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Abstract

We consider the incompressible Euler equations on an analytic domain � with
a nonhomogeneous boundary condition u · n = u · n on ∂�, where u is a given
divergence-free analytic vector field. We establish the local well-posedness for u in
analytic spaces without any compatibility conditions in all space dimensions. We
also prove the global well-posedness in the 2D case if u decays in time sufficiently
fast.

1. Introduction

In this paper, we are concerned with the inflow-outflow problem for inviscid
incompressible flows. Namely, we fix an analytic domain � ⊂ R

d (see Section 3.1
for the definition) and an analytic divergence-free vector field u : [0, T0]×� → R

d ,
where T0 > 0, and we seek a solution to the Euler equations with the prescribed
normal component of the velocity on ∂�,

∂t u + u · ∇u + ∇ p = 0,

∇ · u = 0 in �,

u · n = u · n on ∂�,

(1.1)

where n represents an outward unit normal vector, with the initial condition u(0) =
u0. Formally, the pressure p in (1.1) satisfies the nonhomogeneous elliptic system

−�p =
∑

i, j

∂i u j∂ j ui in �,

∂n p = −(u · ∇u) · n − ∂t u · n on ∂�.

(1.2)

We note that the inflow-outflow problems arise in many physical situations. Several
examples include aerodynamics, where we consider the flow of air around a wing or

0123456789().: V,-vol 

http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-025-02095-y&domain=pdf
http://orcid.org/0000-0003-1492-0847


   27 Page 2 of 39 Arch. Rational Mech. Anal.          (2025) 249:27 

a rocket, environmental flows, where we model flows of rivers into lakes, and blood
flow, where the inflow-outflow condition is time-dependent. Also, if the domain
containing a fluid is moving, we arrive naturally at the inflow-outflow problem [23,
p. 5].

The problem (1.1) was initially studied by Zaja̧czkowski [27–30], Antontsev,
Kazhikov, and Monakhov [1,2], then by Petcu in [25], and more recently by Gie,
Kelliher, and Mazzucato in [12,13]. It is known to become very difficult as soon as
u · n �= 0. This can already be observed at the Sobolev level. Namely, set

v := u − u,

in which case the Euler equations (1.1) become

∂tv + v · ∇v + u · ∇v + v · ∇u + u · ∇u + ∇ p = −∂t u,

∇ · v = 0 in �,

v · n = 0 on ∂�,

(1.3)

with the initial condition v(0) = v0. Given a multiindex α, we apply ∂α to the Euler
equations (1.3), multiply by ∂αv, and integrate to obtain the standard estimate on
the time evolution of

∑
|α|=k ‖∂αv‖L2 . One of the terms appearing on the right-hand

side of such an estimate is
∫

�

(u · ∇∂αv) · ∂αv = 1

2

∫

∂�

|∂αv|2u · n, (1.4)

which can be bounded by

‖u‖∞‖∂αv‖2
L2(∂�)

� ‖u‖∞‖∂αv‖L2(�)‖∂αv‖H1(�). (1.5)

The expression on the right-hand side is problematic since, to estimate the derivative
of order |α|, we need to control a derivative of the higher order |α| + 1.

To understand the problem better, we note that one may use the Gromeka-Lamb
form of the Euler equations (1.1) to show that the identities

unωt =
(

−∂t u
t − ∇∂�

(
p + |u|2

2

))⊥
− utcurl∂�u

t

ωn = curl∂�u
t

(1.6)

must hold on ∂�, where ∇∂�, curl∂� denote appropriate tangential derivatives on
∂�, and vn := v · n, vt := v − vnn denote the normal and tangential components,
respectively, of a vector field v, and v⊥ := n × v; see [13, Proposition 3.1] for
details. Following observations in [13], we note that (1.2) and (1.6) appear to give,
roughly speaking,

two relations among four quantities ω,∇∂� p, un, ut, (1.7)

which suggests that, in order to obtain any local well-posedness of (1.1) one must
find, independently, a way of determining two relations, so that (1.2) and (1.6)
provide the remaining two. This is related to the fact that, on the “inflow portion”
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of ∂�, the incoming vorticity ω must lie in the range of curl and that div ω must
remain conserved (see [13, (1.6)]). One way of dealing with this issue is to impose
an additional boundary condition on the entire velocity field u on the inflow portion
∂�in of the boundary ∂�. This problem was considered by [13, Theorem 1.2], who
proved the local well-posedness in CN+1,α (α ∈ (0, 1)) in the case of unsteady u,
provided a certain compatibility condition, involving the N -th and (N + 1)-st time
derivatives, holds on ∂�in at t = 0.

Another way of dealing with the above issue is to prescribe ω on ∂�in—the
so-called vorticity boundary conditions; see [27] as well as [13, Theorem 1.3]. We
also refer the reader to [28] where a boundary condition for pressure is assumed
on the outflow part of the boundary, to [28–30] for results concerned with domains
with corners, to [13] for an extensive introduction to the problem, as well as to the
classical work [2] on the subject. We point out that the existence and uniqueness
problem when the vorticity is prescribed at the inflow portion of the inflow-outflow
Euler problem remains open and not well-understood. Also, the problem increases
in complexity in higher regularity Sobolev spaces.

In this paper, we prove the unique solvability of the inflow-outflow problem
when the data are analytic, however without any additional condition to (1.1)3. This
is possible since analytic data can be uniquely extended to a neighborhood of �, and
thus the compatibility conditions can be bypassed for a short time. We emphasize
that the inflow and outflow regions do not need to be separated, and they can even
move over time as the function ū in (1.1)3 is time-dependent. Our approach works
equally in all space dimensions, two or higher, although we present full details in
the space dimension two, pointing out the adjustments for the dimensions three or
higher.

To describe our approach, consider the analytic norms

‖u‖X (τ ) :=
∑

i+ j≥r

ci j‖∂ i T j u‖, where ci j := (i + j)r

(i + j)! τ
i+ j−rεiε j ,

‖u‖X̃(τ ) := ‖u‖X (τ ) + ‖u‖Hr ,

‖u‖Y (τ ) :=
∑

i+ j≥r+1

i + j

τ
ci j‖∂ i T j u‖,

‖u‖Ỹ (τ ) := τ‖u‖Y (τ ) + ‖u‖Hr ,

‖u‖Y (τ ) := ‖u‖Y (τ ) + ‖u‖Hr ,

(1.8)

where r ≥ 3 is fixed, and where we use the notation

‖ · ‖ := ‖ · ‖L2(�) (1.9)

for the L2 norm. Here, τ(t) denotes a time-dependent analyticity radius. The choice
of τ(t) is the main degree of freedom in the analytic approach, and an appropriate
choice of τ(t) provides us with the analytic dissipation. This in turn allows us to
overcome a derivative loss; see (1.14) and the discussion that follows. If the choice
of the analyticity radius τ is clear from the context, we use a short-hand notation

‖ · ‖X̃ ≡ ‖ · ‖X̃(τ ), ‖ · ‖Y ≡ ‖ · ‖Y (τ ), ‖ · ‖Y ≡ ‖ · ‖Y (τ ) + ‖ · ‖Hr . (1.10)
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The tangential operator T is a technical device required to handle the case
of a nonflat boundary ∂�; we refer the reader to Section 3 for the definition of
tangential operators T and for the notation ‖∂ i T j u‖. The constants ε, ε > 0 are
used for absorbing lower order commutator terms as well as tangential reduction
arguments to transfer normal derivatives to tangential ones; see (2.42), for example.
We suppose that ε and ε/ε are sufficiently small positive numbers, as required by
Lemma 3.3 below. The number ε/ε is related to the quotient of the normal and
tangential analyticity radii, which we require to be bounded by a small constant.
We discuss the spaces X, X̃ ,Y, Ỹ , Y in more detail below Theorem 1.2, but we
note at this point that they were introduced in [7,18,19]; see also [16,17] for the
non-summed norms and the Navier-Stokes setting. We also note that

‖∇u‖X̃ � ‖u‖Y . (1.11)

We now define the notion of a solution in analytic spaces.

Definition 1.1. Given T0 > 0 and τ : [0, T0] → (0,∞), a function v : [0, T0] →
X̃(inf t∈[0,T0] τ(t)) is a solution of the system (1.3) on some interval [0, T0] if

(i) v ∈ L∞([0, T0], X̃(τ )) ∩ L1([0, T0], Ỹ (τ )),
(ii) there exists p ∈ L1([0, T0], X̃(τ )) such that ∇ p ∈ L1([0, T0], X̃(τ )) and

v(t) = u0−u(t)−
∫ t

0
(v∇v+u·∇v+v·∇u+u·∇u+∇ p−∂t u) ds, t ∈ [0, T0],

(1.12)
(iii) the second and third equations in (1.3) hold.

We assume that the background velocity field u satisfies

‖u‖X̃(τ0)
+ ‖u‖Y (τ0) + ‖∂t u‖X̃(τ0) < ∞ (1.13)

for some τ0 ∈ (0, 1].
Throughout, we assume, without loss of generality, that

∫
�
p = 0 holds for all

times. The following is our main result on the local well-posedness of the inflow-
outflow problem.

Theorem 1.2. (Local well-posedness of (1.3) in analytic spaces) Let r = d + 1.
Assume that � ⊂ R

d , where d ≥ 2, is an analytic domain, and suppose that
v0 ∈ X (τ0), for some τ0 ∈ (0, 1]. Then there exists M ≥ 1 and a unique solution
v ∈ C([0, T0]; X̃(τ (t))) to (1.3), satisfying the initial condition v(0) = v0 and the
estimate

d

dt
‖v‖X̃(τ ) − τ̇‖v‖Y (τ ) �r ‖v‖X̃(τ )‖v‖Ỹ (τ ) + ‖u‖Y (τ )‖v‖X̃(τ )

+ ‖u‖X̃(τ )‖v‖Y (τ ) + ‖u‖X̃(τ )‖u‖Y (τ ) + ‖∂t u‖X̃(τ )

(1.14)

for all t ∈ [0, T0], where
τ(t) := τ0 − Mt, (1.15)

and T0 := τ0/M.
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We emphasize that Theorem 1.2 does not involve any compatibility conditions
(except for the divergence-free condition div u = 0, which in turn guarantees that∫
∂�

u · n = 0. This does not contradict the issue (1.7) discussed above since it is
not clear whether the quantities ω , ∇∂� p, un, and ut are entirely independent of
each other. In fact, Theorem 1.2 shows that they are not in the analytic setting.

On the other hand, the issue of the derivative loss pointed out in (1.5) is accom-
modated by the analytic dissipation. Roughly speaking, Y encodes the derivative
loss through the second term on the left-hand side of (1.14). In order to illustrate
this, suppose that there exists A > 0, depending only on u and v0, such that

sup
t∈[0,T0]

‖v‖X̃ + M
∫ T0

0
‖v‖Y ≤ A. (1.16)

For illustration purposes, consider a simplified version of (1.14), where we only
take into account the first term on the right-hand side of (1.14) with the norm ‖ · ‖Ỹ
replaced by its analytic part ‖ · ‖Y ,

d

dt
‖u‖X̃ + M‖v‖Y ≤ C0‖v‖X̃‖v‖Y . (1.17)

This way we consider only the leading order quadratic term on the right-hand side,
demonstrating the strength of the analytic dissipation. Note that (1.17) gives

sup
t∈[0,T0]

‖v‖X̃ + M
∫ T0

0
‖v‖Y ≤ C0

∫ T0

0
‖v‖X̃‖v‖Y

≤ C0 sup
t∈[0,T0]

‖v‖X̃
∫ T0

0
‖v‖Y ≤ C0A

2M−1,

where we used the assumption (1.16) in the last inequality. Thus, choosing a suf-
ficiently large M ≥ 1, the right-hand side is bounded by A/2, which is consistent
with (1.16) and also gives the leeway of another A/2 for estimating the remaining
terms appearing on the right-hand side of (1.14). In particular, the Sobolev part of
‖v‖Ỹ , which we omitted above, can be bounded by ‖v‖X̃ . It is thus clear that, upon
making an appropriate choice of A (see (2.54) below) and sufficiently large M ≥ 1
(see (2.63) below), the local well-posedness result of Theorem 1.2 can be obtained
with T0 = τ0/M . Note that a precise argument requires a Picard-type argument;
see Section 2.2 for details. We emphasize that the local-posedness result is possible
by ensuring that the analyticity radius decreases sufficiently quickly, i.e., we set the
analytic dissipation M ≥ 1 sufficiently large.

