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Introduction

This thesis is devoted to the study of Dirichlet elliptic problems driven by some nonho-
mogeneous differential operators, patterned after the (p, q)-Laplacian. Elliptic problems
involving the (p, q)-Laplacian have been widely investigated due to their broad range
of important applications, especially in fields like material science, biophysics and eco-
nomics; see [98] for a survey on recent existence and multiplicity results concerning the
(p, q)-Laplacian.

Starting from the (p, q)-Laplacian, two families of operators exhibiting unbalanced
growth were introduced: the Λ-Laplacian, where Λ is a Young function (see Definition
1.3.3), and the double-phase operators. Both operators allow for modeling phenomena
with non-standard growth with respect to the gradient of the function. Thus, they are
used to model phenomena where diffusion is heterogeneous or context-dependent.

The Λ-Laplacian has been applied in various fields, including materials science, phase
transitions, and geometric analysis. This type of differential operator enables growth that
is not limited to a simple power law but can adapt to more general growth laws (such
as exponential or logarithmic growth) defined by the Young function Λ. The existence
of solutions to Dirichlet problems in bounded domains driven by the Λ-Laplacian (thus
involving Sobolev-Orlicz spaces) can be found, for instance, in [17] (see also [16]) and
[23] for equations, as well as in [53] for systems. Regularity properties of solutions to
Λ-Laplacian equations and systems have been extensively studied in recent decades; see
[27, 28, 33, 69, 90, 127, 129] and the references therein.

Double-phase operators were introduced in [135] to describe models of strongly
anisotropic materials and typically take the form:

−div (a(x)|∇u|p−2∇u+ |∇u|q−2∇u),

being 1 < q ≤ p ≤ N and a : Ω → [0,+∞). The modularing coefficient a(x) ≥ 0 dictates
the geometry of the composite made by two different materials, one with hardening expo-
nent p and the other with hardening exponent q. Several results regarding the existence,
uniqueness, and multiplicity of solutions for double-phase problems have been obtained;
see [2, 41, 42, 43, 61, 62, 63, 73, 93, 114] for references. Local regularity of minimizers of
integrals with non-standard growth was studied in [99, 100]. Additional local regularity
results have been established in [35, 5, 45, 101, 102] (see also the references therein). It is
worth noting that, in this context, global regularity remains poorly understood: indeed,
the classical nonlinear regularity theory [90] is no longer applicable to problems driven
by unbalanced growth operators.
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In recent years, non-local differential operators, like the fractional p-Laplacian, have
been developed to model phenomena such as anomalous diffusion and processes involv-
ing long-range interactions. Non-local operators have gained significant traction due
to numerous applications to real-world problems such as game theory, finance, image
processing, and materials science. Consequently, many results concerning the existence,
uniqueness, and/or multiplicity of solutions for non-local operators have been obtained.
In particular, we mention [49, 82, 97] and the survey on fractional Sobolev spaces [46].
Recently, various regularity results have also been proven; see, for example, [84, 83]. As in
the case of p-Laplacian, the fractional p-Laplacian can also be generalized by introducing
the (p, q)-fractional Laplacian. This non-local differential operator is nonhomogeneous
since it combines two distinct growth laws, one with index p and the other with index q
which allows for the description of phenomena where diffusion behavior varies depending
on the region or conditions. For these reasons, it is applicable in various fields ranging
from physics, including fluid dynamics, material science, models of complex systems, and
to applied mathematics.

In this thesis, we pursue this approach to generalization and present several works
in which these topics are addressed. In Chapter 1, we recall some preliminary notions
and results and present the functional spaces used to define our problems. Chapter
2 addresses two singular problems driven by nonhomogeneous operators, which were
studied in [54] and [55], respectively. First, we consider the following strongly singular
convective problem {

−div a(∇u) = f(x, u) + g(x,∇u) in RN ,

u > 0 in RN ,
(1)

being N ≥ 2. Here the differential operator u 7→ div a(∇u), usually called a-Laplacian,
is patterned after the (p, q)-Laplacian ∆p + ∆q, 1 < q < p < +∞, while the reaction
term is strongly singular and convective. Under appropriate assumptions, the existence
of a generalized solution to (1) is established.

Next, we focus on the problem
−∆Φu = h(x)f(u, v) in RN ,

−∆Ψv = k(x)g(u, v) in RN ,

u, v > 0 in RN ,

u(x), v(x) → 0 as |x| → +∞,

(2)

where −∆Φ, (−∆Ψ )is the Φ-Laplacian (resp., Ψ-Laplacian) (see Definition 1.4.1), while
the reaction term h(x)f(s, t) (k(x)g(s, t)) is Φ-sublinear (resp., Ψ-sublinear) and weakly
singular with respect to s (resp., t). We show that (2) admits a unique solution and
prove the decay of the fundamental solution of the Φ-Laplacian, extending the results
for the p-Laplacian operator given in [3].

In Chapter 3, we establish the existence and non-existence of positive solutions to{
−∆a

pu− ∆qu = αa(x)|u|p−2u+ β|u|q−2u in Ω,

u = 0 on ∂Ω.
(3)

2



where Ω ⊆ RN , N ≥ 2, is a bounded domain with boundary ∂Ω of class C2, ∆a
p is the

weighted p-Laplacian and α, β ∈ R. Moreover, we build a curve C which separates the
region of existence from the region of non-existence of positive solutions to (3). These
results can be found in [56].

Chapter 4 focuses on some results proved in [58]. Let Ω be a bounded domain in RN ,
N ≥ 2, with a Lipschitz boundary ∂Ω, let 0 < s2 ≤ s ≤ s1 ≤ 1, and let 1 < q < p < N

s1
.

We investigate the existence of generalized solution to{
(−∆)s1p u− (−∆)s2q u = f(x, u,Dsu) in Ω,

u = 0 in RN \ Ω,
(4)

where (−∆)tr, with r > 1 and 0 < t < 1, denotes the fractional r-Laplacian (see (1.4.9)
for the definition), and the symbol Dsu stands for the distributional Riesz fractional
gradient of u in the sense of [123, 124]. Inspired by [107, 57], we prove the existence of
at least one generalized solution to (4).

Finally, Chapter 5 introduces new topics and explores future research directions.
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List of the symbols

X is a real local convex space
X∗ is the dual space of X

RN is the N -th dimensional Euclidean space endowed with the standard scalar product
Br(x) is the ball of radius r centered at x

Ω is a bounded domain of RN

∂Ω is the boundary of Ω
ωN is the surface area of the unit sphere in RN

|Ω| is the Lebesgue’s measure of Ω
Ω is the closure of Ω

Given two sets Ω1,Ω2 ⊆ RN , the symbol Ω1 ⋐ Ω2 means Ω1 ⊆ Ω2

χΩ denotes the characteristic function of Ω
∇u is the gradient of the function u

Given u : RN → R, we define u+ := max{u, 0} and u− := max{−u, 0}
The set Ωk := {x ∈ RN : u(x) > k} is the super-level set of u at level k ∈ R

Let F : X → [−∞,+∞], the symbol ∂F (u) denotes the sub-differential of F at u.
∆u is the Laplacian of u

f ◦ g is the composition between f and g, that is, (f ◦ g)(t) := f(g(t)) for all t
f, g : RN → R, then f ∗ g stands for the convolution between f and g
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Chapter 1

Preliminaries

In this chapter, we present key definitions and fundamental results that we use in this
thesis. Specifically, the first subsection introduces the definitions and core properties of
the rearrangement of a function, the conjugate of a functional, and some preliminary
lemmas. The second subsection introduces some properties related to operators of the
form A : X → X∗, where (X; ∥ · ∥) is a Banach space. The last two subsections explore
certain functional spaces and nonhomogeneous elliptic operators, which serve as the focus
of study in the subsequent chapters of the thesis.

1.1 Some results from real analysis and measure the-

ory

Definition 1.1.1. Let f : RN → R be a measurable function. The (non-increasing)
rearrangement of f is defined as

f ∗(t) := inf{s > 0 : µf (s) ≤ t} ∀t ≥ 0,

being µf : [0,+∞) → [0,+∞) the distribution function of f , that is,

µf (s) := |{x ∈ RN : |f(x)| > s}| ∀s ≥ 0.

From this definition, it easily follows that f ∗ is non-negative, non-increasing, right
continuous and satisfies the following inequality

f ∗(µf (s)) ≤ s ∀s > 0.

Since µf (·) is right-continuous, we deduce that

µf (f ∗(t)) ≤ t ∀t > 0.

Moreover, (see [134, Proposition 1.8.3])
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Proposition 1.1.2. Let f be a measurable function, and let f ∗ denote its non-increasing
rearrangement. Consider the function

µf∗(r) := |{t ∈ (0,+∞] : f ∗(t) > r}| = sup{t ∈ (0,+∞] : f ∗(t) > r}.

Then we have

µf∗(r) = µf (r) ∀r > 0.

For this reason, f ∗ is also referred to as the equimeasurable, non-increasing rearrange-
ment of f .

The symbol f ∗∗ stands for the integral average of the rearrangement f ∗, that is,

f ∗∗(t) :=
1

t

ˆ t

0

f ∗(r) dr.

In view of [134, Lemmas 1.8.10 and 1.8.12], for all p ∈ (1,+∞) we have

f ∗∗(t) ≤ p′t−
1
p∥f∥p ∀t > 0. (1.1.1)

For a more detailed discussion of the properties of rearranged functions, see [91, Chapter
3], [134, Chapter 1.8], and [70, Chapter 1.4.1]

Definition 1.1.3 (Conjugate functional). Let (X,X∗) be a real locally convex space
and its dual, and let F : X → [−∞,+∞] be a functional such that F ̸≡ −∞. The
conjugate functional F ∗ : X∗ → [−∞,+∞] is defined as:

F ∗(u∗) = sup
u∈X

⟨u∗, u⟩ − F (u) ∀u∗ ∈ X∗.

We note that F ∗ is convex and lower semi-continuous on X∗ since it is the supremum
of a family of continuous functionals.

Let us present a classical example of a conjugate functional.

Example 1.1.4. Let X = X∗ = R. If we choose F : X → [0,+∞) such that

F (u) =
|u|p

p
for all u ∈ R and p > 1,

then

F ∗(u∗) =
|u∗|p′

p′
for all u∗ ∈ R,

being 1
p′

= 1 − 1
p
.

We refer to Chapter 51 of [133] for the proofs of the following propositions and for
further properties of conjugate functionals. From the definition of F ∗, it readily follows
that
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Proposition 1.1.5. Let (F, F ∗) be a functional and its conjugate. Then one has

⟨u∗, u⟩ ≤ F (u) + F ∗(u∗) for all u ∈ X and u∗ ∈ X∗.

This inequality is called generalized Young’s inequality and becomes an equality if
and only if u∗ ∈ ∂F (u), namely if it holds

⟨u∗, v − u⟩ ≤ F (v) − F (u),

for all v ∈ X (see [133, Chapter 47.3] for the definition of subgradient and subdifferential
of a functional).

Corollary 1.1.6. Suppose F : X → [−∞,+∞] is a Gâteaux differentiable functional
on X. Then we get

⟨u∗, u⟩ = F (u) + F ∗(u∗) ⇔ u∗ = F ′(u) for some u ∈ X.

Now, suppose X is a reflexive Banach space. Then, recalling that (X∗)∗ = X, we can
define the bi-conjugate of a functional F : X → [−∞,∞] as follows

(F ∗)∗(u) = F ∗∗(u) := sup
v∗∈X∗

⟨v∗, u⟩X − F ∗(v∗) for all u ∈ X.

Take F,G : X → [−∞,+∞] two functionals. If G(u) > −∞, we write G ≤ F to indicate
that G(u) ≤ F (u) for all u ∈ X.

Moreover,

Theorem 1.1.7. Assume that X is a Banach reflexive space, and F,G : X → [−∞,+∞]
are two functionals. We have:

1. if G ≤ F , then F ∗ ≤ G∗;

2. F ∗∗ is convex and lower semi-continuous;

3. F ∗∗ ≤ F ;

4. F ∗∗ = F when F is convex and semi-continuous;

5. Let G be a convex and lower semi-continuous functional such that F ∗∗ ≤ G ≤ F,
with F,G > −∞ or G ≡ −∞. Then G = F ∗∗.

From (4) − (5) it follows that the bi-conjugate functional F ∗∗ of a functional F
represents the best convex and lower semi-continuous approximation of F .

Now, we will introduce a preliminary lemma that will be used in the subsequent
chapters

7



Proposition 1.1.8 (Pratt’s lemma). [55, Proposition A.1] Let (Ω, µ,F ) be a measure
space. Suppose {fn}, {gn}, {hn} to be sequences of measurable functions such that

fn → f µ-a.e. in Ω, lim
n→∞

ˆ
Ω

fn dµ =

ˆ
Ω

f dµ ∈ R,

hn → h µ-a.e. in Ω, lim
n→∞

ˆ
Ω

hn dµ =

ˆ
Ω

h dµ ∈ R,

gn → g µ-a.e. in Ω, fn ≤ gn ≤ hn µ-a.e. in Ω.

Then

lim
n→∞

ˆ
Ω

gn dµ =

ˆ
Ω

g dµ ∈ R.

Proof. It suffices to apply Fatou’s lemma to both gn − fn and hn − gn.

1.2 On some operator properties

Definition 1.2.1. Let (X, ∥ · ∥) be a Banach space. An operator A : X → X∗ is

• bounded if A maps bounded sets into bounded sets,

• continuous if un → u implies A(un) → A(u),

• demi-continuous if un → u entails A(un) ⇀ A(u),

• strongly continuous if un ⇀ u implies A(un) → A(u),

• weakly continuous if un ⇀ u infers A(un) ⇀ A(u),

• compact if A maps bounded sets into relatively compact sets,

• completely continuous if A is continuous and given any sequence {un} such that
un ⇀ u in X, it holds that A(un) → A(u).

Remark 1. We notice that if A is strongly continuous, then A is completely continuous
and weakly continuous. Another consequence of the definitions given above is that if A
is completely continuous, then it is compact.

Definition 1.2.2. Let (X, ∥ · ∥) be a Banach space. An operator A : X → X∗ is

• monotone if ⟨A(u) − A(v), u− v⟩ ≥ 0 for all u, v ∈ X,

• strictly monotone if ⟨A(u) − A(v), u− v⟩ > 0 for all u, v ∈ X,

• strongly monotone if there exists a constant c > 0 such that

⟨A(u) − A(v), u− v⟩ ≥ c∥u− v∥ for all u, v ∈ X,

8



• pseudo-monotone if, for any {un} ⊆ X and u ∈ X such that

un ⇀ u in X and lim sup
n→∞

⟨A(un), un − u⟩ ≤ 0 (1.2.1)

one has
⟨A(u), u− v⟩ ≤ lim inf

n→∞
⟨A(un), un − v⟩ ∀v ∈ X,

• of type (S+) if, for any sequence {un} ⊆ X and any u ∈ X satisfying the condition
given in (1.2.1), it follows that un → u in X,

• coercive iff,

lim
∥u∥→∞

⟨Au, u⟩
∥u∥

= +∞.

Remark 2. A completely continuous map A : X → X∗ is pseudo-monotone. Moreover,
it is readily seen that any continuous operator of type (S+) is pseudo-monotone (see, e.g.,
[48, Lemma 6.7]). Additionally, we note that the sum of pseudo-monotone operators is
a pseudo-monotone operator too.

Lemma 1.2.3. [54, Lemma 2.2] Let (X, ∥ ·∥) be a Banach space. Suppose that A : X →
X∗ is a (S+) operator, while B : X → X∗ is a compact operator. Then C := A+B is a
(S+) operator.

Proof. Let {un} ⊆ X and u ∈ X such that un ⇀ u in X and

lim sup
n→∞

⟨C(un), un − u⟩ ≤ 0. (1.2.2)

Up to subsequences, compactness of B produces B(un) → ψ in X∗ for some ψ ∈ X∗. So
(1.2.2) reads as

0 ≥ lim sup
n→∞

⟨A(un), un − u⟩ + lim
n→∞

⟨B(un), un − u⟩ = lim sup
n→∞

⟨A(un), un − u⟩.

Hence, the (S+) property of A gives un → u in X, as desired.

Now we recall the main result on pseudo-monotone operators. For the proof of the
following theorem, see for example [135, Theorem 27.A]

Theorem 1.2.4 (Main theorem on Pseudo-monotone Operators). Let (X, ∥ · ∥) be a
reflexive Banach space and let A : X → X∗ be a pseudo-monotone, bounded, and coercive
operator. Then, for each b ∈ X∗, there exists u ∈ X solution of the equation Au = b.

This theorem, as a corollary, provides us with Minty-Browder’s theorem (see [15,
Corollary 5.16])

Corollary 1.2.5 ( Minty-Browder’s theorem). Let (X, ∥ · ∥) be a reflexive Banach space
and let A : X → X∗ be a nonlinear, continuous, strictly monotone, bounded, and coercive
operator. Then, for any b ∈ X∗, there exists a unique solution u ∈ X of the equation
Au = b.

9



The following theorem is a consequence of Brouwer’s fixed point theorem. For the
proof, we refer to [122, p. 37].

Theorem 1.2.6. Let (X, ∥·∥) be a finite dimensional normed space and let A : X → X∗

be continuous. Assume there exists R > 0 such that

⟨A(x), x⟩ ≥ 0 for all x ∈ X with ∥x∥ = R.

Then the equation A(x) = 0 admits a solution x̄ ∈ X fulfilling ∥x̄∥ ≤ R.

1.3 Functional spaces

In this section, we introduce some functional spaces that will be used later. In the
following, unless stated, we identify functions which coincide almost everywhere in Ω.

1.3.1 Sobolev spaces

Given any domain Ω ⊆ RN , the set C∞
c (Ω) consists of the test functions that are com-

pactly supported in Ω.
Let p ∈ R with 1 ≤ p ≤ ∞, we set p′ := p

p−1
the Young conjugate of p. Moreover,

if p < N , we denote the Sobolev conjugates of p by p∗ := Np
N−p . The spaces Lp(Ω) and

W 1,p(Ω) are, respectively, the Lebesgue and Sobolev spaces, and they are equipped with
their standard norms:

∥u∥Lp(Ω) :=

{(´
Ω
|u|p dx

) 1
p , if 1 ≤ p < +∞,

ess supx∈Ω |u(x)| when p = +∞,

∥u∥W 1,p(Ω) := ∥u∥Lp(Ω) + ∥∇u∥Lp(Ω).

The space Lp(Ω) and W 1,p(Ω) are reflexive for 1 < p < ∞ and separable for 1 ≤ p <
∞. Moreover, note that Lebesgue spaces are rearrangement invariant. Indeed, given a
function u ∈ Lp(Ω) and its non-increasing rearrangement u∗ (see Definition 1.1.1), we
have

∥u∥Lp(Ω) = ∥u∗∥Lp(0,|Ω|),

since u and u∗ are equimeasurable.
Whenever the domain of integration is clear, for any p ∈ [1,+∞] the norm ∥ · ∥p

stands for the usual Lp norm.
Regarding embedding results, please refer to [15, Corollary 9.14 and Theorem 9.16].

Let 1 ≤ p < ∞. The space W 1,p
0 (Ω) denotes the closure of C∞

c (Ω) in W 1,p(Ω). This
space is a separable Banach space and it is reflexive when 1 < p < ∞. Since C∞

c (Ω) is
dense in W 1,p(RN), we have

W 1,p(RN) = W 1,p
0 (RN).

Moreover, the following Poincaré inequality holds:

10



Theorem 1.3.1 (Poincaré inequality for Sobolev spaces). Suppose Ω ⊆ RN is a bounded
domain with Lipschitz boundary ∂Ω. Then, there exists a constant C = C(Ω, p) > 0 such
that

∥u∥p ≤ C∥∇u∥p for all u ∈ W 1,p
0 (Ω).

Thus, we can endow W 1,p
0 (Ω) with the equivalent norm given by the Poincaré in-

equality, that is,
∥u∥1,p := ∥∇u∥p. (1.3.1)

Finally, we recall that W−1,p′(Ω) denotes the dual space of W 1,p
0 (Ω).

1.3.2 Beppo-Levi spaces

When working in unbounded spaces, even for very simple problems, it becomes evident
that Sobolev spaces are not the most natural setting for addressing them. Indeed, let
u(x) = |x|−1 be a solution to 

−∆u = 0 in R3 \ {0},
u = 1 on ∂B1,

u→ 0 as |x| → ∞,

we can easily notice that

u ∈ Lh(R3 \B1) for h ∈ (3,+∞),

while

∇u ∈ Lk(R3 \B1) for k ∈
(

3

2
,+∞

)
.

Hence, the Sobolev space W 1,2(R3) is not the natural ambient to look for solutions
within. This compels us to look for solution within the setting of Beppo Levi spaces.

Definition 1.3.2. Let Ω ⊆ RN be an arbitrary domain and let 1 ≤ p <∞. The Beppo
Levi space D1,p(Ω) (or homogeneous Sobolev spaces) is defined as

D1,p(Ω) := {u ∈ L1
loc(Ω) : |∇u| ∈ Lp(Ω)},

endowed with the norm ∥u∥1,p = ∥∇u∥p (even if Ω is unbounded).

Observe that when Ω is a bounded and locally Lipschitz space, then

D1,p(Ω) = W 1,p(Ω)

(vide [52, Lemma II.6.1 and Remark II.6.1]).
Finally, we introduce the space D1,p

0 (Ω) as the closure of C∞
c (Ω) under the norm

∥∇u∥p. Since D1,p
0 (Ω) ↪→ Lp

∗
(Ω) continuously, we can identify D1,p

0 (Ω) with

D1,p
0 (Ω) := {u ∈ Lp

∗
(Ω) : |∇u| ∈ Lp(Ω)}.
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1.3.3 Orlicz and Orlicz-Sobolev spaces

In this subsection we present Orlicz and Orlicz-Sobolev spaces. These spaces generalized
Lebesgue and Sobolev spaces, when the role of the convex function tp is assumed by
a generic convex function obeying appropriate hypotheses. Let’s start by giving the
definition of Young functions.

Definition 1.3.3. A function Λ : [0,+∞) → [0,+∞) is called Young function if

• Λ is convex,

• Λ(t) = 0 if and only if t = 0,

• the following holds true:

lim
t→0+

Λ(t)

t
= 0, lim

t→+∞

Λ(t)

t
= +∞. (1.3.2)

Since Λ is a convex function, it admits the following representation:

Λ(t) =

ˆ t

0

λ(τ) dτ for all t ≥ 0,

being λ : [0,+∞) → [0,+∞) a non-decreasing, left-continuous function such that λ(0) =
0 (see [118, Corollary 2, p. 10]). Incidentally, we also note that λ(τ) ̸= 0 for every τ > 0.

Moreover, we set

iΛ := inf
t>0

tΛ′(t)

Λ(t)
, sΛ := sup

t>0

tΛ′(t)

Λ(t)
. (1.3.3)

For more details on Orlicz spaces, see [87, Chapter 3] and [118, Chapter I-II]

Lemma 1.3.4. [55, Lemma A.2] Let Λ be a Young function of class C2 and set λ := Λ′.
Denoting by

iλ := inf
t>0

tλ′(t)

λ(t)
, sλ := sup

t>0

tλ′(t)

λ(t)
, (1.3.4)

we suppose that 0 < iλ ≤ sλ < +∞. Then

1 < iλ + 1 ≤ iΛ ≤ sΛ ≤ sλ + 1 < +∞.

Proof. Observe that

(iλ + 1)λ(s) ≤ d

ds
(sλ(s)) ≤ (sλ + 1)λ(s) ∀s > 0.

Integrating in (0, t) and dividing by Λ(t) produces

iλ + 1 ≤ tΛ′(t)

Λ(t)
≤ sλ + 1 ∀t > 0,

yielding the conclusion.
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Proposition 1.3.5. [55, Proposition A.3] Let Λ,Θ be two Young functions of class C2.
Suppose that

0 < iλ ≤ sλ ≤ iθ ≤ sθ < +∞.

where iλ, sλ, iθ, sθ are defined as in (1.3.4). Then Υ := Θ ◦ Λ−1 is convex. If, moreover,
sΛ < iΘ, then Υ is a Young function.

Proof. First we notice that Υ is of class C2. We have

Υ′ = (Θ′ ◦ Λ−1) · (Λ−1)′ = (Θ′ ◦ Λ−1) ·
(

1

Λ′ ◦ Λ−1

)
=

Θ′

Λ′ ◦ Λ−1, (1.3.5)

so Υ is strictly increasing, since Θ′,Λ′ > 0 in R+. Differentiating we get

Υ′′ =

(
Θ′

Λ′ ◦ Λ−1

)′

=

[(
Θ′

Λ′

(
Θ′′

Θ′ −
Λ′′

Λ′

))
◦ Λ−1

]
· (Λ−1)′

=

[(
Θ′

Λ′

(
Θ′′

Θ′ −
Λ′′

Λ′

))
◦ Λ−1

]
·
(

1

Λ′ ◦ Λ−1

)
=

[
Θ′

(Λ′)2

(
Θ′′

Θ′ −
Λ′′

Λ′

)]
◦ Λ−1.

Moreover,

Θ′′(t)

Θ′(t)
− Λ′′(t)

Λ′(t)
=

1

t

(
tΘ′′(t)

Θ′(t)
− tΛ′′(t)

Λ′(t)

)
≥ 1

t
(iθ − sλ) ≥ 0 ∀t > 0.

Thus Υ′′ ≥ 0, ensuring the convexity of Υ.
Now suppose sΛ < iΘ. By (1.3.5) and the definition of Υ we deduce that

tΥ′(t)

Υ(t)
=

tΘ′(Λ−1(t))

Θ(Λ−1(t))Λ′(Λ−1(t))
=

Λ(τ)Θ′(τ)

Θ(τ)Λ′(τ)
=

τΘ′(τ)
Θ(τ)

τΛ′(τ)
Λ(τ)

,

where τ := Λ−1(t). Recalling also Lemma 1.3.4 we infer

1 <
iΘ
sΛ

≤ iΥ ≤ sΥ ≤ sΘ
iΛ

≤ sθ + 1

iλ + 1
< +∞, (1.3.6)

ensuring (1.3.2) for Υ, which is therefore a Young function.

Definition 1.3.6. [The Young conjugate of Λ] Let Λ be a Young function. We define
the Young conjugate of Λ, denoted by Λ, as

Λ(t) := max
s≥0

{st− Λ(s)} ∀t ≥ 0.

From the definition of Young conjugate, Young’s inequality easily follows:

st ≤ Λ(s) + Λ(t) ∀t, s ≥ 0. (1.3.7)

Moreover, (see [79, Lemma 2.4.2 and Proposition 2.4.5])
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Proposition 1.3.7. Let (Λ,Λ) be a pair of complementary Young function. Then Λ is

an increasing, convex function such that Λ = Λ.

Consider a pair of complementary Young functions (Λ,Λ), and denote by (Λ−1,Λ
−1

)
their inverse. Using their integral representation, it is easy to prove that

Λ(t) + Λ(s) ≤ Λ(t+ s) ∀t, s ≥ 0;

Λ−1(t+ s) ≤ Λ−1(t) + Λ(s)−1 ∀t, s ≥ 0;

t ≤ Λ−1(t)Λ
−1

(t) ≤ 2t ∀t > 0; (1.3.8)

Λ(t) ≤ tΛ
−1

(Λ(t)) ≤ 2Λ(t) ∀t > 0; (1.3.9)

Λ

(
Λ(t)

t

)
≤ Λ(t) ∀t > 0; (1.3.10)

Λ(s+ t) ≤ C(Λ(s) + Λ(t)) ∀s, t > 0. (1.3.11)

Λ−1(t) ≤ Ct
1
iΛ ∀t > 1. (1.3.12)

(vide [118, Proposition II.1.1]).
Incidentally, we recall (cf. [118, p.10]) that

Λ
′
= (Λ′)−1 (1.3.13)

for any Young function Λ.
Let’s introduce a comparison relation between Young functions, which will be very

useful in dealing with the inclusions between Orlicz spaces.

Definition 1.3.8. Let Λ1,Λ2 be two Young functions. We write Λ1 < Λ2 if there exist
c, T > 0 such that

Λ1(t) ≤ Λ2(ct) ∀t ≥ T. (1.3.14)

We write Λ1 ≪ Λ2 if for any c > 0 there exists T = T (c) > 0 such that (1.3.14) holds
true. It can be proved that the statement Λ1 ≪ Λ2 is equivalent to requiring

lim
t→+∞

Λ1(t)

Λ2(ct)
= 0 ∀c > 0,

(for the proof, see [118, Theorem II.2.2]).

Thus, provided Λ1 ≪ Λ2, one has

Λ1(t) ≤ σΛ2(t) + Cσ ∀t, σ > 0, (1.3.15)

where Cσ is a suitable positive constant. Finally, we recall that

sΛ1 < iΛ2 ⇒ Λ1 ≪ Λ2 ⇒ Λ1 < Λ2,

while the reversed implications are generally false. Indeed, if we take Λ1 = tp and
Λ2 = tp log(1+ t), we have that Λ1 ≪ Λ2, but sΛ1 = p = iΛ2 . Moreover if Λ1(t) := Λ2(kt),
being k > 0, then Λ1 < Λ2, but it doesn’t hold true that Λ1 ≪ Λ2.

Now, we present some interpolation results. The first lemma is our starting point
and can be found in [118, Lemma VI.3.2].
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Lemma 1.3.9. Let Φ, Ψ be two Young functions such that Φ ≪ Ψ. Then there exists a
Young function Λ such that Φ ≪ Λ ≪ Ψ. Such Λ is called intermediate function between
Φ and Ψ.

Proposition 1.3.10. [55, Proposition A.5] Assume Φ, Ψ, Υ are three Young functions
such that

Φ ≪ Ψ ◦ Υ−1 ◦ Υ

Then, there exists a Young functions Λ such that

Φ ≪ Λ ≪ Ψ ◦ Υ−1 ◦ Υ

Proof. Set Θ := Ψ ◦ Υ−1 ◦ Υ. A careful inspection of [118, Theorem II.2.2(b)] reveals
that there exists a Young function R such that Ξ := Φ ◦R < Θ even if Θ is not a Young
function. Thus, using (1.3.26) and Ξ < Θ, we have

Ξ(t) ≤ Ξ(1)tiΞχ{t≤1} +MΘ(ct)χ{t>1} =: Θ̂(t) ∀t > 0,

for suitable M, c > 0. Let us consider F ⋆⋆ := (F ⋆)⋆ to be the convex bi-conjugate of
a generic function F (see Definition 1.1.3 for its definition). From Theorem 1.1.7, we
have Θ̂⋆⋆ ≤ Θ̂ and Ξ⋆⋆ = Ξ, since Ξ is convex and continuous. Moreover, the convex
conjugation is a decreasing operator (vide [133, Proposition 51.6]), so that Ξ ≤ Θ̂ implies
Θ̂⋆ ≤ Ξ⋆, which in turn gives Ξ⋆⋆ ≤ Θ̂⋆⋆. Then

Ξ = Ξ⋆⋆ ≤ Θ̂⋆⋆ ≤ Θ̂ in (0,+∞). (1.3.16)

Define Λ̂ := 1
2M

Θ̂⋆⋆. Convexity of Λ̂ is guaranteed by [133, Proposition 51.6]; moreover,

it is readily seen that (1.3.16) ensures (1.3.2) for Λ := Λ̂. Hence Λ̂ is a Young function.
Obviously, Λ̂ < Θ. On the other hand, for any fixed ε, C > 0, we choose T > 0 such that

R(t)

t
>

1

ε
max{2MC, 1} ∀t > T, (1.3.17)

which is possible by super-linearity of R. Thus, recalling (1.3.16), the convexity of Φ,
and (1.3.17),

Λ̂(εt)

Φ(t)
=

Λ̂(εt)

Ξ(εt)

Ξ(εt)

Φ(t)
≥ 1

2M

Φ(R(εt))

Φ(t)
=

1

2M

Φ
(
R(εt)
t
t
)

Φ(t)
≥ ε

2M
inf
t>T

ε

R(εt)

εt
≥ C

holds true for any t > T
ε
. Arbitrariness of C and ε permits to conclude Φ ≪ Λ̂. Invoking

Proposition 1.3.9 produces a Young function Λ such that Φ ≪ Λ ≪ Λ̂ < Θ.

Definition 1.3.11. Let Λ be a Young function. We write Λ ∈ ∆2 if there exist k > 0
such that

Λ(2t) ≤ kΛ(t) ∀t ≥ T ≥ 0.

We write Λ ∈ ∇2 if there exist η > 1 and T ≥ 0 such that

Λ(t) ≤ 1

2η
Λ(ηt) ∀t ≥ T.

When T = 0 we say that Λ ∈ ∆2 globally (resp. Λ ∈ ∇2 globally).
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According to [87, Theorem 3.4.4], a Young function Λ satisfies the ∆2-condition if
and only if

lim sup
t→∞

tΛ′(t)

Λ(t)
<∞.

Inspired by [111, Lemma 2.1], let us prove a generalization of Young’s inequality (1.3.7)

Lemma 1.3.12 (Young’s inequality). [55, Lemma A.8] Let Λi,Θ, i = 1, 2, 3, be four
Young functions with Θ ∈ ∆2. If

Λ−1
1 (t)Λ−1

2 (t)Λ−1
3 (t) ≤ kΘ−1(t) ∀t > 0

for some k > 0, then

Θ(xyz) ≤ C[Λ1(x) + Λ2(y) + Λ3(z)] ∀x, y, z > 0

for some C > 0 depending on k,Θ.

Proof. Suppose, without loss of generality, that Λ1(x) ≤ Λ2(y) ≤ Λ3(z). Then, by
hypothesis,

xyz = Λ−1
1 (Λ1(x))Λ−1

2 (Λ2(y))Λ−1
3 (Λ3(z))

≤ Λ−1
1 (Λ3(z))Λ−1

2 (Λ3(z))Λ−1
3 (Λ3(z)) ≤ kΘ−1(Λ3(z)).

Thus, since Θ ∈ ∆2, there exists C = C(k,Θ) > 0 such that

Θ(xyz) ≤ Θ(kΘ−1(Λ3(z))) ≤ CΘ(Θ−1(Λ3(z))) = CΛ3(z) ≤ C[Λ1(x) + Λ2(y) + Λ3(z)].

Exchanging the role of Λ1,Λ2,Λ3 concludes the proof.

Now, let us introduce Orlicz classes and Orlicz spaces.

Definition 1.3.13 (Orlicz class). Given any open set Ω ⊆ RN and any Young function
Λ, the Orlicz class L̃Λ(Ω) is defined as

L̃Λ(Ω) := {u : Ω → R : u is measurable and ρΛ(u) <∞}

being

ρΛ(u) =

ˆ
Ω

Λ(|u(x)|) dx,

the modular function.

L̃Λ(Ω) may be not a linear set. Indeed, suppose that Ω = B1(0), and Λ(t) :=
et−t−1, one has that u(x) = −1

2
log |x| ∈ L̃Λ(B1(0)), but 2u(x) = − log |x| ̸∈ L̃Λ(B1(0)).

However, the following theorem holds (for the proof, see [87, Theorem 3.5.3]).

Theorem 1.3.14. Let Ω ⊆ RN . The following results holds true

• if |Ω| < +∞, then L̃Λ(Ω) is a linear set if and only if Λ ∈ ∆2;
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• if |Ω| = +∞, then L̃Λ(Ω) is a linear set if Λ ∈ ∆2 globally.

Definition 1.3.15. Let Λ be an arbitrary Young function. We denote by LΛ(Ω) the
linear hull of L̃Λ(Ω). This space is normed by the Luxembourg norm

∥u∥Λ := inf

{
τ > 0 :

ˆ
Ω

Λ

(
|u(x)|
τ

)
dx ≤ 1

}
.

(LΛ(Ω), ∥ · ∥Λ) is a Banach space (see [87, Theorem 3.9.1]).

Thanks to Theorem 1.3.14, one can conclude that whether |Ω| <∞ or |Ω| = ∞ and
Λ ∈ ∆2 globally, then L̃Λ(Ω) = LΛ(Ω) (see [87, Theorem 3.7.3]). Otherwise,

L̃Λ(Ω) ⊂ LΛ(Ω).

