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Abstract

We consider the incompressible Euler equations on an analytic domain €2 with
a nonhomogeneous boundary condition u - N = u - N on 92, where u is a given
divergence-free analytic vector field. We establish the local well-posedness for u in
analytic spaces without any compatibility conditions in all space dimensions. We
also prove the global well-posedness in the 2D case if & decays in time sufficiently
fast.

1. Introduction

In this paper, we are concerned with the inflow-outflow problem for inviscid
incompressible flows. Namely, we fix an analytic domain  C R? (see Section 3.1
for the definition) and an analytic divergence-free vector fieldu : [0, Tp] x 2 — R4 s
where Ty > 0, and we seek a solution to the Euler equations with the prescribed
normal component of the velocity on 92,

u—+u-Vu+Vp =0,
V-u=0 in , (1.1)
Uu-Nn=u-n on 082,

where n represents an outward unit normal vector, with the initial condition u(0) =
uo. Formally, the pressure p in (1.1) satisfies the nonhomogeneous elliptic system

—APZZE),‘MjajM,‘ in ,
i (1.2)
anp:—(uvu)n_atﬂn OnaQ.

‘We note that the inflow-outflow problems arise in many physical situations. Several
examples include aerodynamics, where we consider the flow of air around a wing or
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arocket, environmental flows, where we model flows of rivers into lakes, and blood
flow, where the inflow-outflow condition is time-dependent. Also, if the domain
containing a fluid is moving, we arrive naturally at the inflow-outflow problem [23,
p- 5l

The problem (1.1) was initially studied by Zajaczkowski [27-30], Antontsev,
Kazhikov, and Monakhov [1,2], then by Petcu in [25], and more recently by Gie,
Kelliher, and Mazzucato in [12,13]. It is known to become very difficult as soon as
u - n # 0. This can already be observed at the Sobolev level. Namely, set

vVi=u—u,
in which case the Euler equations (1.1) become
ov+v-Vo+u-Vo+v-Vu+u-Vu+ Vp = —ou,
V.v=0 inQ, (1.3)
v-n=0 on 082,
with the initial condition v(0) = vg. Given a multiindex o, we apply 9 to the Euler
equations (1.3), multiply by d%v, and integrate to obtain the standard estimate on

the time evolution of Z| al=k | 0%v|| ;2. One of the terms appearing on the right-hand
side of such an estimate is

1
/(ﬁ.va%)-a%= -/ |0%v|%% - n, (1.4)
Q 2 Joa
which can be bounded by
||ﬂ||oo||8av||iz(39) S tlloc 9%l 2@ 10% V1 g1 (1.5)

The expression on the right-hand side is problematic since, to estimate the derivative
of order ||, we need to control a derivative of the higher order |«| + 1.

To understand the problem better, we note that one may use the Gromeka-Lamb
form of the Euler equations (1.1) to show that the identities

2 1
u
Wl = (—B,Mt — Vi <p + L)) — utCurlagut

2 (1.6)

" = curlyou'

must hold on 9€2, where V;q, curlyq denote appropriate tangential derivatives on
0, and V" :=v - n, v! := v — v"n denote the normal and tangential components,
respectively, of a vector field v, and vt = n x v; see [13, Proposition 3.1] for
details. Following observations in [13], we note that (1.2) and (1.6) appear to give,
roughly speaking,

two relations among four quantities w, Vyq p, u", ut, (L.7)

which suggests that, in order to obtain any local well-posedness of (1.1) one must
find, independently, a way of determining two relations, so that (1.2) and (1.6)
provide the remaining two. This is related to the fact that, on the “inflow portion”
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of 92, the incoming vorticity » must lie in the range of curl and that div & must
remain conserved (see [13, (1.6)]). One way of dealing with this issue is to impose
an additional boundary condition on the entire velocity field u on the inflow portion
0Q2jy, of the boundary 9€2. This problem was considered by [13, Theorem 1.2], who
proved the local well-posedness in CV +1he (¢ € (0, 1)) in the case of unsteady u,
provided a certain compatibility condition, involving the N-th and (N + 1)-st time
derivatives, holds on 092, at t = 0.

Another way of dealing with the above issue is to prescribe w on 9£2;,—the
so-called vorticity boundary conditions; see [27] as well as [13, Theorem 1.3]. We
also refer the reader to [28] where a boundary condition for pressure is assumed
on the outflow part of the boundary, to [28-30] for results concerned with domains
with corners, to [13] for an extensive introduction to the problem, as well as to the
classical work [2] on the subject. We point out that the existence and uniqueness
problem when the vorticity is prescribed at the inflow portion of the inflow-outflow
Euler problem remains open and not well-understood. Also, the problem increases
in complexity in higher regularity Sobolev spaces.

In this paper, we prove the unique solvability of the inflow-outflow problem
when the data are analytic, however without any additional condition to (1.1)3. This
is possible since analytic data can be uniquely extended to a neighborhood of €2, and
thus the compatibility conditions can be bypassed for a short time. We emphasize
that the inflow and outflow regions do not need to be separated, and they can even
move over time as the function # in (1.1)3 is time-dependent. Our approach works
equally in all space dimensions, two or higher, although we present full details in
the space dimension two, pointing out the adjustments for the dimensions three or
higher.

To describe our approach, consider the analytic norms

lullx = D cijld'T/ull,  wherecj := UA ) ivjoriel
X (1) .—‘ : ij s ij = (l+])‘ s
i+j=>r
lullgy == lullx@) + lullar,
i+ j o 1.8
v = 5 eyl Tul, (18)
i+j>r+l1

lullgeey == Tlullyee) + lull e,
lully ey == leellycoy + lull e,

where r > 3 is fixed, and where we use the notation
-1 =112 (1.9)

for the L? norm. Here, 7(7) denotes a time-dependent analyticity radius. The choice
of t(¢) is the main degree of freedom in the analytic approach, and an appropriate
choice of () provides us with the analytic dissipation. This in turn allows us to
overcome a derivative loss; see (1.14) and the discussion that follows. If the choice
of the analyticity radius t is clear from the context, we use a short-hand notation

I-lg=Il-Igz, I-ly=11-lre, I-ly=I-llye + Il (1.10)
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The tangential operator 7 is a technical device required to handle the case
of a nonflat boundary 9<2; we refer the reader to Section 3 for the definition of
tangential operators T and for the notation ||3’ 7/ u||. The constants ¢, € > 0 are
used for absorbing lower order commutator terms as well as tangential reduction
arguments to transfer normal derivatives to tangential ones; see (2.42), for example.
We suppose that € and €/¢ are sufficiently small positive numbers, as required by
Lemma 3.3 below. The number €/¢ is related to the quotient of the normal and
tangential analyticity radii, which we require to be bounded by a small constant.
We discuss the spaces X, X.Y,Y,Y in more detail below Theorem 1.2, but we
note at this point that they were introduced in [7,18,19]; see also [16,17] for the
non-summed norms and the Navier-Stokes setting. We also note that

Vullg < llully. (1.11)
We now define the notion of a solution in analytic spaces.

lzeﬁnition 1.1. Given Ty > O and t: [0, Ty] — (0, 00), a function v: [0, Ty] —
X (infy¢0,75) T(¢)) 1s a solution of the system (1.3) on some interval [0, Tp] if

(i) v e L>([0, Tol, X(T))ﬂL (0, Tol, Y (1),
(ii) there exists p € L([0, Ty, X(r)) such that Vp € L([0, Ty, X(r)) and

t
v(t) = uo—ﬁ(t)—f (wVv+u-Vv+v-Vu+u-Vu+V p—0o,u) ds, t € [0, To]l,
0

(1.12)
(iii) the second and third equations in (1.3) hold.
We assume that the background velocity field u satisfies
105y + 15y + 1367l 5 < 0 (1.13)

for some 19 € (0, 1].

Throughout, we assume, without loss of generality, that fQ p = 0 holds for all
times. The following is our main result on the local well-posedness of the inflow-
outflow problem.

Theorem 1.2. (Local well-posedness of (1.3) in analytic spaces) Let r = d + 1.
Assume that Q C RY, where d > 2, is an analytic domain, and suppose that
vy € X (10), for~s0me 79 € (0, 1]. Then there exists M > 1 and a unique solution
v € C([0, Tol; X(t(2))) to (1.3), satisfying the initial condition v(0) = vy and the
estimate

lg) = £l S 105 V1) + 1Tl 105y

+ 1750 105y + 17 500y [T gy + 135715 oy
(1.14)

forallt € [0, Ty, where
T(t) := 19 — Mt, (1.15)

and Ty := t9/ M.
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We emphasize that Theorem 1.2 does not involve any compatibility conditions
(except for the divergence-free condition divu = 0, which in turn guarantees that
f aq ¥ - N = 0. This does not contradict the issue (1.7) discussed above since it is
not clear whether the quantities w , Vyo p, u", and ut are entirely independent of
each other. In fact, Theorem 1.2 shows that they are not in the analytic setting.

