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Introduction

This thesis is devoted to the study of Dirichlet elliptic problems driven by some nonho-
mogeneous differential operators, patterned after the (p, ¢)-Laplacian. Elliptic problems
involving the (p, g)-Laplacian have been widely investigated due to their broad range
of important applications, especially in fields like material science, biophysics and eco-
nomics; see [98] for a survey on recent existence and multiplicity results concerning the
(p, q)-Laplacian.

Starting from the (p, g)-Laplacian, two families of operators exhibiting unbalanced
growth were introduced: the A-Laplacian, where A is a Young function (see Definition
1.3.3), and the double-phase operators. Both operators allow for modeling phenomena
with non-standard growth with respect to the gradient of the function. Thus, they are
used to model phenomena where diffusion is heterogeneous or context-dependent.

The A-Laplacian has been applied in various fields, including materials science, phase
transitions, and geometric analysis. This type of differential operator enables growth that
is not limited to a simple power law but can adapt to more general growth laws (such
as exponential or logarithmic growth) defined by the Young function A. The existence
of solutions to Dirichlet problems in bounded domains driven by the A-Laplacian (thus
involving Sobolev-Orlicz spaces) can be found, for instance, in [17] (see also [16]) and
[23] for equations, as well as in [53] for systems. Regularity properties of solutions to
A-Laplacian equations and systems have been extensively studied in recent decades; see
[27, 28, 33, 69, 90, 127, 129] and the references therein.

Double-phase operators were introduced in [135] to describe models of strongly
anisotropic materials and typically take the form:

—div (a(z)|Vu|’*Vu + |Vu|"*Vu),

being 1 < ¢ <p< N anda:Q — [0,+00). The modularing coefficient a(z) > 0 dictates
the geometry of the composite made by two different materials, one with hardening expo-
nent p and the other with hardening exponent q. Several results regarding the existence,
uniqueness, and multiplicity of solutions for double-phase problems have been obtained;
see [2, 41, 42, 43, 61, 62, 63, 73, 93, 114] for references. Local regularity of minimizers of
integrals with non-standard growth was studied in [99, 100]. Additional local regularity
results have been established in [35, 5, 45, 101, 102] (see also the references therein). It is
worth noting that, in this context, global regularity remains poorly understood: indeed,
the classical nonlinear regularity theory [90] is no longer applicable to problems driven
by unbalanced growth operators.



In recent years, non-local differential operators, like the fractional p-Laplacian, have
been developed to model phenomena such as anomalous diffusion and processes involv-
ing long-range interactions. Non-local operators have gained significant traction due
to numerous applications to real-world problems such as game theory, finance, image
processing, and materials science. Consequently, many results concerning the existence,
uniqueness, and/or multiplicity of solutions for non-local operators have been obtained.
In particular, we mention [49, 82, 97] and the survey on fractional Sobolev spaces [46].
Recently, various regularity results have also been proven; see, for example, [84, 83]. Asin
the case of p-Laplacian, the fractional p-Laplacian can also be generalized by introducing
the (p, ¢)-fractional Laplacian. This non-local differential operator is nonhomogeneous
since it combines two distinct growth laws, one with index p and the other with index ¢
which allows for the description of phenomena where diffusion behavior varies depending
on the region or conditions. For these reasons, it is applicable in various fields ranging
from physics, including fluid dynamics, material science, models of complex systems, and
to applied mathematics.

In this thesis, we pursue this approach to generalization and present several works
in which these topics are addressed. In Chapter 1, we recall some preliminary notions
and results and present the functional spaces used to define our problems. Chapter
2 addresses two singular problems driven by nonhomogeneous operators, which were
studied in [54] and [55], respectively. First, we consider the following strongly singular
convective problem

—diva(Vu) = f(x,u) + g(x,Vu) in RY, )

u>0 in RY, @

being N > 2. Here the differential operator u — div a(Vu), usually called a-Laplacian,

is patterned after the (p,¢)-Laplacian A, + A, 1 < ¢ < p < +oo, while the reaction

term is strongly singular and convective. Under appropriate assumptions, the existence
of a generalized solution to (1) is established.

Next, we focus on the problem

—Agu = h(z)f(u,v) in RY,

~Agv = k(z)g(u,v) in RY,

u,v >0 in RY,
u(z),v(x) =0 as |z] = +oo,

(2)

where —Ag, (—Ay )is the ®-Laplacian (resp., U-Laplacian) (see Definition 1.4.1), while
the reaction term h(x)f(s,t) (k(x)g(s,t)) is ®-sublinear (resp., U-sublinear) and weakly
singular with respect to s (resp., t). We show that (2) admits a unique solution and
prove the decay of the fundamental solution of the ®-Laplacian, extending the results
for the p-Laplacian operator given in [3].

In Chapter 3, we establish the existence and non-existence of positive solutions to

{—AZU — Ayu = aa(z)|[ul?u+ Blul!%u in Q,

3
u=2>0 on Of). (3)



where Q@ € RY, N > 2, is a bounded domain with boundary 9 of class C?, A% is the
weighted p-Laplacian and «, 8 € R. Moreover, we build a curve C which separates the
region of existence from the region of non-existence of positive solutions to (3). These
results can be found in [56].

Chapter 4 focuses on some results proved in [58]. Let Q be a bounded domain in RY,
N > 2, with a Lipschitz boundary 02, let 0 < s < s<s;<l,andlet 1 <g<p< g
We investigate the existence of generalized solution to

q

u=0 in RV \ Q,

Ay — (—A)?u = f(x,u, D°u) in €,
{( = (~A)u = (D) "

where (—A)f, with 7 > 1 and 0 < ¢ < 1, denotes the fractional r-Laplacian (see (1.4.9)
for the definition), and the symbol D*u stands for the distributional Riesz fractional
gradient of u in the sense of [123, 124]. Inspired by [107, 57], we prove the existence of
at least one generalized solution to (4).

Finally, Chapter 5 introduces new topics and explores future research directions.



List of the symbols

X is a real local convex space
X* is the dual space of X

RY is the N-th dimensional Euclidean space endowed with the standard scalar product

B, (x) is the ball of radius r centered at x
Q) is a bounded domain of RY
0f) is the boundary of €2
wy is the surface area of the unit sphere in RY
€2| is the Lebesgue’s measure of
Q is the closure of
Given two sets O, Qs C RY, the symbol Q; € Qy means Q; C Q,
Xq denotes the characteristic function of €2
Vu is the gradient of the function u
Given u : RN — R, we define u, := max{u,0} and u_ := max{—u,0}
The set Q. := {x € RY : u(x) > k} is the super-level set of u at level k € R
Let F': X — [—o00, +00], the symbol OF (u) denotes the sub-differential of F' at w.
Awu is the Laplacian of u
f o g is the composition between f and g, that is, (f o g)(t) := f(g(t)) for all ¢
f,g:RY = R, then f * g stands for the convolution between f and ¢



Chapter 1

Preliminaries

In this chapter, we present key definitions and fundamental results that we use in this
thesis. Specifically, the first subsection introduces the definitions and core properties of
the rearrangement of a function, the conjugate of a functional, and some preliminary
lemmas. The second subsection introduces some properties related to operators of the
form A: X — X*, where (X;| - ||) is a Banach space. The last two subsections explore
certain functional spaces and nonhomogeneous elliptic operators, which serve as the focus
of study in the subsequent chapters of the thesis.

1.1 Some results from real analysis and measure the-
ory

Definition 1.1.1. Let f : RY — R be a measurable function. The (non-increasing)
rearrangement of f is defined as

fr(@t) :==1inf{s > 0: pus(s) <t} Vt>0,
being sif : [0, +00) — [0, 4+00) the distribution function of f, that is,
pi(s) = {z € RY ¢ |f(2)| > s}| Vs >0.

From this definition, it easily follows that f* is non-negative, non-increasing, right
continuous and satisfies the following inequality

[ up(s) <s Vs>0.
Since p f() is right-continuous, we deduce that
pr(f*(t)) <t Vt>0.

Moreover, (see [134, Proposition 1.8.3])



Proposition 1.1.2. Let f be a measurable function, and let f* denote its non-increasing
rearrangement. Consider the function

pps(r) == |{t € (0,400] : f*(t) > r}| = sup{t € (0,+o0] : f*(¢t) > r}.

Then we have
pup+(r) = pyg(r) vr>0.

For this reason, f* is also referred to as the equimeasurable, non-increasing rearrange-
ment of f.

The symbol f** stands for the integral average of the rearrangement f*, that is,

=g [ e
0
In view of [134, Lemmas 1.8.10 and 1.8.12], for all p € (1, +00) we have

P <peellfl, ve>o. (1.1.1)

For a more detailed discussion of the properties of rearranged functions, see [91, Chapter
3], [134, Chapter 1.8], and [70, Chapter 1.4.1]

Definition 1.1.3 (Conjugate functional). Let (X, X*) be a real locally convex space
and its dual, and let F : X — [—00,400| be a functional such that FF £ —oo. The
conjugate functional F* : X* — [—00,400] is defined as:

F*(u") = sup(u*,u) — F(u) Yu* € X",

ueX

We note that F™* is convex and lower semi-continuous on X* since it is the supremum
of a family of continuous functionals.
Let us present a classical example of a conjugate functional.

Example 1.1.4. Let X = X* = R. If we choose F': X — [0, +00) such that

p
F(u):M forallu € R and p > 1,
then )
*|p
F*(u*) = & for all u* € R,
p
being > =1~ -.

We refer to Chapter 51 of [133] for the proofs of the following propositions and for
further properties of conjugate functionals. From the definition of F*, it readily follows
that



Proposition 1.1.5. Let (F, F*) be a functional and its conjugate. Then one has
(wu) < F(u)+ F*(u*)  forallue X and u* € X*.

This inequality is called generalized Young’s inequality and becomes an equality if
and only if v* € 0F(u), namely if it holds

(u*;v —u) < F(v) — F(u),

for all v € X (see [133, Chapter 47.3] for the definition of subgradient and subdifferential
of a functional).

Corollary 1.1.6. Suppose F' : X — [—o00,+0o0] is a Gateaux differentiable functional
on X. Then we get

(u*,u) = F(u) + F*(u*) & u* = F'(u) for someu € X.

Now, suppose X is a reflexive Banach space. Then, recalling that (X*)* = X, we can
define the bi-conjugate of a functional F': X — [—o00, 00| as follows

(F*)*(u) = F*(u) := sup (v*,u)x — F*(v*) forallue X.

v*eX*

Take F, G : X — [—o00, +00] two functionals. If G(u) > —oo, we write G < F to indicate
that G(u) < F(u) for all u € X.

Moreover,

Theorem 1.1.7. Assume that X is a Banach reflexive space, and F,G : X — [—o0, +0]
are two functionals. We have:

1. if G < F, then F* < G

2. F** is convex and lower semi-continuous;

3. = < F,

4. F** = F when F' is conver and semi-continuous;

5. Let G be a convex and lower semi-continuous functional such that F** < G < F,
with F,G > —o0 or G = —oco. Then G = F™**.

From (4) — (5) it follows that the bi-conjugate functional F** of a functional F
represents the best convex and lower semi-continuous approximation of F.

Now, we will introduce a preliminary lemma that will be used in the subsequent
chapters



Proposition 1.1.8 (Pratt’s lemma). [55, Proposition A.1] Let (Q, p, . F) be a measure
space. Suppose {fn}, {gn}, {hn} to be sequences of measurable functions such that

fon—f p-a.e. in €, lim [ f,du= / fdu eR,

hy, = h p-a.e. in €, lim [ h,dp= / hdp € R,
Q Q

n—oo
gn — g p-a.e. in S, fon<gn < h, p-ae in Q.
Then
lim gndu:/gduER.
Proof. Tt suffices to apply Fatou’s lemma to both g, — f,, and h,, — g,. ]

1.2 On some operator properties
Definition 1.2.1. Let (X, | -||) be a Banach space. An operator A : X — X* is
e bounded if A maps bounded sets into bounded sets,
e continuous if u, — w implies A(u,) — A(u),
e demi-continuous if u, — w entails A(u,) — A(u),
e strongly continuous if u, — w implies A(u,) — A(u),
o weakly continuous if u,, — u infers A(u,) — A(u),
e compact if A maps bounded sets into relatively compact sets,

o completely continuous if A is continuous and given any sequence {u,} such that
up, — win X, it holds that A(u,) — A(u).

Remark 1. We notice that if A is strongly continuous, then A is completely continuous
and weakly continuous. Another consequence of the definitions given above is that if A
15 completely continuous, then it is compact.

Definition 1.2.2. Let (X, | -||) be a Banach space. An operator A : X — X* is
e monotone if (A(u) — A(v),u —v) >0 for all u,v € X,
o strictly monotone if (A(u) — A(v),u —v) > 0 for all u,v € X,
e strongly monotone if there exists a constant ¢ > 0 such that

(A(u) — A(v),u —v) > c|lu—v|| forall u,v € X,

8



e pseudo-monotone if, for any {u,} € X and u € X such that

u, ~u in X and limsup(A(u,),u, —u) <0 (1.2.1)
n—oo
one has
(A(u), v —v) < liminf(A(u,), u, —v)y Vv e X,
n—o0
e of type (Sy) if, for any sequence {u,} C X and any u € X satisfying the condition
given in (1.2.1), it follows that u, — u in X,

e coercive iff,
(Au,u)

lul—o0 [l

Remark 2. A completely continuous map A : X — X* is pseudo-monotone. Moreover,
it is readily seen that any continuous operator of type (S.) is pseudo-monotone (see, e.q.,
[48, Lemma 6.7]). Additionally, we note that the sum of pseudo-monotone operators is
a pseudo-monotone operator too.

Lemma 1.2.3. [5/, Lemma 2.2] Let (X, ||-||) be a Banach space. Suppose that A : X —
X* is a (Sy) operator, while B : X — X* is a compact operator. Then C := A+ B is a
(Sy+) operator.

Proof. Let {u,} C X and u € X such that u,, — v in X and

lim sup(C'(uy,), u,, — u) < 0. (1.2.2)

n—o0

Up to subsequences, compactness of B produces B(u,) — ¥ in X* for some ¢ € X*. So
(1.2.2) reads as

0 > limsup(A(uy,), u, — uy + lim (B(uy,), u, — u) = limsup(A(u,), u, — u).

Nn—00 n—oo n—00
Hence, the (Sy) property of A gives u,, — u in X, as desired. O

Now we recall the main result on pseudo-monotone operators. For the proof of the
following theorem, see for example [135, Theorem 27.A]

Theorem 1.2.4 (Main theorem on Pseudo-monotone Operators). Let (X, || - ||) be a
reflexive Banach space and let A : X — X* be a pseudo-monotone, bounded, and coercive
operator. Then, for each b € X*, there exists u € X solution of the equation Au = b.

This theorem, as a corollary, provides us with Minty-Browder’s theorem (see [15,
Corollary 5.16])

Corollary 1.2.5 ( Minty-Browder’s theorem). Let (X, ||-||) be a reflexive Banach space
and let A : X — X* be a nonlinear, continuous, strictly monotone, bounded, and coercive

operator. Then, for any b € X*, there exists a unique solution u € X of the equation
Au = b.



The following theorem is a consequence of Brouwer’s fixed point theorem. For the
proof, we refer to [122, p. 37].

Theorem 1.2.6. Let (X, ||-||) be a finite dimensional normed space and let A : X — X*
be continuous. Assume there exists R > 0 such that

(A(x),z) >0 for all z € X with ||z|| = R.

Then the equation A(x) =0 admits a solution T € X fulfilling ||z|| < R.

1.3 Functional spaces

In this section, we introduce some functional spaces that will be used later. In the
following, unless stated, we identify functions which coincide almost everywhere in §2.

1.3.1 Sobolev spaces

Given any domain 2 C RY | the set C°°(9) consists of the test functions that are com-
pactly supported in €.

Let p € R with 1 < p < 00, we set p' := p%l the Young conjugate of p. Moreover,
if p < N, we denote the Sobolev conjugates of p by p* := NN—SD. The spaces LP()) and
W1P(Q) are, respectively, the Lebesgue and Sobolev spaces, and they are equipped with
their standard norms:

1
ulPdx)? if 1 <p < +oo,
fullzsay o= § Uo7
essSUP,cq |u(x)| when p = 400,

ullwrr) = l|ullLr@) + VUl Lo ).

The space LP(Q) and W'P(Q) are reflexive for 1 < p < oo and separable for 1 < p <
oo. Moreover, note that Lebesgue spaces are rearrangement invariant. Indeed, given a
function v € LP(Q2) and its non-increasing rearrangement u* (see Definition 1.1.1), we
have

[ullzr@) = [[w*l[ e e,

since u and u* are equimeasurable.

Whenever the domain of integration is clear, for any p € [1,+o00] the norm || - ||,
stands for the usual L” norm.

Regarding embedding results, please refer to [15, Corollary 9.14 and Theorem 9.16].
Let 1 < p < oo. The space W,(Q) denotes the closure of C°(Q) in W'(Q). This
space is a separable Banach space and it is reflexive when 1 < p < co. Since C2°(Q2) is
dense in WHP(RY), we have

W(RY) = WP (RY).
Moreover, the following Poincaré inequality holds:

10



Theorem 1.3.1 (Poincaré inequality for Sobolev spaces). Suppose Q C RY is a bounded
domain with Lipschitz boundary 2. Then, there exists a constant C' = C(Q,p) > 0 such
that

lull, < C||Vull, for all u € WyP(Q).

Thus, we can endow I/VO1 P(Q2) with the equivalent norm given by the Poincaré in-
equality, that is,
[ullp = IVullp. (1.3.1)

Finally, we recall that W~1# () denotes the dual space of W, ?(Q).

1.3.2 Beppo-Levi spaces

When working in unbounded spaces, even for very simple problems, it becomes evident
that Sobolev spaces are not the most natural setting for addressing them. Indeed, let
u(x) = |z|~! be a solution to

—Au=0 inR3*\ {0},
u=1 on 0B,
u—0 as|z] — oo,

we can easily notice that
u€ L"(R*\ By) for he(3,+00),
while

Vue LF(R*\ B)) for ke (;,+oo) :

Hence, the Sobolev space W1H2(R?) is not the natural ambient to look for solutions
within. This compels us to look for solution within the setting of Beppo Levi spaces.

Definition 1.3.2. Let Q C RY be an arbitrary domain and let 1 < p < co. The Beppo
Levi space D'?(Q) (or homogeneous Sobolev spaces) is defined as

D' (Q) = {u € Lio(Q) : [Vul € L"()},
endowed with the norm ||ull1, = ||Vul|, (even if 2 is unbounded).
Observe that when €2 is a bounded and locally Lipschitz space, then
DY (Q) = WHP(Q)

(vide [52, Lemma I1.6.1 and Remark I1.6.1}).
Finally, we introduce the space Di*(Q) as the closure of C°(€2) under the norm
|Vull,. Since Dy (Q) < LP"(Q) continuously, we can identify Dy”(Q) with
Dy (Q) == {u € L () : |Vu| € LP(Q)}.

11



1.3.3 Orlicz and Orlicz-Sobolev spaces

In this subsection we present Orlicz and Orlicz-Sobolev spaces. These spaces generalized
Lebesgue and Sobolev spaces, when the role of the convex function tP is assumed by
a generic convex function obeying appropriate hypotheses. Let’s start by giving the
definition of Young functions.

Definition 1.3.3. A function A : [0,400) — [0, +00) is called Young function if
e A is convex,
e A(t) =0 if and only if t = 0,
e the following holds true:

lim A®) =0, lim Alt) = +o00. (1.3.2)

t—0t © t—+oo  {

Since A is a convex function, it admits the following representation:
t
Alt) = / Mr)dr forall ¢ 30,
0

being A : [0, 4+00) — [0, +00) a non-decreasing, left-continuous function such that A(0) =
0 (see [118, Corollary 2, p. 10]). Incidentally, we also note that A(7) # 0 for every 7 > 0.
Moreover, we set

LA Sp = sup t//t/(it)) (1.3.3)

A = %r>10 A(t) , ur

For more details on Orlicz spaces, see [87, Chapter 3| and [118, Chapter I-1]]

Lemma 1.3.4. [55, Lemma A.2] Let A be a Young function of class C* and set X := N
Denoting by

N 24 () tN (1)
= inf = 1.34
G DT 134
we suppose that 0 < 1y < sy < +o0o. Then
1 <in4+1<1p <sp<s)y+1<+00.
Proof. Observe that
d
(ix + DA(s) < d—(s)\(s)) < (sx+ 1A(s) Vs> 0.
s
Integrating in (0, ¢) and dividing by A(¢) produces
, tA'(t)
1< < 1 vt
2\t _A(t) < S\ + vt > 0,
yielding the conclusion. [

12



Proposition 1.3.5. [55, Proposition A.3] Let A, © be two Young functions of class C*.
Suppose that
0 <y <sy<ig <59 <—+o0o.

where iy, Sy, g, sg are defined as in (1.3.4). Then T := © o A~! is convez. If, moreover,
sp < i@, then Y is a Young function.

Proof. First we notice that T is of class C?. We have

Y =(© oA (AT =(0©ocA). (% o A—l) = % oA, (1.3.5)

so T is strictly increasing, since ©’; A’ > 0 in R . Differentiating we get

y % . /_ [sY @//_A// . 1y

(o) (G (G F) )] o
B o /0" A . 1 3\ o Q" A .
|GG -%) ] (o) = [ave (&) o2

Moreover,

Oty A'(t) 1 [tO"(t) tA'(H)\ _ 1.
510~ v 1 (o0 ~ a) 2 glem 0 o

Thus Y” > 0, ensuring the convexity of Y.
Now suppose s < ig. By (1.3.5) and the definition of T we deduce that

T O M) ey
T(t)  OATONAT(E)  O(mN(r)
where 7 := A7!(t). Recalling also Lemma 1.3.4 we infer
' 1
1< cipcspc® (1.3.6)
SA A 2\ + 1
ensuring (1.3.2) for Y, which is therefore a Young function. O

Definition 1.3.6. [The Young conjugate of A] Let A be a Young function. We define
the Young conjugate of A, denoted by A, as

Alt) = rgmgc{st —A(s)} vt>0.

From the definition of Young conjugate, Young’s inequality easily follows:
st < A(s) +A(t) Vt,s>0. (1.3.7)

Moreover, (see [79, Lemma 2.4.2 and Proposition 2.4.5])

13



Proposition 1.3.7. Let (A, A) be a pair of complementary Young function. Then A is
an increasing, convex function such that A = A.

Consider a pair of complementary Young functions (A, A), and denote by (A~1, Kﬁl)
their inverse. Using their integral representation, it is easy to prove that

A(t)+ A(s) < A(t+s) Vi, s>0;
At +s) A +A(s)™h Vs> 0;

t< AN () <2t V>0 (1.3.8)
A(t) < tA (M) < 2A(t) Wt > 0; (1.3.9)
— (A(t
A (¥) < A(t) Vt>0; (1.3.10)
A(s +1) < C(A(s) + A1) Vs,t > 0. (1.3.11)
AU < CtR V> 1. (1.3.12)
(vide [118, Proposition II.1.1]).
Incidentally, we recall (cf. [118, p.10]) that
A= (A)7! (1.3.13)

for any Young function A.
Let’s introduce a comparison relation between Young functions, which will be very
useful in dealing with the inclusions between Orlicz spaces.

Definition 1.3.8. Let A;, Ay be two Young functions. We write A; < A, if there exist
¢, T > 0 such that

We write A; < Ay if for any ¢ > 0 there exists 7= T'(¢) > 0 such that (1.3.14) holds
true. It can be proved that the statement A; < Ay is equivalent to requiring

Ay (1)

L wen R
(for the proof, see [118, Theorem I1.2.2]).
Thus, provided A; < As, one has
A (1) < oAo(t) +Cy W0 >0, (1.3.15)

where C, is a suitable positive constant. Finally, we recall that
sa, <tn, = M <A = A <Ay

while the reversed implications are generally false. Indeed, if we take A; = tP and
Ay = tPlog(1+t), we have that A; < Ag, but sy, = p = ip,. Moreover if Ay (t) := Aqg(kt),
being k£ > 0, then Ay < As, but it doesn’t hold true that A; < As.

Now, we present some interpolation results. The first lemma is our starting point
and can be found in [118, Lemma VI.3.2].
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Lemma 1.3.9. Let @, ¥ be two Young functions such that ® < V. Then there ezists a
Young function A such that ® < A < V. Such A is called intermediate function between
® and V.

Proposition 1.3.10. /55, Proposition A.5] Assume ®, ¥, Y are three Young functions
such that B B
P VoY o

Then, there exists a Young functions A such that
P ALK ToYT o

Proof. Set © := W oY 'oX. A careful inspection of [118, Theorem I1.2.2(b)] reveals
that there exists a Young function R such that = := ®o R < O even if O is not a Young
function. Thus, using (1.3.26) and = < O, we have

2(t) < Z()t=xp<ny + MO(ct)xpsy =: O(t) Vit >0,

for suitable M,c > 0. Let us consider F** := (F*)* to be the convex bi-conjugate of
a generic function F (see Deﬁmtlon 1.1.3 for its definition). From Theorem 1.1.7, we
have ©** < © and =** = = =, since = is convex and continuous. Moreover, the convex
conjugation is a decreasing operator (vide [133, Proposition 51.6]), so that = < © implies
©* < =*, which in turn gives = < ©**. Then

E=E"<O0% <O in (0,+). (1.3.16)

Define A := ﬁ@**. Convexity of A is guaranteed by [133, Proposition 51.6]; moreover,

it is readily seen that (1.3.16) ensures (1.3.2) for A := A. Hence A is a Young function.
Obviously, A < ©. On the other hand, for any fixed ¢, C' > 0, we choose T' > 0 such that
R(t 1
¥ > Lmax{2MC, 1} Vi T, (1.3.17)
€
which is possible by super-linearity of R. Thus, recalling (1.3.16), the convexity of ®,
and (1.3.17),

Moy _Aozen . 1 ey 1 BV o Ry

(et) D(t) ~ 2M  B(¢) oM B(t) —2M jf% pn

holds true for any t > % Arbitrariness of C' and € permits to conclude ® < A Invoking
Proposition 1.3.9 produces a Young function A such that ® < A < A<o. O]

Definition 1.3.11. Let A be a Young function. We write A € A, if there exist k > 0
such that
A(2t) < kA(t) Vt>T > 0.

We write A € Vy if there exist n > 1 and T" > 0 such that
1
Alt) < —A(nt) Yt>T.
2n
When T = 0 we say that A € A, globally (resp. A € Vs globally).
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According to [87, Theorem 3.4.4], a Young function A satisfies the Ay-condition if
and only if

lim sup o)
1m su o0

Inspired by [111, Lemma 2.1], let us prove a generalization of Young’s inequality (1.3.7)

Lemma 1.3.12 (Young’s inequality). [55, Lemma A.8] Let A;,©, i = 1,2,3, be four
Young functions with © € Ay. If

AT AT OASH(E) < kO7THH) VE>0
for some k > 0, then
O(zyz) < C[A1(z) + Ao(y) + As(2)] Vz,y,2>0
for some C' > 0 depending on k,©.

Proof. Suppose, without loss of generality, that Aj(z) < As(y) < As(z). Then, by
hypothesis,

vyz = Ay (Ar(2) Ay (Ao (1)) Ay

< AT (As(2))A5 1 (As(2))A5 7 (As(2)) < kO (As(2)).

H
—~
=
@
~—~
N
N—
N—

Thus, since © € Ay, there exists C' = C(k,©) > 0 such that
O(yz) < OKO ™ (As(2))) < COO(Ag(2))) = Cha(2) < ClA(x) + Aoly) + Ag(2)].
Exchanging the role of Aj,As,A3 concludes the proof. ]
Now, let us introduce Orlicz classes and Orlicz spaces.

Definition 1.3.13 (Orlicz class). Given any open set  C RY and any Young function
A, the Orlicz class L*(Q) is defined as

IMNQ) == {u:Q = R: uis measurable and px(u) < oo}
being
pa() = [ Aula))a.
the modular function.

LA(Q) may be not a linear set. Indeed, suppose that @ = By(0), and A(t) :=
e'—t—1, one has that u(z) = —1log|z| € L*(B(0)), but 2u(z) = —log|z| & L*(B1(0)).
However, the following theorem holds (for the proof, see [87, Theorem 3.5.3]).