If there exists a constant c > 0 such that cu ∈ L̃Λ(Ω), then, since LΛ(Ω) is a linear space,
it follows u ∈ LΛ(Ω). Furthermore, the reverse implication also holds. Specifically, as
shown in (see [87, Lemma 3.7.2.]):

Theorem 1.3.16. A function u ∈ LΛ(Ω) if and only if there exists c > 0 such that
cu ∈ L̃Λ(Ω).

Reasoning as for Lebesgue spaces, it can be easily proven that Orlicz spaces are
rearrangement invariant.

Let us present a very useful result which allow to compare the modular and the norm:

Proposition 1.3.17. For any Young function Λ, one has

||u||Λ < 1 (resp. = 1, > 1) ⇔ ρΛ(u) < 1 (resp. = 1, > 1),

||u||Λ → 0 (resp. → ∞) ⇔ ρΛ(u) → 0 (resp. → ∞),

Now, following the definition given by Cianchi in [27, 26], we present the Sobolev
conjugate of a Young function.

Definition 1.3.18. Let Λ be a Young function satisfying

ˆ
0

(
t

Λ(t)

)N ′−1

dt < +∞ and

ˆ +∞( t

Λ(t)

)N ′−1

dt = +∞. (1.3.18)

where N ′ = N
N−1

. Then the Sobolev conjugate of Λ, denoted by Λ∗, is defined as
Λ∗ := Λ ◦ H −1, where H is given by

H (t) :=

(ˆ t

0

(
τ

Λ(τ)

)N ′−1

dτ

) 1
N′

.
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We remark that Λ∗ is a Young function because it is the composition of Young
functions.

If we consider the Young function Λ(t) = tp/p with 1 < p < N , then (1.3.18)
holds true. Moreover, consistently with what has been observed in Lebesgue spaces,
a computation shows that Λ∗(t) = tp

∗
/p∗. Similarly, if we choose an arbitrary Young

function such that 1 < iΛ ≤ sΛ < N , then (1.3.18) is satisfied and we can define the
Sobolev conjugate of Λ.

Furthermore, it is worth noting that when Ω ⊂ RN has finite measure, the first
condition in (1.3.18) is not necessary. In fact, we can modify Λ near 0 to ensure the
convergence of the integral. This modified function gives rise to an Orlicz space whose
norm is equivalent to that of the Orlicz space associated with the original function (see
[87, Theorem 3.17.3 and Remark 3.17.4]). Thus, in this case, the function Λ∗ is well-
defined by only requiring the second assumption in (1.3.18).

Now, we introduce some interpolation results:

Proposition 1.3.19. [55, Proposition A.6] Let h belong to L1(RN) ∩ L∞(RN). Then
h ∈ LΛ(RN) for all Young functions Λ.

Proof. According to (1.3.2), there exists σ > 0 such that Λ(t) < t for all t ∈ (0, σ]. Set
τ := max{∥h∥1, σ−1∥h∥∞}. Since |{|h| > τσ}| = 0, we have

ˆ
RN

Λ

(
|h|
τ

)
dx =

ˆ
{|h|≤τσ}

Λ

(
|h|
τ

)
dx ≤ 1

τ

ˆ
{|h|≤τσ}

|h| dx ≤ ∥h∥1
τ

≤ 1.

Thus ∥h∥Λ ≤ max{∥h∥1, σ−1∥h∥∞}.

Proposition 1.3.20. [55, Proposition A.7] Let Λ,Θ be two Young functions such that
Λ < Θ, and let h ∈ L1(RN) ∩ L∞(RN). Then there exists C = C(Λ,Θ, ∥h∥1, ∥h∥∞) > 0
such that

∥hu∥Λ ≤ C∥u∥Θ
for all u ∈ LΘ(RN).

Proof. By Λ < Θ we have, for suitable c, T > 0,

Λ(t) < Θ(ct) ∀t ≥ T.

Set τ := cR∥h∥∞∥u∥Θ, with R ≥ 1 to be chosen. We compute

ˆ
RN

Λ

(
|hu|
τ

)
dx =

ˆ
RN

Λ

(
|hu|

cR∥h∥∞∥u∥Θ

)
dx ≤ 1

R

ˆ
RN

|h|
∥h∥∞

Λ

(
|u|

c∥u∥Θ

)
dx

≤ 1

R

[ˆ
{|u|≥cT∥u∥Θ}

Θ

(
|u|

∥u∥Θ

)
dx+

Λ(T )

∥h∥∞

ˆ
{|u|<cT∥u∥Θ}

|h| dx
]

≤ 1

R

(
1 + Λ(T )

∥h∥1
∥h∥∞

)
.
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Choosing R := 1 + Λ(T ) ∥h∥1
∥h∥∞ we deduce

∥hu∥Λ ≤ τ = c

(
1 + Λ(T )

∥h∥1
∥h∥∞

)
∥h∥∞∥u∥Θ = c(∥h∥∞ + Λ(T )∥h∥1)∥u∥Θ.

Proposition 1.3.21. [55, Proposition A.9] Let Λ be a Young function satisfying sΛ < N .
Then, for any u ∈ LΛ∗(RN) and v ∈ LN(RN), one has

∥uv∥Λ ≤ C∥u∥Λ∗∥v∥N ,

for some C = C(N, sΛ) > 0.

Proof. According to Hölder’s inequality [111, Theorem 6.7], it is sufficient to prove

t
1
N Λ−1

∗ (t) ≤ CΛ−1(t) ∀t > 0, (1.3.19)

which is equivalent (setting s := Λ−1(t)) to

Λ(s)
1
N Λ−1

∗ (Λ(s)) ≤ Cs ∀s > 0. (1.3.20)

Recalling that Λ−1
∗ (Λ(s)) =

(´ s
0

(
τ

Λ(τ)

) 1
N−1

dτ

) 1
N′

, (1.3.20) is equivalent to

Λ(s)
1
N

(ˆ s

0

(
τ

Λ(τ)

) 1
N−1

dτ

) 1
N′

≤ Cs ∀s > 0. (1.3.21)

By hypothesis, for any ε ∈ (0, N − sΛ) the function t 7→ tN−ε

Λ(t)
is increasing: indeed,

d

dt

tN−ε

Λ(t)
=
tN−ε−1

Λ(t)

(
N − ε− tΛ′(t)

Λ(t)

)
≥ tN−ε−1

Λ(t)
(N − sΛ − ε) > 0 ∀t > 0.

Thus, fixing ε as above,

ˆ s

0

(
τ

Λ(τ)

) 1
N−1

dτ =

ˆ s

0

(
τN−ε

Λ(τ)

) 1
N−1

τ
ε

N−1
−1 dτ ≤

(
sN−ε

Λ(s)

) 1
N−1
ˆ s

0

τ
ε

N−1
−1 dτ

=
N − 1

ε

sN
′

Λ(s)
1

N−1

,

which ensures (1.3.21).

Now, we introduce the Orlicz-Sobolev spaces.
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Definition 1.3.22. Let Ω ⊆ RN be a domain. Let Λ be a Young function, the vectorial
space

W 1,Λ(Ω) :=
{
u ∈ LΛ(Ω) : |∇u| ∈ LΛ(Ω)

}
equipped with the norm

∥u∥W 1,Λ(Ω) := ∥u∥Λ + ∥∇u∥Λ.

is called Orlicz-Sobolev space. We denote by W−1,Λ(Ω) its dual.

Orlicz-Sobolev spaces generalize the classical Sobolev spaces. Indeed, let 1 ≤ p <∞,
and Λ = tp/p, then W 1,Λ(Ω) = W 1,p(Ω).

Suppose Λ ∈ ∆2. Then W 1,Λ
0 (Ω) is the closure of C∞

c (Ω) with respect to ∥ · ∥W 1,Λ(Ω).
As in the power case, one has

Theorem 1.3.23. [29, Theorem 4.1] Let Ω be a bounded Lipschitz domain. Then

∥u∥Λ ≤ C∥∇u∥Λ for any u ∈ W 1,Λ
0 (Ω),

being C = C(N,Ω) > 0 a suitable constant.

Thus, when Ω is a bounded Lipschitz domain, we can endow W 1,Λ
0 (Ω) with the

standard equivalent norm given by the Poincaré inequality, that is,

∥u∥1,Λ := ∥∇u∥Λ. (1.3.22)

Now, we recall some useful embeddings in the spirit of Rellich-Kondrachov’s theorem.
Thanks to Theorem 2, and 3 of [26] one has

Theorem 1.3.24. Let Ω ⊂ RN be a bounded domain with Lipschitz boundary ∂Ω, and
let Λ be a Young function fulfilling (1.3.18). The following hold

(a) LΛ(Ω) → LΞ(Ω) continuously for all Ξ < Λ∗.

(b) W 1,Λ(Ω) → LΞ(Ω) continuously for all Ξ < Λ∗.

(c) The embedding in (b) is compact if Ξ ≪ Λ∗.

The continuous embedding W 1,Λ(Ω) → LΛ∗(Ω), as established in [27, Theorem 3],
ensures that Λ∗ is the smallest Young space for which this continuous embedding holds
true.

Finally, as in the power case, when working in unbounded domains, the summability
of the function and its gradient can differ (see Section 1.3.2 below). For this reason, it
is necessary to introduce the Orlicz-Beppo Levi spaces.
Suppose Ω ⊆ RN is an open, connected set. The Orlicz-Beppo Levi space D1,Λ

0 (Ω) is the
closure of C∞

c (Ω) with respect to the semi-norm

[u] := ∥∇u∥Λ.

Assume that (1.3.18) is satisfied. As seen in Section 1.3.2, the continuity of the embed-
ding W 1,Λ

0 (Ω) → LΛ∗(Ω) allows us to identify D1,Λ
0 (Ω) with the functional space

D1,Λ
0 (Ω) := {u ∈ LΛ∗(Ω) : |∇u| ∈ LΛ(Ω)}.

Finally, we introduce the weighted Orlicz spaces (cf. [130]),
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Definition 1.3.25. Let w ∈ L1(Ω) and Λ ∈ ∆2. We define the weighted Orlicz space as

LΛ(Ω;w) :=

{
u : Ω → R measurable:

ˆ
Ω

w(x)Λ(|u(x)|) dx < +∞
}
.

This space, equipped with the Luxembourg norm

∥u∥LΛ(Ω;w) := inf

{
τ > 0 :

ˆ
Ω

w(x)Λ

(
|u(x)|
τ

)
dx ≤ 1

}
,

is a Banach space.

Suppose Ω = RN . Then, we can generalize the definitions given previously by defining

L̃Λ(RN) :=

{
u : RN → R measurable:

ˆ
RN

Λ(|u(x)|) dx < +∞
}
,

LΛ(RN ;w) :=

{
u : RN → R measurable:

ˆ
RN
w(x)Λ(|u(x)|) dx < +∞

}
,

W 1,Λ(RN) :=
{
u ∈ LΛ(RN) : |∇u| ∈ LΛ(RN)

}
,

D1,Λ
0 (RN) := {u ∈ LΛ∗

(RN) : |∇u| ∈ LΛ(RN)}.

Observe that the natural decay of functions in D1,Λ
0 (RN) is only measure-theoretical, in

the sense that

u ∈ D1,Λ
0 (RN) ⇒ |{x ∈ RN : |u(x)| ≥ ε}| ≤ 1

Λ(ε)

ˆ
RN

Λ(|u(x)|) dx < +∞ ∀ε > 0.

By virtue of Theorem 3 of [27], one has the following continuous embedding:

D1,Λ(RN) ↪→ LΛ∗(RN). (1.3.23)

Proposition 1.3.26 (Continuous embedding result). [55, Proposition A.10] Let Λ be a
Young function satisfying sΛ < N , and let w ∈ L1(RN) ∩ L∞(RN), w ≥ 0. Then, for
any u ∈ D1,Λ

0 (RN), ˆ
RN
wΛ(|u|) dx ≤ C

ˆ
RN

Λ(|∇u|) dx,

being C = C(N, ∥w∥1, ∥w∥∞) > 0. In particular, the embedding

D1,Λ
0 (RN) ↪→ LΛ(RN ;w) (1.3.24)

is continuous.

Proof. Set CN = 8|B1|−1/N and take any ε ∈ (0, 1). Observe that

Λ(|u|) =

[
ε

Λ(|u|)
|u|

][
CN
ε

(ˆ
RN

Λ(|∇u|) dx

) 1
N

] |u|

CN
(´

RN Λ(|∇u|) dx
) 1
N

 .
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Now we apply Lemma 1.3.12 with the functions Λ, tN , and Λ∗, after observing that

Λ
−1

(t)t
1
N Λ−1

∗ (t) ≤ kΛ
−1

(t)Λ−1(t) ≤ 2kt,

by virtue of (1.3.19) and (1.3.8). Exploiting (1.3.10) We get

Λ(|u|)

≤ C

εΛ(Λ(|u|)
|u|

)
+

(
CN
ε

)N ˆ
RN

Λ(|∇u|) dx+ Λ∗

 |u|

CN
(´

RN Λ(|∇u|) dx
) 1
N


≤ CεΛ(|u|) + C

(
CN
ε

)N ˆ
RN

Λ(|∇u|) dx+ CΛ∗

 |u|

CN
(´

RN Λ(|∇u|) dx
) 1
N

 .

Re-absorbing the first term on the left, multiplying by w, and integrating yield

(1 − Cε)

ˆ
RN
wΛ(|u|) dx

≤ C

∥w∥1(CN
ε

)N ˆ
RN

Λ(|∇u|) dx+ ∥w∥∞
ˆ
RN

Λ∗

 |u|

CN
(´

RN Λ(|∇u|) dx
) 1
N

 dx

 .
Now we choose ε = 1

2C
. Using [27, Theorem 3] we conclude

ˆ
RN
wΛ(|u|) dx ≤ 2C

[(
CN
ε

)N
∥w∥1 + ∥w∥∞

] ˆ
RN

Λ(|∇u|) dx.

Now, let Λ be a Young function whose indices iΛ and sΛ obey

1 < iΛ ≤ sΛ < +∞, (1.3.25)

(for the definition of iΛ, sΛ, refer to (1.3.3)). We define the functions ζ
Λ
, ζΛ : [0,+∞) →

[0,+∞) as

ζ
Λ
(t) := min{tiΛ , tsΛ}, ζΛ(t) := max{tiΛ , tsΛ}.

From [50, Lemma 2.1], one has

ζ
Λ
(k)Λ(t) ≤ Λ(kt) ≤ ζΛ(k)Λ(t) ∀k, t ≥ 0 (1.3.26)

and

ζ
Λ
(∥u∥LΛ(Ω)) ≤

ˆ
Ω

Λ(|u(x)|) dx ≤ ζΛ(∥u∥LΛ(Ω))
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for all u ∈ LΛ(Ω). Incidentally, we recall that, according to Corollary II.3.4 of [118],
Λ ∈ ∆2 ∩ ∇2 implies that also Λ ∈ ∆2 ∩ ∇2, and it is equivalent to requiring (1.3.25).
Moreover, we can easily prove that

s′Λ ≤ iΛ ≤ sΛ ≤ i′Λ (1.3.27)

and, provided sΛ < N ,
i∗Λ ≤ iΛ∗ ≤ sΛ∗ ≤ s∗Λ, (1.3.28)

(see [50, Lemmas 2.4-2.5]). Now, we prove that, if we impose an appropriate decay
condition at infinity on the weighted function w, then the embedding (1.3.24) is also
compact.

Proposition 1.3.27. [55, Proposition A.11] Let Λ be a Young function satisfying sΛ <
N , and let w ∈ L1(RN) ∩ L∞(RN), w ≥ 0, obeying w(x) → 0 as |x| → +∞. Then the
embedding

D1,Λ
0 (RN) ↪→ LΛ(RN ;w)

is compact.

Proof. This proof is inspired by [130, Theorem 2.1]. For any bounded domain Ω ⊆ RN ,
we define the space

W 1,Λ(Ω;w) := {u ∈ LΛ(Ω;w) : |∇u| ∈ LΛ(Ω)}.
The following operators are continuous:

rn : D1,Λ
0 (RN) → W 1,Λ(Bn;w), rn(u) = u|Bn ,

in : W 1,Λ(Bn;w) → LΛ(Bn;w), in(u) = u,

en : LΛ(Bn;w) → LΛ(RN ;w), en(u)(x) =

{
u(x) if x ∈ Bn,

0 if x ∈ Be
n.

Reasoning as in [87, Lemma 7.4.1], we deduce that in is compact; thus In := en ◦ in ◦ rn
is compact too. We want to prove that {In} converges to the identity operator. To this
aim, first we show that, for all u ∈ LΛ∗(RN),

∥u∥LΛ(Ben;w)
≤ cn∥u∥Λ∗ , being cn := ∥w∥

1
2sΛ∗
L∞(Ben)

. (1.3.29)

Observe that ∥w∥L∞(Ben) → 0 because of w(x) → 0 as |x| → +∞, as well as ∥w∥L1(Ben)
→ 0

since w ∈ L1(RN). Thus, choosing M > 0 such that Λ(t) ≤ Λ∗(t) for all t > M , besides
using (1.3.26), for any n sufficiently large we haveˆ

Ben

wΛ

(
|u|

cn∥u∥Λ∗

)
dx

≤
ˆ
{u>Mcn∥u∥Λ∗}∩Ben

wΛ∗

(
|u|

cn∥u∥Λ∗

)
dx+ Λ(M)

ˆ
{u≤Mcn∥u∥Λ∗}∩Ben

w dx

≤ C

[ˆ
Ben

w

c
sΛ∗
n

Λ∗

(
|u|

∥u∥Λ∗

)
dx+

ˆ
Ben

w dx

]
≤ C

[
∥w∥

1
2

L∞(Ben)
+ ∥w∥L1(Ben)

]
≤ 1,
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ensuring (1.3.29). Accordingly, for any n,m ∈ N such that m > n,

∥In−Im∥ = sup
u∈D1,Λ

0 (RN )\{0}

∥In(u) − Im(u)∥LΛ(RN ;w)

∥u∥D1,Λ
0 (RN )

≤ C sup
u∈D1,Λ

0 (RN )\{0}

∥u∥LΛ(Ben;w)

∥u∥LΛ∗ (RN )

≤ Ccn,

where we have used the embedding inequality related to (1.3.23). Since cn → 0, {In} is
a Cauchy sequence of compact operators and hence In → I for some compact operator
I (see [15, Theorem 6.1]). The argument in [130, p.283] identifies I with the identity
operator, which concludes the proof.

1.3.4 Musielak-Orlicz and Musielak-Sobolev-Orlicz spaces

Orlicz spaces are based on suitable convex functions, independent of the variable x,
known as Young functions. In contrast, Musielak-Orlicz spaces are built upon generalized
Young functions, which can depend on both the variable x and the function’s value. For
a comprehensive presentation of these spaces, we refer the reader to the monographs
[79, 110]; see also [51, 41].

Definition 1.3.28. Let Ω ⊆ RN be an arbitrary domain. A function Λ : Ω× [0,+∞) →
[0,+∞) is called a generalized Λ̃-function if

• Λ(·, t) is measurable for all t ∈ [0,+∞),

• Λ(x, ·) is a Young function for a.e. x ∈ Ω (see Definition 1.3.3).

The set of all generalized Λ̃-functions is denoted by Λ̃(Ω).

Classical examples of generalized Λ̃-functions are Λ(x, t) := tp(x) and Λ(x, t) :=
a(x)tp + tq, where p(·) is a measurable function, 1 < q < p < N, and a(·) is a non-
negative measurable function with suitable properties.

For any fixed x ∈ Ω, we can consider the function Λ(x, ·) and introduce the generalized
Young conjugate Λ(x, ·) as outlined in Definition 1.3.6. Similarly, we compare generalized
Young functions according to Definition 1.3.8.

Definition 1.3.29. We say that Λ satisfies the ∆2 condition (resp., the ∇2-condition)
if, for each fixed x ∈ Ω, it holds that Λ(x, ·) ∈ ∆2 (resp., in ∇2).

Definition 1.3.30. Given any Λ ∈ Λ̃(Ω), the Musielak–Orlicz class L̃Λ(Ω) is defined as

L̃Λ(Ω) := {u : Ω → R : u is measurable and ρΛ(u) <∞}

being

ρΛ(u) =

ˆ
Ω

Λ(x, |u(x)|) dx.
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Definition 1.3.31. The Musielak–Orlicz space LΛ(Ω) is given by

LΛ(Ω) := {u : Ω → R : u is measurable and lim
η→0+

ρΛ(ηu) = 0}.

It becomes a Banach space when equipped with the Luxemburg norm:

∥u∥Λ := inf
{
τ > 0 : ρΛ

(u
τ

)
≤ 1
}
.

As in the case of Orlicz spaces, it can be shown that LΛ(Ω) can also be defined as the
linear hull of L̃Λ(Ω) (see [110, Definition 7.2 and Property 7.4]) In the Musielak-Orlicz
setting, analogous results to Theorem 1.3.14 and Proposition 1.3.17 still hold (see [110,
Theorem 8.13] and [79, Lemma 3.2.3], resp.). Therefore, L̃Λ(Ω) = LΛ(Ω) if one of the
following conditions holds:

• |Ω| <∞ and Λ ∈ ∆2,

• |Ω| = ∞ and Λ ∈ ∆2 globally.

Finally, we note that, unlike Orlicz spaces, Musielak-Orlicz spaces may not be
rearrangement invariant as the modular depends on the variable x.

The Musielak–Sobolev-Orlicz space W 1,Λ(Ω) is defined by

W 1,Λ(Ω) := {u ∈ LΛ(Ω) : |∇u| ∈ LΛ(Ω)}, (1.3.30)

equipped with the norm
∥u∥W 1,Λ(Ω) := ∥u∥Λ + ∥∇u∥Λ.

Suppose that Λ ∈ ∆2. We introduce the space W 1,Λ
0 (Ω) as the completion of C∞

c (Ω)
under the norm ∥·∥W 1,Λ(Ω). The topological dual of W 1,Λ

0 (Ω) will be denoted by W 1,Λ
0 (Ω)∗,

while ⟨·, ·⟩ stands for the duality brackets. As in the Orlicz case, we can extend all
definitions for Ω = RN .

Finally, we aim to study the density of smooth functions in W 1,Λ(Ω). To this end, we
need to introduce the following definitions, which are provided in [79, Definition 2.1.3,
and Definition 2.5.2].

Definition 1.3.32 (Φ− function). A function φ : Ω× [0,+∞) → [0,+∞) is a weak Φ−
function if

1. φ(·, t) is measurable for any t ∈ [0,+∞),

2. φ(x, 0) = 0 a.e. x ∈ Ω,

3. lim t→0+φ(x, t) = 0 and limt→+∞ φ(x, t) = +∞ for a.e. x ∈ Ω,

4. t 7→ φ(x,t)
t

is almost increasing, namely there exists a constant a ≥ 1 such that

φ(x, s)

s
≤ a

φ(x, t)

t
for all 0 < s ≤ t

and for a.e. x ∈ Ω. In this case, we claim that φ satisfies the property (aInc)1.
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The class of weak Φ−functions is denoted by Φw(Ω).

Definition 1.3.33. Given φ ∈ Φw(Ω). We say that φ satisfies

(aDec) if there exists l > 0 such that t 7→ φ(x,t)
tl

is almost decreasing, namely there exists
a constant b ≥ 1 such that

φ(x, t)

tl
≤ b

φ(x, s)

sl
for all 0 < s ≤ t and for a.e. x ∈ Ω;

(A0) if there exists β ∈ (0, 1] such that β ≤ φ−1(x, 1) ≤ 1
β

for a.e. x ∈ Ω;

(A1) if there exists β ∈ (0, 1) such that βφ−1(x, t) ≤ φ−1(y, t) for every t ∈
[
1, 1

|B|

]
and

for a.a. x, y ∈ Ω ∩B, being B a ball with |B| ≤ 1;

(A2) if for every s > 0 there exists β ∈ (0, 1] such that βφ−1(x, t) ≤ φ−1(y, t) for a.a.
x, y ∈ Ω and for every t ∈ [h(x) + h(y), s] where h ∈ L1(Ω) ∩ L∞(Ω).

Condition (A0), known as the weight condition, is equivalent to requiring the existence
of β ∈ (0, 1) such that

φ(x, β) ≤ 1 ≤ φ

(
x,

1

β

)
for a.e. x ∈ Ω,

(see [79, Corollary 3.7.4]). Condition (A1), referred to as the local continuity condition,
enables the comparison of the values of φ at nearby points. Finally, Condition (A2) is
called the decay condition and it is always satisfied when Ω is a bounded set (vide [79,
Lemma 4.2.3]).

Let Λ be a generalized Young function. Then Λ is a weak Λ−function (Φ = Λ).
Indeed, conditions (1) − (3) follow from the definition of generalized Young function,
while (4), with a = 1, is obtained using the convexity of Λ(x, ·)

Λ(x, s) = Λ
(
x,
s

t
t
)
≤ s

t
Λ(x, t) +

(
1 − s

t

)
Λ(x, 0) =

s

t
Λ(x, t).

Moreover, if we take a generalized Young function Λ ∈ ∆2, then Λ satisfies (aDec)
condition. Indeed, the following characterization holds true:

Theorem 1.3.34. [79, Lemma 2.2.6] A generalized Young function Λ ∈ ∆2 if and only
if (aDec) is satisfied.

Now, let us consider an arbitrary Young’s function Λ. Since the conditions (Ai),
i = 0, 1, 2, depend only on the variable x, Λ fulfills them. Thus, Theorem 6.4.7 of [79]
leads to the following corollary:

Corollary 1.3.35. Assume that Λ ∈ ∆2 is an arbitrary Young function. Then C∞(Ω)∩
W 1,Λ(Ω) is dense in W 1,Λ(Ω).
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Moreover, we have

Corollary 1.3.36. Let Λ ∈ ∆2 be a generalized Young function fulfilling (Ai), i = 0, 1, 2.
Then C∞(Ω) ∩W 1,Λ(Ω) is dense in W 1,Λ(Ω).

Let us conclude this introductory paragraph on Musielak-Orlicz spaces by giving the
definition of the Sobolev conjugate Λn of a generalized Young function Λ (see [31] for
more results about the Sobolev conjugate and Sobolev embedding theorems in Musielak-
Orlicz spaces.) To this end, we introduce the notion of normalized generalized Young
function:

Definition 1.3.37. A function φ ∈ Λ̃(Ω) is called normalized if the following conditions
hold:

• φ−1(x, 1) = 1 for a.e. x ∈ Ω;

• there exists β ∈ (0, 1] such that βφ−1(x, t) ≤ φ−1(y, t) for every t ∈
[
1, 1

|B|

]
and

for a.a. x, y ∈ Ω ∩B, where B is a ball B ⊆ Ω;

• Let t 7→ φ∞(t) be the function defined by

φ∞(t) := lim sup
|x|→∞

φ(x, t) for all t ≥ 0. (1.3.31)

Then,

φ(x, t) = φ∞(t) for t ∈ [0, 1].

Any generalized Young function, fulfilling (Ai), i = 0, 1, 2, can be normalized without
modifying the associated Musielak-Orlicz space, aside from equivalent norms (see Lemma
4.1 and Proposition 4.2 of [80]). In this case, the normalized generalized Young function
associated with Λ is denoted by Λ̃ and is defined as

Λ̃(x, t) :=

 2Λ0(x, t) − 1, if t ≥ 1,

lim sup
|x|→∞

Λ0(x, t), if 0 ≤ t < 1,

being

Λ0(x, t) := max{Λ(x,Λ−1(x, 1)t), 2t− 1} for x ∈ Ω and t ≥ 0.

Moreover, one has

Λ(x, βt) ≤ Λ̃(x, t) ≤ Λ

(
x,

4t

β

)
if t ≥ 1

Λ∞(βt) ≤ Λ̃(x, t) ≤ Λ∞

(
2t

β

)
if 0 ≤ t < 1, (1.3.32)

where β is the constant in (A0), and Λ∞ is defined as in (1.3.31).
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Definition 1.3.38 (Sobolev conjugate of Λ). Let Λ be a generalized Young function
satisfying (Ai), for i = 0, 1, 2. If the condition

ˆ 1

0

(
t

Λ∞(t)

) 1
N−1

dt <∞, (1.3.33)

holds, then the Sobolev conjugate of Λ is defined as

Λn(x, t) = Λ̃(x,H −1
n (x, t)) for x ∈ Ω and t ≥ 0,

where Hn : Ω × [0,+∞) → [0,+∞) is defined by

Hn(x, t) :=

(ˆ t

0

(
τ

Λ̃(x, τ)

) 1
N−1

dτ

) 1
N′

for x ∈ Ω and t ≥ 0.

We notice that Hn is well-posed thanks to (1.3.32) and (1.3.33). Moreover, in [31],
it is also proved that this Sobolev conjugate is sharp in the sense that the process
used to obtain Λn(x, ·) from Λ(x, ·), for each fixed x, is exactly the same as the one
that determines the optimal Sobolev conjugate of a classical Young function, which is
independent of x.

Now, we focus on one of the most popular classes of generalized Young functions,
namely the so-called double-phase Young functions.

Definition 1.3.39. Let Ω ⊆ RN be an arbitrary domain, let a ∈ L∞(Ω) be a non-
negative function, and let 1 < q < p < N . Then, the function θ ∈ Λ̃(Ω) defined by:

θ(x, t) := a(x)tp + tq for all (x, t) ∈ Ω × [0,+∞), (1.3.34)

is called the double-phase Young function.

The symbol θ denotes the Young conjugate of θ, which is defined as:

θ(x, t) := max
s≥0

{st− θ(x, s)} ∀(x, t) ∈ Ω × [0,+∞).

Suppose that Ω ⊆ RN is bounded set. Recalling Definition 1.3.31, one has

Lθ(Ω) := {u : Ω → R : u is measurable and ρθ(u) =

ˆ
Ω

a(x)|u(x)|p + |u(x)|q dx <∞}

Moreover, (see [79, Lemma 3.2.9]):

min{∥u∥pθ, ∥u∥
q
θ} ≤ ρθ(u) ≤ max{∥u∥pθ, ∥u∥

q
θ} for all u ∈ Lθ(Ω). (1.3.35)

The Musielak–Sobolev-Orlicz space W 1,θ(Ω) is defined by

W 1,θ(Ω) := {u ∈ Lθ(Ω) : |∇u| ∈ Lθ(Ω)}.

This space is equipped with the norm

∥u∥1,θ := ∥u∥θ + ∥∇u∥θ.

Noticing that θ ∈ ∆2, we define the space W 1,θ
0 (Ω) as the closure of C∞

c (Ω) with respect

to the norm ∥ · ∥1,θ. Denote with the symbol W−1,θ(Ω) the topological dual of W 1,θ
0 (Ω).
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Proposition 1.3.40. [34, Proposition 2.15] Let Ω ⊆ RN be a bounded domain with
Lipschitz boundary ∂Ω. Then, the following inclusions hold:

(a) Lp(Ω) ↪→ Lθ(Ω) continuously;

(b) Lθ(Ω) ↪→ Lr(Ω) continuously for all r ∈ (0, q];

(c) W 1,θ
0 (Ω) ↪→ W 1,r

0 (Ω) continuously for all r ∈ [1, q];

(d) W 1,θ
0 (Ω) ↪→ Lr(Ω) continuously for all r ∈ [1, q∗] and compactly for all r ∈ [1, q∗).

If we impose a more restrictive hypothesis on p and q, we obtain Poincaré’s inequality
(see the proof in [41, Proposition 2.18]):

Theorem 1.3.41 (Poincaré’s inequality). Suppose Ω ⊆ RN is a bounded Lipschitz do-
main, and 1 < q < p < q∗. Then, one has

• W 1,θ(Ω) ↪→ Lθ(Ω) compactly;

• Poincaré’s inequality holds true for W 1,θ
0 (Ω).

Thus, under these assumptions, we can equip W 1,θ
0 (Ω) with the equivalent norm

∥u∥1,θ = ∥∇u∥θ for all u ∈ W 1,θ
0 (Ω).

Another consequence of the bound p < q∗ is the following compact embedding.

Proposition 1.3.42. [56, Proposition 2.2] Assume the same hypothesis of Theorem
1.3.41. Then the embedding W 1,q

0 (Ω) ↪→ Lθ(Ω) is compact.

Proof. Take any bounded sequence {un} ⊆ W 1,q
0 (Ω). Hence, according to Rellich-

Kondrachov’s theorem [15, Theorem 9.16], besides recalling that p < q∗, there exists
u ∈ Lp(Ω) such that un → u in Lp(Ω). Thus, point (a) of Proposition 1.3.40 ensures the
claim.

Finally, we focus on the density of C∞(Ω) ∩W 1,θ(Ω) in W 1,θ(Ω). To this aim, it is
necessary to strengthen the assumptions on a(·), and the condition p < q∗. Firstly, we
notice that since a ∈ L∞(Ω), the conditions (A0) and (A2) are satisfied (see [79, Lemma
4.2.5 and Proposition 7.2.1]). Moreover,

Theorem 1.3.43. (see [79, Proposition 7.2.2]) The generalized Young function θ satis-
fies (A1) if and only if

a(y) ≤ C(a(x) + |x− y|
N
q
(p−q)) for every x, y ∈ Ω,

and for some constant C > 0.
In particular, if

p

q
≤ 1 +

1

N

and
a ∈ C0,N

q
(p−q)(Ω),

then θ satisfies (A1).
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Hence, thanks to Corollary 1.3.36, one has

Corollary 1.3.44. Let Ω ⊆ RN be a bounded domain with Lipschitz boundary ∂Ω, and
let 1 < q < p < N satisfy

p

q
≤ 1 +

1

N
.

Additionally, suppose that a ∈ C0,N
q
(p−q)(Ω) is a non-negative function. Then, C∞(Ω) ∩

W 1,θ(Ω) is dense in W 1,θ(Ω).

Consequently, if

a ∈ C0,N
q
(p−q)(RN) ∩ L∞(RN),

then C∞(RN) ∩W 1,θ(RN) is dense in W 1,θ(RN).
For results about the so-called double phase Young functions with variable exponents

see [41].
Finally, we conclude this subsection by introducing the function θ0 ∈ Λ̃(Ω) defined

as
θ0(x, t) := a(x)tp for all (x, t) ∈ Ω × [0,+∞),

where 0 ≤ a(·) ∈ L∞(Ω) and 1 < p < N.
If Ω ⊆ RN is a bounded domain with Lipschitz boundary ∂Ω, then

W 1,θ
0 (Ω) ↪→ W 1,θ0

0 (Ω)

continuously. However, to ensure the Poincaré’s inequality, it is necessary to strengthen
the assumptions on a(·), requiring that a belongs to the Muckenhoupt class Ap, i.e.,

1

|B|

ˆ
B

a dx ≤ D

(
1

|B|

ˆ
B

a
1

1−p dx

)1−p

(1.3.36)

for some D > 0 and for any ball B ⊆ Ω; see [77, p.297]. Under this additional condition
on a, one has the Poincaré’s inequality, that is,

∥u∥θ0 ≤ ∥∇u∥θ0 for all u ∈ W 1,θ0
0 (Ω), (1.3.37)

being C > 0 a suitable positive constant: see [32], [77, Theorem 15.26, p.307], and [78,
Theorem 1] .

1.3.5 Fractional Sobolev spaces

This subsection is devoted to an introduction to Fractional Sobolev spaces and Bessel
Potential spaces. For a comprehensive presentation of these spaces, see [1, 46, 105] and
the references therein. As in [46], we present Fractional Sobolev spaces without using
any interpolation techniques or relying on the theory of Besov spaces.

Let s ∈ (0, 1), and let u : RN → R be a measurable function. The Gagliardo
seminorm of u is

[u]s,p :=

(ˆ
RN×RN

|u(x) − u(y)|p

|x− y|N+ps
dx dy

)1/p

,
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while W s,p(RN) denotes the fractional Sobolev space

W s,p(RN) :=
{
u ∈ Lp(RN) : [u]s,p < +∞

}
,

endowed with the norm

∥u∥W s,p(RN ) := (∥u∥p
Lp(RN )

+ [u]ps,p)
1/p.

As usual, if Ω is a bounded subset of RN , Poincaré’s inequality holds. Thus, on the space

W s,p
0 (Ω) := {u ∈ W s,p(RN) : u = 0 a.e. in RN \ Ω}

we will consider the equivalent norm

∥u∥s,p := [u]s,p, u ∈ W s,p
0 (Ω).