We emphasize that Theorem 1.2 does not take advantage of the fact that the
analytic part of ‖v‖Ỹ on the right-hand side of (1.14) involves an additional factor
of τ . This is because we need to take M ≥ 1 large, depending on u. Moreover,
in the 3D case the time of existence cannot be extended further not only due to
u, which could be large, but also because the 3D Euler equations are only locally
well-posed. In contrast, in the 2D case, we can explore the global Sobolev existence
by and assuming that u decays sufficiently fast and choosing τ̇ proportional to −τ ,
since this is what making the best use of “τ” in ‖v‖Ỹ = τ‖v‖Y +‖v‖Hr , appearing
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in the first term on the right-hand side of (1.14), suggests. This way, we obtain
the global well-posedness (see Theorem 1.3), whose proof takes advantage of the
persistence of regularity; see the comments below Theorem 1.3.

Before stating the global well-posedness result in the 2D case, we note that the
condition r = d + 1 in Theorem 1.2 (which is sufficient but not optimal) is related
to the product estimates for the lower order part of the analytic norm ‖ · ‖X̃ , namely
the part that does not admit the analytic dissipation. To be precise, we need the
condition r ≥ d + 1 for the product estimates (Lemma 2.1, Corollary 2.4, (3.15),
(3.35)–(3.39)), as it plays a crucial role in the factorial bounds (see (2.10)–(2.11),
for example) and in controlling the powers of τ (see (2.13)–(2.14), for example).
It is also required in performing the persistence of regularity argument (see the
comments below Theorem 1.3) and in the pressure estimates (see Lemmas 2.6
and 3.3). The choice r = d + 1 is sufficient for our purposes, and we fix this value
for r throughout, but we note that it can be relaxed to any r > d/2, as one can
verify directly.

We provide details for the case d = 2 of Theorem 1.2; for other d, the argu-
ments apply analogously, except that the computations become more complicated.
The computations in the case d = 2 should convince the reader that the relevant
cancellations and summations properties persist in any space dimension.

We note that the treatment of an arbitrary domain � requires some technical
computations regarding the tangential operator T , and so, for the sake of simplicity,
we first focus on the flat case, namely,

� = T × (0, 1), (1.18)

whereT denotes the flat torus. This already demonstrates the strength of the method
and reveals the main idea of the proof of Theorem 1.2, with a general analytic
domain treated further below. The main observation in the flat case is that the
partial derivative ∂1 is tangential to the boundary. Moreover, ∂2 is normal to the
boundary, and the two derivatives together form the full gradient. Consequently, the
product and pressure estimates are simpler, and therefore it is reasonable to replace
the analytic norms (1.8) with simpler definitions

‖u‖X (τ ) :=
∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2‖∂αu‖,

‖u‖X̃(τ ) := ‖u‖X (τ ) + ‖u‖Hr ,

‖u‖Y (τ ) :=
∑

|α|≥r+1

|α|r+1

|α|! τ |α|−r−1εα2‖∂αu‖,

‖u‖Ỹ (τ ) := τ‖u‖Y (τ ) + ‖u‖Hr ,

‖u‖Y (τ ) := ‖u‖Y (τ ) + ‖u‖Hr .

(1.19)

As for the case of a general domain, treated in Section 3, we introduce the
necessary concepts in Section 3.1, and we prove Theorem 1.2 in full generality
in Section 3.2. The proof requires introducing an abstract notion of a tangential
operator T and taking into account the resulting commutators. It also requires
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the derivative reductions (Lemma 3.5) to get a sufficiently strong estimate on the
pressure, particularly regarding the boundary condition in (3.40); see Section 3.4
for details.

Our second result asserts the global-in-time well-posedness in the 2D case under
a decay-in-time assumption on u.

Theorem 1.3. (Global well-posedness in 2D) Let d = 2 and τ0 ∈ (0, 1], and
suppose that v0 ∈ X̃(τ0) ∩ Y (τ0). Then there exist A, B ≥ 1 such that if

τ(t) := τ0 exp

(
−A

∫ t

0
exp exp exp(As)ds

)
(1.20)

and ‖u(t)‖X̃(τ (t)) + ‖u(t)‖Y (τ (t)) + ‖∂t u(t)‖X̃(τ (t)) ≤ f (t) for all t ≥ 0, where
f : [0,∞) → [0,∞) satisfies

B f (t) exp exp exp exp(Bt) ≤ 1, for all t ≥ 0, (1.21)

then there exists a unique solution v ∈ L∞([0,∞); X̃(τ )) to the system (1.3) with
−τ̇ v ∈ L1((0,∞); Y (τ )).

Here, v is a solution to (1.3) in the sense that Definition 1.1 holds for any T0 > 0.
The proof of the above theorem uses the persistence of analyticity, namely that

the existence in analytic spaces can be extended as long as a certain subcritical norm
remains under control. This can be observed in the a priori estimate (1.14), which
shows that the only quadratic term on the right-hand side, namely ‖v‖X̃(τ )‖v‖Ỹ (τ ),
involves an additional factor of τ next to the Y norm (recall (1.8), (1.19)). This
shows that if τ : [0,∞) → [0,∞) satisfies

−τ̇ ≥ C
(
τ‖v‖X̃ + f

)
(1.22)

with a large C ≥ 1, then the Y norm can be absorbed by the left-hand side, and thus
the right-hand side of (1.14) grows linearly in v provided ‖v‖H3 is bounded by a
constant. However, due to the inflow-outflow velocity u, it is not immediately clear
how to control ‖v‖H3 . Indeed, noting that the vorticity θ := curl (v + u) satisfies

∂tθ + (v + u) · ∇θ = 0, (1.23)

we observe that ‖θ‖L∞ is not conserved as u can bring nonzero vorticity from
outside of �. Thus it is not clear, at this point, how to obtain the global well-
posedness. However, one may observe that, since v0 is analytic, it can be uniquely
extended to a small neighborhood of �, which gives us control of the vorticity that
can be brought in by u, provided u decays sufficiently fast (as mentioned above).
To be precise, observing that

d

dt
‖θ‖∞ ≤ ‖u‖∞‖∇θ‖∞ ≤ ‖u‖∞(‖v‖W 2,∞ + ‖u‖W 2,∞), (1.24)

we can estimate ‖v‖W 2,∞ by ‖v‖X̃(τ ). This lets us predict, for sufficiently decaying
u, an estimate on the global-in-time growth of ‖v‖X̃(τ ) as well as the decay of
τ(t) that both control ‖θ‖∞ globally, and hence also ‖v‖H3 and ‖v‖X̃(τ ). Thus we
can back-define τ , using the smallness assumption (1.21) on f and a continuity
argument; see Section 4 for details.
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1.1. Smoothness of solutions

We note that Theorem 1.2 only gives u which is bounded with values in X (τ ),
and it is not immediately clear that u is a smooth function of t if u is. To explain
this, assume that u is smooth in space and time. We first note that (1.12) holds as
an equality in Hk for every k ≥ 0, and so

u(t2) − u(t1) = −
∫ t2

t1
(u∇u + ∇ p) ds for 0 ≤ t1 < t2 ≤ T, (1.25)

as an equality in Hk for every k ≥ 0. Varying t1, t2, we obtain thatu ∈ C([0, T0]; Hk)

for every k ≥ 0. Then, applying the divergence operator to (1.25), varying t1 and
t2, and applying Lebesgue Differentiation Theorem and trace estimates shows that
(1.2) holds for almost every t ∈ [0, T0]. Modifying p on a set of times of measure
0, we thus obtain that p ∈ C([0, T0]; Hk) for every k ≥ 0. Dividing (1.25) by
t2 − t1 and varying t1, t2, we obtain that u ∈ C1([0, T0]; Hk) for every k ≥ 0 and
consequently p ∈ C1([0, T0]; Hk) for every k ≥ 0. We can continue by induction,
obtaining that u and p have the same degree of smoothness as u.

2. The case of a flat domain

In this section, we prove Theorem 1.2 for the case of a periodic channel, i.e.,
� = T × (0, 1).

2.1. A priori analytic estimate (periodic channel)

Here, we derive the analytic a priori bound (1.14), provided that the analyticity
radius τ : [0, T ] → R+ and the solution v : [0, T ] × � → R

2 are given; the
construction is presented in Section 2.2. We apply ∂α to the first equation in (1.3)
and test with ∂αv obtaining

1

2

d

dt

∫
|∂αv|2 = −

∫
((v + u) · ∇∂αv) · ∂αv −

∫
Sα(v + u, v + u) · ∂αv

−
∫ (

(v + u) · ∇∂αu
) · ∂αv −

∫
∂α∇ p · ∂αv −

∫
∂α∂t u · ∂αv,

(2.1)
where we set that

Sα(v,w) :=
∑

0<β≤α

(
α

β

)
(∂βv · ∇)∂α−βw. (2.2)

Here and in the sequel, we use the notation
∫ := ∫

�
. Note that the first term on the

right-hand side of (2.1) may be estimated by ‖u‖∞‖∂αv‖‖∇∂αv‖.
The main difficulties in obtaining the a priori estimate (1.14) is the treatment

of the nonlinear terms ‖S(·, ·)‖ and the pressure term ‖∂α∇ p‖.
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Lemma 2.1. (product estimate in the case of periodic channel) With r ≥ d + 1, we
have

∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2‖Sα(u, v)‖ �r ‖v‖Ỹ (τ )‖u‖X̃(τ ) + ‖v‖X̃(τ )‖u‖Ỹ (τ ). (2.3)

Proof of Lemma 2.1. Assume that τ is smooth, positive and decreasing on [0, T ]
with τ(0) = τ0 ≤ 1. First, we apply Hölder’s inequality to ‖Sα(u, v)‖. We use the
L∞ norm for the derivatives of smaller order, and L2 for the larger order. Namely,
for |β| ≤ |α|/2, we employ the estimate

‖(∂βu · ∇)∂α−βv‖ ≤ ‖∂βu‖L∞‖∇∂α−βv‖, (2.4)

and for |β| > |α|/2 we switch the L∞ and L2 norms. This gives that

‖Sα(u, v)‖ �
∑

0<|β|≤|α|/2

(
α

β

)
‖∂βu‖L∞‖∂α−β∇v‖+

∑

|β|>|α|/2

(
α

β

)
‖∂βu‖‖∂α−β∇v‖L∞

(2.5)
for every |α| ≥ r . We now interpolate the L∞ norm in each of the two sums by L2

and H2. Namely, we use

‖∂βu‖L∞ � ‖∂βu‖1/2‖D2∂βu‖1/2 + ‖∂βu‖,
‖∂α−β∇v‖L∞ � ‖∂α−β∇v‖1/2‖D2∂α−β∇v‖1/2 + ‖∂α−β∇v‖ (2.6)

for the first and second sums, respectively. Using the inequality
(
α
β

) ≤ (|α|
|β|

)
(see

[21, p. 35]) and the notation

Fα(u) := εα21|α|≥r |α|rτ (|α|−r)∨0

|α|! ‖∂αu‖,

Gα(u) := εα21|α|≥r+1 |α|r+1τ (|α|−r−1)∨0

|α|! ‖∂αu‖,
(2.7)

we thus obtain

∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2‖Sα(u, v)‖

�
∑

|γ |≤2
|κ|=1

∑

|α|≥r

( ∑

0<|β|≤|α|/2

alblFβ(u)1/2Fβ+γ (u)1/2Gα−β+κ (v)

+
∑

|β|>|α|/2

ahbhGβ(u)Fα−β+κ(v)1/2Fα−β+κ+γ (v)1/2
)

,

(2.8)

where we used that

εα2ε− 1
2 β21|β|≥r ε− 1

2 (β2+γ2)1|β+γ |≥r ε−(α2−β2+κ2)1|α−β+κ|≥r+1 ≤ ε− 1
2 γ2−κ2 ≤ ε−2 � 1

(2.9)
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in the case |β| ≤ |α|/2 (employing the notation κ = (κ1, κ2), and similarly for the
mutiindices α, β, γ ), and analogously for |β| > |α|/2. We also used the fact that
the low coefficient al of factorials, for |κ| = 1, |γ | ≤ 2, is bounded as

al := |α|r
|β|!|α − β|! ·

( |β|!|β + γ |!
|β|r |β + γ |r

)1/2

· |α − β + κ|!
|α − β + κ|r+1

= (|α − β + κ| − 1)!
|α − β|!︸ ︷︷ ︸

�1

( |β + γ |!
|β|!|β|r |β + γ |r

)1/2 |α|r
|α − β + κ|r︸ ︷︷ ︸

�1

�r

( |β + γ |!
|β|!|β|r |β + γ |r

)1/2

�
( |β + γ |!

|β|!|β|2r
)1/2

� 1,

(2.10)

as r ≥ 2. For the high factorial coefficient ah, we write

ah := |α|r
|β|!|α − β|! · |β|!

|β|r+1 ·
( |α − β + κ|!|α − β + κ + γ |!

|α − β + κ|r |α − β + κ + γ |r
)1/2

= (|α − β + κ| − 1)!1/2(|α − β + κ + γ | − 3)!1/2

|α − β|!︸ ︷︷ ︸
�1

·
( |α − β + κ| |α − β + κ + γ |!

