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ARTICLE INFO ABSTRACT
Keywords: This work utilizes the Immersed Boundary Conformal Method (IBCM) to analyze linear elastic
Kirchhoff-Love Kirchhoff-Love and Reissner-Mindlin shell structures within an immersed domain framework.
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Immersed boundary-conformal method

Immersed boundary methods involve embedding complex geometries within a background
grid, which allows for great flexibility in modeling intricate shapes and features despite the
simplicity of the approach. The IBCM method introduces additional layers conformal to the
boundaries, allowing for the strong imposition of Dirichlet boundary conditions and facilitating
local refinement. In this study, the construction of boundary layers is combined with high-
degree spline-based approximation spaces to further increase efficiency. The Nitsche method,
employing non-symmetric average operators, is used to couple the boundary layers with the
inner patch, while stabilizing the formulation with minimal penalty parameters. High-order
quadrature rules are applied for integration over cut elements and patch interfaces. Numerical
experiments demonstrate the efficiency and accuracy of the proposed formulation, highlighting
its potential for complex shell structures modeled through Kirchhoff-Love and Reissner—
Mindlin theories. These tests include the generation of conformal interfaces, the coupling of
Kirchhoff-Love and Reissner-Mindlin theories, and the simulation of a cylindrical shell with a
through-the-thickness crack.

1. Introduction

Two-dimensional manifolds embedded in three-dimensional space are a fundamental topological structure frequently encoun-
tered in physics. Examples of phenomena involving surfaces include the distribution of soap bubbles minimizing surface tension, the
growth patterns of leaves, and the propagation of defects and dislocations in crystals. While these phenomena can often be modeled
using three-dimensional equations derived from conservation principles, the significant difference in scale between thickness and
surface directions suggests considerably distinct behaviors for the problem variables. By making appropriate a-priori assumptions
about the through-thickness response, it is possible to achieve dimension reduction with minimal loss in model accuracy.

Although such two-dimensional approaches facilitate faster numerical approximations, they introduce more complex formula-
tions compared to their three-dimensional counterparts. This complexity necessitates borrowing concepts from surface differential
geometry [1]. Specifically, the physical domain must be expressed as a surface where geometrical quantities, such as local
bases, tangent and normal vectors, as well as differential operators, can be effortlessly computed. This often imposes additional
requirements on the regularity of the surface itself. Simple surfaces can be constructed using analytical mappings from the unit
square, but without altering the topology. However, in practical applications, surfaces of interest can exhibit significantly more
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complex geometrical features, including holes and kinks. For such objects, finding an effective mathematical representation is a
non-trivial task.

A possible solution is to define the surface implicitly using a level-set function. Typically, the level-set depends on the Cartesian
coordinates, and the set of points where is equal to a specific value corresponds to either the surface itself or the boundary of
an existing surface. The main advantage of this method is that it leads to efficient algorithms when paired with simple tensor-
product background discretizations [2,3]. However, although some implicitly-defined surfaces can reach high level of complexity,
the flexibility of the level-set is quite limited, and not every surface can be represented in such way.

A different approach, more commonly used in industrial CAD design, involves adopting multiple surfaces explicitly represented
in curvilinear coordinates through spline technology [4,5]. Splines offer extensive flexibility in representing curvature profiles;
however, standard splines are based on the concept of patch that results from a mapping of a rectangular parametric domain.
For complex topologies, multiple patches are juxtaposed at their edges to meet the required geometric continuity, whether G°
(position continuity), G' (tangent continuity), or G? (curvature radius continuity) [6-8]. Enforcing these continuity requirements
becomes increasingly difficult when moving from G° to G?. These mergings often lack exact solutions, resulting in geometrical
inconsistencies at the interfaces. A branch of research on splines in this direction has been focused on developing new unstructured
spline technologies capable of locally enriching the design space, abandoning the tensor-product structure of typical spline meshes.
Examples of this trend can be found in works such as [9-12]. To some extent, in these approaches the concept of designing by
connecting patches is abandoned, demanding for a drastic change in practitioners’ habits.

Another method that allows for modeling topologies equivalent to polygons with a finite number of cutouts is the trimming
approach [13,14]. In this method, an underlying surface is created using spline functions to achieve the desired curvature profile
that meets design requirements. The surface is then trimmed to account for local features on the boundary or to model internal
holes, retaining the tensor product nature of the surface map while drastically increasing design flexibility. However, for intricate
structures with numerous local features, different topologies, or presence of kinks, multiple-patches-based design might still be
beneficial, if not necessary.