Let W−s,p′(Ω) := (W s,p
0 (Ω))∗ and let p∗s be the fractional Sobolev critical exponent, i.e.,

p∗s = Np
N−sp when sp < N , p∗s = +∞ otherwise. Thanks to Propositions 2.1–2.2, Theorem

6.7, and Corollary 7.2 of [46] one has

Proposition 1.3.45. If 1 ≤ p < +∞ then:

(a) if 0 < s′ ≤ s′′ ≤ 1, then W s′′,p
0 (Ω) ↪→ W s′,p

0 (Ω);

(b) W s,p
0 (Ω) ↪→ Lr(Ω) for all r ∈ [1, p∗s];

(c) The embedding in (b) is compact whenever r < p∗s < +∞.

However, contrary to the non-fractional case, we know that

1 ≤ q < p ≤ +∞ ⇏ W s,p
0 (Ω) ⊆ W s,q

0 (Ω).

(see [104]). Functions belonging to W s,p
0 (Ω) do not have a classical gradient. However, we

can define a distributional fractional gradient, Dsu. The fractional gradient is a relatively
new topic. In fact, it was first introduced more than sixty years ago by Horváth [81], but
it gained significant interest especially after the works of Shieh and Spector [123, 124].
The fractional gradient enjoys some important geometric and physical properties [126]:
invariance under translations and rotations, homogeneity of order s, and continuity. For
these reasons, it has been extensively used in the last decades, as seen in the papers
[121, 36, 15, 6, 37, 38] as well as the references therein.

To deal with distributional fractional gradients, we first introduce the Bessel potential
spaces Lα,p(RN), where α > 0. Set, for every x ∈ RN ,

gα(x) :=
1

(4π)α/2Γ(α/2)

ˆ +∞

0

e
−π|x|2

δ e
−δ
4π δ

α−N
2

dδ

δ
.

On account of [105, Section 7.1] one can assert that:

1) gα ∈ L1(RN) and ∥gα∥L1(RN ) = 1.
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2) gα enjoys the semigroup property, i.e., gα ∗ gβ = gα+β for any α, β > 0.

Now, put
Lα,p(RN) := {u : u = gα ∗ ũ for some ũ ∈ Lp(RN)}

as well as
∥u∥Lα,p(RN ) = ∥ũ∥Lp(RN ) whenever u = gα ∗ ũ.

Using 1) and 2) we easily get

0 < α < β =⇒ Lβ,p(RN) ⊆ Lα,p(RN) ⊆ Lp(RN).

Moreover (see [123, Theorem 2.2]),

Theorem 1.3.46. If 1 < p < +∞ and 0 < ε < α then

Lα+ε,p(RN) ↪→ Wα,p(RN) ↪→ Lα−ε,p(RN).

The following embedding result can be found in [105, Theorem 7.6.2].

Theorem 1.3.47. For any fixed s > 0, the following continuous inclusions hold true:

1. if p > 2, then Ls,p(RN) ↪→ W s,p(RN);

2. if p < 2, then W s,p(RN) ↪→ Ls,p(RN);

3. if p = 2, W s,2(RN) = Ls,2(RN).

Finally, given s ∈ (0, 1) and p ∈ (1,+∞), define

Ls,p0 (Ω) := {u ∈ Ls,p(RN) : u = 0 in RN \ Ω}.

Thanks to Theorem 1.3.46 we evidently have

Ls+ε,p0 (Ω) ↪→ W s,p
0 (Ω) ↪→ Ls−ε,p0 (Ω) ∀ ε ∈ (0, s). (1.3.38)

The next basic notion is taken from [123]. For 0 < α < N , let

γ(N,α) :=
Γ((N − α)/2)

πN/22αΓ(α/2)
, Iα(x) :=

γ(N,α)

|x|N−α , x ∈ RN \ {0}.

If u ∈ Lp(RN) and I1−s ∗ u makes sense, then the vector

Dsu :=

(
∂

∂x1
(I1−s ∗ u), . . . ,

∂

∂xN
(I1−s ∗ u)

)
,

where partial derivatives are understood in a distributional sense, is called the distribu-
tional Riesz s-fractional gradient of u. Theorem 1.2 in [123] ensures that

Dsu = I1−s ∗Du ∀u ∈ C∞
c (RN).
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Note that Dsu looks like the natural extension of ∇u to the fractional framework. In
fact, it exhibits analogous properties and, roughly speaking, Dsu → ∇u when s → 1−.
This is implicitly substantiated in [103] and explicitly proved by Comi and Stefani [37,
Section 1.3]; see also [15, Section 1.2]. Moreover, this can be justified as follows. By
[123, Theorem 1.4], one has

D̂su = −(2π)si|ξ|1−sξû , u ∈ S(RN).

Hence,
lim
s→1−

Dsu = lim
s→1−

(D̂su)∨ = (−2πiξû)∨ = ∇u. (1.3.39)

Here, as usual, û stands for the Fourier transform of u while u∨ indicates its inverse,
with the convention û(ξ) :=

´
RN e

−2πiξ·xu(x)dx.
Finally, following [123, Definition 1.5], we define the spaceXs,p(RN) as the completion

of C∞
c (RN) with respect to the norm

∥u∥Xs,p(RN ) := (∥u∥p
Lp(RN )

+ ∥Dsu∥p
Lp(RN )

)1/p.

Since, by [123, Theorem 1.7], Xs,p(RN) = Ls,p(RN), we can deduce numerous properties
about Xs,p(RN) from the existing literature on Ls,p(RN). Moreover, if

Xs,p
0 (Ω) := {u ∈ Xs,p(RN) : u = 0 in RN \ Ω}.

then Xs,p
0 (Ω) = Ls,p0 (Ω).

1.4 Some nonhomogeneous elliptic operators

In this section, we provide a brief overview of second-order quasi-linear elliptic operators,
which will play a central role in the subsequent chapters.

We start by introducing two key examples: the p-Laplacian and the (p, q)-Laplacian,
defined as follows:

Ap(u) := −∆pu = −div (|∇u|p−2∇u) and

Ap,q(u) := −∆pu− ∆qu

being 1 < q ≤ p < N. Both of these elliptic operators exhibit balanced p−growth at
infinity. However, they differ in behavior: the first is homogeneous, while the second is
not when q ̸= p. Indeed, for any constant k > 0, we have

Ap,q(ku) = Ap(ku) + Aq(ku) = kp−1Ap(u) + kq−1Aq(u).

The lack of monotonicity prevents the direct application of certain tools from critical
point theory. Moreover, the definition of spectrum of the (p, q)-Laplacian with zero
Dirichlet boundary condition is no longer unique. A crucial role in defining the spec-
trum of the (p, q)-Laplacian is played by the spectrum of the r-Laplacian, denoted σr.
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In this context, let Ω ⊆ RN , N ≥ 2, be a bounded domain with C1 boundary. The
spectrum σr contains a non-decreasing sequence of non-negative variational eigenval-
ues {λk(r)}, which is constructed using the Lusternik-Schnirelmann minimax principle.
The smallest eigenvalue, λ1(r), is positive, isolated, and simple, with the corresponding
positive eigenfunction φr belonging to C1,τ (Ω) for some τ ∈ (0, 1] (vide [89, Theorem
3.3-4.5]). Moreover,

λ1(r) = inf
u∈W 1,r

0 (Ω),u ̸=0

∥u∥r1,r
∥u∥rr

. (1.4.1)

Starting from the spectrum of the r-Laplacian, a quite natural generalization for the
nonhomogeneous case is suggested by Bobkov and Tanaka, who, in [8] study the existence
of positive solutions to the following problem:

−∆pu− ∆qu = αup−1 + βuq−1 in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

where Ω ⊆ RN is a bounded domain with C2-boundary ∂Ω, α, β ∈ R and 1 < q < p <
+∞. For a survey on existence and multiplicity theorems for Dirichlet problems driven
by the (p, q)-Laplacian, refer to [98].

Patterned after the (p, q)-Laplacian, we can consider the a-Laplacian, which is the
differential operator

u 7→ div a(∇u). (1.4.2)

where a : RN → RN is a function with Uhlenbeck structure, i.e., a(ξ) = a0(|ξ|)ξ for a
suitable C1 function a0 : (0,+∞) → (0,+∞). Furthermore, we assume the following
structural hypotheses on a0:

(H1
a) mtp−1 ≤ ta0(t) ≤M(tp−1 + 1) ∀t ∈ (0,+∞),

(H2
a) −1 < ia := inf

t>0

ta′0(t)

a0(t)
≤ sup

t>0

ta′0(t)

a0(t)
=: sa < +∞,

being 1 < p < N and M,m > 0 suitable constants. We denote by (Ha) the set of
assumptions (H1

a)1–(H2
a). Observe that (Ha) implies

(a1) |a(ξ)| ≤M(|ξ|p−1 + 1) ∀ξ ∈ RN ,

(a2) a(ξ) · ξ ≥ m|ξ|p ∀ξ ∈ RN ,

(a3) (a(ξ1) − a(ξ2)) · (ξ1 − ξ2) > 0 ∀ξ1, ξ2 ∈ RN , ξ1 ̸= ξ2.

Incidentally, note that (H1
a) is a p-growth condition that enables working in the functional

setting of Sobolev spaces, while (H2
a) is equivalent to the ellipticity of the differential

operator. For more information on this differential operator, please see [54, Appendix I].
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Remark 3. We explicitly notice that, for operators with Uhlenbeck structure, hypothesis
(Ha) is equivalent to Assumption 2.5 of [74]. In particular, the operator u 7→ div a(∇u)
satisfies the assumptions of both Lieberman’s nonlinear regularity theory [90, p.320] and
Pucci-Serrin’s strong maximum principle [117, pp.3-5]. Thus, given a bounded domain
Ω ⊆ RN of class C1,β, with β ∈ (0, 1], and a function f ∈ L∞(Ω) such that f ≥ 0 a.e.
in Ω, one has that any non-trivial solution to{

−div a(∇u) = f(x) in Ω,

u = 0 on ∂Ω,

fulfills u ∈ C1,τ (Ω). More precisely, there exist τ ∈ (0, 1] and C = C(∥f∥∞) > 0 such
that

∥u∥C1,τ (Ω) ≤ C.

Finally, one can prove that u > 0 in Ω.

All of these operators exhibit balanced p-growth at both zero and infinity.
Now, we introduce two families of operators that exhibit unbalanced growth: the

Λ-Laplacian operator and the double phase operator.

Definition 1.4.1. Let Λ be a Young function of class C2 such that

0 < iλ ≤ sλ < +∞, (H1)

being λ := Λ′, and iλ, sλ as in (1.3.4). Then the Λ-Laplacian is defined as

AΛ(u) := −∆Λu = −div

(
Λ′(|∇u|) ∇u

|∇u|

)
.

Hypothesis (H1) represents the ellipticity of the operator and implies that

1 < iΛ ≤ sΛ < +∞,

or, equivalently, that Λ ∈ ∆2 ∩ ∇2 (see Lemma 1.3.4 and p.23 of the subsection 1.3.3).
Since Λ may have non-standard growth, we set problem driven by the Λ-Laplacian in
Orlicz-Sobolev spaces. It is worth noting that when Λ(t) = tp

p
+ tq

q
with 1 < q < p <∞,

the Λ-Laplacian reduces to the standard (p, q)-Laplacian.
The Λ-Laplacian operator is well-defined, continuous, bounded, coercive, strictly

monotone, and of type (S+) (for a proof of these properties, see [17, Lemma 2.6]). Ex-
ploiting its strict monotonicity, we can establish the following weak comparison principle:

Proposition 1.4.2 (Weak comparison principle). [55, Proposition A.12] Let Ω ⋐ RN

be a smooth, bounded domain and set Ωe := RN \ Ω. Let u, v : Ωe → R be measur-
able functions such that |∇u|, |∇v| ∈ LΛ(Ωe). Suppose that −∆Λu ≥ −∆Λv in Ωe in
distributional sense, i.e.,ˆ

Ωe
Λ′(|∇u|) ∇u

|∇u|
∇ξ dx ≥

ˆ
Ωe

Λ′(|∇v|) ∇v
|∇v|

∇ξ dx ∀ξ ∈ C∞
c (Ωe), ξ ≥ 0. (1.4.3)

Moreover, assume u ≥ v on ∂Ω, i.e., (v − u)+ ∈ D1,Λ
0 (Ωe). Then u ≥ v in Ωe.
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Proof. Let {ξn} ⊂ C∞
c (Ωe) such that ξn ≥ 0 in RN for all n ∈ N and ξn → (v − u)+ in

D1,Λ
0 (Ωe). Exploiting (1.3.25) and (1.3.10) we deduce Λ′(|∇u|),Λ′(|∇v|) ∈ LΛ(RN), so

we can pass to the limit in (1.4.3) with ξ := ξn and getˆ
Ωe

[
Λ′(|∇u|) ∇u

|∇u|
− Λ′(|∇v|) ∇v

|∇v|

]
∇(v − u)+ dx

= lim
n→∞

ˆ
Ωe

[
Λ′(|∇u|) ∇u

|∇u|
− Λ′(|∇v|) ∇v

|∇v|

]
∇ξn dx ≥ 0.

(1.4.4)

The strict monotonicity of the operator yields u ≥ v a.e. in Ωe.

Now, we focus on the double phase operator.

Definition 1.4.3. Given any domain Ω ⊆ RN and a non-negative function a ∈ L∞(Ω),
the double phase operator is defined as

u 7→ −∆a
pu− ∆qu,

where ∆a
pu := div (a(x)|∇u|p−2∇u) is the weighted p-Laplacian, and ∆q is the q-Laplacian.

Notice that the double-phase operator, unlike the Λ-Laplacian, has the argument of
the divergence dependent on the variable x. Since a ≥ 0 in Ω, it follows that

• if ess infΩ a > 0, this operator has balanced p-growth, allowing the problem to be
set in standard Sobolev spaces,

• if ess infΩ a = 0 then the operator exhibits unbalanced growth. Indeed, for any
t ≥ 0, there exists c0 > 0 such that

tq ≤ θ(x, t) = c0[t
p + 1] a.e. in Ω. (1.4.5)

This forces to work into the Musielak-Orlicz setting.

If a ≡ 1, we recover the standard (p, q)-Laplacian. Recalling Definition 1.3.39, the energy
functional associated with the double phase operator is given by

I(u) :=

ˆ
Ω

θ(x, |u|) dx. (1.4.6)

The lack of regularity of solutions to problems driven by the double phase operator
prevents to use the classical strong maximum principle [117, Theorem 1.1.1]; anyway,
the weak Harnack inequality provided in [4] (see also [7]) allows us to recover this tool.

Proposition 1.4.4. [56, Proposition 2.3] Let Ω ⊆ RN be a bounded domain. Suppose
that u ∈ W 1,θ

0 (Ω) is a solution to

−∆a
pu− ∆qu ≥ 0 in Ω,

namely ˆ
Ω

a(x)|∇u|p−2∇u · ∇v dx+

ˆ
Ω

|∇u|q−2∇u · ∇v dx ≥ 0 ∀v ∈ W 1,θ
0 (Ω).

Then either u > 0 in Ω or u ≡ 0 in Ω.
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Proof. Testing with u−, one has u ≥ 0 in Ω. Assume u ̸≡ 0 in Ω, so there exists H ⋐ Ω
such that ess supH u > 0. By contradiction, suppose that there exists K ⋐ Ω such that
ess infK u = 0. Take any Ω′ ⋐ Ω such that H ∪ K ⋐ Ω′. Set δ := dist(Ω′, ∂Ω) > 0.
Then, fixed any r < min{dist(H ∪ K, ∂Ω′), δ

18
}, there exist x0 ∈ K, x1 ∈ H such that

Br(x0) ∪Br(x1) ⋐ Ω′ and

ess inf
Br(x0)

u ≤ ess inf
K

u = 0 < ess sup
H

u ≤ ess sup
Br(x1)

u. (1.4.7)

First we construct a Harnack chain (see, e.g., [117, pp.164-165]). To this aim, let us
consider a continuous function Γ : [0, 1] → Ω′ joining Γ(0) := x0 with Γ(1) := x1, whose
existence is guaranteed since Ω′ is open and connected. We consider the following open
covering of Γ([0, 1]):

B := {B(x, r) : x ∈ Γ([0, 1])} .
Then the compactness of Γ([0, 1]) allows to extract a finite subcovering

B′ := {B1, B2, . . . , BM}.

We can assume M ≥ 2, B1 = Br(x0), and BM = Br(x1). Rearranging the elements of
B′, we can also suppose Bi ∩Bi+1 ̸= ∅ for all i = 1, . . . ,M − 1.

Now we prove that

ess sup
Bi

u = 0 for all i = 2, . . . ,M. (1.4.8)

Since B1 = Br(x0) and u ≥ 0 in Ω, by (1.4.7) we have ess infB1 u = 0. Now suppose that
ess infBi u = 0 for some i ∈ {1, . . . ,M − 1} and consider the ball B̂i := B4r concentric
with Bi. Since Bi and Bi+1 are not disjoint and have the same radius, we get Bi+1 ⊆ B̂i.
According to [4, Theorem 3.5 and Section 6] (see also [7, Corollary 1.5 and Remark 1.6]),
it turns out that

0 = ess inf
Bi

u ≥ c

(ˆ
B̂i

ul dx

) 1
l

≥ c

(ˆ
Bi+1

ul dx

) 1
l

≥ 0

for opportune c, l > 0. Hence u ≡ 0 a.e. in Bi+1, that is, ess supBi+1
u = 0. In particular,

ess infBi+1
u = 0. Reasoning inductively yields (1.4.8).

The proof is concluded by noticing thatBM = Br(x1) and (1.4.8) for i = M contradict
(1.4.7).

The operators presented so far are local elliptic operators, meaning that their eval-
uation at a point depends only on the values of the function and its derivatives in a
small neighborhood around that point. In contrast, a non-local operator is such that the
action of the operator on a function at a point x can depend on the values of the function
at points far from x. An example of a non-local operator is the fractional p-Laplacian,
defined by setting, for any u smooth enough,

(−∆)tpu(x) := 2 lim
ϵ→0+

ˆ
RN\Bϵ(x)

|u(x) − u(y)|p−2(u(x) − u(y))

|x− y|N+tp
dy, x ∈ RN . (1.4.9)
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Notice that, if t = 1, it reduces to the classical p-Laplacian.
Let Ω ⊆ RN be a bounded domain, N ≥ 2, with a Lipschitz boundary ∂Ω. The

operator (−∆)tp possesses the following properties.

(q1) (−∆)tp : W t,p
0 (Ω) → W−t,p′(Ω) is continuous; vide, e.g., [49, Lemma 2.1].

(q2) One has
∥(−∆)tpu∥W−t,p′ (Ω) ≤ ∥u∥p−1

t,p ∀u ∈ W t,p
0 (Ω).

Hence, (−∆)tp maps bounded sets into bounded sets.

(q3) The first eigenvalue λ1,p,t of (−∆)tp is given by (cf. [92])

λ1,p,t = inf
u∈W t,p

0 (Ω),u̸=0

∥u∥pt,p
∥u∥pp

.

Similarly to the local case, we can define a non-local, nonhomogeneous operator
with non-standard growth, modeled after the (p, q)-Laplacian. An example of such an
operator is given by

As1,s2p,q (u) := (−∆)s1p u+ µ(−∆)s2q u

being 0 < s2 ≤ s1 ≤ 1, 1 < q < p < N
s1

, and µ > 0.
Finally, we introduce a class of operators, called competitive operators, which are

defined taking the difference between two elliptic operators. Example of these type of
operators are:

Aµp,q := −∆pu+ µ∆qu,

Aµ,s1,s2p,q := (−∆)s1p u+ µ(∆)s2q u
(1.4.10)

where u is sufficiently regular and µ > 0. Introduced for the first time in [94, 107],
these operators don’t comply with any ellipticity or monotonicity condition. In fact,
working for simplicity with Aµp,q in a bounded domain Ω ⊂ RN , we observe that given

any u0 ∈ W 1,p
0 (Ω) \ {0} and chosen u := tu0, with t > 0

⟨Aµp,qu, u⟩ = tp∥∇u0∥pp − µtq∥∇u0∥qq,

which turns out to be negative for small t and positive for large t. This prevents the use
of surjectivity results for pseudo-monotone operators, nonlinear regularity theory, and
comparison principles. For this reason, only a few techniques can be applied to study
problems driven by competitive operators, such as approximation procedures, fixed-point
theorems, and Ekeland’s variational principle. Equations driven by competing operators
have previously been investigated in [94, 107, 57, 58].
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Chapter 2

Singular problems in the whole
space

This chapter is devoted to presenting some existence and uniqueness results for singu-
lar Dirichlet problems driven by nonhomogeneous operators, patterned after the (p, q)-
Laplacian, and set in the whole space. Equations with singular reactions have been
widely investigated starting from the pioneering papers by Crandall-Rabinowitz-Tartar
[40] and Lazer-McKenna [88]. The prototype is{

−∆u = k(x)u−γ in Ω,

u = 0 on ∂Ω,
(2.0.1)

where Ω ⊆ RN is a bounded domain with smooth boundary ∂Ω, k ∈ Cα(Ω) and k > 0
in Ω, while γ denotes any positive number. If γ ∈ (0, 1), then we say that the problem
is weakly singular, whereas the case γ ≥ 1 is often referred as strongly singular prob-
lem. Weakly singular problems are often studied using variational techniques, but these
methods are not directly applicable to strongly singular problems, since the solutions
usually possess infinite energy, as pointed out, e.g., in [20, p.2]. Hence, gaining com-
pactness from energy estimates requires additional efforts, as localization procedures.
For a good introduction to singular problems, we refer to the monograph [65]. We also
mention [18, 75] for singular quasi-linear convective equations and systems, and the sur-
veys [71, 72] for an exhaustive account. Recently, strongly singular problems driven
with the p-Laplacian have been considered; see, e.g., [20, 39, 22]. We notice that both
[39] and [22] are set in the whole space. In particular, [39] establishes the existence of
radial solutions to p-Laplace equations, while [22] provides a solution without requiring
any radiality or decay conditions. Finally, [116, 74, 17, 23, 53] treat singular equations
driven by nonhomogeneous operators. More specifically, [116] analyzes a Dirichlet (p, q)-
Laplacian problem, [74] studies a singular a-Laplacian Robin problem with convection
terms, whereas [17, 23, 53] investigate Λ-Laplacian equations.

This chapter is organized as follows. In the first section, we present an existence
result for a strongly singular quasi-linear convective Dirichlet problem in RN driven by
an operator with Uhlenbeck structure (see [54]). In the second section, we show the
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existence of a unique solution to a Λ-Laplacian singular system set in the whole space.
Moreover, we prove the decay of the fundamental solution of the Λ-Laplacian, extending
the results for the p-Laplacian operator given in [3]. These results were obtained in [55].

2.1 Strongly singular convective equations in the whole

space

Consider the problem{
−div a(∇u) = f(x, u) + g(x,∇u) in RN ,

u > 0 in RN ,
(P)

where the differential operator u 7→ div a(∇u) is the so-called a-Laplacian (see (1.4.2) for
the definition of the a-Laplacian and (1.4) for the properties that a satisfies) and N ≥ 2.
Hereafter, we assume 1 < p < N . We suppose that f : RN × (0,+∞) → [0,+∞) and
g : RN × RN → [0,+∞) are Carathéodory functions satisfying the following conditions:

lim inf
s→0+

f(x, s) > 0 uniformly w.r.t. x ∈ Bσ(x0),

f(x, s) ≤ h(x)s−γ, h ∈ L1(RN) ∩ Lη(RN), h ≥ 0,
(Hf)

and
g(x, ξ) ≤ k(x)|ξ|r, k ∈ L1(RN) ∩ Lθ(RN), k ≥ 0, (Hg)

for some x0 ∈ RN , σ ∈ (0, 1), γ ≥ 1, r ∈ [0, p− 1), and

η > (p∗)′, θ >

(
1

(p∗)′
− r

p

)−1

. (2.1.1)

As we saw in the introduction to this chapter, when γ ≥ 1, the energy of the solutions
in the whole RN may be not finite. For the same reason, non-existence phenomena can
occur even in bounded domains, see, e.g., [25]. Hence the word ‘solution’ has to be
understood in a suitable sense. Here, we adopt the definition of generalized solution
used in [22]; adapted to our context, it reads as follows.

Definition 2.1.1. u ∈ W 1,p
loc (RN) is a generalized solution to (P) if the following condi-

tions hold true:

(i) For any compact K ⊆ RN one has

ess inf
K

u > 0.

(ii) For any φ ∈ C∞
c (RN) it holds

ˆ
RN
a(∇u) · ∇φ =

ˆ
RN

[f(x, u) + g(x,∇u)]φ.
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Our goal is to prove the following.

Theorem 2.1.2. Under (Ha), (Hf)–(Hg), and (2.1.1), there exists u ∈ W 1,p
loc (RN) gener-

alized solution to (P).

Problem (P) possesses at least four interesting peculiarities:

• the operator u 7→ div a(∇u) can be nonhomogeneous: this prevents to use specific
methods of constructing sub-solutions, as the ones used for instance in [22, 16], in
favor of an approach similar to [74].

• the reaction term f is strongly singular (that is, γ ≥ 1): hence variational tech-
niques are not directly applicable. It is worth noticing also that, in contrast to the
previous works [39, 22], the function u 7→ f(x, u)/sp−1 can be non-monotone and
the function u 7→ f(x, u) is not a perturbation of u 7→ u−γ;

• the reaction term g is convective (i.e., it depends on ∇u). The presence of con-
vection terms destroys the variational structure of the problem. For this reason,
topological methods, as the sub-super-solution technique, are widely employed in
these situations;

• the problem is set in the whole space RN : this causes lack of compactness of
Sobolev embeddings.

2.1.1 Preliminary results

Firstly, we present some tools that will be used to ensure the existence of a solution to
(P). The following result provides a sufficient condition for weak convergence in Lebesgue
spaces (see [15, Exercise 4.16]) .

Proposition 2.1.3. Let Ω ⊆ RN be a measurable set, 1 < p < +∞, and {fn} ⊆ Lp(Ω).
Suppose that {fn} is bounded in Lp(Ω) and fn → f a.e. in Ω for some measurable
function f : Ω → R. Then f ∈ Lp(Ω) and fn ⇀ f in Lp(Ω).

Definition 2.1.4. Let Ω ⊆ RN be a bounded domain. Consider the problem{
−div a(∇u) = f(x, u,∇u) in Ω,

u = 0 on ∂Ω,
(2.1.2)

where a satisfies (a1)–(a3) (see 1.4) and f : Ω×R×RN → R is a Carathéodory function.
A function u ∈ W 1,p(Ω) is a sub-solution to (2.1.2) if u ≤ 0 on ∂Ω in the sense of traces
and ˆ

Ω

a(∇u) · ∇φ ≤
ˆ
Ω

f(x, u,∇u)φ

for all φ ∈ W 1,p
0 (Ω) such that φ ≥ 0 a.e. in Ω. Analogously, u ∈ W 1,p(Ω) is a super-

solution to (2.1.2) if u ≥ 0 on ∂Ω in the sense of traces andˆ
Ω

a(∇u) · ∇φ ≥
ˆ
Ω

f(x, u,∇u)φ
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for all φ ∈ W 1,p
0 (Ω) such that φ ≥ 0 a.e. in Ω.

Theorem 2.1.5 (Sub-super-solution theorem). Let Ω ⊆ RN be a bounded domain, and
let u, u ∈ W 1,p(Ω) be a sub- and a super-solution of (2.1.2), respectively. Suppose u ≤ u
a.e. in Ω and the following local growth condition for f :

|f(x, s, ξ)| ≤ h(x) + k(x)|ξ|r

for a.a. x ∈ Ω, ∀s ∈ [u(x), u(x)], ∀ξ ∈ RN ,
(2.1.3)

where h ∈ Lη(Ω), k ∈ Lθ(Ω), and r ∈ [0, p− 1) such that (2.1.1) holds true. Then there
exists u ∈ W 1,p

0 (Ω), u ≤ u ≤ u, weak solution to (2.1.2).

Proof. According to (2.1.1), there exists s ∈ (1, p∗) such that

1

η
<

1

s′
and

1

θ
+
r

p
<

1

s′
. (2.1.4)

Consider the truncation operator T : W 1,p
0 (Ω) → W 1,p

0 (Ω),

T (u)(x) :=


u(x) if u(x) < u(x),
u(x) if u(x) ≤ u(x) ≤ u(x),
u(x) if u(x) > u(x),

which is well defined since u ≤ 0 ≤ u on ∂Ω. Moreover, recalling (2.1.3)–(2.1.4), define
the operator NT : W 1,p

0 (Ω) → Ls
′
(Ω) as

NT (u) := f(x, T (u),∇T (u)).

Let i : W 1,p
0 (Ω) → Ls(Ω) be the canonical embedding and let i∗ : Ls

′
(Ω) → W−1,p′(Ω)

be its adjoint. Then consider F : W 1,p
0 (Ω) → W−1,p′(Ω) defined as

F := i∗ ◦NT .

By (2.1.3)–(2.1.4) and Hölder’s inequality, for any u ∈ W 1,p
0 (Ω) we have

∥NT (u)∥s′
Ls′ (Ω)

≤
ˆ
Ω

(h+ k|∇T (u)|r)s′ ≤ cs

ˆ
Ω

(hs
′
+ ks

′|∇u|rs′)

≤ c(∥h∥s′Lη(Ω) + ∥k∥s′Lθ(Ω)∥∇u∥
rs′

Lp(Ω)),

(2.1.5)

being c = c(|Ω|, p, r, s, η, θ) > 0 a suitable constant; thus NT is bounded. To show the
continuity of NT , let {un} ⊆ W 1,p

0 (Ω), u ∈ W 1,p
0 (Ω) be such that un → u in W 1,p

0 (Ω),
and reason up to subsequences. According to [15, Theorem 4.9], there exists U ∈ Lp(Ω)
such that

∇un(x) → ∇u(x) for a.a. x ∈ Ω,

|∇un(x)| ≤ U(x) for a.a. x ∈ Ω, ∀n ∈ N.
(2.1.6)
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Using (2.1.3), (2.1.6), (2.1.4), and Young’s inequality we get

|NT (un) −NT (u)|s′ ≤ (|NT (un)| + |NT (u)|)s′

≤ cs(h
s′ + ks

′
U rs′)

≤ c(hη + kθ + Up + 1) ∈ L1(Ω),

being c = c(|Ω|, p, r, s, η, θ) > 0. Then Lebesgue’s dominated convergence theorem and
(2.1.6) yield ˆ

Ω

|NT (un) −NT (u)|s′ → 0,

proving that NT is continuous. Summarizing, NT is bounded and continuous. Rellich-
Kondrachov’s theorem ensures that i is completely continuous, so Schauder’s theorem
(vide [86]) guarantees that i∗ enjoys the same property. Hence F is a completely contin-
uous operator; in particular, it is bounded, continuous, and compact.

Now, consider the operator Φ : W 1,p
0 (Ω) → W−1,p′(Ω) defined as

⟨Φ(u), v⟩ =

ˆ
Ω

a(∇u) · ∇v.

According to [21, Theorem 2.109], we have that Φ is a bounded, continuous, (S+)
operator. Lemma 1.2.3 then ensures that Φ−F is a bounded, continuous, (S+) operator,
which in turn implies that it is pseudo-monotone, by virtue of Remark 2. Moreover, we
observe that Φ−F is coercive: indeed, from (a2), (2.1.5), and (2.1.1), besides exploiting
Hölder’s, Sobolev’s, and Young’s inequalities, we infer

⟨Φ(u) − F (u), u⟩ ≥ m∥∇u∥pLp(Ω) − ∥NT (u)∥L(p∗)′ (Ω)∥u∥Lp∗ (Ω)

≥ m∥∇u∥pLp(Ω) − c∥NT (u)∥Ls′ (Ω)∥∇u∥Lp(Ω)

≥ m∥∇u∥pLp(Ω) − c(∥h∥Lη(Ω)∥∇u∥Lp(Ω) + ∥k∥Lθ(Ω)∥∇u∥r+1
Lp(Ω))

≥ m

2
∥∇u∥pLp(Ω) − c(∥h∥p

′

Lη(Ω) + ∥k∥
p

p−r−1

Lθ(Ω)
),

being c = c(|Ω|, N, p, r, s, η, θ) > 0 an opportune constant changing its value at each
passage. Hence, Theorem 1.2.4 furnishes u ∈ W 1,p

0 (Ω) such that

Φ(u) − F (u) = 0 in W−1,p′(Ω). (2.1.7)

Since u is a super-solution to (2.1.2), it satisfies

Φ(u) − F (u) ≥ 0 in W−1,p′(Ω). (2.1.8)

Subtracting (2.1.8) from (2.1.7) and testing with φ = (u− u)+ ∈ W 1,p
0 (Ω) leads to

⟨Φ(u) − Φ(u), (u− u)+⟩ − ⟨F (u) − F (u), (u− u)+⟩ ≤ 0. (2.1.9)
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By definition of F we have

⟨F (u) − F (u), (u− u)+⟩

=

ˆ
Ω∩{u>u}

[f(x, T (u),∇T (u)) − f(x, u,∇u)](u− u)+ = 0.

On the other hand, (a3) produces

⟨Φ(u) − Φ(u), (u− u)+⟩ =

ˆ
Ω∩{u>u}

(a(∇u) − a(∇u)) · (∇u−∇u) ≥ 0.

Thus, through (2.1.9) and (a3), we get ∇u = ∇u a.e. in Ω ∩ {u > u}, which implies
∇φ = 0 a.e. in Ω. Since φ ∈ W 1,p

0 (Ω), we obtain φ = 0 a.e. in Ω, whence u ≤ u a.e. in
Ω. An analogous argument yields u ≥ u a.e. in Ω, concluding the proof.

At the end of this preliminary section, we present two results about Lp convergence
of gradients of solutions to elliptic equations; they rely on the corresponding pointwise
counterpart, which is investigated, in a more general setting, in [12]. The first result has
local nature.

Lemma 2.1.6. Let Ω ⊆ RN be a domain and 1 < s < p∗. Let {fn} ⊆ Ls
′

loc(Ω) and
{un} ⊆ W 1,p

loc (Ω) be such that

−div a(∇un) = fn(x) in D ′(Ω), (2.1.10)

where a satisfies (a1)–(a3) (vide 1.4). Suppose {fn} and {un} to be bounded, respectively,
in Ls

′

loc(Ω) and W 1,p
loc (Ω). Then there exists f ∈ Ls

′

loc(Ω) and u ∈ W 1,p
loc (Ω) such that, up

to subsequences, fn ⇀ f in Ls
′
(E) and un → u in W 1,p(E) for any bounded domain

E ⋐ Ω. In particular, u solves

−div a(∇u) = f(x) in D ′(Ω). (2.1.11)

Proof.
Step 1: pointwise convergence of gradients.
Take any bounded domain E ⋐ Ω and reason up to subsequences. By reflexivity we
have

un ⇀ u in W 1,p(E) and fn ⇀ f in Ls
′
(E), (2.1.12)

for suitable u ∈ W 1,p(E) and f ∈ Ls
′
(E). Exploiting the compactness of the embed-

dings W 1,p(E) ↪→ Lp(E), guaranteed by Rellich-Kondrachov’s theorem, and Ls
′
(E) ↪→

W−1,p′(E), achieved via Schauder’s theorem (see [86]), we get

un → u in Lp(E) and fn → f in W−1,p′(E). (2.1.13)

By (2.1.12)–(2.1.13), besides recalling Remark 3, we are in the position to apply [12,
Theorem 2.1], which ensures that

∇un → ∇u a.e. in E. (2.1.14)
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Since E was arbitrary, a diagonal argument allows us to suppose f ∈ Ls
′

loc(Ω) and u ∈
W 1,p

loc (Ω) in (2.1.12)–(2.1.13), as well as

∇un → ∇u a.e. in Ω. (2.1.15)

Indeed, let us consider a sequence {En} of bounded domains such that En ⋐ Ω and
En ↗ Ω. According to (2.1.12)–(2.1.13), there exist {u

k
(1)
n
}, subsequence of {un}, and

u(1) such that

u
k
(1)
n
⇀ u(1) in W 1,p(E1),

u
k
(1)
n

→ u(1) in Lp(E1),

u
k
(1)
n

→ u(1) a.e. in E1.

(2.1.16)

By induction, for all j ∈ N, j > 1, there exist {u
k
(j)
n
}, subsequence of {u

k
(j−1)
n

}, and u(j)

such that

u
k
(j)
n
⇀ u(j) in W 1,p(Ej),

u
k
(j)
n

→ u(j) in Lp(Ej),

u
k
(j)
n

→ u(j) a.e. in Ej.

