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Abstract. An original computational framework for the trim analysis of highly-flexible aircraft is
presented in this work. The framework is based on the combination of a discontinuous Galerkin
(DG) method and a non-planar Vortex Lattice Method (VLM). The DG method is employed for
solving three-dimensional finite-strain, whereas the non-planar VLM is employed for solving
potential-flow aerodynamics of the deformed structure. The DG-VLM coupling is performed by
considering the forces generated by the vortexes as energetically equivalent to body forces acting
on the structure. The framework is validated by considering the finite-strain response of a
cantilever beam, the finite-strain response of a highly flexible wing, and the angle of attack and
elevator deflection at longitudinal trim condition of an aircraft featuring the same highly flexible
wing.

Introduction

Over the past years, research on High Aspect Ratio Long Endurance (HALE) aircraft has been of
particular interest, as high-aspect-ratio wings provide greater aerodynamic efficiency, reducing
fuel consumption and extending endurance. However, high-aspect-ratio wings may undergo large
deformations and rotations, which can significantly affect their aerodynamic characteristics. For
this reason, the analysis and design of vehicles featuring such type of wings, including the aspects
related to their flight mechanics performances, must be performed accounting for fluid-structure
interaction effects.

Numerical methods are often necessary as analytical solutions are seldom available, especially

in the regime of large deformations and rotations. Recently, several approaches have been
proposed to solve the aeroelastic problems of highly flexible aircraft. Murua and Palacios [1]
developed a computational framework based on a geometrically exact beam model and the
Unsteady Vortex Lattice Method (UVLM). Zhang et al.[2] developed a 3D co-rotational beam
framework, coupling the structural dynamics with unsteady aerodynamics. Drachinsky and Raveh
[3] employed the modal rotation method to capture large deformations through spatial derivatives
of mode shapes. Medeiros and Cesnik [4] proposed a reduced-order geometrically nonlinear
formulation, accounting large deformation effects on both inertia and stiffness terms.
This contribution presents a novel computational framework for the aeroelastic analysis of highly
flexible aircraft based on finite-strain elasticity and potential-flow aerodynamics. The framework
is based on the coupling between a discontinuous Galerkin (DG) method for solving finite-strain
total-Lagrangian elasticity and a non-planar Vortex Lattice Method (VLM) for solving potential
flow aerodynamics. The framework is validated considering the finite-strain response of a
cantilever beam and the finite-strain response of a highly flexible wing. Then, the framework is
employed to study the longitudinal trim of an aircraft featuring a high-aspect-ratio wing.
Numerical results are presented by comparing the computed values of angle of attack and elevator
deflection at trim condition upon considering a rigid wing, an elastic wing undergoing small
deformations, and an elastic wing undergoing large deformations.
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Figure 1: (a) Geometry of the flexible aircraft. (b) Load-bearing rectangular cross section of the
main wing.

Problem statement

Let us consider the longitudinal behavior an aircraft modeled by a main wing and a horizontal tail,
as shown in Fig.(1a). The span and the chord of the main wing are denoted by b and c, respectively,
while the span and the chord of the horizontal tail are denoted by b: and ¢, respectively. The main
wing has a load-bearing rectangular cross section of density ps, width ws, and thickness 4s, that is
placed at 50% of the wing’s chord; see Fig.(1b). The entire horizontal tail is supposed to be a rigid
movable surface that can rotate of an angle ¢ around an axis placed at 0.39% of its chord. The
aircraft is assumed to be in horizontal flight at a speed Vs and angle of attack a within a fluid
whose density is denoted by pe«.

The flexible part of the aircraft is the load-bearing cross-section of the main wing, which is
made of an isotropic material identified by Young’s modulus £ and Poisson’s ratio v. Two different
elastic behaviors are considered for the main wing cross section, namely a linear elastic behavior
within the small-deformation hypothesis and a hyper-elastic behavior accounting for large
deformations and rotations. In the former case, the deformation of the main wing is obtained by
solving the equations of linear elasticity combined with a constitutive behavior that can be written
as 6 = Cg, where ¢ and & are vectors collecting the stress and strain components, respectively, in
Voigt notation, and C is the associated matrix of elastic coefficients for isotropic materials. On the
other hand, in the hyper-elastic case, the deformation of the main wing is obtained by solving the
equations of finite-strain elasticity in combination with a constitutive behavior of the form S = CE,
where § and E are vectors collecting the second Piola-Kirchhoff stress components and the Green-
Lagrange strain components, respectively, in Voigt notation, whereas, following the Saint Venant—
Kirchhoff model, C is the same matrix of elastic coefficients employed in the small-strain case.

The loads acting on the wing structure consist of its weight, a load P placed at each tip of the
wing, and the aerodynamic loads deriving from the interaction with the fluid.

DG-VLM formulation
The solution of the aeroelastic problem introduced in the preceding section is performed by
combining a DG formulation for solving finite-strain elasticity and a non-planar VLM for solving
potential-flow aerodynamics. In this section, the solution of finite-strain is reported, whereas the
solution of the rigid and small-strain problems can be obtained as special cases.