(|α − β + κ + γ | − 3)!|α − β + κ|r |α − β + κ + γ |r
)1/2 |α|r

|β|r+1
︸ ︷︷ ︸

�1

�r

(
(|α − β| + 1)(|α − β| + 1 + |γ |)3

(|α − β| + 1)r (|α − β| + 1 + |γ |)r
)1/2

�r 1.

(2.11)
Moreover, in (2.8) we denoted the low and high coefficients of powers of τ by

bl := τ |α|−r

τ ((|β|−r)∨0)/2τ ((|β+γ |−r)∨0)/2τ (|α−β+κ|−r−1)∨0
,

bh := τ |α|−r

τ (|β|−r−1)∨0τ ((|α−β+κ|−r)∨0)/2τ ((|α−β+κ+γ |−r)∨0)/2
.

(2.12)

Recalling from (1.19) that‖u‖X̃(τ ) = ∑
|β|≥0 Fβ(u) and‖u‖Y (τ ) = ∑

|β|≥r+1 Gβ(u),
we now separate the low and the high sums into two parts in a way that one is
bounded by τ‖ · ‖Y (τ ) and the other by ‖ · ‖Hr , where the function under the norm
is either u or v. To be more precise, we show below that

bl �
{

τ if |α − β| ≥ r,

1 if |α − β| ≤ r − 1,
(2.13)

bh �
{

τ if |β| ≥ r + 1,

1 if |β| ≤ r.
(2.14)
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Supposing that (2.13)–(2.14) hold, (2.8) gives

∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2 Sα(u, v)

�
∑

|γ |=2
|κ|=1

∑

|α|≥r

⎛

⎜⎜⎝

⎛

⎜⎜⎝
∑

0<|β|≤|α|/2
|α−β|≤r−1

+τ
∑

0<|β|≤|α|/2
|α−β|≥r

⎞

⎟⎟⎠ Fβ(u)1/2Fβ+γ (u)1/2Gα−β+κ(v)

+

⎛

⎜⎜⎝
∑

|β|>|α|/2
|β|≤r

+τ
∑

|β|>|α|/2
|β|≥r+1

⎞

⎟⎟⎠Gβ(u)Fα−β+κ(v)1/2Fα−β+κ+γ (v)1/2

⎞

⎟⎟⎠

� ‖v‖Ỹ (τ )

∑

|γ |=2

∑

|β|>0

Fβ(u)1/2Fβ+γ (u)1/2

+
⎛

⎝
∑

0<|β|≤r

+τ
∑

|β|≥r+1

⎞

⎠Gβ(u)
∑

|γ |=2
|κ|=1

∑

|α|≥r

Fα−β+κ(v)1/2Fα−β+κ+γ (v)1/2

� ‖v‖Ỹ (τ )‖u‖X̃(τ ) + ‖v‖X̃(τ )

⎛

⎝
∑

0<|β|≤r

+τ
∑

|β|≥r+1

⎞

⎠Gβ(u)

� ‖v‖Ỹ (τ )‖u‖X̃(τ ) + ‖v‖X̃(τ )‖u‖Ỹ (τ ),

(2.15)
which proves the lemma.

It remains to show (2.13) and (2.14). First, observe that

bl ≤ τ |α|−r

τ ((|β|−r)∨0)/2τ ((|β|+2−r)∨0)/2τ (|α−β+κ|−r−1)∨0
, (2.16)

using τ ≤ 1. Note that we have |β| ≤ |α|/2, and so if |α − β| ≤ r − 1, then

bl ≤ τ |α|−r−(|β|−r)/2−(|β+γ |−r)/2 = τ |α|−|β|−1 ≤ τ |α|/2−1 ≤ 1. (2.17)

Otherwise, for |α − β| ≥ r , we have three cases:
Case 1. |β| ≥ r . Then

bl ≤ τ |α|−r− 1
2 (|β|−r)− 1

2 (|β|+2−r)−(|α|−|β|−r) = τ r−1 ≤ τ. (2.18)

Case 2. |β| ∈ {r − 2, r − 1}. Then

bl ≤ τ |α|−r− 1
2 (|β|+2−r)−(|α|−|β|−r) = τ |β|/2+r/2−1 ≤ τ r−2 ≤ τ. (2.19)

Case 3. |β| ≤ r − 3. Then

bl ≤ τ |α|−r−(|α|−|β|−r) = τ |β| ≤ τ, (2.20)

as required.
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As for (2.14), first note that

bh ≤ τ |α|−r

τ (|β|−r−1)∨0τ ((|α−β+κ|−r)∨0)/2τ ((|α−β+κ|+2−r)∨0)/2
, (2.21)

by |γ | ≤ 2. Since |β| > |α|/2, and so, for |β| ≤ r ,

bh ≤ τ |α|−r−(|α−β+κ|−r)/2−(|α−β+κ|+2−r)/2 = τ |β|−2 ≤ τ |α|/2−3/2 ≤ 1. (2.22)

Otherwise, for |β| ≥ r + 1, we have three cases:
Case 1. |α − β| ≥ r − 1. Then

bh = τ |α|−r−(|β|−r−1)− 1
2 (|α−β|−r+1)− 1

2 (|α−β|−r+3) = τ r−1 ≤ τ. (2.23)

Case 2. |α − β| ∈ {r − 3, r − 2}. Then

bh = τ |α|−r−(|β|−r−1)− 1
2 (|α−β|−r+3) = τ (|α−β|+r−1)/2 ≤ τ r−2 ≤ τ. (2.24)

Case 3. |α − β| ≤ r − 4. Then

bh = τ |α|−r−(|β|−r−1) = τ |α−β|+1 ≤ τ, (2.25)

as required. ��
We note that the high and low factorial coefficients ah, al, as well as the co-

efficients bh, bl are not related to paraproduct estimates, but instead are a conse-
quence of the product rule applied to (2.2), where we used Hölder’s inequality
‖ f g‖ ≤ ‖ f ‖∞‖g‖ in (2.5) differently for high and low |β| ∈ (0, |α|/2).

Remark 2.2. (The case of any dimension d ≥ 2) It is easy to check that the above
estimates can be performed for any d ≥ 2. Indeed, in a space dimension d, we
need to replace D2 with Dd in the embedding (2.6), so that |γ | = d (instead of
|γ | = 2). A short calculation shows that the factorial estimates (2.10)–(2.11) remain
the same. As for the powers of τ , we have bl = τ El , bh = τ Eh , where

El := |α| − d − 1 − 1

2
((|β| − d − 1) ∨ 0) − 1

2
((|β| − 1) ∨ 0)

− ((|α| − |β| − d − 1) ∨ 0) ,

Eh := |α| − d − 1 − ((|β| − d − 2) ∨ 0) − 1

2
((|α| − |β| − d) ∨ 0)

− 1

2
((|α| − |β|) ∨ 0) ,

(2.26)

recalling that r = d + 1. The main observation is that El , Eh ≥ 1 as long as
|α| ≥ 2d + 4. Indeed, in the low case, i.e., when |β| ≤ |α|/2, we have |α − β| ≥
|α| − |β| ≥ |α|/2 ≥ d + 1, Cases 1–3 above (2.21) can be easily generalized as
follows:
Case 1: |β| ≥ d + 1. Then El = |α| − d − 1 − 1

2 (|β| − d − 1) − 1
2 (|β| − 1) −

(|α| − |β| − d − 1) = d+3
2 ≥ 1;
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Case 2: 1 ≤ |β| ≤ d. Then El = |α|−d−1− 1
2 (|β| − 1)−(|α| − |β| − d − 1) =

|β|+3
2 ≥ 1.

As for the high case |β| > |α|/2, we have |β| ≥ d + 2, and:
Case 1: |α−β| ≥ n. Then Eh = |α|−d−1−(|β| − d − 2)− 1

2 (|α| − |β| − d)−
1
2 (|α| − |β|) = d+2

2 ≥ 1;
Case 2: |α−β| ≤ d−1. Then Eh = |α|−d−1− (|β| − d − 2)− 1

2 (|α| − |β|) =
d+2

2 ≥ 1.
If a := |α| ≤ 2d + 3, we simply observe that

τ a−r‖u · ∇v‖Ha � τ a−r‖u‖Hr ‖v‖Ha+1 + τ a−r‖u‖Ha‖v‖Hr

� ‖u‖Hr ‖v‖Ỹ + ‖u‖X̃‖v‖Hr (2.27)

for any a ≥ r , and the case a ≤ r − 1 follows similarly.

Remark 2.3. We note that the sum in Sα(u, v) does not include the terms with
β = 0, which would result in a derivative of order r + 1 in ∂βu · ∇∂α−βv. This,
together with our choice (1.19) of the definitions of the analytic spaces X (τ ) and
Y (τ ), ensures that the coefficients bl , bh of the powers of τ are under sufficient
control to yield the desired product estimate. In particular, thanks to this, the claim
of Lemma 2.1 involves norms X̃ and Ỹ (instead of, for example, Y ), providing a
factor of τ in front of the Y norm. This is essential for obtaining the persistence of
analyticity; recall the comments following Theorems 1.2 and 1.3.

On the other hand, note that the step showing that al , ah �r 1 above remains
valid also in the case β = 0. In fact, in the case β = 0 the same proof would give
‖ · ‖Y (τ ) + ‖ · ‖Hr instead of ‖ · ‖Ỹ (τ ). We can thus obtain the following:

Corollary 2.4. (Related product estimates) For all i, j ∈ {1, . . . , d},
∑

|α|≥r
α2≥2

|α|r
|α|! τ

|α|−rεα2‖∂(α1,α2−2)∇(∂ j u∂iv)‖L2 �r ‖u‖X̃(τ )‖v‖X̃(τ ), (2.28)

∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2‖∂ |α|−1
1 (∂ j u∂iv)‖L2 �r ‖u‖X̃(τ )‖v‖X̃(τ ), (2.29)

∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2‖∂ |α|−1
1 (u · ∇v)‖H1 �r ‖u‖X̃(τ )‖v‖Y (τ ). (2.30)

Similarly,
‖u · ∇v‖X (τ ) �r ‖u‖X̃(τ )‖v‖Y (τ ). (2.31)

Proof. (Sketch) The proof follows in the same way as that of Lemma 2.1, and
we only check the nonnegativity of the powers of τ . For (2.28), we set α̃ :=
(α1, α2 − 2) + ek , where k ∈ {1, 2}. We have |̃α| = |α| − 1. For β ≤ α̃, we
estimate

‖∂β∂ j u∂α̃−β∂iv‖L2 ≤ ‖∂β∂ j u‖L∞‖∂α̃−β∂iv‖L2

� ‖∂β∂ j u‖1/2
L2 ‖Dd∂β∂ j u‖1/2

L2 ‖∂α̃−β∂iv‖L2 (2.32)
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in the low case (i.e., |β| ≤ |̃α|
2 ), and

‖∂β∂ j u∂α̃−β∂iv‖L2 ≤ ‖∂β∂ j u‖L2‖∂α̃−β∂iv‖L∞

� ‖∂β∂ j u‖L2‖Dd∂α̃−β∂iv‖1/2
L2 ‖∂α̃−β∂iv‖1/2

L2 (2.33)

in the high case (i.e., |β| >
|̃α|
2 ). Thus, aiming for two X̃ norms on the right-hand

side, we see that bl = τ El , bh = τ Eh , where

El := |α| − r − 1

2
((|β| + 1 − r) ∨ 0)

− 1

2
((|β| + 1 + n − r) ∨ 0) − (|̃α| − |β| + 1 − r) ∨ 0,

Eh := |α| − r − ((|β| + 1 − r) ∨ 0)

− 1

2
((|̃α| − |β| + 1 − r) ∨ 0) − 1

2
((|̃α| − |β| + 1 + n − r) ∨ 0) .