Theorem 1.3.14. Let Q C RN, The following results holds true

o if |Q| < 400, then LNRQ) is a linear set if and only if A € Ay;

16



e if | = 400, then LNQ) is a linear set if A € Ay globally.

Definition 1.3.15. Let A be an arbitrary Young function. We denote by LA(Q) the
linear hull of L*(Q). This space is normed by the Luxembourg norm

ul[ == inf{r>0: /QA(’“(T“"”) do < 1}.

(LA(Q), |l - ||a) is a Banach space (see [87, Theorem 3.9.1]).
Thanks to Theorem 1.3.14, one can conclude that whether [Q] < oo or [Q2] = oo and
A € A, globally, then LA(Q2) = L*(Q) (see [87, Theorem 3.7.3]). Otherwise,

LAQ) c LMQ).

If there exists a constant ¢ > 0 such that cu € L*(Q), then, since L*() is a linear space,
it follows u € L*(Q). Furthermore, the reverse implication also holds. Specifically, as
shown in (see [87, Lemma 3.7.2.]):

Theorem 1.3.16. A function u € LA if and only if there exists ¢ > 0 such that
cu € LAQ).

Reasoning as for Lebesgue spaces, it can be easily proven that Orlicz spaces are
rearrangement invariant.
Let us present a very useful result which allow to compare the modular and the norm:

Proposition 1.3.17. For any Young function A, one has
llulla <1 (resp. =1,>1) < pa(u) <1 (resp. =1,> 1),
llul[p = 0 (resp. — o0) < pa(u) — 0 (resp. — 00),

Now, following the definition given by Cianchi in [27, 26], we present the Sobolev
conjugate of a Young function.

Definition 1.3.18. Let A be a Young function satisfying

A(ﬁ)wl dt < +oo and /+OO (ﬁ) e dt = +oo. (1.3.18)

where N/ = % Then the Sobolev conjugate of A, denoted by A,, is defined as
A, = Ao # 7! where S is given by




We remark that A, is a Young function because it is the composition of Young
functions.

If we consider the Young function A(t) = #*/p with 1 < p < N, then (1.3.18)
holds true. Moreover, consistently with what has been observed in Lebesgue spaces,
a computation shows that A.(t) = t? /p*. Similarly, if we choose an arbitrary Young
function such that 1 < 74 < sy < N, then (1.3.18) is satisfied and we can define the
Sobolev conjugate of A.

Furthermore, it is worth noting that when © C RY has finite measure, the first
condition in (1.3.18) is not necessary. In fact, we can modify A near 0 to ensure the
convergence of the integral. This modified function gives rise to an Orlicz space whose
norm is equivalent to that of the Orlicz space associated with the original function (see
[87, Theorem 3.17.3 and Remark 3.17.4]). Thus, in this case, the function A, is well-
defined by only requiring the second assumption in (1.3.18).

Now, we introduce some interpolation results:

Proposition 1.3.19. [55, Proposition A.6] Let h belong to L*(RY) N L>°(RY). Then
h € LA(RYN) for all Young functions A.

Proof. According to (1.3.2), there exists o > 0 such that A(t) <t for all ¢t € (0,0]. Set
7 := max{||h||1, 07 ||h||o}. Since |{|h] > To}| = 0, we have

h h 1 h
/ A(u>daz:/ A(U)dxg—/ |h\dx§” Iy
RN T {Ihl<ro} T T J{lh|<ro} T

Thus [[2]|a < max{([A[l, o~ || 2lloc}- B

Proposition 1.3.20. [55, Proposition A.7] Let A,© be two Young functions such that
A <O, and let h € LY(RY) N L>®(RY). Then there exists C = C(A, O, || k|1, [|h]|s) > 0
such that

[hulla < Cllulle

for all u € L°(RY),
Proof. By A < © we have, for suitable ¢, T > 0,
A(t) < O(ct) Vt>T.

Set 7 := cR||h||]|u]|o, with R > 1 to be chosen. We compute

|hu|) / ( |hu ) 1/ |h| ( |ul )

A(— dr= [ A(—"M ) qp< = A dz

/]RN T gy \CR|h|||ulle R Jen [[h]ls \cllulle

1[/ @( i )d:HM/ |h|dx}

(uzerfule}  \lulle 17lloo Jgpui<criiufio)

HhHl)

1+ A(T)1HL )

( ST

18

IN

== =l

<



[[F2]lx
lIn

Choosing R :=1+ A(T) we deduce

[loo

171l
17l

Ihuls <7 =c (1 L AD) ) Wllselllle = e(llAlloe + ATl fullo.

]

Proposition 1.3.21. [55, Proposition A.9] Let A be a Young function satisfying sy < N.
Then, for any u € L*(RY) and v € LN(RY), one has

[uv|ls < Cllulla.][v]lx,
for some C' = C(N, sp) > 0.
Proof. According to Holder’s inequality [111, Theorem 6.7], it is sufficient to prove
tNATN(E) < CATY(E) V>0, (1.3.19)
which is equivalent (setting s := A71(¢)) to
"(A(s)) < Cs Vs> 0. (1.3.20)

1

71 N/
Recalling that A7 (A(s)) = (fos ( = ) - dT) , (1.3.20) is equivalent to

A(T)

As)¥ (/0 (A(Z)) = d7> v <Cs V¥s>0. (1.3.21)

By hypothesis, for any € € (0, N — s,) the function ¢ — % is increasing: indeed,

d tN—E _ tN—{;‘—l (N o tA/(t)

tN—e—l
GAD ~ AQ A(t))z (N—sy—¢)>0 Vt>D0.

A()

Thus, fixing € as above,

(o) o[ G "o () [

which ensures (1.3.21). O

Now, we introduce the Orlicz-Sobolev spaces.
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Definition 1.3.22. Let  C RY be a domain. Let A be a Young function, the vectorial
space
WHA(Q) = {u e LNQ) : |[Vu| € LY(Q)}
equipped with the norm
[ullwrrai) == llulla + [Vl
is called Orlicz-Sobolev space. We denote by W*LK(Q) its dual.

Orlicz-Sobolev spaces generalize the classical Sobolev spaces. Indeed, let 1 < p < o0,
and A = P /p, then WA (Q) = Whr(Q).

Suppose A € Ay. Then W, () is the closure of C°(2) with respect to || - lwag).-
As in the power case, one has

Theorem 1.3.23. [29, Theorem 4.1] Let Q be a bounded Lipschitz domain. Then
lulla < ClIVulla for any u € Wy (),
being C' = C(N,Q) > 0 a suitable constant.

Thus, when € is a bounded Lipschitz domain, we can endow I/VO1 A(Q) with the
standard equivalent norm given by the Poincaré inequality, that is,

ull1.a = || Vu|a. (1.3.22)

Now, we recall some useful embeddings in the spirit of Rellich-Kondrachov’s theorem.
Thanks to Theorem 2, and 3 of [26] one has

Theorem 1.3.24. Let Q C RY be a bounded domain with Lipschitz boundary 02, and
let A be a Young function fulfilling (1.3.18). The following hold

(a) LAQ) — LE(Q) continuously for all 2 < A,.
(b) WEAQ) — LE(Q) continuously for all = < A,.
(¢) The embedding in (b) is compact if = < A,.

The continuous embedding W1A(Q) — LA+(Q), as established in [27, Theorem 3],
ensures that A, is the smallest Young space for which this continuous embedding holds
true.

Finally, as in the power case, when working in unbounded domains, the summability
of the function and its gradient can differ (see Section 1.3.2 below). For this reason, it
is necessary to introduce the Orlicz-Beppo Levi spaces.

Suppose 2 C R¥ is an open, connected set. The Orlicz-Beppo Levi space Dé’A(Q) is the
closure of C2°(£2) with respect to the semi-norm

[u] == [[Vula-

Assume that (1.3.18) is satisfied. As seen in Section 1.3.2, the continuity of the embed-
ding W, (Q) — L*+(Q) allows us to identify D3 (€2) with the functional space

Dy (Q) := {u e LM(Q) : |[Vu| € LM(Q)}.
Finally, we introduce the weighted Orlicz spaces (cf. [130]),
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Definition 1.3.25. Let w € L'(Q2) and A € A,. We define the weighted Orlicz space as
LA w) = {u : Q — R measurable: / w(x)A(|u(z)|) de < —i—oo} :
Q
This space, equipped with the Luxembourg norm

]l A (@ = inf {T >0 /Qw(x)A ('“(f)‘) de < 1} :

is a Banach space.

Suppose Q = RY. Then, we can generalize the definitions given previously by defining

LARY) = {u : RY — R measurable: A(Ju(z)])dx < —i—oo} :

LARN w) = {u : RY — R measurable: /RN w(x)A(|lu(z)|) de < —i—oo} :
WIARY) = {u e L*RY) : |Vu| € LN RY)},
DM RY) = {u e LN (RY) : |Vu| € LARM)}.

Observe that the natural decay of functions in Dg* (RY) is only measure-theoretical, in
the sense that

wue DYMRY) = |[{zeRY: |u(z)|>ce}| < ﬁé‘)/w A(Ju(z)|) dx < 400 Ve > 0.

By virtue of Theorem 3 of [27], one has the following continuous embedding;:
DMARY) — LA (RMY). (1.3.23)

Proposition 1.3.26 (Continuous embedding result). [55, Proposition A.10] Let A be a

Young function satisfying sy < N, and let w € L*(RY) N L>®(RY), w > 0. Then, for
1,A N

any u € Dy (RY),

/ wA(|u]) de < C/ A(|Vul) dz,
RN RN
being C = C(N, ||w]|1, |w]|s) > 0. In particular, the embedding
Dy RYN) — LARY; w) (1.3.24)
1S CONLINUOUS.

Proof. Set Cy = 8| B;|~'/" and take any ¢ € (0,1). Observe that

% (/RN A(Vu]) dx) :

21
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Oy (fon A(Vu]) dz) ¥

Adul) = [0
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Now we apply Lemma 1.3.12 with the functions A, tV, and A,, after observing that

A OV ATL () < KR T()ATY() < 2Kkt
by virtue of (1.3.19) and (1.3.8). Exploiting (1.3.10) We get

Alul)

<cC SK(%TD>+<%>N/RNA(|VM)M+A* AT |l|“w|) T

Cn |ul
< CeA(\u!)+C( ; ) /RN A(|Vu|) dz + CA, (CN Y vu)dx)fv) .

Re-absorbing the first term on the left, multiplying by w, and integrating yield

(1—-C¢) /]RN wA(|u]) dz

N
<ol () [ a0vuhas+fui [ a. el K.
€ RN RN Cn (fen A(|Vul)dz) ¥

Now we choose € = 5. Using [27, Theorem 3] we conclude

C
(2 bl + ol

/RN A(Vul) de

/ wA(Ju) dz < 20
RN

Now, let A be a Young function whose indices iy and s, obey

1 <iy < sp < +00, (1.3.25)

(for the definition of iy, sa, refer to (1.3.3)). We define the functions ¢, (a1 [0, +00) —

[0, +00) as
¢, ()= min{t4, 0, C,(t) := max{t", 5},

From [50, Lemma 2.1], one has

and
G Ulullzag)) < /QA(IU(:U)!)dx < Callullae)

22
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for all w € L*(Q). Incidentally, we recall that, according to Corollary I1.3.4 of [118],
A € Ay NV, implies that also A € Ay N Vy, and it is equivalent to requiring (1.3.25).
Moreover, we can easily prove that

and, provided sy < N,
iy <ip, < sp, < S, (1.3.28)

(see [50, Lemmas 2.4-2.5]). Now, we prove that, if we impose an appropriate decay
condition at infinity on the weighted function w, then the embedding (1.3.24) is also
compact.

Proposition 1.3.27. [55, Proposition A.11] Let A be a Young function satisfying sy <
N, and let w € L*RY) N L®(RY), w > 0, obeying w(x) — 0 as |z| — +o00. Then the
embedding

DYAMRY) > LA (RN w)
1§ compact.

Proof. This proof is inspired by [130, Theorem 2.1]. For any bounded domain  C R,
we define the space

WENQw) = {u € LM w) : |[Vu| € LA(Q)}.
The following operators are continuous:
ot DYNRY) = WA (B w),  ra(u) = u
i W B w) — LY By w), in(u) = u,
z) = {u(m) if v € B,,

|Bn’

en : LM(Bpiw) — LARYN;w),  en(u)

—~

0 if v € B,.

Reasoning as in [87, Lemma 7.4.1], we deduce that i, is compact; thus I,, :== e, oi, o7,
is compact too. We want to prove that {I,,} converges to the identity operator. To this
aim, first we show that, for all u € L*(RY),

1

L
e (1.3.29)

Observe that ||w|| e (pe) — 0 because of w(x) — 0 as |x| — +00, as well as ||w|| 1) — 0
since w € L'(RY). Thus, choosing M > 0 such that A(t) < A.(¢) for all ¢ > M, besides
using (1.3.26), for any n sufficiently large we have

/ wA <L> dz

B Callulla.

§/ wA*< [ )dx—l—A(M)/ wdx
{u>Meg|ul|a, }JNBE cnllul|a. {u<Mep|ul|a, }NBE

gc[/ “A’A< id )daz+ wdx}
Bg Cn " [Jwlla, B

1
< C [0l e gy + Illormg | <1,

HUHLA(B,’;;U)) < CnHuHA*, being Cp = Hw




ensuring (1.3.29). Accordingly, for any n, m € N such that m > n,

[TL _[m W €.
L=  sup ) = In@lseyw oo s

ueDy" (RN)\{0} el o vy T ueptr@ingop lullzas @y

where we have used the embedding inequality related to (1.3.23). Since ¢, — 0, {[,,} is
a Cauchy sequence of compact operators and hence I,, — I for some compact operator
I (see [15, Theorem 6.1]). The argument in [130, p.283| identifies I with the identity
operator, which concludes the proof. ]

1.3.4 Musielak-Orlicz and Musielak-Sobolev-Orlicz spaces

Orlicz spaces are based on suitable convex functions, independent of the variable x,
known as Young functions. In contrast, Musielak-Orlicz spaces are built upon generalized
Young functions, which can depend on both the variable x and the function’s value. For

a comprehensive presentation of these spaces, we refer the reader to the monographs
[79, 110]; see also [51, 41].

Definition 1.3.28. Let Q C R" be an arbitrary domain. A function A : Q x [0, +-00) —
[0, 4+00) is called a generalized A-function if

e A(-,t) is measurable for all ¢ € [0, +00),
e A(z,-) is a Young function for a.e. © € Q (see Definition 1.3.3).
The set of all generalized A-functions is denoted by A(Q).

Classical examples of generalized A-functions are A(x,t) := t*®) and A(z,t) =
a(x)t? + t?, where p(-) is a measurable function, 1 < ¢ < p < N, and a(-) is a non-
negative measurable function with suitable properties.

For any fixed x € 2, we can consider the function A(z, -) and introduce the generalized
Young conjugate A(z, -) as outlined in Definition 1.3.6. Similarly, we compare generalized
Young functions according to Definition 1.3.8.

Definition 1.3.29. We say that A satisfies the Ay condition (resp., the Vy-condition)
if, for each fixed x € €, it holds that A(z,-) € Ay (resp., in Vs).

Definition 1.3.30. Given any A € A(Q), the Musielak-Orlicz class L*(Q) is defined as
IMQ) == {u:Q = R: uis measurable and px(u) < oo}
being

pa(u) = /QA(IK, lu(x)]) de.
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Definition 1.3.31. The Musielak—Orlicz space L*(2) is given by

LMQ) := {u: Q — R : wuis measurable and lim pa(nu) = 0}.
n—0

It becomes a Banach space when equipped with the Luxemburg norm:
u
|lu||a = inf {T >0: pa (—) < 1} .
T

As in the case of Orlicz spaces, it can be shown that L*(Q) can also be defined as the
linear hull of L*(Q) (see [110, Definition 7.2 and Property 7.4]) In the Musielak-Orlicz
setting, analogous results to Theorem 1.3.14 and Proposition 1.3.17 still hold (see [110,
Theorem 8.13] and [79, Lemma 3.2.3], resp.). Therefore, L*(Q) = LA(Q) if one of the
following conditions holds:

o | <ooand A € Ay,
o [ =00 and A € A, globally.

Finally, we note that, unlike Orlicz spaces, Musielak-Orlicz spaces may not be
rearrangement invariant as the modular depends on the variable z.

The Musielak—Sobolev-Orlicz space W (Q) is defined by
WhAQ) = {u € LA(Q) : |Vu| € LMQ)}, (1.3.30)
equipped with the norm
[ullwra) = [lulla + [[Vulla-

Suppose that A € A,. We introduce the space Wi (€) as the completion of C°(1)
under the norm [|-[|y1.4 (). The topological dual of W, (€) will be denoted by W™ (Q)*,
while (-,-) stands for the duality brackets. As in the Orlicz case, we can extend all
definitions for 2 = RV,

Finally, we aim to study the density of smooth functions in W1*(Q). To this end, we
need to introduce the following definitions, which are provided in [79, Definition 2.1.3,
and Definition 2.5.2].

Definition 1.3.32 (®— function). A function ¢ : Q x [0, +00) — [0, 4+00) is a weak ®—
function if

1. ¢(-,t) is measurable for any ¢ € [0, +00),
2. p(z,0)=0aec z€Q,
3. lim g+ (x,t) =0 and limy_,, o p(x,t) = 400 for a.e. x €

4. t— @ is almost increasing, namely there exists a constant a > 1 such that

forall 0 < s <t

ple,s) _ plat)
S - t

and for a.e. = € €. In this case, we claim that ¢ satisfies the property (alnc);.
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The class of weak ®—functions is denoted by ®,,(2).

Definition 1.3.33. Given ¢ € ©,,(£2). We say that ¢ satisfies

(aDec) if there exists [ > 0 such that ¢ — “"(ﬁ’t) is almost decreasing, namely there exists
a constant b > 1 such that

plat) _ el

T ; for all 0 < s <t and for a.e. x € €;
s

‘ - -1 :
0 ) = ) = s )
(Ag) if there exists 5 € (0, 1] such that g < ¢~ '(x,1) < 5 for a.e. z € Q

1

B

(Ay) if there exists 8 € (0,1) such that Sp~!(z,t) < ¢ (y,t) for every t € [1, ﬁ} and
for a.a. z,y € QN B, being B a ball with |B| < 1;

(Ag) if for every s > 0 there exists 3 € (0, 1] such that o~ '(z,t) < ¢~ '(y,t) for a.a.
z,y € Q and for every t € [h(z) + h(y), s] where h € L*(Q) N L>(RQ).

Condition (Ay), known as the weight condition, is equivalent to requiring the existence
of 5 € (0,1) such that

1

oz, ) <1<y (m, B) for a.e. = € (),

(see [79, Corollary 3.7.4]). Condition (A;), referred to as the local continuity condition,
enables the comparison of the values of ¢ at nearby points. Finally, Condition (As) is
called the decay condition and it is always satisfied when €2 is a bounded set (vide [79,
Lemma 4.2.3]).

Let A be a generalized Young function. Then A is a weak A—function (& = A).
Indeed, conditions (1) — (3) follow from the definition of generalized Young function,
while (4), with @ = 1, is obtained using the convexity of A(x,-)

Alz,s) = A (x %) < ;A(x,t) + (1 - ;) Az, 0) = §A(x,t).
Moreover, if we take a generalized Young function A € A,, then A satisfies (aDec)
condition. Indeed, the following characterization holds true:

Theorem 1.3.34. [79, Lemma 2.2.6] A generalized Young function A € Ay if and only
if (aDec) is satisfied.

Now, let us consider an arbitrary Young’s function A. Since the conditions (A;),
i =0,1,2, depend only on the variable z, A fulfills them. Thus, Theorem 6.4.7 of [79]
leads to the following corollary:

Corollary 1.3.35. Assume that A € Ay is an arbitrary Young function. Then C*°(Q2)N
WA Q) is dense in WHA(Q).
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Moreover, we have

Corollary 1.3.36. Let A € Ay be a generalized Young function fulfilling (A;), 1 = 0,1, 2.
Then C=(Q) N WHA(Q) is dense in WHA(Q).

Let us conclude this introductory paragraph on Musielak-Orlicz spaces by giving the
definition of the Sobolev conjugate A, of a generalized Young function A (see [31] for
more results about the Sobolev conjugate and Sobolev embedding theorems in Musielak-
Orlicz spaces.) To this end, we introduce the notion of normalized generalized Young
function:

Definition 1.3.37. A function ¢ € A(Q) is called normalized if the following conditions
hold:

e o l(x,1)=1"for ae. z€Q;

e there exists 8 € (0,1] such that o' (z,t) < p~!(y,t) for every t € [1, ‘—é‘] and
for a.a. x,y € QN B, where B is a ball B C €);

o Let t — @oo(t) be the function defined by

Yoo(t) := limsup p(z,t) for all t > 0. (1.3.31)

|z|—o00
Then,
o(x,t) = poo(t) for t € [0, 1].

Any generalized Young function, fulfilling (A;), i = 0, 1, 2, can be normalized without
modifying the associated Musielak-Orlicz space, aside from equivalent norms (see Lemma
4.1 and Proposition 4.2 of [80]). In this case, the normalized generalized Young function
associated with A is denoted by A and is defined as

5 2A0(l’,t) — ]_, if ¢ Z ].,
Az, t) = limsup Ag(z,t), if 0 <t <1,

|z| =00

being
Ao(z,t) := max{A(x, A" (z,1)t),2t — 1} forx € Q and t > 0.

Moreover, one has
~ 4
Az, Bt) < Az, 1) < A (g; Ft) it > 1
< 2t )
A (Bt) < Az, 1) < A <5) ifo<t<l, (1.3.32)
where [ is the constant in (Ap), and A is defined as in (1.3.31).
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Definition 1.3.38 (Sobolev conjugate of A). Let A be a generalized Young function
satisfying (A;), for i = 0,1, 2. If the condition

/01 (ﬁ(ﬂ) - dt < oo, (1.3.33)

holds, then the Sobolev conjugate of A is defined as
An(z,t) = Nz, 7 (x,t)) for z € Qand t > 0,
where S, : 2 x [0,4+00) — [0, +00) is defined by

t vt w7
I (x,t) = / (~ T ) dr for x € Q and t > 0.
0 A(f,T)

We notice that ., is well-posed thanks to (1.3.32) and (1.3.33). Moreover, in [31],
it is also proved that this Sobolev conjugate is sharp in the sense that the process
used to obtain A,(z,-) from A(z,-), for each fixed z, is exactly the same as the one
that determines the optimal Sobolev conjugate of a classical Young function, which is
independent of x.

Now, we focus on one of the most popular classes of generalized Young functions,
namely the so-called double-phase Young functions.

Definition 1.3.39. Let Q@ C RY be an arbitrary domain, let a € L>(Q2) be a non-
negative function, and let 1 < ¢ < p < N. Then, the function § € A(Q) defined by:

O(x,t) :=a(x)t? +t9 for all (x,t) € Q x [0, +00), (1.3.34)
is called the double-phase Young function.

The symbol 0 denotes the Young conjugate of 6, which is defined as:

O(x,t) := mgox{st —0(x,s)} V(x,t) € Qx[0,+00).
Suppose that Q C R¥ is bounded set. Recalling Definition 1.3.31, one has
LY(Q) :== {u: Q — R : wuis measurable and py(u) = / a(z)|u(z)|” + |u(z)|?dz < oo}
0

Moreover, (see [79, Lemma 3.2.9]):
min{Jul}, lullg} < po(u) < max{lulf), [u|§} forallw € L°(Q).  (13.35)
The Musielak—Sobolev-Orlicz space W19(€) is defined by
W(Q) .= {u e L°(Q) : |Vu| € L°(Q)}.
This space is equipped with the norm
[l = [lullo + [[Vullo.

Noticing that # € Ay, we define the space W, ’Q(Q)ias the closure of C'2°(2) with respect
to the norm || - ||1¢. Denote with the symbol W~¢(Q) the topological dual of Wy ().
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Proposition 1.3.40. [3/, Proposition 2.15] Let @ C RN be a bounded domain with
Lipschitz boundary 0S). Then, the following inclusions hold:

(a) LP(Q) — LY(Q) continuously;

(b) LY(Q) = L"(Q) continuously for all r € (0, ql;

(¢) W?(Q) — W (Q) continuously for all r € [1,q];
(d

) Wa?(Q) = L7(Q) continuously for all r € [1,¢*] and compactly for all v € [1,q*).

If we impose a more restrictive hypothesis on p and ¢, we obtain Poincaré’s inequality
(see the proof in [41, Proposition 2.18]):

Theorem 1.3.41 (Poincaré’s inequality). Suppose Q C RY is a bounded Lipschitz do-
main, and 1 < q < p < q*. Then, one has

o WL9(Q) — L%Q) compactly;
e Poincaré’s inequality holds true for WOI’Q(Q).
Thus, under these assumptions, we can equip VVO1 ’G(Q) with the equivalent norm
lullie = |Vuls for all u € Wy (Q).
Another consequence of the bound p < ¢* is the following compact embedding.

Proposition 1.3.42. [56, Proposition 2.2] Assume the same hypothesis of Theorem
1.3.41. Then the embedding Wy*(Q) — LP(Q) is compact.

Proof. Take any bounded sequence {u,} C W, (). Hence, according to Rellich-
Kondrachov’s theorem [15, Theorem 9.16], besides recalling that p < ¢*, there exists
u € LP(Q) such that u, — win LP(Q2). Thus, point (a) of Proposition 1.3.40 ensures the
claim. ]

Finally, we focus on the density of C*(2) N W9(Q) in W19(Q). To this aim, it is
necessary to strengthen the assumptions on a(-), and the condition p < ¢*. Firstly, we
notice that since a € L*(£2), the conditions (Ag) and (As) are satisfied (see [79, Lemma
4.2.5 and Proposition 7.2.1]). Moreover,

Theorem 1.3.43. (see [79, Proposition 7.2.2]) The generalized Young function 6 satis-
fies (Aq) if and only if

a(y) < Cla() + |z —y|T7)  for every z,y € Q,

and for some constant C' > 0.
In particular, if

3
A
[
+
| —

and

ac CU%(pfq)(Q)y
then 0 satisfies (Ay).
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Hence, thanks to Corollary 1.3.36, one has

Corollary 1.3.44. Let Q C RY be a bounded domain with Lipschitz boundary 02, and
let 1 <q<p< N satisfy

Additionally, suppose that a € CO’%(p_q)(Q) is a non-negative function. Then, C*(2) N
WLO(Q) is dense in WH0(Q).

Consequently, if
N
a€ C¥a P N(RY) N L=(RY),

then C°(RY) N WH(RY) is dense in WL (RY).
For results about the so-called double phase Young functions with variable exponents
see [41]. )
Finally, we conclude this subsection by introducing the function 6y € A(2) defined
as
Oo(z,t) :== a(x)t? for all (x,t) € Q x [0, +00),

where 0 < a(-) € L>(Q2) and 1 < p < N.
If O C RY is a bounded domain with Lipschitz boundary 92, then

W (Q) = Wy ()

continuously. However, to ensure the Poincaré’s inequality, it is necessary to strengthen
the assumptions on a(-), requiring that a belongs to the Muckenhoupt class A, i.e.,

1 1 1 -p
E/ adx S D |§|/ a7 dx (1336)
B B

for some D > 0 and for any ball B C ; see [77, p.297]. Under this additional condition
on a, one has the Poincaré’s inequality, that is,

lulle, < IVulls, for all u e W™ (Q), (1.3.37)

being C' > 0 a suitable positive constant: see [32], [77, Theorem 15.26, p.307], and [78,
Theorem 1] .

1.3.5 Fractional Sobolev spaces

This subsection is devoted to an introduction to Fractional Sobolev spaces and Bessel
Potential spaces. For a comprehensive presentation of these spaces, see [1, 46, 105] and
the references therein. As in [46], we present Fractional Sobolev spaces without using
any interpolation techniques or relying on the theory of Besov spaces.

Let s € (0,1), and let v : RY — R be a measurable function. The Gagliardo

seminorm of u is y
., = / lu(z) — uly)P ey p
P RNyRN T — y|[NTPs ’
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while W*P(RY) denotes the fractional Sobolev space

WP(RY) == {u € LP(RY) : [u]y, < +o0},
endowed with the norm

lllyesgey = (lul gy + []2,)7.
As usual, if 0 is a bounded subset of RY, Poincaré’s inequality holds. Thus, on the space
WSP(Q) == {u € WP(RY) :u=0a.e. in RV \ Q}
we will consider the equivalent norm
[ullsp = [ulsp, v e WgP(Q).