On the other hand, the issue of the derivative loss pointed out in (1.5) is accom-
modated by the analytic dissipation. Roughly speaking, Y encodes the derivative
loss through the second term on the left-hand side of (1.14). In order to illustrate
this, suppose that there exists A > 0, depending only on u and vy, such that

To
sup ||v||55+M/ lvlly < A. (1.16)
tel0,Tp] 0

For illustration purposes, consider a simplified version of (1.14), where we only
take into account the first term on the right-hand side of (1.14) with the norm || - ||3
replaced by its analytic part || - ||y,

d
g lulx + Milvlly = Collvliglvlly- (1.17)

This way we consider only the leading order quadratic term on the right-hand side,
demonstrating the strength of the analytic dissipation. Note that (1.17) gives

To To
sup |Iv||>7+M/ lvlly < Co/ lvliglivily
t€[0,Ty] 0 0

To
< Co sup Ilvll;}/ lvlly < CoA’M ™,
1€[0,Ty] 0

where we used the assumption (1.16) in the last inequality. Thus, choosing a suf-
ficiently large M > 1, the right-hand side is bounded by A /2, which is consistent
with (1.16) and also gives the leeway of another A/2 for estimating the remaining
terms appearing on the right-hand side of (1.14). In particular, the Sobolev part of
lvlly, which we omitted above, can be bounded by ||v|| . It is thus clear that, upon
making an appropriate choice of A (see (2.54) below) and sufficiently large M > 1
(see (2.63) below), the local well-posedness result of Theorem 1.2 can be obtained
with Ty = t9/M. Note that a precise argument requires a Picard-type argument;
see Section 2.2 for details. We emphasize that the local-posedness result is possible
by ensuring that the analyticity radius decreases sufficiently quickly, i.e., we set the
analytic dissipation M > 1 sufficiently large.

We emphasize that Theorem 1.2 does not take advantage of the fact that the
analytic part of ||v|| on the right-hand side of (1.14) involves an additional factor
of t. This is because we need to take M > 1 large, depending on u. Moreover,
in the 3D case the time of existence cannot be extended further not only due to
u, which could be large, but also because the 3D Euler equations are only locally
well-posed. In contrast, in the 2D case, we can explore the global Sobolev existence
by and assuming that u decays sufficiently fast and choosing 7 proportional to —t,
since this is what making the best use of “t”in |[v||y = t||v|ly + ||v|| gr, appearing
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in the first term on the right-hand side of (1.14), suggests. This way, we obtain
the global well-posedness (see Theorem 1.3), whose proof takes advantage of the
persistence of regularity; see the comments below Theorem 1.3.

Before stating the global well-posedness result in the 2D case, we note that the
condition » = d + 1 in Theorem 1.2 (which is sufficient but not optimal) is related
to the product estimates for the lower order part of the analytic norm || - || 5, namely
the part that does not admit the analytic dissipation. To be precise, we need the
condition r > d + 1 for the product estimates (Lemma 2.1, Corollary 2.4, (3.15),
(3.35)—(3.39)), as it plays a crucial role in the factorial bounds (see (2.10)—(2.11),
for example) and in controlling the powers of 7 (see (2.13)—(2.14), for example).
It is also required in performing the persistence of regularity argument (see the
comments below Theorem 1.3) and in the pressure estimates (see Lemmas 2.6
and 3.3). The choice r = d + 1 is sufficient for our purposes, and we fix this value
for r throughout, but we note that it can be relaxed to any r > d/2, as one can
verify directly.

We provide details for the case d = 2 of Theorem 1.2; for other d, the argu-
ments apply analogously, except that the computations become more complicated.
The computations in the case d = 2 should convince the reader that the relevant
cancellations and summations properties persist in any space dimension.

We note that the treatment of an arbitrary domain €2 requires some technical
computations regarding the tangential operator 7', and so, for the sake of simplicity,
we first focus on the flat case, namely,

Q=T x (0, 1), (1.18)

where T denotes the flat torus. This already demonstrates the strength of the method
and reveals the main idea of the proof of Theorem 1.2, with a general analytic
domain treated further below. The main observation in the flat case is that the
partial derivative 0; is tangential to the boundary. Moreover, d; is normal to the
boundary, and the two derivatives together form the full gradient. Consequently, the
product and pressure estimates are simpler, and therefore it is reasonable to replace
the analytic norms (1.8) with simpler definitions

. |a|r la|—=r oy qa
lullxey =D —=7l"e* %],

]!
oe|>r
lutll g oy = lullx o) + Nl e,
le| (1.19)
lully@y =Y Wr'“' e ||9%ul],
lo|>r+1 :

lull§ ) == tllully@) + lullar,
lullgey = leelly ey + llull -
As for the case of a general domain, treated in Section 3, we introduce the
necessary concepts in Section 3.1, and we prove Theorem 1.2 in full generality

in Section 3.2. The proof requires introducing an abstract notion of a tangential
operator T and taking into account the resulting commutators. It also requires
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the derivative reductions (Lemma 3.5) to get a sufficiently strong estimate on the
pressure, particularly regarding the boundary condition in (3.40); see Section 3.4
for details.

Our second result asserts the global-in-time well-posedness in the 2D case under
a decay-in-time assumption on u.

Theorem 1.3. (GloNbal Well;posedness in 2D) Let d = 2 and ©9 € (0, 1], and
suppose that vg € X (t9) N Y (10). Then there exist A, B > 1 such that if

t
T(t) := o Xp (—A / exp exp exp(As)ds) (1.20)
0

and [T 1320y + 18O 7y + 10FO gy < F@O forall t = 0, where
f:10,00) — [0, 00) satisfies

Bf(t)expexpexpexp(Bt) <1, forall r > 0, (1.21)

then there exists a uﬁique solution v € L*°([0, 00); %(r)) to the system (1.3) with
—tv € L1((0, 00); Y (7).

Here, v is a solution to (1.3) in the sense that Definition 1.1 holds for any 7 > 0.

The proof of the above theorem uses the persistence of analyticity, namely that
the existence in analytic spaces can be extended as long as a certain subcritical norm
remains under control. This can be observed in the a priori estimate (1.14), which
shows that the only quadratic term on the right-hand side, namely ||v|| 2o IVllF s
involves an additional factor of t next to the ¥ norm (recall (1.8), (1.19)). This
shows that if 7: [0, c0) — [0, 00) satisfies

-7 > C(tlvlig + f) (1.22)

with a large C > 1, then the ¥ norm can be absorbed by the left-hand side, and thus
the right-hand side of (1.14) grows linearly in v provided ||v|| 3 is bounded by a
constant. However, due to the inflow-outflow velocity u, it is not immediately clear
how to control ||v]| 3. Indeed, noting that the vorticity 6 := curl (v 4 u) satisfies

0+ (w+u) V=0, (1.23)

we observe that |0 iS not conserved as u can bring nonzero vorticity from
outside of 2. Thus it is not clear, at this point, how to obtain the global well-
posedness. However, one may observe that, since v is analytic, it can be uniquely
extended to a small neighborhood of €2, which gives us control of the vorticity that
can be brought in by u, provided u decays sufficiently fast (as mentioned above).
To be precise, observing that

d _ _ _
g 10lle0 = Mllooll VOlloo = tlloo [Vl w20 + N0, (1.24)

we can estimate ||v]| 2. by [[v] % (x)- This lets us predict, for sufficiently decaying
u, an estimate on the global-in-time growth of ||v|| X(r) a8 well as the decay of
7(¢) that both control |||« globally, and hence also ||v]| ;3 and V1% () Thus we
can back-define 7, using the smallness assumption (1.21) on f and a continuity
argument; see Section 4 for details.
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1.1. Smoothness of solutions

We note that Theorem 1.2 only gives u which is bounded with values in X (1),
and it is not immediately clear that « is a smooth function of ¢ if u is. To explain
this, assume that # is smooth in space and time. We first note that (1.12) holds as
an equality in H* for every k > 0, and so

n
u(tr) —u(t)) = —/ uVu+Vp)ds forO0<t; <th <T, (1.25)
1

asanequality in H* for every k > 0. Varyingt;, t,, weobtainthatu € C ([0, Ty]; Hk)
for every k > 0. Then, applying the divergence operator to (1.25), varying #; and

1, and applying Lebesgue Differentiation Theorem and trace estimates shows that

(1.2) holds for almost every ¢ € [0, Tp]. Modifying p on a set of times of measure

0, we thus obtain that p € C([0, Tpl; H*) for every k > 0. Dividing (1.25) by

ty — t1 and varying ¢, o, we obtain that u € Cl([O, Tol; Hk) for every k > 0 and

consequently p € C 1 (10, Tp]; H k ) for every k > (0. We can continue by induction,

obtaining that u and p have the same degree of smoothness as u.

2. The case of a flat domain

In this section, we prove Theorem 1.2 for the case of a periodic channel, i.e.,
Q=Tx (0,1).

2.1. A priori analytic estimate (periodic channel)

Here, we derive the analytic a priori bound (1.14), provided that the analyticity
radius 7: [0, T] — R, and the solution v: [0, T] x 2 — R? are given; the
construction is presented in Section 2.2. We apply 9 to the first equation in (1.3)
and test with 3% v obtaining

1d
EEf'aa”|2=_/((” +ﬁ)-va%)-a“u—/So,(v+u,v+n)-a“v
- f ((v +u) - Vao‘ﬁ) -0%v — / “Vp- 0% — [ 0%0u - 9%,
2.1)
where we set that
Sav,w)i= (“)(aﬂu.V)a“—f‘w. (2.2)

0<B<a

Here and in the sequel, we use the notation [ := [,. Note that the first term on the
right-hand side of (2.1) may be estimated by ||u]| oo ||0%v]||[|VI¥V]|.

