜁( 𝑡) and the population of ground state
𝑃𝑔 ( 𝑡) as 

𝜁( 𝑡) = 𝜁(0)
|||| 𝐶 ( 𝑡) 

𝐶 (0) 

||||
2𝑛̄ + 1 

𝑃𝑔 ( 𝑡) = 𝑃𝑔 (0)
|||| 𝐶( 𝑡) 𝐶(0) 

||||
2(2𝑛̄ + 1) 

+ 𝑛̄ + 1 

2𝑛̄ + 1 

( 

1 −
|||| 𝐶( 𝑡) 𝐶(0) 

||||
2(2𝑛̄ + 1) 

) 

. 

(20)

Using Equation ( 20 ), we can now numerically compute the time
behavior of qubit coherence and population, under different
temperature regimes and frequency modulation settings. 

As a first result, Figure 2 shows the time behavior of coherence
𝜁( 𝑡) and excited state population 𝑃𝑒 ( 𝑡) = 1 − 𝑃𝑔 ( 𝑡) as functions
of the scaled (dimensionless) time 𝛾𝑡. We take the qubit in a
strong coupling regime 𝑅 = 100 with a low-temperature reser-
voir ( 𝐾𝐵 𝑇1 = 2 . 6 × 10− 3 ℏ𝜔0 ). Figure 2 compares two scenarios:
a driven qubit with optimal modulation parameters [ 61 ] 𝛿 =
2 . 40483Ω, Ω = 5 𝛾 (dotted red lines) and a qubit without external
driving ( 𝛿 = 0 , Ω = 0 ; solid blue lines). Notice that the optimal
modulation parameters are those which enable the most effective
endurance of quantumness. The plots in Figure 2 demonstrate
that frequency modulation (FM) significantly extends both
the coherence and the excited-state population compared to
the undriven case. In particular, at 𝛾𝑡 = 1000 , the frequency-
modulated qubit retains a coherence value of 𝜁( 𝑡) ≈ 0 . 816 (see the
Advanced Quantum Technologies, 2026
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FIGURE 2 (a) Qubit coherence 𝜁( 𝑡) and (b) excited state population 𝑃𝑒 ( 𝑡) as functions of scaled dimensionless time 𝛾𝑡 under a low-temperature 
reservoir with 𝐾𝐵 𝑇1 = 2 . 6 × 10− 3 ℏ𝜔0 . The results are shown for optimal amplitude and frequency modulations with 𝛿 = 2 . 40483Ω, Ω = 5 𝛾 (dotted red 
line), and for the case of no driving field Ω = 0 (solid blue line). The qubit is in the strong coupling regime with 𝑅 = 100 . 
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nset of Figure 2a ), whereas the undriven qubit has completely
ecohered, yielding 𝜁( 𝑡) ≈ 0 . The coherence time, defined as the
ime at which 𝜁( 𝑡) decays to 1∕ 𝑒 of its initial value, increases from
𝑐 ≈ 2∕ 𝛾 in the absence of driving to 𝑡𝑐 > 1000∕ 𝛾 under optimal
M conditions, corresponding to an enhancement factor greater
han 500 ×. 

n particular, the coherence dynamics exhibit pronounced non-
onotonic behavior over time. Although such non-monotonicity
lready appears in the undriven system due to the strong system-
nvironment coupling. 

o characterize the underlying non-monotonic behavior more
recisely, we analyze the rate of change of the quantum coher-
nce measure 𝐶( 𝜌( 𝑡)) , where 𝜁( 𝑡) serves as the corresponding
oherence indicator [ 88, 89 ]. For a strictly Markovian evolution,
he time derivative of any contractive state measure remains
onotonically non-positive, 

𝑑 

𝑑𝑡 
𝐶( 𝜌( 𝑡)) ≤ 0 , (21)

eflecting the continuous and irreversible loss of information
rom the qubit to its surrounding environment. Conversely, the
emporary violations of this monotonic behavior observed in
igure 2 , namely intervals where 

𝑑 

𝑑𝑡 
𝐶( 𝜌( 𝑡)) > 0 , (22)

rovide a clear mathematical witness of non-Markovianity.
hysically, these positive derivatives correspond to the revivals
nd fluctuations visible in the coherence dynamics, indicat-
ng a temporary backflow of information from the structured
nvironmental fields into the open quantum system. 

he non-monotonic behavior of coherence in the dotted red lines
f Figure 2 can be associated with non-Markovian effects in the
ystem dynamics, which are also present in the case without
riving due to the chosen strong-coupling conditions. 
dvanced Quantum Technologies, 2026
We then place the qubit in reservoirs at intermediate temperature
( 𝐾𝐵 𝑇1 = 2 . 6 ℏ𝜔0 ) and high temperature ( 𝐾𝐵 𝑇1 = 260 ℏ𝜔0 ). The
plots of coherence 𝜁( 𝑡) and excited state population 𝑃𝑒 ( 𝑡) as func-
tions of scaled time are reported in Figures 3 and 4 , respectively.
As done before, Figures 3 and 4 show the case without driving
field ( 𝛿 = 0 , Ω = 0 ) the case with the action of a driving field
under optimal modulation parameters (same as before). Again,
optimal FM allow a preservation of quantum coherence and
excited state population much longer than the case without con-
trol, as illustrated by the dotted red lines in Figures 3 . Specifically,
at 𝛾𝑡 = 400 , the frequency-modulated qubit maintains coherence
at 𝜁( 𝑡) ≈ 0 . 646 (see Figure 3a ), whereas the undriven case
undergoes complete decoherence within 𝛾𝑡 ≈ 50 . The resulting
enhancement factor in coherence time exceeds 8 ×. The observed
fluctuations in both coherence and population provide a clear
signature of non-Markovian dynamics in the system. 

Even at 𝐾𝐵 𝑇1 = 260 ℏ𝜔0 , frequency modulation (FM) maintains
coherence up to 𝛾𝑡 ≈ 40 (dotted red line in Figure 4a ), compared
to the quick decoherence ( 𝛾𝑡 ≲ 1 ) in the absence of driving (solid
blue line). While the absolute coherence values are significantly
reduced due to strong thermal effects, FM still provides a
substantial relative advantage, extending the coherence time by
a factor of ∼ 40 × compared to the undriven case. The rapid initial
decay reflects strong thermal dissipation, whereas the subsequent
plateau highlights the protective effect of FM even in extreme
temperature regimes. 

These results prove that the technique of FM of the qubit
effectively mitigates the dissipative effects of temperature, even
in the high-temperature regime. 

4 Driven Qubit Under Independent Thermal 
Dissipative and Dephasing Noises 

In this section, we consider a single qubit interacting with a
thermal phase-covariant reservoir, made of two types of envi-
ronmental noise to better approximate real-world conditions:
5 of 16
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FIGURE 3 (a) Qubit coherence 𝜁( 𝑡) and (b) excited state population 𝑃𝑒 ( 𝑡) as functions of the scaled time 𝛾𝑡 under an intermediate-temperature 
reservoir with 𝐾𝐵 𝑇1 = 2 . 6 ℏ𝜔0 . The results are shown for optimal amplitude and frequency modulations with 𝛿 = 2 . 40483Ω, Ω = 5 𝛾 (dotted red line), 
and for the case of no driving field Ω = 0 (solid blue line). The qubit is in the strong coupling regime with 𝑅 = 100 . 