(2.34)

Now, we verify that El , Eh ≥ 0 as long as |α| ≥ 2d + 1. Recall from Theorem 1.2
that r = d +1. Thus, in the low case, |̃α −β| ≥ |̃α|− |β| ≥ |̃α|− |̃α|

2 = |α|−1
2 ≥ d.

Therefore
Case 1, |β| ≥ d: Then El = |α|−d−1− 1

2 (|β|−d)− 1
2 |β|−(|̃α|−|β|−d) = d

2 ≥ 0.

Case 2, |β| ≤ d − 1: Then El = |α| − d − 1 − 1
2 |β| − (|̃α| − |β| − d) = |β|

2 ≥ 0.
On the other hand, in the high case, we have |β| > |̃α|/2 ≥ d, and thus

Case 1, |̃α − β| ≥ d: Then Eh = |α| − d − 1 − (|β| − d) − 1
2 (|̃α| − |β| − d) −

1
2 (|̃α| − |β|) = d

2 ≥ 0.

Case 2, |̃α−β| ≤ d: Then Eh = |α|−d−1−(|β|−d)− 1
2 (|̃α|−|β|) = |̃α|−|β|

2 ≥ 0,
as required. For a := |α| ≤ 2d we observe that

τ a−r‖∂ j u∂iv‖Ha−1 � τ a−r‖u‖Hr ‖v‖Ha + τ a−r‖u‖Ha‖v‖Hr

� ‖u‖X̃‖v‖X̃
for any a ≥ r (and similarly for a < r ).

The inequality (2.29) is similar to (2.28); in particular, the powers of τ are the
same as above. For (2.30), we only estimate the Ḣ1 part, in which case we set
α̃ := (|α|−1, 0)+ ek , where k ∈ {1, 2}. We proceed analogously to (2.32)–(2.33),
obtaining

El := |α| − r − 1

2
((|β| − r) ∨ 0)

− 1

2
((|β| + d − r) ∨ 0) − (|̃α| − |β| + 1 − (r + 1)) ∨ 0,

Eh := |α| − r − ((|β| − r) ∨ 0) − 1

2
((|̃α| − |β| + 1 − (r + 1)) ∨ 0)

− 1

2
((|̃α| − |β| + 1 + d − (r + 1)) ∨ 0) ,

(2.35)

where we used the fact that, compared to (2.34), we now do not have ∂i next to u,
and we aim to obtain ‖v‖Y (rather than ‖v‖X̃ ), so that some terms have (r + 1)
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instead of r . Next, we verify that El , Eh ≥ 0 if |α| ≥ 2d + 2. Indeed, in the low
case, |α| − |β| ≥ |α|/2 ≥ d + 1, and so:
Case 1, |β| ≥ d+1: Then El = |α|−r− 1

2 |β|+ r
2 − 1

2 |β|+ 1
2 −|α|+|β|+(d+1) =

1 + d
2 ≥ 0.

Case 2, |β| ≤ d: Then El = |α|− r − 1
2 |β|+ 1

2 −|α|+ |β|+ (d +1) = |β|+1
2 ≥ 0.

In the high case, we have |β| > |α|/2 ≥ d + 1, and so:
Case 1, |α|−|β| ≥ d+1: Then Eh = |α|−r−|β|+r− 1

2 (|α| − |β| − (d + 1))−
1
2 (|α| − |β| − 1) = d+2

2 ≥ 0.
Case 2, 1 ≤ |α| − |β| ≤ d: Then Eh = |α| − r − |β| + r − 1

2 (|α| − |β| − 1) =
|α|−|β|+1

2 ≥ 0.
Case 3, |α| − |β| = 0: Then Eh = 0, as required. For a := |α| ≤ 2d + 1, we
observe that

τ a−r‖u · ∇v‖Ha � τ a−r‖u‖Hr ‖v‖Ha+1 + τ a−r‖u‖Ha‖v‖Hr � ‖u‖X̃‖v‖Y ,

for any a ≥ r (and similarly for a < r ). The case of (2.31) is analogous to (2.30)
addressed above. ��

For future reference, we state the following general product estimate for the X̃
analytic norm:

Lemma 2.5. (product estimate in the flat case) With r = d + 1, we have

‖uv‖X̃(τ )
�r ‖u‖X̃(τ )‖v‖X̃(τ ) (2.36)

for all τ ∈ (0, 1] and all scalar functions u and v.

The proof follows the same steps as that of Corollary 2.4. We emphasize that
r = d + 1 can be relaxed to r > d/2, using the same method, as the reader
can check. Observe that the lemma can be immediately generalized to an arbitrary
number of factors, and then, using the Taylor series, one can deduce a chain rule.

We can now estimate the pressure p, which satisfies the elliptic problem

�p = −∇(v + u) : ∇(v + u) in �

∂n p = −u · ∇(u2 + v2) − v1∂1u2 − ∂t u2 on ∂�,
(2.37)

where we set
A : B = Ai j B ji . (2.38)

The next lemma provides a general result on how to estimate the analytic norm
of ∇ p.

Lemma 2.6. (The pressure estimate in the analytic norm) Consider the solution p
of the Neumann problem

�p = ∇ f1 : ∇ f2 in �,

∂2 p = (g1 · ∇g2)|∂� on ∂�,
(2.39)
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with the normalizing condition
∫
�
p = 0, where g is defined in �, with the com-

patibility condition ∫
∇ f1 : ∇ f2 =

∫

∂�

(g1 · ∇g2) · n. (2.40)

Then we have

‖∇ p‖X (τ ) � ‖ f1‖X̃(τ )‖ f2‖X̃(τ ) + ‖g1‖X̃(τ )‖g2‖Y (τ ), (2.41)

provided ε > 0 is sufficiently small.

Note that the first equation in (2.39) does not loose a derivative (so that we have
two X̃ norms in (2.41)), while the second equation in (2.39) does, so that one of
the norms becomes Y .

Proof of Lemma 2.6. Denote the left-hand side of (2.41) by I . Suppose that α2 ≥ 2.
Then we write

∂α∂ j p = (� − ∂2
1 )∂

α1
1 ∂

α2−2
2 ∂ j p = ∂

α1
1 ∂

α2−2
2 ∂ j (∇ f1∇ f2) − ∂α∂ j p, (2.42)

for j = 1, 2, where
α := (α1 + 2, α2 − 2); (2.43)

we also used a symbolic notation, omitting “:” and non-significant indices. By
(2.28), we have

∑

j=1,2

∑

|α|≥r
α2≥2

|α|r
|α|! τ

|α|−rεα2
(
‖∂(α1,α2−2)∂ j (∇ f1∇ f2)‖ + ‖∂α∇ p‖

)

� ‖ f1‖X̃(τ )‖ f2‖X̃(τ ) + ε2‖∇ p‖X (τ ), (2.44)

where we used |α| = |α| in the last inequality.
If α2 = 1, we apply the H2 estimate to (2.37) to obtain

‖∂α∂ j p‖ ≤ ‖∂α1
1 p‖H2 ≤ ‖∂α1

1 (∇ f1∇ f2)‖ + ‖∂α1
1 (g1 · ∇g2)‖H1 ,

and similarly ‖∂α∂ j p‖ ≤ ‖∂α1−1
1 (∇ f1∇ f2)‖ + ‖∂α1−1

1 (g1 · ∇g2)‖H1 if α2 = 0.
Using (2.28)–(2.30), we thus derive

∑

j=1,2

∑

|α|≥r
α2≤1

|α|r
|α|! τ

|α|−rεα2‖∂α∂ j p‖

�
∑

j=1,2

∑

|α|≥r
α2≤1

|α|r
|α|! τ

|α|−rεα2
(
‖∂ |α|−1

1 (∇ f1∇ f2)‖ + ‖∂ |α1|−1
1 (g1 · ∇g2)‖H1

)

� ‖ f1‖X̃(τ )‖ f2‖X̃(τ ) + ‖g1‖X̃(τ )‖g2‖Y (τ ).

(2.45)
This and (2.44) give that

‖∇ p‖X (τ ) � ‖ f1‖X̃(τ )‖ f2‖X̃(τ ) + ‖g1‖X̃(τ )‖g2‖Y (τ ) + ε2‖∇ p‖X (τ ),

and absorbing the last term by the left-hand side gives the claim. ��
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As for the term ∂t u in the equation (2.37) for p, we can adjust the above proof
to the case of simpler boundary conditions.

Corollary 2.7. Suppose that p is a solution to

�p = 0 in �,

∂2 p = f on ∂�,
(2.46)

where
∫
∂�

f = 0. Then
‖∇ p‖X̃ � ‖ f ‖X̃ . (2.47)

Proof of Corollary 2.7. Similarly as in the above proof, we have that if α2 ≥ 2,
then ∂α∂ j p = ∂α∂ j p for j = 1, 2, where α is as in (2.43). If α2 = 1, then the
H2 estimate gives

‖∂α∂ j p‖ ≤ ‖∂α1
1 p‖H2 ≤ ‖∂α1

1 f ‖H1/2(�) � ‖∂α f ‖ + ‖∂α1+1
1 f ‖ + ‖∂α1

1 f ‖,
(2.48)

and similarly, if α2 = 0 and |α| ≥ r , then

‖∂α∂ j p‖ � ‖∂α1−1
1 ∂2 f ‖ + ‖∂α1

1 f ‖ + ‖∂α1−1
1 f ‖. (2.49)

Therefore,

∑

j=1,2

∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2‖∂α∂ j p‖ � ε2‖∇ p‖X̃ + ‖ f ‖X̃ , (2.50)

since ε ≤ 1, τ ≤ τ0 � 1, and |α|r
|α|! �r

(|α|−1)r

(|α|−1)! , and the claim follows. ��
The boundary value problem (2.37) for p, the pressure estimates from Lemma 2.6,

and Corollary 2.7 yield

‖∇ p‖X̃ �r ‖v + u‖X̃‖v + u‖Y + ‖∂t u‖X̃ . (2.51)

This inequality and the product estimate from Lemma 2.1 allow us to sum the
bounds (2.1) on the time evolution of ‖∂αv‖ to obtain

d

dt
‖v‖X − τ̇‖v‖Y

=
∑

|α|≥r

|α|r
|α|! τ

|α|−rεα2
d

dt
‖∂αv‖

�r ‖v + u‖X̃‖v + u‖Ỹ + ‖u‖X̃‖v + u‖Y
+ ‖u‖Y ‖v + u‖X̃ + ‖u‖∞(‖v‖X̃ + ‖∇v‖X̃ ) + ‖v + u‖Hr ‖∇u‖X̃ + ‖∂t u‖X̃

�r ‖v‖X̃‖v‖Ỹ + ‖u‖Y ‖v‖X̃ + ‖u‖X̃‖v‖Y + ‖u‖X̃‖u‖Y + ‖∂t u‖X̃ ,

(2.52)
proving the desired a priori estimate (1.14), where we also used (1.11) in the last
line.
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2.2. Proof of Theorem 1.2

We can now use the a priori estimate (1.14) to complete the proof of Theo-
rem 1.2. Recall that τ : [0, T0] → [0, 1] is given by (1.15), so that τ̇ = −M ,
where M > 0. We show that for every v0 ∈ X (τ (0)) ∩ Y (τ (0)), there exist suffi-
ciently large M > 1, sufficiently small T0 > 0, and a unique local-in-time solution
v ∈ C([0, T0]; X̃(τ )) to (1.3) satisfying

sup
t∈[0,T0]

‖v‖X̃ + M
∫ T0

0
‖v‖Y ≤ A, (2.53)

where

A := 4‖v0‖X̃(τ (0)) + sup
t∈[0,1]