Let W% (Q) := (WgP(Q))* and let p* be the fractional Sobolev critical exponent, i.e.,

P = N]\i E - when sp < N, pi = 400 otherwise. Thanks to Propositions 2.1-2.2, Theorem

6.7, and Corollary 7.2 of [46] one has

Proposition 1.3.45. If1 < p < 400 then:
(a) if 0 <& <" <1, then WS P(Q) — W P(Q);
(b) W5P(Q2) = L™(Q) for all v € [1,p%];
(¢) The embedding in (b) is compact whenever r < pt < +o0.

However, contrary to the non-fractional case, we know that
1<g<p<+4oo » WP Q) CWMQ).

(see [104]). Functions belonging to W (€2) do not have a classical gradient. However, we
can define a distributional fractional gradient, D*u. The fractional gradient is a relatively
new topic. In fact, it was first introduced more than sixty years ago by Horvath [81], but
it gained significant interest especially after the works of Shieh and Spector [123, 124].
The fractional gradient enjoys some important geometric and physical properties [126]:
invariance under translations and rotations, homogeneity of order s, and continuity. For
these reasons, it has been extensively used in the last decades, as seen in the papers
[121, 36, 15, 6, 37, 38| as well as the references therein.

To deal with distributional fractional gradients, we first introduce the Bessel potential
spaces LP(RY), where a > 0. Set, for every x € RY,

@)= g [ ¢ RS
= lam)e T (af2) Jo 5

On account of [105, Section 7.1] one can assert that:

1) go € L'RY) and [|gal| 1wy = 1.
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2) ¢, enjoys the semigroup property, i.e., g, * gg = o+ for any o, 8 > 0.

Now, put
LYP(RYY) .= {u: u = g, i for some & € LP(RY)}

as well as
|lu|| por @y = ||| Lprry Whenever u = g, * @.

Using 1) and 2) we easily get
0<a<f = LPPRY)C L*?RY)C LP(RY).
Moreover (see [123, Theorem 2.2]),
Theorem 1.3.46. If1 < p < 400 and 0 < € < « then
LoteP(RY) s WP(RY) ey Lo 5P(RY),

The following embedding result can be found in [105, Theorem 7.6.2].
Theorem 1.3.47. For any fized s > 0, the following continuous inclusions hold true:

1. if p > 2, then L¥P(RY) — WP(RY);

2. if p <2, then WHP(RN) — L*P(RN);

3. ifp=2 W(RY) = L>*(RY).

Finally, given s € (0,1) and p € (1, 4+00), define

LyP(Q) == {u € L**(RY) :u = 0in RV \ Q}.
Thanks to Theorem 1.3.46 we evidently have
LyToP(Q) = WP (Q) «— Ly P(Q) Ve € (0,s). (1.3.38)

The next basic notion is taken from [123]. For 0 < av < N, let

Voo LY )2 1N, )

= AR (a)2)’ o(x) = PR z € RV \ {0}

If u € LP(RY) and I,_, * u makes sense, then the vector

S, . 9 0
D’y = (a_xl(ll_s x U), ey %(Il—s * u)> )

where partial derivatives are understood in a distributional sense, is called the distribu-
tional Riesz s-fractional gradient of u. Theorem 1.2 in [123] ensures that

Diu=1I_,%Du Yue C*RY).
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Note that D*u looks like the natural extension of Vu to the fractional framework. In
fact, it exhibits analogous properties and, roughly speaking, D*u — Vu when s — 17.
This is implicitly substantiated in [103] and explicitly proved by Comi and Stefani [37,
Section 1.3]; see also [15, Section 1.2]. Moreover, this can be justified as follows. By
[123, Theorem 1.4], one has

Dsu = —(2n)%¢|"*¢a, ue S(RYN).

Hence, .
lim D*u = lim (Dsu)Y = (—2mila)’ = Vu. (1.3.39)

s—1— s—1—
Here, as usual, @ stands for the Fourier transform of u while »" indicates its inverse,
with the convention @(§) := [pn e 2™ u(x)dx.
Finally, following [123, Definition 1.5], we define the space X*?(R") as the completion
of C°(RY) with respect to the norm

1/p.

el ooy = (lall gy + 1Dl )

Since, by [123, Theorem 1.7], X*P(RY) = L*P(R"), we can deduce numerous properties
about X*P(R") from the existing literature on L*?(R"). Moreover, if

X5P(Q) = {u e XPRY) :u=0in RV \ Q}.

then XJP(Q) = LS"(Q).

1.4 Some nonhomogeneous elliptic operators

In this section, we provide a brief overview of second-order quasi-linear elliptic operators,
which will play a central role in the subsequent chapters.

We start by introducing two key examples: the p-Laplacian and the (p, q)-Laplacian,
defined as follows:

Ay(u) == —Ayu = —div (|VulP*Vu) and

A, (u) = —=Apu— Ay

being 1 < ¢ < p < N. Both of these elliptic operators exhibit balanced p—growth at
infinity. However, they differ in behavior: the first is homogeneous, while the second is
not when ¢ # p. Indeed, for any constant £ > 0, we have

A, (ku) = Ap(ku) + Ay (ku) = kp_lAp(u) + k:q_lAq(u).

The lack of monotonicity prevents the direct application of certain tools from critical
point theory. Moreover, the definition of spectrum of the (p,q)-Laplacian with zero
Dirichlet boundary condition is no longer unique. A crucial role in defining the spec-
trum of the (p, ¢)-Laplacian is played by the spectrum of the r-Laplacian, denoted o,.
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In this context, let Q C RY, N > 2, be a bounded domain with C' boundary. The
spectrum o, contains a non-decreasing sequence of non-negative variational eigenval-
ues {Ai(r)}, which is constructed using the Lusternik-Schnirelmann minimax principle.
The smallest eigenvalue, A (r), is positive, isolated, and simple, with the corresponding
positive eigenfunction ¢, belonging to C*7(Q) for some 7 € (0, 1] (vide [89, Theorem
3.3-4.5]). Moreover,

[l

1mn .
wew T (@ uzo ||ully

Ai(r) = (1.4.1)

Starting from the spectrum of the r-Laplacian, a quite natural generalization for the
nonhomogeneous case is suggested by Bobkov and Tanaka, who, in [8] study the existence
of positive solutions to the following problem:

—Apu—Aju=auP™t + put™t in Q,
u >0 in €,
u=0 on 01},

where Q C R" is a bounded domain with C?-boundary 92, o, € Rand 1 < ¢ < p <
+00. For a survey on existence and multiplicity theorems for Dirichlet problems driven
by the (p, q¢)-Laplacian, refer to [98].

Patterned after the (p,q)-Laplacian, we can consider the a-Laplacian, which is the
differential operator

u — diva(Vu). (1.4.2)

where a : RN — R is a function with Uhlenbeck structure, i.e., a(§) = ao(|¢])¢ for a
suitable C'! function ag : (0,4+00) — (0,+00). Furthermore, we assume the following
structural hypotheses on ag:

(HL) mtr~! <tap(t) < M(#*~'+1) Vte (0,+0),

tal (t tay(t
(Hi) —1< Z'a — lnfao—() < Supao—() =!8, < 400,
>0 ag(t) >0 ao(t)

being 1 < p < N and M,m > 0 suitable constants. We denote by (H,) the set of
assumptions (H),—(H2). Observe that (H,) implies

(a1) la(§)] < M1 +1) VE€RY,
(az) a(&)-&>mlElP VEeRY,
(as) (a(&) —a(&))- (&1 —&) >0 V&,& eRY, & #&.

Incidentally, note that (H.) is a p-growth condition that enables working in the functional
setting of Sobolev spaces, while (H2) is equivalent to the ellipticity of the differential
operator. For more information on this differential operator, please see [54, Appendix .
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Remark 3. We explicitly notice that, for operators with Uhlenbeck structure, hypothesis
(H,) is equivalent to Assumption 2.5 of [74]. In particular, the operator u — div a(Vu)
satisfies the assumptions of both Lieberman’s nonlinear reqularity theory [90, p.320] and
Pucci-Serrin’s strong mazimum principle [117, pp.3-5]. Thus, given a bounded domain
Q CRY of class CYP, with 8 € (0,1], and a function f € L®(Q) such that f > 0 a.e.
in §2, one has that any non-trivial solution to

—diva(Vu) = f(z) in Q,
u=">0 on 051,

fulfills w € CY7(Q). More precisely, there exist 7 € (0,1] and C = C(||f]|s) > 0 such
that
[ullorr @y < C-

Finally, one can prove that u > 0 in €.

All of these operators exhibit balanced p-growth at both zero and infinity.
Now, we introduce two families of operators that exhibit unbalanced growth: the
A-Laplacian operator and the double phase operator.

Definition 1.4.1. Let A be a Young function of class C? such that
O<iA§SA<+OO, (Hl)

being A := A’, and iy, sy as in (1.3.4). Then the A-Laplacian is defined as

An(u) = —Apu = —div <A'(yv ’)IV ’)

Hypothesis (H;) represents the ellipticity of the operator and implies that
1 <ip <55 < 400,

or, equivalently, that A € Ay N V5 (see Lemma 1.3.4 and p.23 of the subsection 1.3.3).
Since A may have non-standard growth, we set problem driven by the A-Laplacian in
Orlicz-Sobolev spaces. It is worth noting that when A(t) = % + % with 1 < ¢ < p < o0,
the A-Laplacian reduces to the standard (p, ¢)-Laplacian.

The A-Laplacian operator is well-defined, continuous, bounded, coercive, strictly
monotone, and of type (S;) (for a proof of these properties, see [17, Lemma 2.6]). Ex-
ploiting its strict monotonicity, we can establish the following weak comparison principle:

Proposition 1.4.2 (Weak comparison principle). [55, Proposition A.12] Let Q € RY
be a smooth, bounded domain and set Q¢ := RN\ Q. Let u,v : Q° — R be measur-
able functions such that |Vu|,|Vo| € LA(Q°). Suppose that —Ayu > —Apv in Q° in
distributional sense, 1i.e.,

/ N (|Vu |)|V |V§dx>/ AN (|Vv |)|V |V§dx VEEe C(2), £>0.  (1.4.3)
Moreover, assume u > v on 8, i.e., (v —u); € Dy™(Q°). Then u > v in Q.
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Proof. Let {&,} C C2°(Q°) such that &, > 0 in RY for all n € N and &, — (v —u)4 in
DL (Q9). Exploiting (1.3.25) and (1.3.10) we deduce A'(|Vul), A'(|Vo]) € LARY), so
we can pass to the limit in (1.4.3) with £ := &, and get

/e {A'(lVUDW—l — N(|Vv |)IV J V(v —u), dz

(1.4.4)
= lim N(|Vu Vv } V¢, dz > 0.
i [ wva) 2t - KV o
The strict monotonicity of the operator yields u > v a.e. in €. ]

Now, we focus on the double phase operator.

Definition 1.4.3. Given any domain 2 C R" and a non-negative function a € L>(),
the double phase operator is defined as

u— —Afu — Agu,
where A% := div (a(x)|Vu[P~*Vu) is the weighted p-Laplacian, and A, is the g-Laplacian.

Notice that the double-phase operator, unlike the A-Laplacian, has the argument of
the divergence dependent on the variable z. Since a > 0 in 2, it follows that

e if essinfga > 0, this operator has balanced p-growth, allowing the problem to be
set in standard Sobolev spaces,

e if essinfoa = 0 then the operator exhibits unbalanced growth. Indeed, for any
t > 0, there exists ¢y > 0 such that

19 <0(x,t) =co[tP +1] a.e. in Q. (1.4.5)
This forces to work into the Musielak-Orlicz setting.

If @ = 1, we recover the standard (p, ¢)-Laplacian. Recalling Definition 1.3.39, the energy
functional associated with the double phase operator is given by

I(u) :== /Qﬁ(x, lu|) da. (1.4.6)

The lack of regularity of solutions to problems driven by the double phase operator
prevents to use the classical strong maximum principle [117, Theorem 1.1.1]; anyway,
the weak Harnack inequality provided in [4] (see also [7]) allows us to recover this tool.

Proposition 1.4.4. [56, Proposition 2.5] Let Q C RY be a bounded domain. Suppose
that w € W, *(Q) is a solution to

—Agu —Au>0 inQ,

namely
/ a(x)|Vu|P~>Vu - Vo dz —I—/ IVul'2Vu - Vode >0 Vo e W% (Q).
Q Q
Then either v > 0 in Q or u =0 in €.
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Proof. Testing with u_, one has u > 0 in 2. Assume u # 0 in 2, so there exists H € {2
such that esssupy v > 0. By contradiction, suppose that there exists K & {2 such that
essinfgu = 0. Take any ' € Q such that H UK &€ . Set ¢ := dist(Q?,00Q) > 0.
Then, fixed any r < min{dist(H U K, 0¢Y'), 1%}, there exist zo € K, r1 € H such that
B, (x0) U By(z1) € ' and

essinfu < essinfu =0 < esssupu < esssup u. (1.4.7)
By (o) K H By(z1)

First we construct a Harnack chain (see, e.g., [117, pp.164-165]). To this aim, let us
consider a continuous function I': [0, 1] — €' joining I'(0) := z¢ with I'(1) := z;, whose
existence is guaranteed since €)' is open and connected. We consider the following open
covering of I'([0, 1]):

B:={B(z,r): z €I'([0,1])}.

Then the compactness of I'([0, 1]) allows to extract a finite subcovering
B/ = {Bl, BQ, ce ,BM}

We can assume M > 2, By = B,(xg), and By = B.(z1). Rearranging the elements of
B’, we can also suppose BN\ B;y1 # 0 foralli=1,..., M — 1.
Now we prove that

esssupu =0 foralli=2,..., M. (1.4.8)
B;
Since By = B,(zg) and u > 0 in €, by (1.4.7) we have essinfp, u = 0. Now suppose that
essinfp u = 0 for some i € {1,..., M — 1} and consider the ball B; := By, concentric
with B;. Since B; and B;,; are not disjoint and have the same radius, we get B; 1 C EZ
According to [4, Theorem 3.5 and Section 6] (see also [7, Corollary 1.5 and Remark 1.6]),
it turns out that

T 1
Ozessinfuzc</ uldx) 20(/ uldx> >0
Bi B; Bit1

for opportune ¢,l > 0. Hence u = 0 a.e. in B;,1, that is, esssupg,,, u = 0. In particular,
essinfp,,, u = 0. Reasoning inductively yields (1.4.8).

The proof is concluded by noticing that By, = B,.(z1) and (1.4.8) for i = M contradict
(1.4.7). O

The operators presented so far are local elliptic operators, meaning that their eval-
uation at a point depends only on the values of the function and its derivatives in a
small neighborhood around that point. In contrast, a non-local operator is such that the
action of the operator on a function at a point x can depend on the values of the function
at points far from x. An example of a non-local operator is the fractional p-Laplacian,
defined by setting, for any u smooth enough,

(—A)tu(z) := 2 lim [u(2) — @) (wlx) —uly)) 4 gy (1.4.9)
P 0t JrN\ B, (2) |z — y|N P
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Notice that, if ¢ = 1, it reduces to the classical p-Laplacian.
Let © C RY be a bounded domain, N > 2, with a Lipschitz boundary 092. The
operator (—A); possesses the following properties.

(1) (A WP (Q) = W (Q) is continuous; vide, e.g., [49, Lemma 2.1].

(q2) One has
(=2 ullw-tr o) < ity Vu € WP ().

Hence, (—A);, maps bounded sets into bounded sets.

(q3) The first eigenvalue Ay, of (=A)] is given by (cf. [92])

Moo=  inf ”“—p
wewP(@)uz0 ||ullp

p
t,p

Similarly to the local case, we can define a non-local, nonhomogeneous operator
with non-standard growth, modeled after the (p,q)-Laplacian. An example of such an
operator is given by

Al (u) :== (—A);Iu + M(—A)ZQU

being0<32§51§1,1<q<p<%,andu>0.

Finally, we introduce a class of operators, called competitive operators, which are
defined taking the difference between two elliptic operators. Example of these type of
operators are:

Al = = Apu A+ pAgu,
AMS152 (—A)glu + N(A)Zgu

P.q

(1.4.10)

where u is sufficiently regular and g > 0. Introduced for the first time in [94, 107],
these operators don’t comply with any ellipticity or monotonicity condition. In fact,
working for simplicity with A# in a bounded domain © C R¥, we observe that given

any ug € Wy ?(Q)\ {0} and chosen u := tug, with t > 0
(A qu, w) = [ Vuollf — pt?|[Vuol|g,

which turns out to be negative for small ¢ and positive for large ¢. This prevents the use
of surjectivity results for pseudo-monotone operators, nonlinear regularity theory, and
comparison principles. For this reason, only a few techniques can be applied to study
problems driven by competitive operators, such as approximation procedures, fixed-point
theorems, and Ekeland’s variational principle. Equations driven by competing operators
have previously been investigated in [94, 107, 57, 58].
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Chapter 2

Singular problems in the whole
space

This chapter is devoted to presenting some existence and uniqueness results for singu-
lar Dirichlet problems driven by nonhomogeneous operators, patterned after the (p, q)-
Laplacian, and set in the whole space. Equations with singular reactions have been
widely investigated starting from the pioneering papers by Crandall-Rabinowitz-Tartar
[40] and Lazer-McKenna [88]. The prototype is
{—Au =k(z)u™ inQ, (20.1)
u=20 on 02,

where Q C R” is a bounded domain with smooth boundary 09, k € C*(Q) and k > 0
in Q, while 7 denotes any positive number. If 4 € (0,1), then we say that the problem
is weakly singular, whereas the case v > 1 is often referred as strongly singular prob-
lem. Weakly singular problems are often studied using variational techniques, but these
methods are not directly applicable to strongly singular problems, since the solutions
usually possess infinite energy, as pointed out, e.g., in [20, p.2]. Hence, gaining com-
pactness from energy estimates requires additional efforts, as localization procedures.
For a good introduction to singular problems, we refer to the monograph [65]. We also
mention [18, 75] for singular quasi-linear convective equations and systems, and the sur-
veys [71, 72] for an exhaustive account. Recently, strongly singular problems driven
with the p-Laplacian have been considered; see, e.g., [20, 39, 22]. We notice that both
[39] and [22] are set in the whole space. In particular, [39] establishes the existence of
radial solutions to p-Laplace equations, while [22] provides a solution without requiring
any radiality or decay conditions. Finally, [116, 74, 17, 23, 53] treat singular equations
driven by nonhomogeneous operators. More specifically, [116] analyzes a Dirichlet (p, ¢)-
Laplacian problem, [74] studies a singular a-Laplacian Robin problem with convection
terms, whereas [17, 23, 53| investigate A-Laplacian equations.

This chapter is organized as follows. In the first section, we present an existence
result for a strongly singular quasi-linear convective Dirichlet problem in RY driven by
an operator with Uhlenbeck structure (see [54]). In the second section, we show the
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existence of a unique solution to a A-Laplacian singular system set in the whole space.
Moreover, we prove the decay of the fundamental solution of the A-Laplacian, extending
the results for the p-Laplacian operator given in [3]. These results were obtained in [55].

2.1 Strongly singular convective equations in the whole
space

Consider the problem

{—diva(VU) = f(@,u) +g(x,Vu) in RY, (P)

u >0 in RY,

where the differential operator u — div a(Vu) is the so-called a-Laplacian (see (1.4.2) for
the definition of the a-Laplacian and (1.4) for the properties that a satisfies) and N > 2.
Hereafter, we assume 1 < p < N. We suppose that f : RY x (0, +o00) — [0, +00) and
g:RY xRN — [0, 400) are Carathéodory functions satisfying the following conditions:

lim mff(x s) >0 uniformly w.r.t. z € B,(x),
s—0t (Hf)
flz,s) < h(x)s™, heL'RY)NL"RY), h>0,

and
g(x,8) < k(z)¢]", ke L'RY)NLIRY), k>0, (He)

for some zo € RY, 0 € (0,1),v>1,r € [0,p— 1), and

n> (), 6> ((pl*y - %)1. (2.1.1)

As we saw in the introduction to this chapter, when v > 1, the energy of the solutions
in the whole R" may be not finite. For the same reason, non-existence phenomena can
occur even in bounded domains, see, e.g., [25]. Hence the word ‘solution’ has to be

understood in a suitable sense. Here, we adopt the definition of generalized solution
used in [22]; adapted to our context, it reads as follows.

Definition 2.1.1. u € Wb

JP(RY) is a generalized solution to (P) if the following condi-
tions hold true:

(i) For any compact K C RY one has

essinfu > 0.
K

(ii) For any ¢ € C°(RY) it holds

/RN a(Vu) - Vip = /R ) + gz, Vu)le.
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Our goal is to prove the following.

Theorem 2.1.2. Under (H,), (H;)(H,), and (2.1.1), there exists u € W,SP(RY) gener-
alized solution to (P).

Problem (P) possesses at least four interesting peculiarities:

e the operator u — diva(Vu) can be nonhomogeneous: this prevents to use specific
methods of constructing sub-solutions, as the ones used for instance in [22; 16], in
favor of an approach similar to [74].

e the reaction term f is strongly singular (that is, 7 > 1): hence variational tech-
niques are not directly applicable. It is worth noticing also that, in contrast to the
previous works [39, 22], the function u — f(z,u)/s?~! can be non-monotone and
the function u +— f(z,u) is not a perturbation of u +— u™7;

e the reaction term g is convective (i.e., it depends on Vu). The presence of con-
vection terms destroys the variational structure of the problem. For this reason,
topological methods, as the sub-super-solution technique, are widely employed in
these situations;

e the problem is set in the whole space RY: this causes lack of compactness of
Sobolev embeddings.

2.1.1 Preliminary results

Firstly, we present some tools that will be used to ensure the existence of a solution to
(P). The following result provides a sufficient condition for weak convergence in Lebesgue
spaces (see [15, Exercise 4.16]) .

Proposition 2.1.3. Let Q C RY be a measurable set, 1 < p < 400, and {f,,} C LP(Q).
Suppose that {f,} is bounded in LP(Q) and f, — f a.e. in Q for some measurable
function f:Q — R. Then f € LP(Q) and f, — f in LP(Q).

Definition 2.1.4. Let QO C RY be a bounded domain. Consider the problem

{—diva(Vu) = f(x,u,Vu) in Q,

(2.1.2)
u=0 on 0f),

where a satisfies (a;)—(as) (see 1.4) and f : @ x R x RY — R is a Carathéodory function.
A function u € W'P(Q) is a sub-solution to (2.1.2) if u < 0 on I in the sense of traces
and

/Qa(Vu)-VsOS/Qf(x,u,Vu)so

for all ¢ € W,?(Q) such that ¢ > 0 a.e. in Q. Analogously, 7 € W'P(Q) is a super-
solution to (2.1.2) if @ > 0 on 0f) in the sense of traces and

[ 0oz [ fmvay
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for all o € W, () such that ¢ > 0 a.e. in Q.

Theorem 2.1.5 (Sub-super-solution theorem). Let Q@ C RY be a bounded domain, and
let u,u € WHP(Q) be a sub- and a super-solution of (2.1.2), respectively. Suppose u < u
a.e. in 2 and the following local growth condition for f:

[f (8, 6)] < h(x) + k(2)|E)

for a.a. x €, Vse€ [Q(l‘),ﬂ(aj‘)], VE € RN, (2.1.3)

where h € L"(Q), k € L°(Q), and r € [0,p — 1) such that (2.1.1) holds true. Then there
exists u € WyP(Q), u < u < T, weak solution to (2.1.2).

Proof. According to (2.1.1), there exists s € (1, p*) such that

1
s

1 r 1
< and §+—<

—. 2.14
L (2.1.4)

~

I | =

Consider the truncation operator T': W, #(Q) — W, ?(Q),
u(z) if u(zr) <u

T(u)(z):=< u(z) if u(r) <u(z)

u(x) if u(z)>7

which is well defined since u < 0 < @ on 0. Moreover, recalling (2.1.3)—(2.1.4), define
the operator Ny : Wy P(Q) — L¥(Q) as

Np(u) == f(z,T(u), VT (u)).

Let i : WyP(Q) — L*(Q) be the canonical embedding and let 7* : L% (Q) — W17 (Q)
be its adjoint. Then consider F : W, () — WP (Q) defined as

F =40 Nyp.

By (2.1.3)-(2.1.4) and Holder’s inequality, for any u € W, (Q) we have

[Nz (u)

fri < [+ HET@D) < e [ (0 41 (Fu)
Q Q

< c([[hll7n )y + &0 VUl Zo @)

(2.1.5)

being ¢ = ¢(|Q|,p,r, s,n,0) > 0 a suitable constant; thus Nz is bounded. To show the
continuity of Nz, let {u,} € W;*(Q), u € W,*(R2) be such that u, — u in Wy(Q),
and reason up to subsequences. According to [15, Theorem 4.9], there exists U € LP(Q)
such that

Vu,(z) = Vu(z) foraa. x e,

2.1.6
|Vu,(z)| <U(x) foraa z€Q, VneNl. ( )
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Using (2.1.3), (2.1.6), (2.1.4), and Young’s inequality we get

| Np(un) = Ne(u)|* < (|Np(up)| + [Nr(w)])*
< co(h¥ + KU
<

c(h" + K +UP + 1) € LY(Q),

being ¢ = ¢(|Q|, p, 7, s,m,0) > 0. Then Lebesgue’s dominated convergence theorem and
(2.1.6) yield

/Q INe(u) — Ne(w)]® — 0,

proving that Np is continuous. Summarizing, N is bounded and continuous. Rellich-
Kondrachov’s theorem ensures that i is completely continuous, so Schauder’s theorem
(vide [86]) guarantees that i* enjoys the same property. Hence F' is a completely contin-
uous operator; in particular, it is bounded, continuous, and compact.

Now, consider the operator ® : Wy (Q) — W1 (Q) defined as

(®(u),v) = /Qa(Vu) - Vo.

According to [21, Theorem 2.109], we have that ® is a bounded, continuous, (Sy)
operator. Lemma 1.2.3 then ensures that ® — F' is a bounded, continuous, (S ) operator,
which in turn implies that it is pseudo-monotone, by virtue of Remark 2. Moreover, we
observe that ® — F' is coercive: indeed, from (ag), (2.1.5), and (2.1.1), besides exploiting
Holder’s, Sobolev’s, and Young’s inequalities, we infer

(®(u) = F(u),u) = m|[Vullppq) = [Nl omr @ el o )
> m|[VulLyq) = cllNr ()l o o) I Vel r @
>mHVUI|Lp(Q c(l[Allzn o) @ + Ellzoo) [Vl o)

||VUI|LP(Q (1l ) + ||k‘||29}2)1)

being ¢ = ¢(|Q2|, N,p,r,s,m,0) > 0 an opportune constant changing its value at each
passage. Hence, Theorem 1.2.4 furnishes u € W, () such that

d(u) — Flu) =0 in W7 (Q). (2.1.7)
Since w is a super-solution to (2.1.2), it satisfies
d(@) — F(@) >0 in W7 (Q). (2.1.8)
Subtracting (2.1.8) from (2.1.7) and testing with ¢ = (u — @), € W, ?(Q) leads to
(®(u) = @(@), (u—u)y) — (F(u) = F(@), (u—-u)y) <0. (2.1.9)
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By definition of F' we have
(P(u) - F(@), (u 1))
= [ 1 T, VI) - fle Vo) - @) =0
Qn{u>u}

On the other hand, (a3) produces

(®(u) — D), (u—T),) = /m{ @V —a(¥m) - (Vu— V1) 20

Thus, through (2.1.9) and (a3), we get Vu = Vu a.e. in Q N {u > @}, which implies
Vo =0 a.e. in Q. Since p € Wy (Q), we obtain ¢ = 0 a.e. in Q, whence u < 7 a.e. in
2. An analogous argument yields u > u a.e. in €2, concluding the proof. ]

At the end of this preliminary section, we present two results about LP convergence
of gradients of solutions to elliptic equations; they rely on the corresponding pointwise
counterpart, which is investigated, in a more general setting, in [12]. The first result has
local nature.