FIGURE 4 (a) Qubit coherence 𝜁( 𝑡) and (b) excited state population 𝑃𝑒 ( 𝑡) as functions of scaled time 𝛾𝑡 under a high-temperature reservoir with 
𝐾𝐵 𝑇1 = 260 ℏ𝜔0 . The results are shown for optimal amplitude and frequency modulations with 𝛿 = 2 . 40483Ω, Ω = 5 𝛾 (dotted red line), and for the case 
of no driving field Ω = 0 (solid blue line). The qubit is in the strong coupling regime with 𝑅 = 100 . 
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issipative noise at temperature 𝑇1 and pure-dephasing noise at
emperature 𝑇2 . 

e begin by only considering a pure-dephasing noise to simplify
he analysis. This assumption sets the rates 𝛾1 ( 𝑡) = 𝛾2 ( 𝑡) = 0 in
he master equation of Equation ( 5 ). Under these conditions, 𝐻r1

nd 𝐻I , dis are neglected. The effective Hamiltonian in the inter-
ction picture 𝐻′

ef f 
= 𝑈†

0 𝐻𝑈0 + 𝑖 ( 𝜕 𝑈†
0 ∕𝜕 𝑡) 𝑈0 , with the unitary

volution operator from Equation ( 10 ), is given by 

𝐻′
ef f 

= 𝜎𝑧 
∑
𝑙 

(
𝑓𝑙 𝑏

†

𝑙 
𝑒𝑖𝜇𝑙 𝑡 + 𝑓∗ 

𝑙 
𝑏𝑙 𝑒

− 𝑖𝜇𝑙 𝑡 
)
. (23)

he formal proof is presented in Appendix A.3 . As is evident
rom the above equation, FM does not affect the system evolution
ecause the interaction Hamiltonian 𝐻I , deph of Equation ( 4 )
of 16
commutes with the free Hamiltonian of the qubit 𝐻q of Equa-
tion ( 2 ). This is an important observation, as it shows that FM is
completely ineffective in decoupling the qubit from the dephasing
environment. Before studying the role of both dissipative and
dephasing noise at given temperature, it is useful to briefly review
the exact dynamics of the qubit interacting with a pure-dephasing
reservoir [ 90 ]. 

The effective Hamiltonian in Equation ( 23 ) permits to derive the
time-evolution operator for the qubit and the pure-dephasing
reservoir as [ 90 ] 

𝑈( 𝑡) = exp 

[ 

𝜎𝑧 
2 

∑
𝑙 

(
𝑏†
𝑙 
𝜉𝑙 ( 𝑡) − 𝑏𝑙 𝜉

∗ 
𝑙 
( 𝑡)

)] 

, (24)
Advanced Quantum Technologies, 2026
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FIGURE 5 Qubit coherence 𝜁( 𝑡) as a function of scaled time 𝛾𝑡
for different values of the dephasing coupling 𝛼. The values of other 
parameters are: 𝑅 = 100 , 𝛿 = 0 , Ω = 0 . Both dissipative and dephasing 
reservoirs are set to zero temperature ( 𝑇1 = 𝑇2 = 0 ). 
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here 𝜉𝑙 ( 𝑡) = 2 𝑓𝑙 (1 − 𝑒𝑖𝜇𝑙 𝑡 )∕ 𝜇𝑙 . For clarity and without loss of
enerality, let us consider the qubit at 𝑡 = 0 interacting with
 zero-temperature pure-dephasing reservoir. The initial state
f the system is given as |𝜓(0) ⟩ = ( 𝑐1 |𝑒⟩ + 𝑐2 |𝑔⟩) |0𝑙 ⟩, where
0𝑙 ⟩ represents the vacuum state of the field mode 𝑙. Conse-
uently, the evolved state of both qubit and reservoir is |𝜓 ( 𝑡 ) ⟩ =
1 |𝑒⟩ | 1 

2 
𝜉𝑙 ( 𝑡) ⟩ + 𝑐2 |𝑔⟩ |− 1 

2 
𝜉𝑙 ( 𝑡) ⟩, where | 1 

2 
𝜉𝑙 ( 𝑡) ⟩ is a coherent state

ith amplitude 1 
2 
𝜉𝑙 ( 𝑡) . Tracing over the reservoir modes reveals

hat the populations remain unaffected, while the off-diagonal
lements of the qubit density matrix, ruled by 𝜁( 𝑡) = 𝜁(0) 𝑒−Γ̃( 𝑡) ,
ecay over time. This decay arises due to the diminishing overlap
etween the different field states associated with the qubit
volution [ 90 ]. 

n a more general scenario where the reservoir is at a finite
emperature ( 𝑇2 > 0 ), the time dependent decay rate 𝛾3 ( 𝑡) and
ephasing factor Γ̃( 𝑡) become [ 82, 91 ] 

𝛾3 ( 𝑡) = ∫
∞

0 

𝑑𝜔 𝐽( 𝜔 ) coth ( ℏ𝜔 ∕2 𝑘𝐵 𝑇2 )
sin ( 𝜔 𝑡) 

𝜔 

, (25)

Γ̃( 𝑡) = 2∫
∞

0 

𝑑𝜔 𝐽( 𝜔 ) coth ( ℏ𝜔 ∕2 𝑘𝐵 𝑇2 )
1 − cos ( 𝜔𝑡) 

𝜔2 
, (26)

here 𝐽( 𝜔) is the spectral density. Here, we assume that the
ephasing reservoir has an Ohmic spectral density [ 44 ], given by 

𝐽( 𝜔) = 𝛼𝜔𝑠 𝑒− 𝜔∕𝜔𝑐 , (27)

haracterized by a cutoff frequency 𝜔𝑐 that depends on the
articular physical system under consideration and ensures that
( 𝜔) → 0 for 𝜔 ≫ 𝜔𝑐 [ 87 ]. In this context, 𝛼 > 0 is a dimensionless
onstant that defines the strength of the system-bath coupling
see Figure 1 ), while 𝑠 denotes the dimensionality of the field.
y changing the parameter 𝑠, one can transition from sub-Ohmic
eservoirs ( 𝑠 < 1) to Ohmic reservoirs ( 𝑠 = 1) and super-Ohmic
eservoirs ( 𝑠 > 1) , respectively. In our analysis we focus on the
ne-dimensional field scenario ( 𝑠 = 1 ). Substituting Equation ( 25 )
nto Equation ( 9 ) allows us to get the quantum coherence 𝜁( 𝑡) of
quation ( 8 ) for the thermal pure-dephasing reservoir. 

e now switch on both noises, dissipative and dephasing, at
he same time. Using the additivity property of coherence decay
ates [ 78 ], the relaxation rate of a system subjected to multiple
eak noise sources is equal to the sum of the relaxation rates
orresponding to each individual noise source, that is 𝛾tot =

𝛾1 ( 𝑡) 

2 
+

𝛾2 ( 𝑡) 

2 
+ 𝛾3 ( 𝑡) . Therefore, the time-dependent quantum coherence

n this general scenario can be obtained by multiplying the
oherence functions found above for the dissipative and pure-
ephasing dynamics separately. 

or a Ohmic spectral density of the kind given in Equation ( 27 ),
t is known that backflow of information and recoherence occur
hen 𝑠 > 2 [ 91 ]. More general decoherence–recoherence events,
ue to the interplay between Ohmicity paramater and informa-
ion backflows, can also appear in local dephasing channels by
reparing the overall system in suited initial conditions [ 92–94 ].
oncerning our analysis, we recall that FM cannot decouple the
dvanced Quantum Technologies, 2026
qubit from the dephasing reservoir and the system operates in
the Markovian regime for the one-dimensional field scenario ( 𝑠 =
1 ), when only dephasing acts. So, the value of the dephasing
coupling 𝛼 is expected to be very relevant on the possibility
of maintaining quantum coherence within the qubit, when
analyzing the evolution of coherence under both noises across a
range of temperatures. 