‖u‖Y (τ ) + 2
∫ t

0
‖∂t u‖X̃ . (2.54)

We consider a sequence v(n) defined by

∂tv
(n+1) + (v(n) + u) · ∇(v(n) + u) + ∇ p(n) + ∂t u = 0, (2.55)

where

�p(n) = −∇(v(n) + u) : ∇(v(n) + u) in �

∂2 p
(n) = (v

(n)
i − ui ) · ∇(v

(n)
j − u j )2 − ∂t u2 on ∂�,

(2.56)

with the initial iterate

v(0) := v0. (2.57)

We first observe that
∇ · v(n) = 0 in � (2.58)

and
v

(n)
2 = 0 on ∂�, (2.59)

for all n ∈ N, thanks to (2.56). In order to send n → ∞, we first show that if M ≥ 1
is sufficiently large and T0 > 0 is sufficiently small, then the a priori bound (2.53)
holds for all iterates, i.e.,

sup
t∈[0,T0]

‖v(n)‖X̃ + M
∫ T0

0
‖v(n)‖Y ≤ A, (2.60)

for all n ≥ 0. As in (1.14), we see that

d

dt
‖v(n+1)‖X̃ + M‖v(n+1)‖Y �r

(
‖v(n)‖X̃ + ‖u‖X̃

) (
‖v(n)‖Y + ‖u‖Y

)

+ ‖u‖2
Y

+ ‖∂t u‖X̃
(2.61)

for every n ≥ 1. Note that we have ‖·‖Y instead of ‖·‖Ỹ (as in (1.14)), since there is
no cancellation in the nonlinear terms of (2.55) when tested against v(n+1); namely,
we use (2.31) instead of the product estimate (Lemma 2.1). It is an advantage of
the analytic approach that this does not matter.
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The claim (2.60) is trivial for n = 0, and, for n ≥ 1, (2.61) gives

sup
t∈[0,T0]

‖v(n+1)‖X̃ + M
∫ T0

0
‖v(n+1)‖Y

≤ (1 + T0M) sup
t∈[0,T0]

‖v(n+1)‖X̃ + M
∫ T0

0
‖v(n+1)‖Y

≤ 2‖v0‖X (τ (0)) + C0 sup
t∈[0,T0]

(
‖v(n)‖X̃ + ‖u‖X̃

)

∫ T0

0

(
‖v(n)‖Y + ‖u‖Y

)
+

∫ T0

0
‖∂t u‖X̃

≤ 2‖v0‖X (τ (0)) + 2C0A
2(M−1 + T0) +

∫ T0

0
‖∂t u‖X̃ ≤ A,

(2.62)

provided
M ≥ 12C0A and T0 ≤ min{1, τ0}/M. (2.63)

Note that, due to the linear choice (1.15) of τ , the choice of T0 also implies that
τ ≥ 0 for t ∈ [0, T0], thus leading to (2.60).

Now, we provide some details for the fixed point argument. Subtracting (2.55)
for n and n − 1 and setting

w(n+1) := v(n+1) − v(n), (2.64)

we get

∂tw
(n+1) + (v(n) + u) · ∇w(n)

+ w(n) · ∇(v(n−1) + u) + ∇(p(n) − p(n−1)) = 0.
(2.65)

As in (2.61), we obtain

d

dt
‖w(n+1)‖X̃ + M‖w(n+1)‖Y � ‖w(n)‖X̃

(
‖v(n)‖Y + ‖v(n−1)‖Y

)

+
(
‖v(n)‖X̃ + ‖v(n−1)‖X̃

)
‖w(n)‖Y

+ ‖w(n)‖X̃‖u‖Y + ‖u‖X̃‖w(n)‖Y .

(2.66)

Setting

an := sup
t∈[0,T0]

‖w(n)‖X̃ , bn :=
∫ T0

0
‖w(n)‖Y , (2.67)

we may integrate on [0, t], for t ∈ [0, T0] to obtain

an+1 + Mbn+1 � an
2A

M
+ 2Abn + an

∫ T0

0
‖u‖Y + bn sup

t∈[0,T0]
‖u‖X̃

� (an + Mbn)
4A

M
,

(2.68)
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where we also recalled (2.63) that T0 ≤ 1/M . This shows that, choosing M suffi-
ciently large, and then T0 sufficiently small, we have that

{v(n)} is Cauchy in C0 ([0, T0]; X (τ (t))) , (2.69)

and so v(n) n→∞−→ v in C0 ([0, T0]; X (τ (t))) for some v ∈ C0 ([0, T0]; X (τ (t))) ∩
L1 ((0, T0); Y (τ (t))), where we also used Fatou’s Lemma. The a priori bound (2.53)
follows by taking the limit n → ∞ of (2.60) and applying Fatou’s Lemma, and,
due to the strong mode of convergence, the impermeability conditions (2.58) and
the divergence-free conditions (2.59), the function v is a solution to (1.3).

Thanks to the a priori bound (2.53), the uniqueness follows similarly to (2.68)
in a standard manner.

3. The general case

In this section, we prove Theorem 1.2 in full generality.

3.1. Preliminaries

Here, we define tools that are needed specifically for handling the general
domain. We say that a domain � is analytic if it is locally a graph of an analytic
function.

We introduce the Komatsu convention [16] on derivatives,

∂ i :=
⊔

α∈{1,2}i
Dαu, (3.1)

where
Dαu := ∂α1 . . . ∂αi u. (3.2)

For example, ∂2 is a list of four second order derivatives. Note that mixed derivatives
are included in ∂ i multiple times. As a consequence of this notation,

‖Diu‖ =
∑

α∈{1,2}i
‖Dαu‖. (3.3)

Moreover, we have the product rule

∂ i ( f g) − f ∂ i g =
i∑

k=1

(
i

k

)
(∂k f )(∂ i−kg), (3.4)

where the last product denotes the tensor product of derivatives which is consistent
with (3.1) (see (5.1.3) in Komatsu [16]). The product rule (3.4) is a consequence
of the identity

∑

α′⊂α
|α′|=k

(
α

α′

)
=

(
m

k

)
, (3.5)
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where m ∈ N, k ∈ {0, . . . ,m}, and |α| = m.
We say that a vector field T = ∑n

i=1 ai∂i , where ai : � → R are analytic,
is a tangential operator to ∂� if T is a analytic vector field such that T δ = 0
on ∂�, where δ(x) is the distance function to the boundary ∂�, taking positive
values inside � and negative outside; see [7, Section 2.1] and [15] for extensive
discussions on tangential operators. We will abuse the notation, and denote by T
the tensor of a complete system of tangential derivatives, namely a system such
that the components of T span the tangent space at x , for each x ∈ ∂�; see [15,
Theorem 3.1] for details. The system is chosen depending on the domain �. Recall
from [15] that we can use one tangential derivative in 2D and three in 3D, with a
constant number K ∈ N in higher space dimensions.

We denote by

T j :=
⊔

β∈{1,...,K } j
T βu

the j-th tangential derivative, where we used Komatsu notation (3.1) for the com-
plete system T = (T1, . . . , TK ) of tangential derivatives.

Note that we have
n ∈ X̃(τ0;�′) (3.6)

(see [20]), where �′ ⊂ � is some neighborhood of ∂� in �, and ‖ f ‖X̃(τ ;�′) :=
‖ f ‖X (τ ;�′) + ‖ f ‖H3(�′),

‖ f ‖X (τ ;�′) :=
∑

i+ j≥r

(i + j)r

(i + j)! τ
i+ j−r‖∂ i T j f ‖L2(�′) (3.7)

denote the analytic spaces X̃ , X on the subdomain �′.
We also assume that

D2φ ∈ X̃(τ0;�′) (3.8)

for some neighborhood �′ of ∂� in �, where φ(x) := dist (x, ∂�) : � → [0,∞)

denotes the signed distance function to ∂�.
In the next statement, we recall the commutator estimates between T j and

partial derivatives of order 1 or 2.

Lemma 3.1. (Commutator estimates) We have that

[T j , ∂k] =
d∑

i=1

bij∂i (3.9)

and

[T j ,�] =
j∑

l=1

∑

|α|=l

j !
α!( j − l)!bα1 · ∇(bα2 · ∇T j−l), (3.10)

where
max|α|=k

‖∂αbij‖∞ � (k + j)!Kk
1 K

j
2 (3.11)

for each i = 1, . . . , d, and bα1 , bα2 satisfy estimates analogous to (3.11).
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Proof of Lemma 3.1. See [7, Lemma 3.5] (or [16, Section 5]) and [7, p. 3385],
respectively. ��

Using the tangential operator, we can estimate the pressure function using the
Komatsu notation: If �p = f in �, then

‖p‖H2 � ‖ f ‖ + ‖p‖H3/2(∂�) � ‖ f ‖ + ‖T p‖H1/2(∂�) + ‖p‖H1/2(∂�) +
� ‖ f ‖ + ‖T p‖H1 + ‖p‖H1

and so, interpolating H1 between H2 and L2,

‖p‖H2 � ‖ f ‖ + ‖T p‖H1 + ‖p‖. (3.12)

In particular, for every i ≥ 2, j ≥ 0, we may write �(∂ i−2T j p) = ∂ i−2T j�p +
∂ i−2[�, T j ]p, so that (3.12) gives

‖∂ i T j p‖ � ‖∂ i−2T j�p‖H2 +‖T ∂ i−2T k p‖H1 +‖∂ i−2T k p‖+‖∂ i−2[�, T j ]p‖.
(3.13)

Similarly, for i = 1, j ≥ 1 we have ‖∇T j p‖ � ‖T j−1 p‖H2 , and so

‖∇T j p‖ ≤ ‖T j−1�p‖ + ‖T j p‖H1 + ‖p‖ + ‖[�, T j ]p‖. (3.14)

3.2. Proof of Theorem 1.2

Thanks to the Komatsu notation (3.1), the claim of Theorem 1.2 follows in the
same way as in the flat case (recall Section 2.2) by replacing the analytic norms
(1.19) for the flat domain by the general analytic norms (1.8), and by observing the
product estimate

∑

i+ j≥r

ci, j‖Si j (u, v)‖ �r ‖v‖Ỹ ‖u‖X̃ + ‖v‖X̃‖u‖Ỹ , (3.15)

where

Si j (v,w) := ∂ i T j ((v · ∇)w) − v · ∇∂ i T jw, (3.16)

and the pressure estimate

‖∇ p‖X̃ � ‖v‖X̃‖v‖X̃ + ‖v‖X̃‖u‖Y + ‖u‖X̃‖v‖Y
+‖u‖X̃‖u‖Y + ‖∂t u‖X̃ , (3.17)

which we prove in Section 3.3 and Section 3.4 (respectively) below. In particular,
the a priori estimate (1.14) follows by noting that ‖v‖X̃ � ‖v‖Ỹ .
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3.3. Product estimate: the general case

Here we show (3.15). We start by using the product rule (3.4) to extract the
commutators,

‖Si j (v, w)‖ ≤ ‖∂ i ∂kT j (vkw) − vk∂k∂
i T jw‖ + ‖∂ i [T j , ∂k ](vkw)‖

�
∑

(n,l) �=0

(
i

n

)(
j

l

)
‖∂nT lvk∂k∂

i−nT j−lw‖ +
i∑

p=0

(
i

p

)
‖∂ i−pb j ∂

p+1(vw)‖

=: A + B,

(3.18)

where we write “(n, l) �= 0” instead of “n ∈ {0, . . . , i}, l ∈ {0, . . . , j}, (n, l) �= 0”,
for brevity.

For the main product term A, we have

‖∂nT lv∂k∂
i−nT j−lw‖ ≤ ‖∂nT lv‖∞‖∂ i−n+1T j−lw‖

≤ ‖∂nT lv‖‖∂ i−β+1T j−lw‖
+ ‖∂nT lv‖1/2‖∂n+2T lv‖1/2‖∂ i−n+1T j−lw‖,

(3.19)

for n + l ≤ (i + j)/2, and similarly,

‖(∂nT lv · ∇)∂ i−nT j−lw‖ ≤ ‖∂nT lv‖‖∂ i−n+1T j−lw‖∞
≤ ‖∂nT lv‖‖∂ i−n+1T j−lw‖ + ‖∂nT lv‖‖∂ i−n+3T j−lw‖1/2‖∂ i−n+1T j−lw‖1/2.