Following Gulizzi et al.[5], it is possible to show that the DG weak form associated to the finite-
strain elastic behavior of the wing structure can be stated as follows: find ¢, being ¢ the
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approximated deformation mapping, such that B(V,p) = F (V,bg) VV € V' being V' the space of
discontinuous polynomial vector fields, where

avT a
BV, @) = [ 5—aie = [ (WVIE {5} + T}l + [y wIVIE L@ +
a
— fe (v Sho Mn,p) + Jgs uVT@  ()and
F(V,b)= [ ,V'b )

In Eq.(1), w denotes the solid strain energy function, Fi denotes the k-th column of the
deformation gradient tensor, nx is the k-th component of the unit normal of the solid boundary,
while I is a symmetrization vector and u is a penalization parameter that are typical of DG
formulations. Additionally, the integrals appearing in Eq.(1) are referred to as broken integrals and
must be intended as the sum over the mesh elements of the integrals computed over each element
domain and boundary. See Ref.[5] for further details.

Eventually, Eq.(2) accounts for the loads acting on the wing structure and includes those
stemming from gravity, the concentrated loads at the wing tips and the aerodynamic loads, which
are computed solving a non-planar VLM system where the vortexes deform with the structure [6].

Upon introducing the DG structural degrees of freedom that are collected in the vector X and
the VLM degrees of freedom that collected in the vector I', the final system of equations governing
the aeroelastic problem can be written as

R(X,T) =0
R m o 3)

where R (X, I') denotes the equations associated with the structural problem and R, (X, I') denotes
the equations associated with the aerodynamic problem. This system of equations is solved via a
Newton-Raphson approach.

Results

In the first set of tests, an isolated half-wing with a load P placed at its tip is considered. The wing
is clamped at its root and has a square cross section, i.e., ws = hs. Two lengths are considered,
namely b/2 = L = 10ws and b/2 = L = 100ws. The deformation of the structure using a kinematic
model featuring a third-order approximation along the cross section and fifth-order approximation
along the span. The obtained results are reported in Fig.(2) for the two lengths in terms of uz/L
versus PL?/(EI), where [ is the moment of inertia of the cross section. The comparison with the
results available in the literature [7,8] confirms the capability of the proposed framework to capture
finite-strain bending behaviors.
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Figure 2: Vertical displacement of a cantilever beam under finite deformations due to a tip load.

In second set of tests, the developed framework is employed to compute the aeroelastic response
of a half-wing clamped at its root in terms of tip displacement versus wind speed. The wing is
modeled under the small-strain hypothesis and under the finite-strain hypothesis. The geometrical
and material properties of the considered wing can be found in Ref.[9]. The wing tip displacement
as a function of the flow speed is reported in Fig.(3) for an angle of attack of 0.4°. The results
obtained using the linear model and the nonlinear model are compared with the results (both
numerical and experimental) provided in Ref.[9]. As shown in figure, it is possible to notice how
the linear and nonlinear models agree for low speed, while they start to provide different results
for a flow speed Ve approximately above 31 m/s, when the geometric nonlinearities become
dominant. In particular, the linear models provide a tip displacement that tends to infinity as the
flow speed approaches the divergence speed. Such a divergent behavior is not present in the results
obtained by the nonlinear models, which remain much closer to the experimental results,
confirming that the use of a finite-strain model is essential for accurately capturing the aeroelastic
behavior of a highly flexible wing.
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Figure 3: Wing tip displacement versus wind speed for a highly-flexible wing.

Eventually, the framework is employed to compute longitudinal trim conditions in terms of
angle of attack and elevator deflection of an aircraft featuring the same highly flexible wing
considered for the previous set of tests. The geometrical properties of the entire aircraft can be
found in Ref.[10]. Table (1) reports the obtained values of angle of attack a and elevator deflection
o at longitudinal trim condition for Ve = 25 m/s in the cases the wing is considered rigid or highly
flexible. An error of approximately 10% is observed with the results provided in the literature.
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Table 1: Angle of attack a and elevator deflection o at longitudinal trim condition for an aircraft
featuring a highly-flexible wing for Vo = 25 m/s.

Present Ref.[10]
o [°] o [°] o [°] 6 [°]
Rigid 3.77 -1.97 3.76 -1.98
Flexible 2.88 -1.99 3.22 -1.81

Conclusions

A novel computational framework for the trim analysis of highly-flexible aircraft has been
presented. The novelty of the framework is the combined use of a discontinuous Galerkin method
for solving finite-strain elasticity and a non-planar Vortex Lattice Method for solving potential-
flow aerodynamics of the deformed structure. The capabilities of the framework have been
assessed by analyzing the finite-strain bending of a cantilever beam subject to a tip load, the finite-
strain aeroelastic response of an isolated wing, and the longitudinal trim of an aircraft featuring a
highly-flexible wing. A satisfactory comparison between the results obtained with the present
framework and the results available in the literature, which consist of both numerical and
experimental results, has been observed. Currently the framework is being extended to consider
different kinematic approximations, more complex internal structures and materials, and a wider
range of flight conditions.
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