The above consideration leads us to first fix the temperatures of
the reservoirs equal to zero and exclude control effects from the
analysis, in order to identify a typical value of 𝛼 which is not very
detrimental for qubit coherence when time goes by. Moreover, we
choose 𝑅 = 100 for the dissipative environment, so to have strong
coupling and non-Markovian dynamics stemming from system-
environment excitation exchange (as noticed in Section 3 ). From
Figure 5 , we observe that weak coupling strengths with the
dephasing reservoir, of the order of 𝛼 = 0 . 01 , are already enough
to permit coherence to last orders of magnitudes longer than the
case of stronger couplings. 

Therefore, we set 𝛼 = 0 . 01 and 𝑅 = 100 to numerically study
the time behavior of qubit coherence at different temperature
regimes. Figure 6 presents the evolution of coherence 𝜁( 𝑡) as
a function of the scaled time 𝛾𝑡, for a qubit experiencing a
range of temperatures going from low to high values. As done
for Figures 2–4 , here we compare the results for a driven qubit
with optimal modulation parameters ( 𝛿 = 2 . 40483Ω and Ω = 5 𝛾,
dotted red lines) and those for a qubit without control ( 𝛿 = 0 and
Ω = 0 , solid blue lines). 

From Figure 6 , we clearly see that applying FM to the qubit
preserves coherence for a much longer time compared to the case
without control. Importantly, coherence fluctuates well above
zero during its evolution for the suitably frequency-modulated
qubit (dotted red lines), so avoiding the zeros occurring during
the oscillations in the case without control (blue solid lines).
7 of 16
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FIGURE 6 Qubit coherence 𝜁( 𝑡) as a function of scaled time 𝛾𝑡 for different temperature regimes: (a) 𝐾𝐵 𝑇1 = 2 . 6 × 10− 3 ℏ𝜔0 , 𝐾𝐵 𝑇2 = 10− 5 ℏ𝜔𝑐 , 
(b) 𝐾𝐵 𝑇1 = 2 . 6 ℏ𝜔0 , 𝐾𝐵 𝑇2 = 10− 2 ℏ𝜔𝑐 , (c) 𝐾𝐵 𝑇1 = 2 . 6 × 102 ℏ𝜔0 , 𝐾𝐵 𝑇2 = ℏ𝜔𝑐 . The results are shown for optimal amplitude and frequency modulations 
with 𝛿 = 2 . 40483Ω, Ω = 5 𝛾 (dotted red line), and no driving Ω = 0 (solid blue line). The qubit is in the weak coupling regime with the pure-dephasing 
reservoir ( 𝛼 = 0 . 01 ) and in the strong coupling regime with the dissipative reservoir ( 𝑅 = 100 ). 
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luctuations indicate a signature of non-Markovianity in the
ubit, which is present even in the high-temperature regime
ue to the interplay between FM and strong coupling with the
issipative noise. The results indicate that FM has the capability
o efficiently preserve quantum coherence within the qubit when
he dephasing coupling 𝛼 is sufficiently small (of the order of
.01). 

n interesting question now arises: what is the threshold value
th of the dephasing coupling beyond which the enhancement
ffect due to qubit FM no longer occurs, such that coherence
volves equally for a controlled and uncontrolled qubit? 

o address this question, the threshold value 𝛼th in our simula-
ions is defined as the value of 𝛼 at which, when plotting the
oherence as a function of time for the two cases, namely without
odulation ( 𝑑 = 0 ) and with modulation ( 𝑑 = 2 . 40483 Ω), their
oherence times become equal. 

n Markovian open quantum systems, the coherence time 𝑡𝑐 is
efined as the time when 𝜁( 𝑡𝑐 ) = 𝜁(0)∕ 𝑒, i.e., 

𝑡𝑐 =
1 

𝛾
. (28)

owever, for a non-Markovian system, this simple exponential
odel does not hold, and defining the coherence time is more
hallenging. Due to the non-Markovian nature of the dynam-
cs, coherence plots exhibit fluctuations. To overcome this, we
xtract the envelope of each oscillating curve, which mimics the
onotonic decay characteristic of Markovian behavior. Using this
nvelope, we can define the coherence time in a way consistent
ith the Markovian approach described above. 

pplying this definition, at very low temperature (case of
igure 6a ) we obtain 𝛼th = 0 . 75 . Consequently, FM-based quan-
umness enhancement at low temperature occurs when 𝛼 ≤ 0 . 75 .
of 16
At intermediate temperature (case of Figure 6b ), we find 𝛼th =
0 . 6 . Furthermore, our numerical analysis establishes that 𝛼th 
decreases monotonically as temperature increases, reaching its
minimum value of 0.45 in the infinite-temperature limit (case
of Figure 6c ). Determining these thresholds is crucial because
they identify the boundaries where FM ceases to be effective to
genuinely enhance coherence. They serve as design guidelines for
optimizing control parameters Γ and 𝛿, ensuring that resources
are used efficiently. 

5 Conclusion 

In this work, we have explored the impact of frequency mod-
ulation (FM) as a control technique for preserving quantum
coherence in a thermally noisy system by mitigating the detri-
mental effects of temperature. Through a systematic analysis of
coherence dynamics and relevant time scales, we have established
three main conclusions. 

First, FM is highly effective in counteracting thermal dissipation.
It significantly extends coherence times in dissipative thermal
reservoirs, with enhancement factors exceeding 500 × at low tem-
peratures ( 𝐾𝐵 𝑇1 = 2 . 6 × 10− 3 ℏ𝜔0 ). Remarkably, this protection
remains substantial even in the high-temperature regime ( 𝐾𝐵 𝑇1 =
260 ℏ𝜔0 ), where coherence times are still extended by factors of
∼ 40 ×. This improvement originates from a dynamical decou-
pling mechanism induced by the time-dependent modulation,
which effectively detunes the qubit from the dominant thermal
noise spectrum. 