Lemma 2.1.6. Let Q C RY be a domain and 1 < s < p*. Let {f,} C L .(Q) and
{u,} € WP(Q) be such that

—diva(Vu,) = fu(z) in 2'(Q), (2.1.10)

where a satisfies (ay)—(ag) (vide 1.4). Suppose { fn} and {u,} to be bounded, respectively,
in L3 (Q) and WLP(Q). Then there exists f € Ly () and u € W,oP(Q) such that, up

to subsequences, f, — f in L*(E) and u, — u in W'P(E) for any bounded domain
E € Q. In particular, u solves

—diva(Vu) = f(z) in 2'(Q). (2.1.11)

Proof.

Step 1: pointwise convergence of gradients.

Take any bounded domain E € () and reason up to subsequences. By reflexivity we
have

U, = u in WH(E) and f, = f in L*(E), (2.1.12)

for suitable u € W'?(E) and f € L*(E). Exploiting the compactness of the embed-
dings W'?(E) «— LP(E), guaranteed by Rellich-Kondrachov’s theorem, and L* (F) <
W~ (E), achieved via Schauder’s theorem (see [86]), we get

U, = u in LP(E) and f,— f in W™Y(E). (2.1.13)

By (2.1.12)—(2.1.13), besides recalling Remark 3, we are in the position to apply [12,
Theorem 2.1], which ensures that

Vu, - Vu ae. in E. (2.1.14)
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Since E was arbitrary, a diagonal argument allows us to suppose f € L () and u €
WEP(Q) in (2.1.12)-(2.1.13), as well as

loc

Vu, - Vu ae. in Q. (2.1.15)

Indeed, let us consider a sequence {E,} of bounded domains such that E, € Q and
E, / Q. According to (2.1.12)—(2.1.13), there exist {u, )}, subsequence of {u,}, and

uD such that
u o — v in Wl’p(El),
wo = uin LP(Ey), (2.1.16)
U1y — uM ae. in FE;.
By induction, for all j € N, j > 1, there exist {ukg)}, subsequence of {nglj—l)}, and u)
such that
Uy ) — u? in WHP(E;),
w, = u¥ i LP(E;), (2.1.17)
UGy = u?  a.e. in E;.
Define u : 2 — R as

u(z) = uV(z) in F,

By uniqueness of limit and (2.1.16)—(2.1.17), one has u = u\9) a.e. in E; for all j € N.
Recalling that {u, } is a subsequence of {u, ;) } for all j € N, by (2.1.16)—(2.1.17) we
get

u o —u in W(E;) and wu —u in LP(E;) VjeN.

Reasoning as before, (2.1.12)—(2.1.13) entail

fup =9 in LY(E;) and  fip) = fY in WW(E)) VjeN, (2.1.18)
for opportune {k$’} (extract from {kY "}) and fU) € L*(E;). Define f: Q — R as

_ D) in By,
flx) = { fO(z)  in E]l \E; 1, Vj>1.

Pick 4,j € N such that i < j. For any g € L°(E;) consider its extension g € L*(E})
defined by setting g = 0 outside E;. We obtain, due to (2.1.18),

[ ar= [ a9 =t [ afe
B E; n—00 E; n

= lim 9f :/ gfY Vg e L}(E).

n—o0
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This implies f = fU) a.e. in E;, whence f = f) a.e. in F;. In particular, by (2.1.18)
we infer

fun = f i L(Ej) and  fi — f in W(E) VjeN,

Moreover (2.1.14), written for each E;, readily implies (2.1.15).
Step 2: alternative formulations of (2.1.10)-(2.1.11).
Notice that (a;) produces

[ a0l <27 [ (Va1 < M (Dl + D, (2119
E E
Thus Proposition 2.1.3, together with (2.1.12) and (2.1.14), implies
a(Vu,) — a(Vu) in L7 (E). (2.1.20)
A density argument applied to (2.1.10) yields, for all n € N|
/ a(Vu,) - Vo = / fap Yo e WyP(Q), suppy € E. (2.1.21)
Q Q

Letting n — oo in (2.1.21), via (2.1.20) and (2.1.12), produces

/ a(Vu) - Vo = / fo YoeWyP(Q), suppy € E, (2.1.22)
Q Q

which readily implies (2.1.11), by arbitrariness of E.

Step 3: convergence of local energy integrals.

Fix any ¢ € C°(2) and take a bounded domain F such that suppy € E € 2. Choosing
© = upy in (2.1.21) and ¢ = ut in (2.1.22) produces

/Qwa(Vun) -Vu, + /Q upa(Vuy,) - Vb = /anunl/J,

(2.1.23)
/wa(Vu) -Vu + / ua(Vu) - Vi = / fu.
Q Q Q
Reasoning as in (2.1.19)—(2.1.20) we obtain
(T - T617 < VRN [ (Va1
E
< cVunlpog + 1)
for a suitable ¢ = ¢(p, M, v, |E|) > 0, whence
a(Vu,) - Vi — a(Vu) - Vi in LP (E). (2.1.24)
Using (2.1.13) and (2.1.24) we get
lim [ w,a(Vu,)- Vi = / ua(Vu) - V. (2.1.25)
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Observe that (2.1.12) and the Rellich-Kondrachov theorem entail

[unt® — || Lo () < Yl ltn — ullLs ) — 0,
SO
lim [ fou,¥ = / fui, (2.1.26)
n—0o0 Q (o)

using (2.1.12) again. Subtracting (2.1.23) term by term and letting n — oo, besides
using (2.1.25)—(2.1.26), yield

lim [ Ya(Vu,)- Vu, = / Ya(Vu) - Vu. (2.1.27)
Q

n—o0 [¢)

Step 4: local convergence of {u,} to u in WP,
Fix any bounded domain E € 2. We want to prove that u, — u in W'?(E). Choose
Y € C(Q) and a bounded domain F' such that

Y >xg and suppy € F € Q.

According to (ag), (2.1.15), and (2.1.27), by Fatou’s lemma we deduce

/Qwa(Vu) -Vu— m/E |VulP = /Q(wa(Vu) -Vu—m|VulPxg)

< lim inf/(¢a(Vun) - Vup, —m|Vu,|Pxg)
Q

n—oo

= / pa(Vu) - Vu — mlimsup/ |Vu,|?,
Q E

n—oo
whence

limsup/ \Vun]pg/]Vu]p. (2.1.28)
E B

n—oo

In addition, (2.1.13) implies

lim / |un|p:/ . (2.1.29)

Hence (2.1.28)-(2.1.29) and the uniform convexity of W'?(E) lead to
u, = u in WH(E).
O

Remark 4. For our purposes, in the sequel we will need only (2.1.15) and (2.1.11),
but here we preferred to highlight the fact that convergence of gradients of solutions to
(2.1.10) s locally in LP, and not merely in L for any q < p, as it occurs in the general

framework of [12] (cf. (1.5) of [12]).
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Strengthening the hypotheses of Lemma 2.1.6 allows to prove the following global
result.

Lemma 2.1.7. Let Q C RY be a bounded domain with smooth boundary and 1 < s < p*.
Let {f,} € L¥(Q) and {u,} € Wy (Q) be such that

—diva(Vu,) = fo(z) in WP(Q), (2.1.30)

where a satisfies (a;)—(as). Suppose {f,} and {u,} to be bounded, respectively, in L* (Q)
and WyP(Q). Then there exists f € L¥(Q) and u € W, *(Q) such that f, — f in L¥(Q)
and u, — u in Wol’p(Q), up to subsequences. In particular, u solves

—diva(Vu) = f(z) in W H(Q). (2.1.31)

Proof. All the hypotheses of Lemma 2.1.6 are satisfied, so (2.1.12)—(2.1.14) are guaran-
teed; due to the stronger hypotheses, they hold true with €2 in place of E. It is readily
seen that also (2.1.21)~(2.1.22) hold for any ¢ € W, ”(Q), without any restriction on
supp ; in particular, this implies (2.1.31), reasoning as in Lemma 2.1.6. Now we can
test (2.1.30) with ¢ = u,, and (2.1.31) with ¢ = u, obtaining

/Qa(Vun)-Vun:/anum

(2.1.32)
/a(Vu)-Vu: / fu.
Q Q
Moreover, by the aforementioned considerations we deduce
lim [ fau, = / fu. (2.1.33)
Arguing as in Lemma 2.1.6, (2.1.32)—(2.1.33) yield
lim [ a(Vu,)- Vu, = / a(Vu) - Vu.
Thus Fatou’s lemma, jointly with (ag) and (2.1.15), gives
/ a(Vu) - Vu — m/ |Vul|P = /(a(Vu) -Vu —m|Vul?)
0 Q Q
< lim inf/(a(Vun) -V, —m|Vu,|P)
n—oo QO
= / a(Vu) - Vu —mlimsup/ |Vu,|?,
Q n—oo JQ
ensuring
limsup/ |Vu,|P < / [VulP.
n—00 Q Q
Uniform convexity of W, ?(Q) then produces u, — u in Wy (). O
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2.1.2 A sequence of regularized problems

Let us focus on (P). Suppose that (H,), (H¢), and (H,) hold true and assume, without
loss of generality, that zo = 0 in (H;). Moreover, for all n € N we set

B, := By (x0) = By(0).

Now, fix any sequence {¢,} C (0,1) such that ¢, \, 0. For all n € N consider the
regularized problems

—diva(Vu) = f(z,u+¢,) + g(z,Vu) in B,,
w>0 in B,, (P.)
u=~0 on 0B,.

We want to find, for all n € N, a solution u,, to (P,); this can be done via a sub-super-
solution theorem (see Theorem 2.1.5).

2.1.3 Super-solutions for regularized problems
Firstly, we construct a function @ € W.?(RY), which is a super-solution of each (P,),

independently of n. To this aim, we consider the problem

(P)

—diva(Vu) = h(z) + k(z)|Vu|" in RY,
u>0 in RY.

We want to prove existence of a distributional solution for (P). Let us consider the

following auxiliary problem, obtained by freezing the convection term in (P) and working
on a ball B C RY:

{—div a(Vu) = h(z) + k(x)|Vou(z)|" in B, (P..5)

u=0~0 on 0B.

Lemma 2.1.8. For any ball B C RN and any v € Wy*(B), problem (P, p) admits a
unique weak solution u, € Wy*(B). Moreover, u, > 0 a.e. in B.

Proof. Fix any B C RY and v € WO1 P(B). According to the embedding inequality for
L¥)(B) < W~ (B), Holder’s inequality, and (2.1.1), we have
1B+ KNV -1 () < i+ RV O | Loy )
< (bl Loy sy + IEIVOI | Loy ()
< c(|[hllzn@ny + Ko@) [ VOllLos)),
for a suitable ¢ = ¢(|B|, N,p,r,n,0) > 0 changing its value from line to line. Hence,
thanks to (a;)—(as) (see also Remark 3), Minty-Browder’s theorem applies (see Corollary

1.2.5), ensuring the existence of a unique weak solution u, € W, *(B) to (P, ). Since
h,k > 0, the weak maximum principle guarantees u, > 0 a.e. in B. O
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Keeping B fixed, we define the operator T : W, *(B) — Wy *(B) as
T(v) = uy, (2.1.34)
where u, is given by Lemma 2.1.8.

Lemma 2.1.9. For any ball B C RY, the operator T defined in (2.1.34) admits a fized
point u € Wy *(B). Moreover, u satisfies

IVull o5y < C, (2.1.35)
for a suitable constant C' > 0 which is independent of B.
Proof. According to (2.1.1), by interpolation we have
(p*)’ N ¢ N . 1 r -1
he L (RY) and ke L°(R"), with (=|-— —~— :
) p
More precisely, the following estimates hold true (see [15, Exercise 4.4]):
12][ oy ®N) = ”hHLl (RN) ||h||m RN)> with A := 1) €(0,1),
(2.1.36)
€ (0,1).

“kHLC(RN) < HkH (RN)HkHLG RN)? with H= C(9 _ 1)

Testing (P, ) with u,, besides using (ay) as well as Holder’s and Sobolev’s inequalities,
gives

m||Vuv||72p(B) S/ a(Vuy,) - Vu, = /(h + k|Voul"u,
B B

<Al oy sy + El e VOl o) el 2o (5
<cs ([Pl Loy vy + [1Fle@m) VOl o) Vol Loes), (2.1.37)

where ¢g = cg(p, N) > 0 is the best constant of the inequality related to the Sobolev
embedding W, (B) < LP"(B). We explicitly notice that cg does not depend on B; see
[15, p.290, Remark 20]. Observe also that the estimates in (2.1.36) are independent of
B. Dividing both sides of (2.1.37) by m||Vu,|| r»() produces

IV ogs) < L+ 1Vl 50s), (2.1.38)

being ¢ = ¢(p, N, ||h||p+y, [|k||c; m) > 0. Since 7 < p—1, we can choose C' > 0 sufficiently
large such that
CP > (14 C7), (2.1.39)

where ¢ stems from (2.1.38). We define the closed, convex set

K ={ueWy?B): |Vullrs < C}, (2.1.40)
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being C' = C(p, N, 7, |2|| -y, | kllc,m) > 0 asin (2.1.39); actually, K is a ball in W, ?(B).
According to (2.1.38)—(2.1.40), the set K is invariant under 7', that is,

T(K) C K. (2.1.41)

Claim: T is a continuous and compact operator.

First we prove compactness of 7. Take any bounded sequence {v,} C W, ?(B), set
Uy, := Uy, for all n € N, and reason up to subsequences. By reflexivity of VVOl ?(B), there
exists v € W, P(B) such that

v, = v in WyP(B). (2.1.42)
Exploiting reflexivity again, (2.1.38) and (2.1.42) yield
U, =~ u in WyP(B), u,—u in LP(B), u,—u ae. in B, (2.1.43)

for some u € Wy (B). According to (2.1.1), we can choose s € (1, p*) satisfying (2.1.4).
Thus, by Hoélder’s inequality, we have

|h+ k| Vu,|"

L' (B) < C(HhHL"(RN) + HkHLe(RN)HanHZp(B)) (2-1-44)

for a suitable ¢ = ¢(|B|,p,r,s,n,0) > 0. The right-hand side of (2.1.44) is uniformly
bounded in n, due to (2.1.42). Hence, we can apply Lemma 2.1.7, via (2.1.43)—(2.1.44),
to get u, — u in W,?(B). Since {v,} was arbitrary, we deduce that T is a compact
operator.

To prove continuity of T', we suppose v, — v in Wol’p(B)‘ Notice that (2.1.44),
obtained under the weaker condition (2.1.42), holds true. Extracting a subsequence if
necessary, we have Vv, — Vv a.e. in B, so

h+ k|Vu,|" = h+ k|Vu|[" a.e. in B. (2.1.45)
Using Proposition 2.1.3, jointly with (2.1.44)—(2.1.45), we get

h+ k|Vou,|” — h+k|Vu|" in L¥(B).

Thus Lemma 2.1.7 ensures that u is a weak solution to (P, p), according to (2.1.31).
Uniqueness of solution to (P, p), guaranteed by Lemma 2.1.8, yields u = T(v). Ar-
bitrariness of {v,} provides the continuity of 7. Summarizing, 7" is a continuous and
compact operator, which proves the claim.

Recalling also (2.1.41), Schauder’s fixed point theorem [68, Corollary 11.2] produces

u € K fixed point of T'; estimate (2.1.35) then follows by (2.1.40)—(2.1.41). O

Let @, € Wol’p(Bn) be given by Lemma 2.1.9 applied with B = B,. Each w, can
be extended to a (not relabeled) function in Dy? (RN) by setting i, = 0 outside B,; so
(2.1.35) reads as

Hﬂ’n“Dé’p(RN) = HvanHLl’(RN) < C VYneN. (2146)
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Reflexivity of Dy?(RY) and (2.1.46) provide @ € Dy (RN) such that, up to subsequences,
i, — @ in DyP(RY). (2.1.47)
Consider, for any j € N, the restriction operator ¥; : Dy*(RY) — LP(B;) defined as
Wj(u) = g, -

This operator is linear. Now we show that it is also continuous. Indeed, the Holder and
Sobolev inequalities imply

lullwres;y = llulles,) + |Vl Los,)

< clull o ;) + I Vullrisy) < cllullppegyy (2.1.48)

with ¢ = ¢(j,p, N) > 0 varying at each passage; this proves that U, is continuous from
Dy (RY) to W'P(B;). By linearity (see [15, Theorem 3.10]) ¥, is weakly continuous,
o (2.1.47) entails ¥;(a,) — ¥;(a) in WH?(B;). Then Rellich-Kondrachov’s theorem
guarantees U;(u,,) — V; (@) in LP(B;). Hence [15, Theorem 4.9] and a diagonal argument
produce

i, — @ a.e. in RV, (2.1.49)

Lemma 2.1.10. The function @ € DyP(RN) defined in (2.1.47) is a distributional solu-
tion to (P).

Proof. Take any ¢ € C°(RY) and j € N such that suppp € B;. For each n > j,
Lemma 2.1.9 and the definition of u,, ensure that

—diva(Va,) = h+ E|Va,|” in 2'(B;).

We take s € (1,p*) as in (2.1.4), reason as for (2.1.44), and exploit (2.1.46) to infer that
{h+ k|V,|"} is bounded in L*'(B;). Hence, through (2.1.46) and (2.1.48) with u = iy,
Lemma 2.1.6 can be applied with € = B;. In particular, for any domain E such that
supp ¢ € E € B, and for some ¢ € L*(E), we have

iy =@ i WYW(E), h4k|Via," —v¢ in L¥(E).

Another consequence of Lemma 2.1.6 is the validity of (2.1.15), that in our context reads
as

Vi, = Vu ae. in Bj.
Thus Proposition 2.1.3 yields ¢ = h + k|Va|". Equation (2.1.11) holds with u = @ and
f = h+ k|Va|"; testing it with ¢, besides recalling that supp ¢ € Bj, produces

/RN o(Vi) - Vo — /RN(h + B[Vl ).

Arbitrariness of ¢ proves that @ is a distributional solution to (P). Since @, > 0 and
U, — @ a.e. in RY according to Lemma 2.1.8 and (2.1.49) respectively, then @ > 0 a.e.
in RV, ]
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If i € WP(RY), @ > 0 a.e. in RV, is a distributional solution to (P) (as, for instance,

the one of Lemma 2.1.10), then the restriction of

=14 1¢e WP RY) (2.1.50)

loc
to B, is a super-solution to (P,); indeed
7>1 ae in RY (2.1.51)
and, by (H¢)-(H,) and a density argument,
—diva(Va) = —diva(Va) = h(z) + k(x)|Va|”
> h(z)(w+e,) T+ k(x)|Val” > f(x,u+e,) + g(z, V)
in weak sense (i.e., in W=5'(B,)). Therefore, we have found a super-solution of (P,,)

independent of n.

2.1.4 Sub-solutions for regularized problems

In this subsection, we construct, for any n € N, a regular subsolution w, to (P,), and
then solve (P,,) using Theorem 2.1.5.

Lemma 2.1.11. Under (Hy), there exists a continuous function f : RN x R — [0, 400)
with the following properties:

(i) f=p1in B, x (—¢,¢) for some 3,p,e >0,
(i) f(z,-) is non-increasing in (0,+oc) for all x € RY,
(iii) f(z,s) < f(x,s) for a.a. (z,s) € RN x (0,400).
Proof. From (H¢) we deduce that there exist «, f > 0 such that
f(z,s) > p foraa. (z,5) € B, x (0,a). (2.1.52)

Pick any © € C°(]0,4+00)) such that

1 in [O, %} )
O(t) = q decreasing in (3,1), (2.1.53)
0 in [1,+00).
According to (2.1.52)-(2.1.53), the function
-0 o2
= o a
satisfies the required conditions with p = § and € = §: indeed, concerning (iii), notice
that 0 < f < 8 in RN x R and f(x,s) = 0 if either « ¢ B, or |s| > a. O
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Lemma 2.1.12. Suppose (H,) and (Hg). Then, for any n € N, problem (P,) admits a
sub-solution u, € CY7(B,,), for some T € (0,1]. Moreover, u,, satisfies

O<wu,<1 in B,, u,=0 on 0B,. (2.1.54)
Proof. Fix n € N. For any § € (0, 1) consider the problem

—diva(Vu) = fs(z,u) in B,,

u>0 n Bn, (Bn,(S)
u=20 on 0B,,
where
fs(x,s) :=min{f(z,s +e1),6}, (2.1.55)

being f as in Lemma 2.1.11. Observe that
|fs(x,8)| <6 <1 foraa. (z,s) eRY xR, Ve (01). (2.1.56)

Since €, N\, 0, it is not restrictive to suppose €; < ¢, with € stemming from Lemma
2.1.11; hence Lemma 2.1.11 (i) implies f(z,e1) = 8 > 0 for all € B,, whence

fs(,0)#0 in B,. (2.1.57)

The energy functional J,, 5 : Wy*(B,) — R associated to (P,5) is

Tns(u) = / AT dr - / ) de

being
€] s
A(€) = / tao(t) dt,  Fy(z, s) i / fi(, 1) dt.
0 0

According to (a;)—(ag) and (2.1.56), standard arguments of Calculus of Variations guar-
antee that J, s is of class C', weakly sequentially lower semi-continuous, and coercive.
Hence Weierstrass-Tonelli’s theorem, together with (2.1.57), furnishes u,, ; € WyP(B,)
non-trivial solution to (P, ;).

Lieberman’s regularity (vide Remark 3), jointly with (2.1.56), ensures that {u, ; :
§ € (0,1)} is uniformly bounded in C*7(B,). Thus, Ascoli-Arzeld’s theorem produces
u, o € C'(B,) such that u, ; — u,, in C*(B,) as § — 0. Passing to the limit in the
weak formulation of (P, 5) reveals that u, , =0 in B,. Hence

lim u,s =0 in C'(B,). (2.1.58)

6—0t+

By means of (2.1.58), we can choose §,, > 0 such that

U, 5, ()| <1 Vx € B,.
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Since u,, 5, is non-trivial, the strong maximum principle (see Remark 3) yields w,, 5 > 0
in B,. So (2.1.54) holds true for

Uy 1= Uy s (2.1.59)
Using (2.1.55) and (ii)—(iii) of Lemma 2.1.11, besides &,, N\ 0, leads to
—diva(Vu,) = f5,(z,u,) < f(z,u, +&1) < f(z,u, + &)
< [l u, +en) < f(a,u, +en) + 9(2, Vuy,)
in weak sense, proving that u, is a sub-solution to (P,). O

Lemma 2.1.13. Under (H,), (Hf)-(Hy), and (2.1.1), for any n € N problem (P,)
admits a weak solution w, € Wol’p(Bn) satisfying w,, < u, < u, being u, and w as in
Lemma 2.1.12 and (2.1.50) respectively.

Proof. Fix any n € N. Observe that (2.1.54) and (2.1.51) yield w,, < u in B, while
(Hf)—(Hg) entail

0< fx,s+en) +g(x, &) < h(x)e,” + k()¢

for a.a. x € Q and all (s,&) € [0,+00) x RY. The conclusion thus follows by applying
Theorem 2.1.5, after recalling (2.1.1) and (2.1.54). O

2.1.5 Generalized solutions to problem (P)

Hereafter we consider each u, given by Lemma 2.1.13 as extended to the whole RY by
setting u,, = 0 outside B,,; hence we can suppose u,, € Dé’p (RY). An analogous comment
can be made for any u,, arising from Lemma 2.1.12.

Lemma 2.1.14. Assume (H,), (Hf)~(Hg), and (2.1.1). Then, for any j € N, there
exists C; > 0 such that

[unllwivs;y < Cj Vn > j. (2.1.60)
Proof. Fix any j € N. According to Lemma 2.1.13 we get
||un||1£p(Bj) < ||ﬂ||12p(3j)- (2.1.61)

Clavm: there exists wj; > 0 such that u, > w; a.e. in B for alln > j.
Pick any n > j. Define ¢, = (u;,, —un)y € WP (Bjy1) and extend it to a function

of VVO1 P(B,,) by setting ¢, = 0in B, \ B;;+1. In this way ¢, is an admissible test function
for both (P ) and (P,,); exploiting (2.1.59), (2.1.55), and (ii)—(iii) of Lemma 2.1.11

=J+1,6541
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we obtain

/ (vu]-i-l) v@n / f5]+1 ) ]+1)(10 < i(x7gj+l+81>(pn
Bjt1 Bj+1

IN

flz,u, +en) + g(x, Vug)|pn

VAN
\\\

a(Vuy,) - V.

Bjt1

Rearranging the terms gives
/ (@(Vaty 1) = a(u)) - (Vi = V) <0,
Bjtin{u;1>un}

Thus (az) ensures Vu,,, = Vu, a.e. in Bj;1 N{y;,, > u,}, whence

Vo =0 ae. in By (2.1.62)
Recalling that ¢, € Wol’p(BjH), (2.1.62) yields ¢, = 0 a.e. in Bj;y, which means
Uy > ;i a.e.in Bjyy. Since u;,, is continuous and strictly positive in B; (cf. (2.1.54)),

we deduce that

Up > Uy > Mminu;y =tw; >0 ae in By Vn>j, (2.1.63)

so the claim is proved.
Take any j < s <t < j+ 1 < n, and then fix a cut-off function v € C>*(R") such
that
Yv=1 in B,, ¢¥=0 in RV\ B,

2.1.64
>0 in RY, |w|gtc_—Ns in RY. (2.1.64)

Since (u, — w;) 41 € WyP(B,), we can test (P,) with it; exploiting also (az) we have

m / Iy [P
Bji1n{un>w;}

§/ Ya(Vuy,) - Vu, = / Ya(Vuy,) - V(u, —w;j)+
1N {un>w;} Bjt1

[ )+l Vol =0t = [ (- w)alTu) Ve
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Using (Hf)—(Hg), (a1), and (2.1.64) we arrive at

m/ |Vu, [Py
Bja10f{uun >y}

< / h(w, 4 €,) Tu,b + / [V, | un1)
Bj1n{un>w;}

Bj 1N {un>w;}

+ M/ (| VP~ + 1u, | VY
Bjain{un>w;}

< / hul ™" + / Vi, |45 kg ap'
Bjp10{un>w;} Bjp1n{un>w;}

+ M (IVun P~ + D)u, V).

Btﬂ{un >wj }

Then, by (2.1.1) and (2.1.64), besides the Young, Holder, and Sobolev inequalities, we
get

m / Vi [P
By {un>w;)

_ m »
S%l' MRl @y + Z/ |V, |y + c/ kr=rub ")
Bjp1in{un>w;} Bjp1n{un>w;}

m
L m / Vunl? + |Bya| | + e / 2|V
4 Btﬂ{un>wj} B]’+1

_ m _
<}l + 5 [ [VualP -+ el bl o @) | V5,0
Bjr1n{un>w;

m |’EHI£P(B]+1)
L Va4 [ Ebr B )
4 Bm{un>w]-} (t - 8)p

for a suitable ¢ = ¢(j, N, p,r,6,m) > 0 changing its value at each passage. Absorbing on
the left-hand side the integral depending on 1, besides recalling (2.1.64), we get

/ vup< [ V[
Bsﬁ{un>Wj} Bj+1ﬂ{un>on}
1

A
<= / IV |? + + B,
3 BiN{un>w;} (t - 3)p

for suitable positive constants A (depending on j, N, p,r,0,m, |[d| »(5,,,)) and B (de-
pending on j, N, p, 7,0, m,, ||h||1, [|k]le, | VT Lr(B,,,))- Hence [67, Lemma 3.1, p.161] can
be applied to the function ¥ : [j,j + 1] — [0, +00) defined as

U(l) := / |Vu,|?,
Bin{un>w;}
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producing
/ |Vu,|P < c,(A+ B).
Bjﬂ{un>wj}

Taking into account that B; C {u,, > w;}, which is a consequence of (2.1.63), we get
||Vun||72p(3j) < ¢, (A+ B). (2.1.65)
Adding (2.1.61) and (2.1.65) term by term produces (2.1.60). O

Theorem 2.1.15. Under (H,), (H;)~(H,), and (2.1.1), there exists u € W,-"(RN) gen-
eralized solution to (P).