(3.20)
We shall use the notation

Fi, j (u) :=
{

εi ε j (i+ j)r τ i+ j−r

(i+ j)! ‖∂ i T j u‖ i + j ≥ r,

‖∂ i T j u‖ i + j < r,

Gi, j (u) :=
{

εi ε j (i+ j)r+1τ i+ j−r−1

(i+ j)! ‖∂ i T j u‖ i + j ≥ r + 1,

‖∂ i T j u‖ i + j ≤ r,

(3.21)

so that
∑

i, j≥0 Fi, j (u) � ‖u‖X̃(τ ) and
∑

i, j≥0 Gi, j (u) � ‖u‖Ỹ (τ ). We obtain

∑

i+ j≥r

ci, j A �
∑

i+ j≥r

( ∑

0<n+l≤(i+ j)/2

alblFnl(u)1/2Fn+1,l(u)1/2G(i−n+1)( j−l)(v)

+
∑

n+l>(i+ j)/2

ahbhGnl(u)Fi−n+1, j−l(v)1/2Fi−n+3, j−l(v)1/2
)

,

(3.22)
where the terms involving ε, ε and low and high coefficients al, ah of factorials are
bounded by a constant Cr in the same way as in (2.9)–(2.11), and the low and high
coefficients of powers of τ are defined by

bl := τ i+ j−r

τ ((n+l−r)∨0)/2τ ((n+l+2−r)∨0)/2τ (i+ j−n−l−r)∨0
,

bh := τ i+ j−r

τ (n+l−r−1)∨0τ ((i+ j−n−l+1−r)∨0)/2τ ((i+ j−n−l+3−r)∨0)/2
.

(3.23)
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As in (2.13)–(2.14), one can verify that

bl �
{

τ if i + j − n − l ≥ r,

1 if i + j − n − l ≤ r − 1,
bh �

{
τ if n + l ≥ r + 1,

1 if n + l ≤ r,
(3.24)

and thus we obtain

∑

i+ j≥r

(i + j)r

(i + j)! τ
i+ j−rεiε j A � ‖v‖Ỹ (τ )‖u‖X̃(τ ) + ‖v‖X̃(τ )‖u‖Ỹ (τ ), (3.25)

by the same calculation as (2.15) upon replacing |α|, |β| by i + j and n + l,
respectively.

For the commutator term B, we use Lemma 3.1 to obtain

‖∂ i−pb j∂
p+1(vkw)‖ ≤ ‖∂ i−pb j‖∞

p+1∑

n=0

(
p + 1

n

)
‖∂nvk‖∞‖∂ p+1−nw‖

� (i − p + j)!Ki−p
1 K j

2

p+1∑

n=0

(
p + 1

n

)
‖∂nvk‖∞‖∂ p+1−nw‖.

(3.26)
Noting that ‖∂nvk‖∞ � ‖∂nvk‖1/2‖∂n+2vk‖1/2 + ‖∂nvk‖ and

‖∂kv‖ � Fk,0(v)
k!

krεnτ (k−r)∨0
, (3.27)

we deduce

∑

i+ j≥r

ci, j B �
∑

i+ j≥r

i∑

p=0

p+1∑

n=0

abFn,0(v)1/2Fn+2,0(v)1/2Fp+1−n,0(w), (3.28)

where

a := (i + j)r

(i + j)! εi ε j
(
i

p

)
(i − p + j)!Ki−p

1 K j
2

(
p + 1

n

)(
n!

(n + 1)r εn

) 1
2

(
(n + 2)!

(n + 2)r εn+2

) 1
2 (p + 1 − n)!

(p + 2 − n)r ε p+1−n

= (i + j)r

(i + j)!
i !(p + 1)(i − p + j)!

(i − p)!
((n + 1)(n + 2))1/2

(p + 2 − n)r ((n + 1)(n + 2))r/2 (εK1)i−pε−2(εK2) j

(3.29)
and

b := τ i+ j−r

τ
1
2 (n−r)∨0τ

1
2 (n+2−r)∨0τ (p+1−n−r)∨0

� 1. (3.30)

The last inequality can be verified directly. In fact, it admits much more leeway
than (2.13)–(2.14); for example, the worst possible case, namely when n ≥ r and
p ≥ n − r , gives

b = τ i+ j−r−(n−r)−1−(p+1−n−r) = τ i−p+ j+r−2 ≤ 1. (3.31)
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Note also that, for brevity, we have adjusted the definition of a above by replacing
nr by (n + 1)r and (p + 1 − n)r by (p + 2 − n)r . This is due to the definition of
Fi, j (u) in (3.21) above, which has no prefactor for derivatives of order less than r .
For example, if n = 0 then, without the adjustment, the right-hand side of (3.29)
would involve division by 0. By making the adjustment, we have used the inequality
n + 1 ≤ 2n for n ≥ 1 (and hence “�” in (3.28)).

We now handle (3.28). Recall that, in order to bound it by a product of analytic
norms ‖v‖X (τ )‖w‖X (τ ), the terms with F need to be summed over p and n. We
thus need to sum in i and j first. To this end, we note that

∑

i+ j≥r

i∑

p=0

≤
∑

p≥0

∑

i≥p

∑

j≥0

, (3.32)

since the terms are nonnegative, and so

∑

i≥p

∑

j≥0

a = (p + 1)
((n + 1)(n + 2))1/2

(p + 2 − n)r ((n + 1)(n + 2))r/2

∑

i≥p

ir (εK1)
i

∑

j≥0

(i − p + 1) . . . (i − p + j)

(i + 1) . . . (i + j)︸ ︷︷ ︸
≤1

jr (εK2)
j � 1,

(3.33)

provided ε and ε are sufficiently small. Applying this in (3.28) gives

∑

i+ j≥r

ci, j B �
∑

p≥0

p+1∑

n=0

Fn,0(v)1/2Fn+2,0(v)1/2Fp+1−n,0(w) � ‖v‖X̃(τ )‖w‖X̃(τ ),

(3.34)
upon changing the order of summation and applying the Cauchy-Schwarz inequality
to the n-sum. This and (3.25) then prove the lemma.

Remark 3.2. (Commutators are ok) From the above proof, we note that the com-
mutator terms, which arise whenever a derivative must be brought to the left of the
tangential operator, are somewhat troublesome, as they require care with changing
the order of summation. However, they are acceptable, as they are of lower order,
which make all the coefficients summable with some more leeway. As a result, we
do not need to be careful to obtain τ‖ · ‖Y + ‖ · ‖Hr , but instead ‖ · ‖X̃ , which is
a smaller quantity. Thus, whenever we obtain the X̃ norm using a straightforward
change of the order of summation in a commutator term (or a sum of commutator
terms), we shall skip precise calculations.

Similarly to Corollary 2.4, we can extend the product estimate (3.15) to the
case of products where no derivative is lost, which in particular implies that the
right-hand involves only the X̃ norms (rather than one Ỹ norm and one X̃ norm).
Namely, we have

∑

i+ j≥r
j≥2

|α|r
|α|! τ

|α|−rεiε j‖∂ i T j−2∇(∇ f1∇ f2)‖L2 �r ‖ f1‖X̃(τ )‖ f2‖X̃(τ ), (3.35)
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∑

i+ j≥r

(i + j)r

(i + j)! τ
i+ j−rεiε j‖T i+ j−1(∇ f1∇ f2)‖L2 �r ‖ f1‖X̃(τ )‖ f2‖X̃(τ ),

(3.36)
∑

i+ j≥r

(i + j)r

(i + j)! τ
i+ j−rεiε j‖T i+ j−1(g1 · ∇g2)‖H1 �r ‖g1‖X̃(τ )‖g2‖Y (τ ).

(3.37)

Moreover,

‖uv‖X (τ ) �r ‖u‖X̃(τ )‖v‖X̃(τ ), (3.38)

‖u · ∇v‖X (τ ) �r ‖u‖X̃(τ )‖v‖Y (τ ). (3.39)

Note that there is no extra τ on the right-hand side above (as in (3.15), which
involves the Ỹ norm), as we need to take into account the case where the derivatives
in ∂α(u · ∇v) all fall on ∇v.

3.4. Pressure estimate

Here we prove the pressure estimate (3.17), which is a consequence of the
following statement:

Lemma 3.3. (The pressure estimate in an analytic norm) Consider the solution p
of the Neumann problem

�p = ∇ f1 : ∇ f2 in �

∂n p = ((g1 · ∇g2) · n)|∂� on ∂�,
(3.40)

with the normalizing condition
∫
�
p = 0, where g1, g2 are defined in �, with the

compatibility condition

∫

�

(∇ f1 : ∇ f2) =
∫

∂�

((g1 · ∇g2) · n).

Then we have

‖∇ p‖X (τ ) � ‖ f1‖X̃(τ )
‖ f2‖X̃(τ )

+ ‖g1‖X̃(τ )‖g2‖Y (τ ), (3.41)

provided ε and ε/ε are sufficiently small positive numbers.Moreover, if also g1 ·n =
g2 · n = 0, then

‖∇ p‖X (τ ) � ‖ f1‖X̃(τ )
‖ f2‖X̃(τ )

+ ‖g1‖X̃(τ )‖g2‖X̃(τ ). (3.42)

Note that the pressure estimate (3.17) follows from Lemma 3.3 since in the case
of quadratic term, namely g1 = g2 = v, we can use (3.42) to obtain two X̃ norms,
rather than an X̃ norm and a Y norm.
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Proof of Lemma 3.3. We denote the left-hand side of (3.41) by

I :=
∑

i+ j≥r

ci, j‖∂ i T j∂k p‖, (3.43)

where k ∈ {1, . . . , d} is fixed. We first assume that i ≥ 2, and recall from (3.13)
that

‖∂ i T j∇ p‖ ≤ ‖∂ i T j∇ p‖H2

� ‖∂ i−2T j∇(∇ f1 : ∇ f2)‖ + ‖∂ i−2[�, T j ]∇ p‖
+ ‖T ∂ i−2T j∇ p‖H1 + ‖∂ i−2T j∇ p‖

=: P + Q + R + S.

(3.44)

For P , we only consider the term when the derivative hits f1, namely ‖∂ i−2T j

(D2 f1∇ f2)‖, as the other one is analogous. We have

‖∂ i−2T j D2 f1∇ f2‖ � ‖D2 f1 · ∂ i−2T j∇ f2‖

+
i−2∑

n=0

j∑

l=0
l+n �=0

(
i − 2

n

)(
j

l

)
‖∂nT l D2 f1 · ∂ i−2−nT j−l∇ f2‖

=: P1 + P2.

(3.45)
For P1, we use the Cauchy-Schwarz inequality and the interpolation ‖h‖4 �
‖∇h‖1/2‖h‖1/2 + ‖h‖ to obtain

∑

i+ j≥r

ci, j P1 �
∑

i+ j≥r

ci, j‖D3 f1‖1/2‖D2 f1‖1/2‖∂ i T j f2‖1/2‖∂ i−1T j f2‖1/2 + (Comm.)

� ‖ f1‖Hr
∑

i+ j≥r

ci, j‖∂ i T j f2‖1/2‖∂ i−1T j f2‖1/2 + (Comm.)

� ‖ f1‖Hr ‖ f2‖X̃ ,

(3.46)
where, in the last line, we have applied the Cauchy-Schwarz inequality and the fact
τ i+ j−r ≤ τ (i−1+ j−r)∨0, which allowed us to obtain ‖ f2‖X̃ , since (i+ j)r/(i+ j)! �
(i − 1 + j)r/(i − 1 + j)!, and the implicit constant may depend on ε, ε. Note that
we have also neglected the lower order term in the interpolation inequality (which
is simpler) and, as mentioned in Remark 3.2, we have omitted a precise calculation
of the estimate of the commutator term.