B-splines are a powerful tool not only for the design phase but also for the numerical analysis of partial differential equations. The
order and regularity of spline-based functions can be arbitrarily increased straightforwardly, allowing higher-order problems that
require higher-continuity approximation spaces to be seamlessly addressed numerically. Additionally, spline-based approximations
results in high convergence rates that typically grow with the polynomial order, achieving efficient and accurate computation
without a significant increase in the number of degrees of freedom [15]. Two-dimensional spline spaces can be easily constructed
over explicitly defined surfaces. When the functional spaces used in defining the underlying surface and the approximation function
coincide, the resulting method is referred to as Isogeometric Analysis (IGA) [16]. For trimmed surfaces, a tensor-product spline-based
approximation space can still be constructed and adopted for analysis [17-19], but this comes with some complications: (i) Dirichlet
boundary conditions cannot be imposed in a strong sense on trimmed boundaries. (ii) High-accuracy integration over cut elements
requires ad-hoc quadrature rules. (iii) Badly-cut elements can negatively affect the stability and conditioning of the method.

An innovative approach to circumvent some of the issues associated with trimming was recently proposed in [20]. This approach,
called the Immersed Boundary Conformal Method (IBCM), involves creating an additional layer for each immersed boundary. These
layers are generated in such a way to make the domain’s boundary conformal, so it can be represented exactly by the computational
model’s basis functions, allowing for a strong imposition of Dirichlet boundary conditions. The boundary layer is then coupled with
the internal patch through an interface that is conformal to the former but non-conformal to the latter. Similar to Dirichlet boundary
conditions, coupling conditions along non-conforming edges also need to be enforced in a weak sense. To this end, various techniques
can be used, such as Lagrange multipliers methods [21-25], pure-penalty methods [17,26-28], and Nitsche-based methods [29-34].

In particular, the last class relies on interface integrals that use the jump of the main variables and the average of the formulation’s
fluxes between two edges of an interface. Although variationally consistent, this method requires stabilization terms based on
penalty parameters, which however become unbounded when the interfaces lie on cut elements. The IBCM method can leverage
the conformal nature of the boundary layer at the interface to mitigate this issue. Specifically, the average operator can be defined
considering fluxes only from the non-cut boundary layer, maintaining stability and effectively bounding the penalty parameters.

Among the advantages of this method, it is noteworthy its capability to facilitate local refinement, a task that can be challenging
with B-spline based approximation spaces. This benefit, along with the strong application of Dirichlet conditions on otherwise
trimmed boundaries, were demonstrated in [20] through multiple numerical tests encompassing Laplace, two-dimensional elasticity,
and advection-diffusion equations. Additionally, the IBCM can be utilized to model more accurate physical phenomena that occur
locally. For instance, in [35], conformal layers are introduced between different regions of the domain to accurately model the
behavior at their interface. As a final remark, when dealing with trimmed cut-outs with size of the same scale as the B-spline based
mesh elements, the problem of cross-talk can occur [36]. Since spline bases span across multiple elements, for small cut-outs the
approximation space would still maintain some level of continuity across the sides of the cut-out although these are separated. The
degree of freedom of a basis function affected by the cutouts should then be replicated on elements on different sides of the edge,
which is a somewhat laborious task. As an alternative, the boundary layer introduces necessary discontinuities in the approximation
space along the cut-outs and effectively address this issue when the combined size of the cut-out and the boundary layer exceeds
the size of the support of the spline bases.

When partial differential equations in the field of solid mechanics pertain to thin-walled domains, the resulting problems fall
within the realm of shell analysis. The most emblematic example within this class is shell elasticity theory, which addresses inquiries
spanning sectors such as transportation, biology, construction, and energy. Structural shell elements, in particular, are utilized to
effectively withstand external loads. Due to the curvature effect, forces applied on the shell surface and its boundaries distribute
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more efficiently, maximizing the material’s utilization [37]. In this context, an innovative symbiosis that is increasingly becoming
standard for high-performance structural applications is the integration of shell-like designs with laminated composite materials.
These materials typically consist of layers of more resistant fibers oriented arbitrarily within a more ductile matrix, providing
designers with flexibility to optimize strength in more solicited directions [38].