The main difficulties in obtaining the a priori estimate (1.14) is the treatment
of the nonlinear terms || S(-, -)|| and the pressure term [|0%V p]||.
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Lemma 2.1. (product estimate in the case of periodic channel) Withr > d + 1, we
have

,
> %r'“'—%“zusa(u, I Sr 15l ze + I0lgelulye-  23)

lee|>r
Proof of Lemma 2.1. Assume that t is smooth, positive and decreasing on [0, T']
with t(0) = 1o < 1. First, we apply Holder’s inequality to || Sy (¢, v)||. We use the
L norm for the derivatives of smaller order, and L? for the larger order. Namely,
for |B| < |«|/2, we employ the estimate

1@Pu - V)a* Pl < 8Pull = VI* Pl (2.4)

and for |B] > |a|/2 we switch the L and L? norms. This gives that

ISe@, IS Y (“) 1P ull o 0 PVull+ > (“)naﬂmnwa‘ﬂwnm
0<|Bl=lel/2 [Bl>]el/2
(2.5)
for every |a| > r. We now interpolate the L° norm in each of the two sums by L?
and H2. Namely, we use

18Pull oo < N10Pull/2 1 D*0PulV/? + |18Pu,

(2.6)
18° PVl e < 189 PVu)' 2 D2 FVu| /2 + |3* PV

for the first and second sums, respectively. Using the inequality (g) < (l“gl) (see
[21, p. 35]) and the notation

€a21|u‘2, |a|r.r(|oz|7r)\/0

Fo(u) := 19%ull,
! 97
e@2liatzr+1 | |+ g (lal=r=1)v0 2.7)
Galu) = i 8%l
we thus obtain
.
> ol ctt=reen) s, u, )|
loe|!
loe|>r
1/2 1/2
S Z( D, a@hiFp)' P Fpy @) Caprc ) o

ly|=2]al=r *0<|B|=|al/2

lk|=1
+ > ahth,g(u)Fa_,s+K(v)‘/2Fa_ﬁ+K+y(v)‘/z),
|B>]|/2

where we used that

1 1 1
€2 e 2P 1pIzr ¢ =3 (Boty) gty zr ¢ —(@ =2 tk2) la—puzr+1 <R < e 2 <1
(2.9)
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in the case |8] < |¢|/2 (employing the notation x = (k1, k2), and similarly for the
mutiindices «, $, ), and analogously for || > |«|/2. We also used the fact that
the low coefficient a; of factorials, for |«| = 1, |y| < 2, is bounded as

14 (WMﬂ+Vﬂyﬂ lo — B +«l!

a) = . .
1Bl — BIL \IBI"IB+yI" o — B+ k|
_(m—ﬂ+xhﬂﬂ( 1B+l yﬂ "
T e =Bl BUBIIB+yI) le—B+kl" (210
— ———
§1 Sl

<( B+ ! y”<<m+mv”ﬂq
~Nilsrig vl )~ \isr) 7

as r > 2. For the high factorial coefficient ap, we write

PR i B <W—ﬂ+xma—ﬂ+x+yﬂyﬂ
b= . .
Bl = It 11T Nl — B+l e = p+x+ )

_ (e = B4k =D (a—p+r+y| =3

o = BI!
<t
.( o = B+l le — B+ K +yl! )W ol
(e —B+r+yl=3a—B+xlla—B+c+yl) 18I
———
<1
<<ua—m+nw—m+1+ww>m<
M\ =Bl +D (e — Bl +1+1yD )
.11)

Moreover, in (2.8) we denoted the low and high coefficients of powers of t by

lal—r

by := ’
L= ZWB=V0) 27 (B+y[=nV0) /2 ¢ (la—B+k|—r—1)V0 (2.12)

Tlal_r

bn = 2 BI—r—DNO 7 ((la—B+x[—1)V0)/2 7 (la—Bti+y [-rV0) /2 °

Recalling from (1.19) that [lu| g, = szo Fg(u)and |lully ) = Zlﬂlzr-H Gg(u),
we now separate the low and the high sums into two parts in a way that one is
bounded by 7| - [y(r) and the other by || - || g, where the function under the norm
is either u or v. To be more precise, we show below that

b <

~

e Bl o
v ifa=pl=zr (2.13)
1 ifle—pBl<r-—1,

T if|gl=r+1,
by < 2.14
N{l if |B] <r. ( )
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Supposing that (2.13)—(2.14) hold, (2.8) gives

o r
> ur'“'*’g“zsa(u, v)

lex|!
lo|=r

52 Z Z +T Z Fg) ' Fgiy ) Gypine (v)

[y|=2la|=r O0<|B|=lal/2  O<|B|<|e|/2
lkc|=1 la—p|<r—1 le—pB|=r

+| DY 4t D |G Fu g ) P Fuppicry@)'?
1BI>el/2 |B]>]| /2
r

1Bl=< |Bl=r+1
Sollgey Do Y Fe@)'/*Fapy)'/?
ly1=2181>0
+ 2 D |G Y] D Facpre )P Facpry @)
0<IBl<r 1Bl=r+1 ||y|=%|a\zr
K|l=

S lyelullze + lge | Y +7 > |G
O<|Bl=r [Bl=r+1

S, ||U||Y(T)||”||)~((T) + ||U||)~((T)||u||)7(r),

(2.15)
which proves the lemma.
It remains to show (2.13) and (2.14). First, observe that
rlel=r
b= T (BI=r)V0) /2 ((1B14+2-1)V0)/2 7 (le—B+x|—r—1)VO’ (2.16)

using T < 1. Note that we have || < |«|/2, and so if | — B| <r — 1, then

by < ¢ldl=r=(BI=n/2=(B+y1=r)/2 _ tlal=IBI=1 < lal/2-1 < || 2.17)

Otherwise, for |« — 8| > r, we have three cases:
Case 1. |B| = r. Then

by < ¢@l=r=3Bl=N=3(BI+2-n—(el=IBl=r) — pr=1 < . (2.18)
Case 2. |B| € {r —2,r — 1}. Then
by < Tl=r=3BI+2=N—=(lal=IBl=r) — LIBI/24+r/2=1 < 1r=2 < o (2.19)
Case 3. || <r — 3. Then
by < gldl=r=(el=IBl=r) — 1Bl < ¢ (2.20)

as required.
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As for (2.14), first note that
clal=r

by < ,
T UBl=r=DVO ((la—B+k|=r)V0) /2 1 ((la—B+K[+2—r)V0)/2

221

by |y| < 2. Since |B| > |«|/2, and so, for |B] < r,
by < plel=r—(a=ptxl=r)/2=(a—p+x|+2-r)/2 _ £1A1=2 < lal/2-3/2 — (2.22)

Otherwise, for || > r + 1, we have three cases:
Case I. | — B| = r — 1. Then

by = tll=r=(Bl=r=1 —3(la=Bl=r+D)=3(a—pl-r+3) _ r=1 (2.23)

Case 2. | — B| € {r —3,r —2}. Then

by = plal=r=(Bl=r=D=3(la=Bl-r+3) _  (la=Bl+r—1)/2 <7 2<q (2.24)
Case 3. | — B| <r — 4. Then

by = tlel=r=(Bl=r=1 _ rle=pl+1 ~ o (2.25)

as required. O

We note that the high and low factorial coefficients ay, a;, as well as the co-
efficients by, b) are not related to paraproduct estimates, but instead are a conse-
quence of the product rule applied to (2.2), where we used Holder’s inequality
gl < I fllsollgll in (2.5) differently for high and low |B]| € (0, |«|/2).

Remark 2.2. (The case of any dimension d > 2) It is easy to check that the above
estimates can be performed for any d > 2. Indeed, in a space dimension d, we
need to replace D? with D¢ in the embedding (2.6), so that |y| = d (instead of
|| = 2). A short calculation shows that the factorial estimates (2.10)—(2.11) remain
the same. As for the powers of t, we have b; = tE p, = 7En where

1 1
Eri=lal—d =1 ((Bl=d =1V 0) == (Bl =D V0
— (] = Bl —d = 1)V 0),

1 (2.26)
Ep:=la| —d—1—((|B] —d—2)V0)—5((I06|—Iﬂ|—d)V0)

- % ((lal = 18D Vv 0),

recalling that » = d + 1. The main observation is that E;, E;, > 1 as long as
|| > 2d + 4. Indeed, in the low case, i.e., when |8] < |«|/2, we have |& — ] >
| — |B] > |x|/2 = d + 1, Cases 1-3 above (2.21) can be easily generalized as
follows:

Case 1:|8] > d+ 1. Then E; = |a|—d—1—%(|ﬂ|—d—l)—%(|,3|—1)—
(la| = 1Bl —d — 1) = T2 > 1;
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Case2:1 < |B| <d.ThenE; = |a|—d—1-1 (1Bl = D—(la| — [B| —d — 1) =
LES Y

As for the high case |8| > |¢|/2, we have |B| > d + 2, and:

Case I:la—pB| > n.Then Ej = |a| —d —1—(|B] —d —2)— 3 (la| — |B] — d) —
3l =18 =42 > 13

Case2:la—B| <d—1.Then Ej = |a| —d —1—(IB| —d — 2) — 3 (la| — |B]) =

4151
If a := |o| < 2d + 3, we simply observe that

- Vullge S T ull mr o)l e + T Null mellvll ar
S lullarlvlly + Nl gl ar (2.27)

for any a > r, and the case a < r — 1 follows similarly.