As for P2, we use the interpolation ‖ f1‖∞ � ‖D2 f1‖1/2‖ f1‖1/2 + ‖ f1‖ to
obtain

‖∂nT l D2 f1 · ∂ i−2−nT j−l∇ f2‖
� ‖∂nT l D2 f1‖ ‖∂ i−2−nT j−l∇ f2‖∞
� ‖∂nT l D2 f1‖ ‖D2∂ i−2−nT j−l∇ f2‖1/2‖∂ i−2−nT j−l∇ f2‖1/2

� ‖∂n+2T l f1‖ ‖∂ i+1−nT j−l f2‖1/2‖∂ i−1−nT j−l f2‖1/2 + (Comm.),

(3.47)



   27 Page 28 of 39 Arch. Rational Mech. Anal.          (2025) 249:27 

and thus

∑

i+ j≥r

ci, j P2

�
∑

i+ j≥r

i−2∑

n=0

j∑

l=0
l+n �=0

ci, j

(
i − 2

n

)(
j

l

)
‖∂n+2T l f1‖ ‖∂ i+1−nT j−l f2‖1/2‖∂ i−1−nT j−l f2‖1/2

+ (Comm.)

�
∑

i+ j≥r

i−2∑

n=0

j∑

l=0
l+n �=0

ci, j

(
i − 2

n

)(
j

l

)
‖∂n+2T l f1‖ ‖∂ i+1−nT j−l f2‖1/2‖∂ i−1−nT j−l f2‖1/2

+ (Comm.)

�
∑

i+ j≥r

i−2∑

n=0

j∑

l=0
l+n �=0

Fn+2,l ( f1)Fi+1−n, j−l ( f2)1/2Fi−1−n, j−l ( f2)1/2.

(3.48)
In the last step, we used

τ i+ j−r ≤ τ (n+2+l−r)∨0
(
τ (i−n+1+ j−l)∨0τ (i−1−n+ j−l)∨0

) 1
2
, (3.49)

which can be verified directly (here we also used (n, l) �= 0). Note that, in order to
obtain the terms with F above, we also estimated the factorials as

ci, j

(
i − 2

n

)(
j

l

)
· (n + 2 + l)!
(n + 2 + l)r

(
(i − 1 − n + j − l)!(i − 1 − n + j − l)!
(i − 1 − n + j − l)r (i − 1 − n + j − l)r

) 1
2

=
(n+2+l

n+2
)(i−2−n+ j−l

i−2−n

)

(i+ j
i

)
︸ ︷︷ ︸

≤1

· (n + 1)(n + 2)

i(i − 1)︸ ︷︷ ︸
≤1

· 1

(i − 1 − n + j − l)(i − n + j − l)1/2(i + 1 − n + j − l)1/2

· (i + j)r

(n + 2 + l)r (i + 1 − n + j − l)
r
2 (i − 1 − n + j − l)

r
2

︸ ︷︷ ︸
�1

� 1,

(3.50)

due to Vandermonde’s identity, and by (a + b)r ≤ (2ab)r for a, b ≥ 1. Note
that we have also omitted a detailed analysis of the commutator terms in (3.48),
which would require further rearranging. Applying the Cauchy-Schwarz inequality
to (3.48), we obtain

∑

i+ j≥r

ci, j P2 � ‖ f1‖X̃‖ f2‖X̃ , (3.51)

as required.
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As for Q, we use the commutator decomposition (3.10) to obtain

∑

i+ j≥r

ci, j Q �
∑

i+ j≥r

j−1∑

l=0

∑

|α|= j−l

i−2∑

m=0

(i + j)r

(i + j)! τ
i+ j−rεiε j

j !
α!l! ‖∂

i−2−m(bα1bα2)‖∞
(i − 2)!

m!(i − 2 − m)! ‖∂
m+2T l∇ p‖,

(3.52)

where from

bα1 · ∇(bα2 · ∇) =
∑

i, j

bα1,i bα2, j∂i∂ j + ((bα1 · ∇)bα2) · ∇ (3.53)

we have considered only the first term. We note that

‖∂ i−2−m(bα1bα2)‖∞
α!(i − 2 − m)!

≤ 1

α!(i − 2 − m)!
i−2−m∑

n=0

(
i − 2 − m

n

)
‖∂nbα1‖∞‖∂ i−2−m−nbα2‖∞

≤ 1

α!
i−2−m∑

n=0

(n + α1)!(i − 1 − m − n + α2)!
n!(i − 1 − m − n)! Ki−1−m

1 K |α|
2

≤ 2i−1−m+|α|(i − m)Ki−1−m
1 K |α|

2

≤ (4K1)
i−1−m(4K2)

|α|,

(3.54)

which gives

∑

i+ j≥r

ci, j Q �
∑

i+ j≥r

j−1∑

l=0

∑

|α|= j−l
︸ ︷︷ ︸
�2 j−l

i−2∑

m=0

(i + j)r

(i + j)! τ i+ j−r εi ε j

j !
l!

(i − 2)!
m! (4K1)i−1−m (4K2) j−l‖∂m+2T l∇ p‖

�
∑

m,l≥0

Fm+2,l (∇ p)

∑

i≥m+2
j≥l+1
i+ j≥r

(m + 2 + l)!(i + j)r j !(i − 2)!
(m + 2 + l)r (i + j)!l!m!︸ ︷︷ ︸

=:q

εi−2−mε j−l (4K1)i−2−m (8K2) j−l

� ε‖∇ p‖X̃ ;

(3.55)

in the last line we have used

q =
(m+2+l

m+2

)
(i+ j

i

)
(i + j)r

(m + 2 + l)r
(m + 1)(m + 2)

i(i − 1)︸ ︷︷ ︸
≤1

� (i + j − (m + 2 + l))r �r (4K1)
i−2−m(8K2)

j−l , (3.56)
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by the binomial inequality

(
m + 2 + l

m + 2

)
= (m + 2 + l)!

(m + 2)!l! = (m + 2 + j)!
(m + 2)! j !

l + 1

m + 2 + l + 1
. . .

j

m + 2 + j︸ ︷︷ ︸
≤1

≤ (i + j)!
i ! j !

m + 3

m + 3 + j
. . .

i

i + j︸ ︷︷ ︸
≤1

≤
(
i + j

i

)
,

(3.57)
for i ≥ m + 2, j ≥ l, as well as the elementary inequality1 a

b ≤ 2(a − b) for
a ≥ b + 1 ≥ 2. The second part of Q, arising from the second term in (3.53), is
estimated analogously.

As for R, we note that the case i = 2 is trivial, since then

R � ‖∂T j+1∇ p‖ + ‖T j+1∇ p‖, (3.58)

and so
∑

2+ j≥r

c2, j R ≤ ε

ε
‖∇ p‖X̃ . (3.59)

For i ≥ 3, we write

∇T ∂ i−2T j∇ p = ∂ i−1T j+1∇ p−
i−3∑

n=0

(
i − 2

n

)
∇

(
∂ i−2−nb ∂n+1T j∇ p

)
, (3.60)

and thus

R � ‖T ∂ i−2T j∇ p‖ + ‖∂ i−1T j+1∇ p‖

+
i−3∑

n=0

(
i − 2

n

) (
‖∂ i−2−nb‖∞‖∂n+2T j∇ p‖ + ‖∂ i−1−nb‖∞‖∂n+1T j∇ p‖

)

=: R1 + R2 + R3 + R4.

(3.61)
Clearly,

∑

i+ j≥r
i≥3

ci, j (R1 + R2) ≤
(

ε + ε

ε

)
‖∇ p‖X̃ . (3.62)

1 This is obvious for a ∈ [b+ 1, 2b) and otherwise, if a ∈ [kb, (k + 1)b) for some k ≥ 2,
we have a/b ≤ k + 1 ≤ 2(k − 1) ≤ 2(k − 1)b ≤ 2(a − b), as required.
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Moreover,

∑

i+ j≥r
i≥3

ci, j R3 �
∑

i+ j≥r
i≥3

i−3∑

n=0

(i + j)r (n + j)!
(n + j)r (i + j)!

(i − 2)!
n! (εK1)

i−2−n Fn+2, j (∇ p)

�
∑

n, j≥0

jr

(n + j)r
Fn+2, j (∇ p)

∑

i≥n+3

(n+ j
n

)
(i+ j

i

)
(i − 1)i

ir (εK1)
i−2−n

� εK1

∑

n, j≥0

Fn+2, j (∇ p)

� ε‖∇ p‖X̃ ,

(3.63)
where we used (3.57) in the last inequality. A similar calculation shows that∑

i+ j≥r,i≥3 ci, j R4 � ε‖∇ p‖X̃ .
As for S, we have that

∑

i+ j≥r

ci, j‖∂ i−2T j∇ p‖ ≤ ε2
∑

i+ j≥r

Fi−2, j (∇ p) ≤ ε2‖∇ p‖X̃ , (3.64)

since (i+ j)r

(i+ j)! ≤ (i−2+ j)r

(i−2+ j)! .
It remains to consider the case i ∈ {0, 1}. To this end, we note that

∑

j≥r−i

ci, j‖∂ i T j∇ p‖ � ε‖∇ p‖X̃ +
∑

j≥r−i

ci, j‖T j+i−1 p‖H2 . (3.65)

Indeed, for i = 1, we use (3.11) to get

‖∂[T j ,∇]p‖ = ‖∂(b j · ∇)p‖ � j !K j
2 ‖D2 p‖ + ( j + 1)!K j

2 ‖∇ p‖ (3.66)

and so ∑

j≥r−1

c1, j‖∂[T j ,∇]p‖ � εε2‖∇ p‖H1 � ε‖∇ p‖X̃ . (3.67)

Similarly, in the case i = 0, we have
∑

j≥r c0, j‖[T j ,∇]p‖ � ε‖∇ p‖X̃ , from
which (3.65) follows.

In order to control ‖T j+i−1 p‖H2 , we recall that p satisfies �p = ∇ f1 : ∇ f2
with the Neumann boundary condition ∂n p = (g1 · ∇g2) · n. We focus on the case
i = 1 first. Applying T j , we see that T j p satisfies
{

�T j p = T j (∇ f1∇ f2) + [�, T j ]p in �,

∂nT j p = T j ((g1 · ∇g2) · n) − ∑ j
k=1

( j
k

)
T j−k∇ p · T kn + [∇, T j ]p · n on ∂�.

(3.68)
Applying the H2 elliptic estimate thus gives

‖T j p‖H2 � ‖T j (∇ f1∇ f2)‖ + ‖[�, T j ]p‖ + ‖T j ((g1 · ∇)g2 · n)‖H1/2(∂�)

+
j∑

k=1

(
j

k

)
‖T j−k∇ p · T kn‖H1 + ‖[∇, T j ]p · n‖H1

=: M1 + M2 + M3 + M4 + M5.

(3.69)
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In order to bound M1–M5, we note that the only terms in (3.69) where we do not
gain a derivative (from a commutator or n) are those containing v,w, g, and so we
expect all the remaining terms to be bounded by ε‖∇ p‖X̃ .

We have
∑

j≥r−1 c1, j M1 ≤ ‖ f1‖X̃‖ f2‖X̃ , by the product estimate (3.36), and,
similarly to term Q above we have, using (3.10),

∑

j≥r−1

c1, j M2 �
∑

j≥r−1

(1 + j)r

(1 + j)! τ
j+1−rεε j

j−1∑

l=0

∑

|α|= j−l

j !
α!l! ‖bα1bα2‖∞︸ ︷︷ ︸

�α!K j−l

‖∂2T l p‖

�
∑

j≥r−1

j−1∑

l=0

(1 + j)r

(1 + j)! τ
j+1−rεε j

∑

|α|= j−l

j !
α!l! ‖bα1bα2‖∞‖∂2T l p‖

�
∑

l≥r−2

F1,l(∇ p)
∑

j≥l+1

(εK ) j−l( j − l)r+1

︸ ︷︷ ︸
�ε

+
∑

j≥r−1

j−1∑

l=0

(1 + j)r

(1 + j)! τ
j+1−rεε j

∑

|α|= j−l

j !
l! K

j−l‖∂[T l ,∇]p‖

� ε‖∇ p‖X̃ + ε
∑

j≥r−1

j−1∑

l=0

jr+1(εK ) j‖∇ p‖H1

� ε‖∇ p‖X̃ ,

(3.70)
where K := max{K1, K2}, and we noted, as in (3.66), that

‖∂[T l ,∇]p‖ ≤ ‖∇bl‖∞‖∇ p‖ + ‖bl‖∞‖D2 p‖ � (1 + l)!Kl‖∇ p‖H1 . (3.71)

For M3, we use the trace estimate on �′, the product estimates (3.38)–(3.39), and
the analyticity of n (recall (3.6)) to obtain

∑

j≥r−1

c1, j M3 �
∑

j≥r−1

c1, j

(
‖∂T j ((g1 · ∇)g2 · n)‖L2(�′) + ‖T j ((g1 · ∇)g2 · n)‖L2(�′)

)

� ‖(g1 · ∇)g2 · n‖X̃(τ ;�′) � ‖g1‖X̃‖∇g2‖X̃ � ‖g1‖X̃‖g2‖Y ,

(3.72)

while for M4 we have

∑

j≥r−1

c1, j

j∑

k=1

(
j

k

)
‖∇(T j−k∇ p · T kn)‖

�
∑

k≥1

∑

j≥k
j≥r−1

(1 + j)r−1

k!( j − k)! εε j τ (1+ j−k−r)∨0
(
‖∂T j−k∇ p‖‖T kn‖∞ + ‖T j−k∇ p‖‖∂T kn‖∞

)

� ε‖∇ p‖X̃
∑

k≥1

εk
(
kr

k! ‖T kn‖∞ + ε
(1 + k)r

(1 + k)! ‖∂T kn‖∞
)

�n ε‖∇ p‖X̃ ,

(3.73)
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where we used the fact (3.6) that n is an analytic function with a lower bound on
the analyticity radius. A similar and easier argument gives the same bound when
there is no ∇ on the left-hand side, which yields

∑
j≥r−1 c1, j M4 � ε‖∇ p‖X̃ .