(2.1.17)

Define u : Ω → R as

u(x) =

{
u(1)(x) in E1,
u(j)(x) in Ej \ Ej−1, ∀j > 1.

By uniqueness of limit and (2.1.16)–(2.1.17), one has u = u(j) a.e. in Ej for all j ∈ N.
Recalling that {u

k
(n)
n
} is a subsequence of {u

k
(j)
n
} for all j ∈ N, by (2.1.16)–(2.1.17) we

get
u
k
(n)
n
⇀ u in W 1,p(Ej) and u

k
(n)
n

→ u in Lp(Ej) ∀j ∈ N.

Reasoning as before, (2.1.12)–(2.1.13) entail

f
k
(j)
n
⇀ f (j) in Ls

′
(Ej) and f

k
(j)
n

→ f (j) in W−1,p′(Ej) ∀j ∈ N, (2.1.18)

for opportune {k(j)n } (extract from {k(j−1)
n }) and f (j) ∈ Ls

′
(Ej). Define f : Ω → R as

f(x) =

{
f (1)(x) in E1,
f (j)(x) in Ej \ Ej−1, ∀j > 1.

Pick i, j ∈ N such that i < j. For any g ∈ Ls(Ei) consider its extension ĝ ∈ Ls(Ej)
defined by setting g ≡ 0 outside Ei. We obtain, due to (2.1.18),

ˆ
Ei

gf (j) =

ˆ
Ej

ĝf (j) = lim
n→∞

ˆ
Ej

ĝf
k
(n)
n

= lim
n→∞

ˆ
Ei

gf
k
(n)
n

=

ˆ
Ei

gf (i) ∀g ∈ Ls(Ei).
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This implies f (i) = f (j) a.e. in Ei, whence f = f (j) a.e. in Ej. In particular, by (2.1.18)
we infer

f
k
(n)
n
⇀ f in Ls

′
(Ej) and f

k
(n)
n

→ f in W−1,p′(Ej) ∀j ∈ N.

Moreover (2.1.14), written for each Ej, readily implies (2.1.15).
Step 2: alternative formulations of (2.1.10)–(2.1.11).
Notice that (a1) produces

ˆ
E

|a(∇un)|p′ ≤Mp′
ˆ
E

(|∇un|p−1 + 1)p
′ ≤ cpM

p′(∥∇un∥pLp(E) + |E|). (2.1.19)

Thus Proposition 2.1.3, together with (2.1.12) and (2.1.14), implies

a(∇un) ⇀ a(∇u) in Lp
′
(E). (2.1.20)

A density argument applied to (2.1.10) yields, for all n ∈ N,
ˆ
Ω

a(∇un) · ∇φ =

ˆ
Ω

fnφ ∀φ ∈ W 1,p
0 (Ω), suppφ ⋐ E. (2.1.21)

Letting n→ ∞ in (2.1.21), via (2.1.20) and (2.1.12), produces
ˆ
Ω

a(∇u) · ∇φ =

ˆ
Ω

fφ ∀φ ∈ W 1,p
0 (Ω), suppφ ⋐ E, (2.1.22)

which readily implies (2.1.11), by arbitrariness of E.
Step 3: convergence of local energy integrals.
Fix any ψ ∈ C∞

c (Ω) and take a bounded domain E such that suppψ ⋐ E ⋐ Ω. Choosing
φ = unψ in (2.1.21) and φ = uψ in (2.1.22) produces

ˆ
Ω

ψa(∇un) · ∇un +

ˆ
Ω

una(∇un) · ∇ψ =

ˆ
Ω

fnunψ,ˆ
Ω

ψa(∇u) · ∇u+

ˆ
Ω

ua(∇u) · ∇ψ =

ˆ
Ω

fuψ.

(2.1.23)

Reasoning as in (2.1.19)–(2.1.20) we obtain

∥a(∇un) · ∇ψ∥p
′

Lp′ (E)
≤ ∥∇ψ∥p′∞Mp′

ˆ
E

(|∇un|p−1 + 1)p
′

≤ c(∥∇un∥pLp(E) + 1)

for a suitable c = c(p,M, ψ, |E|) > 0, whence

a(∇un) · ∇ψ ⇀ a(∇u) · ∇ψ in Lp
′
(E). (2.1.24)

Using (2.1.13) and (2.1.24) we get

lim
n→∞

ˆ
Ω

una(∇un) · ∇ψ =

ˆ
Ω

ua(∇u) · ∇ψ. (2.1.25)
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Observe that (2.1.12) and the Rellich-Kondrachov theorem entail

∥unψ − uψ∥Ls(E) ≤ ∥ψ∥L∞(E)∥un − u∥Ls(E) → 0,

so

lim
n→∞

ˆ
Ω

fnunψ =

ˆ
Ω

fuψ, (2.1.26)

using (2.1.12) again. Subtracting (2.1.23) term by term and letting n → ∞, besides
using (2.1.25)–(2.1.26), yield

lim
n→∞

ˆ
Ω

ψa(∇un) · ∇un =

ˆ
Ω

ψa(∇u) · ∇u. (2.1.27)

Step 4: local convergence of {un} to u in W 1,p.
Fix any bounded domain E ⋐ Ω. We want to prove that un → u in W 1,p(E). Choose
ψ ∈ C∞

c (Ω) and a bounded domain F such that

ψ ≥ χE and suppψ ⋐ F ⋐ Ω.

According to (a2), (2.1.15), and (2.1.27), by Fatou’s lemma we deduce

ˆ
Ω

ψa(∇u) · ∇u−m

ˆ
E

|∇u|p =

ˆ
Ω

(ψa(∇u) · ∇u−m|∇u|pχE)

≤ lim inf
n→∞

ˆ
Ω

(ψa(∇un) · ∇un −m|∇un|pχE)

=

ˆ
Ω

ψa(∇u) · ∇u−m lim sup
n→∞

ˆ
E

|∇un|p,

whence

lim sup
n→∞

ˆ
E

|∇un|p ≤
ˆ
E

|∇u|p. (2.1.28)

In addition, (2.1.13) implies

lim
n→∞

ˆ
E

|un|p =

ˆ
E

|u|p. (2.1.29)

Hence (2.1.28)–(2.1.29) and the uniform convexity of W 1,p(E) lead to

un → u in W 1,p(E).

Remark 4. For our purposes, in the sequel we will need only (2.1.15) and (2.1.11),
but here we preferred to highlight the fact that convergence of gradients of solutions to
(2.1.10) is locally in Lp, and not merely in Lq for any q < p, as it occurs in the general
framework of [12] (cf. (1.5) of [12]).
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Strengthening the hypotheses of Lemma 2.1.6 allows to prove the following global
result.

Lemma 2.1.7. Let Ω ⊆ RN be a bounded domain with smooth boundary and 1 < s < p∗.
Let {fn} ⊆ Ls

′
(Ω) and {un} ⊆ W 1,p

0 (Ω) be such that

−div a(∇un) = fn(x) in W−1,p′(Ω), (2.1.30)

where a satisfies (a1)–(a3). Suppose {fn} and {un} to be bounded, respectively, in Ls
′
(Ω)

and W 1,p
0 (Ω). Then there exists f ∈ Ls

′
(Ω) and u ∈ W 1,p

0 (Ω) such that fn ⇀ f in Ls
′
(Ω)

and un → u in W 1,p
0 (Ω), up to subsequences. In particular, u solves

−div a(∇u) = f(x) in W−1,p′(Ω). (2.1.31)

Proof. All the hypotheses of Lemma 2.1.6 are satisfied, so (2.1.12)–(2.1.14) are guaran-
teed; due to the stronger hypotheses, they hold true with Ω in place of E. It is readily
seen that also (2.1.21)–(2.1.22) hold for any φ ∈ W 1,p

0 (Ω), without any restriction on
suppφ; in particular, this implies (2.1.31), reasoning as in Lemma 2.1.6. Now we can
test (2.1.30) with φ = un and (2.1.31) with φ = u, obtaining

ˆ
Ω

a(∇un) · ∇un =

ˆ
Ω

fnun,ˆ
Ω

a(∇u) · ∇u =

ˆ
Ω

fu.

(2.1.32)

Moreover, by the aforementioned considerations we deduce

lim
n→∞

ˆ
Ω

fnun =

ˆ
Ω

fu. (2.1.33)

Arguing as in Lemma 2.1.6, (2.1.32)–(2.1.33) yield

lim
n→∞

ˆ
Ω

a(∇un) · ∇un =

ˆ
Ω

a(∇u) · ∇u.

Thus Fatou’s lemma, jointly with (a2) and (2.1.15), gives
ˆ
Ω

a(∇u) · ∇u−m

ˆ
Ω

|∇u|p =

ˆ
Ω

(a(∇u) · ∇u−m|∇u|p)

≤ lim inf
n→∞

ˆ
Ω

(a(∇un) · ∇un −m|∇un|p)

=

ˆ
Ω

a(∇u) · ∇u−m lim sup
n→∞

ˆ
Ω

|∇un|p,

ensuring

lim sup
n→∞

ˆ
Ω

|∇un|p ≤
ˆ
Ω

|∇u|p.

Uniform convexity of W 1,p
0 (Ω) then produces un → u in W 1,p

0 (Ω).

48



2.1.2 A sequence of regularized problems

Let us focus on (P). Suppose that (Ha), (Hf), and (Hg) hold true and assume, without
loss of generality, that x0 = 0 in (Hf). Moreover, for all n ∈ N we set

Bn := Bn(x0) = Bn(0).

Now, fix any sequence {εn} ⊆ (0, 1) such that εn ↘ 0. For all n ∈ N consider the
regularized problems

−div a(∇u) = f(x, u+ εn) + g(x,∇u) in Bn,

u > 0 in Bn,

u = 0 on ∂Bn.

(Pn)

We want to find, for all n ∈ N, a solution un to (Pn); this can be done via a sub-super-
solution theorem (see Theorem 2.1.5).

2.1.3 Super-solutions for regularized problems

Firstly, we construct a function u ∈ W 1,p
loc (RN), which is a super-solution of each (Pn),

independently of n. To this aim, we consider the problem{
−div a(∇u) = h(x) + k(x)|∇u|r in RN ,

u ≥ 0 in RN .
(P̄)

We want to prove existence of a distributional solution for (P̄). Let us consider the
following auxiliary problem, obtained by freezing the convection term in (P̄) and working
on a ball B ⊆ RN : {

−div a(∇u) = h(x) + k(x)|∇v(x)|r in B,

u = 0 on ∂B.
(P̄v,B)

Lemma 2.1.8. For any ball B ⊆ RN and any v ∈ W 1,p
0 (B), problem (P̄v,B) admits a

unique weak solution uv ∈ W 1,p
0 (B). Moreover, uv ≥ 0 a.e. in B.

Proof. Fix any B ⊆ RN and v ∈ W 1,p
0 (B). According to the embedding inequality for

L(p∗)′(B) ↪→ W−1,p′(B), Hölder’s inequality, and (2.1.1), we have

∥h+ k|∇v|r∥W−1,p′ (B) ≤ c∥h+ k|∇v|r∥L(p∗)′ (B)

≤ c(∥h∥L(p∗)′ (B) + ∥k|∇v|r∥L(p∗)′ (B))

≤ c(∥h∥Lη(RN ) + ∥k∥Lθ(RN )∥∇v∥rLp(B)),

for a suitable c = c(|B|, N, p, r, η, θ) > 0 changing its value from line to line. Hence,
thanks to (a1)–(a3) (see also Remark 3), Minty-Browder’s theorem applies (see Corollary
1.2.5), ensuring the existence of a unique weak solution uv ∈ W 1,p

0 (B) to (P̄v,B). Since
h, k ≥ 0, the weak maximum principle guarantees uv ≥ 0 a.e. in B.
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Keeping B fixed, we define the operator T : W 1,p
0 (B) → W 1,p

0 (B) as

T (v) = uv, (2.1.34)

where uv is given by Lemma 2.1.8.

Lemma 2.1.9. For any ball B ⊆ RN , the operator T defined in (2.1.34) admits a fixed
point u ∈ W 1,p

0 (B). Moreover, u satisfies

∥∇u∥Lp(B) ≤ C, (2.1.35)

for a suitable constant C > 0 which is independent of B.

Proof. According to (2.1.1), by interpolation we have

h ∈ L(p∗)′(RN) and k ∈ Lζ(RN), with ζ =

(
1

(p∗)′
− r

p

)−1

.

More precisely, the following estimates hold true (see [15, Exercise 4.4]):

∥h∥L(p∗)′ (RN ) ≤ ∥h∥λL1(RN )∥h∥
1−λ
Lη(RN )

, with λ :=
η − (p∗)′

(p∗)′(η − 1)
∈ (0, 1),

∥k∥Lζ(RN ) ≤ ∥k∥µ
L1(RN )

∥k∥1−µ
Lθ(RN )

, with µ :=
θ − ζ

ζ(θ − 1)
∈ (0, 1).

(2.1.36)

Testing (P̄v,B) with uv, besides using (a2) as well as Hölder’s and Sobolev’s inequalities,
gives

m∥∇uv∥pLp(B) ≤
ˆ
B

a(∇uv) · ∇uv =

ˆ
B

(h+ k|∇v|r)uv

≤(∥h∥L(p∗)′ (B) + ∥k∥Lζ(B)∥∇v∥rLp(B))∥uv∥Lp∗ (B)

≤cS(∥h∥L(p∗)′ (RN ) + ∥k∥Lζ(RN )∥∇v∥rLp(B))∥∇uv∥Lp(B), (2.1.37)

where cS = cS(p,N) > 0 is the best constant of the inequality related to the Sobolev
embedding W 1,p

0 (B) ↪→ Lp
∗
(B). We explicitly notice that cS does not depend on B; see

[15, p.290, Remark 20]. Observe also that the estimates in (2.1.36) are independent of
B. Dividing both sides of (2.1.37) by m∥∇uv∥Lp(B) produces

∥∇uv∥p−1
Lp(B) ≤ c(1 + ∥∇v∥rLp(B)), (2.1.38)

being c = c(p,N, ∥h∥(p∗)′ , ∥k∥ζ ,m) > 0. Since r < p−1, we can choose C > 0 sufficiently
large such that

Cp−1 ≥ c(1 + Cr), (2.1.39)

where c stems from (2.1.38). We define the closed, convex set

K = {u ∈ W 1,p
0 (B) : ∥∇u∥Lp(B) ≤ C}, (2.1.40)
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being C = C(p,N, r, ∥h∥(p∗)′ , ∥k∥ζ ,m) > 0 as in (2.1.39); actually, K is a ball in W 1,p
0 (B).

According to (2.1.38)–(2.1.40), the set K is invariant under T , that is,

T (K) ⊆ K. (2.1.41)

Claim: T is a continuous and compact operator.
First we prove compactness of T . Take any bounded sequence {vn} ⊆ W 1,p

0 (B), set
un := uvn for all n ∈ N, and reason up to subsequences. By reflexivity of W 1,p

0 (B), there
exists v ∈ W 1,p

0 (B) such that

vn ⇀ v in W 1,p
0 (B). (2.1.42)

Exploiting reflexivity again, (2.1.38) and (2.1.42) yield

un ⇀ u in W 1,p
0 (B), un → u in Lp(B), un → u a.e. in B, (2.1.43)

for some u ∈ W 1,p
0 (B). According to (2.1.1), we can choose s ∈ (1, p∗) satisfying (2.1.4).

Thus, by Hölder’s inequality, we have

∥h+ k|∇vn|r∥Ls′ (B) ≤ c(∥h∥Lη(RN ) + ∥k∥Lθ(RN )∥∇vn∥rLp(B)) (2.1.44)

for a suitable c = c(|B|, p, r, s, η, θ) > 0. The right-hand side of (2.1.44) is uniformly
bounded in n, due to (2.1.42). Hence, we can apply Lemma 2.1.7, via (2.1.43)–(2.1.44),
to get un → u in W 1,p

0 (B). Since {vn} was arbitrary, we deduce that T is a compact
operator.

To prove continuity of T , we suppose vn → v in W 1,p
0 (B). Notice that (2.1.44),

obtained under the weaker condition (2.1.42), holds true. Extracting a subsequence if
necessary, we have ∇vn → ∇v a.e. in B, so

h+ k|∇vn|r → h+ k|∇v|r a.e. in B. (2.1.45)

Using Proposition 2.1.3, jointly with (2.1.44)–(2.1.45), we get

h+ k|∇vn|r ⇀ h+ k|∇v|r in Ls
′
(B).

Thus Lemma 2.1.7 ensures that u is a weak solution to (P̄v,B), according to (2.1.31).
Uniqueness of solution to (P̄v,B), guaranteed by Lemma 2.1.8, yields u = T (v). Ar-
bitrariness of {vn} provides the continuity of T . Summarizing, T is a continuous and
compact operator, which proves the claim.

Recalling also (2.1.41), Schauder’s fixed point theorem [68, Corollary 11.2] produces
u ∈ K fixed point of T ; estimate (2.1.35) then follows by (2.1.40)–(2.1.41).

Let ũn ∈ W 1,p
0 (Bn) be given by Lemma 2.1.9 applied with B = Bn. Each ũn can

be extended to a (not relabeled) function in D1,p
0 (RN) by setting ũn ≡ 0 outside Bn; so

(2.1.35) reads as
∥ũn∥D1,p

0 (RN ) = ∥∇ũn∥Lp(RN ) ≤ C ∀n ∈ N. (2.1.46)
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Reflexivity of D1,p
0 (RN) and (2.1.46) provide ũ ∈ D1,p

0 (RN) such that, up to subsequences,

ũn ⇀ ũ in D1,p
0 (RN). (2.1.47)

Consider, for any j ∈ N, the restriction operator Ψj : D1,p
0 (RN) → Lp(Bj) defined as

Ψj(u) = u|Bj .

This operator is linear. Now we show that it is also continuous. Indeed, the Hölder and
Sobolev inequalities imply

∥u∥W 1,p(Bj) = ∥u∥Lp(Bj) + ∥∇u∥Lp(Bj)
≤ c∥u∥Lp∗ (Bj) + ∥∇u∥Lp(Bj) ≤ c∥u∥D1,p

0 (RN ) (2.1.48)

with c = c(j, p,N) > 0 varying at each passage; this proves that Ψj is continuous from
D1,p

0 (RN) to W 1,p(Bj). By linearity (see [15, Theorem 3.10]) Ψj is weakly continuous,
so (2.1.47) entails Ψj(ũn) ⇀ Ψj(ũ) in W 1,p(Bj). Then Rellich-Kondrachov’s theorem
guarantees Ψj(ũn) → Ψj(ũ) in Lp(Bj). Hence [15, Theorem 4.9] and a diagonal argument
produce

ũn → ũ a.e. in RN . (2.1.49)

Lemma 2.1.10. The function ũ ∈ D1,p
0 (RN) defined in (2.1.47) is a distributional solu-

tion to (P̄).

Proof. Take any φ ∈ C∞
c (RN) and j ∈ N such that suppφ ⋐ Bj. For each n > j,

Lemma 2.1.9 and the definition of ũn ensure that

−div a(∇ũn) = h+ k|∇ũn|r in D ′(Bj).

We take s ∈ (1, p∗) as in (2.1.4), reason as for (2.1.44), and exploit (2.1.46) to infer that
{h+ k|∇ũn|r} is bounded in Ls

′
(Bj). Hence, through (2.1.46) and (2.1.48) with u = ũn,

Lemma 2.1.6 can be applied with Ω = Bj. In particular, for any domain E such that
suppφ ⋐ E ⋐ Bj and for some ψ ∈ Ls

′
(E), we have

ũn → ũ in W 1,p(E), h+ k|∇ũn|r ⇀ ψ in Ls
′
(E).

Another consequence of Lemma 2.1.6 is the validity of (2.1.15), that in our context reads
as

∇ũn → ∇ũ a.e. in Bj.

Thus Proposition 2.1.3 yields ψ = h + k|∇ũ|r. Equation (2.1.11) holds with u = ũ and
f = h+ k|∇ũ|r; testing it with φ, besides recalling that suppφ ⋐ Bj, produces

ˆ
RN
a(∇ũ) · ∇φ =

ˆ
RN

(h+ k|∇ũ|r)φ.

Arbitrariness of φ proves that ũ is a distributional solution to (P̄). Since ũn ≥ 0 and
ũn → ũ a.e. in RN , according to Lemma 2.1.8 and (2.1.49) respectively, then ũ ≥ 0 a.e.
in RN .
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If ũ ∈ W 1,p
loc (RN), ũ ≥ 0 a.e. in RN , is a distributional solution to (P̄) (as, for instance,

the one of Lemma 2.1.10), then the restriction of

u := ũ+ 1 ∈ W 1,p
loc (RN) (2.1.50)

to Bn is a super-solution to (Pn); indeed

u ≥ 1 a.e. in RN (2.1.51)

and, by (Hf)–(Hg) and a density argument,

−div a(∇u) = −div a(∇ũ) = h(x) + k(x)|∇ũ|r

≥ h(x)(u+ εn)−γ + k(x)|∇u|r ≥ f(x, u+ εn) + g(x,∇u)

in weak sense (i.e., in W−1,p′(Bn)). Therefore, we have found a super-solution of (Pn)
independent of n.

2.1.4 Sub-solutions for regularized problems

In this subsection, we construct, for any n ∈ N, a regular subsolution un to (Pn), and
then solve (Pn) using Theorem 2.1.5.

Lemma 2.1.11. Under (Hf), there exists a continuous function f : RN ×R → [0,+∞)
with the following properties:

(i) f ≡ β in Bρ × (−ε, ε) for some β, ρ, ε > 0,

(ii) f(x, ·) is non-increasing in (0,+∞) for all x ∈ RN ,

(iii) f(x, s) ≤ f(x, s) for a.a. (x, s) ∈ RN × (0,+∞).

Proof. From (Hf) we deduce that there exist α, β > 0 such that

f(x, s) > β for a.a. (x, s) ∈ Bσ × (0, α). (2.1.52)

Pick any Θ ∈ C∞
c ([0,+∞)) such that

Θ(t) =


1 in

[
0, 1

2

]
,

decreasing in
(
1
2
, 1
)
,

0 in [1,+∞).
(2.1.53)

According to (2.1.52)–(2.1.53), the function

f(x, s) = βΘ

(
|x|
σ

)
Θ

(
|s|
α

)
satisfies the required conditions with ρ = σ

2
and ε = α

2
: indeed, concerning (iii), notice

that 0 ≤ f ≤ β in RN × R and f(x, s) = 0 if either x /∈ Bσ or |s| > α.
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Lemma 2.1.12. Suppose (Ha) and (Hf). Then, for any n ∈ N, problem (Pn) admits a
sub-solution un ∈ C1,τ (Bn), for some τ ∈ (0, 1]. Moreover, un satisfies

0 < un ≤ 1 in Bn, un = 0 on ∂Bn. (2.1.54)

Proof. Fix n ∈ N. For any δ ∈ (0, 1) consider the problem
−div a(∇u) = fδ(x, u) in Bn,

u > 0 in Bn,

u = 0 on ∂Bn,

(Pn,δ)

where
fδ(x, s) := min{f(x, s+ ε1), δ}, (2.1.55)

being f as in Lemma 2.1.11. Observe that

|fδ(x, s)| ≤ δ ≤ 1 for a.a. (x, s) ∈ RN × R, ∀δ ∈ (0, 1). (2.1.56)

Since εn ↘ 0, it is not restrictive to suppose ε1 < ε, with ε stemming from Lemma
2.1.11; hence Lemma 2.1.11 (i) implies f(x, ε1) = β > 0 for all x ∈ Bρ, whence

fδ(·, 0) ̸≡ 0 in Bn. (2.1.57)

The energy functional Jn,δ : W 1,p
0 (Bn) → R associated to (Pn,δ) is

Jn,δ(u) :=

ˆ
Bn

A(∇u) dx−
ˆ
Bn

Fδ(x, u) dx,

being

A(ξ) :=

ˆ |ξ|

0

ta0(t) dt, Fδ(x, s) :=

ˆ s

0

fδ(x, t) dt.

According to (a1)–(a2) and (2.1.56), standard arguments of Calculus of Variations guar-
antee that Jn,δ is of class C1, weakly sequentially lower semi-continuous, and coercive.
Hence Weierstrass-Tonelli’s theorem, together with (2.1.57), furnishes un,δ ∈ W 1,p

0 (Bn)
non-trivial solution to (Pn,δ).

Lieberman’s regularity (vide Remark 3), jointly with (2.1.56), ensures that {un,δ :

δ ∈ (0, 1)} is uniformly bounded in C1,τ (Bn). Thus, Ascoli-Arzelà’s theorem produces
un,0 ∈ C1(Bn) such that un,δ → un,0 in C1(Bn) as δ → 0+. Passing to the limit in the
weak formulation of (Pn,δ) reveals that un,0 ≡ 0 in Bn. Hence

lim
δ→0+

un,δ = 0 in C1(Bn). (2.1.58)

By means of (2.1.58), we can choose δn > 0 such that

|un,δn(x)| ≤ 1 ∀x ∈ Bn.
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Since un,δn is non-trivial, the strong maximum principle (see Remark 3) yields un,δn > 0
in Bn. So (2.1.54) holds true for

un := un,δn . (2.1.59)

Using (2.1.55) and (ii)–(iii) of Lemma 2.1.11, besides εn ↘ 0, leads to

−div a(∇un) = fδn(x, un) ≤ f(x, un + ε1) ≤ f(x, un + εn)

≤ f(x, un + εn) ≤ f(x, un + εn) + g(x,∇un)

in weak sense, proving that un is a sub-solution to (Pn).

Lemma 2.1.13. Under (Ha), (Hf)–(Hg), and (2.1.1), for any n ∈ N problem (Pn)
admits a weak solution un ∈ W 1,p

0 (Bn) satisfying un ≤ un ≤ u, being un and u as in
Lemma 2.1.12 and (2.1.50) respectively.

Proof. Fix any n ∈ N. Observe that (2.1.54) and (2.1.51) yield un ≤ u in Bn, while
(Hf)–(Hg) entail

0 ≤ f(x, s+ εn) + g(x, ξ) ≤ h(x)ε−γn + k(x)|ξ|r

for a.a. x ∈ Ω and all (s, ξ) ∈ [0,+∞) × RN . The conclusion thus follows by applying
Theorem 2.1.5, after recalling (2.1.1) and (2.1.54).

2.1.5 Generalized solutions to problem (P)

Hereafter we consider each un given by Lemma 2.1.13 as extended to the whole RN by
setting un ≡ 0 outside Bn; hence we can suppose un ∈ D1,p

0 (RN). An analogous comment
can be made for any un arising from Lemma 2.1.12.

Lemma 2.1.14. Assume (Ha), (Hf)–(Hg), and (2.1.1). Then, for any j ∈ N, there
exists Cj > 0 such that

∥un∥W 1,p(Bj) ≤ Cj ∀n > j. (2.1.60)

Proof. Fix any j ∈ N. According to Lemma 2.1.13 we get

∥un∥pLp(Bj) ≤ ∥u∥pLp(Bj). (2.1.61)

Claim: there exists ωj > 0 such that un ≥ ωj a.e. in Bj for all n > j.

Pick any n > j. Define φn := (uj+1 − un)+ ∈ W 1,p
0 (Bj+1) and extend it to a function

of W 1,p
0 (Bn) by setting φn ≡ 0 in Bn \Bj+1. In this way φn is an admissible test function

for both (Pj+1,δj+1
) and (Pn); exploiting (2.1.59), (2.1.55), and (ii)–(iii) of Lemma 2.1.11
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we obtain

ˆ
Bj+1

a(∇uj+1) · ∇φn =

ˆ
Bj+1

fδj+1
(x, uj+1)φn ≤

ˆ
Bj+1

f(x, uj+1 + ε1)φn

≤
ˆ
Bj+1

f(x, un + εn)φn ≤
ˆ
Bj+1

f(x, un + εn)φn

≤
ˆ
Bj+1

[f(x, un + εn) + g(x,∇un)]φn

=

ˆ
Bj+1

a(∇un) · ∇φn.

Rearranging the terms gives

ˆ
Bj+1∩{uj+1>un}

(a(∇uj+1) − a(∇un)) · (∇uj+1 −∇un) ≤ 0.

Thus (a3) ensures ∇uj+1 = ∇un a.e. in Bj+1 ∩ {uj+1 > un}, whence

∇φn = 0 a.e. in Bj+1. (2.1.62)

Recalling that φn ∈ W 1,p
0 (Bj+1), (2.1.62) yields φn = 0 a.e. in Bj+1, which means

un ≥ uj+1 a.e. in Bj+1. Since uj+1 is continuous and strictly positive in Bj (cf. (2.1.54)),
we deduce that

un ≥ uj+1 ≥ min
Bj

uj+1 =: ωj > 0 a.e. in Bj ∀n > j, (2.1.63)

so the claim is proved.

Take any j ≤ s < t ≤ j + 1 ≤ n, and then fix a cut-off function ψ ∈ C∞
c (RN) such

that

ψ ≡ 1 in Bs, ψ ≡ 0 in RN \Bt,

ψ ≥ 0 in RN , |∇ψ| ≤ cN
t− s

in RN .
(2.1.64)

Since (un − ωj)+ψ ∈ W 1,p
0 (Bn), we can test (Pn) with it; exploiting also (a2) we have

m

ˆ
Bj+1∩{un>ωj}

|∇un|pψ

≤
ˆ
Bj+1∩{un>ωj}

ψa(∇un) · ∇un =

ˆ
Bj+1

ψa(∇un) · ∇(un − ωj)+

=

ˆ
Bj+1

[f(x, un + εn) + g(x,∇un)](un − ωj)+ψ −
ˆ
Bj+1

(un − ωj)+a(∇un) · ∇ψ.
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Using (Hf)–(Hg), (a1), and (2.1.64) we arrive at

m

ˆ
Bj+1∩{un>ωj}

|∇un|pψ

≤
ˆ
Bj+1∩{un>ωj}

h(un + εn)−γunψ +

ˆ
Bj+1∩{un>ωj}

k|∇un|runψ

+M

ˆ
Bj+1∩{un>ωj}

(|∇un|p−1 + 1)un|∇ψ|

≤
ˆ
Bj+1∩{un>ωj}

hu1−γn ψ +

ˆ
Bj+1∩{un>ωj}

|∇un|rψ
r
pkunψ

1− r
p

+M

ˆ
Bt∩{un>ωj}

(|∇un|p−1 + 1)un|∇ψ|.

Then, by (2.1.1) and (2.1.64), besides the Young, Hölder, and Sobolev inequalities, we
get

m

ˆ
Bj+1∩{un>ωj}

|∇un|pψ

≤ω1−γ
j ∥h∥L1(RN ) +

m

4

ˆ
Bj+1∩{un>ωj}

|∇un|pψ + c

ˆ
Bj+1∩{un>ωj}

k
p
p−ru

p
p−r
n ψ

+
m

4

(ˆ
Bt∩{un>ωj}

|∇un|p + |Bj+1|

)
+ c

ˆ
Bj+1

upn|∇ψ|p

≤ω1−γ
j ∥h∥L1(RN ) +

m

4

ˆ
Bj+1∩{un>ωj}

|∇un|pψ + c∥k∥Lθ(RN )∥∇u∥Lp(Bj+1)

+
m

4

ˆ
Bt∩{un>ωj}

|∇un|p + c

(
∥u∥pLp(Bj+1)

(t− s)p
+ 1

)
,

for a suitable c = c(j,N, p, r, θ,m) > 0 changing its value at each passage. Absorbing on
the left-hand side the integral depending on ψ, besides recalling (2.1.64), we get

ˆ
Bs∩{un>ωj}

|∇un|p ≤
ˆ
Bj+1∩{un>ωj}

|∇un|pψ

≤1

3

ˆ
Bt∩{un>ωj}

|∇un|p +
A

(t− s)p
+B,

for suitable positive constants A (depending on j,N, p, r, θ,m, ∥u∥Lp(Bj+1)) and B (de-
pending on j,N, p, r, θ,m, γ, ∥h∥1, ∥k∥θ, ∥∇u∥Lp(Bj+1)). Hence [67, Lemma 3.1, p.161] can
be applied to the function Ψ : [j, j + 1] → [0,+∞) defined as

Ψ(l) :=

ˆ
Bl∩{un>ωj}

|∇un|p,
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producing ˆ
Bj∩{un>ωj}

|∇un|p ≤ cp(A+B).

Taking into account that Bj ⊆ {un > ωj}, which is a consequence of (2.1.63), we get

∥∇un∥pLp(Bj) ≤ cp(A+B). (2.1.65)

Adding (2.1.61) and (2.1.65) term by term produces (2.1.60).

Theorem 2.1.15. Under (Ha), (Hf)–(Hg), and (2.1.1), there exists u ∈ W 1,p
loc (RN) gen-

eralized solution to (P).

Proof of Theorem 2.1.15. Lemma 2.1.14 ensures that, for any j ∈ N, the sequence
{un}n>j is bounded inW 1,p(Bj). Hence, a diagonal argument and the Rellich-Kondrachov
theorem yield, up to subsequences,

un ⇀ v(j) in W 1,p(Bj) and un → v(j) a.e. in Bj (2.1.66)

for some v(j) ∈ W 1,p(Bj), as n→ ∞. We define

u(x) =

{
v(1)(x) in B1,
v(j)(x) in Bj \Bj−1, ∀j > 1.

(2.1.67)

Uniqueness of limit and (2.1.66) yield v(i) = v(j) a.e. in Bi∩Bj for all i, j ∈ N, so u = v(j)

a.e. in Bj for all j ∈ N. By construction we have u ∈ W 1,p
loc (RN). It remains to prove

that u is a generalized solution to (P) (see Definition 2.1.1).
To this end, take any compact K ⊆ RN and fix j ∈ N such that K ⋐ Bj. Passing to

the limit in (2.1.63), besides (2.1.66)–(2.1.67), gives u = v(j) ≥ ωj > 0 a.e. in Bj, which
ensures (i) of Definition 2.1.1 by arbitrariness of K.

Now take any φ ∈ C∞
c (RN) and fix j ∈ N such that suppφ ⋐ Bj. According to (Pn),

each un with n > j satisfies

−div a(∇un) = f(x, un + εn) + g(x,∇un) in D ′(Bj).

Let s ∈ (1, p∗) as in (2.1.4). By (Hf)–(Hg), (2.1.63), and Hölder’s inequality we get

∥f(x, un + εn) + g(x,∇un)∥s′
Ls′ (Bj)

≤cs

(ˆ
Bj

hs
′
(un + εn)−γs

′
+

ˆ
Bj

ks
′ |∇un|rs

′

)
≤c(ω−γs′

j ∥h∥s′Lη(RN ) + ∥k∥s′Lθ(RN )∥∇un∥
rs′

Lp(Bj)
) (2.1.68)

for some c = c(j, p, r, s, η, θ) > 0. Since, due to (2.1.60), the right-hand side of (2.1.68)
is bounded, we infer that there exists ψ ∈ Ls

′
(Bj) such that

f(x, un + εn) + g(x,∇un) ⇀ ψ in Ls
′
(Bj).
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Lemma 2.1.6 and (2.1.60), besides (2.1.66)–(2.1.67), ensure

un → u in W 1,p(Bj) (2.1.69)

and
−div a(∇u) = ψ in D ′(Bj). (2.1.70)

An application of Proposition 2.1.3, together with (2.1.68)–(2.1.69), reveals that ψ =
f(·, u) + g(·,∇u). Hence, testing (2.1.70) with φ yields

ˆ
RN
a(∇u) · ∇φ =

ˆ
RN

[f(x, u) + g(x,∇u)]φ.

Arbitrariness of φ proves (ii) of Definition 2.1.1, concluding the proof.

Remark 5. If we consider γ ∈ (0, 1) instead of γ ≥ 1 in (Hf), then we can do the same
arguments: indeed, sub- and super-solutions do not depend on the explicit value of γ, but
their properties rely only on the fact that γ > 0, so that s 7→ s−γ is a decreasing function.
We exploit γ ≥ 1 only in the proof of Lemma 2.1.14, because we use

ˆ
Bj+1∩{un>ωj}

hu1−γn ψ ≤ ω1−γ
j ∥h∥L1(RN ) since γ ≥ 1.