Proof of Theorem 2.1.15. Lemma 2.1.14 ensures that, for any 7 € N, the sequence
{tn }n>j is bounded in W'P(B;). Hence, a diagonal argument and the Rellich-Kondrachov
theorem yield, up to subsequences,

u, = o9 in WY(B;) and wu, —vY ae. in B, (2.1.66)
for some v\ € W1P(B;), as n — co. We define

[ vY(z)  in By,
U(ﬂf) N { U(j (l’) in Bj \ Bj—l; \V/j > 1. (2167)
Uniqueness of limit and (2.1.66) yield v = v\ a.e. in B;NBjforalli,j € N,sou= v0)
a.e. in Bj for all j € N. By construction we have u € VVl(l)’f(]RN ). It remains to prove
that u is a generalized solution to (P) (see Definition 2.1.1).

To this end, take any compact K C RY and fix j € N such that K € B;. Passing to
the limit in (2.1.63), besides (2.1.66)—(2.1.67), gives u = v\9) > w; > 0 a.e. in B, which
ensures (i) of Definition 2.1.1 by arbitrariness of K.

Now take any ¢ € C°(R") and fix j € N such that supp ¢ € B;. According to (P,,),
each wu, with n > j satisfies

—diva(Vuy,) = f(z,u, +e,) + g(z,Vu,) in 2'(B;).
Let s € (1,p*) as in (2.1.4). By (Hf)-(Hy), (2.1.63), and Hoélder’s inequality we get

1 f(z,un + €n) + g(z, Vuy,)

</,

<c(w; ™ 1Al zn@ny + I1El 7o @y [Vl s;)) (2.1.68)

Ls' (B;)
B (up 4 €0) 7% + / k5’|Vun|”’)

B

for some ¢ = ¢(j,p,7,5,1,0) > 0. Since, due to (2.1.60), the right-hand side of (2.1.68)
is bounded, we infer that there exists 1/ € L* (B;) such that

F(@,u, +e0) + g(x, Vu,) = in L¥(B;).
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Lemma 2.1.6 and (2.1.60), besides (2.1.66)—(2.1.67), ensure
u, —u in WH(B;) (2.1.69)
and
—diva(Vu) =¢ in 2'(B;). (2.1.70)

An application of Proposition 2.1.3, together with (2.1.68)—(2.1.69), reveals that ¢ =
f(-u) + g(-, Vu). Hence, testing (2.1.70) with ¢ yields

/ a(Vu) - Ve = / [f(z,u) + g(x, Vu)]e.
RN RN
Arbitrariness of ¢ proves (ii) of Definition 2.1.1, concluding the proof. ]
Remark 5. If we consider v € (0, 1) instead of v > 1 in (H¢), then we can do the same
arqguments: indeed, sub- and super-solutions do not depend on the explicit value of v, but

their properties rely only on the fact that v > 0, so that s — s™7 is a decreasing function.
We exploit v > 1 only in the proof of Lemma 2.1.1/, because we use

/ hu e < wjl»ﬂHhHLl(RN) since vy > 1.
Bjin{un>w;}

But this estimate can be substituted, in the variational case (that is, v € (0,1)), by

/ hu, " < / hu' ™7 < / h(u+1)
Bjrin{un>w;} B B

< Whllosy iy 18l o 540y + 10 1y
< c([hll pamy VUl o810y + 1]l 2@y,
valid for a suitable ¢ = ¢(j,N,p,n) > 0. Anyway, we deem that a simpler proof of

Theorem 2.1.15 is available in the case v € (0,1), and it could be obtained by looking for
solutions with finite energy, i.e., u € D(l)’p(RN).

2.2 Singular ®-Laplacian systems in R"Y

In this paragraph we study existence, uniqueness, and decay of solutions to a problem
in the form

—Agu = h(z)f(u,v) in RY,

—Agv = k(2)g(u,v) in RY,

u,v >0 in RY,
u(z),v(x) =0 as |x| — 4o0.

(Po,w)

The principal parts of the equations appearing in (P4 ) are A-Laplacian operators with
A=® and A = ¢ (A = V¥ and A = 9, respectively), (see Definition 1.4.1).
We introduce (H;, ), which pertains the principal parts of (Pg v ).
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(Hypp) Setting ¢ := @ and 1 := ¥, condition (H;), given in Definition 1.4.1, can be
rewritten as
0<i, <8, <00, 0<iy < 8y < +00.

We also assume that max{ss,s¢} < N.
We denote by (Hs) the hypotheses concerning the reaction terms of (Pg ).
(Hy)(i) There exists H : RY x R, x R, — R such that

e H(-,s,t) is measurable for all s,t € Ry;

e H(x,-, ) is of class C! for all z € RY;

OsH(x,5,t) = h(z)f(s,t) for all (z,s,t) € RY x R, x R,;
OiH (z,8,t) = k(z)g(s,t) for all (z,s,t) € RY x R, x Ry;
H(-,0,0)=0.

(Hp)(ii) For suitable Young functions Y;, I';, i = 1,2, with T; < ® and I's < ¥, one has

fon <ol (B en) ¢ T

t
for all (s,t) € Ry x Ry, where a, 8 € (0,1). Moreover,

d<VoY,'oTy and UV« ol lol]. (2.2.1)
(Hs)(iii) There exist §; > %, 09 > % such that
ten—iod < @, gl g (2.2.2)

o, oYy <W,, t7ol, ol <d,, (2.2.3)

where U, and ®, are the Sobolev conjugate of ¥ and @, respectively (see Definition
1.3.18).

(Hy)(iv) For all M > 0 there exists ¢p; > 0 such that
f(s,t) > eyt and  g(s,t) > cps™

for all s,t € (0, M] and opportune vy, vy > 0 satisfying

s <min{@,mi@—f1)}min{i—q’,mi@—_”}. (2.2.4)

5% N — 1 Sy N — Z\p
(Hy)(v) The weights h, k : RY — R, belong to L}(RY)NL>(RY) and satisfy h(z), k(x) — 0
as |x| — +oo; in addition, for every r > 0 there exists d, > 0 such that min{h, k} >
d, in B,.
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(Hg)(vi) There exist 6; > N + ozjii_—f‘f and 0y > N + ﬁij’_—f\f such that

h(z) < Clz|™ and k(x) < Clz[™® for all z € RY.

The last hypothesis is a monotonicity condition:

(H3) The functions s (s D and ¢ s ¢ (s D are strictly decreasing for all ¢ € R, and all
se Ry, respectlvely

Remark 2.2.1. Let us briefly comment the hypotheses.
o (Hy ) is the ellipticity of the principal parts of the operators in (Pg v);

e (H,)(i) represents the variational structure of (Pg v);

(Ho)(ii) is a (P, ¥)-sublinear growth condition (in particular, (2.2.1) pertains the
mixed terms), ensuring the coercivity of the energy functional associated with the
regularized problem;

e (Hy)(iii) is a sub-criticality condition on the pure terms (see (2.2.2)) and on the
mixed terms (see (2.2.3));

e (Hy)(iv) is a condition on the lower bounds of f,g, which implies a local lower
bound for solutions to (Pg v);

e (H,)(v) summarizes the qualitative properties of the weights h, k;
e (Hy)(vi) is a quantitative information on the decay of the weights;

e (Hj) is a Diaz-Sad type condition employed only to gain the uniqueness of positive
solution to (Pg v) .

The reaction term h(z)f(s,t) (resp., k(x)g(s,t)) is ®-sublinear (resp., W-sublinear)
and singular with respect to s (resp., t), and this encompasses systems with cooperative
structure, i.e., h(z)f(s,t) is non-decreasing in t and k(z)g(s,t) is non-decreasing in s. A
concrete example to have in mind is

( 1
—Ap'LL - Aqu == W |:(1 — oz)u_avl_ﬁ + UT_1:| in RN,
1
== gt a0 ) R
u,v >0 in RY,
[ u(@),v(z) =0 as |z| — 400,

being l <g<p< N <0, a,p€(0,1),and r,s € (1,p).
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Remark 2.2.2. Here we emphasize the fact that the condition (Hs) is optimal, even for
(p, g)-Laplacian problems in bounded domains (say €2), in the sense that the indices i,
and 7, cannot be increased. Indeed, consider the problem

—Apu — Agu = )\u’jr_l in €,
u=20 on 0f),

being 1 < p <r < g < 400 and A > 0 large enough: the energy functional associated
with this problem is coercive, has a local minimizer in v = 0, and a global minimizer
u* # 0, so there exists a critical point @ given by the mountain pass theorem (see,
e.g., [109, Theorem 5.40]), implying that the problem has two nontrivial solutions u*, @.
Anyway, we do not know if it is possible to replace s’ (resp., t*) with some (maybe
®-linear) function depending on ¢ (resp., V).

Problem (P4 ) possesses several combined features, including:

e the principal parts of the operators have unbalanced growth;

e the reaction terms possess natural growth with respect to the principal parts;
e the problem is set in the whole space RY:

e a pointwise decay is required.

These features compel us to face several issues, exploiting in particular a suitable func-
tional framework and some fine a priori estimates. More precisely, the unbalanced growth
of both the operators and the reaction and the setting RY require the usage of Beppo
Levi-Orlicz spaces (see Sub-section 1.3.3); Indeed, we consider the following function
spaces:

X == DY (RY) x DY (RY),

Y = L* (RY) x L¥*(R™).

Definition 2.2.3. A couple (u,v) € X, u,v > 0 in RY | is called weak (resp., distribu-
tional) solution to

—Agpu = h(z)f(u,v) in RY,
—Agv = k(2)g(u,v) in RY,

if, for any (¢,v) € X (resp., (§,v) € C(RY) x C=®(RY)) it holds

M u r = X u,v i
[ Eeatvuveds = [ hw) st ds

RN
(2.2.5)
- %VDVU dx = /]R{N k(z)g(u, v)v da.

Definition 2.2.4. A couple (u,v) € X NCY_(RY)? is called weak (resp., distributional)
solution to (Pg ) if it is a solution in the sense of Definition 2.2.3 and u(z),v(z) — 0

as || — oc.
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2.2.1 Decay estimates

Lemma 2.2.5. Suppose (Hy ). Then, for all c,r > 0 there exists w € CL (RN \ {0})
such that ’V%BS‘ € L*(B¢) for all p> 0 and

—Agw =0 in RV \ {0},
w=c on 0B,, (P)
w(z) =0 as |z| = +o0.

Moreover, w can be represented as
+oo
w(x) :/ o HrrtN)dr, (2.2.6)
\

being k dependent only on c > 0.

Proof. Let us look for radially decreasing solutions to (P), i.e., z : R, — R of class C!
such that w(z) = z(p) and 2'(p) < 0, where o = |z|. Hence (P) can be rewritten as

("ol (e)]))
z(r

)
(0)

in Ry,

=0
:C,
—0 as p— +o0.

Integrating we get, for a suitable k > 0,

whence
o(|2'(0)]) = Ko

Inverting ¢ and integrating again yield
+00
R B e L
0

being v € R opportune. Observe that the change of variable 7 = krt=N 0 (1.3.13),
(1.3.25) for A = @, (1.3.26), and (1.3.27) yield

400 K‘glfN ) K‘glfN —,
/ e M (rrt M) dr < C’/ TN r)dr = C’/ N (1)dr
0 0
¢ Ii,QliN Nglfl\f
< C/ TN IP (1) dr < C'g/ TN E s (2.2.7)
0 0
1-N

IN

74
C’g/ Ve dr < 400
0
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for all p > 0, since s, > N’ by (H; ,.). Accordingly,
r= o H(rr'™N) belongs to L'(g,400) N L™(g,+00) for all o> 0. (2.2.8)

Thus, imposing that lim, ., 2(¢) = 0, we obtain

(0= [ o e Yy ar

Let us consider the function 0 : R, — R, defined as (k) := f:roo o 1 (km=N) d7, which
is strictly increasing and continuous, according to Lebesgue’s dominated convergence
theorem. We observe that lim, o+ 0(k) = 0 and lim,_, o, 0(k) = 400, by virtue of
Beppo Levi’s monotone convergence theorem. Hence there exists a unique x > 0 such
that 0(k) = ¢, that is, z(r) = ¢; this concludes the proof of (2.2.6).

Since 2'(0) = —p (ko) is continuous, then w € CL_(RY \ {0}). By (2.2.6),
(2.2.8), and Proposition 1.3.19, it follows that

€ L*(B) Vp>0. (2.2.9)

‘VM e
Bj
O

Lemma 2.2.6. Let (H; ) be satisfied. Then, for all c, 1,7 >0 and v > N, there exists
w e CL (RY\ {0}) such that ‘V@Be € L*(Bg) for all p> 0 and

loc

—Ag® = pla|™ in RV \ {0},
wW=c on 0B,, (P)
w(z) — 0 as |xz| = +oo0,

+00 U
c> /T o ! (L — NTI_L) dr. (2.2.10)

Moreover, w can be represented as

—+00 U
w(r) = / ot <—r1_L + m"l_N> dr, (2.2.11)
|

z|

provided

being k dependent only on c, u > 0.

Proof. We reason as in the proof of Lemma 2.2.5, looking for z : R, — R of class C*
such that w(z) = 2z(p) and 2'(p) < 0, o = |z, satisfying

—(" (|2 (0)]) = oVt in Ry,

—0 as g — 4o0.



Integrating we get, for a suitable x > 0,

N-1 / B No
0" e(lF(Q) = =0 +

whence "
/ o 1—: 1-N
el (o)) = —F o +re

Inverting ¢ and integrating again produce

“+o00
z(0) = / ! (—M r T+ mrlN) dr + &/,
0 t— N

being k' € R opportune. Observe that, for any r > g,

o (L_Ler_L + m“l_N) < C’gap_l(m"l_N).

Thus, recalling (2.2.8) and imposing that lim, ., 2(9) = 0, we get

2(0) = /+Oo @t ( K rl= +/<;r1_N) dr.
0 t— N

Let us consider the function § : R, — R, defined as (k) := f:roo et (LT rstY) dr

Observe that lim,_,o+ 6(k) = f:oo ! (A7) dr < ¢, according to Beppo Levi’s the-
orem and (2.2.10). Then, repeating verbatim the arguments in the proof of Lemma 2.2.5,

we find a unique x > 0 such that W = ¢ on 0B,, ensuring (2.2.11), and guarantee that
w e CL_(RN\ {0}), as well as ‘V@Be € L*(By). O

loc

Remark 2.2.7. By (2.2.6) and (2.2.11) we deduce some decay estimates. Indeed, fixing
any p > 0, by (H; ) it turns out that

—+00

+oo
Cp_l/| go_l(Tl_N)dT <w(z),w(x) < Cp/ cp_l(Tl_N) dr in BZ.

z| |z

Reasoning as in (2.2.7), we infer

‘m|1_N

+o0
/ e Y NYdr < Cp/ e Nl dr < Ol
| 0

z|

sp—N
sp—1

and
‘x|17N

oo y , ig—N
/| e YNy dr > C'p_l/o o= N'=1qr > Cp_1|x|“1>7—1.
xr

Hence,
se—N

ip—N
o = <w(z),w(z) < C,lx o=t in By
We highlight the fact that these estimates are coherent with the ones in [3, Theorems 3

and C] for the p-Laplacian, that is, i = s¢ = p.
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2.2.2 Existence result

2.2.3 The regularized problem

For any € € (0,1), let us consider the following system:

—Agpu = h(.fl')f(U+ +e,v4 + 5) n RNa
~Ayv = k(@)g(uy +e,v. +¢) in RY, (Pe)
u(z),v(z) = 0 as |z| — +o0.

The energy functional associated with (P.) is J. : X — RU{+o0} defined as
Je(u,v) :/ (I>(|Vu|)dx+/ \If(|Vv|)dx—/ H(z,uy +¢,v4 +¢)de.
RN RN RN

Lemma 2.2.8. Under (Hy ) and (Hy)(i)-(H)(ii), for all o > 0 the following estimate
holds true:

[H (2, s,1)] < U(z) o ((s) + V(1)) + C]

for all (z,s,t) € RN x (0,+00)?, where l := h+k and C, > 0 is a suitable constant.

Proof. Set | := h + k. Using Torricelli’s theorem, (Hs)(i)—(H2)(ii), the convexity of Y1,
I, i=1,2, and (1.3.15) with Ay(t) =¢ and Ay = Ty (resp., Ay =T'y), we get

1
|H(x,s,t)| < / |sOsH (z,7rs,7rt) + t0 H (x,rs,rt)| dr
0

< /0 h(@)s (s, 1) + k(o)tg(rs, 1) dr
< h(z) /01 <(r°‘sla +3) (M + 1> + M) dr

rt r

+ k() /01 ((rﬁtlﬁ +1) (% + 1> + F2§nrt)) dr

< h(z) /01 <(7“_O‘sl_a + 5) (T%@ + 1) + T1(5)> dr

+ k() /01 ((r—ﬁtl—ﬁ +1) (P1T<S) + 1) + Mt)) dr

< Cl(x) [(s”‘ + ) (TQT@) + 1) +Yi(s) + (7 + 1) (Fl(s) + 1) + FQ(t)]

< Cl(x) [<s + 1)T2t(’5> +(t+ 1>F1§3>

+11(s) + Talt) + 11 .

According to Young’s inequality and (1.3.11) (with A = A; and ¢ = 1), besides (1.3.9),
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we deduce
|H (,5,1)]
< Cl(x) [Kl(s) + Ay ( ) + Ao(t) + Ay (Flés)) + T1(s) + Ta(t) + 1]

< Cl(x) [Kl(s) (A1, o Ta)(t) + Ra(t) + (As o Ty o Th)(s) + Ta(s) + Da(t) + 1} .

To(t)
t

Let ¢ > 0. Proposition 1.3.10 ensures that A; < ® and A, < ¥, as well as A; o T;l o

Y, < Uand AyoT, ol < ®. Hence, recalling also T; < ® and T'y < ¥ by (H,)(ii),
a repeated application of (1.3.15) yields

|H (z,s,t)| < U(z)[o(P(s) + ¥(t)) + C,].
]

Lemma 2.2.9. Let (Hy ), (Ho)(i)~(Ho)(ii), and (Hy)(v) be satisfied. Then J. is well
defined (namely, J.(u) # —oo for allu € X ), weakly sequentially lower semi-continuous,
coercive, and of class C*.

Proof. In order to prove that J. is well defined, it suffices to prove that fRN |H(x,uy +
g,v4 + )| dz is finite for all (u,v) € X. By Lemma 2.2.8 with o = 1, (1.3.11), (Hs)(v),
and Proposition 1.3.26, we get

/ |H(z,uy +e,04 +¢)|dx
RN

g/ LP(uy +¢)+Y(vy +¢)+ C| de
RN (2.2.12)
< C’/N L®(uy) + V(vy) + 1] do

<C (/RN l<I>(|u|)dx+/ 10 (Jo]) dz + Hl||1) < +oo0.

RN

Now we prove that J. is weakly sequentially lower semi-continuous. Take any {(u,,v,)} C
X and (u,v) € X such that (u,,v,) = (u,v) in X. A diagonal argument (see, e.g., [74,
Lemma 3.5]) ensures that (u,,v,) — (u,v) a.e. in RY. By (2.2.12) we have

/RN |H (, (un) 4 + &, (vp)1 +€)|dz < C (/RN L®(Jun]) + ¥(|vn])] da + 1) :

According to Proposition 1.3.27 and [132, Proposition 26.2(b)], we deduce wu,, — u and
v, — v in L2(RY;1) and LY (RY;1), respectively. Thus, by [79, Corollary 3.3.4],

/RNZCI)(]un])d:U—)/RNZCIDﬂu])da: and /RNZ\I/(\U,LDdJ:%/H%Nl@(\v\)dgg_
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Then Pratt’s lemma (see Proposition 1.1.8) entails

H(z, (up)y + ¢, (vp)4 +)dax — H(z,uy +¢€,v. +¢)da.
RN RN

For any Young function ©, the functional w — [,y ©(|Vw]|)dz is weakly sequentially

lower semi-continuous in Dy®(RN); cf. [17, Lemma 2.6]. Then, exploiting Fatou’s
Lemma, we deduce

lim inf J. (w,,, v,) > liminf/ O(|Vuy,|) dr + liminf/ U(|Vu,|) dz
RN n—oo RN

n—oo n—0o0

— lim sup H(z, (up)+ +¢,(vy)4 +¢)dx

n—o00 RN

2/ <I>(|Vu|)dx+/ \If(|Vv|)dx—/ H(z,u, 4,05 +2)da
RN RN RN
= J.(u,v),

which proves the weak sequential lower semi-continuity of J..

Let us prove coercivity of J.. Reasoning as in (2.2.12) and exploiting Proposition
1.3.26 we have

J.(u,v)
> /RN (V) de + /RN (| Vo) de — /RN H(z,us + 2,0, +2)|da

> /RN (V) de + /RN ¥(|Vo|)dz — Co (/RN ch(yu\)dw/w l\IJ(]v|)d:v) e
> (1-Co) [/RN @(\Vu|)d$+/RN \If(\Vv|)dx] — C,.

Thus, choosing ¢ small enough yields coercivity of .J..

To conclude, we prove that .J. is of class C*. According to [17, Lemma 2.6], the func-
tionals u — [y ®(|Vu|)dz and v — [pn ¥(|Vv]|) dz enjoy this property. Concerning
the functional H, : X — R defined as

He(u,v) = H(x,uy +¢e,vy +¢)du,
RN

we compute its Gateaux derivative as follows. Given (w, z) € X, by Torricelli’s theorem
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1
lim—[ H(z,(u+tw); +e,(v+tz); +e)de — H(z,uy +e,v4 +¢)dx
RN RN

1
= lim —[H(z,(u+tw)y +¢,(v+tz), +¢) — H(x,uy +e,v4 +¢)] do

t—=0t JRrN

~tm [ < /0 B F(ut stw)s +e, (0 + st2), +

t—0t

+k(z)g((u + stw); + e, (v + stz); +€)z] ds> dz.
(2.2.13)
Without loss of generality, assume that ¢ € (0,1). Exploiting (Hy)(ii), Young’s inequality,
and (1.3.11), we get

h(z)f((u+ stw)y + ¢, (v+ stz); +¢€)|w]

o [ To((v+ stz)y +€) T1((u+ stw)y +¢)
< Chlw) {(1+6 ) ( (v+stz), +e +1) * (u+ stw), +¢ } [
To((v+stz)y +e)  Ti((u+ stw)y +¢) N 1} ]
(v+stz), +e¢ (u+ stw), +¢

< C.h() [@OT; o To)((v + stz)s + &) + B(|w])

< C.h(x) {
(2.2.14)

T((u+ stw)y + )+ T (jwl) + uwl]

< Coh(x) [V((v+ stz)y +e) + P((u+ stw)y +¢) + 20(Jw]) + |w|]
< Ceh(z) [ (o)) + ¥ ([2]) + (Jul) + (jw|) +1],

which is summable according to Proposition 1.3.26 (as for (2.2.12)). A similar computa-
tion holds also for the term k(z)g((u+ stw); +¢, (v + stz); +¢€)|z|. Hence we are in the
position to apply Lebesgue’s theorem to (2.2.13), since the right-hand side of (2.2.14)
belongs to L'(RY) and it is independent of both s and t. We deduce

(HL(u, v), (w, 2))
1

—hm—{ H(x,(u+tw)y +¢e,(v+tz)y +e)dr — H(z,uy 4,04 +¢)da
t—0+ ¢t RN

/ / lim | ((u+ stw)y +e, (v+ stz)y +e)w

RN 0 t~)0+

g((u+ stw); + ¢, (v+ stz)y +¢)z] deds

- /RN [h(z) f(uy + e, v +)w+ k(z)g(ug + €, v + €)2] da.

It remains to prove that H. : X — X* is continuous. Pick any {(u,,v,)} € X and
(u,v) € X such that (un,v,) = (u,v) in X. In particular, (u,,v,) — (u,v) in Y and
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almost everywhere in RY. According to [120, Lemma 7.3], there exists (U, V) € Y such
that
lu,| <U and |v,| <V in RY.

Take any (w, z) € X such that ||(w, z)||x = 1. Reasoning as in (2.2.14), through (1.3.11)

and ® < T, we infer

e (|f((un)+ +&, ()4 + ) = flus +e,v4 +2)])

<R[ (f((un)y + € (vn)1 +€)) + @ (flus 04 + )]
< Ch[¥(Jon]) + @(Junl) + E(|o]) + D (Ju]) + 1]

< ChU (V) + @(|U]) + 1],

(2.2.15)

which is summable, according to Proposition 1.3.26 and (1.3.23), and independent of
n. The same argument applies to |g((un)+ + €, (V)4 +€) — g(uy + €, v4 + €)|. Hence,
applying Hélder’s inequality [79, Lemma 3.2.11] in the weighted spaces L®(R";h) and
L®(RY; h) (resp., LY (RY; k) and LY (R™; k)), besides using Proposition 1.3.26, we obtain
[ HE (tn, vn), (w, 2)) = (HL(u,v), (w, 2))]
< N ((un)+ + &, (va)+ + ) = flur +&,04 + )l pm@n p lwlle@yn
+ 9((un)+ + &, (va)+ + &) = glus + &, 04 + )|l pwrn |2l Ly @V 1) (2.2.16)
< Ol f((un)+ + & (vn)+ + &) = fus + €01 + &)l mgnp
+ Cllg((un)+ +&, (vn)+ +) = glus +&,v4 + &) || Lo@n 1)

According to (2.2.15)-(2.2.16) and Lebesgue’s theorem, we deduce
[He(tn, vn) = He(w,v)lxe = sup [Hl(un, vn), (w, 2)) = (Ho(u,0), (w, 2))] = 0

l[(w,2)[[x=1

as n — oo, proving the continuity of H.. Summarizing, J; is of class C". [

Theorem 2.2.10. Under (H; ), (Hs)(i)~(Hs)(ii), and (Hs)(v), for all e € (0,1) there
exists (ue,ve) € X solution to (P.). Moreover, any solution (u.,v.) to (P.) is non-
negative (i.e., u.,v. > 0 a.e. in RY).

Proof. Tt suffices to apply the Weierstrass-Tonelli theorem [128, Theorem 1.2] to J.,
besides recalling Lemma 2.2.9. The fact that any (u., v.) is non-negative is a consequence
of the non-negativity of the right-hand side of (P.), according to the weak maximum
principle (see, e.g., [117, Theorem 3.2.2]). ]

2.2.4 A priori estimates

Lemma 2.2.11. Suppose (H; ), (Ha)(i)~(Hy)(ii), and (Hy)(v). Then there exists L >
0 independent of € € (0,1) such that

[[(ue, ve) | x < L

for any (u.,v.) solution to (P.).
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Proof. Fix ¢ € (0,1) and set (u,v) := (ue,v:). According to Theorem 2.2.10 we have
u,v > 0 a.e. in RY. Fix any o > 0. Testing the first equation of (P.) with u, reasoning
as in the proof of Lemma 2.2.8, and using Proposition 1.3.26 yield

/<I>(|Vu\)da:§0/ S(IVu)|Vulde = C [ h(@)f(u+e,0+)ude
RN RN RN

< o/ (@) [0(@(u+¢) + U(v + &) + Cy] da
RN (2.2.17)
< C’/RN [(z) [o(P(u) + ¥(v)) + Cy] dz

<Co {/ O(|Vul)de +/ \I/(|Vv|)d:v} + C,.
RN RN
Analogously, for the second equation we get
/ ¥ (Vo)) dz < Co [/ <I>(|Vu|)dx+/ \11(|wy)d4 en (2.2.18)
RN RN RN

Summing (2.2.17)—(2.2.18) and re-arranging the terms gives

(1-Co) VRN q>(|vu\)dx+/RN \II(|VU|)dm] <c,

Choosing o small enough permits to conclude. ]

Lemma 2.2.12. Let Q be an open subset of RN satisfying |Q] < 400, ® be a Young
function of class C* such that 1 < ig < s¢ < N, and f € L°(Q), f > 0, with § > %.