Remark 2.3. We note that the sum in S, («, v) does not include the terms with
B = 0, which would result in a derivative of order r 4+ 1 in 9Pu - vo*—By. This,
together with our choice (1.19) of the definitions of the analytic spaces X (r) and
Y (7), ensures that the coefficients by, by, of the powers of t are under sufficient
control to yield the desired product estimate. In particular, thanks to this, the claim
of Lemma 2.1 involves norms X and ¥ (instead of, for example, Y), providing a
factor of 7 in front of the ¥ norm. This is essential for obtaining the persistence of
analyticity; recall the comments following Theorems 1.2 and 1.3.

On the other hand, note that the step showing that a;, a5 <, 1 above remains
valid also in the case § = 0. In fact, in the case § = 0 the same proof would give
I Iy ey + Il - 1z instead of || - ||, We can thus obtain the following:

Corollary 2.4. (Related product estimates) Forall i, j € {1,...,d},

Jerl”
do o= Il e 9@ 2DV @ udv) |12 S ullg o 1015y (2:28)

loe|=r
ar>2

lee|” 1
> T e 19 @ udiv) 12 S il ey 1011 % (2.29)

lee|>r

27 -1
> ™ " 0f T - V)l S el g 101l e)- (2.30)

la|=r
Similarly,
lu-Vollxe S lull g Iollye- (2.31)

Proof. (Sketch) The proof follows in the same way as that of Lemma 2.1, and
we only check the nonnegativity of the powers of t. For (2.28), we set & :=
(a1, ap — 2) + ex, where k € {1,2}. We have |a| = |a| — 1. For B < @, we
estimate
18%8;ud®Pavl 2 < 18P9,ullLl1d% P a;vl 2
< 19%0;ull 2 ID0P ) 105 P ol 2 (2.32)



27 Pagel4of 39 Arch. Rational Mech. Anal. (2025) 249:27

in the low case (i.e., |B] < m), and

1828,ud%Pavll 2 < 18P9,ull 21105 Pd;v] Lo
< N%0jull 21 D495 P o)) 165 Pawll)s (2.33)

in the high case (i.e., || > @). Thus, aiming for two X norms on the right-hand
side, we see that b; = t&, by, = tEr, where

1
=|a|—r—§((|,3|+1—r)v0)

1 ~
—5((|,3|+1+n—r)\/0)—(|a|—|/3|+1—F)V0,
Ep:=la|—r—=((Bl+1=-r)Vv0)

(2.34)

| B I .
— 5 (el =18l +1=r)v0) =S ((af = |pl+1+n—r)v0).

Now, we verify that E7, E; > 0 as long as |o| > 2d + 1. Recall from Theorem 1.2

that r = d + 1. Thus, in the low case, [& — | > [&|— |B| > [&| — 2 = =L > g,

Therefore

Casel,|p| = d:Then E; = |a|—d— 1—-(|ﬁ|—d) JIBl=(a@|—|Bl-d) = § >

Case 2, |B| <d —1: Then E; = |a| —d — 1 — §|B| — ([&| — || —d) = % >
On the other hand, in the high case, we have |8| > |@|/2 > d, and thus

Case l,|ad — B| >d: Then Ej, = |a| —d — 1 — (| 8] —d)—%(|82|—|ﬁ| —d) —

s(@ 18 =9 =0. )

Case 2, |d—p| < d:Then Ej, = |a|—d—1—(||—d)— 3 (1@ —|8]) = “H2 > o,

as required. For a := |a| < 2d we observe that

0.
0.

T NOjudvll et S T ullar ol me + T lullgallvll e

S luliglivilg

for any a > r (and similarly for a < r).

The inequality (2.29) is similar to (2.28); in particular, the powers of t are the
same as above. For (2.30), we only estimate the H! part, in which case we set
a := (Ja| — 1, 0) + ¢, where k € {1, 2}. We proceed analogously to (2.32)—(2.33),
obtaining

1
=|Oé|—r—§((|/3|—r)V0)
1
—E((|ﬂ|+d—r)\/0)—(|&|—|ﬁ|+1—(r+1))V0,
| (2.35)
Ep = IOéI—r—((lﬂl—r)VO)—5((|5|—Iﬂ|+1—(r+1))\/0)
1
—5((|&|—|ﬁ|+1+d—(r+1))V0),

where we used the fact that, compared to (2.34), we now do not have 9; next to u,
and we aim to obtain ||v||y (rather than [Jv]|5), so that some terms have (r + 1)
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instead of r. Next, we verify that E;, E, > 0 if || > 2d + 2. Indeed, in the low
case, || — |B| = |«|/2 = d + 1, and so:

Casel,|B| > d+1:Then E; = |a|—r—3|Bl+5—3IBl+ 5 —la|+|Bl+(d+1) =
1+4>0.

Case2,|B| < d: Then E; = |a| —r — J |81+ 1 —ja| + B+ +1) = L > o,
In the high case, we have |B| > |«|/2 > d + 1, and so:

Case l,|la|—|B| = d+1:Then Ej, = |a|—r—|ﬁ|+r—% (Jo| = 1Bl — @+ 1)) —
3 (el =Bl =1 =42 >0.

Case 2,1 < |a| — |B| < d:Then Ej = |a| —r — Bl +r — 3 (la| = [B] = 1) =
wl-IitL 5 g

Case 3, x| — |B| = 0: Then E; = 0, as required. For a := |o| < 2d + 1, we
observe that

T u - Vollge S T ullar ol gan + 7 ullmelvlliar < lullgllvily,

for any @ > r (and similarly for a < r). The case of (2.31) is analogous to (2.30)
addressed above. O

For future reference, we state the following general product estimate for the X
analytic norm:

Lemma 2.5. (product estimate in the flat case) Withr = d + 1, we have
luvll gy S Mull g 1005y (2.36)
forall T € (0, 1] and all scalar functions u and v.

The proof follows the same steps as that of Corollary 2.4. We emphasize that
r = d + 1 can be relaxed to » > d/2, using the same method, as the reader
can check. Observe that the lemma can be immediately generalized to an arbitrary
number of factors, and then, using the Taylor series, one can deduce a chain rule.
We can now estimate the pressure p, which satisfies the elliptic problem

Ap=-V@w+u): V@ +u) in Q (237)
onp = —u-V(uy + v2) —v101Up — 0sU2 on 0%2, -
where we set
A:B= Aiiji~ (238)

The next lemma provides a general result on how to estimate the analytic norm
of Vp.

Lemma 2.6. (The pressure estimate in the analytic norm) Consider the solution p
of the Neumann problem
Ap=Vf1:Vf in Q,

(2.39)
dhp=(g1-Vglle ondQ,
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with the normalizing condition fQ p = 0, where g is defined in 2, with the com-
patibility condition

fvfl V= /Q(gl -Vgo)-n. (2.40)
9
Then we have

IVPlxe S il gl 205w + 1815w 182 lve): 241)
provided € > 0 is sufficiently small.

Note that the first equation in (2.39) does not loose a derivative (so that we have
two X norms in (2.41)), while the second equation in (2.39) does, so that one of
the norms becomes Y.

Proof of Lemma 2.6. Denote the left-hand side of (2.41) by /. Suppose thatap > 2.
Then we write
399, p = (A — 09309229, p = 391992720, (V iV f2) — 990, p,  (2.42)

for j = 1,2, where
= (o1 + 2,0 — 2); (2.43)

6,9

we also used a symbolic notation, omitting
(2.28), we have

o r —
Y 3 e (g a,9 719 )1+ 1079 p1

and non-significant indices. By

!
j=12a|>r |Ol|
wr>2
S Iflgwl 2lgw + €1V Pl (2.44)
where we used || = || in the last inequality.

If a = 1, we apply the H? estimate to (2.37) to obtain
18%9; pll < 197" pllg> < 187" (V AV I+ 118" (81 - Vel g

and similarly [|8%9; pll < 85" (V AV + 187" (g1 - V)l g1 if a2 = 0.
Using (2.28)—(2.30), we thus derive

2 2 “ ' e 9%, p|

j=1.2 \a|>r
ar<l

sy Y al |, cl=ree (1o v AV L)l + 1017 (g1 Vel )

j=12a|>r
<l

S Alg o 2050 + 181z @ 1821y (r)-
(2.45)
This and (2.44) give that

IVplxe S Ifillgol 2lze + 18115 825 + €1V plxe.

and absorbing the last term by the left-hand side gives the claim. O
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As for the term d;u in the equation (2.37) for p, we can adjust the above proof
to the case of simpler boundary conditions.