But this estimate can be substituted, in the variational case (that is, γ ∈ (0, 1)), by
ˆ
Bj+1∩{un>ωj}

hu1−γn ψ ≤
ˆ
Bj+1

hu1−γ ≤
ˆ
Bj+1

h(u+ 1)

≤ ∥h∥L(p∗)′ (Bj+1)
∥u∥Lp∗ (Bj+1) + ∥h∥L1(RN )

≤ c(∥h∥Lη(RN )∥∇u∥Lp(Bj+1) + ∥h∥L1(RN )),

valid for a suitable c = c(j,N, p, η) > 0. Anyway, we deem that a simpler proof of
Theorem 2.1.15 is available in the case γ ∈ (0, 1), and it could be obtained by looking for
solutions with finite energy, i.e., u ∈ D1,p

0 (RN).

2.2 Singular Φ-Laplacian systems in RN

In this paragraph we study existence, uniqueness, and decay of solutions to a problem
in the form 

−∆Φu = h(x)f(u, v) in RN ,

−∆Ψv = k(x)g(u, v) in RN ,

u, v > 0 in RN ,

u(x), v(x) → 0 as |x| → +∞.

(PΦ,Ψ)

The principal parts of the equations appearing in (PΦ,Ψ) are Λ-Laplacian operators with
Λ = Φ and λ = φ (Λ = Ψ and λ = ψ, respectively), (see Definition 1.4.1).

We introduce (H1,φ,ψ), which pertains the principal parts of (PΦ,Ψ).
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(H1,φ,ψ) Setting φ := Φ′ and ψ := Ψ′, condition (H1), given in Definition 1.4.1, can be
rewritten as

0 < iφ ≤ sφ < +∞, 0 < iψ ≤ sψ < +∞.

We also assume that max{sΦ, sΨ} < N .

We denote by (H2) the hypotheses concerning the reaction terms of (PΦ,Ψ).

(H2)(i) There exists H : RN × R+ × R+ → R such that

• H(·, s, t) is measurable for all s, t ∈ R+;

• H(x, ·, ·) is of class C1 for all x ∈ RN ;

• ∂sH(x, s, t) = h(x)f(s, t) for all (x, s, t) ∈ RN × R+ × R+;

• ∂tH(x, s, t) = k(x)g(s, t) for all (x, s, t) ∈ RN × R+ × R+;

• H(·, 0, 0) ≡ 0.

(H2)(ii) For suitable Young functions Υi,Γi, i = 1, 2, with Υ1 ≪ Φ and Γ2 ≪ Ψ, one has

f(s, t) ≤ C

[
(s−α + 1)

(
Υ2(t)

t
+ 1

)
+

Υ1(s)

s

]
,

g(s, t) ≤ C

[
(t−β + 1)

(
Γ1(s)

s
+ 1

)
+

Γ2(t)

t

]
,

for all (s, t) ∈ R+ × R+, where α, β ∈ (0, 1). Moreover,

Φ ≪ Ψ ◦ Υ−1
2 ◦ Υ2 and Ψ ≪ Φ ◦ Γ−1

1 ◦ Γ1. (2.2.1)

(H2)(iii) There exist δ1 >
N
iΦ

, δ2 >
N
iΨ

such that

t(sΥ1
−iΦ)δ1 < Φ∗, t(sΓ2

−iΨ)δ2 < Ψ∗, (2.2.2)

tδ1 ◦ Υ
−1

2 ◦ Υ2 < Ψ∗, tδ2 ◦ Γ
−1

1 ◦ Γ1 < Φ∗, (2.2.3)

where Ψ∗, and Φ∗ are the Sobolev conjugate of Ψ and Φ, respectively (see Definition
1.3.18).

(H2)(iv) For all M > 0 there exists cM > 0 such that

f(s, t) ≥ cM t
ν2 and g(s, t) ≥ cMs

ν1

for all s, t ∈ (0,M ] and opportune ν1, ν2 > 0 satisfying

ν1ν2 < min

{
iΦ
sΦ
,
N(iΦ − 1)

N − iΦ

}
min

{
iΨ
sΨ
,
N(iΨ − 1)

N − iΨ

}
. (2.2.4)

(H2)(v) The weights h, k : RN → R+ belong to L1(RN)∩L∞(RN) and satisfy h(x), k(x) → 0
as |x| → +∞; in addition, for every r > 0 there exists dr > 0 such that min{h, k} ≥
dr in Br.
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(H2)(vi) There exist θ1 > N + αN−iΦ
iΦ−1

and θ2 > N + βN−iΨ
iΨ−1

such that

h(x) ≤ C|x|−θ1 and k(x) ≤ C|x|−θ2 for all x ∈ RN .

The last hypothesis is a monotonicity condition:

(H3) The functions s 7→ f(s,t)

siφ
and t 7→ g(s,t)

t
iψ

are strictly decreasing for all t ∈ R+ and all
s ∈ R+, respectively.

Remark 2.2.1. Let us briefly comment the hypotheses.

• (H1,φ,ψ) is the ellipticity of the principal parts of the operators in (PΦ,Ψ);

• (H2)(i) represents the variational structure of (PΦ,Ψ);

• (H2)(ii) is a (Φ,Ψ)-sublinear growth condition (in particular, (2.2.1) pertains the
mixed terms), ensuring the coercivity of the energy functional associated with the
regularized problem;

• (H2)(iii) is a sub-criticality condition on the pure terms (see (2.2.2)) and on the
mixed terms (see (2.2.3));

• (H2)(iv) is a condition on the lower bounds of f, g, which implies a local lower
bound for solutions to (PΦ,Ψ);

• (H2)(v) summarizes the qualitative properties of the weights h, k;

• (H2)(vi) is a quantitative information on the decay of the weights;

• (H3) is a Dı́az-Saá type condition employed only to gain the uniqueness of positive
solution to (PΦ,Ψ) .

The reaction term h(x)f(s, t) (resp., k(x)g(s, t)) is Φ-sublinear (resp., Ψ-sublinear)
and singular with respect to s (resp., t), and this encompasses systems with cooperative
structure, i.e., h(x)f(s, t) is non-decreasing in t and k(x)g(s, t) is non-decreasing in s. A
concrete example to have in mind is

−∆pu− ∆qu =
1

|x|θ + 1

[
(1 − α)u−αv1−β + ur−1

]
in RN ,

−∆pv − ∆qv =
1

|x|θ + 1

[
(1 − β)u1−αv−β + vs−1

]
in RN ,

u, v > 0 in RN ,

u(x), v(x) → 0 as |x| → +∞,

being 1 < q < p < N < θ, α, β ∈ (0, 1), and r, s ∈ (1, p).
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Remark 2.2.2. Here we emphasize the fact that the condition (H3) is optimal, even for
(p, q)-Laplacian problems in bounded domains (say Ω), in the sense that the indices iφ
and iψ cannot be increased. Indeed, consider the problem{

−∆pu− ∆qu = λur−1
+ in Ω,

u = 0 on ∂Ω,

being 1 < p < r < q < +∞ and λ > 0 large enough: the energy functional associated
with this problem is coercive, has a local minimizer in u = 0, and a global minimizer
u∗ ̸= 0, so there exists a critical point u given by the mountain pass theorem (see,
e.g., [109, Theorem 5.40]), implying that the problem has two nontrivial solutions u∗, u.
Anyway, we do not know if it is possible to replace siφ (resp., tiψ) with some (maybe
Φ-linear) function depending on Φ (resp., Ψ).

Problem (PΦ,Ψ) possesses several combined features, including:

• the principal parts of the operators have unbalanced growth;

• the reaction terms possess natural growth with respect to the principal parts;

• the problem is set in the whole space RN ;

• a pointwise decay is required.

These features compel us to face several issues, exploiting in particular a suitable func-
tional framework and some fine a priori estimates. More precisely, the unbalanced growth
of both the operators and the reaction and the setting RN require the usage of Beppo
Levi-Orlicz spaces (see Sub-section 1.3.3); Indeed, we consider the following function
spaces:

X := D1,Φ
0 (RN) ×D1,Ψ

0 (RN),

Y := LΦ∗(RN) × LΨ∗(RN).

Definition 2.2.3. A couple (u, v) ∈ X, u, v > 0 in RN , is called weak (resp., distribu-
tional) solution to {

−∆Φu = h(x)f(u, v) in RN ,

−∆Ψv = k(x)g(u, v) in RN ,

if, for any (ξ, ν) ∈ X ( resp., (ξ, ν) ∈ C∞
c (RN) × C∞

c (RN)) it holds
ˆ
RN

φ(|∇u|)
|∇u|

∇u∇ξ dx =

ˆ
RN
h(x)f(u, v)ξ dx,

ˆ
RN

ψ(|∇v|)
|∇v|

∇v∇ν dx =

ˆ
RN
k(x)g(u, v)ν dx.

(2.2.5)

Definition 2.2.4. A couple (u, v) ∈ X ∩C0
loc(RN)2 is called weak (resp., distributional)

solution to (PΦ,Ψ) if it is a solution in the sense of Definition 2.2.3 and u(x), v(x) → 0
as |x| → ∞.
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2.2.1 Decay estimates

Lemma 2.2.5. Suppose (H1,φ,ψ). Then, for all c, r > 0 there exists w ∈ C1
loc(RN \ {0})

such that
∣∣∣∇w|Beρ

∣∣∣ ∈ LΦ(Be
ρ) for all ρ > 0 and

−∆Φw = 0 in RN \ {0},
w = c on ∂Br,

w(x) → 0 as |x| → +∞.

(P)

Moreover, w can be represented as

w(x) =

ˆ +∞

|x|
φ−1(κr1−N) dr, (2.2.6)

being κ dependent only on c > 0.

Proof. Let us look for radially decreasing solutions to (P), i.e., z : R+ → R of class C1

such that w(x) = z(ϱ) and z′(ϱ) < 0, where ϱ = |x|. Hence (P) can be rewritten as
(ϱN−1φ(|z′(ϱ)|))′ = 0 in R+,

z(r) = c,

z(ϱ) → 0 as ϱ→ +∞.

Integrating we get, for a suitable κ > 0,

ϱN−1φ(|z′(ϱ)|) = κ,

whence

φ(|z′(ϱ)|) = κϱ1−N .

Inverting φ and integrating again yield

z(ϱ) =

ˆ +∞

ϱ

φ−1(κr1−N) dr + κ′,

being κ′ ∈ R opportune. Observe that the change of variable τ = κr1−N , (1.3.13),
(1.3.25) for Λ = Φ, (1.3.26), and (1.3.27) yield

ˆ +∞

ϱ

φ−1(κr1−N) dr ≤ C

ˆ κϱ1−N

0

τ−N
′
φ−1(τ) dτ = C

ˆ κϱ1−N

0

τ−N
′
Φ

′
(τ) dτ

≤ C

ˆ κϱ1−N

0

τ−N
′−1Φ(τ) dτ ≤ Cϱ

ˆ κϱ1−N

0

τ−N
′−1+iΦ dτ

≤ Cϱ

ˆ κϱ1−N

0

τ−N
′−1+s′Φ dτ < +∞

(2.2.7)
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for all ϱ > 0, since s′Φ > N ′ by (H1,φ,ψ). Accordingly,

r 7→ φ−1(κr1−N) belongs to L1(ϱ,+∞) ∩ L∞(ϱ,+∞) for all ϱ > 0. (2.2.8)

Thus, imposing that limϱ→∞ z(ϱ) = 0, we obtain

z(ϱ) =

ˆ +∞

ϱ

φ−1(κr1−N) dr.

Let us consider the function θ : R+ → R+ defined as θ(κ) :=
´ +∞
r

φ−1(κτ 1−N) dτ , which
is strictly increasing and continuous, according to Lebesgue’s dominated convergence
theorem. We observe that limκ→0+ θ(κ) = 0 and limκ→+∞ θ(κ) = +∞, by virtue of
Beppo Levi’s monotone convergence theorem. Hence there exists a unique κ > 0 such
that θ(κ) = c, that is, z(r) = c; this concludes the proof of (2.2.6).

Since z′(ϱ) = −φ−1(κϱ1−N) is continuous, then w ∈ C1
loc(RN \ {0}). By (2.2.6),

(2.2.8), and Proposition 1.3.19, it follows that∣∣∣∇w|Beρ

∣∣∣ ∈ LΦ(Be
ρ) ∀ρ > 0. (2.2.9)

Lemma 2.2.6. Let (H1,φ,ψ) be satisfied. Then, for all c, µ, r > 0 and ι > N , there exists

w ∈ C1
loc(RN \ {0}) such that

∣∣∣∇w|Beρ

∣∣∣ ∈ LΦ(Be
ρ) for all ρ > 0 and

−∆Φw = µ|x|−ι in RN \ {0},
w = c on ∂Br,

w(x) → 0 as |x| → +∞,

(P)

provided

c >

ˆ +∞

r

φ−1

(
µ

ι−N
τ 1−ι

)
dτ. (2.2.10)

Moreover, w can be represented as

w(x) =

ˆ +∞

|x|
φ−1

(
µ

1 − ι
r1−ι + κr1−N

)
dr, (2.2.11)

being κ dependent only on c, µ > 0.

Proof. We reason as in the proof of Lemma 2.2.5, looking for z : R+ → R of class C1

such that w(x) = z(ϱ) and z′(ϱ) < 0, ϱ = |x|, satisfying
−(ϱN−1φ(|z′(ϱ)|))′ = µϱN−1−ι in R+,

z(r) = c,

z(ϱ) → 0 as ϱ→ +∞.
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Integrating we get, for a suitable κ > 0,

ϱN−1φ(|z′(ϱ)|) =
µ

ι−N
ϱN−ι + κ,

whence
φ(|z′(ϱ)|) =

µ

ι−N
ϱ1−ι + κϱ1−N .

Inverting φ and integrating again produce

z(ϱ) =

ˆ +∞

ϱ

φ−1

(
µ

ι−N
r1−ι + κr1−N

)
dr + κ′,

being κ′ ∈ R opportune. Observe that, for any r > ϱ,

φ−1

(
µ

ι−N
r1−ι + κr1−N

)
≤ Cϱφ

−1(κr1−N).

Thus, recalling (2.2.8) and imposing that limϱ→∞ z(ϱ) = 0, we get

z(ϱ) =

ˆ +∞

ϱ

φ−1

(
µ

ι−N
r1−ι + κr1−N

)
dr.

Let us consider the function θ : R+ → R+ defined as θ(k) :=
´ +∞
r

φ−1
(

µ
ι−N τ

1−ι + κs1−N
)

dτ .

Observe that limκ→0+ θ(κ) =
´ +∞
r

φ−1
(

µ
ι−N τ

1−ι) dτ < c, according to Beppo Levi’s the-
orem and (2.2.10). Then, repeating verbatim the arguments in the proof of Lemma 2.2.5,
we find a unique κ > 0 such that w = c on ∂Br, ensuring (2.2.11), and guarantee that

w ∈ C1
loc(RN \ {0}), as well as

∣∣∣∇w|Beρ

∣∣∣ ∈ LΦ(Be
ρ).

Remark 2.2.7. By (2.2.6) and (2.2.11) we deduce some decay estimates. Indeed, fixing
any ρ > 0, by (H1,φ,ψ) it turns out that

C−1
ρ

ˆ +∞

|x|
φ−1(τ 1−N) dτ ≤ w(x), w(x) ≤ Cρ

ˆ +∞

|x|
φ−1(τ 1−N) dτ in Be

ρ.

Reasoning as in (2.2.7), we infer

ˆ +∞

|x|
φ−1(τ 1−N) dτ ≤ Cρ

ˆ |x|1−N

0

τ s
′
Φ−N

′−1 dτ ≤ Cρ|x|
sΦ−N
sΦ−1

and ˆ +∞

|x|
φ−1(τ 1−N) dτ ≥ C−1

ρ

ˆ |x|1−N

0

τ i
′
Φ−N

′−1 dτ ≥ C−1
ρ |x|

iΦ−N
iΦ−1 .

Hence,

C−1
ρ |x|

iΦ−N
iΦ−1 ≤ w(x), w(x) ≤ Cρ|x|

sΦ−N
sΦ−1 in Be

ρ.

We highlight the fact that these estimates are coherent with the ones in [3, Theorems 3
and C] for the p-Laplacian, that is, iΦ = sΦ = p.
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2.2.2 Existence result

2.2.3 The regularized problem

For any ε ∈ (0, 1), let us consider the following system:
−∆Φu = h(x)f(u+ + ε, v+ + ε) in RN ,

−∆Ψv = k(x)g(u+ + ε, v+ + ε) in RN ,

u(x), v(x) → 0 as |x| → +∞.

(Pε)

The energy functional associated with (Pε) is Jε : X → R∪{+∞} defined as

Jε(u, v) =

ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx−
ˆ
RN
H(x, u+ + ε, v+ + ε) dx.

Lemma 2.2.8. Under (H1,φ,ψ) and (H2)(i)–(H2)(ii), for all σ > 0 the following estimate
holds true:

|H(x, s, t)| ≤ l(x) [σ (Φ(s) + Ψ(t)) + Cσ]

for all (x, s, t) ∈ RN × (0,+∞)2, where l := h+ k and Cσ > 0 is a suitable constant.

Proof. Set l := h + k. Using Torricelli’s theorem, (H2)(i)–(H2)(ii), the convexity of Υi,
Γi, i = 1, 2, and (1.3.15) with Λ1(t) = t and Λ2 = Υ1 (resp., Λ2 = Γ2), we get

|H(x, s, t)| ≤
ˆ 1

0

|s∂sH(x, rs, rt) + t∂tH(x, rs, rt)| dr

≤
ˆ 1

0

[h(x)sf(rs, rt) + k(x)tg(rs, rt)] dr

≤ h(x)

ˆ 1

0

(
(r−αs1−α + s)

(
Υ2(rt)

rt
+ 1

)
+

Υ1(rs)

r

)
dr

+ k(x)

ˆ 1

0

(
(r−βt1−β + t)

(
Γ1(rs)

rs
+ 1

)
+

Γ2(rt)

r

)
dr

≤ h(x)

ˆ 1

0

(
(r−αs1−α + s)

(
Υ2(t)

t
+ 1

)
+ Υ1(s)

)
dr

+ k(x)

ˆ 1

0

(
(r−βt1−β + t)

(
Γ1(s)

s
+ 1

)
+ Γ2(t)

)
dr

≤ Cl(x)

[
(s1−α + s)

(
Υ2(t)

t
+ 1

)
+ Υ1(s) + (t1−β + t)

(
Γ1(s)

s
+ 1

)
+ Γ2(t)

]
≤ Cl(x)

[
(s+ 1)

Υ2(t)

t
+ (t+ 1)

Γ1(s)

s
+ Υ1(s) + Γ2(t) + 1

]
.

According to Young’s inequality and (1.3.11) (with Λ = Λi and t = 1), besides (1.3.9),
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we deduce

|H(x, s, t)|

≤ Cl(x)

[
Λ1(s) + Λ1

(
Υ2(t)

t

)
+ Λ2(t) + Λ2

(
Γ1(s)

s

)
+ Υ1(s) + Γ2(t) + 1

]
≤ Cl(x)

[
Λ1(s) + (Λ1 ◦ Υ

−1

2 ◦ Υ2)(t) + Λ2(t) + (Λ2 ◦ Γ
−1

1 ◦ Γ1)(s) + Υ1(s) + Γ2(t) + 1
]
.

Let σ > 0. Proposition 1.3.10 ensures that Λ1 ≪ Φ and Λ2 ≪ Ψ, as well as Λ1 ◦ Υ
−1

2 ◦
Υ2 ≪ Ψ and Λ2 ◦ Γ

−1

1 ◦ Γ1 ≪ Φ. Hence, recalling also Υ1 ≪ Φ and Γ2 ≪ Ψ by (H2)(ii),
a repeated application of (1.3.15) yields

|H(x, s, t)| ≤ l(x) [σ(Φ(s) + Ψ(t)) + Cσ] .

Lemma 2.2.9. Let (H1,φ,ψ), (H2)(i)–(H2)(ii), and (H2)(v) be satisfied. Then Jε is well
defined (namely, Jε(u) ̸= −∞ for all u ∈ X), weakly sequentially lower semi-continuous,
coercive, and of class C1.

Proof. In order to prove that Jε is well defined, it suffices to prove that
´
RN |H(x, u+ +

ε, v+ + ε)| dx is finite for all (u, v) ∈ X. By Lemma 2.2.8 with σ = 1, (1.3.11), (H2)(v),
and Proposition 1.3.26, we get

ˆ
RN

|H(x, u+ + ε, v+ + ε)| dx

≤
ˆ
RN
l [Φ(u+ + ε) + Ψ(v+ + ε) + C] dx

≤ C

ˆ
RN
l [Φ(u+) + Ψ(v+) + 1] dx

≤ C

(ˆ
RN
lΦ(|u|) dx+

ˆ
RN
lΨ(|v|) dx+ ∥l∥1

)
< +∞.

(2.2.12)

Now we prove that Jε is weakly sequentially lower semi-continuous. Take any {(un, vn)} ⊆
X and (u, v) ∈ X such that (un, vn) ⇀ (u, v) in X. A diagonal argument (see, e.g., [74,
Lemma 3.5]) ensures that (un, vn) → (u, v) a.e. in RN . By (2.2.12) we have

ˆ
RN

|H(x, (un)+ + ε, (vn)+ + ε)| dx ≤ C

(ˆ
RN
l [Φ(|un|) + Ψ(|vn|)] dx+ 1

)
.

According to Proposition 1.3.27 and [132, Proposition 26.2(b)], we deduce un → u and
vn → v in LΦ(RN ; l) and LΨ(RN ; l), respectively. Thus, by [79, Corollary 3.3.4],

ˆ
RN
lΦ(|un|) dx→

ˆ
RN
lΦ(|u|) dx and

ˆ
RN
lΨ(|vn|) dx→

ˆ
RN
lΨ(|v|) dx.
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Then Pratt’s lemma (see Proposition 1.1.8) entails

ˆ
RN
H(x, (un)+ + ε, (vn)+ + ε) dx→

ˆ
RN
H(x, u+ + ε, v+ + ε) dx.

For any Young function Θ, the functional w 7→
´
RN Θ(|∇w|) dx is weakly sequentially

lower semi-continuous in D1,Θ
0 (RN); cf. [17, Lemma 2.6]. Then, exploiting Fatou’s

Lemma, we deduce

lim inf
n→∞

Jε(un, vn) ≥ lim inf
n→∞

ˆ
RN

Φ(|∇un|) dx+ lim inf
n→∞

ˆ
RN

Ψ(|∇vn|) dx

− lim sup
n→∞

ˆ
RN
H(x, (un)+ + ε, (vn)+ + ε) dx

≥
ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx−
ˆ
RN
H(x, u+ + ε, v+ + ε) dx

= Jε(u, v),

which proves the weak sequential lower semi-continuity of Jε.

Let us prove coercivity of Jε. Reasoning as in (2.2.12) and exploiting Proposition
1.3.26 we have

Jε(u, v)

≥
ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx−
ˆ
RN

|H(x, u+ + ε, v+ + ε)| dx

≥
ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx− Cσ

(ˆ
RN
lΦ(|u|) dx+

ˆ
RN
lΨ(|v|) dx

)
− Cσ

≥ (1 − Cσ)

[ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx

]
− Cσ.

Thus, choosing σ small enough yields coercivity of Jε.

To conclude, we prove that Jε is of class C1. According to [17, Lemma 2.6], the func-
tionals u 7→

´
RN Φ(|∇u|) dx and v 7→

´
RN Ψ(|∇v|) dx enjoy this property. Concerning

the functional Hε : X → R defined as

Hε(u, v) :=

ˆ
RN
H(x, u+ + ε, v+ + ε) dx,

we compute its Gâteaux derivative as follows. Given (w, z) ∈ X, by Torricelli’s theorem
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we have

lim
t→0+

1

t

[ˆ
RN
H(x, (u+ tw)+ + ε, (v + tz)+ + ε) dx−

ˆ
RN
H(x, u+ + ε, v+ + ε) dx

]
= lim

t→0+

ˆ
RN

1

t
[H(x, (u+ tw)+ + ε, (v + tz)+ + ε) −H(x, u+ + ε, v+ + ε)] dx

= lim
t→0+

ˆ
RN

(ˆ 1

0

[h(x)f((u+ stw)+ + ε, (v + stz)+ + ε)w

+k(x)g((u+ stw)+ + ε, (v + stz)+ + ε)z] ds

)
dx.

(2.2.13)

Without loss of generality, assume that t ∈ (0, 1). Exploiting (H2)(ii), Young’s inequality,
and (1.3.11), we get

h(x)f((u+ stw)+ + ε, (v + stz)+ + ε)|w|

≤ Ch(x)

[
(1 + ε−α)

(
Υ2((v + stz)+ + ε)

(v + stz)+ + ε
+ 1

)
+

Υ1((u+ stw)+ + ε)

(u+ stw)+ + ε

]
|w|

≤ Cεh(x)

[
Υ2((v + stz)+ + ε)

(v + stz)+ + ε
+

Υ1((u+ stw)+ + ε)

(u+ stw)+ + ε
+ 1

]
|w|

≤ Cεh(x)
[
(Φ ◦ Υ

−1

2 ◦ Υ2)((v + stz)+ + ε) + Φ(|w|)

+ Υ1((u+ stw)+ + ε) + Υ1(|w|) + |w|
]

≤ Cεh(x) [Ψ((v + stz)+ + ε) + Φ((u+ stw)+ + ε) + 2Φ(|w|) + |w|]
≤ Cεh(x) [Ψ(|v|) + Ψ(|z|) + Φ(|u|) + Φ(|w|) + 1] ,

(2.2.14)

which is summable according to Proposition 1.3.26 (as for (2.2.12)). A similar computa-
tion holds also for the term k(x)g((u+ stw)+ + ε, (v+ stz)+ + ε)|z|. Hence we are in the
position to apply Lebesgue’s theorem to (2.2.13), since the right-hand side of (2.2.14)
belongs to L1(RN) and it is independent of both s and t. We deduce

⟨H′
ε(u, v), (w, z)⟩

= lim
t→0+

1

t

[ˆ
RN
H(x, (u+ tw)+ + ε, (v + tz)+ + ε) dx−

ˆ
RN
H(x, u+ + ε, v+ + ε) dx

]
=

ˆ
RN

ˆ 1

0

lim
t→0+

[h(x)f((u+ stw)+ + ε, (v + stz)+ + ε)w

+k(x)g((u+ stw)+ + ε, (v + stz)+ + ε)z] dx ds

=

ˆ
RN

[h(x)f(u+ + ε, v+ + ε)w + k(x)g(u+ + ε, v+ + ε)z] dx.

It remains to prove that H′
ε : X → X∗ is continuous. Pick any {(un, vn)} ⊆ X and

(u, v) ∈ X such that (un, vn) → (u, v) in X. In particular, (un, vn) → (u, v) in Y and

69



almost everywhere in RN . According to [120, Lemma 7.3], there exists (U, V ) ∈ Y such
that

|un| ≤ U and |vn| ≤ V in RN .

Take any (w, z) ∈ X such that ∥(w, z)∥X = 1. Reasoning as in (2.2.14), through (1.3.11)
and Φ < Υ1, we infer

hΦ (|f((un)+ + ε, (vn)+ + ε) − f(u+ + ε, v+ + ε)|)
≤ h

[
Φ (f((un)+ + ε, (vn)+ + ε)) + Φ (f(u+ + ε, v+ + ε))

]
≤ Cεh[Ψ(|vn|) + Φ(|un|) + Ψ(|v|) + Φ(|u|) + 1]

≤ Cεh[Ψ(|V |) + Φ(|U |) + 1],

(2.2.15)

which is summable, according to Proposition 1.3.26 and (1.3.23), and independent of
n. The same argument applies to |g((un)+ + ε, (vn)+ + ε) − g(u+ + ε, v+ + ε)|. Hence,
applying Hölder’s inequality [79, Lemma 3.2.11] in the weighted spaces LΦ(RN ;h) and

LΦ(RN ;h) (resp., LΨ(RN ; k) and LΨ(RN ; k)), besides using Proposition 1.3.26, we obtain

|H′
ε(un, vn), (w, z)⟩ − ⟨H′

ε(u, v), (w, z)⟩|
≤ ∥f((un)+ + ε, (vn)+ + ε) − f(u+ + ε, v+ + ε)∥LΦ(RN ;h)∥w∥LΦ(RN ;h)

+ ∥g((un)+ + ε, (vn)+ + ε) − g(u+ + ε, v+ + ε)∥LΨ(RN ;k)∥z∥LΨ(RN ;k)

≤ C∥f((un)+ + ε, (vn)+ + ε) − f(u+ + ε, v+ + ε)∥LΦ(RN ;h)

+ C∥g((un)+ + ε, (vn)+ + ε) − g(u+ + ε, v+ + ε)∥LΨ(RN ;k).

(2.2.16)

According to (2.2.15)–(2.2.16) and Lebesgue’s theorem, we deduce

∥H′
ε(un, vn) −H′

ε(u, v)∥X∗ = sup
∥(w,z)∥X=1

|H′
ε(un, vn), (w, z)⟩ − ⟨H′

ε(u, v), (w, z)⟩| → 0

as n→ ∞, proving the continuity of H′
ε. Summarizing, Jε is of class C1.

Theorem 2.2.10. Under (H1,φ,ψ), (H2)(i)–(H2)(ii), and (H2)(v), for all ε ∈ (0, 1) there
exists (uε, vε) ∈ X solution to (Pε). Moreover, any solution (uε, vε) to (Pε) is non-
negative (i.e., uε, vε ≥ 0 a.e. in RN).

Proof. It suffices to apply the Weierstrass-Tonelli theorem [128, Theorem 1.2] to Jε,
besides recalling Lemma 2.2.9. The fact that any (uε, vε) is non-negative is a consequence
of the non-negativity of the right-hand side of (Pε), according to the weak maximum
principle (see, e.g., [117, Theorem 3.2.2]).

2.2.4 A priori estimates

Lemma 2.2.11. Suppose (H1,φ,ψ), (H2)(i)–(H2)(ii), and (H2)(v). Then there exists L >
0 independent of ε ∈ (0, 1) such that

∥(uε, vε)∥X ≤ L

for any (uε, vε) solution to (Pε).
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Proof. Fix ε ∈ (0, 1) and set (u, v) := (uε, vε). According to Theorem 2.2.10 we have
u, v ≥ 0 a.e. in RN . Fix any σ > 0. Testing the first equation of (Pε) with u, reasoning
as in the proof of Lemma 2.2.8, and using Proposition 1.3.26 yieldˆ

RN
Φ(|∇u|) dx ≤ C

ˆ
RN
φ(|∇u|)|∇u| dx = C

ˆ
RN
h(x)f(u+ ε, v + ε)u dx

≤ C

ˆ
RN
l(x) [σ(Φ(u+ ε) + Ψ(v + ε)) + Cσ] dx

≤ C

ˆ
RN
l(x) [σ(Φ(u) + Ψ(v)) + Cσ] dx

≤ Cσ

[ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx

]
+ Cσ.

(2.2.17)

Analogously, for the second equation we getˆ
RN

Ψ(|∇v|) dx ≤ Cσ

[ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx

]
+ Cσ. (2.2.18)

Summing (2.2.17)–(2.2.18) and re-arranging the terms gives

(1 − Cσ)

[ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx

]
≤ Cσ.

Choosing σ small enough permits to conclude.

Lemma 2.2.12. Let Ω be an open subset of RN satisfying |Ω| < +∞, Φ be a Young
function of class C1 such that 1 < iΦ ≤ sΦ < N , and f ∈ Lδ(Ω), f ≥ 0, with δ > N

iΦ
.

Then the unique solution u ∈ D1,Φ
0 (Ω) of{
−∆Φu = f(x) in Ω,

u = 0 on ∂Ω,

belongs to L∞(Ω). Moreover, u satisfies the estimate

∥u∥L∞(Ω) ≤ C

(
∥f∥

1
iΦ−1

Lδ(Ω)
+ 1

)
,

for a suitable C = C(|Ω|, N,Φ) > 0.

Proof. Let us consider the symmetrized problem−div

(
Φ(|∇ϖ|)
|∇ϖ|2

∇ϖ
)

= f ∗(r) in Bρ,

ϖ = 0 on ∂Bρ,

being ρ > 0 such that |Bρ| = |Ω| (see [30, pp. 697-698], besides recalling Definition 1.1.1

and Proposition 1.3.7). Set λ(t) := Φ(t)
t

. According to (1.3.9), we have λ(t) ≥ 1
2
Φ

−1
(Φ(t))

for all t > 0, so
λ−1(t) ≤ Φ−1(Φ(2t)) ≤ CΦ−1(Φ(t)) ∀t > 0. (2.2.19)
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Hence, in order to apply [30, Theorem 3.1], we only need to prove that

ˆ |Ω|

0

Φ
(
t

1
N f ∗∗(t)

)
dt < +∞.

Since |Ω| < +∞, we can suppose that δ < N without loss of generality. Observe that(
1

N
− 1

δ

)
i′Φ >

1 − iΦ
N

iΦ
iΦ − 1

= − iΦ
N

≥ −sΦ
N

> −1. (2.2.20)

Then (1.1.1), (1.3.26), (1.3.27), and (2.2.20) yield

ˆ |Ω|

0

Φ
(
t

1
N f ∗∗(t)

)
dt ≤ C

ˆ |Ω|

0

Φ
(
t

1
N
− 1
δ ∥f∥Lδ(Ω)

)
dt

≤ C

ˆ |Ω|

0

Φ
(
t

1
N
− 1
δ ∥f∥Lδ(Ω) + 1

)
dt

≤ C

ˆ |Ω|

0

(
t

1
N
− 1
δ ∥f∥Lδ(Ω) + 1

)sΦ
dt

≤ C

(
∥f∥i

′
Φ

Lδ(Ω)

ˆ |Ω|

0

t(
1
N
− 1
δ )i′Φ dt+ 1

)
< +∞.

(2.2.21)

Hence [30, Theorem 3.1 and (2.21)] and (2.2.19) entail

u∗(0) ≤ ϖ(0) ≤ C

ˆ |Ω|

0

t−
1
N′ Φ−1

(
Φ
(
t

1
N f ∗∗(t)

))
dt. (2.2.22)

Miming the proof of (1.3.6) and using (1.3.27) we deduce

s
(
Φ−1 ◦ Φ

)′
(s)(

Φ−1 ◦ Φ
)

(s)
≤ sΦ
iΦ

≤ i′Φ
iΦ

=
1

iΦ − 1
∀t > 0.

Dividing by s and integrating in [1, t], for any t > 1, gives

Φ−1
(
Φ(t)

)
≤ Φ−1

(
Φ(1)

)
t

1
iΦ−1 ∀t > 1. (2.2.23)

Thus, by [67, Proposition 1.4.5 (15)], (2.2.22), and (2.2.23), besides reasoning as in
(2.2.21), we get

∥u∥L∞(Ω) = u∗(0) ≤ ϖ(0) ≤ C

(
∥f∥

1
iΦ−1

Lδ(Ω)

ˆ |Ω|

0

t(
1
N
− 1
δ )

1
iΦ−1

− 1
N′ dt+ 1

)
. (2.2.24)

The conclusion follows by observing that the integral on the right-hand side of (2.2.24)
is finite, since(

1

N
− 1

δ

)
1

iΦ − 1
− 1

N ′ >
1 − iΦ
N

1

iΦ − 1
− 1

N ′ = − 1

N
− 1

N ′ = −1. (2.2.25)
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Lemma 2.2.13. Let (H1,φ,ψ), (H2)(i)–(H2)(iii), and (H2)(v) be satisfied. Then there
exists M > 0, depending on L of Lemma 2.2.11 but independent of ε ∈ (0, 1), such that

∥uε∥∞ + ∥vε∥∞ ≤M

for any (uε, vε) solution to (Pε).

Proof. We prove the claim for uε: the same argument can be performed to obtain a
uniform bound for vε. We split the proof into two parts: the first one is a qualitative
information, while the second one is quantitative. Fix any ε ∈ (0, 1) and set (u, v) :=
(uε, vε).

Claim 1: u ∈ L∞(RN).
Preliminarily, observe that it suffices to show u ∈ L∞(Ω1), being Ω1 := {x ∈ RN :
u(x) > 1}.