Classical shell theories include the Kirchhoff-Love [39-42] and the Reissner-Mindlin ones [43-46]. Both theories are based on
the assumption that a straight unit segment, perpendicular to the mid-surface, remains straight and unstretched after deformation.
In the Reissner-Mindlin theory, in addition to the displacement of the mid-surface, a second primary variable representing the
rotation of the segment is introduced, leading to a second-order problem. Conversely, the Kirchhoff-Love theory restricts primary
variables to displacement alone, assuming that the segment remains perpendicular to the mid-surface even after deformation.
However, this simplification transforms the problem into a fourth-order one, demanding for C!-continuity basis functions, and limits
its applicability to thin-shell scenarios. To capture out-of-plane stress components more accurately, higher-order theories employ
refined through-the-thickness approximations of the displacement field [47,48].

In the context of shell structures, weak coupling between different parts of the domain is often achieved through Lagrange
multipliers methods [49-52], or pure-penalty methods [53-60]. Nitsche-based coupling has also been extensively investigated for
Kirchhoff-Love plates and shells [61-64], Reissner-Mindlin plates and shells [65-68], and higher-order plates and shells [69-72].
Particularly interesting is the application of weak shell coupling to IGA, with various examples regarding Kirchhoff-Love shells for
both conforming [73,74], and trimmed patches [75-80], and Reissner-Mindlin plates [81]. However, to the best of the author’s
knowledge, there are no examples of weak coupling of Reissner-Mindlin IGA shells as well as for higher-order theories.

In this work, the IBCM method is utilized to analyze Kirchhoff-Love and Reissner-Mindlin shell structures within an immersed
domain framework, where ad-hoc layers are created to ensure conformal boundaries. The approximation spaces defined over the
discretized domains are based on B-spline functions in order to take advantage of the higher degree. To stabilize the formulation with
minimal penalty parameters, the Nitsche method employing non-symmetric average operators is employed. To perform integration
over cut elements, high-order quadrature rules are obtained following the algorithm developed in [20].

In Section 2, we introduce the discretization technique based on the IBCM method, along with the definition of spline spaces over
the discretized domain. Section 3 delves into the Kirchhoff-Love and the Reissner-Mindlin shell theories following a presentation
of essential concepts from differential geometry. The discretized versions of the variational statements are formulated in Section 4,
where we additionally describe the Nitsche-based coupling technique. Section 5 presents the results from numerical experiments
demonstrating the efficiency and accuracy of the proposed formulation. Finally, Section 6 draws the conclusions of the present
study, highlighting the key advantages recognized in the investigated method.

2. The IBCM on surface manifolds
2.1. Surface map

Let us denote as 2 € E? the manifold surface depicted in Fig. 1(h), where E? represents the three-dimensional Euclidean space,
and as 012 its boundary. Let us suppose, following the embedded concept, that € is constructed as a restriction of the untrimmed
surface I1, € E?, with boundary a1II,, shown in Fig. 1(g). This untrimmed surface is obtained as the image of the untrimmed
reference domain 1, € R? (see Fig. 1(a)), through the function ¥ : I1, — IT,. Thus, a generic point x € I, is obtained as:

x(&1,&) = x;(&.&)e; = F(£.&) . withi=1,2,3, (€9)]

where the components of x refer to the standard Euclidean basis e}, e,,e;, and &,,¢&, are the curvilinear coordinates such that
¢1.6) € flo. Consistently, the boundary of the untrimmed surface is obtained as a1, = f’(dﬁo), where 0170 denotes the boundary
of I1,,. As typical in structured maps, 1, is selected as the reference rectangle

ﬁo = [&155 €11 X [E255 8011 2

where &, and &,, denote the bottom and top limits, respectively, over which the curvilinear variable &, ranges, and are arbitrary
parameters, tuned on the desired final shape. For instance, when adopting Bézier surface maps, ﬁo corresponds to the unit square
[0, 1] x [0, 1].

It is pointed out that in the previous equations and throughout the remainder of the paper, Greek letter indices are adopted for
curvilinear coordinates and take values in {1,2}, while Latin letter indices are adopted for Cartesian coordinates and take values
in {1,2,3}, unless stated otherwise. Regarding superscripts and subscripts, the Einstein summation convention is employed over
repeated indices. Additionally, quantities referring to the parametric space are identified by an accent s, whereas corresponding
quantities in the Euclidean space do not have one.