Second, we identify a fundamental limitation of FM under pure
dephasing noise. Due to the commutation relation [ 𝐻𝑞 , 𝐻𝐼,deph ] =
0 between the qubit self-Hamiltonian and the dephasing inter-
action Hamiltonian, the applied modulation cannot alter the
dephasing dynamics. As a result, FM remains ineffective against
pure dephasing regardless of control parameters. This highlights
Advanced Quantum Technologies, 2026
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n intrinsic constraint of FM-based protection strategies that
ust be accounted for in realistic implementations. 

hird, in the presence of both dissipative and dephasing noise
hannels, FM exhibits a clear threshold behavior. Effective pro-
ection is achieved only when the dephasing coupling strength 𝛼
emains below a temperature-dependent critical value, 

𝛼th = 0 . 75 (low temperature ) , 

𝛼th = 0 . 60 (intermediate temperature ) , 

𝛼th = 0 . 45 (high temperature limit ) . 

hese thresholds decrease monotonically with increasing tem-
erature, indicating that thermal effects in the dephasing envi-
onment progressively suppress the benefit of FM. When 𝛼 > 𝛼th ,
ephasing noise dominates and FM provides no improvement
ver the undriven dynamics. 

hese results suggest several promising avenues for further inves-
igation. One natural extension is the exploration of optimized
on-sinusoidal modulation protocols, such as piecewise-constant
r numerically optimized control pulses, which may overcome
imitations inherent to harmonic driving. Another important
irection is the development of hybrid schemes combining FM
ith dynamical decoupling or quantum error correction, poten-
ially enabling simultaneous protection against both dissipative
nd dephasing noise. Experimental validation in platforms such
s superconducting quantum circuits with Josephson junctions
 60, 95–98 ] and semiconductor artificial atoms [ 99 ] would be
ssential to assess practical feasibility. Finally, extending this
ramework to multi-qubit architectures and entanglement preser-
ation in quantum networks [ 76, 77 ] represents a natural step
oward quantum information processing applications. 

verall, frequency modulation provides a simple yet effective
echanism for mitigating decoherence in thermal environments,
rovided that its intrinsic limitations are properly understood
nd operational parameters are chosen within the regime where
rotection is effective. 
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Appendix A: Derivation of the Time-Local Master Equation 

In this Appendix, we provide the detailed derivation of the time-local
master Equation ( 5 ) starting from the total Hamiltonian given in Equa-
tion ( 1 ). We explicitly perform the trace over the thermal reservoirs and
show the emergence of the Lindblad-type structure with time-dependent
decay rates. 

A.1 Interaction Picture Transformation 

The total Hamiltonian is given by 

𝐻 = 𝐻𝑞 + 𝐻𝑟1 + 𝐻𝑟2 + 𝐻𝐼,dis + 𝐻𝐼,deph , (A.1)

where the FM-driven qubit Hamiltonian reads 

𝐻𝑞 =
ℏ 

2 
( 𝜔0 + 𝛿 cos (Ω𝑡)) 𝜎𝑧 . (A.2)

We move to the interaction picture using the unitary operator (Equa-
tion ( 10 )): 

𝑈0 ( 𝑡) = exp 

[ 

− 𝑖

( ∑
𝑘 

𝜔𝑘 𝑎
†
𝑘 
𝑎𝑘 𝑡 +

1 

2 

( 

𝜔0 𝑡 +
𝛿

Ω
sin (Ω𝑡)

) 

𝜎𝑧 

) ] 

. (A.3)

The interaction-picture Hamiltonian is defined as 

𝐻int ( 𝑡) = 𝑈†
0 ( 𝑡) 𝐻𝑈0 ( 𝑡) + 𝑖

(
𝜕𝑡 𝑈

†
0 ( 𝑡)

)
𝑈0 ( 𝑡) , (A.4)

so, 

𝐻int ( 𝑡) = 𝑈†
0 ( 𝑡 )

(
𝐻𝐼,dis + 𝐻𝐼,deph 

)
𝑈0 ( 𝑡 ) 

+ 𝑈†
0 ( 𝑡)

(
𝐻𝑞 + 𝐻𝑟1 + 𝐻𝑟2 

)
𝑈0 ( 𝑡) + 𝑖

(
𝜕𝑡 𝑈

†
0 ( 𝑡)

)
𝑈0 ( 𝑡) . (A.5)

A.2 Dissipative Interaction 

When the qubit interacts only with a dissipative reservoir, the interaction-
picture Hamiltonian is defined as 

𝐻int ( 𝑡) = 𝑈†
0 ( 𝑡 ) 𝐻𝐼,dis 𝑈0 ( 𝑡 ) 

+ 𝑈†
0 ( 𝑡)

(
𝐻𝑞 + 𝐻𝑟1 

)
𝑈0 ( 𝑡) + 𝑖

(
𝜕𝑡 𝑈

†
0 ( 𝑡)

)
𝑈0 ( 𝑡) . (A.6)

To obtain Equation ( 11 ) explicitly, we apply the unitary transformation
𝑈0 ( 𝑡) to the interaction Hamiltonian 𝐻𝐼,dis =

∑
𝑘 

(
𝑔𝑘 𝜎+ 𝑎𝑘 + 𝑔∗ 

𝑘 
𝑎†
𝑘 
𝜎− 

)
. 

The first term in the transformation yields 

𝑈†
0 𝜎+ 𝑈0 = 𝜎+ exp 

{ 

𝑖

[ 
𝜔0 𝑡 +

( 

𝛿

Ω

) 

sin (Ω𝑡)

] } 

. (A.7)

This result follows from the Baker–Campbell–Hausdorff expansion
together with the commutation relation 

[ 𝜎𝑧 , 𝜎+ ] = 2 𝜎+ . (A.8)
9 of 16
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imilarly, for the reservoir operators, 

𝑈†
0 𝑎𝑘 𝑈0 = 𝑎𝑘 𝑒

− 𝑖𝜔𝑘 𝑡 , (A.9)

ince 

[ 𝑎†
𝑘 
𝑎𝑘 , 𝑎𝑘 ] = − 𝑎𝑘 . (A.10)

ombining these transformations, we obtain 

𝑈†
0 ( 𝑔𝑘 𝜎+ 𝑎𝑘 ) 𝑈0 = 𝑔𝑘 𝜎+ 𝑎𝑘 exp [ − 𝑖( 𝜔𝑘 − 𝜔0 ) 𝑡] 

× exp 
[ 
𝑖

( 

𝛿

Ω

) 

sin (Ω𝑡)

] 
. (A.11)

he Hermitian conjugate term follows analogously. The Jacobi–Anger
xpansion in Equation ( 12 ) then decomposes the modulation factor 

exp 

[ 
𝑖

( 

𝛿

Ω

) 

sin (Ω𝑡)

] 
(A.12)

nto a series of sidebands at frequencies ± 𝑛Ω, thereby enabling the
nalysis of multi-photon processes induced by the frequency modulation.

he Hermitian conjugate term follows similarly. The resulting effective
amiltonian as the interaction-picture Hamiltonian, is 

𝐻eff ( 𝑡) =
∑
𝑘 

𝑔𝑘 𝜎+ 𝑎𝑘 𝑒
− 𝑖( 𝜔𝑘 − 𝜔0 ) 𝑡 𝑒

𝑖
𝛿

Ω
sin (Ω𝑡) +H . c . (A.13)

.3 Dephasing Interaction 

hen the qubit interacts only with a pure-dephasing reservoir, we have 

𝐻int ( 𝑡) = 𝑈†
0 ( 𝑡 ) 𝐻𝐼,diph 𝑈0 ( 𝑡 ) 

+ 𝑈†
0 ( 𝑡)

(
𝐻𝑞 + 𝐻𝑟2 

)
𝑈0 ( 𝑡) + 𝑖

(
𝜕𝑡 𝑈

†
0 ( 𝑡)

)
𝑈0 ( 𝑡) . (A.14)

𝐻𝐼,deph =
∑
𝑙 

𝜎𝑧 

(
𝑓𝑙 𝑏𝑙 + 𝑓∗ 

𝑙 
𝑏†
𝑙 

)
, (A.15)

e note that [ 𝜎𝑧 , 𝐻𝑞 ] = 0 , hence 

𝑈†
0 𝜎𝑧 𝑈0 = 𝜎𝑧 . (A.16)

herefore, 

𝐻′
ef f 
( 𝑡) = 𝜎𝑧 

∑
𝑙 

(
𝑓𝑙 𝑏𝑙 𝑒

− 𝑖𝜇𝑙 𝑡 + 𝑓∗ 
𝑙 
𝑏†
𝑙 
𝑒𝑖𝜇𝑙 𝑡 

)
. (A.17)

mportantly, the modulation does not enter this Hamiltonian, reflecting
he fact that [ 𝜎𝑧 , 𝜎𝑧 ] = 0 , which is the origin of FM ineffectiveness against
ure dephasing. 