Reasoning as in [96, Lemma 3.2] we have

ˆ
Ω1

φ(|∇u|)
|∇u|

∇u∇η dx ≤ C

ˆ
Ω1

(
Υ1(u)

u
+

Υ2(v)

v
+ 1

)
η dx ∀η ∈ D1,Φ

0 (RN). (2.2.26)

Setting f̂(x) := Υ2(v(x))
v(x)

+ 1 and choosing η := (u− κ)+, κ > 1, yields

ˆ
Ωκ

φ(|∇u|)|∇u| dx ≤ C

ˆ
Ωκ

(
Υ1(u)

u
+ f̂(x)

)
(u− κ) dx.

This represents the starting point of [5, Theorem 3.1] (see [5, formulas (4-51)–(4-53)]).
We also notice that f̂ ∈ Lδ1(Ω1), where δ1 >

N
iΦ

stems from (H2)(iii): indeed, by (2.2.3),
(1.3.10), Lemma 2.2.11, and (1.3.23), we obtain

ˆ
Ω1

(
Υ2(v)

v
+ 1

)δ1
dx ≤ C

[ˆ
Ω1

(tδ1 ◦ Υ
−1

2 ◦ Υ2)(v) dx+ 1

]
≤ C

[ˆ
Ω1

Ψ∗(v) dx+ 1

]
< +∞.

(2.2.27)

Then, according to [5, formulas (3.8)–(3.9)] with M(t) := tδ1 , our claim is proved once
we show that

ˆ 1

0

Φ−1

(
1

s

[ˆ s

0

Φ(r
1
N
− 1
δ1 ) dr +

ˆ +∞

s

Φ(r−
1
N′ s

1− 1
δ1 ) dr

])
s−

1
N′ ds < +∞.

Without loss of generality, we can suppose δ1 < N . Thus, taking into account (1.3.27),
we have ˆ s

0

Φ(r
1
N
− 1
δ1 ) dr ≤ C

ˆ s

0

r
i′Φ(

1
N
− 1
δ1

)
dr (2.2.28)
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and, also observing that r−
1
N′ s

1− 1
δ1 < 1 if and only if r > s

N ′
(
1− 1

δ1

)
,

ˆ +∞

s

Φ(r−
1
N′ s

1− 1
δ1 ) dr

=

ˆ s
N′(1− 1

δ1
)

s

Φ(r−
1
N′ s

1− 1
δ1 ) dr +

ˆ +∞

s
N′(1− 1

δ1
)

Φ(r−
1
N′ s

1− 1
δ1 ) dr

≤ C

si′Φ(1− 1
δ1

) ˆ s
N′(1− 1

δ1
)

s

r−
i′Φ
N′ dr + s

s′Φ

(
1− 1

δ1

) ˆ +∞

s
N′(1− 1

δ1
)
r−

s′Φ
N′ dr


≤ C

[
s
i′Φ

(
1− 1

δ1

)
+1− i′Φ

N′ + s
s′Φ

(
1− 1

δ1

)
+N ′

(
1− 1

δ1

)(
1− s′Φ

N′

)]

= C

[
s
i′Φ

(
1
N
− 1
δ1

)
+1

+ s
N ′

(
1− 1

δ1

)]
.

(2.2.29)

Recalling N
iΦ
< δ1 < N and (2.2.25) yields

0 > N ′
(

1 − 1

δ1

)
− 1 > i′Φ

(
1

N
− 1

δ1

)
> − iΦ

N
> −1. (2.2.30)

Thus, putting (2.2.28)–(2.2.29) together and exploiting (1.3.12) for Λ = Φ, besides using
(2.2.30), yield

ˆ 1

0

Φ−1

(
1

s

[ˆ s

0

Φ(r
1
N
− 1
δ1 ) dr +

ˆ +∞

s

Φ(r−
1
N′ s

1− 1
δ1 ) dr

])
s−

1
N′ ds

≤ C

ˆ 1

0

Φ−1

(
s
i′Φ

(
1
N
− 1
δ1

)
+ s

N ′
(
1− 1

δ1

)
−1

)
s−

1
N′ ds

≤ C

ˆ 1

0

Φ−1

(
s
i′Φ

(
1
N
− 1
δ1

))
s−

1
N′ ds

≤ C

ˆ 1

0

s
( 1
N
− 1
δ1

) 1
iΦ−1

− 1
N′ ds < +∞,

proving the claim.

Claim 2: There exists M > 0, depending on L but not on ε, such that ∥u∥∞ ≤M .
Let us consider the unique solution ω ∈ D1,Φ

0 (Ω1) to{
−∆Φω = f̃(x) in Ω1,

ω = 0 on ∂Ω1,
(2.2.31)

where f̃(x) := Υ1(u(x))
u(x)

+ Υ2(v(x))
v(x)

+1. Existence and uniqueness of w are ensured by Minty-

Browder’s theorem [15, Theorem 5.16], jointly with [17, Lemma 2.6] and f̃ ∈ Lδ1(Ω1):
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this summability of f̃ comes from f̂ ∈ Lδ1(Ω1) and Υ1(u(·))
u(·) ∈ L∞(RN), since u ∈ L∞(RN)

by Claim 1. Choosing η := (u− ω − 1)+ in (2.2.26) we have

ˆ
Ω1

φ(|∇u|)
|∇u|

∇u∇(u−ω−1)+ dx ≤ C

ˆ
Ω1

(
Υ1(u)

u
+

Υ2(v)

v
+ 1

)
(u−ω−1)+ dx (2.2.32)

while, testing (2.2.31) with (u− w − 1)+, we deduce

ˆ
Ω1

φ(|∇ω|)
|∇ω|

∇ω∇(u− ω − 1)+ dx = C

ˆ
Ω1

(
Υ1(u)

u
+

Υ2(v)

v
+ 1

)
(u− ω − 1)+ dx.

(2.2.33)
Subtracting (2.2.32)–(2.2.33) term by term we get

ˆ
{u>ω+1}

(
φ(|∇u|)
|∇u|

∇u− φ(|∇ω|)
|∇ω|

∇ω
)

(∇u−∇ω) dx ≤ 0.

The strict monotonicity of the Φ-Laplacian operator (see, e.g., [17, Lemma 2.6]) produces
u ≤ ω + 1 in Ω1. In particular,

∥u∥L∞(Ω1) ≤ ∥ω + 1∥L∞(Ω1) ≤ ∥ω∥L∞(Ω1) + 1. (2.2.34)

Chebichev’s inequality entails

|Ω1| ≤ C

ˆ
RN

Φ∗(u) dx,

which is uniformly bounded in terms of L by (1.3.23) and Lemma 2.2.11. We stress the
fact that |Ω1| does not depend on u but only on L, so it is independent on ε. We are in
the position to apply Lemma 2.2.12 to ω and deduce

∥ω∥L∞(Ω1) ≤ C

(
∥f̃∥

1
iΦ−1

Lδ1 (Ω1)
+ 1

)
. (2.2.35)

Joining (2.2.34)–(2.2.35) together and using the definition of f̃ we get

∥u∥L∞(Ω1) ≤ C

(∥∥∥∥Υ1(u)

u

∥∥∥∥ 1
iΦ−1

Lδ1 (Ω1)

+ ∥f̂∥
1

iΦ−1

Lδ1 (Ω1)
+ 1

)
,

which can be rewritten, using (1.3.26) and the uniform boundedness of f̂ in Lδ1(Ω1)
proved in (2.2.27), as

∥u∥L∞(Ω1) ≤ C

(
∥usΥ1

−1∥
1

iΦ−1

Lδ1 (Ω1)
+ 1

)
. (2.2.36)

Let us consider τ > 0 such that t(sΥ1
−iΦ+τ)δ1 < Φ∗ (which is possible according to (2.2.2),

taking a smaller δ1 if necessary). Then (2.2.36), besides observing that ∥u∥L∞(Ω1) > 1
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provided |Ω1| > 0, gives

∥u∥L∞(Ω1) ≤ C

(
∥u∥

iΦ−1−τ
iΦ−1

L∞(Ω1)
∥usΥ1

−iΦ+τ∥
1

iΦ−1

Lδ1 (Ω1)
+ 1

)
≤ C∥u∥

1− τ
iΦ−1

L∞(Ω1)

(
∥u∥

sΥ1
−iΦ+τ

iΦ−1

L
(sΥ1

−iΦ+τ)δ1 (Ω1)
+ 1

)

≤ C∥u∥
1− τ

iΦ−1

L∞(Ω1)

(
∥u∥

sΥ1
−iΦ+τ

iΦ−1

LΦ∗ (Ω1)
+ 1

)
.

(2.2.37)

Accordingly, by the embedding (1.3.23) and Lemma 2.2.11, estimate (2.2.36) can be
improved to

∥u∥
τ

iΦ−1

L∞(Ω1)
≤ C

(
L
sΥ1

−iΦ+τ

iΦ−1 + 1

)
.

Lemma 2.2.14. Suppose (H1,φ,ψ) and (H2)(i)–(H2)(v). Then for all r > 0 there exists
cr > 0, independent of ε ∈ (0, 1), such that min{uε, vε} ≥ cr in Br for all (uε, vε) solution
to (Pε).

Proof. Fix any ε ∈ (0, 1). According to (H2)(iv) and Lemma 2.2.13, (u, v) := (uε, vε)
satisfies {

−∆Φu ≥ C−1h(x)vν2 in RN ,

−∆Ψv ≥ C−1k(x)uν1 in RN ,
(2.2.38)

for a suitable C > 0 depending on the parameter M stemming from Lemma 2.2.13.

Fix η ∈ C∞
c (RN) such that η ≡ 1 in Br and η ≡ 0 outside BR, with 0 < r < R < +∞.

Set wl := u + l, for any l ∈ (0, 1). Testing the first equation of (2.2.38) with w−σ
l ηa,

being σ ∈ (0, 1
sΦ−1

) and a > i′
Φ

, besides noticing that Lemma 2.2.13 and (H2)(v) yield

respectively wl ≤M + 1 and h ≥ dR in BR, we get

a

ˆ
BR

w−σ
l ηa−1φ(|∇u|)∇u∇η

|∇u|
dx− σ

ˆ
BR

w−σ−1
l ηaφ(|∇u|)|∇u| dx

≥ C−1

ˆ
BR

hw−σ
l vν2ηa dx ≥ C−1

ˆ
Br

vν2 dx.

(2.2.39)

Pick any µ ∈ (0, 1). The fist integral of (2.2.39) can be estimated via (1.3.25), Young’s
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inequality, the convexity of Φ, (1.3.26), (1.3.27), and (1.3.10) as
ˆ
BR

w−σ
l ηa−1φ(|∇u|)|∇η| dx ≤ sΦ

ˆ
BR

w−σ
l ηa−1Φ(|∇u|)

|∇u|
|∇η| dx

= sΦ

ˆ
BR

(
µηai

−1

Φ w
−σ+1

s
Φ

l

Φ(|∇u|)
|∇u|

)(
µ−1ηa−1−ai−1

Φ |∇η|w
σ+1
s
Φ

−σ

l

)
dx

≤ sΦ

[ˆ
BR

Φ

(
µηai

−1

Φ w
−σ+1

s
Φ

l

Φ(|∇u|)
|∇u|

)
dx+

ˆ
BR

Φ

(
µ−1ηa−1−ai−1

Φ |∇η|w
σ+1
s
Φ

−σ

l

)
dx

]

≤ Cµ

ˆ
BR

ηaw−σ−1
l Φ

(
Φ(|∇u|)
|∇u|

)
dx+ Cµ,η

ˆ
BR

w
iΦ

(
σ+1
s
Φ

−σ
)

l dx

≤ Cµ

ˆ
BR

ηaw−σ−1
l φ(|∇u|)|∇u| dx+ Cµ,η

ˆ
BR

w
iΦ

(
σ+1
s
Φ

−σ
)

l dx,

(2.2.40)

for a suitable C > 0 depending on Φ and M . By (2.2.39)–(2.2.40) we get

C−1

ˆ
Br

vν2 dx ≤ (Caµ− σ)

ˆ
BR

w−σ−1
l ηaφ(|∇u|)|∇u| dx+ Cµ,η

ˆ
BR

w
iΦ

(
σ+1
s
Φ

−σ
)

l dx.

Choosing µ < σ
Ca

yields

ˆ
Br

vν2 dx ≤ C

ˆ
BR

w
iΦ

(
σ+1
s
Φ

−σ
)

l dx,

where C depends on M,µ, η,Φ, a, σ. Reasoning as in (2.2.39)–(2.2.40), besides letting
l → 0+, we obtain ˆ

Br

vν2 dx ≤ C

ˆ
BR

u
iΦ

(
σ+1
s
Φ

−σ
)

dx (2.2.41)

and ˆ
Br

uν1 dx ≤ C

ˆ
BR

v
iΨ

(
σ+1
s
Ψ

−σ
)

dx. (2.2.42)

Let us set

τ1 := min

{
iΦ
sΦ
,
N(iΦ − 1)

N − iΦ

}
− σ̂ and τ2 := min

{
iΨ
sΨ
,
N(iΨ − 1)

N − iΨ

}
− σ̂, (2.2.43)

where σ̂ > 0 is chosen such that τi > 0, i = 1, 2, and

ν1ν2 < τ1τ2, (2.2.44)

which is possible according to (H2)(iv). Then fix σ as above fulfilling

iΦ

(
σ + 1

sΦ
− σ

)
>
iΦ
sΦ

− σ̂ and iΨ

(
σ + 1

sΨ
− σ

)
>
iΨ
sΨ

− σ̂.
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Exploiting Lemma 2.2.13 again and (2.2.43)–(2.2.44), estimates (2.2.41)–(2.2.42) yield

ˆ
Br

vν2 dx ≤ CM
iΦ

(
σ+1
s
Φ

−σ
)
−τ1
ˆ
BR

uτ1 dx ≤ C

ˆ
BR

uτ1 dx (2.2.45)

and ˆ
Br

uν1 dx ≤ CM
iΨ

(
σ+1
s
Ψ

−σ
)
−τ2
ˆ
BR

vτ2 dx ≤ C

ˆ
BR

vτ2 dx. (2.2.46)

Using the weak Harnack inequality [7, Theorem 1.4 case 1] (with s = ∞ and l0 = τ1)
and (2.2.45), besides recalling (2.2.43) (which ensures that τ1 is strictly less than the
number l(iΦ) defined in [7, p.792]) and [7, Remark 1.6], we get

inf
Br
u ≥ cR

− N
τ1

(ˆ
BR

uτ1 dx

) 1
τ1

≥ cR
− N
τ1

(ˆ
Br

vν2 dx

) 1
τ1

≥ c
( r
R

) N
τ1

(
inf
Br
v

) ν2
τ1

. (2.2.47)

Repeating the same argument, from (2.2.46) we obtain

inf
Br
v ≥ c

( r
R

) N
τ2

(
inf
Br
u

) ν1
τ2

. (2.2.48)

Let R = 2r. Concatenating (2.2.47)–(2.2.48) and bearing in mind that c depends on η,
and a fortiori on r, yield

inf
Br
u ≥ cr

(
inf
Br
u

) ν1ν2
τ1τ2

.

The conclusion then follows by (2.2.44).

Remark 2.2.15. An inspection of the proofs of Lemmas 2.2.11, 2.2.13, and 2.2.14
reveals that the estimates proved there hold true also for ε = 0, that is, for the solutions
to problem (PΦ,Ψ).

2.2.5 Conclusion

Now we show that the pointwise decay of solutions to (PΦ,Ψ) is automatically implied
by their continuity. To this aim, let us consider problem

−∆Φu = h(x)f(u, v) in RN ,

−∆Ψv = k(x)g(u, v) in RN ,

u, v > 0 in RN .

(2.2.49)

Lemma 2.2.16. Suppose (H1,φ,ψ)–(H2) to be satisfied. Let (u, v) ∈ X be a distributional
solution to (2.2.49). Then, for a.a. x ∈ Be

1,

C−1

ˆ +∞

|x|
φ−1(r1−N) dr ≤ u(x) ≤ C

ˆ +∞

|x|
φ−1(r1−N) dr,

C−1

ˆ +∞

|x|
ψ−1(r1−N) dr ≤ v(x) ≤ C

ˆ +∞

|x|
ψ−1(r1−N) dr,

(2.2.50)
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being C > 0 a suitable constant. In particular, if u, v are continuous functions then
(2.2.50) holds everywhere in Be

1.

Proof. Lemma 2.2.14 (see also Remark 2.2.15) ensures that

inf
B1

u = c (2.2.51)

for a suitable c > 0. Lemma 2.2.5 furnishes w ∈ C1
loc(RN \ {0}) such that

∣∣∣∇w|Be1

∣∣∣ ∈
LΦ(Be

1) and 
−∆Φw = 0 in Be

1,

w = c on ∂B1,

w(x) → 0 as |x| → +∞.

The weak comparison principle (Proposition 1.4.2) and (2.2.51) ensure w ≤ u in Be
1. In

particular, by (2.2.6) we have

C−1

ˆ +∞

|x|
φ−1(r1−N) dr ≤ w(x) ≤ u(x) ∀x ∈ Be

1.

The same argument produces a lower bound for v in Be
1.

According to Lemma 2.2.13 (besides Remark 2.2.15), we have ∥u∥∞ + ∥v∥∞ ≤M for
some M > 0. Set l1 := θ1 − αN−iΦ

iΦ−1
> N . Then, using (H2)(vi), (H2)(ii), and Remark

2.2.7, we obtain

h(x)f(u(x), v(x)) ≤ C|x|−θ1
[
(u(x)−α + 1)(v(x)sΥ2

−1 + 1) + u(x)sΥ1
−1 + v(x)sΥ2

−1
]

≤ C|x|−θ1
[
(w(x)−α + 1)(M sΥ2

−1 + 1) +M sΥ1
−1 +M sΥ2

−1
]

≤ C|x|−l1−α
N−iΦ
iΦ−1

(
|x|α

N−iΦ
iΦ−1 + 1

)
≤ C|x|−l1 ,

for all x ∈ Be
1, being C = C(M, c). Lemma 2.2.6 produces a solution w ∈ C1

loc(RN \ {0})
to 

−∆Φw = C|x|−l1 in Be
1,

w = M̂ on ∂B1,

w(x) → 0 as |x| → +∞,

choosing M̂ > M sufficiently large, as prescribed in (2.2.10). Recalling that
∣∣∣∇w|Be1

∣∣∣ ∈
LΦ(Be

1), the weak comparison principle (Proposition 1.4.2) ensures that

u(x) ≤ w(x) ≤ C

ˆ +∞

|x|
φ−1(r1−N) dr ∀x ∈ Be

1.

Arguing in the same way, we deduce also an upper bound for v in Be
1.

Lemma 2.2.17. Under (H1,φ,ψ)–(H2), there exists a distributional solution (u, v) ∈
C1,τ

loc (RN)2 to (PΦ,Ψ), for a suitable τ ∈ (0, 1].
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Proof. Let us set, for all n ∈ N, (un, vn) := (uεn , vεn), where εn → 0+ and (uεn , vεn)
comes from Theorem 2.2.10. We also set f̂n(x) := h(x)f(x, un+εn, vn+εn) and ĝn(x) :=
k(x)g(x, un + εn, vn + εn). By Lemma 2.2.11 we infer that {(un, vn)} is bounded in X,
while Lemmas 2.2.13 and 2.2.14 ensure that {f̂n} and {ĝn} are bounded in L∞

loc(RN):
indeed, for any r > 0,

f̂n(x) ≤ h(x)[(c−αr + 1)((M + 1)sΥ2
−1 + 1) + (M + 1)sΥ1

−1] ∈ L∞(Br),

and the same holds for ĝn. Hence Lieberman’s regularity theory [90] guarantees that
{(un, vn)} is bounded in C1,τ0

loc (RN)2 for a suitable τ0 ∈ (0, 1]. Then, fixed any τ ∈ (0, τ0),
Ascoli-Arzelà’s theorem furnishes (u, v) ∈ C1,τ

loc (RN)2 such that (un, vn) → (u, v) in
C1,τ

loc (RN)2. Passing to the limit in the distributional formulation of (Pε), via uniform
convergence and dominated convergence on the left-hand and right-hand sides respec-
tively, reveals that (u, v) is a distributional solution to (2.2.49). Taking into account
Lemma 2.2.16, (u, v) actually solves (PΦ,Ψ) (in the distributional sense).

Theorem 2.2.18. Suppose (H1,φ,ψ)–(H2). Then there exists a weak solution (u, v) ∈
C1,τ

loc (RN)2 to (PΦ,Ψ), for a suitable τ ∈ (0, 1].

Proof. This proof is patterned after [74, Lemma 4.2], so here we only sketch it. Lemma
2.2.17 furnishes a distributional solution (u, v) ∈ C1,τ

loc (RN)2 to (PΦ,Ψ). Now we show
that it is actually a weak solution to the problem. To this end, we reason for the first
equation and pick any test function η ∈ D1,Φ

0 (RN) and a cut-off function θ ∈ C∞(R+)
such that

θ(t) :=


1, in [0, 1],

decreasing, in ]1, 2[,

0, in [2,+∞).

We split the test function as η = η+ − η− and set, for every n,m ∈ N,

θn := θ

(
| · |
n

)
∈ C∞

c (RN), ηn := θnη+ ∈ D1,Φ
0 (RN), ηm,n := ρm ∗ ηn ∈ C∞

c (RN).

We notice that ηn ↗ η+ and ηm,n → ηn in D1,Φ
0 (RN) as m→ ∞ (see, e.g., [87, Theorem

3.18.1.1]), which readily entails

lim
m→∞

ˆ
RN
φ(|∇u|)∇u∇ηm,n

|∇u|
dx =

ˆ
RN
φ(|∇u|)∇u∇ηn

|∇u|
dx.

Reasoning as in [74, Lemma 4.2], besides exploiting Lemmas 2.2.13 and 2.2.14, ensures
that

lim
m→∞

ˆ
RN
hf(u, v)ηm,n dx =

ˆ
RN
hf(u, v)ηn dx.

Accordingly, we can pass to the limit in
ˆ
RN
φ(|∇u|)∇u∇ηm,n

|∇u|
dx =

ˆ
RN
hf(u, v)ηm,n dx,
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that holds true for any m,n ∈ N, since (u, v) is a distributional solution to (PΦ,Ψ); we
obtain ˆ

RN
φ(|∇u|)∇u∇ηn

|∇u|
dx =

ˆ
RN
hf(u, v)ηn dx

for all n ∈ N. Moreover, Beppo Levi’s monotone convergence theorem ensures

lim
n→∞

ˆ
RN
hf(u, v)ηn dx =

ˆ
RN
hf(u, v)η+ dx.

In order to prove

lim
n→∞

ˆ
RN
φ(|∇u|)∇u∇ηn

|∇u|
dx =

ˆ
RN
φ(|∇u|)∇u∇η+

|∇u|
dx,

it suffices to show that ηn → η+ in D1,Φ
0 (RN), that is,

´
RN Φ(|∇ηn − ∇η+|) dx goes to

zero as n → ∞. Noticing that supp θn ⊆ {x ∈ RN : |x| < 2n} =: Kn and setting
An := K2n \Kn, we get

ˆ
RN

Φ(|∇ηn −∇η+|) dx =

ˆ
RN

Φ(|η+∇θn + θn∇η+ −∇η+|) dx

≤ C

(ˆ
RN

Φ((1 − θn)|∇η+|) dx+

ˆ
An

Φ(η+|∇θn|) dx

)
.

(2.2.52)

We treat the integrals on the right-hand side of (2.2.52) separately. For the first integral,
by Lebesgue’s theorem we infer

lim
n→∞

ˆ
RN

Φ((1 − θn)|∇η+|) dx = 0,

since η+ ∈ D1,Φ
0 (RN) and θn → 1 in RN . Regarding the second integral, we show that

∥η+|∇θn|∥LΦ(An) → 0 as n→ ∞. By Proposition 1.3.21 we have

∥η+|∇θn|∥LΦ(An) ≤ ∥η+∥LΦ∗ (An)∥∇θn∥LN (RN ).

We notice that ∥η+∥LΦ∗ (An) → 0 as n → ∞, since η+ ∈ LΦ∗(RN) by (1.3.23). Moreover,
∥∇θn∥LN (RN ) is bounded uniformly in n: indeed, through a change of variable, we get

∥∇θn∥NLN (RN ) =

ˆ
RN

|∇θn|N dx =
1

nN

ˆ
RN

∣∣∣∣θ′( |x|
n

)∣∣∣∣N dx =

ˆ
RN

|θ′(|x|)|N dx < +∞.

Hence, exploiting also Lemma 2.2.16, we conclude that (u, v) is a weak solution to
(PΦ,Ψ).
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2.2.6 Uniqueness result

Lemma 2.2.19. Let J : D1,Θ
0 (RN) → [0,+∞] be defined as

J(w) =

ˆ
RN

Θ(|∇w|) dx,

where Θ is a Young function of class C2 and θ = Θ′. For any fixed k ∈ (1, iθ + 1], we
consider J̃ : L1(RN) → [0,+∞] given by

J̃(w) :=

{
J
(
w

1
k

)
, if w ≥ 0 and w

1
k ∈ D1,Θ

0 (RN),

+∞, otherwise.

Thus dom J̃ ̸= ∅ and J̃ is convex.

Proof. Reasoning as in [53, Theorem 1.2], we have that J̃ ̸≡ +∞. Now we show that

J̃ is a convex functional. Take any wi ∈ dom J̃ , i = 1, 2, and λ ∈ [0, 1]. Set zi = w
1
k
i ,

i = 1, 2, and z3 = (λw1 + (1 − λ)w2)
1
k . By [53, Theorem 1.2] we have

|∇z3| ≤ (λ|∇z1|k + (1 − λ)|∇z2|k)
1
k . (2.2.53)

Proposition 1.3.5 and (2.2) guarantee that Θ ◦ t 1k is convex. Hence, by (2.2.53),

J̃(λw1 + (1 − λ)w2) =

ˆ
RN

Θ(|∇z3|) dx ≤
ˆ
RN

Θ((λ|∇z1|k + (1 − λ)|∇z2|k)
1
k ) dx

≤ λ

ˆ
RN

Θ(|∇z1|) dx+ (1 − λ)

ˆ
RN

Θ(|∇z2|) dx = λJ̃(w1) + (1 − λ)J̃(w2).

Theorem 2.2.20. Assume that (H1,φ,ψ)–(H3) hold. Then (PΦ,Ψ) has a unique weak

solution (u, v) ∈ D1,Φ
0 (RN) ×D1,Ψ

0 (RN).

Proof. Let J : X → [0,+∞] be defined as

J(u, v) :=

ˆ
RN

Φ(|∇u|) dx+

ˆ
RN

Ψ(|∇v|) dx.

Consider J̃ : L1(RN) × L1(RN) → [0,+∞] given by

J̃(u, v) :=

J
(
u

1
iφ+1 , v

1
iψ+1

)
, if u, v ≥ 0 and

(
u

1
iφ+1 , v

1
iψ+1

)
∈ X,

+∞, otherwise.

Applying Lemma 2.2.19 componentwise, we infer dom J̃ ̸= ∅ and that J̃ is a convex
functional. In order to prove uniqueness, we suppose that there exist (ui, vi) ∈ dom J̃ ,
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i = 1, 2, weak solutions to (PΦ,Ψ). From Lemma 2.2.16 we get

(ξ1, η1) :=

(
u
iφ+1
1 − u

iφ+1
2

u
iφ
1

,
v
iψ+1
1 − v

iψ+1
2

v
iψ
1

)
∈ X,

(ξ2, η2) :=

(
u
iφ+1
1 − u

iφ+1
2

u
iφ
2

,
v
iψ+1
1 − v

iψ+1

2

v
iψ
2

)
∈ X.

The convexity of J̃ yields

0 ≤ ⟨∇J̃(u
iφ+1
1 , v

iψ+1
1 ) −∇J̃(u

iφ+1
2 , v

iψ+1
2 ), (u

iφ+1
1 − u

iφ+1
2 , v

iψ+1
1 − v

iψ+1
2 )⟩

=

ˆ
RN

[φ(|∇u1|)∇u1∇ξ1 − φ(|∇u2|)∇u2∇ξ2] dx

+

ˆ
RN

[ψ(|∇v1|)∇v1∇η1 − ψ(|∇v2|)∇v2∇η2] dx.

(2.2.54)

Since (ui, vi) are weak solutions to (PΦ,Ψ), (2.2.54) and (H3) imply

0 ≤
ˆ
RN

[φ(|∇u1|)∇u1∇ξ1 − φ(|∇u2|)∇u2∇ξ2] dx

+

ˆ
RN

[ψ(|∇v1|)∇v1∇η1 − ψ(|∇v2|)∇v2∇η2] dx

=

ˆ
RN
h[f(u1, v1)ξ1 − f(u2, v2)ξ2] dx+

ˆ
RN
k[g(u1, v1)η1 − g(u2, v2)η2] dx

=

ˆ
RN
h

[
f(u1, v1)

u
iφ
1

− f(u2, v2)

u
iφ
2

]
(u

iφ+1
1 − u

iφ+1
2 ) dx

+

ˆ
RN
k

[
g(u1, v1)

v
iψ
1

− g(u2, v2)

v
iψ
2

]
(v
iψ+1
1 − v

iψ+1
2 ) dx ≤ 0.

Hence u1 ≡ u2 and v1 ≡ v2 in RN , concluding the proof.
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Chapter 3

Eigenvalue problems for
double-phase operators

In this chapter, we present a nonlinear eigenvalue problem for the double phase operator
subject to Dirichlet condition on a bounded domain Ω ⊆ RN . Since the ∆a

p+∆q operator
is not homogeneous, its spectrum can be defined in different ways.

The first definition of the spectrum was introduced in [34] and is based on the Rayleigh
quotient. Specifically, the authors consider the energy functional

u 7→
ˆ
Ω

a(x)|∇u|p + |∇u|q dx,

being 1 < q < p < N , p
q
< 1 + 1

N
, and a ∈ C0,1(Ω), and demonstrate the existence of a

pair (λ1θ, u
1
θ) such that u1θ ∈ W 1,θ

0 (Ω) ∩ L∞(Ω), ∥u1θ∥θ = 1 and

−div

(
pa(x)

∣∣∣∣∇uλ
∣∣∣∣p−2 ∇u

λ
+ q

∣∣∣∣∇uλ
∣∣∣∣q−2 ∇u

λ

)
= λ1θS(u)(pa(x)|u|p−2u+ q|u|q−2u)

being

S(u) =
pa(x)

∣∣∇u
λ

∣∣p + q
∣∣∇u
λ

∣∣q
pa(x)|u|p + q|u|q

.

Moreover, they show that

λ1θ := inf
u∈W 1,θ

0 (Ω)

∥∇u∥θ
∥u∥θ

.

By a mini-max procedure they also prove the existence of a non-decreasing sequence of
eigenvalues {λkθ}. Notice that these results are consistent with what has been seen for
the p-Laplacian (vide Section 1.4).

A different type of spectrum was considered in [59]: the eigenfunctions associated
with the eigenvalue λ > 0 are defined as solutions to{

−∆a
pu− ∆qu = λa(x)|u|p−2u in Ω,

u = 0 on ∂Ω.
(Pλ)
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In particular, in [59], it is shown that (Pλ) has a continuous spectrum determined by the
minimal eigenvalue of the weighted p-Laplacian.

This definition can be generalized by taking into account the presence of the q-
Laplacian and by considering a type of spectrum that resembles that of the Fǔćık spec-
trum but adapted to the double-phase operator. This is the approach pursued in this
Chapter in which we present the results of [56].

3.1 On Bobkov-Tanaka type spectrum for the double-

phase operator

3.1.1 Introduction and main result

Let Ω ⊆ RN , N ≥ 2, be a bounded domain with boundary ∂Ω of class C2, α, β ∈ R, and
1 < q < p < N, with p < q∗ := Nq

N−q . We consider the problem{
−∆a

pu− ∆qu = αa(x)|u|p−2u+ β|u|q−2u in Ω,

u = 0 on ∂Ω.
(GEV; α, β)

Here ∆a
p is the weighted p-Laplacian with a satisfying the following hypotheses:

(Ha
1) a ∈ C0,1(Ω) and belongs to the Muckenhoupt class Ap (see (1.3.36)).

(Ha
2) a(x) > 0 for all x ∈ Ω.

We denote by (Ha) the set of assumptions (Ha
1)-(H

a
2). The differential operator in

(GEV; α, β) encompasses both the (p, q)-Laplacian and the double-phase operator (see
Definition 1.4.3). Moving from the seminal papers by Bobkov and Tanaka [8, 9, 11],
we discuss the region of parameters where the existence and non-existence of positive
solutions u ∈ W 1,θ

0 (Ω) occur (see Section 1.3.4 for the definition of this space). This is
done by means of appropriate normalization procedures, the Nehari manifold, truncation
techniques, and Picone-type inequalities.

Firstly, we introduce the variational setting of (GEV; α, β). The energy functional
Eα,β : W 1,θ

0 (Ω) → R associated with (GEV; α, β) is

Eα,β(u) :=
1

p
Hα(u) +

1

q
Gβ(u),

being

Hα(u) =

ˆ
Ω

a|∇u|p dx− α

ˆ
Ω

a|u|p dx and Gβ(u) =

ˆ
Ω

|∇u|q dx− β

ˆ
Ω

|u|q dx

for all u ∈ W 1,θ
0 (Ω). We note that Eα,β is well-defined and of class C1. The set

Nα,β := {u ∈ W 1,θ
0 (Ω) \ {0} : ⟨E ′

α,β(u), u⟩ = 0},
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is called Nehari manifold associated with Eα,β.

We say that u ∈ W 1,θ
0 (Ω) is a ground-state solution to (GEV; α, β) if it is a global

minimizer of Eα,β |Nα,β , that is the restriction of Eα,β to its Nehari manifold.
The following result, patterned after [8, Proposition 6], furnishes a sufficient condition
to ensure Nα,β ̸= ∅.

Proposition 3.1.1. Let v ∈ W 1,θ
0 (Ω) \ {0} be such that

Hα(v)Gβ(v) < 0.

Then there exist a unique critical point t(v) > 0 of t 7→ Eα,β(tv) such that t(v)v ∈ Nα,β.
Moreover, if

Gβ(v) < 0 < Hα(v),

then t(v) is the unique minimizer of t 7→ Eα,β(tv) and Eα,β(t(v)v) < 0.

Now, in order to state the main results of this subsection, we introduce the eigenpair
(λa1(p), φ

a
p) and (λ1(q), φq), related to ∆a

p and ∆q, respectively. Specifically, we recall
that {

−∆a
pu = λa(x)|u|p−2u in Ω,

u = 0 on ∂Ω.
(3.1.1)

admits a smallest eigenvalue λa1(p) which is positive, isolated, and simple, with cor-
responding positive eigenfunction φap ∈ L∞(Ω). Moreover, the following variational
characterization of the first eigenvalue holds true:

λa1(p) = inf
u∈W 1,θ0

0 (Ω)\{0}

´
Ω
a|∇u|p dx´
Ω
a|u|p dx

. (3.1.2)

(for the existence of λa1(p) and its properties, vide [112]). It is worth noting that these
results heavily rely on the assumption a ∈ Ap, which makes Poincaré’s inequality avail-
able: see (1.3.37). The following linear independence condition will be pivotal in the
description of the spectrum:

φap ̸= kφq for any k ∈ R. (LI)

For a discussion about (LI), we address the reader to [8, p.3280], which focuses the
(p, q)-Laplacian case. We also introduce the following constants, that will play a crucial
role:

s̃− :=

´
Ω
|∇φap|q dx´
Ω

(φap)
q dx

, s∗− := λa1(p) − s̃−,

s̃+ :=

´
Ω
a|∇φq|p dx´
Ω
aφpq dx

, s∗+ := s̃+ − λ1(q).

Let
s∗ := λa1(p) − λ1(q).
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Due to the possible lack of regularity for φap, s̃− and s∗− may be not well defined: thus,
if either

´
Ω

(φap)
q dx or

´
Ω
|∇φap|q dx is not finite, we posit s̃− := +∞ and s∗− := −∞. It

is readily seen that s̃+ ≥ λa1(p), s̃− ≥ λ1(q), and s∗− ≤ s∗ ≤ s∗+, with strict inequalities if
and only if (LI) holds true. We explicitly notice that s̃+ and s∗+ are well defined, since
φq ∈ C1,τ (Ω) (see Section 1.4).

s̃+

s̃−

λa1(p)

λ1(q)

C

s = s∗−

s = s∗+

s = s∗

α

β

(a) (LI) holds true.