Then the unique solution u € Dy (Q) of

—Agu = f(z) in Q,
u=2>0 on 051,

belongs to L>(2). Moreover, u satisfies the estimate

1
el < € (171 +1).

for a suitable C = C(|Q2], N, ®) > 0.
Proof. Let us consider the symmetrized problem
P
—div (%V@) = f*(r) in B,,
w=0 on 0B,,
being p > 0 such that |B,| = |Q| (see [30, pp. 697-698], besides recalling Definition 1.1.1
and Proposition 1.3.7). Set A(£) := 2% According to (1.3.9), we have A() > %5_1@)(15))

t
for all ¢t > 0, so
ATHE) < @7 (D(2t) < CPHD(t)) V> 0. (2.2.19)
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Hence, in order to apply [30, Theorem 3.1], we only need to prove that

1
/ T (ﬁf**(t)) dt < +oo.
0
Since [€)| < +o00, we can suppose that 6 < N without loss of generality. Observe that

L L .
(_ R _) A L B . (2.2.20)

N N ig—1 N~ N
Then (1.1.1), (1.3.26), (1.3.27), and (2.2.20) yield

[ () ase [T (i) @

C
< c/ T (m*sufnm(m +1) dt
’ (2.2.21)

Hence [30, Theorem 3.1 and (2.21)] and (2.2.19) entail

12|

w*(0) < w(0) < C /

0

! <6 (t%f**(t))) dt. (2.2.22)
Miming the proof of (1.3.6) and using (1.3.27) we deduce

1 -7\ - .
5 (® O?HS)_‘?—‘Dgé:,l Vit > 0.
(CI)_IOCI)) (8) 1 1 e — 1

Dividing by s and integrating in [1, ], for any ¢ > 1, gives
L (B(1) < &L (D))t Vi > 1. (2.2.23)

Thus, by [67, Proposition 1.4.5 (15)], (2.2.22), and (2.2.23), besides reasoning as in
(2.2.21), we get

- 1 |Q| 1 1 1 1
[ullL=(0) = u*(0) < @(0) <C <||f ;;f;(;)/ A 1) . (22.24)
0

The conclusion follows by observing that the integral on the right-hand side of (2.2.24)
is finite, since

1 1\ 1 1 1—ip 1 1 11
. S, 1Tt - — 1 2.2.25
<N 5> is—1 N~ N ig—1 N N N ( )

]
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Lemma 2.2.13. Let (Hy, ), (Hy)(i)-(Hy)(ill), and (H2)(v) be satisfied. Then there
exists M > 0, depending on L of Lemma 2.2.11 but independent of € € (0,1), such that

e[ + [[velloc < M
for any (ue,v.) solution to (P.).

Proof. We prove the claim for u.: the same argument can be performed to obtain a
uniform bound for v.. We split the proof into two parts: the first one is a qualitative
information, while the second one is quantitative. Fix any ¢ € (0,1) and set (u,v) :=
(Ue, V).

Claim 1: u € L>®(RY).
Preliminarily, observe that it suffices to show u € L*(£;), being Q; = {z € RV :
u(z) > 1}.

Reasoning as in [96, Lemma 3.2] we have

/ MVanda: < C’/
o |Vul o

(Tl(u) n TQU(U) + 1) nde ¥y e DYP(RY). (2.2.26)

u

Setting f(z) := % + 1 and choosing 7 := (u — k)4, k > 1, yields

/m o(|Vu])|Vu| dz < C/m (Tl(“) + f(:v)) (u— &) da.

u

This represents the starting point of [5, Theorem 3.1] (see [5, formulas (4-51)—(4-53)]).
We also notice that f € L% (), where §; > % stems from (Hy)(iii): indeed, by (2.2.3),
(1.3.10), Lemma 2.2.11, and (1.3.23), we obtain

/Ql (Tgv(v) + 1)61 dz <C {/ﬂl(tél 0T,  01,)(v)de + 1}

gC{/m\I/*(v)dx+1} < +o0.

(2.2.27)

Then, according to [5, formulas (3.8)-(3.9)] with M(¢) := t%, our claim is proved once
we show that

[l

Without loss of generality, we can suppose 6; < N. Thus, taking into account (1.3.27),

we have
/ 5(7“%_
0

Z[~

+oo
_i) dr +/ 5(7“_%31_%) dr}) 5™V ds < +o0.

m‘H

Ddr < C/ P (T3 gy (2.2.28)
0
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1 (1—L
and, also observing that P~ s 5 < 1if and only if 7 > s (1 ‘51),
g y

SN/(liﬁ) 1 +o0 1
— 6 — 7 1 51 d 6 - 1’ 173 d
/S (r-vs o) T+/5N/(1?%1) (r-~s a)dr
[ -1 1 SN/(I_S%) i / 1 +oo s
<C s <1fﬁ> / PN dr 4 Ssq’(liﬂ) /N’(l L) P dr (2.2.29)
s s S

_ o |gGE)e SN/<1;1>] ,

Recalling % < 01 < N and (2.2.25) yields

1 11 '
0>N«F—g>—1>%<ﬁ—g)>—%>—L (2.2.30)
1 1

Thus, putting (2.2.28)—(2.2.29) together and exploiting (1.3.12) for A = @, besides using
(2.2.30), yield

! 1 S_ 11 teo 1
/ ot (— [/ O(rv 51)d7“+/ @(r‘ﬁsl 51)dr}>3_1\1ﬂds
0 S LJo s
<

1
C/ (I)—l (S%(J{/ ﬁ) + SN/(lfsll)l) 3_% ds
0

proving the claim.

Claim 2: There exists M > 0, depending on L but not on ¢, such that ||ul|. < M.
Let us consider the unique solution w € Dy ® () to

{_&W:ﬂ@ in Q, (2.2.31)

w =170 on 0€),

where f(x) := Tl@fz‘x()x Dy Ti((”x()x D 4+ 1. Existence and uniqueness of w are ensured by Minty-

Browder’s theorem [15, Theorem 5.16], jointly with [17, Lemma 2.6] and f € Lo ():
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this summability of f comes from f € L% (Q;) and = () ) e L®(RYN), since u € L=(RV)
by Claim 1. Choosing 7 := (v —w — 1) in (2.2.26) we have

/ V) G w1y, dng/ (Tl(“>+T2(”>
Q1

|Vul o, u v

+ 1) (u—w—1); dz (2.2.32)

while, testing (2.2.31) with (v —w — 1), we deduce

/MVwV(u—w—1)+dx:C’/ (Tl(“)+T2(”)

(951 |VW| (o5 u v

#1) 0= Ddo

(2.2.33)
Subtracting (2.2.32)—(2.2.33) term by term we get

/ (¢(|vu|>Vu— ¢(|vw‘)Vw> (Vu — Vw)dz <0.
{u>w+1} [Vul V|

The strict monotonicity of the ®-Laplacian operator (see, e.g., [17, Lemma 2.6]) produces
u < w+1in €. In particular,

[ullzeo@ny < llw + iz < llwllzey + 1. (2.2.34)
Chebichev’s inequality entails
<0 ewdn
RN
which is uniformly bounded in terms of L by (1.3.23) and Lemma 2.2.11. We stress the

fact that |1 does not depend on u but only on L, so it is independent on €. We are in
the position to apply Lemma 2.2.12 to w and deduce

[wllzoo ) < C <||f||m(Q ) : (2.2.35)

Joining (2.2.34)(2.2.35) together and using the definition of f we get

T (u

1
-
[ul| (o)) < C (H +f 2“31{9 +1> :
Lo (1)

which can be rewritten, using (1.3.26) and the uniform boundedness of f in L% ()
proved in (2.2.27), as

_
lull =@y < C (nusn—ln T 1) . (2.2.36)

Let us consider 7 > 0 such that #(*v1~%**+7)% < &_ (which is possible according to (2.2.2),
taking a smaller ¢, if necessary). Then (2.2.36), besides observing that || pe(q,) > 1
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provided [€2;] > 0, gives

ip—l-T . 1
HuHLOO(Ql) S C (HU/’ L:;f Qll HusTlf’LCI>+T Lc%l(lgl) + 1>

. sy, —ip+T
< Cllull T, (||u||L<:fltwl(Ql) + 1) (2237)
_ syy —ig+T
< Cllull o (nunmzz; +1>.

Accordingly, by the embedding (1.3.23) and Lemma 2.2.11, estimate (2.2.36) can be
improved to

T s'rlfiqy&ﬂ'
full g, sc(Lw—l +1).

Lemma 2.2.14. Suppose (Hy ) and (Hy)(i)-(H2)(v). Then for all v > 0 there exists
¢, > 0, independent of € € (0,1), such that min{u.,v.} > ¢, in B, for all (u.,v.) solution
to (P.).

Proof. Fix any € € (0,1). According to (Hs)(iv) and Lemma 2.2.13, (u,v) = (ue,ve)
satisfies

“Agu > Ch(z)” in RV,
{ ouz €7 h(@)e™ in (2.2.38)

~Agv > O k(z)u”  in RY,

for a suitable C' > 0 depending on the parameter M stemming from Lemma 2.2.13.
Fix n € C°(RY) such that n = 1 in B, and = 0 outside By, with 0 < r < R < +00.
Set w; := w4+, for any I € (0,1). Testing the first equation of (2.2.38) with w, 7n?,

being o € (0, =) and a > i, besides noticing that Lemma 2.2.13 and (Hy)(v) yield
L
respectively w; < M + 1 and h > dgr in B, we get

—0 a VT] —0— a
a/ w, Yo(IVu|) —=—+ Yl dz —a/ w; (| Vu]) V| do
BR BR

20_1/ hw, ?v"n*de > C~ / v dx.
Br -

Pick any p € (0,1). The fist integral of (2.2.39) can be estimated via (1.3.25), Young’s

(2.2.39)
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inequality, the convexity of ®, (1.3.26), (1.3.27), and (1.3.10) as

\Y
/ w; N o(|Vul) |Vl dz < se / ;o0 2( 7|)|Vn\dx
Bgr

aizt d+1 VU —1_a—1—azt d+1 7
o o ) )
Br
1 (7+1 v 0'+1 —c
< S [/ [ (;m (V) ) dx+/ ® (u‘lna 1 Vg, ) dﬂf]
Br V| Br

q) i %—O’
SC/L/ nwlalq)(%) dx—l—C’,“]/ wl<‘1’ )dx
BR BR

P "s—tl—a
< CM/ n“wz_“_lw(\VUD\VU\d95+0u,n/ Wy ( ! )d$’
BR BR
(2.2.40)

for a suitable C' > 0 depending on ® and M. By (2.2.39)—(2.2.40) we get

S—

i -0
c1 v de < (Cap — U)/ w[”’ln“go(|Vu|)]Vu| dx + CW?/ w, ( ® ) dz.
Br

B Br

Choosing p < & yields

/ v dx < C/ w?(?‘;_a) dx,
- Br

where C' depends on M, i, 1, ®,a,0. Reasoning as in (2.2.39)—(2.2.40), besides letting
[ — 0", we obtain

io| T —0
/degc u“)(% >dx (2.2.41)
T Br

and

iv| -0
/ u’t da < C/ U‘P(Sv )dx. (2.2.42)
T BR
Let us set

N(ig — 1 N(ig — 1
T :—mln{zé,M}—a and Ty —mln{ij,(w—,)}—& (2.2.43)
S N—Zq> Sy N—Z\p

where 6 > 0 is chosen such that 7, > 0, ¢ = 1,2, and
Vivy < TiTa, (2.2.44)

which is possible according to (Hs)(iv). Then fix o as above fulfilling




Exploiting Lemma 2.2.13 again and (2.2.43)—(2.2.44), estimates (2.2.41)—(2.2.42) yield

Y = S
/ v de < CM q>( 3 ) ' / ude < C’/ u™ dx (2.2.45)
Br Br

T

and

7;\1/(0;:1—0')—7'2
/ ude < CM "\ ¥ / v dr < C/ v dx. (2.2.46)
Br Br

Using the weak Harnack inequality [7, Theorem 1.4 case 1] (with s = co and [y = 71)
and (2.2.45), besides recalling (2.2.43) (which ensures that 7 is strictly less than the
number [(ig) defined in [7, p.792]) and [7, Remark 1.6], we get

1 1 ~ 2
infu > cR ™™ (/ u™ dx) "> R (/ V"2 dx) "> (L> " (infv> L (2:2.47)
Br BR s R By

Repeating the same argument, from (2.2.46) we obtain

4%

X )
info > ¢ (%) E (inf u) . (2.2.48)

By By

Let R = 2r. Concatenating (2.2.47)—(2.2.48) and bearing in mind that ¢ depends on 7,

and a fortiori on 7, yield
viva

infu > ¢, (inf u> e .
B, B,
The conclusion then follows by (2.2.44). O

Remark 2.2.15. An inspection of the proofs of Lemmas 2.2.11, 2.2.13, and 2.2.14
reveals that the estimates proved there hold true also for € = 0, that is, for the solutions
to problem (Pg v ).

2.2.5 Conclusion

Now we show that the pointwise decay of solutions to (Pg ) is automatically implied
by their continuity. To this aim, let us consider problem

~Agu = h(x)f(u,v) in RY,
—Agv = k(2)g(u,v) in RY, (2.2.49)
u,v >0 in RY.

Lemma 2.2.16. Suppose (H; ) ~(Hs) to be satisfied. Let (u,v) € X be a distributional
solution to (2.2.49). Then, for a.a. x € B,

+00 +oo
c! ; (p’l(rl’N) dr <wu(z) < C/ll <p’1(1”1’N)d7"7
ct Y () dr <w(z) < C (N dr,
|| ||
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being C' > 0 a suitable constant. In particular, if u,v are continuous functions then
(2.2.50) holds everywhere in Bf.

Proof. Lemma 2.2.14 (see also Remark 2.2.15) ensures that

infu=c (2.2.51)

B1
for a suitable ¢ > 0. Lemma 2.2.5 furnishes w € C}_(RY \ {0}) such that ‘VmBe) €
L*(Bf) and

—Agw =0 in BY,
w=c on 0By,
w(z) =0 as |z| = +oc.

The weak comparison principle (Proposition 1.4.2) and (2.2.51) ensure w < u in Bf. In
particular, by (2.2.6) we have

—+oco
c! e Hr V) dr < w(x) < wu(z) Yz e B

||

The same argument produces a lower bound for v in BY.

According to Lemma 2.2.13 (besides Remark 2.2.15), we have [|u|o + [|[v]loc < M for
some M > 0. Set l; := 6, — a]i\;_—_“li’ > N. Then, using (Hy)(vi), (H2)(ii), and Remark
2.2.7, we obtain

h(@) f(u(a),v(@)) < Cla[™ [(u(z)™ + 1)(v()™2 7" + 1) +u(z)™1 7! + v(z)*r2 ]
< Ol [(w(x)™* + )M~ 1) 4 M~ Mot

< Claf (u«

alle 1
ie—1 1] §C|ZL‘| 1’

for all z € B¢, being C = C(M, ¢). Lemma 2.2.6 produces a solution w € CL_(RY\ {0})

to
—Aew = Clz|™ in B,

w=M on 0By,
w(x) — 0 as |z| = +o0,
choosing M>M sufficiently large, as prescribed in (2.2.10). Recalling that ‘VE\ se| €
1
L®(BY), the weak comparison principle (Proposition 1.4.2) ensures that
+00
u(z) <w(z) <C e Y Nydr Vre B
||
Arguing in the same way, we deduce also an upper bound for v in Bj. O

Lemma 2.2.17. Under (Hy,.,)-(Hs), there exists a distributional solution (u,v) €
CLT(RM)? to (Py.y), for a suitable T € (0, 1],

loc
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Proof. Let us set, for all n € N, (up,v,) = (ue,,ve,), where ¢, — 0% and (u.,,v.,)
comes from Theorem 2.2.10. We also set f,, () := h(x) f (2, tn +&n, Up+€,) and g, (2) 1=
k(x)g(x,u, + €n, vy + €,). By Lemma 2.2.11 we infer that {(u,,v,)} is bounded in X,
while Lemmas 2.2.13 and 2.2.14 ensure that {f,} and {g,} are bounded in L (RV):
indeed, for any r > 0,

ful@) < B(@)[(e;® + (M +1)""27 4 1) + (M + 1) ') € L¥(B,),

and the same holds for g,. Hence Lieberman’s regularity theory [90] guarantees that
{(tn, v,)} is bounded in C2T°(RY)? for a suitable 7 € (0,1]. Then, fixed any 7 € (0,7),
Ascoli-Arzeld’s theorem furnishes (u,v) € CLT(RY)? such that (u,,v,) — (u,v) in

CLT(RN)2. Passing to the limit in the distributional formulation of (P.), via uniform
convergence and dominated convergence on the left-hand and right-hand sides respec-
tively, reveals that (u,v) is a distributional solution to (2.2.49). Taking into account

Lemma 2.2.16, (u,v) actually solves (Pg ) (in the distributional sense). O

Theorem 2.2.18. Suppose (H;,.)(H2). Then there exists a weak solution (u,v) €
CLT(RM)? to (Py.y), for a suitable T € (0, 1],

loc

Proof. This proof is patterned after [74, Lemma 4.2], so here we only sketch it. Lemma
2.2.17 furnishes a distributional solution (u,v) € C.7(RM)? to (Pg.y). Now we show
that it is actually a weak solution to the problem. To this end, we reason for the first
equation and pick any test function n € Dy*(RY) and a cut-off function § € C=(R,)

such that

1, in [0,1],
0(t) := | decreasing, in |1,2],
0, in [2,4+00).

We split the test function as n =, — n_ and set, for every n,m € N,

0, :=0 (%) € C2RY), n, =0, €Dy (RY),  Nn i= pm * 1 € CZ(RY).

We notice that 7, 1. and 5y, — 1, in Dy*(RY) as m — oo (see, e.g., [87, Theorem
3.18.1.1]), which readily entails

. VuVin, .
lim Ng0(|Vu|)W dor = /RN o(|Vul) vl dz.

m—o0 R

Reasoning as in [74, Lemma 4.2], besides exploiting Lemmas 2.2.13 and 2.2.14, ensures
that

lim hf(u,v)nmmda::/ hf(u,v)n, dx.

m—o0 RN RN

Accordingly, we can pass to the limit in

VuVimn
o(|Vu —’dx—/ hf(w,v)nm n de,
| et R
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that holds true for any m,n € N, since (u,v) is a distributional solution to (Pg v); we

obtain
/ (V) Y g, / B (. o) e
RN |VU| RN

for all n € N. Moreover, Beppo Levi’s monotone convergence theorem ensures

lim hf(u,v)nndxz/ hf(u,v)ny dz.

n—oo RN RN

In order to prove

lim [ o(vu) T e = [ p(vu) T d,
RN

n—o0 Jguv [V [V

it suffices to show that n, — 7, in Dy*(RY), that is, Jan @IV, — Vi |) da goes to
zero as n — oo. Noticing that suppﬁ C {x € RN : |z| < 2n} =: K,, and setting
A, = Ky, \ K, we get

/RN O(|Vn, — Vny|)de = /RN &(|n VO, + 0,Vn, — Vny|)dz

<o @a-0nhdet [ o0.Ive,)do),
' (2.2.52)

We treat the integrals on the right-hand side of (2.2.52) separately. For the first integral,
by Lebesgue’s theorem we infer

lim O((1-6,)|Vny|)dx =0,

n—oo RN

since 7, € Dp®(RN) and 6, — 1 in RY. Regarding the second integral, we show that
17+ V Ol L#(a,) — 0 as n — oco. By Proposition 1.3.21 we have

||77+|V9n|||L‘I’(An) < ||77+||L4’*(An)||V9n||LN(RN)-

We notice that |[n;]|ze.(a,) — 0 as n — oo, since ;. € L**(RY) by (1.3.23). Moreover,
VO, L~ ®ny is bounded uniformly in n: indeed, through a change of variable, we get

196, [ =/ VoY== [ o Iy [
LY (RY) nN RN n

Hence, exploiting also Lemma 2.2.16, we conclude that (u,v) is a weak solution to
(Po.w). O

dz = / 10 (J2)|N dz < +oo.
RN
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2.2.6 Uniqueness result
Lemma 2.2.19. Let J : DY®(RY) — [0, +00] be defined as
J(w) = [ O(Vuwl|)dz,
RN

where © is a Young function of class C? and = ©'. For any fived k € (1,ig + 1], we
consider J : LY(RYN) — [0, +o0] given by

—+00, otherwise.
Thus dom J # 0 and J is convex.

Proof. Reasoning as in [53, Theorem 1.2], we have that J # +oco. Now we show that
1

J is a convex functional. Take any w; € dom J,i=1,2, and \ € [0,1]. Set z; = w},
i=1,2, and z3 = (Awy + (1 — A)wy)*. By [53, Theorem 1.2] we have

Vzs| < AV [F + (1= 3)[Vzl*)E. (2.2.53)

Proposition 1.3.5 and (2.2) guarantee that © o t& is convex. Hence, by (2.2.53),

J(Awi + (1= Nws) = /RN O(|Vz)) dz < /RN O(AVA [ + (1 = N)|Vzl*)F) de

< /\/RN@(Wleder(l—)\)/

. O(|Vz|) dz = AJ(wy) + (1 — N)J (ws).

]

Theorem 2.2.20. Assume that (H; ,,)-(H3) hold. Then (Pew) has a unique weak
solution (u,v) € Dy*(RN) x Dy¥ (RV).

Proof. Let J : X — [0,400] be defined as

J(u,v) = /RN @(|Vu|)dx—|—/ U(|Vul)dz.

RN

Consider J : LY(RN) x L*(RN) — [0, +-00] given by

~ J(ui¢’+1,v’¢“>, if u,v>0 and (uwﬂ,v’w“) € X,
J(u,v) :=
+00, otherwise.

Applying Lemma 2.2.19 componentwise, we infer dom J # () and that J is a convex
functional. In order to prove uniqueness, we suppose that there exist (u;,v;) € dom J,
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i = 1,2, weak solutions to (Pg ¢). From Lemma 2.2.16 we get

1o+l ip+1 iyt+1 Ty +1
(&1,m) = - , € X,

7’<P 7:1/)
Uy U1
ip+1 to+1 iy +1 %
ulsa _ uQSD vlw _ v2w+1
(527772) = i ) iy e X.
Uy Uy

The convexity of J yields

0 < (VJ(u L, vty - W(uirtt oo ), (et — ittt

:/ [o(IVur|)Vur V& — (| Vue|) Vu VE ] do
RN
+/ [V(| V1)V Vi — (| Vs |) Voa Vi) da.
RN

Since (u;, v;) are weak solutions to (Pg ), (2.2.54) and (Hj) imply

0< / [o(|Vur| ) Vu  VE — o(|Vug|) Vus Vs da
RN

+/ [V(|V1])V1 Vi — (| Vs|) Ve Vi) da
RN

iw—i-l))

(2.2.54)

= /RN hlf (u1,v1)& — f(uz,v2)&a] do +/ klg(ui,vi)m — glug, va)no] do

RN

= / h [f(ut7 Ul) . f(uQZ7 UQ):| (szp—i_l _ ugp-i-l) da
RN uy” Uy
+/ k {g(“ﬂ’ v) gl Uz)} (! = vy dz <.
RN vy Vo'

Hence u; = us and v; = vy in RY, concluding the proof.
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Chapter 3

Eigenvalue problems for
double-phase operators

In this chapter, we present a nonlinear eigenvalue problem for the double phase operator
subject to Dirichlet condition on a bounded domain Q2 C RY™. Since the A+ A, operator
is not homogeneous, its spectrum can be defined in different ways.

The first definition of the spectrum was introduced in [34] and is based on the Rayleigh
quotient. Specifically, the authors consider the energy functional

u / a(z)|Vul? + |Vu|? dz,
Q

being 1 <g<p<N,2<1+ +, and a € C*(Q), and demonstrate the existence of a
pair (A}, u}) such that u} € Wy?(Q) N L®(Q), |jublls = 1 and

p—2 q—2
—div | pa(x) Vu Vu +q Vu Vu = S (u) (pa(x)|ulP*u + qlu|?*u)
A A A A
being
u |P u |9
S(u) _ pa(@) [ 5"+ q[F]
pa(x)|ulP + gluls
Moreover, they show that
)\é = inf IVeulo

wew @) lulle

By a mini-max procedure they also prove the existence of a non-decreasing sequence of
eigenvalues {\5}. Notice that these results are consistent with what has been seen for
the p-Laplacian (vide Section 1.4).

A different type of spectrum was considered in [59]: the eigenfunctions associated
with the eigenvalue A > 0 are defined as solutions to

—A% — Agu = da(z)|ulP?u in Q,
{ ’ ! (Px)

u=>0 on 0.
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In particular, in [59], it is shown that (P,) has a continuous spectrum determined by the
minimal eigenvalue of the weighted p-Laplacian.

This definition can be generalized by taking into account the presence of the ¢-
Laplacian and by considering a type of spectrum that resembles that of the Fucik spec-
trum but adapted to the double-phase operator. This is the approach pursued in this
Chapter in which we present the results of [56].

3.1 On Bobkov-Tanaka type spectrum for the double-
phase operator

3.1.1 Introduction and main result

Let Q CRY, N > 2, be a bounded domain with boundary 9% of class C?, o, 3 € R, and
l<qg<p< N, withp <qg*:= NN—_‘Iq. We consider the problem

—A% — Agu = aa(z)|uP2u + BlulTu in Q,

u=>0 on Of).
Here A7 is the weighted p-Laplacian with a satisfying the following hypotheses:

(H) a € C%*(Q2) and belongs to the Muckenhoupt class A, (see (1.3.36)).
(H3) a(x) > 0 for all z € Q.

We denote by (H*) the set of assumptions (H%)-(H3). The differential operator in
(GEV; «, 5) encompasses both the (p, ¢)-Laplacian and the double-phase operator (see
Definition 1.4.3). Moving from the seminal papers by Bobkov and Tanaka [8, 9, 11],
we discuss the region of parameters where the existence and non-existence of positive
solutions u € Wy (Q) occur (see Section 1.3.4 for the definition of this space). This is
done by means of appropriate normalization procedures, the Nehari manifold, truncation
techniques, and Picone-type inequalities.

Firstly, we introduce the variational setting of (GEV; «a, 3). The energy functional
Eop: Wy?(Q) = R associated with (GEV; a, ) is

Eo () = }?Haw n éamu),

being
H,(u) :/a|Vu|pd:c—a/a]u\pd:c and Gpg(u) :/|Vu|qu—ﬁ/ lu|? dx
Q Q Q Q
for all u € Wy?(Q). We note that E, g is well-defined and of class C'. The set
Nap = fu e Wy () \ {0} = (B[ 5(u),u) = 0},
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is called Nehari manifold associated with E, s.

We say that u € W;?(Q) is a ground-state solution to (GEV; «, ) if it is a global
minimizer of F, g |, 5, that is the restriction of E, g to its Nehari manifold.
The following result, patterned after [8, Proposition 6], furnishes a sufficient condition
to ensure N, 5 # 0.

Proposition 3.1.1. Let v € W' (Q) \ {0} be such that
H,(v)Gg(v) <O.

Then there exist a unique critical point t(v) > 0 of t — Eq4 g(tv) such that t(v)v € Ny 5.
Moreover, if

Gp(v) <0< Hy(v),
then t(v) is the unique minimizer of t — E, g(tv) and E, g(t(v)v) < 0.

Now, in order to state the main results of this subsection, we introduce the eigenpair
(Af(p), ¢p) and (A1(q),p,), related to Ar and A,, respectively. Specifically, we recall
that

(3.1.1)

—Afu = Aa(x)|ulP"?u in Q,
u=20 on oS

admits a smallest eigenvalue A{(p) which is positive, isolated, and simple, with cor-
responding positive eigenfunction ¢f € L>(Q). Moreover, the following variational
characterization of the first eigenvalue holds true:

Ai(p) = e Jo alVul? dz
“(p) = Jo ¥ o

. (3.1.2)
wewd oy o alulPdz

(for the existence of A\{(p) and its properties, vide [112]). It is worth noting that these
results heavily rely on the assumption a € A,, which makes Poincaré’s inequality avail-
able: see (1.3.37). The following linear independence condition will be pivotal in the
description of the spectrum:

¢y # kp, for any k € R. (LI)

For a discussion about (LI), we address the reader to [8, p.3280], which focuses the
(p, q)-Laplacian case. We also introduce the following constants, that will play a crucial

role: f Vol d
. JQ wgq x * . \a oz
- fg(@%)q dCL’ ) S_ = /\1(p) S—,
a|lVp,|P dx ~
. ffT += 5= ald)
o @¥Pq
Let



Due to the possible lack of regularity for ¢, s_ and s* may be not well defined: thus,
if either [,,(p2)?dz or [, |[Ve|?dz is not finite, we posit 5_ := +00 and s* := —oo. It
is readily seen that 5, > A{(p), 5 > Ai(q), and s* < s* < %, with strict inequalities if
and only if (LI) holds true. We explicitly notice that 5, and s* are well defined, since
0, € CY7(Q) (see Section 1.4).