.4 Reduced Dynamics and Master Equation 

e assume an initially factorized state 

𝜌tot (0) = 𝜌𝑞 (0) ⊗ 𝜌𝑟1 ⊗ 𝜌𝑟2 , (A.18)
0 of 16
with thermal reservoirs 

𝜌𝑟𝑖 =
𝑒− 𝛽𝑖 𝐻𝑟𝑖 

𝑍𝑖 
, 𝛽𝑖 =

1 

𝑘𝐵 𝑇𝑖 
. (A.19)

The reduced density matrix is 

𝜌𝑞 ( 𝑡) = Tr 𝑟 1 ,𝑟 2 
[
𝑈 ( 𝑡) 𝜌tot (0) 𝑈

†( 𝑡)
]
. (A.20)

Within the second-order Born approximation and a time-convolutionless
expansion, the dynamics reads 

𝜌̇𝑞 ( 𝑡) = − 𝑖[ 𝐻𝑞 , 𝜌𝑞 ( 𝑡)] +
3 ∑
𝑖= 1 

𝛾𝑖 ( 𝑡) 𝑖 [ 𝜌𝑞 ( 𝑡)] . (A.21)

Special cases of this master equation include those considered, for
instance, in Refs. [ 100–103 ] for 𝛾1 ( 𝑡) = 𝛾3 ( 𝑡) = 0 , which describes an
dissipative model, and the pure-dephasing master equation considered
in Refs. [ 91, 102–106 ] for 𝛾1 ( 𝑡) = 𝛾2 ( 𝑡) = 0 . These two special cases can be
derived using an exact approach starting from a microscopic Hamiltonian
model for the system and environment; hence, the resulting dynamics
is always completely positive and trace-preserving (CPTP). In the more
general case considered in this paper, however, the master equation is
introduced phenomenologically, as an exact microscopic derivation is
unfeasible. Nevertheless, a diagonalization procedure results in a unique-
and in this sense canonical- representation of the equation, which I
present in Appendix C . 

A.5 Time-Dependent Decay Rates 

The dissipative rates are 

𝛾1 ( 𝑡) 

2 
= (𝑛̄ + 1) 𝑓( 𝑡 ) ,

𝛾2 ( 𝑡 ) 

2 
= 𝑛̄ 𝑓( 𝑡 ) , (A.22)

where 𝑛̄ =
[
𝑒ℏ𝜔0 ∕𝑘𝐵 𝑇1 − 1

]− 1 
and 

𝑓( 𝑡) = − 2Re 

[ 
𝐶̇ ( 𝑡) 

𝐶( 𝑡) 

] 
. (A.23)

The reservoir correlation function is 

𝐹( 𝑡 , 𝑡′) = 𝑒
𝑖
𝛿

Ω
(sin (Ω𝑡) −sin (Ω𝑡′)) 

∫
∞

0 

𝑑 𝜔 𝐽( 𝜔) 𝑒− 𝑖( 𝜔− 𝜔0 )( 𝑡 − 𝑡
′) . (A.24)

The Ohmic dephasing rate is 

𝛾3 ( 𝑡) = ∫
∞

0 

𝑑𝜔 𝐽deph ( 𝜔 ) coth 

( 

ℏ𝜔 

2 𝑘𝐵 𝑇2 

) 

sin ( 𝜔 𝑡) 

𝜔 
, (A.25)

with 𝐽deph ( 𝜔) = 𝛼𝜔𝑒− 𝜔∕𝜔𝑐 . 

Appendix B: Complete Positivity 

In the following section, we investigate the conditions under which the
master equation Equation ( 5 ) generates physically dynamics described by
a completely positive and trace-preserving (CPTP) map. 

Since complete positivity (CP) can be formulated as inequalities involving
the Bloch vector components [ 107 ], we first express the qubit density
operator in the Bloch representation [ 44, 82, 86, 108 ]: 

𝜌(0) = 1 

2 
( 𝐼 + 𝐯(0) ⋅ 𝝈) , (B.1)
Advanced Quantum Technologies, 2026
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here 𝐼 is the identity operator, 𝝈 = ( 𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧 ) is the vector of Pauli
perators, and 𝐯(0) = ( 𝑥1 , 𝑥2 , 𝑥3 ) is the Bloch vector. 

xplicitly, the density matrix reads 

𝜌(0) = 1 

2 

( 

1 + 𝑥3 𝑥1 − 𝑖𝑥2 
𝑥1 + 𝑖𝑥2 1 − 𝑥3 

) 

. (B.2)

he Bloch vector evolves under a linear dynamical map [ 82, 108 ]: 

Φ ∶ 𝐯(0) ↦ 𝐯( 𝑡) = Λ( 𝑡) 𝐯(0) + 𝐓 ( 𝑡) , (B.3)

here the translation vector is 

𝐓 ( 𝑡) = (0 , 0 , 𝑡3 ( 𝑡)) , (B.4)

nd the damping matrix is diagonal, 

Λ( 𝑡) =
⎛ ⎜ ⎜ ⎝ 
𝜆1 ( 𝑡) 0 0 

0 𝜆2 ( 𝑡) 0 

0 0 𝜆3 ( 𝑡) 

⎞ ⎟ ⎟ ⎠ . (B.5)

ere, 𝜆𝑖 ( 𝑡) are the eigenvalues of the dynamical map in the damping basis.

onsequently, the Bloch components evolve as 

𝑥1 ( 𝑡) = 𝜆1 ( 𝑡) 𝑥1 (0) , 

𝑥2 ( 𝑡) = 𝜆2 ( 𝑡) 𝑥2 (0) , 

𝑥3 ( 𝑡) = 𝜆3 ( 𝑡) 𝑥3 (0) + 𝑡3 ( 𝑡) . 