λa1(p)

λ1(q) s = s∗

α

β

(b) (LI) does not hold true.

Figure 3.1: Summary of results. Existence of positive solutions is guaranteed in the
white regions, while no positive solutions exist within the dotted regions. The curve C
is represented with a black line, while the dotted oblique lines are related to the change
of variable s = α− β.

Let us briefly sketch the main results of this section. Regardless of (LI), we have:

• non-existence for (α, β) ∈ ((−∞, λa1(p)] × (−∞, λ1(q)])\{(λa1(p), λ1(q))} (Theorem
3.1.2);

• existence for (α, β) ∈ (−∞, λa1(p)) × (λ1(q),+∞) (Theorem 3.1.3);

• existence for (α, β) ∈ (λa1(p),+∞) × (−∞, λ1(q)) (Theorem 3.1.4).

If (LI) does not hold true, then we get:

• existence for (α, β) = (λa1(p), λ1(q)) (Theorem 3.1.2);

• non-existence for (α, β) ∈ (λa1(p),+∞) × (λ1(q),+∞) (Proposition 3.1.7).

On the other hand, if (LI) holds true, we consider the function λ∗ : R → R defined as

λ∗(s) := sup{λ ∈ R : (GEV;λ+ s, λ) has a positive solution}. (3.1.3)

The curve C which separates the region of existence from the region of non-existence of
positive solutions to (GEV; α, β) corresponds to the set

C = {(λ∗(s) + s, λ∗(s)) : s ∈ R}.

A description of C is given in Propositions 3.1.6–3.1.7. Setting s := α − β, if (LI) is
satisfied we obtain:
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• non-existence for (α, β) = (λa1(p), λ1(q)) (Theorem 3.1.2);

• existence for (α, β) ∈ ([λa1(p), s̃+)×[λ1(q), λ
∗(s)))\{(λa1(p), λ1(q))} (Theorems 3.1.5

and 3.1.8, besides Proposition 3.1.6);

• non-existence for (α, β) ∈ (λ∗(s) + s,+∞)× (λ∗(s),+∞) (obvious from the defini-
tion of λ∗);

• existence for (α, β) = (λ∗(s) + s, λ∗(s)) whenever α > λa1(p) and β > λ1(q) (Theo-
rem 3.1.10).

It is worth noticing that if infΩ a > 0 we have non-existence for (α, β) ∈ [s̃+,+∞) ×
{λ1(q)}, while the validity of this non-existence result is an open problem when infΩ a =
0; see Remarks 3.1.11-3.1.12.

The curve C always touches the half-line L := {λa1(p)} × (λ1(q),+∞), but the in-
tersection point, depending on the relation between p and q, may not belong to the
line α − β = s∗− (see [10, Theorem 3.3]); the truthfulness of this assertion is based
on a specific Picone-type inequality (like [85, Lemma 1]). Incidentally, we point out a
different Picone-type inequality obtained via hidden convexity in [13] (see [106] for an
application), that we will use in Lemma 3.1.9.

3.1.2 Existence and non-existence results

Theorem 3.1.2. Let

(α, β) ∈ ((−∞, λa1(p)] × (−∞, λ1(q)]) \ {(λa1(p), λ1(q))}.

Then (GEV; α, β) admits no non-trivial solutions. Moreover, (LI) holds true if and only
if (GEV; λa1(p), λ1(q)) admits no non-trivial (or, equivalently, positive) solutions.

Proof. Let α ≤ λa1(p) and β ≤ λ1(q) fulfill (α, β) ̸= (λa1(p), λ1(q)). Suppose by contradic-
tion that there exists u ∈ W 1,θ

0 (Ω) \ {0} solution to (GEV; α, β). Testing (GEV; α, β)
with u yields

ρθ0(∇u) − αρθ0(u) = β∥u∥qq − ∥∇u∥qq.
According to (3.1.2) we get

0 ≤ (λa1(p) − α)ρθ0(u) ≤ ρθ0(∇u) − αρθ0(u) = β∥u∥qq − ∥∇u∥qq ≤ (β − λ1(q))∥u∥qq ≤ 0.

Since u ̸= 0, it follows that α = λa1(p) and β = λ1(q), contradicting the hypotheses.
Now suppose (α, β) = (λa1(p), λ1(q)). Notice that, according to the simplicity of λa1(p)

and λ1(q), the intersection of the eigenspaces associated to these eigenvalues is trivial if
and only if (LI) holds true.
Consequently, repeating the argument above, if (LI) holds true then (GEV; λa1(p), λ1(q))
admits only the trivial solution. On the other hand, if (LI) is not fulfilled, then there
exists a positive u ∈ W 1,θ

0 (Ω) satisfying both −∆a
pu = λa1(p)u

p−1 and −∆qu = λ1(q)u
q−1,

which entails
−∆a

pu− ∆qu = λa1(p)u
p−1 + λ1(q)u

q−1.

Thus, u is a non-trivial solution to (GEV; λa1(p), λ1(q)).
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Theorem 3.1.3. If
(α, β) ∈ (−∞, λa1(p)) × (λ1(q),+∞),

then there exists a positive solution u ∈ W 1,θ
0 (Ω) to (GEV; α, β), which is a global

minimizer of Eα,β.

Proof. For any t > 0 sufficiently small one has

Eα,β(tφq) =
tp

p
(ρθ0(∇φq) − αρθ0(φq)) +

tq

q

(
∥∇φq∥qq − β∥φq∥qq

)
=
tp

p
(ρθ0(∇φq) − αρθ0(φq)) +

tq

q
(λ1(q) − β) ∥φq∥qq < 0.

Let m := infW 1,θ
0 (Ω)Eα,β ∈ [−∞, 0) and {un} ⊆ W 1,θ

0 (Ω) be a minimizing sequence for

Eα,β. Since m < 0, we can assume that Eα,β(un) < 0 for all n ∈ N.

Claim: {un} is bounded in W 1,θ
0 (Ω).

Suppose by contradiction that ∥un∥1,θ → ∞ and set vn := un
∥un∥1,θ

for all n ∈ N. The

boundedness of {vn} in W 1,θ
0 (Ω) and the compactness of W 1,θ

0 (Ω) ↪→ Lθ(Ω) imply the
existence of v ∈ W 1,θ

0 (Ω) such that

vn ⇀ v in W 1,θ
0 (Ω) and vn → v in Lθ(Ω). (3.1.4)

By (3.1.2) we have, for all n ∈ N,

0 > Eα,β(un) = Eα,β(∥un∥1,θvn)

=
1

p
∥un∥p1,θ(ρθ0(∇vn) − αρθ0(vn)) +

1

q
∥un∥q1,θ(∥∇vn∥

q
q − β∥vn∥qq)

≥ 1

p

(
1 − α+

λa1(p)

)
ρθ0(∇vn)∥un∥p1,θ +

1

q
∥un∥q1,θ(∥∇vn∥

q
q − β∥vn∥qq).

(3.1.5)

Exploiting (3.1.2) again, besides recalling that β > λ1(q) and ∥∇vn∥qq ≤ ρθ(∇vn) = 1
(see (1.3.35)), one has

∥∇vn∥qq − β∥vn∥qq ≥ −
(

β

λ1(q)
− 1

)
∥∇vn∥qq ≥ 1 − β

λ1(q)
for all n ∈ N.

Hence, if
lim sup
n→∞

ρθ0(∇vn) > 0, (3.1.6)

then (3.1.5) yields (up to sub-sequences)

0 > ε∥un∥p1,θ +
1

q

(
1 − β

λ1(q)

)
∥un∥q1,θ for all n ∈ N,

being ε > 0 sufficiently small. Letting n → ∞ leads to a contradiction. On the other
hand, if (3.1.6) is not satisfied, then vn → 0 in W 1,θ0

0 (Ω). This implies, via (1.3.35) (which
guarantees that ρθ(∇vn) = 1 if and only if ∥∇vn∥θ = 1), that ∥∇vn∥qq = 1−ρθ0(∇vn) → 1
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as n → ∞. Using also (3.1.4) one has ∥vn∥qq → 0 when n → ∞. Hence, for all n ∈ N
large enough, one has ∥∇vn∥qq − β∥vn∥qq ≥ 1

2
, so that (3.1.5) becomes

0 >
1

q
∥un∥q1,θ(∥∇vn∥

q
q − β∥vn∥qq) ≥

1

2q
∥un∥q1,θ,

which is a contradiction establishing the claim.
Boundedness of {un} in W 1,θ

0 (Ω) ensures the existence of u ∈ W 1,θ
0 (Ω) such that

un ⇀ u in W 1,θ
0 (Ω) and un → u in Lθ(Ω).

By the weak lower semi-continuity of Eα,β, we have

m = lim
n→∞

Eα,β(un) ≥ Eα,β(u),

whence m > −∞, while the minimality of m entails m = Eα,β(u). In particular, u is a
solution to (GEV; α, β). Since Eα,β is even, we can assume u ≥ 0 in Ω. Moreover, since
m < 0 = Eα,β(0), we infer u ̸= 0. Finally, Proposition 1.4.4 guarantees that u > 0 in
Ω.

Theorem 3.1.4. Suppose

(α, β) ∈ (λa1(p),+∞) × (−∞, λ1(q)).

Then there exists a positive solution u ∈ W 1,θ
0 (Ω) to (GEV; α, β), which is a ground-state

solution with positive energy.

Proof. Firstly, we notice that Proposition 3.1.1 ensures Nα,β ̸= ∅.
Claim 1: Eα,β |Nα,β is coercive.

Reasoning as in [59, Proposition 3.3], we suppose by contradiction that there exist M > 0
and {un} ⊆ Nα,β such that ∥un∥1,θ → ∞ and

Eα,β(un) ≤M for all n ∈ N. (3.1.7)

Fix any n ∈ N. Since un ∈ Nα,β, we have

ρθ0(∇un) + ∥∇un∥qq = αρθ0(un) + β∥un∥qq, (3.1.8)

so (3.1.7) can be rewritten as

Eα,β(un) =

(
1

q
− 1

p

)
(∥∇un∥qq − β∥un∥qq) ≤M.

Set yn := un
∥un∥θ

. Recalling (3.1.2), besides β < λ1(q) and q < p, one has

0 ≤ Eα,β(un)

∥un∥qθ
=

(
1

q
− 1

p

)
(∥∇yn∥qq − β∥yn∥qq) ≤

M

∥un∥qθ
. (3.1.9)
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Moreover, (3.1.8) ensures

ρθ(∇un) ≤ max{α, β}ρθ(un) for all n ∈ N.

Hence, by Poincaré’s inequality, ∥un∥1,θ → ∞ forces ∥un∥θ → ∞. Thus, passing to the
limit in (3.1.9) we get

lim
n→∞

(∥∇yn∥qq − β∥yn∥qq) = 0. (3.1.10)

Exploiting also (3.1.2), along with β < λ1(q), one has

0 ≤
(

1 − β+
λ1(q)

)
∥∇yn∥qq ≤ ∥∇yn∥qq − β∥yn∥qq → 0 as n→ ∞, (3.1.11)

whence yn → 0 in W 1,q
0 (Ω). Finally, according to Proposition 1.3.42, it turns out that

yn → 0 in Lθ(Ω), contradicting ∥yn∥θ = 1 for all n ∈ N. We deduce the coercivity of
Eα,β |Nα,β .

Claim 2: mα,β := inf
Nα,β

Eα,β > 0.

Since q < p and β < λ1(q), by (3.1.8) we have

Eα,β(u) =

(
1

q
− 1

p

)
(∥∇u∥qq − β∥u∥qq) > 0 for all u ∈ Nα,β.

Hence mα,β ≥ 0. To show that mα,β > 0, we argue by contradiction. Let {un} ⊆ Nα,β

be such that Eα,β(un) → 0 when n→ ∞. Thus, reasoning as in (3.1.11), we get un → 0
in W 1,q

0 (Ω). Moreover, the coercivity of Eα,β |Nα,β guarantees that {un} is bounded in

W 1,θ
0 (Ω), which compactly embeds into Lθ(Ω). Hence

un ⇀ 0 in W 1,θ
0 (Ω) and un → 0 in Lθ(Ω).

Set yn := un
∥un∥θ

for all n ∈ N. Using β < λ1(q), (3.1.8), (3.1.2), and ρθ0(yn) ≤ 1 for all
n ∈ N, we get

0 ≤ ∥∇yn∥qq − β∥yn∥qq = ∥un∥p−qθ

[
αρθ0(yn) − ρθ0(∇yn)

]
≤ ∥un∥p−qθ (α− λa1(p)) ρθ0(yn) ≤ ∥un∥p−qθ (α− λa1(p)) .

(3.1.12)

Hence, recalling that un → 0 in Lθ(Ω), p > q, and α > λa1(p), it turns out that

yn → 0 in W 1,q
0 (Ω).

Owing to Proposition 1.3.42 we infer

yn → 0 in Lθ(Ω),

contradicting ∥yn∥θ = 1 for all n ∈ N. Accordingly, mα,β > 0.
Reasoning as in [59, Proposition 3.5 and Theorem 3.6] furnishes u ∈ Nα,β such that

Eα,β(u) = mα,β and u is a (unconstrained) critical point of Eα,β. Then the conclusion
follows as in Theorem 3.1.3.
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Theorem 3.1.5. Assume that (LI) holds true. If

(α, β) ∈ (λa1(p), s̃+) × {λ1(q)},

then there exist a positive solution u ∈ W 1,θ
0 (Ω) to (GEV; α, λ1(q)), which is a ground-

state solution with positive energy.

Proof. The proof follows the argument used in Theorem 3.1.4.
Claim 1: Nα,λ1(q) ̸= ∅.

Recalling that α > λa1(p) and W 1,θ
0 (Ω) is densely embedded into W 1,θ0

0 (Ω) (see [41,
Theorem 2.23]), there exists ū ∈ W 1,θ

0 (Ω) \ {0} such that

αρθ0(ū) > ρθ0(∇ū). (3.1.13)

Since α < s̃+, (3.1.13) implies ū ̸= tφq for any t ∈ R. Thus,

∥∇ū∥qq > λ1(q)∥ū∥qq. (3.1.14)

By (3.1.13)–(3.1.14) we deduce Hα(ū) < 0 < Gλ1(q)(ū), so Proposition 3.1.1 proves the
claim.

Claim 2: Eα,λ1(q)|Nα,λ1(q) is coercive.
Suppose by contradiction that there existM > 0 and {un} ⊆ Nα,λ1(q) such that ∥un∥1,θ →
∞ and

Eα,λ1(q)(un) ≤M for all n ∈ N. (3.1.15)

Set yn := un
∥un∥θ

for all n ∈ N. Since {yn} is bounded in Lθ(Ω), then yn ⇀ y in Lθ(Ω) for

some y ∈ Lθ(Ω). Reasoning as for (3.1.10) we get

lim
n→∞

(∥∇yn∥qq − λ1(q)∥yn∥qq) = 0. (3.1.16)

In particular, recalling that ∥yn∥q ≤ ∥yn∥θ = 1 for all n ∈ N, (3.1.16) ensures that {yn}
is bounded in W 1,q

0 (Ω), whence yn ⇀ y in W 1,q
0 (Ω). Then the weak lower semi-continuity

of ∥ · ∥q ensures
∥∇y∥qq − λ1(q)∥y∥qq = 0. (3.1.17)

Hence, only two cases can occur:

• yn ⇀ 0 in W 1,q
0 (Ω), or

• yn ⇀ tφq in W 1,q
0 (Ω) for some t ∈ R \ {0}.

In the first case, Proposition 1.3.42 forces yn → 0 in Lθ(Ω), which contradicts ∥yn∥θ = 1
for all n ∈ N.
In the second case, observe that (3.1.15) can be rewritten via (3.1.8) (with β = λ1(q))
as

Eα,λ1(q)(un) =

(
1

p
− 1

q

)
(ρθ0(∇un) − αρθ0(un)) ≤M for all n ∈ N.
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Then, dividing by ∥un∥pθ gives

0 ≤
Eα,λ1(q)(un)

∥un∥pθ
=

(
1

p
− 1

q

)
(ρθ0(∇yn) − αρθ0(yn)) ≤ M

∥un∥pθ
for all n ∈ N,

whence
lim
n→∞

(ρθ0(∇yn) − αρθ0(yn)) = 0.

An argument similar to (3.1.16)–(3.1.17) entails yn ⇀ tφq in W 1,θ0(Ω), yn → tφq in
Lθ0(Ω), and

ρθ0(∇φq) − αρθ0(φq) ≤ 0,

which contradicts α < s̃+. Therefore, Eα,λ1(q) |Nα,λ1(q) is coercive.
Claim 3: mα,λ1(q) := min

Nα,λ1(q)
Eα,λ1(q) > 0.

Reasoning by contradiction as for Claim 2 of Theorem 3.1.4, there exists {un} ⊆ Nα,λ1(q)

and u ∈ W 1,θ
0 (Ω) such that un ⇀ u in W 1,θ

0 (Ω) and

∥∇un∥qq − λ1(q)∥un∥qq → 0 as n→ ∞,

whence
∥∇u∥qq − λ1(q)∥u∥qq = 0.

Thus, either u = 0 or u = tφq for some t ∈ R \ {0}. In the first case, setting yn := un
∥un∥θ

and reasoning as in (3.1.12) yield (3.1.17); then the conclusion follows as in Claim 2. On
the other hand, if u = tφq then (3.1.8) gives

ρθ0(∇u) − αρθ0(u) ≤ lim inf
n→∞

(ρθ0(∇un) − αρθ0(un)) = lim
n→∞

(
λ1(q)∥un∥qq − ∥∇un∥qq

)
= 0,

so that α ≥ ρθ0 (∇u)
ρθ0 (u)

= s̃+, contradicting α < s̃+.

Let {un} ⊆ Nα,λ1(q) be a minimizing sequence for Eα,λ1(q) |Nα,λ1(q) . Coercivity of
Eα,λ1(q) |Nα,λ1(q) ensures that

un ⇀ u in W 1,θ
0 (Ω) and un → u in Lθ(Ω)

for some u ∈ W 1,θ
0 (Ω). The proof can be concluded as in Theorem 3.1.4, provided

u ̸= tφq for any t ∈ R \ {0}, which is necessary to adapt the argument in [59]. To this
aim, suppose by contradiction u = tφq for some t ∈ R \ {0}. Notice that the weak lower
semi-continuity of ∥ · ∥q, (3.1.8) for β = λ1(q), and (3.1.2) yield

tpρθ0(∇φq) + tq∥∇φq∥qq ≤ lim inf
n→∞

(ρθ0(∇un) + ∥∇un∥qq) = lim
n→∞

(αρθ0(un) + λ1(q)∥un∥qq)

= αtpρθ0(φq) + λ1(q)t
q∥φq∥qq ≤ αtpρθ0(φq) + tq∥∇φq∥qq.

Accordingly, ρθ0(∇φq) ≤ αρθ0(φq), contradicting α < s̃+.

Proposition 3.1.6. Suppose that (LI) holds true. Then
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(i) for any α ∈ [λa1(p), s̃+) there exists ε0 = ε0(α) > 0 such that (GEV; α, λ1(q) + ε)
has a positive solution u ∈ W 1,θ

0 (Ω) for all ε ∈ (0, ε0);

(ii) for any β ∈ (λ1(q), s̃−) there exists ε0 = ε0(β) > 0 such that (GEV; λa1(p) + ε, β)
admits a positive solution u ∈ W 1,θ

0 (Ω) for all ε ∈ (0, ε0).

(iii) there exists ε0 > 0 such that (GEV; λa1(p) + ε, λ1(q) + ε) admits a positive solution
for all ε ∈ (0, ε0).

In all cases, u is a ground-state solution with negative energy.

Proof. The proofs are inspired by [8, Section 4].
Let us prove (i). Fix any ε > 0. Since α < s̃+ and ε > 0. We have

Hα(φq) > ρθ0(∇φq) − s̃+ρθ0(φq) = 0 (3.1.18)

and
Gλ1(q)+ε(φq) < Gλ1(q)(φq) = 0. (3.1.19)

Proposition 3.1.1, besides (3.1.18)–(3.1.19), guarantees Nα,λ1(q)+ε ̸= ∅ and

mα,λ1(q)+ε := inf
Nα,λ1(q)+ε

Eα,λ1(q)+ε < 0. (3.1.20)

Let {uεn} ⊆ Nα,λ1(q)+ε be such that Eα,λ1(q)+ε(u
ε
n) → mα,λ1(q)+ε as n→ ∞. According to

(3.1.20), we can assume

Eα,λ1(q)+ε(u
ε
n) < 0 for all n ∈ N,

and consequently Gλ1(q)+ε(u
ε
n) < 0 < Hα(uεn) for all n ∈ N: indeed, recalling that

uεn ∈ Nα,λ1(q)+ε and q < p, one has(
q − p

pq

)
Hα(uεn) =

(
p− q

pq

)
Gλ1(q)+ε(u

ε
n) =

1

p
Hα(uεn) +

1

q
Gλ1(q)+ε(u

ε
n)

= Eα,λ1(q)+ε(u
ε
n) < 0.

Claim: there exists ε0 ∈ (0, 1) such that, for any ε ∈ (0, ε0), the sequence {uεn} is
bounded in W 1,θ

0 (Ω).
Suppose by contradiction that for every k ∈ N there exists εk ∈

(
0, 1

k

)
such that uk :=

uεknk ∈ Nα,λ1(q)+εk satisfies tk := ∥uk∥1,θ > k. Set vk := uk
∥uk∥1,θ

for all k ∈ N. Since

W 1,θ
0 (Ω) ↪→ Lθ(Ω) compactly, we have

vk ⇀ v∗ in W 1,θ
0 (Ω) and vk → v∗ in Lθ(Ω). (3.1.21)

Let us show that v∗ ̸= 0. Since uk ∈ Nα,λ1(q)+εk for all k ∈ N, we have

|Hα(uk)| = |Gλ1(q)+εk(uk)| for all k ∈ N.
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Dividing by tpk, we get

|Hα(vk)| = tq−pk |Gλ1(q)+εk(vk)| for all k ∈ N.

According to (3.1.21) and ∥∇vk∥q ≤ ∥vk∥1,θ = 1, besides Gλ1(q)+εk(vk) < 0 for every
k ∈ N, letting k → ∞ entail

lim
k→∞

Hα(vk) = 0 and lim sup
k→∞

Gλ1(q)+εk(vk) ≤ 0. (3.1.22)

Thus, we infer Hα(v∗) ≤ 0 and Gλ1(q)(v
∗) ≤ 0 : indeed, by (3.1.21) and the weak lower

semi-continuity of both Hα and Gβ,

Hα(v∗) ≤ lim
k→∞

Hα(vk) = 0 (3.1.23)

and
Gλ1(q)(v

∗) ≤ lim inf
k→∞

Gλ1(q)+εk(vk) ≤ lim sup
k→∞

Gλ1(q)+εk(vk) ≤ 0. (3.1.24)

Since ∥vk∥1,θ = 1 for all k ∈ N, besides exploiting (3.1.21) and (3.1.22)–(3.1.23), we
deduce

αρθ0(v
∗) + λ1(q)∥v∗∥qq = lim

k→∞
(αρθ0(vk) + (λ1(q) + εk)∥vk∥qq)

= 1 − lim
k→∞

(Hα(vk) +Gλ1(q)+εk(vk))

≥ 1 − lim
k→∞

Hα(vk) − lim sup
k→∞

Gλ1(q)+εk(vk) ≥ 1.

(3.1.25)

Thus v∗ ̸= 0.
By (3.1.2) we have Gλ1(q)(v

∗) ≥ 0, so (3.1.24) yields v∗ = tφq for some t ∈ R \ {0}.
Accordingly, α < s̃+ forces Hα(tφq) > 0, which contradicts (3.1.23). The claim is proved.

Fix any ε ∈ (0, ε0) and let uε0 ∈ W 1,θ
0 (Ω) be such that uεn ⇀ uε0 in W 1,θ

0 (Ω). Observe
that uε0 ̸= 0, since the weak lower semi-continuity of Eα,λ1(q)+ε guarantees

E(uε0) ≤ lim
n→∞

Eα,λ1(q)+ε(u
ε
n) = mα,λ1(q)+ε < 0 = Eα,λ1(q)+ε(0).

Arguing as in [8, Lemma 4], we have

Gλ1(q)+ε(u
ε
0) < 0 < Hα(uε0) for all ε ∈ (0, ε0),

taking a smaller ε0 if necessary. Then, following [8, Proposition 7 and Lemma 5], we
deduce uε0 ∈ Nα,λ1(q)+ε and that the minimizermα,λ1(q)+ε of Eα,λ1(q)+ε |Nα,λ1(q)+ε is attained
in uε0 for any ε ∈ (0, ε0). Reasoning as in Theorem 3.1.4, we conclude that uε0 is a positive
solution to (GEV; α, λ1(q) + ε) for any ε ∈ (0, ε0).

The proof of (ii) is analogous to (i), except for the last part of the claim; thus, we
discuss only how to reach the contradiction establishing the claim.
Repeating verbatim the proof (i) until (3.1.25), we get v∗ ̸= 0, Hλa1(p)

(v∗) ≤ 0, and
Gβ(v∗) ≤ 0. Since Hλa1(p)

(v∗) ≥ 0 by (3.1.2), we deduce v∗ = tφa1(p) for some t ∈ R\{0}.
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If s̃− < +∞, then Gβ(tφa1(p)) ≤ 0, contradicting β < s̃−; otherwise, v∗ = tφa1(p) forces

φa1(p) ∈ W 1,θ
0 (Ω), against the assumption that either

´
Ω

(φa1(p))
q dx or

´
Ω
|∇φa1(p)|q dx is

non finite.
To prove (iii), observe that there exists ε0 > 0 such that

Gλ1(q)+ε0(φq) < 0 < Hλa1(p)+ε0
(φq).

Thus, arguing as in (i) produces a positive solution to (GEV; λa1(p) + ε, λ1(q) + ε) for
any ε ∈ (0, ε0), restricting ε0 if necessary.

Proposition 3.1.7. The function λ∗ defined in (3.1.3) satisfies the following properties:

(i) λ∗(s) < +∞ for any s ∈ R;

(ii) λ∗(s) + s ≥ λa1(p) and λ∗(s) ≥ λ1(q) for all s ∈ R;

(iii) λ∗(s) is non-increasing and λ∗(s) + s is non-decreasing on R;

(iv) λ∗(s) is continuous on R;

(v) λ∗(s) = λ1(q) for any s ≥ s∗+;

(vi) λ∗(s∗) + s∗ > λa1(p) and λ∗(s∗) > λ1(q) if and only if (LI) holds true.

Proof. (i) Fix λ, s ∈ R and suppose that there exists u ∈ W 1,θ
0 (Ω) positive solution to

(GEV; λ+s, λ). Without loss of generality we can assume λ so large that λ+s > 0. Fix
any K ⋐ Ω and set mK := minK a > 0. Moreover, take any non-negative, non-trivial
function φ ∈ C∞

c (K). Owing to Proposition 1.4.4 we have ess infK u > 0, so

ξ :=
φp

mKup−1 + uq−1
∈ W 1,θ

0 (Ω)

is admissible as test function in (GEV; λ+ s, λ). Therefore, recalling that λ+ s > 0,
ˆ
Ω

a|∇u|p−2∇u · ∇ξ dx+

ˆ
Ω

|∇u|q−2∇u · ∇ξ dx

= (λ+ s)

ˆ
Ω

aup−1ξ dx+ λ

ˆ
Ω

uq−1ξ dx

≥ (λ+ s)mK

ˆ
K

up−1ξ dx+ λ

ˆ
K

uq−1ξ dx

= λ

ˆ
K

φp dx+ s

ˆ
K

mKu
p−1φp

mKup−1 + uq−1
dx ≥ (λ− |s|)

ˆ
K

φp dx.

(3.1.26)

Moreover, a slight adaptation of [8, Proposition 8] produces ρ > 0 such that
ˆ
Ω

a|∇u|p−2∇u · ∇ξ dx+

ˆ
Ω

|∇u|q−2∇u · ∇ξ dx

≤ 1

ρ

(ˆ
K

a|∇φ|p dx+

ˆ
K

|∇(φ
p
q )|q dx

)
.

(3.1.27)
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Putting (3.1.26)–(3.1.27) together gives

λ ≤ 1

ρ
´
K
φp dx

(ˆ
K

a|∇φ|p dx+

ˆ
K

|∇(φ
p
q )|q dx

)
+ |s|.

Since φ, K, and s are independent of λ, we deduce that λ∗(s) is finite.
(ii) Let s ∈ R. Three circumstances can occur.

• If s < s∗, then λ1(q) < λa1(p) − s. Take any λ ∈ (λ1(q), λ
a
1(p) − s). Then Theorem

3.1.3 ensures that (GEV; λ+ s, λ) admits a positive solution. Hence λ∗(s) > λ1(q)
and, by arbitrariness of λ, λ∗(s) + s ≥ λa1(p).

• Let s > s∗. For any λ ∈ (λa1(p) − s, λ1(q)), Theorem 3.1.4 provides the existence
of a positive solution to (GEV; λ+ s, λ). Therefore λ∗(s) + s > λa1(p) and, since λ
was arbitrary, λ∗(s) ≥ λ1(q).

• Let s = s∗. If (LI) holds true then, according to Proposition 3.1.6(iii), (GEV;
λa1(p)+ε, λ1(q)+ε) admits a positive solution provided ε is sufficiently small. Then
λ∗(s∗) + s∗ > λa1(p) and λ∗(s∗) > λ1(q). If (LI) does not hold, then Theorem 3.1.2
ensures the existence of a positive solution to (GEV; λa1(p), λ1(q)), so λ∗(s∗)+s∗ ≥
λa1(p) and λ∗(s∗) ≥ λ1(q).

(iii) Fix any s, s′ ∈ R fulfilling s < s′. We prove that λ∗(s′) ≤ λ∗(s). From (ii)
we have λ∗(s′), λ∗(s) ≥ λ1(q). Thus, without loss of generality, we can suppose that
λ∗(s′) > λ1(q). Choose any ε > 0 satisfying λ∗(s′) − ε > λ1(q). Then there exists
ν ∈ (λ∗(s′)−ε, λ∗(s′)) such that (GEV; ν+s′, ν) admits a positive solution w ∈ W 1,θ

0 (Ω).
Let {Ωn} be a sequence of C2 bounded domains such that Ωn ⋐ Ω and Ωn ↗ Ω.

For all n ∈ N, denote with (λ1(q, n), φq,n) the first eigenpair of (−∆q,W
1,q
0 (Ωn)), being

∥φq,n∥L∞(Ωn)
= 1 for all n ∈ N. Each φq,n can be extended to Ω by setting φq,n ≡ 0

outside Ωn. Observe that
lim
n→∞

λ1(q, n) = λ1(q). (3.1.28)

Indeed, using (3.1.2) we get λ1(q, n) ≥ λ1(q) for all n ∈ N. On the other hand, taking
any {ξn} ⊆ C∞

c (Ω) \ {0} such that supp ξn ⊆ Ωn for all n ∈ N and ξn → φq in W 1,q
0 (Ω),

we have

λ1(q, n) =
∥∇φq,n∥qq
∥φq,n∥qq

≤
∥∇ξn∥qq
∥ξn∥qq

→
∥∇φq∥qq
∥φq∥qq

= λ1(q) as n→ ∞, (3.1.29)

ensuring λ1(q, n) ≤ λ1(q).
Thus we can choose n ∈ N such that λ1(q, n) < ν and we set m := ess infΩn w,

which is positive according to Proposition 1.4.4. Thus, there exists t > 0 such that
w ≥ m ≥ tφq,n in Ωn. Let Tw : Ω × R → R be defined as Tw(x, t) := min{t+, w(x)} and
consider the following problem:{

−∆a
pu− ∆qu = (ν + s)a(Tw(x, u))p−1 + ν(Tw(x, u))q−1 in Ω,

u = 0 on ∂Ω.
(Pν)
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The energy functional associated to (Pν) is

J(u) :=
1

p
ρθ0(∇u) +

1

q
∥∇u∥qq − (ν + s)

ˆ
Ω

aFp(x, u) dx− ν

ˆ
Ω

Fq(x, u) dx

for all u ∈ W 1,θ
0 (Ω), being Fr(x, t) :=

´ t
0
(Tw(x, τ))r−1 dτ for r = p, q. Notice that J is

well defined and weakly sequentially lower semi-continuous. Notice that

Fr(x, t) =
1

r
(Tw(x, t))r + w(x)r−1(t− w(x))+.

By Young’s inequality with σ > 0 we get Fr(x, t) ≤ Cσ(w(x))r + σ|t|r, so using also
(3.1.2) yields

J(u) ≥ 1

p
ρθ0(∇u) +

1

q
∥∇u∥qq

− |ν + s|Cσρθ0(w) − |ν + s|σρθ0(u) − νCσ∥w∥qq − νσ∥u∥qq

≥
[

1

p
− σ

|ν + s|
λa1(p)

]
ρθ0(∇u) +

[
1

q
− σ

ν

λ1(q)

]
∥∇u∥qq − Cσρθ(w),

(3.1.30)

enlarging Cσ if necessary. Taking σ > 0 small enough guarantees J(u) ≥ σρθ(∇u) −
Cσρθ(w), so that J is coercive. It follows that there exists u ∈ W 1,θ

0 (Ω) global minimizer
of J . Notice that Fr(x, tφq,n(x)) ≥ tr

r
(φq,n(x))r ≥ 0 for all (x, s) ∈ Ω×R and all t ∈ (0, t),

whence

J(u) ≤ J(tφq,n) ≤ tp

p
ρθ0(∇φq,n) +

tq

q
∥∇φq,n∥qq + |ν + s|t

p

p
ρθ0(φq,n) − ν

tq

q
∥φq,n∥qq

≤ tp

p
(ρθ0(∇φq,n) + |ν + s|ρθ0(φq,n)) +

tq

q
(λ1(q, n) − ν) ∥φq,n∥qq < 0

for all t ∈ (0, t) sufficiently small. We deduce that u ̸= 0. Since ν + s < ν + s′,
the truncation levels 0 and w are sub- and super-solution to (Pν), respectively. Thus,
testing with u− and (u − w)+, we obtain 0 ≤ u ≤ w in Ω. By definition of Tw, u is a
non-negative, non-trivial solution to (GEV; ν + s, ν). Owing to Proposition 1.4.4, u > 0
in Ω. Accordingly, u is a positive solution to (GEV; ν+ s, ν). Hence, from the definition
of λ∗, we get ν ≤ λ∗(s). Recalling that λ∗(s′) − ε < ν, we deduce λ∗(s′) < λ∗(s) + ε.
Arbitrariness of ε permits to conclude. An argument analogous to [8, Proposition 3(vi)]
ensures the monotonicity of λ∗(s) + s.

(iv) Continuity follows by the monotonicity proved in (iii), as in [8, Proposition 3(v)].
(v) Retaining the notation of (iii), we define

s∗+,n =
ρθ0(∇φq,n)

ρθ0(φq,n)
− λ1(q, n).

Claim: lim
n→∞

s∗+,n = s∗+.

According to (3.1.28), it suffices to prove

lim
n→∞

ρθ0(∇φq,n)

ρθ0(φq,n)
=
ρθ0(∇φq)
ρθ0(φq)

. (3.1.31)
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Fix any n ∈ N. Since Ω and Ωn are of class C2, there exists a C2-diffeomorphism
Υn : Ω → Ωn such that ∥Υn − I∥C2(Ω) → 0 and ∥Υ−1

n − In∥C2(Ωn)
→ 0 as n → ∞,

being I and In the identity functions on Ω and Ωn, respectively. Let us define φ̃q,n :=
φq,n ◦ Υn, which belongs to C1,τ (Ω). Moreover, since ∥φq,n∥L∞(Ωn)

= 1 for all n ∈ N,
then ∥φq,n∥C1,τ (Ωn)

≤ C for all n ∈ N by nonlinear regularity theory [90], being C > 0

opportune. As a consequence, {φ̃q,n} is bounded in C1,τ (Ω). In particular, φ̃q,n → φ̂ in
C1(Ω) for some φ̂ ∈ C1(Ω) \ {0}, due to Ascoli-Arzelà’s theorem and ∥φ̃q,n∥L∞(Ω) = 1
for all n ∈ N by construction. Thus, by uniform convergence,

ˆ
Ω

|∇φq,n|q dx =

ˆ
Ω

|∇(φ̃q,n ◦ Υ−1
n )|q dx

=

ˆ
Ω

|[(∇φ̃q,n) ◦ Υ−1
n ] Jac(Υ−1

n )|q dx→
ˆ
Ω

|∇φ̂|q dx.