2.2. Embedded domain

By defining the map in Eq. (1), the underlying untrimmed surface is effectively molded with the desired curvature profile. The
actual surface geometry £ is then identified by outlining its boundary 02 within I7;,. Through the inverse map, one can obtain
0Q = F~1(0£2) and use it to delimit the parametric domain £, shown in Fig. 1(c). More specifically, d€2 and 082 divide 1, and 11,
respectively, into two parts. One part for each set are consistently selected as active portions, coinciding with 2 and 2, while the
remaining ones are referred to as the non-active portions. In turn, once Q and Q are constructed, the relationship 2 = F(£2) holds.
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Fig. 1. Step-by-step construction of the internal patch and boundary layers with corresponding discretizations. (a) Untrimmed parametric domain /T, and
associated boundary. (b) Construction of the parametric domain through trimming the regions I7, and IT, delimited by the corresponding trimming curves a17,
and aIT,. (c) Resulting parametric £ domain and associated boundary 9. (d) Offset curves oI, | and dﬁz’ and associated trimming regions 171’ and IAIZ" (e)
Resulting internal domain €, and associated boundary layers 2, and 2, with corresponding boundaries a2, 092,, and 9<,, respectively. (f) Discretization of the
internal patch and boundary layers, and interfaces I, and I’. (g) Untrimmed surface IT, = F(I1,) and corresponding boundary 911, = F(d11,) with superimposted
discretization. (h) Trimmed surface Q2 = #(2) and corresponding boundary 92 = F(0£2) with superimposted discretization. (i) Internal surface Q) = f’(ﬁo) and
corresponding boundary layers @, = #(Q,) and 2, = F(2,) with superimposed discretization and interfaces I, = F(I",) and I, = F(I}).

It is worth mentioning that in some circumstances, it can be more convenient to define the boundary directly in the parametric
domain I1, rather than in the physical one II,, and obtain the latter through the mapping process.

So far, no assumptions have been made regarding the shape of the boundary of the parametric domain and the technique to
construct it. However, in this paper, the strategy adopted is based on trimming operations. Accordingly, 2 is derived from the
reference rectangle by subsequently removing regions that do not belong to the desired shape. Let us assume the number of regions
to remove is N, and denote the ith region as I1;, delimited by the simply-connected closed trimming curve d11;, as illustrated
in Fig. 1(b) for N = 2. The former may be either internal or external to the latter, and i ranges from 1 to N,. Without loss of
generality let us also assume that 01T, n 91T ;=@ ifi # j, and that the first trimming curve 011, delimits the external boundary
eventually coinciding with 911, while the remaining trimming curve outline internal cut-outs. Under these assumptions, £ is given
by

Nr
Q=1n\|Jadr), (3a)
i=1
and its boundary by
Nr
0@ =Jorr,, (3b)

i=1
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where cl(s) stands for the closure of s, therefore being cl(Il;) = II, U 011,. As such, general surfaces topologically equivalent to a
two-dimensional polygon with an arbitrary number of holes can be easily constructed.

To better understand the sequence of operations carried out to construct the reference domain, the reader might refer to Figs. 1(a)
to 1(c). Fig. 1(a) shows a reference rectangular parametric domain. Through the trimming operation shown in Fig. 1(b) the regions
11, and 1T, are subtracted from I1,,. In Fig. 1(c), the resulting parametric domain Q and the corresponding boundary <2 are depicted.

This construction offers notable flexibility in defining the surface, combining the generality of curvature profiles from the map
function with the arbitrariness of boundary selection, making it a powerful tool for designing complex shapes. Nonetheless, this
flexibility comes at a cost when trimming curves are defined in Euclidean space and only subsequently mapped back into R?. In
fact, the inverse of Eq. (1) does not have a closed-form solution in general, so the trimming curves in the parametric domain are
usually approximations, accurate only up to a specific geometric tolerance.

2.3. Boundary conformal layers

As expressed in Eq. (3b), the boundary of the parametric domain upon completion of the trimming operations is expressed as
the union of N simply-connected oriented closed boundary curve d/1,, where two different curves are disjoint sets. Let us assume
now that the ith curve is parameterized through the curvilinear coordinate 4’ € [}, #/], where 5, and 5/ define the bottom and top
limits, respectively, of the interval spanned by #'. Then, for each oIl ;» an offset curve 017,.’ is constructed in a region internal to £,
adopting the same parameterization of the associated boundary curve, i.e., 4 € [;12, 71," ]. Additionally, let us assume that these offset
curves are non-intersecting with each other and with boundary curves, meaning

aﬁ;mﬁ;:ﬂ ifisj,
of nolll =0 VG, )).