(B.6)

he corresponding density matrix is 

𝜌( 𝑡 ) = 1 

2 
( 𝐼 + 𝐯( 𝑡 ) ⋅ 𝝈) , (B.7)

𝜌( 𝑡) = 1 

2 

( 

1 + 𝜆3 ( 𝑡) 𝑥3 + 𝑡3 ( 𝑡) 𝜆1 ( 𝑡) 𝑥1 − 𝑖𝜆2 ( 𝑡) 𝑥2 
𝜆1 ( 𝑡) 𝑥1 + 𝑖𝜆2 ( 𝑡) 𝑥2 1 − 𝜆3 ( 𝑡) 𝑥3 − 𝑡3 ( 𝑡) 

) 

. (B.8)

y substituting Equation ( B.8 ) into Equation ( 5 ), the dynamical parame-
ers take the form 

𝜆1 ( 𝑡) = 𝑒− Γ( 𝑡 )∕2 −Γ̃( 𝑡 ) + 𝑖Ω( 𝑡 ) , (B.9)

𝜆2 ( 𝑡) = 𝑒− Γ( 𝑡 )∕2 −Γ̃( 𝑡 ) − 𝑖Ω( 𝑡 ) , (B.10)

𝜆3 ( 𝑡) = 𝑒− Γ( 𝑡) , (B.11)

𝑡3 ( 𝑡) = 𝑒− Γ( 𝑡) [ 1 + 2 𝐺( 𝑡)] − 1 , (B.12)

here Γ( 𝑡) , Γ̃( 𝑡) , 𝐺( 𝑡) , and Ω( 𝑡) are defined in Equation ( 9 ). 

sing the Choi–Jamio ł lkowski isomorphism [ 109–112 ], a dynamical map
( 𝑡) = Φ𝑡 ( 𝜌(0)) is completely positive if and only if the corresponding
hoi matrix 

𝐶 = (Φ𝑡 ⊗ 𝐼)
(|Φ+ ⟩⟨Φ+ |)
dvanced Quantum Technologies, 2026
is completely positive, i.e., 𝐶 ≥ 0 . Here, 

|Φ+ ⟩ = 1 √
2 
( |00 ⟩ + |11 ⟩) . (B.13)

The action of the map in the computational basis can be written as 

Φ𝑡 ( 𝜌) =
( 

(1 − 𝑝) 𝜌00 + 𝑞𝜌11 𝑤𝜌01 + 𝑦𝜌10 
𝑤𝜌10 + 𝑦𝜌01 𝑝𝜌00 + (1 − 𝑞) 𝜌11 

) 

. (B.14)

We introduce the combinations 

𝑝( 𝑡 ) = 1 

2 
[ 𝑡3 ( 𝑡 ) + 𝜆3 ( 𝑡)] , 𝑞 ( 𝑡 ) = 1 

2 
[ 𝑡3 ( 𝑡 ) − 𝜆3 ( 𝑡)] , (B.15)

𝑤 ( 𝑡 ) = 1 

2 
[ 𝜆1 ( 𝑡 ) + 𝜆2 ( 𝑡)] , 𝑦( 𝑡 ) = 1 

2 
[ 𝜆1 ( 𝑡 ) − 𝜆2 ( 𝑡)] . (B.16)

The resulting Choi matrix has an X-shaped structure [ 113 ]: 

𝐶 =

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

1 

2 
+ 𝑝 0 0 𝑤 

0 
1 

2 
− 𝑝 𝑦 0 

0 𝑦 
1 

2 
+ 𝑞 0 

𝑤 0 0 
1 

2 
− 𝑞 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
. (B.17)

For 𝐶 ≥ 0 , all eigenvalues must be non-negative. Although direct diago-
nalization of a 4 × 4 matrix is generally complicated, the X-shaped allows
one to reduce the problem to two independent 2 × 2 blocks via basis
permutation [ 113 ]. Reordering the basis as (1,4,2,3) yields 

𝐶 =

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

1 

2 
+ 𝑝 𝑤 0 0 

𝑤 

1 

2 
− 𝑞 0 0 

0 0 
1 

2 
− 𝑝 𝑦 

0 0 𝑦 
1 

2 
+ 𝑞 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
, (B.18)

which can be written as 

𝐶 =

( 1 

2 
+ 𝑝 𝑤 

𝑤 

1 

2 
− 𝑞 

) 

⊕

( 1 

2 
− 𝑝 𝑦 

𝑦 
1 

2 
+ 𝑞 

) 

. (B.19)

Therefore, Equation ( B.18 ) is completely positive if and only if [ 82, 113 ] 

|𝑝( 𝑡 ) |, |𝑞 ( 𝑡 ) | ≤ 1 

2 
, (B.20)

𝑤2 ( 𝑡) ≤
( 

1 

2 
+ 𝑝( 𝑡)

) ( 

1 

2 
− 𝑞( 𝑡)

) 

, (B.21)

and 

𝑦2 ( 𝑡) ≤
( 

1 

2 
− 𝑝( 𝑡)

) ( 

1 

2 
+ 𝑞( 𝑡)

) 

. (B.22)

Using the analytical expressions given by Equations ( B.9 and 65), the
necessary and sufficient conditions for complete positivity (CP) read as
follows: 

i) 0 ≤ 𝑒− Γ( 𝑡) ( 𝐺( 𝑡) + 1) ≤ 1 , (B.23)

[1 𝑒𝑥]ii) 0 ≤ 𝑒− Γ( 𝑡) 𝐺( 𝑡) ≤ 1 , (B.24)
11 of 16
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[1 𝑒𝑥]iii) − 𝑒− Γ( 𝑡 ) − 2Γ̃( 𝑡 ) sin 
2 
Ω( 𝑡) ≤ 𝑒− Γ( 𝑡) 𝐺( 𝑡)

[
1 − 𝑒− Γ( 𝑡) ( 𝐺( 𝑡) + 1) 

]
, 

(B.25)

[1 𝑒𝑥]iv) 𝑒− Γ( 𝑡 ) − 2Γ̃( 𝑡 ) cos 2 Ω( 𝑡) ≤ 𝑒− Γ( 𝑡) 
[
1 − 𝑒− Γ( 𝑡) 𝐺( 𝑡)

]
[ 𝐺( 𝑡) + 1] . (B.26)

e note that the validity of conditions i)-ii) (the positivity conditions)
utomatically guarantees that condition iii) is satisfied, since the left-
and side of the inequality is always non-positive, whereas the right-hand
ide is always non-negative. We also emphasize that the dephasing term
escribed by 𝐿3 directly affects only conditions (iii)–(iv) through the
ecoherence term Γ̃( 𝑡) . Finally, we note that the conditions Γ( 𝑡) ≥ 0 and
 ≥ 𝐺( 𝑡) ≥ 0 are sufficient to ensure positivity, namely conditions (i)–(ii).

e now consider the weak-coupling and short-time limits. In the weak-
oupling limit, the following approximations hold: 

𝑒− Γ( 𝑡) 
(
𝐺( 𝑡) + 1

)
≃ 1 − ∫

𝑡 

0 

𝛾1 ( 𝑡
′) 𝑑𝑡′, (36)

𝑒− Γ( 𝑡) 𝐺( 𝑡) ≃ ∫
𝑡 

0 

𝛾2 ( 𝑡
′) 𝑑𝑡′. (37)

sing these approximations, a straightforward calculation shows that
onditions (i)–(ii) and (iv) reduce to 

i) ∫
𝑡 

0 

𝛾2 ( 𝑡
′) 𝑑𝑡′ ≥ 0 , (39)

ii) ∫
𝑡 

0 

𝛾1 ( 𝑡
′) 𝑑𝑡′ ≥ 0 , (40)

iv) ∫
𝑡 

0 

𝛾3 ( 𝑡
′) 𝑑𝑡′ ≥ 0 . (41)

or the short-time approximation, by considering the Taylor expansion
round 𝑡 = 0 of the exponential terms 𝑒− Γ( 𝑡) and 𝑒− Γ( 𝑡) 𝐺( 𝑡) , one can readily
erify that the CP conditions reduce to 

i) 𝛾1 (0) ≥ 0 , (B.27)

ii) 𝛾2 (0) ≥ 0 , (B.28)

iv) 𝛾3 (0) ≥ 0 . (B.29)

or all 𝑡 ≥ 0 [ 110 ]. This condition ensures that the quantum state remains
hysical throughout the evolution and that the dynamical map can be
epresented as a sum of completely positive operators. 