Corollary 2.7. Suppose that p is a solution to

Ap =0 inQ,
(2.46)
hp=f ond<,
where [y, f = 0. Then
IVplg S Iflg- (2.47)

Proof of Corollary 2.7. Similarly as in the above proof, we have that if ay > 2,
then 0%d;p = 0%0;p for j = 1,2, where « is as in (2.43). If ap = 1, then the
H? estimate gives

18%9; pIl < 137" pllg2 < 105" Fll gy S N FIL 4+ 197 £+ 107 £1,

(2.48)
and similarly, if «» = 0 and |¢| > r, then
-1 -1
10%0; pIl S 197" 2 f 1+ 118" fII + 197" f1I. (2.49)
Therefore,
oV e o2 309, pil < €21V % 2.50
>y ant e Pl SENVRIE +ISg. 250
j=12a|>r ol
sincee < 1,7 <19 <1, and lal” el=D" "21d the claim follows. O

Talt S (Je[=T)1”

The boundary value problem (2.37) for p, the pressure estimates from Lemma 2.6,
and Corollary 2.7 yield

IVplg <rllv+uligllv+ully + 10l g 2.51)

This inequality and the product estimate from Lemma 2.1 allow us to sum the
bounds (2.1) on the time evolution of [|[0%v|| to obtain

d|| l vl
—||V|lx — TI||V||ly
dr

-
= 3 el e )
lex|!
|oe|>r
Sellv+uligliv +ully + lluligllv + ully
+ llulyllv+ullg + lulleo(lvlig + 1VVllg) + v +ulla- | Vullg + 10l 5
Selvliglivlly + luligliviig + luliglviiy + luliglwly + 10z,
(2.52)
proving the desired a priori estimate (1.14), where we also used (1.11) in the last
line.
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2.2. Proof of Theorem 1.2

We can now use the a priori estimate (1.14) to complete the proof of Theo-
rem 1.2. Recall that 7: [0, Tp] — [0, 1] is given by (1.15), so that T = —M,
where M > 0. We show that for every vg € X (7(0)) N Y (7 (0)), there exist suffi-
ciently large M > 1, sufficiently small 7 > 0, and a unique local-in-time solution
v e C([0, Tol; X (7)) to (1.3) satisfying

To
sup ||v||§+M/ lolly < A, (2.53)
te[0,Tp] 0
where .
A= 4volgey + sup iy, +2 / oz (2.54)
tel0,1] 0

We consider a sequence v defined by

o 4 W™ @) V™ + @) + Vp" 4 8,1 =0, (2.55)
where
Ap™ = —v" +u): V™ + ) in Q
W - w - _ (2.56)
dp™ = (v; —u,')oV(vj —Uj) — O on 9%2,
with the initial iterate
@ = . (2.57)
We first observe that
V.o =0 inQ (2.58)
and
v’ =0 ondQ, (2.59)

foralln € N, thanks to (2.56). In order to send n — o0, we first show thatif M > 1
is sufficiently large and T > O is sufficiently small, then the a priori bound (2.53)
holds for all iterates, i.e.,

To
sup v g + M f ™y < A, (2.60)
te[0,Tp] 0

for alln > 0. As in (1.14), we see that

d
(n+1) o (n+1) ) _ (NP ~ m))— -
v + M|v < ( v + |lu )( v + |lu )
dr || ”X || ”Y r || ”X || ||x ” ”Y ” ||y (2.61)

+ 7l + ol

forevery n > 1. Note that we have || - || instead of || - || (asin (1.14)), since there is
no cancellation in the nonlinear terms of (2.55) when tested against p@ D, namely,
we use (2.31) instead of the product estimate (Lemma 2.1). It is an advantage of
the analytic approach that this does not matter.
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The claim (2.60) is trivial for n = 0, and, forn > 1, (2.61) gives

To
1 1
sup [0V |5+ M / o@D
t€[0,Ty] 0

To
<A +ToM) sup 0" V|5 +M / o@Dy
te(0,Tp] 0

< 2lollxon +Co sup (I10™llz + 17z (2.62)
t€[0,To]

To To
[ (015 + 1) + [ oy
0 0
2 1 fo
< 2lwlxeoy + 26040+ 70 + [ adily < 4.
0
provided
M>12C0A and Ty < min{l, 1o}/ M. (2.63)

Note that, due to the linear choice (1.15) of 7, the choice of Ty also implies that
7 > 0 fort € [0, Tp], thus leading to (2.60).

Now, we provide some details for the fixed point argument. Subtracting (2.55)
for n and n — 1 and setting

wtD = Dy, (2.64)

we get

atw(n-i-l) + (v(n) +7) - Vw(n)

(2.65)
+ w(") . V(U(Vl*]) +u) + V(p(n) _ p(n*])) —0.

As in (2.61), we obtain

d —

S Vg + My S g (10l + 10 ly)
+ (||U(") Iz + ”U(n—l) ”)?) ”w(n)”7 (2.66)
+lw g lally + lalligllw™ 5.

Setting

To
o= sup [w®lg.  byi= / ™. 2.67)
1€[0, Ty 0

we may integrate on [0, ¢], for ¢ € [0, Tp] to obtain

24 I _
dnsr + Mbpsr gan—+2Abn+an/ il +be sup [Ellz
M 0 1€[0,To] (2.68)

4A
5 (an + Mbn)ﬁs
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where we also recalled (2.63) that Top < 1/M. This shows that, choosing M suffi-
ciently large, and then Tp sufficiently small, we have that

{v"™} is Cauchy in C° ([0, To]; X ((1))), (2.69)

and so v™ =57 v in C° ([0, Ty]; X (z(1))) for some v € C° ([0, Tol: X (z(£))) N
L' ((0, Tp); Y (x(1))), where we also used Fatou’s Lemma. The apriori bound (2.53)
follows by taking the limit n — oo of (2.60) and applying Fatou’s Lemma, and,
due to the strong mode of convergence, the impermeability conditions (2.58) and
the divergence-free conditions (2.59), the function v is a solution to (1.3).

Thanks to the a priori bound (2.53), the uniqueness follows similarly to (2.68)
in a standard manner.

3. The general case

In this section, we prove Theorem 1.2 in full generality.

3.1. Preliminaries

Here, we define tools that are needed specifically for handling the general
domain. We say that a domain €2 is analytic if it is locally a graph of an analytic
function.

We introduce the Komatsu convention [16] on derivatives,

o= || D, (3.1)
ae{1,2)i
where
D% =0y, ... 0u. (3.2)

For example, 97 is a list of four second order derivatives. Note that mixed derivatives
are included in 8" multiple times. As a consequence of this notation,

1Dl = " D%l (3.3)
ae{l,2}i
Moreover, we have the product rule
. . L/ .
V(fo)—foeg=) <k>(8kf)(8""g), (3.4)

k=1

where the last product denotes the tensor product of derivatives which is consistent
with (3.1) (see (5.1.3) in Komatsu [16]). The product rule (3.4) is a consequence

of the identity
o m
= , 3.5
> ()= () 69

o'Ca
lo'|=k
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where m e N, k € {0, ..., m}, and |«| = m.

We say that a vector field T = Z:': 1 ai0;, where a; : Q — R are analytic,
is a tangential operator to 92 if T is a analytic vector field such that 7§ = 0
on 9€2, where §(x) is the distance function to the boundary 9€2, taking positive
values inside 2 and negative outside; see [7, Section 2.1] and [15] for extensive
discussions on tangential operators. We will abuse the notation, and denote by T
the tensor of a complete system of tangential derivatives, namely a system such
that the components of 7' span the tangent space at x, for each x € 9%2; see [15,
Theorem 3.1] for details. The system is chosen depending on the domain 2. Recall
from [15] that we can use one tangential derivative in 2D and three in 3D, with a
constant number K € N in higher space dimensions.

We denote by
7= || TPu
Bell,...K}J

the j-th tangential derivative, where we used Komatsu notation (3.1) for the com-
plete system 7" = (T4, ..., Tk) of tangential derivatives.

Note that we have ~

ne X, Q) (3.6)

(see [20]), where ' C Q is some neighborhood of 92 in €2, and %0y =
I f1x ) + 1 T3

(e ) P
Ifllxey = Y T T fley (3.7)
i+j>r 1)

denote the analytic spaces X, X on the subdomain €'.
We also assume that _
D*¢ € X(19; ) (3.8)

for some neighborhood ' of 32 in 2, where ¢ (x) := dist (x, IQ): Q — [0, 00)
denotes the signed distance function to 9€2.

In the next statement, we recall the commutator estimates between 77 and
partial derivatives of order 1 or 2.

Lemma 3.1. (Commutator estimates) We have that

d
VERTS RN (3.9)
i=1
and .
j .
. Jj! i1
J — __J . . J
[T/, A] = Z Z G _l)!bal V(ba, - VTI™h, (3.10)
I=1 |a|=I
where ‘ )
max 075} loc S (k+ j)K{ K] 3.11)

foreachi =1,...,d, and by, , by, satisfy estimates analogous to (3.11).
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Proof of Lemma 3.1. See [7, Lemma 3.5] (or [16, Section 5]) and [7, p. 3385],
respectively. o

Using the tangential operator, we can estimate the pressure function using the
Komatsu notation: If Ap = f in €2, then

Iplle S WA+ 1Plasree) S WA+ ITPIg260) + 1PIH12060) +
S I+ ITpllgr + 1 pla

and so, interpolating H ! between H? and L2,

Pl S NI+ 1T Pl + el (3.12)

In particular, for every i > 2, j > 0, we may write A@ 2T p)y = 32T Ap +
d'2[A, T/]p, so that (3.12) gives

1° T pll S N8 2T Apll g2 + 1T 2 T* pll g1 + 18" 2T  pll + 118 2[A, T/ 1pll.
. ‘ (3.13)
Similarly, fori =1, j > 1 we have |VT/p|| < T/~ p| 42, and so

IVTIpll < IT/ Apll + 1T pllg + lIpll + A, T/ 1pl. (3.14)