(a) (LI) holds true. (b) (LI) does not hold true.

Figure 3.1: Summary of results. Existence of positive solutions is guaranteed in the
white regions, while no positive solutions exist within the dotted regions. The curve C
is represented with a black line, while the dotted oblique lines are related to the change
of variable s = a — (3.

Let us briefly sketch the main results of this section. Regardless of (LI), we have:

e non-existence for (o, ) € ((—o0, A{(p)] x (=00, A1 (@)]) \{(A{(p), A1(q))} (Theorem
3.1.2);

e cxistence for (a, B) € (—o0, A{(p)) X (A(q), +00) (Theorem 3.1.3);
e existence for (o, 3) € (A{(p), +o0) X (—00, A1(¢)) (Theorem 3.1.4).
If (LI) does not hold true, then we get:
e cxistence for (o, 8) = (A{(p), A1(¢)) (Theorem 3.1.2);
e non-existence for (o, ) € (A{(p), +00) x (A1(q), +00) (Proposition 3.1.7).
On the other hand, if (LI) holds true, we consider the function A* : R — R defined as
A*(s) :=sup{X € R: (GEV; X + s, \) has a positive solution}. (3.1.3)

The curve C which separates the region of existence from the region of non-existence of
positive solutions to (GEV; «, 3) corresponds to the set

C={(\(s) +s,A7(s)) : s € R}.

A description of C is given in Propositions 3.1.6-3.1.7. Setting s := a — (3, if (LI) is
satisfied we obtain:
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e non-existence for (a, f) = (A%(p), A1(q)) (Theorem 3.1.2);

e cxistence for (a, 5) € ([A{(p), 54+)x[A1(q), \*($))\{(A{(p), A1(¢))} (Theorems 3.1.5
and 3.1.8, besides Proposition 3.1.6);

e non-existence for («, 8) € (A*(s) + s, 4+00) X (A*(s), +00) (obvious from the defini-
tion of \*);

e cxistence for (a, 5) = (A*(s) + s, A*(s)) whenever a > A{(p) and S > Ai(q) (Theo-
rem 3.1.10).

It is worth noticing that if infg a > 0 we have non-existence for («, 5) € [§4, +00) X
{A1(¢)}, while the validity of this non-existence result is an open problem when infg a =
0; see Remarks 3.1.11-3.1.12.

The curve C always touches the half-line £ := {A{(p)} x (A1(q),+00), but the in-
tersection point, depending on the relation between p and ¢, may not belong to the
line a — 8 = s* (see [10, Theorem 3.3]); the truthfulness of this assertion is based
on a specific Picone-type inequality (like [85, Lemma 1]). Incidentally, we point out a
different Picone-type inequality obtained via hidden convexity in [13] (see [106] for an
application), that we will use in Lemma 3.1.9.

3.1.2 Existence and non-existence results

Theorem 3.1.2. Let
(a,8) € (=00, AT(p)] x (=00, M(a)]) \ {(Af(p), Mi(a))}-

Then (GEV; «, 5) admits no non-trivial solutions. Moreover, (LI) holds true if and only
if (GEV; X{(p), A\1(q)) admits no non-trivial (or, equivalently, positive) solutions.

Proof. Let a < A{(p) and < A\i(q) fulfill (o, B) # (A9(p), A1(q)). Suppose by contradic-
tion that there exists u € Wy?(Q)\ {0} solution to (GEV; o, 3). Testing (GEV; a, )
with u yields

Pao (V) — apgy(u) = Bllull§ — [[Vullg.

According to (3.1.2) we get

0 < (A1 (p) — @)po, (1) < pa, (V) — apgy(u) = Bllullg = [[Vull§ < (8 = Au(g)llull§ < 0.

Since u # 0, it follows that a = A\{(p) and S = A1(¢), contradicting the hypotheses.

Now suppose («, 5) = (A{(p), A1(q)). Notice that, according to the simplicity of \{(p)
and \i(q), the intersection of the eigenspaces associated to these eigenvalues is trivial if
and only if (LI) holds true.
Consequently, repeating the argument above, if (LI) holds true then (GEV; A{(p), A1(q))
admits only the trivial solution. On the other hand, if (LI) is not fulfilled, then there
exists a positive u € Wy ?(Q) satisfying both —A%u = X (p)uP~" and —Agu = A (q)ui™,
which entails

— Ay — Agu = A (p)u?™" + A (q)ut .

Thus, u is a non-trivial solution to (GEV; A{(p), A\1(q)). O
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Theorem 3.1.3. If
(a, B) € (—00,A{(p)) x (Ai(q), +00),

then there exists a positive solution v € Wy*(Q) to (GEV; a,8), which is a global
minimizer of E g.

Proof. For any t > 0 sufficiently small one has

B p(tpy) = % (Pa0 (Vo) — apa(20)) + % (1412 = Bllegl)
D q
_ % (Pao(V0) — gy (20) + % (M) — B) llgal < 0.

Let m := infy10 ) Fog € [—00,0) and {u,} € W,?(Q) be a minimizing sequence for
E, p. Since m < 0, we can assume that E, g(u,) < 0 for all n € N.

Claim: {u,} is bounded in Wy (Q).
Suppose by contradiction that |lu,|19 — oo and set v, := ot for all n € N. The
boundedness of {v,} in W,*(Q) and the compactness of Wy (Q) «— L(Q) imply the
existence of v € W,’(Q) such that

vy — v in WePQ) and v, v in LY(Q). (3.1.4)
By (3.1.2) we have, for all n € N,
0> Eqopg(un) = Eap(llunllovn)

1 1
= S lunllig (oo (Von) = apay (a)) + Zllunlly o (IV0nll = Bllvnllg) (3.15)

1 g ) 1
> — (1= =) poo (Vo) luall} g + = llunllf o (I VR||E = Bllvn|l?).
p( D) o unllf o qH 15 6( 3 — Blluall)

Exploiting (3.1.2) again, besides recalling that 8 > Ai(q) and [|[Vv,[|? < pp(Vv,) = 1
(see (1.3.35)), one has

B ) 8
Vo llf —Bllo |8 > = —— —1]||Vu,||2 > 1— for all n € N.
IVl = Bl 2 = (35 1) IVl > 1= 57
Hence, if
lim sup pg, (Vv,,) > 0, (3.1.6)
n— o0
then (3.1.5) yields (up to sub-sequences)
0> el|un|f, + ! (1 - i) llunl|f, forallneN
"y Mlq)) ’

being ¢ > 0 sufficiently small. Letting n — oo leads to a contradiction. On the other
hand, if (3.1.6) is not satisfied, then v,, — 0 in W, ®(Q). This implies, via (1.3.35) (which
guarantees that pg(Vv,) = 1if and only if [|Vv,[[g = 1), that [|[Vv,[|I = 1—pg, (Vv,) — 1
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as n — oo. Using also (3.1.4) one has [[v,[|? — 0 when n — co. Hence, for all n € N

large enough, one has ||V, [|2 — 8|[v, ]2 > 4, so that (3.1.5) becomes

1 1
0> 5||un||‘{,e(||Wn||Z = Bllonll§) = 2—q|lun\|‘ie,

which is a contradiction establishing the claim.
Boundedness of {u,} in Wy?(Q) ensures the existence of u € W;"(€) such that

u, = u in WelQ) and w, —u in LY().
By the weak lower semi-continuity of F, 3, we have

m = lim E,3(u,) > Eqp(u),

n—oo

whence m > —oo, while the minimality of m entails m = E, g(u). In particular, u is a
solution to (GEV; «, #). Since E, s is even, we can assume v > 0 in 2. Moreover, since
m < 0 = E,3(0), we infer u # 0. Finally, Proposition 1.4.4 guarantees that v > 0 in
Q. ]

Theorem 3.1.4. Suppose

(Oé,ﬂ) S ()‘Clb(p)v—i_oo) X (_Oov>\1<Q))'

Then there exists a positive solution u € W, ?(Q) to (GEV; a, ), which is a ground-state
solution with positive energy.

Proof. Firstly, we notice that Proposition 3.1.1 ensures N, g # 0.

Claim 1: E,g |, 4 is coercive.
Reasoning as in [59, Proposition 3.3], we suppose by contradiction that there exist M > 0
and {u,} C N, s such that ||u,|19 — oo and

E.p(u,) <M forallneN. (3.1.7)

Fix any n € N. Since u,, € N, 3, we have
0o (V1t) + [V 2 = pay () + Bl (3.1.8)
so (3.1.7) can be rewritten as

1 1
Eos(utn) = (5 _ 1—)) (IVunll? = Bllunllt) < M.

Set y, := —2—. Recalling (3.1.2), besides § < A\i(q) and ¢ < p, one has

— lualle

B 5(un)

0<
[l

1 1 q 4
- (— - ];) (I99ll2 = Bllgnl)) < (3.1.9)

q ~ ualls
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Moreover, (3.1.8) ensures
po(Vu,) < max{a, 5}pp(u,) for all n € N.

Hence, by Poincaré’s inequality, ||u,|[1,, — oo forces ||u,|l¢ — oco. Thus, passing to the
limit in (3.1.9) we get

Tim ([ 12 = Blpnll2) = . (3.1.10)
Exploiting also (3.1.2), along with 8 < A;(g), one has
0 < (1 - f{q)) I95all2 < [ 95allt = Bllynlll 50 asn o0,  (3.111)

whence y,, — 0 in VVO1 (). Finally, according to Proposition 1.3.42, it turns out that
Yn — 0 in LY(2), contradicting ||y,|l¢ = 1 for all n € N. We deduce the coercivity of

Eaaﬁ ‘Na,ﬁ'
Claim 2: my g := inf E, 3 > 0.
—_— ) Na’ﬁ )
Since ¢ < p and 8 < A\1(q), by (3.1.8) we have

1 1
E,p(u) = (5 — 2;) ([[Vul|Z — Bl[ul|Z) >0 for all u € N, 5.

Hence mq 5 > 0. To show that m, s > 0, we argue by contradiction. Let {u,} C N,z
be such that E, g(u,) — 0 when n — oco. Thus, reasoning as in (3.1.11), we get u,, — 0
in W, (). Moreover, the coercivity of F, | N, guarantees that {u,} is bounded in

W, ?(Q), which compactly embeds into L?(£2). Hence

u, =0 in Wy'(Q) and wu, =0 in LY(Q).

Set yn = 4 for all n € N. Using 3 < A(q), (3.1.8), (3.1.2), and py,(y,) < 1 for all
n € N, we get

0 < IVuyall? = BllynllZ = llunlly *[evpo, (Yn) — pao(Vin)]
< lunlly™ (o = AL (D)) poo (Yn) < llually ¥ (0 = AL(p)) -

Hence, recalling that u, — 0 in L(Q), p > ¢, and a > X\{(p), it turns out that

(3.1.12)

Yo — 0 in W(Q).
Owing to Proposition 1.3.42 we infer
Y, — 0 in LY(Q),

contradicting ||y,||e = 1 for all n € N. Accordingly, m, g > 0.

Reasoning as in [59, Proposition 3.5 and Theorem 3.6] furnishes u € N, 5 such that
E,p(u) = myp and u is a (unconstrained) critical point of E, 3. Then the conclusion
follows as in Theorem 3.1.3. ]
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Theorem 3.1.5. Assume that (LI) holds true. If

(o, B) € (A(p), 54) x {M(a)},

then there exist a positive solution u € Wy’ (Q) to (GEV; a, A\ (q)), which is a ground-
state solution with positive energy.

Proof. The proof follows the argument used in Theorem 3.1.4.

Claim 1: Ny, ) # 0.
Recalling that a > A(p) and Wy *(Q) is densely embedded into Wy (Q) (see [41,
Theorem 2.23]), there exists @ € Wy?(Q) \ {0} such that

opan(E) > po (V). (3.1.13)
Since a < 84, (3.1.13) implies @ # ty, for any t € R. Thus,
IVallg > Ai(g)lallg. (3.1.14)

By (3.1.13)~(3.1.14) we deduce H,(u) < 0 < Gy, (g (@), so Proposition 3.1.1 proves the
claim.

Claim 2: Eq 5, (g)|n;, 5, 18 coercive.
Suppose by contradiction that there exist A/ > 0 and {u,} C N, », (g such that [Ju, |19 —
oo and

Eox(q(un) <M for alln € N. (3.1.15)

Set y,, := pua- for all n € N. Since {y,} is bounded in L%(), then y, — y in L%(Q) for
some y € LY(Q). Reasoning as for (3.1.10) we get

Tim (17912~ M (@llyall9) = 0. (3.1.16)

In particular, recalling that ||y, ||, < ||lynlle = 1 for all n € N, (3.1.16) ensures that {y,}

is bounded in W;4(Q), whence 3, — y in W,%(Q). Then the weak lower semi-continuity
of || - ||, ensures

IVyllz = M@yl = 0. (3.1.17)

Hence, only two cases can occur:
e y, — 0in W%(Q), or
o Yy — tp, in WU(Q) for some t € R\ {0}.

In the first case, Proposition 1.3.42 forces y, — 0 in L¢(£2), which contradicts ||y, |ls = 1
for all n € N.
In the second case, observe that (3.1.15) can be rewritten via (3.1.8) (with 8 = A\(q))

as
1 1
Eoxg)(tn) = (1—9 — 5) (po, (Vun) — apg,(u,)) < M for all n € N.
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Then, dividing by ||u,||; gives

Eax (q) (u”) < 1 1 ) M
— e = = — = | (00, (V) — @poy (yn)) <
[AAVIR7AS T el

0< for all n € N,

whence
Tim (pa, (V) = @paq (ya)) = 0.

An argument similar to (3.1.16)—(3.1.17) entails y,, — tp, in WH%(Q), y, — ty, in
L%(Q), and

Poo (V(,Oq) — APy, (QOCI) <0,
which contradicts o < 5. Therefore, Fy z, (g | Nosy(q) 18 COICIVE.

Claim 3: mq (g = min FE, 5 g > 0.
a,A1(q)

Reasoning by contradiction as for Claim 2 of Theorem 3.1.4, there exists {u,} € Nox, (g
and u € Wy?(Q) such that u,, — u in Wy*(Q) and

HVuan - )‘l(q)Huan —0 as n — oo,

whence

IVull§ = M(g)[lull§ = 0.

Thus, either v = 0 or u = ty, for some ¢t € R\ {0}. In the first case, setting y,, := s
and reasoning as in (3.1.12) yield (3.1.17); then the conclusion follows as in Claim 2. On

the other hand, if u = tp, then (3.1.8) gives
pan (V) = () < i (5 (V) = () = i ()~ [Ve2) =0,

so that o« > £og (V1)
—  Poy (U)

Let {u,} € Nanx (g be a minimizing sequence for E, x, () I,
Eax(a) [N, ensures that

= 5, contradicting o < ..

M@ Coercivity of

u, —u in Wy?Q) and w, —»u in L(Q)

for some u € W, ’Q(Q). The proof can be concluded as in Theorem 3.1.4, provided
u # ty, for any t € R\ {0}, which is necessary to adapt the argument in [59]. To this
aim, suppose by contradiction u = tg, for some t € R\ {0}. Notice that the weak lower
semi-continuity of || - ||,, (3.1.8) for 5 = A;(g), and (3.1.2) yield

b, (Vioy) + 11V, < Tl (V) + [V |2) = Tim () + Ma(@)Janl)
= at?pgy(9q) + M ()1l pqllg < at?pay (q) + 17 Vipg G-
Accordingly, pg,(V,) < apg,(v,), contradicting o < 5. O

Proposition 3.1.6. Suppose that (LI) holds true. Then
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(i) for any o € [A}(p),54) there exists g = eo(a) > 0 such that (GEV; a, A\i(q) + €)
has a positive solution u € Wy (Q) for all e € (0,20);

(i1) for any B € (A(q),5-) there exists g = €o(fB) > 0 such that (GEV; X{(p) + ¢, 3)
admits a positive solution u € Wy*(Q) for all & € (0, &).

(111) there exists eg > 0 such that (GEV; A\{(p) + ¢, \i(q) +¢) admits a positive solution
for all e € (0,¢9).

In all cases, u is a ground-state solution with negative energy.

Proof. The proofs are inspired by [8, Section 4].
Let us prove (i). Fix any € > 0. Since a < §; and € > 0. We have

Ho(pq) > po, (V) — 51pay(0g) = 0 (3.1.18)

and
Gai(g)+e(Pq) < Ga(g)(ipg) = 0. (3.1.19)
Proposition 3.1.1, besides (3.1.18)—(3.1.19), guarantees N, x, (g)+= 7# 0 and

Mo\ (q)+e = inf Ea,)q(q)-i—a < 0. (3120)

a,A(q)+e

Let {uS} C Nox (q+e be such that E, 5, (g)4e(Us) = Mo, (q)4e as n — 00. According to
(3.1.20), we can assume

Eox(g+e(uy,) <0 forall n € N,

and consequently Gy, (g1e(u;,) < 0 < Hy(u;) for all n € N: indeed, recalling that
us, € Ny (g4 and ¢ < p, one has

q—0p P—q 1 1
— | Hy(u;)) = | — | G (ur) =—-Hy(u;,) + -G (u
(pq> (us,) (pq) M (q)+e (Us) ; (us,) . () +e(U5,)

= Eai(g)+e(uy,) <0.

Claim: there exists 9 € (0,1) such that, for any ¢ € (0,¢q), the sequence {ug} is
bounded in Wy (Q).
Suppose by contradiction that for every k € N there exists ¢, € ((), %) such that uy :=
Unh € Nap(gye, satisfies tp = |jugll o > k. Set vy := p#— for all k € N. Since

W(Q) — L(Q) compactly, we have
vp = v* i Wy%(Q) and v, —o* in LY(Q). (3.1.21)
Let us show that v* # 0. Since ug € Ny, (g)+<, for all k£ € N, we have

| Ho ()] = |Gy ()] for all k €N,
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Dividing by ¢}, we get
| Hafw)] = #77Grr e (o) for all €N,

According to (3.1.21) and ||Vugllq < [|vkll1e = 1, besides G, (g)1e, (vx) < 0 for every
k € N, letting £ — oo entail

lim Hy(vr) =0 and  limsup G, (g)te, (v6) <0 (3.1.22)

k—o0 k—o0 -

Thus, we infer H,(v*) < 0 and Gy, (g)(v*) < 0 : indeed, by (3.1.21) and the weak lower
semi-continuity of both H, and Gg,

H,(v") < klim H,(vg) =0 (3.1.23)
—00
and
G(q(v") < li]?linf G (g)ter (V) < h;n suUp G, (g)+e, (Vi) < 0. (3.1.24)
©© —00

Since ||vg|l1o = 1 for all £ € N, besides exploiting (3.1.21) and (3.1.22)—(3.1.23), we
deduce

pae (V) + Au(@) o™l = Jim (apg, (vr) + (Ai(g) + ex)l|vellg)

=1- kli_{glo(Ha(Uk) + G (g)+er (Vk)) (3.1.25)
>1- klim Hg(vy) — limsup G, (g)42, (Vi) > 1.
—00

k—o0
Thus v* # 0.
By (3.1.2) we have G, (g)(v*) > 0, so (3.1.24) yields v* = typ, for some ¢t € R\ {0}.
Accordingly, o < 54 forces H,(tp,) > 0, which contradicts (3.1.23). The claim is proved.
Fix any ¢ € (0,g0) and let u§ € Wy?(Q) be such that us — ug in Wy?(Q). Observe
that ug # 0, since the weak lower semi-continuity of F, ), 4+ guarantees

E(ug) < nlgrolo Eopi(q+e(Uy) = Max@+e < 0= Eqgp (g+e(0)-
Arguing as in [8, Lemma 4], we have
G (q)+e(ug) <0 < Ho(ug) for all € € (0, ),

taking a smaller g if necessary. Then, following [8, Proposition 7 and Lemma 5|, we
deduce u§ € Ny x,(g)+- and that the minimizer mq,x, (g)+e Of Eaxi(g)+e [N, 5, (o). 15 attained
in u for any € € (0,¢p). Reasoning as in Theorem 3.1.4, we conclude that u is a positive
solution to (GEV; a, A1(q) + ¢) for any € € (0, €p).

The proof of (ii) is analogous to (i), except for the last part of the claim; thus, we
discuss only how to reach the contradiction establishing the claim.
Repeating verbatim the proof (i) until (3.1.25), we get v* # 0, Hye(,)(v*) < 0, and
Gp(v*) < 0. Since Hyap)(v*) > 0 by (3.1.2), we deduce v* = tpf(p) for some t € R\ {0}.
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If 5_ < +o0, then Gs(tp§(p)) < 0, contradicting < §_; otherwise, v* = t¢{(p) forces
¢t (p) € Wy’(Q), against the assumption that either [,,(¢%(p))?da or [, [Vei(p)|?da is
non finite.

To prove (iii), observe that there exists 9 > 0 such that

Gx\l(q)+so(90q) <0< H/\‘l‘(p)+€o (¢q)-

Thus, arguing as in (i) produces a positive solution to (GEV; A{(p) + €, \1(q) + ¢) for
any € € (0,ep), restricting ¢ if necessary. O]

Proposition 3.1.7. The function \* defined in (3.1.3) satisfies the following properties:
(i) A*(s) < 400 for any s € R;

s)+ s> X(p) and \*(s) > Ai(q) for all s € R;

s) is non-increasing and N*(s) + s is non-decreasing on R;

s) is continuous on R;

) = ila) for any s > 53;

*(s*) 4+ s* > AX{(p) and X*(s*) > \i(q) if and only if (LI) holds true.

Proof. (i) Fix A, s € R and suppose that there exists u € W&’G(Q) positive solution to
(GEV; A+ 5, A). Without loss of generality we can assume A so large that A+s > 0. Fix
any K € 2 and set mg := ming a > 0. Moreover, take any non-negative, non-trivial
function ¢ € C2°(K). Owing to Proposition 1.4.4 we have essinfx u > 0, so

o P 1,6
T ompgup! 4 ! € Wo™(©)
is admissible as test function in (GEV; A + s, \). Therefore, recalling that A + s > 0,
/a|Vu|p2Vu : vgdx+/ |Vu|?2Vu - VEda
Q Q

=(A+59) / auP ¢ da + )\/ ul e da
Q Q

(3.1.26)
> (A + s)mK/ P~ dr + )\/ u? ¢ dx
K K
-1, p
_ » myu’” o _ p
- )\/Kgp dz + s [y dz > (A —|s]) Kgp dz.
Moreover, a slight adaptation of [8, Proposition 8] produces p > 0 such that
/ a|VulP~*Vu - VEda +/ |Vu|T2Vu - VEda
¢ ¢ (3.1.27)

1 P
< - (/ a|Vsolpda:+/ IV(w)V’dx)-
p K K
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Putting (3.1.26)-(3.1.27) together gives

1 e
AL ——mM /av pd:l?—i—/v qqu>+s.
o (Laverars [ i)+

Since ¢, K, and s are independent of A\, we deduce that \*(s) is finite.
(ii) Let s € R. Three circumstances can occur.

o If s < s* then A\i(q) < A{(p) — s. Take any A € (A1(q), Ai(p) — s). Then Theorem
3.1.3 ensures that (GEV; A+ s, A) admits a positive solution. Hence \*(s) > A1(q)
and, by arbitrariness of A, A*(s) +s > A{(p).

o Let s > s*. For any A € (A{(p) — s,A1(q)), Theorem 3.1.4 provides the existence
of a positive solution to (GEV; A+ s, ). Therefore A*(s) +s > A{(p) and, since A
was arbitrary, \*(s) > A\1(q).

o Let s = s*. If (LI) holds true then, according to Proposition 3.1.6(iii), (GEV;
A (p)+e, M(q)+¢) admits a positive solution provided ¢ is sufficiently small. Then
A (s*) +s* > A{(p) and A*(s*) > Ai(q). If (LI) does not hold, then Theorem 3.1.2
ensures the existence of a positive solution to (GEV; A{(p), A\1(q)), so A*(s*) +s* >
Al(p) and A(s") = Ai(q).

(iii) Fix any s,¢ € R fulfilling s < §’. We prove that A*(s') < A*(s). From (ii)
we have \*(s), A*(s) > A1(q). Thus, without loss of generality, we can suppose that
A*(s") > Ai(q). Choose any & > 0 satisfying A\*(s’) — e > Ai(q). Then there exists
v e (M (s')—e, \*(s')) such that (GEV; v+, v) admits a positive solution w € Wy’ (Q).

Let {Q,} be a sequence of C? bounded domains such that Q, € Q and Q, * Q.
For all n € N, denote with (A (g, n), ) the first eigenpair of (—A,, W,%(2,)), being
legnllp=@,) = 1 for all n € N. Each ¢,, can be extended to 2 by setting ¢y, = 0
outside €2,,. Observe that

nll_>n010 Mg, n) = M(q). (3.1.28)

Indeed, using (3.1.2) we get A\1(q,n) > Ai(q) for all n € N. On the other hand, taking
any {&,} € C®(Q)\ {0} such that supp&, C Q, for all n € N and &, — ¢, in Wy9(Q),

we have

_ IVeally _ IIVENG |, Vel

- < = M(q) asn — oo, (3.1.29)
lgnlla — Nnllz 1qllg

)‘1(% n)

ensuring A (g, n) < A1(q).

Thus we can choose n € N such that A\(¢,n) < v and we set m := essinfq, w,
which is positive according to Proposition 1.4.4. Thus, there exists ¢ > 0 such that
w>m > tpg, in Q,. Let T, : @ x R — R be defined as T, (x, t) := min{t,,w(x)} and
consider the following problem:

A% — Aju= v+ s)a(Ty(z,uw))P L +v(Ty(z,u)T" in Q,
{ pu = Agu = (v + s)a(Ty(z, W)™ + v(Tu(e,v)) ®.)

u=>0 on Of).
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The energy functional associated to (P,) is

1 1
J(u) = 5/)90(Vu) + —HVqu —(r+5) / aF,(x,u)dr — u/ F,(z,u)dz
0 0

for all u € Wy’(Q), being F,(x,t) := [, (T(z, 7)) dr for r = p,q. Notice that J is
well defined and weakly sequentlally lower semi- contlnuous. Notice that

Folat) = (T, )+ w(a) (¢ — (@),

By Young’s inequality with o > 0 we get F,(x,t) < C,(w(x))" + o|t|", so using also
(3.1.2) yields

1 1
J(u) > 5090(VU) + EHVUHZ

— v+ 5|Copg, (w) — v + slopg,(u) — vCs||lw]|E — vo|ul| (3.1.30)
1 |l/+8|:| {1 }
> |-—0 o(Vu)+ |- —o Vul|? ;.
bt ] v+ 2o 9l - )

enlarging C, if necessary. Taking o > 0 small enough guarantees J(u) > ops(Vu) —
C,po(w), so that J is coercive. It follows that there exists u € Wy?(Q) global minimizer
of J. Notice that F.(z, t@gn(2)) > = (pgn(x))” > 0 forall (z,s) € QxR and all t € (0,7),
whence

tP td
J(u) < J(tpgn) < EP%(VS%,TL) Hv@anq + v+ 5‘ pOo(@q n) = Vg”SOq,n”g

tp
< — ) (Poo (Vpgn) + v + 5|pg, (9gn)) + 3 (Al(% n) —v) [[@galld <0

for all ¢ € (0,¢) sufficiently small. We deduce that u # 0. Since v + s < v + ¢,
the truncation levels 0 and w are sub- and super-solution to (P,), respectively. Thus,
testing with u_ and (u — w)4, we obtain 0 < u < w in . By definition of T}, u is a
non-negative, non-trivial solution to (GEV; v + s, ). Owing to Proposition 1.4.4, u > 0
in Q. Accordingly, u is a positive solution to (GEV; v+ s, ). Hence, from the definition
of \*, we get v < A\ (s). Recalling that A*(s') — e < v, we deduce A*(s') < N (s) + «.
Arbitrariness of € permits to conclude. An argument analogous to [8, Proposition 3(vi)]
ensures the monotonicity of A*(s) + s.

(iv) Continuity follows by the monotonicity proved in (iii), as in [8, Proposition 3(v)].