or the dissipative channel with Lorentzian spectral density (15), the
ecay function 

𝑓( 𝑡) = − 2Re 

[ 
𝐶̇ ( 𝑡) 

𝐶( 𝑡) 

] 
2 of 16

i

must remain non-negative. Consequently, the dissipative rates 

𝛾1 ( 𝑡) 

2 
= (𝑛̄ + 1) 𝑓( 𝑡 ) ,

𝛾2 ( 𝑡 ) 

2 
= 𝑛̄ 𝑓( 𝑡 ) , 

remain positive whenever 𝑓( 𝑡) ≥ 0 . This condition is fulfilled when the
spectral width 𝜆 is sufficiently large compared to the effective coupling
strength 𝛾. In our parameter regime, where 𝑅 = 𝛾∕𝜆 is either small (weak-
coupling regime) or large but still compatible with positivity, we verified
numerically that 

𝑓( 𝑡) ≥ 0 

throughout the entire evolution for all cases considered. 

For the Ohmic dephasing channel with spectral density given in
Equation ( 22 ), the dephasing rate 𝛾3 ( 𝑡) is given by Equation ( 21 ): 

𝛾3 ( 𝑡) = ∫
∞

0 

𝑑𝜔 𝐽deph ( 𝜔 ) coth 

( 

ℏ𝜔 

2 𝑘𝐵 𝑇2 

) 

sin ( 𝜔 𝑡) 

𝜔 
. 

Since 

coth 

( 

ℏ𝜔 

2 𝑘𝐵 𝑇2 

) 

> 0 

for all frequencies and temperatures, and the Ohmic spectral density 

𝐽deph ( 𝜔) = 𝛼𝜔𝑒− 𝜔∕𝜔𝑐 

is positive definite, the integrand in Equation ( 21 ) preserves positivity.
The time dependence of 𝛾3 ( 𝑡) reflects the non-Markovian nature of the
dephasing dynamics; nevertheless, complete positivity is maintained as
long as the spectral density remains physical [ 44 ]. 

Moreover, within the short-time approximation, the complete positivity
conditions reduce to 

𝛾1 (0) ≥ 0 , 𝛾2 (0) ≥ 0 , 𝛾3 (0) ≥ 0 . 

Using the integro-differential equation for the coherence function 𝐶( 𝑡) ,
one finds that 

𝐶̇ (0) = 0 , 

which immediately yields 

𝑓(0) = 0 . 

Therefore, 

𝛾1 (0) = 0 , 𝛾2 (0) = 0 . 

In addition, since 

sin ( 𝜔𝑡)
|||𝑡= 0 = 0 , 

the dephasing rate also satisfies 

𝛾3 (0) = 0 . 

Hence, the short-time CP conditions are exactly satisfied for both
the unmodulated case ( 𝑑 = 0 ) and the frequency-modulated case ( 𝑑 =
2 . 40483 Ω), for all thermal occupation numbers considered in this work. 

For more general criteria concerning time-dependent master equa-
tions and complete positivity, we refer the reader to Ref. [ 110 ]. 
Advanced Quantum Technologies, 2026
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ppendix C: Canonical form of Master Equation 

 general time-local master equation can always be written in the form
 114, 115 ] 

𝜌̇𝑞 ( 𝑡) = Λ𝑡 [ 𝜌𝑞 ( 𝑡)] =
∑
𝑘 

𝐴𝑘 ( 𝑡) 𝜌𝑞 ( 𝑡) 𝐵
†
𝑘 
( 𝑡) , (C.1)

here Λ𝑡 is a linear map such that Λ𝑡 [ 𝜌] is Hermitian and traceless for
ny Hermitian, trace-preserving density matrix 𝜌𝑞 . 

or a Hilbert space of dimension 𝑑, we introduce a complete, orthonor-
al set of 𝑁 = 𝑑2 basis operators { 𝐺𝑚 ; 𝑚 = 0 , 1 , 2 , . . . , 𝑁} satisfying the
roperties 

𝐺0 = 𝐼 ∕
√
𝑑 , 𝐺𝑛 = 𝐺†𝑛 , Tr [ 𝐺𝑚 𝐺𝑛 ] = 𝛿𝑚𝑛 , (C.2)

here ̂𝐼 denotes the identity. Choosing 𝑛 = 0 in the last condition implies
hat 

Tr [ 𝐺𝑚 ] = 0 for 𝑚 ≠ 0 . (C.3)

or brevity, we suppress the explicit time dependence in the subsequent
xpressions, noting that all quantities except the fixed basis operators 𝐺𝑚
ay be time-dependent. By substituting the operators 𝐴𝑘 =

∑
𝑖 
𝑎𝑖𝑘 𝐺𝑖 and

𝑘 =
∑
𝑗 
𝑏𝑗𝑘 𝐺𝑗 in Equation ( C.1 ) we have 

𝜌̇𝑞 =
∑
𝑖,𝑗 

∑
𝑘 

𝑎𝑖𝑘 𝑏
∗ 
𝑗𝑘 
𝐺𝑖 𝜌𝑞 𝐺𝑗 . (C.4)

efining the quantities 𝑐𝑖𝑗 =
∑
𝑘 
𝑎𝑖𝑘 𝑏

∗ 
𝑗𝑘 
yields the unique decomposition

 114 ] 

𝜌̇𝑞 =
𝑁− 1 ∑
𝑖 ,𝑗 = 0 

𝑐𝑖𝑗 𝐺𝑖 𝜌𝑞 𝐺𝑗 . (C.5)

ecause 𝜌𝑞 is a physical density matrix, it must remain Hermitian ( 𝜌𝑞 =
†
𝑞 ) , implying that 

𝜌̇𝑞 = 𝜌̇†𝑞 . 

oreover, since the basis operators satisfy 𝐺𝑛 = 𝐺†𝑛 , we obtain ∑
𝑖,𝑗 

𝑐𝑖𝑗 𝐺𝑖 𝜌𝑞 𝐺𝑗 =
∑
𝑖,𝑗 

𝑐∗ 
𝑖𝑗 
𝐺𝑗 𝜌𝑞 𝐺𝑖 =

∑
𝑖,𝑗 

𝑐∗ 
𝑗𝑖 
𝐺𝑗 𝜌𝑞 𝐺𝑖 . (C.6)

y comparing both sides, it follows that 

𝑐𝑖𝑗 = 𝑐∗ 
𝑗𝑖 
, (C.7)

eaning that 𝑐𝑖𝑗 are the elements of an 𝑁 ×𝑁 Hermitian matrix.
eparating out 𝑖 = 0 and 𝑗 = 0 , Equation ( C.5 ) can be rewritten as 