3.2. Proof of Theorem 1.2

Thanks to the Komatsu notation (3.1), the claim of Theorem 1.2 follows in the
same way as in the flat case (recall Section 2.2) by replacing the analytic norms
(1.19) for the flat domain by the general analytic norms (1.8), and by observing the
product estimate

D S I S Ivllglullg + lvllgluly. (3.15)
i+jzr
where
Sij (v, w) == 9"T! (v-Vyw) —v- VT w, (3.16)

and the pressure estimate

IVplg < Ivligliviig + Iviigliuly + lulzlviy
el g llwlly + 119,z (3.17)

which we prove in Section 3.3 and Section 3.4 (respectively) below. In particular,
the a priori estimate (1.14) follows by noting that [|v]|z < [lv]l5.
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3.3. Product estimate: the general case
Here we show (3.15). We start by using the product rule (3.4) to extract the
commutators,
1857 0, w)ll < 118" T (vgw) — vdd' T wll + 11' [T, dp o) |

S (l>(;>||a"rlukakaifﬂrf*’w||+Z(L)lla"*pbﬂ‘””(w)“ (3-18)

D20 V' p=0
=:A+ B,

where we write “(n,[) # 0”instead of “n € {0, ...,i},l € {0, ..., j}, (n,1) #07,
for brevity.
For the main product term A, we have

18" T'vad" " T/~ wl < 19" T vl ool|8" "1 T~ w]|
< 19" T oll|o" P T w| (3.19)
+ ”anTlU||l/2”an+2TlU”1/2”aifn+lijlw”,
forn 4+1 < (i 4+ j)/2, and similarly,
1@" T - V)" T/  w| < o T[]0 "1 T w

S ||anTlv||”8l—n+lTj—lw” + ||anTlU||||8i_n+3T‘i_lwnl/2||ai_n+lTj_l'lU”1/2.

(3.20)
‘We shall use the notation
P RTINSy R . .
Foo(u) = Bt T ull i+ =,
b 101 T u| i+j<r o)
i iyl i jor—1 :
Gr 1) = SN TN T ull i+ j =+ 1
o 1817wl i+j<r

so that Zi,jzo Fiju) S llull% and Zi,jzo Gijw) < [l ;) We obtain

Y ajAS Y > abiFu@) ' P Fu i) G ngnn ()
i+j>r i+j>r 0<n+I<(i+j)/2
+ Z ahthnl(M)Fi—n+1,j—z(v)l/2Fi—n+3,j—z(v)l/2),
n+l>(i+j)/2
(3.22)

where the terms involving €, € and low and high coefficients a, ay, of factorials are
bounded by a constant C, in the same way as in (2.9)—(2.11), and the low and high
coefficients of powers of 7 are defined by
itj=r
b =

2 ((H=r)V0) /27 (nH+2=1)V0) /2 ¢ (i+ ] —n—I—r)V0

v (3.23)

b = T H—r—DNO 7 (1) —n—I+1-r)V0)/2 ¢ (G +)j—n—1+3-1)V0)/2 "
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As in (2.13)—(2.14), one can verify that

T fi+j—n—-I0>r, b T ifn+l>r—+1,
h

b S . .
1 fi+j—n—-I01<r-—1, 1 ifn+l<r,

A

(3.24)
and thus we obtain

A D ivjorsi g < o~ N - -
Y T TEI A S g lullg ey + Wz lullFe,  (325)
=~ G+ )
i+j=>r
by the same calculation as (2.15) upon replacing |«|, |8| by i + j and n + [,
respectively.
For the commutator term B, we use Lemma 3.1 to obtain

p+l

. . )4 +1 B
107,07 )l < 107Pbjloe 3 ( >||8"vk||oo||8p+1 "
n=0 n
R (p+1
SG—p+DKTTK] Y ( )||a"vk||oo||ap+1—"w||.
n=0 n
(3.26)
Noting that [[0" villoo < [[0™ v |10 vk [|'/2 + (9" v || and
!

191 S Fro®) g (3.27)

we deduce

i p+l
Y iBS Y Y Y abFuo®)' Fapa0) P Fpiaow),  (3.28)

i+j>r i+j>r p=0n=0
where

G+ D _,‘<i> . P | P+1> n!
a:= (i+j)!€€ p(l P+ DK TKy i 7(;14»1)’?”

1

( (n+2)! )7 (p+1—n)!
(n+2ye*2) (p+2—nyerti-n

=

_ G+ N ip+DGE—p+ ) (4 D +2)1/2 - }
G i—p)! (P+2—n)r((n+1)(n+2))r/2@K]) € “(eKp)
(3.29)
and
riti—r
bi= <L (3.30)

73(=rNVO L5 (142=r)VO0 L (p4-1—n—r)v0 "~

The last inequality can be verified directly. In fact, it admits much more leeway
than (2.13)—(2.14); for example, the worst possible case, namely when n > r and
p=>n—r,gives

b = ¢iti—r==r=l=(p+l—n—r) _ Li=p+j+r-2 <1. (3.31)
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Note also that, for brevity, we have adjusted the definition of @ above by replacing
n"by (m+ 1) and (p + 1 —n)" by (p + 2 — n)". This is due to the definition of
F; j(u) in (3.21) above, which has no prefactor for derivatives of order less than r.
For example, if n = 0 then, without the adjustment, the right-hand side of (3.29)
would involve division by 0. By making the adjustment, we have used the inequality
n+ 1 <2nforn > 1 (and hence “<” in (3.28)).

We now handle (3.28). Recall that, in order to bound it by a product of analytic
norms ||| x)llwl x(r), the terms with F need to be summed over p and n. We
thus need to sum in i and j first. To this end, we note that

i
2. 252020 (3:32)
i+jzrp=0  pz0izp j=0
since the terms are nonnegative, and so

((n+ D +2)1/? I
ZZa—(P+ )( g n)r((n+l)(n+2))r/2§;:l(EKI)

i>p j>0

— P i . 3.33
Y ot D UZP D ek <1, o
ER N

<1

Jj=0

provided € and € are sufficiently small. Applying this in (3.28) gives

p+1

D GBS Y Fao® P Fuia0®) 2 Fpiinow) S vl lwlie):
i+j=r p=0n=0
(3.34)
upon changing the order of summation and applying the Cauchy-Schwarz inequality
to the n-sum. This and (3.25) then prove the lemma.

Remark 3.2. (Commutators are ok) From the above proof, we note that the com-
mutator terms, which arise whenever a derivative must be brought to the left of the
tangential operator, are somewhat troublesome, as they require care with changing
the order of summation. However, they are acceptable, as they are of lower order,
which make all the coefficients summable with some more leeway. As a result, we
do not need to be careful to obtain || - [ly + || - ||z, but instead || - ||z, which is
a smaller quantity. Thus, whenever we obtain the X norm using a straightforward
change of the order of summation in a commutator term (or a sum of commutator
terms), we shall skip precise calculations.

Similarly to Corollary 2.4, we can extend the product estimate (3.15) to the
case of products where no derivative is lost, which in particular implies that the
right-hand involves only the X norms (rather than one Y norm and one X norm).
Namely, we have

|a|r o .
> Wr‘“' EINTITVV AV e S 1fillgoll g, B39
+j> '
l/é2r
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AP ijorai jypiti—1 <
Y T TH TNV AV S 1 Alze 1205

-
i+j>r @+
(3.36)
GA D irimrai jumitje
> Tt e Y- Vedllm Sr llgillg e lezlly -
i+j>r J):
(3.37)
Moreover,
luvllx ey Sr lullze 1005 (3.38)
e - Vollx ey Sr 1l o 1015 (339)

Note that there is no extra T on the right-hand side above (as in (3.15), which
involves the ¥ norm), as we need to take into account the case where the derivatives
in 0%(u - V) all fall on Vu.

3.4. Pressure estimate

Here we prove the pressure estimate (3.17), which is a consequence of the
following statement:

Lemma 3.3. (The pressure estimate in an analytic norm) Consider the solution p
of the Neumann problem

Ap=Vfi:Vf in Q

(3.40)
0 p = ((g1-Vg2) Mo on 082,

with the normalizing condition fQ p = 0, where g1, g2 are defined in 2, with the
compatibility condition

[ @9 = [ e,
Q Q
Then we have

IVPlxe < 1Ailge 20z + 181150 I820l70). (3.41)

provided € and € / € are sufficiently small positive numbers. Moreover, ifalso g1 -n =
g2-n =0, then

IVPlxe S 1illge 2l + 181170 182l %) - (3.42)

Note that the pressure estimate (3.17) follows from Lemma 3.3 since in the case
of quadratic term, namely g1 = g> = v, we can use (3.42) to obtain two X norms,
rather than an X norm and a Y norm.
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Proof of Lemma 3.3. We denote the left-hand side of (3.41) by

I:= Z ci 10T T e pll, (3.43)
i+j=r
where k € {1, ...,d} is fixed. We first assume that i > 2, and recall from (3.13)

that

10°T/V pll < 10°T/V pll g2
SII2TIV(V A1 V) + 18772 [A, TV
+ T 2TV pl + 02T/ V p||
=P+Q0+R+S.