The same argument yields

ˆ
Ω

φqq,n dx→
ˆ
Ω

φ̂q dx > 0.

Hence, exploiting (3.1.29), one has
∥∇φ̂∥qq
∥φ̂∥qq

= λ1(q), forcing φ̂ = tφq for some t > 0.

Analogously, ´
Ω
a|∇φq,n|p dx´
Ω
a|φq,n|p dx

→
´
Ω
a|∇φq|p dx´
Ω
a|φq|p dx

,

which entails (3.1.31).

Fixed any s > s∗+, we prove that λ∗(s) = λ1(q). Taking into account (ii), we suppose
by contradiction that there exists s > s∗+ such that λ∗(s) > λ1(q). Take any ε ∈ (0, 1)
fulfilling λ∗(s) − ε > λ1(q). By definition of λ∗, taking a smaller ε if necessary, (GEV;
λ∗(s) − ε + s, λ∗(s) − ε) admits a positive solution u ∈ W 1,θ

0 (Ω). According to (3.1.28)
and recalling that s∗+,n → s∗+, we can choose n ∈ N such that

λ∗(s) − ε > λ1(q, n) and s > s∗+,n. (3.1.32)

Owing to Proposition 1.4.4, one has ess infΩn u > 0, ensuring φq,n
u

∈ L∞(Ωn). Hence,

testing (GEV; λ∗(s) − ε+ s, λ∗(s) − ε) with
φpq,n
up−1 ∈ W 1,θ

0 (Ω), besides exploiting (3.1.32),
we deduce

ˆ
Ω

a|∇u|p−2∇u · ∇
(
φpq,n
up−1

)
dx+

ˆ
Ω

|∇u|q−2∇u · ∇
(
φpq,n
up−1

)
dx

= (λ∗(s) − ε+ s)

ˆ
Ωn

aφpq,n dx+ (λ∗(s) − ε)

ˆ
Ωn

uq−1
φpq,n
up−1

dx

> (λ1(q, n) + s)

ˆ
Ωn

aφpq,n dx+ λ1(q, n)

ˆ
Ωn

uq−pφpq,n dx.

(3.1.33)
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On the other hand, Picone’s inequalities [1, Theorem 1.1] and [85, Lemma 1] with γ = q
ensure ˆ

Ω

a|∇u|p−2∇u · ∇
(
φpq,n
up−1

)
dx+

ˆ
Ω

|∇u|q−2∇u · ∇
(
φpq,n
up−1

)
dx

≤
ˆ
Ωn

a|∇φq,n|p dx+ λ1(q, n)

ˆ
Ωn

φpq,nu
q−p dx.

(3.1.34)

Combining (3.1.33)–(3.1.34) we get

(λ1(q, n) + s)

ˆ
Ωn

aφpq,n dx <

ˆ
Ωn

a|∇φq,n|p dx,

contradicting (3.1.32). Hence λ∗(s) = λ1(q) for all s > s∗+.
The continuity of λ∗ proved in (iv) forces λ∗(s∗+) = λ1(q).
(vi) If (LI) holds true, the conclusion follows as in the proof of (ii). If (LI) does not

hold, we suppose by contradiction that (GEV; α, β) admits a positive solution for some
(α, β) fulfilling

α > λa1(p) and β > λ1(q). (3.1.35)

Set s̃+,n :=
ρθ0 (∇φq,n)
ρθ0 (φq,n)

for all n ∈ N. Since φq = kφap for some k ̸= 0, (3.1.31) gives

lim
n→∞

s̃+,n =
ρθ0(∇φq)
ρθ0(φq)

=
ρθ0(∇φap)
ρθ0(φ

a
p)

= λa1(p).

Then, reasoning as in (3.1.33)–(3.1.34), we get

α

ˆ
Ω

aφpq,n dx+ β

ˆ
Ω

φpq,nu
q−p dx ≤ s̃+,n

ˆ
Ω

aφpq,n dx+ λ1(q, n)

ˆ
Ω

φpq,nu
q−p dx,

which forces either α ≤ s̃+,n or β ≤ λ1(q, n). This contradicts (3.1.35): indeed, recalling
that s̃+,n → λa1(p) and λ1(q, n) → λ1(q), we can choose n ∈ N such that α > s̃+,n and
β > λ1(q, n).

Theorem 3.1.8. Assume (LI) and set s := α − β. Then, for all α ∈ [λa1(p), s̃+) and
β ∈ (λ1(q), λ

∗(s)), (GEV; α, β) admits a positive solution.

Proof. Since β < λ∗(s), there exists ν ∈ (β, λ∗(s)) such that (GEV; ν + s, ν) admits a
positive solution w ∈ W 1,θ

0 (Ω), which is a super-solution to (GEV; α, β). the conclusion
follows as in Proposition 3.1.7(iii), recalling that β > λ1(q).

To complete the picture, we discuss the existence of solutions on the curve C (see
Figure 3.1). We premise a lemma, which is patterned after [8, Lemma 8].

Lemma 3.1.9. Let u ∈ W 1,θ
0 (Ω) be positive a solution to (GEV; α, β). Then, for any

φ ∈ W 1,θ
0 (Ω) ∩ L∞(Ω) with φ ≥ 0, one has

ˆ
Ω

(αaup−q + β)φq dx ≤
ˆ
Ω

a|∇φ|q|∇u|p−q dx+

ˆ
Ω

|∇φ|q dx.
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Proof. Take any δ ∈ (0, 1) and φ ∈ W 1,θ
0 (Ω) with φ ≥ 0. Set ξδ := φq

(u+δ)q−1 ∈ W 1,θ
0 (Ω),

since φ
u
∈ L∞(Ω). According to [13, Proposition 2.9] we haveˆ
Ω

a|∇(u+ δ)|p−2∇(u+ δ) · ∇ξδ dx ≤
ˆ
Ω

a|∇φ|q|∇(u+ δ)|p−q dx. (3.1.36)

Testing (GEV; α, β) with ξδ, besides using (3.1.36) and [1], yields

α

ˆ
Ω

aup−1ξδ dx+ β

ˆ
Ω

uq−1ξδ dx

=

ˆ
Ω

a|∇u|p−2∇u · ∇ξδ dx+

ˆ
Ω

|∇u|q−2∇u · ∇ξδ dx

=

ˆ
Ω

a|∇(u+ δ)|p−2∇(u+ δ) · ∇ξδ dx+

ˆ
Ω

|∇(u+ δ)|q−2∇(u+ δ) · ∇ξδ dx

≤
ˆ
Ω

a|∇φ|q|∇(u+ δ)|p−q dx+

ˆ
Ω

|∇φ|q dx

=

ˆ
Ω

a|∇φ|q|∇u|p−q dx+

ˆ
Ω

|∇φ|q dx.

Hence Fatou’s Lemma permits to conclude.

Theorem 3.1.10. Suppose (LI) to be satisfied and let s ∈ R. If λ∗(s) + s > λa1(p) and
λ∗(s) > λ1(q), then (GEV; λ∗(s) + s, λ∗(s)) has at least a positive solution.

Proof. Set (α, β) := (λ∗(s) + s, λ∗(s)). By definition of λ∗ there exists {(αn, βn)} ⊆ R2

such that βn → β, λ1(q) < βn < β, αn = βn + s, and (GEV; αn, βn) admits a positive
solution un ∈ W 1,θ

0 (Ω) for all n ∈ N. By construction, αn → α > λa1(p). An adaption
of [8, Lemma 7] ensures the boundedness of {un} in W 1,θ

0 (Ω). Thus, without loss of
generality, we can assume that ∥un∥1,θ ≤ 1 for all n ∈ N. The compactness of the

embedding W 1,θ
0 (Ω) ↪→ Lθ(Ω) furnishes u ∈ W 1,θ

0 (Ω) such that

un ⇀ u in W 1,θ
0 (Ω) and un → u in Lθ(Ω). (3.1.37)

Consider the functions Φ,Ψ : W 1,θ
0 (Ω) → R defined as

Φ(u) = ρθ(∇u) and Ψα,β(u) = αρθ0(u) + β∥u∥qq for all u ∈ W 1,θ
0 (Ω).

Thus,

⟨Φ′(u), φ⟩ =

ˆ
Ω

a|∇u|p−2∇u · ∇φ dx+

ˆ
Ω

|∇u|q−2∇u · ∇φ dx

and

⟨Ψ′
α,β(u), φ⟩ = α

ˆ
Ω

aup−1φ dx+ β

ˆ
Ω

uq−1φ dx

for all φ ∈ W 1,θ
0 (Ω). Now fix any n ∈ N. Since un ∈ W 1,θ

0 (Ω) solves (GEV; αn, βn), then
Φ′(un) − Ψ′

αn,βn
(un) = E ′

αn,βn
(un) = 0 in W 1,θ

0 (Ω)∗. Therefore,

⟨Φ′(un), un − u⟩ = ⟨Φ′(un) − Ψ′
αn,βn(un), un − u⟩ + ⟨Ψ′

αn,βn(un), un − u⟩
= ⟨E ′

αn,βn(un), un − u⟩ + ⟨Ψ′
αn,βn(un), un − u⟩

= ⟨Ψ′
αn,βn(un), un − u⟩.

101



Owing to (3.1.37) we deduce Ψ′
αn,βn

(un) → Ψ′
α,β(u) in W 1,θ

0 (Ω)∗. Thus,

lim
n→∞

⟨Φ′(un), un − u⟩ = lim
n→∞

⟨Ψ′
αn,βn(un), un − u⟩ = 0.

By the (S+) property of Φ′ (see [41, Theorem 3.3]) we have

un → u in W 1,θ
0 (Ω). (3.1.38)

Hence,

E ′
α,β(u) = lim

n→∞
E ′
αn,βn(un) = 0.

Accordingly, u is a critical point of Eα,β.
It remains to show that u ̸= 0. By contradiction, suppose u = 0. Since un is a

positive solution to (GEV; αn, βn), using Lemma 3.1.9 with φ = φq entails

ˆ
Ω

(αnau
p−q
n + βn)φqq dx ≤

ˆ
Ω

a|∇φq|q|∇un|p−q dx+

ˆ
Ω

|∇φq|q dx,

Letting n→ ∞ via Lebesgue’s theorem and (3.1.38) produces

β

ˆ
Ω

φqq dx ≤
ˆ
Ω

|∇φq|q dx,

which contradicts β > λ1(q).

Remark 3.1.11. We are not able to prove that there exist no solutions when (α, β) ∈
(s̃+,+∞) × {λ1(q)}: this is mainly due to the lack of global C1,τ regularity of solutions

to (GEV; α, β). Indeed, in [8, Proposition 4(ii)], regularity allows to use
φpq
up−1 as test

function in (GEV; λ1(q) + s, λ1(q)), being s > s∗+. It is worth noticing that using either
φpq,n
up−1 or

φpq,n
(u+δ)p−1 (see Proposition 3.1.7(v) and Lemma 3.1.9, respectively) as test function

gives rise to technical issues.

Remark 3.1.12. We highlight that, whenever (LI) holds true and infΩ a > 0 (in particu-
lar for the (p, q)-Laplacian), non-existence of positive solutions when (α, β) = (s̃+, λ1(q))
comes from the Picone identities in [1, 85]. Indeed, suppose by contradiction that there
exists u ∈ W 1,θ

0 (Ω) positive solution to (GEV; s̃+, λ1(q)).
Notice that (LI) forces u ̸= kφq for all k ∈ R: otherwise,

−kp−1∆a
pφq − kq−1∆qφq = s̃+ak

p−1φp−1
q + λ1(q)k

q−1φq−1
q ,

whence

−∆a
pφq = s̃+aφ

p−1
q ,

which implies that φq is a positive eigenfunction of (−∆a
p,W

1,θ0(Ω)), forcing s̃+ = λa1(p),
in contrast to (LI).
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Hence, testing (GEV; s̃+, λ1(q)) with
φpq
up−1 , which is allowed by nonlinear regularity

theory [90], and using the Picone identities [1, 85], we deduce

ˆ
Ω

a|∇φq|p dx+ λ1(q)

ˆ
Ω

uq−pφpq dx

>

ˆ
Ω

a|∇u|p−2∇u · ∇
(
φpq
up−1

)
dx+

ˆ
Ω

|∇u|q−2∇u · ∇
(
φpq
up−1

)
dx

= s̃+

ˆ
Ω

aφpq dx+ λ1(q)

ˆ
Ω

uq−pφpq dx,

contradicting the definition of s̃+.
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Chapter 4

Problems with competitive
operators

In this chapter, we address some problems driven by competitive operators (see (1.4.10)
for the definition). Since, these operators are nonhomogeneous, we might expect be-
havior similar to that of the (p, q)-Laplacian or the Λ-Laplacian. However, unlike the
latter, competitive operators are neither elliptic nor monotone. This prevents the use of
surjectivity results for pseudo-monotone operators, nonlinear regularity theory, as well
as comparison principles. Therefore, to prove the existence of a generalized solution, we
must employ Galerkin’s method (see [131, Chapter 19]) and a corollary of the Brouwer
fixed-point theorem. In this chapter, we present some existence results for Dirichlet
problems involving fractional competing operators and fractional convection, which are
obtained in [58].

4.1 Dirichlet problems with fractional competing op-

erators and fractional convection

Let Ω be a bounded domain in RN , N ≥ 2, with a Lipschitz boundary ∂Ω, let 0 < s2 ≤
s ≤ s1 ≤ 1, and let 1 < q < p < N

s1
. This section investigates the problem{

(−∆)s1p u− (−∆)s2q u = f(x, u,Dsu) in Ω,

u = 0 in RN \ Ω,

where (−∆)tr, with r > 1 and 0 < t < 1, denotes the fractional r-Laplacian (see (1.4.9)
for the definition)

4.1.1 The case s=1

Let s2 ∈ (0, 1) and let 1 < q < p < N . Consider the problem{
−∆pu− (−∆)s2q u = f(x, u,∇u) in Ω,

u = 0 in RN \ Ω,
(P1)
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where f : Ω × R× RN → R is a Carathéodory function with the following properties.

(J1) There are C1 > 0, σ ∈ Lp
∗/(p∗−1)(Ω) such that

|f(x, t, ξ)| ≤ C1

(
|t|p∗−1 + |ξ|

p
p∗ (p

∗−1)
)

+ σ(x)

a.e. in Ω and for every (t, ξ) ∈ R× RN .

(J2) There exist c0, c1 > 0 satisfying c0 + c1λ
−1
1,p < 1 and

f(x, t, ξ)t ≤ c0|ξ|p + c1(|t|p + 1)

a.e. in Ω and for all (t, ξ) ∈ R× RN .

Since s2 < 1, Proposition 1.3.45 yields

W 1,p
0 (Ω) ↪→ W 1,q

0 (Ω) ↪→ W s2,q
0 (Ω). (4.1.1)

So, the differential operator u 7→ −∆pu − (−∆)s2q u is well posed on W 1,p
0 (Ω). Let

A1,s2 : W 1,p
0 (Ω) → W−1,p′(Ω) be given by

⟨A1,s2(u), v⟩ :=

ˆ
Ω

|∇u|p−2∇u∇v dx

−
ˆ
RN×RN

|u(x) − u(y)|q−2(u(x) − u(y))(v(x) − v(y))

|x− y|N+qs2
dx dy

for every u, v ∈ W 1,p
0 (Ω). A simple argument, which exploits the continuity and bound-

edness of the p-Laplacian and properties (q1)-(q2) stated in Section 1.4, shows that A1,s2

turns out to be continuous and bounded. Concerning the right-hand side of (P1), one
has

Lemma 4.1.1. Under (J1), there exists a constant C̃ > 0 such that∣∣∣∣ˆ
Ω

f(·, u,∇u)v dx

∣∣∣∣ ≤ C̃
(
∥u∥p

∗

p∗ + ∥∇u∥p(p∗−1)/p∗

p + ∥σ∥p∗/(p∗−1)

)
∥v∥1,p

for all u, v ∈ W 1,p
0 (Ω).

Proof. Pick u, v ∈ W 1,p
0 (Ω). Through (J1), Hölder’s inequality, and Sobolev-type in-

equalities [15, Corollary 9.14], we achieve∣∣∣∣ˆ
Ω

f(·, u,∇u)v dx

∣∣∣∣ ≤ C1

(ˆ
Ω

|u|p∗−1|v| dx+

ˆ
Ω

|∇u|
p(p∗−1)
p∗ |v| dx

)
+

ˆ
Ω

|σ||v| dx

≤ C2

(
∥u∥p

∗−1
p∗ ∥v∥p∗ + ∥∇u∥

p(p∗−1)
p∗

p ∥v∥p∗ + ∥σ∥p∗/(p∗−1)∥v∥p∗
)

≤ C̃

(
∥u∥p

∗−1
p∗ + ∥u∥

p(p∗−1)
p∗

1,p + ∥σ∥p∗/(p∗−1)

)
∥v∥1,p

with suitable C̃ > 0.
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Because of Lemma 4.1.1 the Nemytskii operator Nf : W 1,p
0 (Ω) → W−1,p′(Ω) defined

by
Nf (u) := f(·, u,∇u) ∀u ∈ W 1,p

0 (Ω)

is bounded. A classical result (cf., e.g., [44, Theorem 2.3]) on superposition maps ensures
that it turns out to be also continuous. Accordingly,

B(u) := A1,s2(u) −Nf (u), u ∈ W 1,p
0 (Ω), (4.1.2)

is well posed, continuous, and bounded.
The competitive nature of the left-hand side in (P1) naturally entails a weaker notion

of solution, patterned after [107, Definition 2.3].

Definition 4.1.2. Assume (J1) holds true. We say that u ∈ W 1,p
0 (Ω) is a generalized

solution to Problem (P1) when there exists a sequence {un} ⊆ W 1,p
0 (Ω) such that un ⇀ u,

B(un) ⇀ 0 in W−1,p′(Ω), and

lim
n→+∞

(
⟨A1,s2(un), un − u⟩ −

ˆ
Ω

f(·, un,∇un)(un − u) dx

)
= 0. (4.1.3)

Remark 4.1.3. Obviously, if u ∈ W 1,p
0 (Ω) weakly solves (P1), i.e.,

⟨A1,s2(u), v⟩ −
ˆ
Ω

f(·, u,∇u)v dx = 0 ∀ v ∈ W 1,p
0 (Ω)

then u is also a generalized solution.

Remark 4.1.4. To better understand the role played by (4.1.3) we observe the following.
Let A : X → X∗, where X denotes a real Banach space. The relations un ⇀ u in X,
A(un) ⇀ A(u) in X∗, and lim supn→+∞⟨A(un), un−u⟩ ≤ 0 imply the important property

lim sup
n→+∞

⟨A(un), un⟩ ≤ ⟨A(u), u⟩.

When A := −∆p while X := W 1,p
0 (Ω) this inequality reads

lim sup
n→+∞

∥un∥p1,p ≤ ∥u∥p1,p,

which entails un → u, because W 1,p
0 (Ω) is uniformly convex. More generally, the same

holds for A of type (S)+.

Since W 1,p
0 (Ω) is separable, it possesses a Galerkin basis, namely a sequence {Xn} of

linear sub-spaces of W 1,p
0 (Ω) satisfying

• dim(Xn) < +∞ ∀n ∈ N,

• Xn ⊆ Xn+1 ∀n ∈ N, and

• ∪∞
n=1Xn = W 1,p

0 (Ω).
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Proposition 4.1.5. Under (J1)–(J2), for every n ∈ N there exists un ∈ Xn such that

⟨A1,s2(un), v⟩ −
ˆ
Ω

f(·, un,∇un)v dx = 0 ∀ v ∈ Xn. (4.1.4)

Moreover, the sequence {un} ⊆ W 1,p
0 (Ω) is bounded.

Proof. Fix n ∈ N. To shorten notation, write Bn := B⌊Xn . Through (J2), (1.4.1), and
(4.1.1) we arrive at

⟨Bn(v), v⟩ =

ˆ
Ω

|∇v|p dx−
ˆ
RN×RN

|v(x) − v(y)|q

|x− y|N+qs2
dx dy −

ˆ
Ω

f(·, v,∇v)v dx

≥ ∥v∥p1,p − ∥v∥qs2,q − c0

ˆ
Ω

|∇v|p dx− c1

ˆ
Ω

(|v|p + 1) dx

≥
(
1 − c0 − c1λ

−1
1,p

)
∥v∥p1,p − c̃

(
∥v∥q1,p + 1

)
, v ∈ Xn,

(4.1.5)

where c̃ > 0. Now, the conditions c0 + c1λ
−1
1,p < 1 and q < p easily yield a constant R > 0

fulfilling

⟨Bn(v), v⟩ ≥ 0 for all v ∈ Xn with ∥v∥1,p = R.

Thus, Theorem 1.2.6 provides un ∈ Xn such that Bn(un) = 0 in W−1,p′(Ω), which entails
(4.1.4). Repeating verbatim the computation of (4.1.5) we next obtain

0 = ⟨Bn(un), un⟩ ≥
(
1 − c0 − c1λ

−1
1,p

)
∥un∥p1,p − c̃

(
∥un∥q1,p + 1

)
∀n ∈ N,

whence the conclusion follows, because both 1 − c0 − c1λ
−1
1,p > 0 and q < p.

Theorem 4.1.6. Suppose (J1)–(J2) hold true. Then (P1) admits a generalized solution
in the sense of Definition 4.1.2.

Proof. Proposition 4.1.5 yields a bounded sequence {un} ⊆ W 1,p
0 (Ω) that enjoys (4.1.4).

Therefore, up to sub-sequencs, un ⇀ u in W 1,p
0 (Ω). By the properties of B, even

{B(un)} ⊆ W−1,p′(Ω) turns out to be bounded. So, a standard argument (see, for
instance, [107, Theorem 4.1]) based on (4.1.4) gives B(un) ⇀ 0 in W−1,p′(Ω), where a
sub-sequence is considered when necessary. Consequently,

lim
n→+∞

⟨B(un), u⟩ = lim
n→+∞

(
⟨A1,s2(un), u⟩ −

ˆ
Ω

f(·, un,∇un)u dx

)
= 0. (4.1.6)

Writing (4.1.4) for v := un and recalling (4.1.2) we then have

⟨B(un), un⟩ = ⟨A1,s2(un), un⟩ −
ˆ
Ω

f(·, un,∇un)un dx = 0, n ∈ N. (4.1.7)

Now, (4.1.3) easily derives from (4.1.6)–(4.1.7).
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4.1.2 The case 0 < s2 < s < s1 < 1

Given 0 < s2 < s < s1 < 1 and 1 < q < p < N
s1

, consider the problem{
(−∆)s1p u− (−∆)s2q u = f(x, u,Dsu) in Ω,

u = 0 in RN \ Ω,
(P2)

where f : Ω×R×RN → R is a Carathéodory function with the properties listed below.

(K1) There exist C1 > 0, σ ∈ Lp
∗
s1
/(p∗s1−1)(Ω) such that

|f(x, t, ξ)| ≤ C1

(
|t|p∗s1−1 + |ξ|

p
p∗s1

(p∗s1−1)
)

+ σ(x)

a.e. in Ω and for every (t, ξ) ∈ R× RN .

(K2) There are c0, c1 > 0 satisfying c1λ
−1
1,p,s1

< 1 and

f(x, t, ξ)t ≤ c0|ξ|p−1 + c1(|t|p + 1)

a.e. in Ω and for all (t, ξ) ∈ R× RN .

If ε ∈ (0, s1 − s) then Proposition 1.3.45 and (1.3.38) provide

W s1,p
0 (Ω) ↪→ W s+ε,p

0 (Ω) ↪→ Ls,p0 (Ω), (4.1.8)

while [14, Lemma 2.6] guarantees that

W s1,p
0 (Ω) ↪→ W s2,q

0 (Ω). (4.1.9)

So, the differential operator u 7→ (−∆)s1p u− (−∆)s2q u turns out well posed on W s1,p
0 (Ω).

Let As1,s2 : W s1,p
0 (Ω) → W−s1,p′(Ω) be defined by

⟨As1,s2(u), v⟩ :=

ˆ
RN×RN

|u(x) − u(y)|p−2(u(x) − u(y))(v(x) − v(y))

|x− y|N+ps1
dx dy

−
ˆ
RN×RN

|u(x) − u(y)|q−2(u(x) − u(y))(v(x) − v(y))

|x− y|N+qs2
dx dy

for every u, v ∈ W s1,p
0 (Ω). Thanks to properties (q1)–(q2) stated in Sub-Section 1.3.5,

As1,s2 is continuous and bounded. Moreover.

Lemma 4.1.7. Under (K1), there exists a constant C̃ > 0 such that∣∣∣∣ˆ
Ω

f(·, u,Dsu)v dx

∣∣∣∣ ≤ C̃
(
∥u∥p

∗
s1
p∗s1

+ ∥Dsu∥p/(p
∗
s1

)′

p + ∥σ∥(p∗s1 )′
)
∥v∥s1,p

for all u, v ∈ W s1,p
0 (Ω).
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Proof. Pick u, v ∈ W s1,p
0 (Ω). Using (K1), Hölder’s inequality, (4.1.8), and conclusion (b)

in Proposition 1.3.45, we have∣∣∣∣ˆ
Ω

f(·, u,Dsu)v dx

∣∣∣∣ ≤ C1

(ˆ
Ω

|u|p∗s1−1|v| dx+

ˆ
Ω

|Dsu|p/(p∗s1 )′ |v| dx
)

+

ˆ
Ω

|σ||v| dx

≤ C2

(
∥u∥p

∗
s1

−1

p∗s1
∥v∥p∗s1 + ∥Dsu∥p/(p

∗
s1

)′

p ∥v∥p∗s1 + ∥σ∥(p∗s1 )′∥v∥p∗s1
)

≤ C̃
(
∥u∥p

∗
s1

−1

p∗s1
+ ∥u∥p/(p

∗
s1

)′

s1,p + ∥σ∥(p∗s1 )′
)
∥v∥s1,p

with appropriate C̃ > 0.

This estimate is coherent with the corresponding ones of [107, Lemma 2.2]. It shows
that the Nemytskii operator Nf : W s1,p

0 (Ω) → W−s1,p′(Ω) given by

Nf (u) := f(·, u,Dsu), u ∈ W s1,p
0 (Ω), (4.1.10)

turns out to be bounded. Since, as before, continuity follows from standard results on
super-position maps, the operator

B(u) := As1,s2(u) −Nf (u) ∀u ∈ W s1,p
0 (Ω)

is well posed, continuous, and bounded. Bearing in mind Definition 4.1.2, here, we posit
the following

Definition 4.1.8. Assume (K1) holds true. A function u ∈ W s1,p
0 (Ω) is called a gener-

alized solution of (P2) when there exists a sequence {un} ⊆ W s1,p
0 (Ω) such that un ⇀ u,

B(un) ⇀ 0 in W−s1,p′(Ω), and

lim
n→+∞

(
⟨As1,s2(un), un − u⟩ −

ˆ
Ω

f(·, un, Dsun)(un − u) dx

)
= 0. (4.1.11)

Let {Xn} be a Galerkin basis for W s1,p
0 (Ω) (recall that this space is saparable).

Proposition 4.1.9. Under (K1)–(K2), to every n ∈ N there corresponds un ∈ Xn such
that

⟨As1,s2(un), v⟩ −
ˆ
Ω

f(·, un, Dsun)v dx = 0 ∀ v ∈ Xn. (4.1.12)

Moreover, the sequence {un} ⊆ W s1,p
0 (Ω) is bounded.

Proof. Fix n ∈ N. Via (K2), Hölder’s inequality, (4.1.8), and (4.1.9), we arrive at

⟨Bn(v), v⟩ =

ˆ
RN×RN

|v(x) − v(y)|p

|x− y|N+ps1
dx dy −

ˆ
RN×RN

|v(x) − v(y)|q

|x− y|N+qs2
dx dy

−
ˆ
Ω

f(·, v,Dsv)v dx

≥ ∥v∥ps1,p − ∥v∥qs2,q − c0

ˆ
Ω

|Dsv|p−1 dx− c1

ˆ
Ω

(|v|p + 1) dx

≥ (1 − c1λ
−1
1,p,s1

)∥v∥ps1,p − c̃
(
∥v∥qs1,p + ∥v∥p−1

s1,p
+ 1
)
, v ∈ Xn,
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where Bn denotes B⌊Xn while c̃ > 0. Now, the conditions c1λ
−1
1,p,s1

< 1 and q < p easily
yield a constant R > 0 such that

⟨Bn(v), v⟩ ≥ 0 for all v ∈ Xn with ∥v∥s1,p = R.

Thus, by Theorem 1.2.6, there exists un ∈ Xn fulfilling (4.1.12). As in the proof of
Proposition 4.1.5 we then see that {un} ⊆ W s1,p

0 (Ω) turns out to be bounded.

Theorem 4.1.10. Suppose (K1)–(K2) hold true. Then Problem (P2) admits a general-
ized solution in the sense of Definition 4.1.8.

Proof. Proposition 4.1.9 gives a bounded sequence {un} ⊆ W s1,p
0 (Ω) that enjoys (4.1.12).

So, up to sub-sequences, un ⇀ u in W s1,p
0 (Ω). By the properties of B, even {B(un)} ⊆

W−s1,p′
0 (Ω) turns out to be bounded. Arguing as in the proof of [107, Theorem 4.1] we

thus obtain B(un) ⇀ 0 in W s1,p
0 (Ω), whence

lim
n→+∞

⟨B(un), u⟩ = 0. (4.1.13)

On the other hand, (4.1.12) written for v := un entails

⟨B(un), un⟩ = ⟨As1,s2(un), un⟩ −
ˆ
Ω

f(·, un, Dsun)un dx = 0, n ∈ N. (4.1.14)

Now, combining (4.1.13) with (4.1.14) produces (4.1.11).

Remark 4.1.11. Formally (P2) goes back to (P1) when s → 1−. In fact, if s → 1−

then s1 → 1− too, because 0 < s2 < s < s1 < 1. Accordingly, (−∆)s1p u → −∆pu and
f(·, u,Dsu) → f(·, u,∇u); cf. (1.3.39).

4.1.3 A third case

Let 0 < s2 < s < s1 < 1 and let 1 < q < r < p < N
s1

. Consider the problem{
(−∆)s1p u− (−∆)s2q u+ (−∆)s2r u = f(x, u,Dsu) in Ω,

u = 0 in RN \ Ω,
(P3)

where f : Ω ×R×RN → R is a Carathéodory function satisfying hypotheses (K1)–(K2)
of Section 4.1.2. By [14, Lemma 2.6] we have

W s1,p
0 (Ω) ↪→ W s2,t

0 (Ω) ∀ t ∈ (1, p).

Hence, the map Ã : W s1,p
0 (Ω) → W−s1,p′

0 (Ω) associated with differential operator

u 7→ (−∆)s1p u− (−∆)s2q u+ (−∆)s2r u

turns out to be well defined. For Nf as in (4.1.10), properties (q1)–(q2) of Sub-Section
1.3.5, Lemma 4.1.7, and [44, Theorem 2.3] ensure that

B(u) := Ã(u) −Nf (u), u ∈ W s1,p
0 (Ω),

is well posed, continuous, and bounded.
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Definition 4.1.12. Assume (K1) holds true. A function u ∈ W s1,p
0 (Ω) is called a gen-

eralized solution to (P3) provided there exists a sequence {un} ⊆ W s1,p
0 (Ω) such that

un ⇀ u, B(un) ⇀ 0 in W−s1,p′(Ω), and

lim
n→+∞

(
⟨Ã(un), un − u⟩ −

ˆ
Ω

f(·, un, Dsun)(un − u) dx

)
= 0.

The same arguments adopted for proving Proposition 4.1.9 yield the next result,
where {Xn} denotes any Galerkin basis of W s1,p

0 (Ω).

Proposition 4.1.13. Under (K1)–(K2), to every n ∈ N there corresponds un ∈ Xn such
that

⟨Ã(un), v⟩ −
ˆ
Ω

f(·, un, Dsun)v dx = 0 ∀ v ∈ Xn.

Moreover, the sequence {un} ⊆ W s1,p
0 (Ω) is bounded.

Exactly as in Section 4.1.2, we infer the following

Theorem 4.1.14. Suppose (K1)–(K2) hold true. Then Problem (P3) admits a general-
ized solution in the sense of Definition 4.1.12.

Remark 4.1.15. It would be very natural to consider the problem{
(−∆)spu− (−∆)squ = f(x, u,Dsu) in Ω,

u = 0 in RN \ Ω,

where 0 < s < 1 and 1 < q < p < N
s

. However, since W s,p(Ω) ̸⊆ W s,q(Ω), the left-hand
side is not defined on the whole W s,p

0 (Ω), but only for u ∈ W s,p
0 (Ω) ∩W s,q

0 (Ω), which
has been discussed in [108]. This prevents us to use the above arguments in this new
context.
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Chapter 5

Some new perspectives

In this chapter we present some open problems that we would like to investigate.

• The hypotheses under which condition (LI) is fulfilled

Continuing the study of the spectrum of the double-phase operator, one might
inquire about the conditions under which (LI) holds. Using a blow-up arguments
as in the article [60, 9], we aim to study the linear independency of the first Dirichlet
eigenfunctions of the weighted p-Laplacian and the q-Laplacian.

• Fractional Dirichlet problems with singular and non-locally convective reaction

In recent years, the study of Dirichlet problems driven by nonlocal operators with
singular reaction terms has gained significant traction (see e.g. [19] and [67]).
Specifically, [19] treats existence and uniqueness of solutions to the equation

(−∆)spu =
w(x)

uγ
in Ω,

where γ > 0 while w : Ω → R+ fulfills appropriate conditions. The work [67]

treats a fractional (p, q)-Laplacian problem where the singular reaction is kδ(x)
uγ

,
being kδ ∈ L∞

loc(Ω) a function such that

C1d(x)−δ ≤ kδ(x) ≤ C2d(x)−δ in Ω,

with C1, C2 positive constants, δ ∈ [0, ps1) and γ > 0. Motivated by the above
results, we aim to prove the existence of solutions for a fractional Dirichlet problems
with singular and non-locally convective reaction.

Let Ω ⊆ RN , N ≥ 2, be a bounded domain with a C1,1 boundary ∂Ω. We would
like to study an elliptic singular problem of the form:{

(−∆)s1p u+ (−∆)s2q u = f(x, u) + g(x,Dsu) in Ω,

u = 0 in RN \ Ω,
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with 0 < s2 ≤ s ≤ s1 ≤ 1, 2 < q < p < N
s1

such that s1p > 1. Here, f : Ω×R+ → R+
0

and g : Ω × RN → R+
0 are two Carathéodory functions satisfying the following

conditions:

lim inf
t→0+

f(x, t) =: l > 0 uniformly in x ∈ Ω,

f(x, t) ≤ c1t
−γ + c2t

r ∀ (x, t) ∈ Ω × R+,

t 7→ f(·, t)
tq−1

is strictly decreasing on R+,

and
g(x, ξ) = c3(1 + |ξ|z), (x, ξ) ∈ Ω × RN ,

for suitable γ ∈ (0, 1), ci > 0, i = 1, 2, 3, r, ζ ∈ (1, p− 1).

• Dirichlet problems driven by an alternative version of the fractional p-Laplacian

Another line of research could involve studying nonlocal problems driven by an
alternative version of the fractional p-Laplacian defined along the lines proposed
by [125] as

−(∆p)
su = div s(|Dsu|p−2Dsu).

The objective will be to prove existence results for Dirichlet problems driven by
this operator and featuring singular reactions with sublinear growth.
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[126] M. S̆ilhavý, Fractional vector analysis based on invariance requirements (critique
of coordinate approaches), Contin. Mech. Thermodyn. 32 (2019), 207–228.

[127] E.D. Silva, M.L. Carvalho, J.C. de Albuquerque, Revised regularity results for
quasilinear elliptic problems driven by the Φ-Laplacian operator Manuscripta Math.
161 (2020), no.3-4, 563–582.

[128] M. Struwe, Variational methods. Applications to nonlinear partial differential equa-
tions and Hamiltonian systems, Springer-Verlag, Berlin, 1990.

[129] Z. Tan and F. Fang, Orlicz–Sobolev versus Hölder local minimizer and multiplicity
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