𝜌̇𝑞 =
𝑐00 
𝑑 
𝜌𝑞 

⏟⏟⏟
𝑖 = 0 , 𝑗 = 0 

+
𝑁− 1 ∑
𝑖= 1 

𝑐𝑖0 √
𝑑 
𝐺𝑖 𝜌𝑞 

⏟⎴⎴⎴⏟⎴⎴⎴⏟
𝑗= 0 

+
𝑁− 1 ∑
𝑗= 1 

𝑐0 𝑗 √
𝑑 
𝜌𝑞 𝐺𝑗 

⏟⎴⎴⎴⏟⎴⎴⎴⏟
𝑖= 0 

+
𝑁− 1 ∑
𝑖 ,𝑗 = 1 

𝑑𝑖𝑗 𝐺𝑖 𝜌𝑞 𝐺𝑗 

⏟⎴⎴⎴⏟⎴⎴⎴⏟
rest ( 𝑖 ,𝑗 > 0) 

, (C.8)

here the quantities 𝑑𝑖𝑗 (equal to 𝑐𝑖𝑗 ) are the elements of an ( 𝑁 − 1) ×
 𝑁 − 1) Hermitian “decoherence” matrix 𝑑. 

et us now split the first term, 𝑐00 
𝑑 
𝜌, into two equal terms so that one half

an be grouped with the terms on the left and the other half with the terms
dvanced Quantum Technologies, 2026

v

on the right: 

𝜌̇𝑞 =

( 

1 

2 

𝑐00 
𝑑 
𝜌𝑞 +

𝑁− 1 ∑
𝑖= 1 

𝑐𝑖0 √
𝑑 
𝐺𝑖 𝜌𝑞 

) 

+

( 

1 

2 

𝑐00 
𝑑 
𝜌𝑞 +

𝑁− 1 ∑
𝑗= 1 

𝑐0 𝑗 √
𝑑 
𝜌𝑞 𝐺𝑗 

) 

+
𝑁− 1 ∑
𝑖 ,𝑗 = 1 

𝑑𝑖𝑗 𝐺𝑖 𝜌𝑞 𝐺𝑗 . (C.9)

Defining 

𝐶 ∶ = 1 

2 

( 

𝑐00 
𝑑 

+
∑
𝑖 

√
𝑑 𝑐𝑖0 𝐺𝑖 

) 

, 

and using that 𝑐00 is real and 𝑐0 𝑗 = 𝑐∗ 
𝑗0 
, Equation ( C.9 ) reduces to 

𝜌̇𝑞 = 𝐶 𝜌𝑞 + 𝜌𝑞 𝐶
† +

𝑁− 1 ∑
𝑖 ,𝑗 = 1 

𝑑𝑖𝑗 𝐺𝑖 𝜌𝑞 𝐺𝑗 . (C.10)

Using the cyclic property of the trace, Tr [ 𝐴𝐵𝐶] = Tr [ 𝐶𝐴𝐵] , and applying
the condition Tr [𝜌̇𝑞 ] = 0 , 

Tr 

[ ( 

𝐶 + 𝐶† +
∑
𝑖 ,𝑗 ≠0 

𝑑𝑖𝑗 𝐺𝑗 𝐺𝑖 

) 

𝜌𝑞 

] 

= 0 . (C.11)

we obtain 

𝐶 + 𝐶† = −
𝑁− 1 ∑
𝑖 ,𝑗 = 1 

𝑑𝑖𝑗 𝐺𝑗 𝐺𝑖 . (C.12)

The time-local master equation is therefore, with 𝐻 = − 2 𝑖( 𝐶 − 𝐶†) , 

𝜌̇𝑞 =
1 

2 

[
( 𝐶 − 𝐶†) 𝜌𝑞 + 𝜌𝑞 ( 𝐶

† − 𝐶) + ( 𝐶 + 𝐶†) 𝜌𝑞 + 𝜌𝑞 ( 𝐶
† + 𝐶)

]
+

∑
𝑖 ,𝑗 ≠0 

𝑑𝑖𝑗 ( 𝑡) 𝐺𝑖 𝜌𝑞 𝐺𝑗 

= − 𝑖[ 𝐻, 𝜌𝑞 ] +
∑
𝑖 ,𝑗 ≠0 

𝑑𝑖𝑗 ( 𝑡)

( 

𝐺𝑖 𝜌𝑞 𝐺𝑗 −
1 

2 
𝐺𝑗 𝐺𝑖 𝜌𝑞 −

1 

2 
𝜌𝑞 𝐺𝑗 𝐺𝑖 

) 

. (C.13)

Taking advantage of the Hermitian nature of the decoherence matrix 𝑑,
we can rewrite it in diagonal form, 

𝑑𝑖𝑗 =
∑
𝑘 

𝑈𝑖𝑘 𝛾𝑘 𝑈
∗ 
𝑗𝑘 
, (C.14)

where 𝑈𝑖𝑘 are the eigenvectors of 𝑑, satisfying ∑
𝑘 

𝑈𝑖𝑘 𝑈
∗ 
𝑗𝑘 

= 𝛿𝑖𝑗 , (C.15)

and the eigenvalues 𝛾𝑘 of 𝑑 are real but not necessarily positive at all times.
Defining the time-dependent operators as follows: 

𝐿𝑘 ( 𝑡) ∶ =
𝑁− 1 ∑
𝑖= 1 

𝑈𝑖𝑘 ( 𝑡) 𝐺𝑖 . (C.16)

the canonical form of Equation ( C.13 ) is given by [ 100, 114, 115 ] 

𝜌̇𝑞 = − 𝑖[ 𝐻( 𝑡) , 𝜌𝑞 ] 

+
𝑁− 1 ∑
𝑘= 1 

𝛾𝑘 ( 𝑡)
[
𝐿𝑘 ( 𝑡) 𝜌𝑞 𝐿

†
𝑘 
( 𝑡) − 1 

2 
𝐿†
𝑘 
( 𝑡) 𝐿𝑘 ( 𝑡) 𝜌𝑞 −

1 

2 
𝜌𝑞 𝐿

†
𝑘 
( 𝑡) 𝐿𝑘 ( 𝑡)

]
. 

(C.17)
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here the operators 𝐿𝑘 ( 𝑡) form an orthonormal basis of traceless
perators, i.e., 

Tr [ 𝐿𝑘 ( 𝑡)] = 0 , Tr [ 𝐿†
𝑗 
( 𝑡) 𝐿𝑘 ( 𝑡)] = 𝛿𝑗𝑘 , (C.18)

nd 𝐻( 𝑡) is Hermitian. Equation ( C.17 ) can be recognized as a Lindblad-
ype form, with the important distinction that the the Lindblad operators
𝑘 ( 𝑡) are traceless and generally time-dependent. Moreover, the relax-
tion rates 𝛾( 𝑡) are also time-dependent and are not necessarily positive
t all times. 

n our model, we have a two-level ( 𝑁 = 3 ) system which interacts
ith a two reservoirs of field modes. where 𝐻( 𝑡) = 𝜔( 𝑡) 𝜎𝑧 =

ℏ 

2 
( 𝜔0 +

cos (Ω𝑡) ) 𝜎𝑧 , with time-independent Lindblad operators 𝐿1 = 𝜎− , 𝐿1 =
+ and 𝐿1 = 𝜎𝑧 and the time-dependent rates 𝛾𝑖 ( 𝑡); 𝑖 = 1 , 2 , 3 . These
onstitute the complete positivity conditions for a general phase-covariant
ubit dynamical map. 
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