(3.44)

For P, we only consider the term when the derivative hits f, namely ||8'~27/
(D? f1V f2)|l, as the other one is analogous. We have

10" 2T/ D> iV foll S ID* f1 - 3" 2TV fo|
i—2 j . .
Z Z < )(;>||8;1T1D2f1 ) ai—2—nTj—lvf2”
n=0 [=0
[4+n#

=: P+ P,.
(3.45)
For P;, we use the Cauchy-Schwarz inequality and the interpolation |k|s <
IVRIY21IA]Y> 4 |IR ]| to obtain

YooaiiPr< Y i ID? NIRRT T )20 T £ + (Comm.)
i+j>r i+j>r
SUAlar Y a0 T Il 219711 )12 4 (Comm.,)
i+j>r
S IAlE 205
(3.46)
where, in the last line, we have applied the Cauchy-Schwarz inequality and the fact
T+ < ¢(=147=V0 ‘which allowed us to obtain || 2|z, since (i+)" /(i +j)! <
(i—14j)" /@G — 1+ j)!, and the implicit constant may depend on €, €. Note that
we have also neglected the lower order term in the interpolation inequality (which
is simpler) and, as mentioned in Remark 3.2, we have omitted a precise calculation
of the estimate of the commutator term.
As for Py, we use the interpolation || filleoe < ID>f1lIV2N f1lI'/% + |l f1]] to
obtain

10" T' D* fy - 8> "TI7!V fy|
ST D2 fl 187" TV falloo
ST D2 fil | D20 > TN fo| V2P 2T T )12
SN2 T Ao T 20T ) 2 + (Comm),

(3.47)
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and thus
> ciih
i+j=r
=D Z Z ( )(j)ua"“r’fln R R Y L I S A Te
i+j>rn= =0 "
#
+ (Comm.)

i-2 . ,
=2 1 . f 1 .
SN ci,j( . )(j)ua"”ﬂfln ot =n i =l ) 12 gi= 1= gy 12
i+j>r 11—0 =0
[+n#0
+ (Comm.)
i—2
Z Z Z Fut2, (O Figt—n, j—t (P2 Fi g i () V2

i+j>rn= 0 l 0

+n#£0
(3.48)
In the last step, we used
1
it < 2 =VO (r(i—n+1+j—l)v0r(i—l—n+j—l)v0>2 ’ (3.49)

which can be verified directly (here we also used (n, ) # 0). Note that, in order to
obtain the terms with F above, we also estimated the factorials as

1
Pi—2\(/\ +2+D! (G—1—n+j-DWGi—-1—n+j—DI\2
G j :
AN 1) m+2+D" \G—=1=—n+j-D'G—1—n+j—10"
4241y (i—2—n+j—I
(n+2 )( i—2—n )

(%)
— ———

<1
S+ D+2) ! 3.50
iGi—1)  ((—1l-n+j-Dli—-n+j—DV2>+1-—n+j—DI/2 (5-50)
A

<1

. i+
MA24+D G+l —n+j—DIGi—1—n+j—1)2

<1

B

<1

due to Vandermonde’s identity, and by (a + b)" < (2ab)” for a,b > 1. Note
that we have also omitted a detailed analysis of the commutator terms in (3.48),
which would require further rearranging. Applying the Cauchy-Schwarz inequality
to (3.48), we obtain

> P S Al Al (3.51)

i+jz=r

as required.
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As for Q, we use the commutator decomposition (3.10) to obtain

(+ ) z r—=i_j
Zci’jQ ZZ Z Z(ll_}_i)' e

i+j>r t+/>rl 0 |a|=j—1 m=0
i—2—m (l _2)' m+2 -l
,l,lla (balbaz)”oo—.(._z_m)!”a T'vpll,
where from
bay + V(bay - V) =Y by ibuy j0ij + (bay - V)bay) - V

ij
we have considered only the first term. We note that

19727 (by, bay) lloo
al(i—2—m)!

1 i—2—m

i—=2—m\ on i—2—m-n
S el —2—m)! r;) < " )I|3 bay lloolld by oo

i"‘i’" n4aDli —1—m—n+a)!
o

KiflmeIOtl
nli—1—m—n)! ! 2

n=0
i—1— . i—1— o]
<27t G —my KTk

< (4Kp) "1 4Ky)

which gives

j—1 i-2 . .

. (l+J) Hrj r—i_j
ZQ’JQ,é ZZ Z Z(i+])' €€
itjzr i+j>r 1=0 |a|=j—I m=0

——
<2j*1
J1a-=2!
I ml
S Y Fmg2u(Vp)
m,[>0
Z m+2+DIG+ D JIGC=D! o
m4+24+D"1 4+ jHm!

@K D I @Ky a2 T v )|

iZm+2
Jj=l+1
i+j>r

SelVplgs

=iq

in the last line we have used

("N G+ m+Dm+2)

(H) (m+24+D" i(i—1)
l N —— —
<1

SG+j—m+2+0D) S 4K 8K T,

e/l @aK )T (8K ) !

27

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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by the binomial inequality

mA+2+0\  (m4+2+D  (mA2+ ) [+ j
m+2 ) m+)U m+2Dy! mF2+14+1 T m 24
<1
S . L
<(1+j). m+3 L z+]’
iU om+3+5 i+ T\
<1
(3.57)

fori > m+ 2, j > I, as well as the elementary inequalityl% < 2(a — b) for
a > b+ 1 > 2. The second part of Q, arising from the second term in (3.53), is
estimated analogously.

As for R, we note that the case i = 2 is trivial, since then

R ST p| + IT/ 1V, (3.58)
and so
€
> @iR=-IVplx. (3.59)
24j>r

Fori > 3, we write
o L B2 - :
VT 2TIVp =o't vp -3~ ( )V (81727% anHT]Vp) > (3.60)
n=0 n

and thus

RSNTO2TIVp|| + (197 T/ H V)|

. ) ‘ ' . '
+> (l ) (172 Blloc ™ 2T/ pll + 7~ " blloc "' T/ p] )
n

n=0
=: R+ Ry + R3 + R4.

(3.61)
Clearly,
_ €
Z ci,j(R1 + Ra) = <€ + —) Vol (3.62)
i+j=r €
i>3

I This is obvious fora € [b+ 1, 2b) and otherwise, if a € [kb, (k + 1)b) for some k > 2,
wehavea/b <k+1 <2k —1) <2k —1)b < 2(a — b), as required.
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Moreover,
i_
G+ )+ )Ha—2) ki
Z Ci’jRS 5 Z Z | (€K71) Fn+2 ](VP)
i+jzr i+j=r n=0 (n+rG@+ b nl
i>3 i>3
Z Z n+j) )
S Fui2,;(Vp) — 7 jT(eK)' "
+
nj>0(n+ " z>n+3lz/(_1)
S €K Z Fny2,;(Vp)
n,j>0
€lVpllz.
(3.63)

where we used (3.57) in the last inequality. A similar calculation shows that
Zi-l—jzr,iz?: ¢i,jRa S €lVpllx.
As for S, we have that
> jllTPTIVp <@ Y Fiaj(Vp) <@Vpllz. (3.64)
i+j=r itj=r
()~ G=2+j)

since
i+n! = (t 2+)!
It remains to consider the case i € {0, 1}. To this end, we note that

> il TIVpl SelVplg+ Y i ITH pliya. (3.65)

jzr=i jzr—i

Indeed, fori = 1, we use (3.11) to get
11T/, Vipll = 3(b; - V)pll < j!K{IIszll + G+ 1)!K§IIVPII (3.66)

and so _
D cjlolT, Vipll SEIVply Selvplg. (3.67)
jzr—1
Similarly, in the case i = 0, we have Zer co,j||[Tj, Vipll S €llVpllg, from
which (3.65) follows.
In order to control |77 =1 p|| 2, we recall that p satisfies Ap = V£ : Vf>
with the Neumann boundary condition 9, p = (g1 - Vg2) - n. We focus on the case
i = 1 first. Applying T/, we see that T/ p satisfies

AT/ p=TI(VAIVH) +[A, T/p in Q,
nTip=TI((g1-Vg) -n) = X, (DT Vp-T*n+ [V, T/Ip-n onodQ.
(3.68)

Applying the H? elliptic estimate thus gives
1T pllgz SITH VAV I+ A, Tl + 1T7 (81 V)g2 - Wl gizpe

J .
J s .
+2 (k)an “Vp - THnll g + IV, T/1p - nll

=: My + My + M3 + M4 + Ms.
(3.69)
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In order to bound M1—Ms5, we note that the only terms in (3.69) where we do not
gain a derivative (from a commutator or n) are those containing v, w, g, and so we
expect all the remaining terms to be bounded by €|V p| 3.

We have Zer_l c1,jMy < | fillgll f2Il . by the product estimate (3.36), and,
similarly to term Q above we have, using (3.10),

a+n Jj+1-= reel 1
2. S Y Z > by b oo 1927

jzr—1 jzr—1 1=0 |a|=j—I P
A+ D" o,
Z Z (1+ )' J+1 reel Z 'l'”ba]baznoo”a Tlp”
j=r—11=0 J Wl
S Z Fri(Vp) Z (€K)I~l(j — 1yt
lzr=2 j=l+1
<e
j—1 (1+J)r ) ' j! .
T2 2 gyt ) KT vipl
jzr=11=0 1) i !
j—1
j=r—11=0
S elVplg,

(3.70)
where K := max{K, K3}, and we noted, as in (3.66), that

1917, V1pll < IVBillolV Pl + b1l 1 D*pIl S (L4 DK [Vl (3.71)

For M3, we use the trace estimate on 2/, the product estimates (3.38)—(3.39), and
the analyticity of n (recall (3.6)) to obtain

ey s Y ey (1977 Vg il 2 + 1T (g1 - Vga Wl 20

j=r—1 j=r—1

S - VIg2 Nz .on S leilizliVelz < lgilzlglly.