(v) Retaining the notation of (iii), we define

Vogn
x p90( ¥q, ) B )\1((],771)‘

T ey (©g,n)
Claim: lim s , =s\.

n—oo

According to (3.1.28), it suffices to prove

i P Vean) _ pa(Veoy)
n—00 Peo(%,n) PGO(SDq)

(3.1.31)
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Fix any n € N. Since Q and €, are of class C?, there exists a C?-diffeomorphism

T, : Q — Q, such that || T, —Ilc2@ — 0 and ||T — Lille2@,) — 0 as n — oo,
being I and I, the identity functigns on  and €, respectively. Let us define Pgn 1=
Pqn © Tp, which belongs to CH7(Q). Moreover, since [[@gnllp=@,) = 1 for all n € N,

then [|¢gnllcrr@,) < C for all n € N by nonlinear regularity theory [90], being C' > 0

opportune. As a consequence {Pyn} is bounded in C+7(Q). In particular, @,,, — ¢ in
C'(Q) for some ¢ € C'(Q2) \ {0}, due to Ascoli-Arzela’s theorem and || @y @) = 1
for all n € N by construction. Thus, by uniform convergence,

[ Veuitds = [ 96,000,
Q Q

N / [(V@gn) o Tgl] JaC(Tglﬂq dz — / Vol da.
Q Q
The same argument yields

/wgndx%/¢qu>0.
Q Q

Hence, exploiting (3.1.29), one has ””V@‘igg = Ai(q), forcing ¢ = ty, for some t > 0.

Analogously,
JoalVegnlPde [, alVe,|Pdz
fQ al@qmlpdx fQ a|90q|p dz

which entails (3.1.31).

Fixed any s > s% , we prove that A\*(s) = A(¢). Taking into account (ii), we suppose
by contradiction that there exists s > s% such that A\*(s) > Ai(¢). Take any € € (0,1)
fulfilling A*(s) — e > A1(¢). By definition of A\*, taking a smaller ¢ if necessary, (GEV;
A (s) — e + 5, A*(s) — €) admits a positive solution u € Wy?(Q). According to (3.1.28)
and recalling that s% , — s, we can choose n € N such that

N (s) —e>M(g,n) and s>s% . (3.1.32)

Owing to Proposition 1.4.4, one has essinfq, u > 0, ensuring £ € L*((,). Hence,
testing (GEV; A*(s) — e + s, A*(s) — ¢) with “0‘“‘1 e W3 (Q), besides exploiting (3.1.32),
we deduce

/a|Vu|p 2V - V(qun> dx+/]Vu|q YV - V(%"l) dx

= (A\"(s) —e+ s)/Q agh , dz + (X*(s) — &?)/Q uq_l% dz (3.1.33)

> Ovlaon) + ) / ag? e + Mig,n) / WP da.

n n
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On the other hand, Picone’s inequalities [1, Theorem 1.1] and [85, Lemma 1] with v = ¢

ensure
2 (‘0‘1” 2 gpqn
/a]Vu]p Vu - V( ) da:—i—/ Vul|!™*Vu - V( ) dx

< / a|VgnlP dr + M (q, n)/ @b ut P dz.
Qn Qn

(3.1.34)

Combining (3.1.33)—(3.1.34) we get

()\1(q,n)+s)/Q agh , dx</Q a|Vpga|P dz,

contradicting (3.1.32). Hence X\*(s) = Ai(q) for all s > s%.
The continuity of A* proved in (iv) forces A*(s%) = Ai(q).
(vi) If (LI) holds true, the conclusion follows as in the proof of (ii). If (LI) does not

hold, we suppose by contradiction that (GEV; «, ) admits a positive solution for some
(a, B) fulfilling

a>A(p) and B> \(q). (3.1.35)
Set 54, 1= % for all n € N. Since ¢, = k¢ for some k # 0, (3.1.31) gives
v a
lim §+’n _ pGO(VSOq) _ IO90< <:Op) _ /\‘f(p)
n—00 Poo(Pa)  Pao(#5)

Then, reasoning as in (3.1.33)—(3.1.34), we get

o [aghutoss [ arrar<s, [ aar+nn [ o
Q Q Q Q

which forces either @ < 5, ,, or § < A\i(g,n). This contradicts (3.1.35): indeed, recalling
that 5, — A{(p) and A\i(g,n) — Ai(q), we can choose n € N such that o > 5, , and

B> Mg, n). O

Theorem 3.1.8. Assume (LI) and set s := a — . Then, for all o € [A\{(p),5:) and
B € (M(q), A*(s)), (GEV; a, 8) admits a positive solution.

Proof. Since f < \*(s), there exists v € (5, A\*(s)) such that (GEV; v + s,v) admits a
positive solution w € Wy?(€2), which is a super-solution to (GEV; «, 8). the conclusion
follows as in Proposition 3.1.7(iii), recalling that 5 > A1 (q). O

To complete the picture, we discuss the existence of solutions on the curve C (see
Figure 3.1). We premise a lemma, which is patterned after [8, Lemma 8].

Lemma 3.1.9. Let u € WOI’O(Q) be positive a solution to (GEV; a, ). Then, for any
@ € Wy?(Q) N L®(Q) with ¢ > 0, one has

/(aaupq+ﬁ)c,0qu§/a|ch]q]Vu]pqu—i—/ V|?da.
Q Q 0
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Proof Take any 0 € (0,1) and ¢ € W,?(Q) with ¢ > 0. Set & = u+6 —2 e W),
since £ € L>°(Q). According to [13, Proposition 2.9] we have

/a\V(u+5)]”2V(u+6)-V£5dx§/a!Vgo|q]V(u—|—5)|pqda:. (3.1.36)
Q Q

Testing (GEV; «, 8) with &, besides using (3.1.36) and [1], yields

a/auplfgdx—l—ﬂ/uql&da:

Q Q

:/a|Vu|p_2Vu-V§5dx+/ |Vu|?"?Vu - V& d
Q Q

:/a|V(u+5)|p_2V(u~|—(5)-Vf(;der/ IV (u+9)|"?V(u+6) - V& da
Q Q
§/a|V<p|q|V(u+6)|pqu+/ V|7 da

Q Q

:/a|V90|q|Vu|p_qu+/|Vgo|qu.
Q Q

Hence Fatou’s Lemma permits to conclude. O

Theorem 3.1.10. Suppose (LI) to be satisfied and let s € R. If X*(s) +s > A{(p) and
A(s) > Ai(q), then (GEV; X (s) + s,A*(s)) has at least a positive solution.

Proof. Set (a, B) := (A\*(s) + s, A*(s)). By definition of \* there exists {(a,,,)} C R?
such that 8, — 3, Mi(q) < Bn < B, a = Bn + s, and (GEV; «,,, £,) admits a positive
solution u, € Wy?(Q) for all n € N. By construction, a,, — o > A(p). An adaption
of [8, Lemma 7] ensures the boundedness of {u,} in Wy?(Q). Thus, without loss of
generality, we can assume that [|u,|19 < 1 for all n € N. The compactness of the

embedding W, () < L?(Q) furnishes u € W, () such that
u, = u in Wy?(Q) and wu, = u in LY(Q). (3.1.37)
Consider the functions ®, ¥ : W ?(Q) — R defined as
D(u) = pg(Vu) and W, 5(u) = apg,(u) + Bllul|l for all u € W (Q).
Thus,
(D' (u), p) = /Qa]VuV’2Vu~Vg0dx+/Q|Vu|q2Vu-Vg0dx

and
auP" o da —I—B/ u o da
Q Q

for all ¢ € Wy?(Q). Now fix any n € N. Since u,, € Wy?(Q) solves (GEV; a,,, 3,), then
D' (u,) =W, 5 (un) = E, 5 (un) =0 in W, ()*. Therefore,
(P (un), un — ) = (' (un) = Vo, 5, (un), un — ) + (U5, 5, (un), tn — )
= (Bl g, (un), tn — ) + (U, s, (Un), un — )
= (W, 5, (Un), tp — u).

(s ) =a |
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Owing to (3.1.37) we deduce ¥/, 5 (u,) — ¥, 5(u) in W, (Q)*. Thus,

lim (D' (uy,), u, — u) = lim (), 5 (u,),u, —u) = 0.

@
n—00 n—00 nsBn

By the (S, ) property of ® (see [41, Theorem 3.3]) we have
u, —u in Wy'(Q). (3.1.38)

Hence,
B, s(u) = lim E, 5 (u,)=0.

Accordingly, v is a critical point of £, g.
It remains to show that u # 0. By contradiction, suppose v = 0. Since u, is a
positive solution to (GEV; ay,, 8,), using Lemma 3.1.9 with ¢ = ¢, entails

/Q(oznaufl_q—l—ﬁn)gogdx§/Qa|Vgoq|q|Vun|p_qu+/Q|Vg0q]qu,

Letting n — oo via Lebesgue’s theorem and (3.1.38) produces

5 [ epde< [ [Vioyftan
Q Q
which contradicts § > A1 (q). O

Remark 3.1.11. We are not able to prove that there exist no solutions when («, ) €
(54, +00) x {\1(q)}: this is mainly due to the lack of global C''™ regularity of solutions
to (GEV; a, ). Indeed, in [8, Proposition 4(ii)], regularity allows to use ufi as test
function in (GEV; Ai(q) + s, Ai(q)), being s > s% . It is worth noticing that using either

5,?;’3 or (ufg’;_l (see Proposition 3.1.7(v) and Lemma 3.1.9, respectively) as test function

gives rise to technical issues.

Remark 3.1.12. We highlight that, whenever (LI) holds true and infg a > 0 (in particu-
lar for the (p, ¢)-Laplacian), non-existence of positive solutions when («, 5) = (54, A1(q))
comes from the Picone identities in [1, 85]. Indeed, suppose by contradiction that there
exists u € W () positive solution to (GEV; 5., A\ (q)).

Notice that (LI) forces u # k¢, for all k& € R: otherwise,

_k‘p—lAZQOq - kq_lAqSOq = §+ak‘p_1‘;0§_1 + A <Q)kq_1903_1’

whence
A%, = 5 aph !,
which implies that ¢, is a positive eigenfunction of (=A%, W% (Q)), forcing 5, = A{(p),

in contrast to (LI).
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Hence, testing (GEV; 5., \1(¢)) with £ which is allowed by nonlinear regularity

upfl Y

theory [90], and using the Picone identities [1, 85], we deduce
/ a|V,|P dz + A (q) / u? Pl da
Q Q

2 'z
>/a!Vu]p2Vu~V< q1> d:c—i—/ |Vu]q2Vu~V< ql) dx
Q (o Q [

= §+/ aph dz + A\ (q) / u” Pl dz,
Q Q

contradicting the definition of s, .
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Chapter 4

Problems with competitive
operators

In this chapter, we address some problems driven by competitive operators (see (1.4.10)
for the definition). Since, these operators are nonhomogeneous, we might expect be-
havior similar to that of the (p, ¢)-Laplacian or the A-Laplacian. However, unlike the
latter, competitive operators are neither elliptic nor monotone. This prevents the use of
surjectivity results for pseudo-monotone operators, nonlinear regularity theory, as well
as comparison principles. Therefore, to prove the existence of a generalized solution, we
must employ Galerkin’s method (see [131, Chapter 19]) and a corollary of the Brouwer
fixed-point theorem. In this chapter, we present some existence results for Dirichlet
problems involving fractional competing operators and fractional convection, which are
obtained in [58].

4.1 Dirichlet problems with fractional competing op-
erators and fractional convection

Let © be a bounded domain in RY, N > 2, with a Lipschitz boundary 092, let 0 < sy <
s<s<l,andlet 1 <g<p< % This section investigates the problem

(—A);lu — (—A)fﬁu = f(z,u, D°u) in Q,
u=0 in RV \ Q,

where (—A)L with r > 1 and 0 < ¢ < 1, denotes the fractional r-Laplacian (see (1.4.9)
for the definition)

4.1.1 The case s=1
Let so € (0,1) and let 1 < g < p < N. Consider the problem
{—Apu — (=A)u = f(z,u,Vu) in Q,
u=>0 in RV \ Q,
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where f: Q x R x RY — R is a Carathéodory function with the following properties.

(J1) There are C; > 0, o € LP"/®*=D(Q) such that

Fa 0] < (It

a.e. in © and for every (t,£) € R x RV,

el ge

FOD) 4o ()

(J2) There exist cg, ¢; > 0 satisfying ¢ + 01>\1_,;, < 1 and
f(@,t, 0t < cof P + et + 1)
a.e. in Q and for all (£,£) € R x RV,

Since sy < 1, Proposition 1.3.45 yields

Wy (Q) = Wy9(Q) — W>9(Q). (4.1.1)
So, the differential operator u + —A,u — (—=A)2u is well posed on WyP(Q). Let
Apg, t WP (Q) — WL (Q) be given by

(Ay 5, (u),v) ::/Q|Vu|p_2Vqu dz
B B U ) L T P
RN xRN

|w — y[NFas

for every u,v € VVO1 P(€)). A simple argument, which exploits the continuity and bound-
edness of the p-Laplacian and properties (q;)-(q2) stated in Section 1.4, shows that A; g,
turns out to be continuous and bounded. Concerning the right-hand side of (P;), one
has

Lemma 4.1.1. Under (J,), there exists a constant C > 0 such that

< O(Hu

2+ [ Vulp” = + o

p*/(p*—1)> [vl1p

/ f( u, Vu)ode
Q

for all u,v € WP ().

Proof. Pick u,v € VVO1 P(Q)). Through (J;), Holder’s inequality, and Sobolev-type in-
equalities [15, Corollary 9.14], we achieve

< C (/ |up*-1\v|dx+/ \Vu\p(pp*_l)\mdm) +/ lo||v] dz
Q Q Q

p(p*—1)

/f(-,u, Vu)vdz
Q

*_1 E3
SQ(M%IWwHWMH m¢+wmmumm)
e )
soomw ol +wm@uﬁmmm
with suitable C' > 0. ]
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Because of Lemma 4.1.1 the Nemytskii operator Ny : WyP(Q) — W1 (Q) defined
by
Ni(u) := f(-,u, Vu) Yu € WyP(Q)

is bounded. A classical result (cf., e.g., [44, Theorem 2.3]) on superposition maps ensures
that it turns out to be also continuous. Accordingly,

B(u) := Ay, (u) —Ni(u), wue Wol’p(Q), (4.1.2)

is well posed, continuous, and bounded.
The competitive nature of the left-hand side in (P;) naturally entails a weaker notion
of solution, patterned after [107, Definition 2.3].

Definition 4.1.2. Assume (J;) holds true. We say that v € W;?(Q) is a generalized
solution to Problem (P;) when there exists a sequence {u,} € Wy ?(Q) such that u,, — u,
B(uy,) — 0 in W~7(Q), and

lim ((ALSQ(un),un—w - /Q £, Vi) (1t — ) dx> 0. (4.1.3)

n—-+o0o

Remark 4.1.3. Obviously, if u € Wy (Q) weakly solves (P,), i.e.,
<A1,s2(u)av> - / f(',U, VU)U dr =0 Vv e WOLP(Q)
Q

then wu is also a generalized solution.

Remark 4.1.4. To better understand the role played by (4.1.3) we observe the following.
Let A: X — X* where X denotes a real Banach space. The relations u,, — u in X,
A(up) = A(u) in X*, and limsup,,_, , .o (A(uy), u, —u) < 0 imply the important property

lim sup(A(uy,), u,) < (A(u), u).

n—-+0o00

When A := —A, while X := W, () this inequality reads

p

limsup [|un |7, < [Jullf,,

n—-+oo

which entails u,, — u, because VVO1 P(€) is uniformly convex. More generally, the same
holds for A of type (S);.

Since I/VO1 P(Q)) is separable, it possesses a Galerkin basis, namely a sequence {X,,} of
linear sub-spaces of VVO1 P(Q2) satisfying

e dim(X,) < 400 VneN,
e X, CX,11 VneN, and
o U X, =W,"P().
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Proposition 4.1.5. Under (J1)—(J2), for every n € N there exists u, € X,, such that
(A1 s, (upn),v / f(yup, Vup)vde =0 Yo e X,. (4.1.4)

Moreover, the sequence {u,} C Wy (Q) is bounded.

Proof. Fix n € N. To shorten notation, write B, := B|x,. Through (J), (1.4.1), and
(4.1.1) we arrive at

[v(z) — v(y)[? /
VolP L S LA \Y%
/’ v|P dz /NX P dxdy — f(-,v, Vo)vde

> oll?, - nmuq—%/vawx—q/wi+ndx
Q Q
> (1 —co — clAip) ||v||11’7p —c (||v||‘f’p + 1) ., veX,,

(4.1.5)

where ¢ > 0. Now, the conditions ¢ +cl)\1”; < 1 and g < p easily yield a constant R > 0
fulfilling

(Bn(v),v) >0 for all v e X, with ||v]1, = R.

Thus, Theorem 1.2.6 provides u, € X,, such that B, (u,) = 0 in W~5'(Q), which entails
(4.1.4). Repeating verbatim the computation of (4.1.5) we next obtain

0= {Bulun) ) = (1= o — i) luall?, = & (luallf, +1) YneN,
whence the conclusion follows, because both 1 — ¢y — cl)\ >0 and g < p. O]

Theorem 4.1.6. Suppose (J1)—(J2) hold true. Then (P1) admits a generalized solution
in the sense of Definition 4.1.2.

Proof. Proposition 4.1.5 yields a bounded sequence {u,} € W,”(Q) that enjoys (4.1.4).
Therefore, up to sub-sequencs, w,, — wu in I/VO1 P(Q)). By the properties of B, even
{B(u,)} € W= (Q) turns out to be bounded. So, a standard argument (see, for

instance, [107, Theorem 4.1]) based on (4.1.4) gives B(u,) — 0 in W~='7(Q), where a
sub-sequence is considered when necessary. Consequently,

lim (B(uw,),u) = lim ((AISQ ), / £ un,Vun)udx) —0.  (416)

n—r+00 n—+00
Writing (4.1.4) for v := w,, and recalling (4.1.2) we then have

(B(un), tn) = (A1 (Un), un) — /Q f(tn, Vuy)u,de =0, neN. (4.1.7)
Now, (4.1.3) easily derives from (4.1.6)-(4.1.7). O
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4.1.2 Thecase 0 <sy<s<s; <1

Given<sy<s<si;<landl<g<p< %, consider the problem

q

(=A)u— (=A)2u = f(z,u, D*u) in Q, b
u=>0 in RV \ Q, (P2)

where f: QxR xRY — R is a Carathéodory function with the properties listed below.

(Ky) There exist Cy > 0, o € LP1/®57Y(Q) such that

- 2 (p7, 1)
|f(l’,t,€)|§01 <|tp51 1—|—|§ PSlp >+O’(I)

a.e. in © and for every (t,£) € R x RV,
(K2) There are ¢, ¢; > 0 satisfying 01>\1_41)751 <1 and
fla,t, )t < colePH + er(t? +1)
a.e. in Q and for all (t,£) € R x RY.
If e € (0,51 — s) then Proposition 1.3.45 and (1.3.38) provide
WP (Q) < WSTP(Q) < LiP(Q), (4.1.8)
while [14, Lemma 2.6] guarantees that
Wit P(Q) — W), (4.1.9)

So, the differential operator u + (—A)tu — (—A)2u turns out well posed on Wit (€2).

Let Ay, 4, : W52 (Q) — W12 (Q) be defined by

(Aq, (1), ) = /RN . lu(z) — U(y)|p’;U£$;’;+?;£?IJ))(U($) —v®) 4, dy
[ ) k) sl =),
RN xRN |z — y|N+as:

for every u,v € Wy'"(Q2). Thanks to properties (q1)—(qq) stated in Sub-Section 1.3.5,
As, s, 1s continuous and bounded. Moreover.

Lemma 4.1.7. Under (K,), there exists a constant C' > 0 such that

f s P/ (05
L |1Dully T+ o]

sy

<O (Jlu

ws) [0ls1o

/f(-,u,DSu)vdx
0

for all u,v € Wi*(2).
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Proof. Pick u,v € Wi'*(2). Using (K;), Holder’s inequality, (4.1.8), and conclusion (b)

in Proposition 1.3.45, we have
p;1_1|v|dx+/ |D5u|p/(p§1)/|v|dx> +/ lo||v| dz
Q

§01</|u

f( u, D’u)vde
Q

j29 p/(P§
Ca (ullyet ™ Wols, + 107l ™ ollys, + ol s, v ol )
P} p/(Ps
< C (Julli” +Mhm1+WWMNMup
with appropriate C' > 0. O]

This estimate is coherent with the corresponding ones of [107, Lemma 2.2]. It shows
that the Nemytskii operator Ny : WgP(Q2) — W51 (Q) given by

Ni(u) :== f(-,u, D%u), ue WP (), (4.1.10)

turns out to be bounded. Since, as before, continuity follows from standard results on
super-position maps, the operator

B(u) := A, 5, (u) — Np(u) Yue WiHP(Q)

is well posed, continuous, and bounded. Bearing in mind Definition 4.1.2, here, we posit
the following

Definition 4.1.8. Assume (K;) holds true. A function u € Wi*?(Q) is called a gener-
alized solution of (Py) when there exists a sequence {u, } C W3"*(Q) such that u, — u,
B(uy,) — 0 in W==17(Q), and

lim (<A51,82(un),un—u>— /Q FCotm, D) (1 — 1) d:c) 0. (4.1.11)

n—-+00

Let {X,.} be a Galerkin basis for W;'"(Q) (recall that this space is saparable).

Proposition 4.1.9. Under (K;)—(Ky), to every n € N there corresponds u,, € X,, such
that

(A, 50 (un), v / fC up, DPuy)vde =0 Yo € X,. (4.1.12)
Moreover, the sequence {u,} € W5 (Q) is bounded.

Proof. Fix n € N. Via (K;), Holder’s inequality, (4.1.8), and (4.1.9), we arrive at
_ p _ q
= [ MO [,
R R

N xRN |.TJ - y|N+p51 N xRN |x - y|N+q82

- / f(, v, D%v)vdx
0

> [0l = ol = o [ 1D0P~ o —cr [ (P +1)da
Q

(1 - Cl/\1p31>||vHslp —C (HU||s1p + HU’ p + 1) v e Xn?

S1,P
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where B,, denotes B| x, while ¢ > 0. Now, the conditions clki},m
yield a constant R > 0 such that

(Bp(v),v) >0 forall velX, with [v|s,=R.

< 1 and g < p easily

Thus, by Theorem 1.2.6, there exists u, € X, fulfilling (4.1.12). As in the proof of
Proposition 4.1.5 we then see that {u,} C W5""(Q) turns out to be bounded. O

Theorem 4.1.10. Suppose (K;)—~(Ks) hold true. Then Problem (Ps) admits a general-
ized solution in the sense of Definition j.1.8.

Proof. Proposition 4.1.9 gives a bounded sequence {u,} C W;""(Q2) that enjoys (4.1.12).
So, up to sub-sequences, u, — u in W3'?(Q2). By the properties of B, even {B(u,)} C
Wo_sl’p,(Q) turns out to be bounded. Arguing as in the proof of [107, Theorem 4.1] we
thus obtain B(u,) — 0 in W;*(2), whence

lim (B(u,),u) = 0. (4.1.13)

n——+oo

On the other hand, (4.1.12) written for v := u,, entails
(Blun) 1) = (Ass(n) ) = [ St Do) de =0, meN.  (4L14)
Q

Now, combining (4.1.13) with (4.1.14) produces (4.1.11). O

Remark 4.1.11. Formally (P;) goes back to (P;) when s — 17. In fact, if s — 1~
then s; — 17 too, because 0 < s; < s < 51 < 1. Accordingly, (—A)j'u — —A,u and
f( u, D%u) — f(-,u, Vu); cf. (1.3.39).
4.1.3 A third case
Let0<ss<s<sy<landletl<g<r<p< g Consider the problem
(~A)stu — (—A)Fu + (~A)YPu = f(z,0, D) in 9, .
u=>0 in RV \ Q, ’

where f: Q x R x RY — R is a Carathéodory function satisfying hypotheses (K;)—(K)
of Section 4.1.2. By [14, Lemma 2.6] we have

WeP(Q) = We*'(Q) VYt e (1,p),
Hence, the map A : WSP(€2) — W, “' (Q) associated with differential operator
u = (A — (=A)2u+ (—A)?u

turns out to be well defined. For Ny as in (4.1.10), properties (q1)—(q2) of Sub-Section
1.3.5, Lemma 4.1.7, and [44, Theorem 2.3| ensure that

B(u) == A(u) — Nj(u), u € WSP(Q),

is well posed, continuous, and bounded.
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Definition 4.1.12. Assume (K;) holds true. A function u € W3"*(Q) is called a gen-
eralized solution to (P3) provided there exists a sequence {u,} C Wi""(Q) such that
Uy, — u, B(u,) — 0 in W=17(Q), and

n—-+o0o

lim <<A(un),un — u —/Qf(-,un,Dsun)(un —u) dx) ~0.

The same arguments adopted for proving Proposition 4.1.9 yield the next result,
where {X,,} denotes any Galerkin basis of W' (£2).

Proposition 4.1.13. Under (K;)—(K3), to every n € N there corresponds u,, € X, such
that

(A(uy),v) — / f( up, DPup)vde =0 Yo e X,.
0
Moreover, the sequence {u,} € W5 (Q) is bounded.

Exactly as in Section 4.1.2, we infer the following

Theorem 4.1.14. Suppose (Ky)—~(Ks) hold true. Then Problem (P3) admits a general-
ized solution in the sense of Definition 4.1.12.

Remark 4.1.15. It would be very natural to consider the problem

(=A)yu— (=A)ju = f(z,u, D’u) in Q
uw=0 in RV \ Q,

where 0 < s<landl<g<p< % However, since W*P(Q2) € W#4(Q), the left-hand
side is not defined on the whole Wi*(€2), but only for u € WJ(Q) N W (), which
has been discussed in [108]. This prevents us to use the above arguments in this new
context.
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Chapter 5

Some new perspectives

In this chapter we present some open problems that we would like to investigate.

e The hypotheses under which condition (LI) is fulfilled

Continuing the study of the spectrum of the double-phase operator, one might
inquire about the conditions under which (LI) holds. Using a blow-up arguments
as in the article [60, 9], we aim to study the linear independency of the first Dirichlet
eigenfunctions of the weighted p-Laplacian and the ¢-Laplacian.

Fractional Dirichlet problems with singular and non-locally convective reaction

In recent years, the study of Dirichlet problems driven by nonlocal operators with
singular reaction terms has gained significant traction (see e.g. [19] and [67]).
Specifically, [19] treats existence and uniqueness of solutions to the equation

in €,

where v > 0 while w : @ — R" fulfills appropriate conditions. The work [67]

ks(x)
uY

treats a fractional (p,q)-Laplacian problem where the singular reaction is
being ks € LS. (Q2) a function such that

loc
Crd(z)™° < ks(x) < Cod(x)™° inQ,

with Cy, Cy positive constants, § € [0,ps;) and v > 0. Motivated by the above
results, we aim to prove the existence of solutions for a fractional Dirichlet problems
with singular and non-locally convective reaction.

Let Q C RY, N > 2, be a bounded domain with a C'! boundary 9. We would
like to study an elliptic singular problem of the form:

q

(_A)zsolu + (_A)SQU = f(xa u) + g(x, Dsu) n Q7
u=0 n RN \ Q,
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with) < s <s<s5<1,2<qg<p< %suchthat51p> 1. Here, f : OxRT — RS
and g : Q x RY — R} are two Carathéodory functions satisfying the following
conditions:

liminf f(z,t) =:1 >0 uniformly in x € Q,

t—0t
fla,t) <t +cot” V(x,t) € QxR
Ht) . : .
t— % is strictly decreasing on R™,

and

g(x, &) = c3(1 4+ [£]7), (x,€) € A x RY,
for suitable v € (0,1), ¢; > 0,i=1,2,3, r,{ € (1,p—1).

Dirichlet problems driven by an alternative version of the fractional p-Laplacian

Another line of research could involve studying nonlocal problems driven by an
alternative version of the fractional p-Laplacian defined along the lines proposed
by [125] as

—(A))*u = div 4 (| D*u|P"2D*u).

The objective will be to prove existence results for Dirichlet problems driven by
this operator and featuring singular reactions with sublinear growth.
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