As for M5, we get

‖∇([∇, T j ]p · n)‖ � ‖∇(b j · ∇)p‖ + ‖(b j · ∇)p‖‖n‖Hr � ( j + 1)!K j‖∇ p‖H1 ,

(3.74)
and similarly for ‖[∇, T j ]p · n‖, which leads to

∑

j≥r−1

c1, j M5 � ‖∇ p‖H1

∑

j≥r−1

( j + 1)rτ j+1−rεε j K j � ε‖∇ p‖X̃ . (3.75)

We now focus on ‖T j+i−1 p‖H2 in the case i = 0. Recall from (3.65) that we
then need to control ‖T j−1 p‖H2 , and the arguments remain analogous. Indeed, note
that in the above arguments, concerned with the case i = 1, we have not utilized
the fact that ε/ε � 1. We only needed this earlier for the derivative reduction
procedures in the case i ≥ 2 above (in (3.62), for example), where one does not
gain a derivative. There we only used the fact that ε is sufficiently small for the
absorption of the resulting terms ε‖∇ p‖X̃ . In the control of ‖T j−1 p‖H2 , similarly
to the case i = 1 above, only the combined powers of ε and ε are relevant, showing
that the computation in the case i = 0 is analogous.

Finally, in order to justify the last claim in the lemma, we take advantage of the
derivative reduction (see Lemma 3.5 below) to write (g1 ·∇)g2 ·n = −g1,l g2,m∂lmφ,
where φ is the signed distance function. We replace (3.72) by

∑

j≥r−1

c1, j M3

�
∑

j≥r−1

c1, j

(
‖∂T j (g1g2D

2φ)‖L2(�′) + ‖T j (g1g2D
2φ)‖L2(�′)

)

� ‖g1g2D
2φ‖X̃(τ ;�′) � ‖g1g2‖X̃ � ‖g1‖X̃‖g2‖X̃

(3.76)

in the case i = 1, where we also used (3.8), and we make a similar adjustment in
the case i = 0. ��

Analogously to Corollary 2.7, we now extend the above pressure estimate to
the case of a simpler boundary condition.

Corollary 3.4. Suppose that p satisfies

�p = 0 in �,

∂n p = f · n on ∂�.
(3.77)

Then ‖∇ p‖X̃ � ‖ f ‖X̃ .
Proof of Corollary 3.4. We note that, similarly to (3.55)–(3.65), we have

‖∇ p‖X̃ �
(

ε + ε

ε

)
‖∇ p‖X̃+

∑

j≥r

c0, j‖T j−1 p‖H2+
∑

j≥r−1

c1, j‖T j p‖H2 . (3.78)
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As for the last term we obtain, similarly to (3.69)–(3.75) (the only difference is in
(3.72), where “g1 · ∇g2” is replaced by “ f ”) we obtain

∑

j≥r−1

c1, j‖T j p‖H2 � ε‖∇ p‖X̃ + ‖ f · n‖X̃(τ ;�′) � ε‖∇ p‖X̃ + ‖ f ‖X̃ , (3.79)

where we used (3.38) and the analyticity assumption (3.6) on �. A similar argument
for the penultimate term in (3.78) gives the claim. ��

3.5. Derivative reduction lemma

Here we prove a reduction lemma, which is due to Temam [26].

Lemma 3.5. (Derivative reduction) Let f and g be sufficiently smooth vector fields
in � such that

f · n = g · n = 0 on ∂�. (3.80)

Then we have

( f · ∇g) · n = − fi g j∂i jφ on ∂�,

where φ is the signed distance function taking positive values outside and negative
values inside (so that n = ∇φ).

Note that |∇φ| = 1 in a neighborhood of ∂�. For simplicity, we denote

φi j = ∂i jφ, i, j = 1, 2. (3.81)

Proof of Lemma 3.5. The boundary ∂� is a solution of the equation φ(x) = 0, and
since also

g · ∇φ = 0 on ∂�,

by (3.80) for g, noting also that ν = ∇φ, we have

∇(g · ∇φ) = k∇φ on ∂�,

i.e.,

∂i (g j∂ jφ) = k∂iφ on ∂�,

where k is a scalar valued function in a neighborhood of ∂�. Therefore, we obtain

( f · ∇g) · n = ( f · ∇g) · ∇φ = fi∂i g j∂ jφ = fi∂i (g j∂ jφ) − fi g j∂i jφ

= fi k∂iφ − fi g j∂i jφ = − fi g j∂i jφ

on ∂�, where we used (3.80) for f in the last step. ��
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4. Global well-posedness in 2D

Here we prove Theorem 1.3. For simplicity, we take τ0 = 1. Suppose that

‖ω0‖∞ + ‖v0‖X̃(1) ≤ C0, (4.1)

where ω0 := curl v0, and

‖u(t)‖X̃(1) + ‖u(t)‖Y (1) ≤ f (t) for all t ≥ 0, (4.2)

where f : [0,∞) → [0,∞) is such that

‖ f ‖L2 + ‖ f ‖∞ ≤ C1 (4.3)

for some C0,C1 ≥ 1. We note that the a priori estimate (1.14) gives

d

dt
‖v‖X̃(τ )− τ̇‖v‖Y (τ ) ≤ C̃

(‖v‖X̃(τ )‖v‖Ỹ (τ )+ f
(‖v‖X̃(τ )+‖v‖Y (τ )

)+ f 2) (4.4)

for some C̃ ≥ 1. Thus, if
−τ̇ ≥ 2C̃

(‖v‖X̃τ + f
)

(4.5)

(recall (1.22)), then

d

dt
‖v‖X̃(τ ) −

τ̇

2
‖v‖Y (τ ) ≤ C̃

(‖v‖X̃(τ )‖v‖H3 + f
(‖v‖X̃(τ ) +‖v‖H3

)+ f 2). (4.6)

This suggests that the X̃ norm (as well as the time integral of the Y norm) is under
control as long as the H3 norm is. As for the H3 norm, we first note that

d

dt
‖ω + ω‖∞ ≤ ‖u‖∞‖∇ω + ∇ω‖∞ (4.7)

(since ω + ω satisfies the transport equation with the velocity v + u, and v · n = 0
on the boundary), where ω := curl v and ω := curl u. Therefore,

‖ω‖∞ ≤ ‖ω0 + ω(0)‖∞ + ‖ω‖∞ +
∫ t

0
‖u‖∞‖∇ω + ∇ω‖∞ ≤ C (4.8)

for all t > 0 such that ∫ t

0
f (s)‖v(s)‖W 2,∞ ≤ 1, (4.9)

where C ≥ 1 is a constant depending on both C0 and C1.
Here we have assumed for a moment that v exists and is regular for all times. The

inequality (4.8) and the well-known elliptic bound ‖∇v‖∞ � 1 + ‖curl v‖∞(1 +
log+ ‖v‖H3) (see (6) in [8]) allows us to derive the H3 estimate of (1.3),

d

dt
‖v‖H3 � ‖v‖H3 (‖∇v‖∞ + f ) + f ‖v‖Y + f 2

� ‖v‖H3
(
1 + log+ ‖v‖H3

) + f ‖v‖Y + 1, (4.10)

where the implicit constant also depends on C0,C1, and the “ f ‖v‖Y ” term comes
from the “u · ∇v” term in (1.3), as ‖v‖H4 � ‖v‖Y + ‖v‖H3 . We note that the
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appearance of the H4 norm above is a consequence of the derivative loss described
in (1.5) above. We thus obtain C2 ≥ 1 (depending on C0,C1) such that

‖u(t)‖H3 ≤ C2 exp exp(C2t) (4.11)

for all t ≥ 0 such that ∫ t

0
f (s)‖v(s)‖Y ds ≤ 1. (4.12)

Consequently, (4.6) gives

sup
s∈[0,t]

‖v(s)‖X̃(τ ) −
∫ t

0
τ̇‖v(s)‖Y (τ )ds

� exp

(
exp exp(C2t) +

∫ t

0
f

) (
1 + ‖v0‖X̃ + ‖v0‖H3

∫ t

0
f exp exp(C2s)ds

)
,

(4.13)

and so there exists C3 ≥ 1 (depending on C0,C1) such that

sup
s∈[0,t]

‖v(s)‖X̃(τ ) −
∫ t

0
τ̇‖v(s)‖Y (τ )ds ≤ C3 exp exp exp(C3t) (4.14)

for all t ≥ 0 such that (4.5) and
∫ t

0
f (s) exp exp(C2s)ds ≤ 1 (4.15)

hold. We emphasize that τ (and so also ‖ · ‖X̃ and ‖ · ‖Y ) is a function of time. Now
that we have estimated the expected growth of ‖v‖X̃ , we can define τ . Namely, in
light of (4.5), we see that there exists C4 ≥ 1 such that

τ(t) := exp

(
−C4

∫ t

0
exp exp exp(C4s)ds

)
(4.16)

satisfies τ0 = 1, as assumed, and (4.5), provided (4.14) and that f satisfies

C5 f (t) exp4(C5t) ≤ 1 for all t ≥ 0, (4.17)

where C5 ≥ C4 is a large constant. This choice of τ first lets us determine another
constraint for f guaranteeing (4.9). Namely, noting that there exists C6 > C5 such
that

‖v(s)‖W 2,∞ � τ(s)−10‖v(s)‖X̃(τ (s)) � C6 exp4(C6s) (4.18)

for all t ≥ 0 for which (4.14) holds, we see that (4.9) follows if

C6

∫ t

0
f (s) exp4(C6s)ds ≤ 1. (4.19)

Second, the choice (4.16) determines the integrability of ‖v‖Y in time, namely we
have

−τ̇ (t) ≥ C−1
7 exp (− exp exp exp(C7t)) (4.20)
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for some C7 ≥ C6, and so (4.6) implies that
∫ t

0

‖v‖Y (τ )

C7 exp4(C7s)
ds �

∫ t

0
C3 exp3(C3s) ds, (4.21)

from where
∫ t

0
‖v‖Y (τ )

C8 exp4(C8s)
ds ≤ 1 if C8 > C7 is sufficiently large.

This shows that, choosing τ as in (4.16), we obtain the global-in-time a priori
bound (4.14), provided u is such that f satisfies

f (t)C8 exp4(C8t) ≤ 1 for all t > 0, (4.22)

so that f satisfies (4.3), (4.12), (4.15), (4.17), and (4.19). This way, all the above
estimates hold unconditionally for all t ≥ 0 (by applying a simple continuity
argument), and the a priori bound (4.14), which is valid for all t ≥ 0, lets us modify
the local well-posedness proof of Section 2.2 to obtain the global well-posedness
result with

‖v‖L∞((0,∞);X̃(τ )) + ‖ − τ̇ v‖L1((0,∞);Y (τ )) < ∞, (4.23)

with τ chosen in (4.16), as required.
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