(3.72)
while for M4 we have
i/ ‘
IBEEDY <k>||V(TJ"‘Vp Thn)|
j=r—1
1 . . . .
<Z Z A+~ SIS i Utj—k=r)vO (HaTJfkvp””Tkn”oo_’_”ijkvp””aTkn”oo)
kl(j — k!
k=1 j=k
j=r—1
_(+k) k
Selvplg e <—||T"nuoo+ 19T nlloo
P (14 k)!
Sn ellVpllg,

(3.73)
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where we used the fact (3.6) that n is an analytic function with a lower bound on
the analyticity radius. A similar and easier argument gives the same bound when
there is no V on the left-hand side, which yields ) 1c1,jMs S ellVpllz.

As for Ms, we get

j=r—

IVAV, Tp - S IV - Vpll+ 1B - Vpliinier S G+ DKV pllg,
, (3.74)
and similarly for ||[V, T/]p - n||, which leads to

D e iMs SIVpl Y G+ DT/ e KT S el Vpllg.  (375)

j=r—1 j=zr—1

We now focus on ||Tj+i_1p||Hz in the case i = 0. Recall from (3.65) that we
then need to control || 77~ p|| 2- and the arguments remain analogous. Indeed, note
that in the above arguments, concerned with the case i = 1, we have not utilized
the fact that €/e < 1. We only needed this earlier for the derivative reduction
procedures in the case i > 2 above (in (3.62), for example), where one does not
gain a derivative. There we only used the fact that € is sufficiently small for the
absorption of the resulting terms €[|V p|| . In the control of || Ti=1p| 2, similarly
to the case i = 1 above, only the combined powers of € and € are relevant, showing
that the computation in the case i = 0 is analogous.

Finally, in order to justify the last claim in the lemma, we take advantage of the
derivative reduction (see Lemma 3.5 below) to write (g1-V)g2-N = —g1.182.m0im®,
where ¢ is the signed distance function. We replace (3.72) by

D cuiMs
jzr—1

S Y e (1977 @802l 2y + 1T (@182 D* D 2@y)  BT6)

jzr—1
S 218200l 3o S Ng182ll5 S llgillzllg2llz

in the case i = 1, where we also used (3.8), and we make a similar adjustment in
the case i = 0. m|

Analogously to Corollary 2.7, we now extend the above pressure estimate to
the case of a simpler boundary condition.

Corollary 3.4. Suppose that p satisfies

Ap =0 in €2,

(3.77)
opp=f-n onof.

Then |Vpllg < I1f1l5-

Proof of Corollary 3.4. We note that, similarly to (3.55)—(3.65), we have

G . _
IVpllg < <e+;) IVPlIg+Y o i7" pliga+ Y e IT pllg2. (3.78)

j=r j=r—1
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As for the last term we obtain, similarly to (3.69)—(3.75) (the only difference is in
(3.72), where “g1 - Vgy” is replaced by “ ) we obtain

3 et T plue S ellVpllg +1f Mg S €IVl + 1 £z (B.79)

j=zr—1
where we used (3.38) and the analyticity assumption (3.6) on €2. A similar argument

for the penultimate term in (3.78) gives the claim. O

3.5. Derivative reduction lemma
Here we prove a reduction lemma, which is due to Temam [26].

Lemma 3.5. (Derivative reduction) Let f and g be sufficiently smooth vector fields
in Q such that

fn=g-n=0 onaQ. (3.80)

Then we have
(f-Vg) -n=—fig;jdij¢p  onad,

where ¢ is the signed distance function taking positive values outside and negative
values inside (so thatn = V¢).

Note that [V¢| = 1 in a neighborhood of 9€2. For simplicity, we denote

¢ij = 0ij¢, i, j=12. (3.81)

Proof of Lemma 3.5. The boundary 92 is a solution of the equation ¢ (x) = 0, and
since also

g-Vo=0 on €2,
by (3.80) for g, noting also that v = V¢, we have
V(g -V¢)=kVe on 02,

i.e.,

0i(gjojp) = kdi¢p  on 9L,

where k is a scalar valued function in a neighborhood of d<2. Therefore, we obtain

(f-Vg) -n=(f-Vg) Vo = fidig;jdjp = fi0i(g;0;p) — fig;dij¢
= fikdi¢ — figjoij¢ = —fig;dij¢

on 92, where we used (3.80) for f in the last step. O
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4. Global well-posedness in 2D

Here we prove Theorem 1.3. For simplicity, we take o = 1. Suppose that
lloollso + lIvoll %1, < Co. @.1)
where wq := curl vy, and
@y + le@llyqy < f()  forallz =0, (4.2)
where f: [0, c0) — [0, 00) is such that
If 2+ 11 flleo = Ci (4.3)

for some Cg, C1 > 1. We note that the a priori estimate (1.14) gives

d . ~
3150 el < Elgm I0I7m +f (1150 +I0lpe) +/7) @4)
for some C > 1. Thus, if N
—t > 2C (IvllgT + f) 4.5)
(recall (1.22)), then

d ~ T ~ 5 N 2
allvllx(f)—zllvllyu) < C(Ilg vl g + F(Iolge +Flvllgs) + 7). (4.6)

This suggests that the X norm (as well as the time integral of the Y norm) is under
control as long as the H 3 norm is. As for the H3 norm, we first note that

d _ _ _
g0+ @llec = lltlleoll Ve + Voo 4.7)

(since w + w satisfies the transport equation with the velocity v +u,and v-n =0
on the boundary), where w := curl v and @ := curl . Therefore,

t
[@lleo = llwo +@(0) oo + l@lco +/0 [tllol Vo + Volleo =C (4.8)

for all + > 0O such that ,
fo SOl lwre <1, 4.9)

where C > 1 is a constant depending on both C¢y and C.

Here we have assumed for a moment that v exists and is regular for all times. The
inequality (4.8) and the well-known elliptic bound |Vv|leo < 1+ |lcurl v]oo(1 +
log™ [lv]l y3) (see (6) in [8]) allows us to derive the H?3 estimate of (1.3),

d
3 vl S Mol (1Vvlles + £) + Flivlly + f?
S llgs (1+1ogt vllgs) + fllvlly + 1, (4.10)

where the implicit constant also depends on Cy, C1, and the “ f||v||y” term comes
from the “u - Vv” term in (1.3), as [[v] g+ < llvlly + [[v] 3. We note that the
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appearance of the H* norm above is a consequence of the derivative loss described
in (1.5) above. We thus obtain C; > 1 (depending on Cy, C1) such that

lu(@)]l g3 < Caexpexp(Cat) 4.11)
for all # > O such that

t
fo S v(s)llyds < 1. (4.12)

Consequently, (4.6) gives

t
sup 95l g¢e, — /0 () ly o ds

5€[0,1]

t t
<exp (exp exp(Cat) —i—/é f) (1 + llvollg + llvoll g3 /0 fexp exp(Czs)ds> ,
(4.13)

and so there exists C3 > 1 (depending on Cyp, C1) such that

t

Sup] v %o —/0 Tlv($)lly(r)ds = C3expexpexp(C3r) (4.14)

s€[0,t

for all £ > 0 such that (4.5) and

t
/ f(s)expexp(Cas)ds <1 4.15)
0

hold. We emphasize that T (and so also || - | and || - [|y) is a function of time. Now
that we have estimated the expected growth of ||v| , we can define 7. Namely, in
light of (4.5), we see that there exists C4 > 1 such that

t
T(t) :=exp (—C4/ expexpexp(C4s)ds) (4.16)
0

satisfies tp = 1, as assumed, and (4.5), provided (4.14) and that f satisfies
Csf(1) exp4(C5t) <1 forall > 0, 4.17)

where Cs > Cjy is a large constant. This choice of t first lets us determine another
constraint for f guaranteeing (4.9). Namely, noting that there exists C¢ > C5 such
that

@ w2 S T M0 170 S Coexp®(Cos) (4.18)
for all # > 0 for which (4.14) holds, we see that (4.9) follows if

t
C6/ fs) exp4(C65)ds <1. 4.19)
0

Second, the choice (4.16) determines the integrability of ||v ||y in time, namely we
have
—1(t) > C{l exp (—expexp exp(C7t)) (4.20)
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for some C7 > Cg, and so (4.6) implies that

t t
lvlly ) / 3
WY@ g5 < | Cyexp®(Css) ds, 4.21)
/0 Croxp*(Crs) " ~ Jo P

from where [ %ds < 1if Cg > C7 is sufficiently large.

This shows that, choosing t as in (4.16), we obtain the global-in-time a priori
bound (4.14), provided u is such that f satisfies

f(1) Cgexp*(Cgt) <1 forallr > 0, (4.22)

so that f satisfies (4.3), (4.12), (4.15), (4.17), and (4.19). This way, all the above
estimates hold unconditionally for all # > 0 (by applying a simple continuity
argument), and the a priori bound (4.14), which is valid for all t > 0, lets us modify
the local well-posedness proof of Section 2.2 to obtain the global well-posedness
result with

101l oo 0,00): K ey F | = TV L1(0,00); ¥(x)) < 0 (4.23)

with t chosen in (4.16), as required.
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