Apart from these requirements, there remains relative arbitrariness in their construction. A simple approach is to maintain a uniform
distance from the target boundary curve. However, if the local radius is smaller than the selected distance, this can alter the topology
of the offset curve, making it no longer simply-connected. Furthermore, while satisfying the uniform distance criterion in R? is
relatively simple, achieving uniform distance on a surface manifold in E3 poses a significantly more challenging task. A simpler
strategy involves creating a curve that is internal to the parametric domain, even if it does not precisely follow the geometric features
of the boundary. Although this may appear to be a critical choice during the development of a discretization to approximate the
problem of interest, [20] demonstrated that the method’s accuracy remains robust regardless of whether the curve adheres strictly
to the boundary’s geometry or not. It is important to mention that in those cases where the domain presents local features tight to
each other, constructing non-intersecting offset curves can be challenging even in the parametric domain. Indeed, such geometrical
configurations impose limits on the local distance between the offset curve and its corresponding boundary one. These critical
cases are not addressed in the present contribution. However, some algorithms available in the literature could be utilized for this
purpose (see, e.g., [82]). Additionally, the size of the boundary layer should be chosen to match the expected extension of the local
phenomenon to be captured. While the initial size is ultimately determined by the practitioner’s expertise, adaptive algorithms could
be implemented to change the size and refine the mesh as needed.

The approach proposed here relies on a domain sub-structuring strategy where each pair of boundary and offset curves are used
to construct a boundary layer and to restrict the main patch’s extension through an additional trimming operation. More specifically,
the offset curve aﬁ{ divides R? into two regions. The one that contains the boundary curve d11,, that by construction is entirely
either internal or external to o1 !, and its complement to R2. The former, in particular, is denoted as f]l.’ . To exemplify, in Fig. 1(d)
it is shown a parametric domain with two boundary curves and their correspondent offset curves. The region enclosed between aﬁ;
and 011, is the boundary layer Q; defined as

Q,=Qn1l, 4@
09, = oI, oIl , (5)

being d¢; the boundary of £,. Once the boundary layers are constructed, the remaining part of the domain is defined through

Np
Qo=a\Ja), (6)

i=1

09, =\ Jor1! . @

The corresponding surfaces and boundary curves in the physical space are then obtained through mapping, i.e., 2, = F(£,), and
02, = F(00,) for i = 0,..., Ny. The interfaces between the main domain and the boundary layers are introduced in the parametric
domain as I = a0, n 08;, as well as their counterpart in the physical space I; = F(I}).

Figs. 1(d) and 1(e) show the construction of the internal domain and the corresponding boundary layers. In Fig. 1(d), the
parametric domain £ is restricted by trimming operations through the offset curves 017{ and aﬁ; that delimit the regions fll’
ar{d ﬁéL The resuAlting internal domain £, and boundary layers 2, and 2, are shown in Fig. 1(e), together with their boundaries
042, 082, and 042,, respectively.
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Fig. 2. Illustration of the map composition for a domain with two boundary layers: (a) Auxiliary domains 2, and (J,, each discretized with a simple rectangular
grid. (b) Reference domain I7,, discretized with a simple rectangular grid. Boundary layers 2, and @, in the parametric domain, obtained from the map of the
auxiliary domains. Resulting inner patch €, in the parametric domain. (c) Inner patch obtained as £, = F(£,), and boundary layers resulting from the map
compositions 2, = FoF,(2)) and @, = FoF,(£2,), each with superimposed discretization in the Euclidean space, and each laying on the untrimmed surface I1,.

Provided the parameterization of oI ; and 617,.’ , that refers for construction to the same curvilinear coordinate ' € [;1;;, n{], the
boundary layer in the parametric domain can be described through an auxiliary map that relies on two curvilinear coordinates
n’i =n' and n;. The simplest choice consist in constructing this map as a ruled domain between the two curves, although non-convex
curves might require more sophisticated algorithms.

The boundary layer is therefore obtained in the parametric domain as the image of &, = ['7; b ni X [néb, n; .| through the function
F; : ©; — ;, where , and n/, are the limits for the interval of definition of #/. It is remarked that for construction 7|, and 7},
correspond to ;1;') and nf, respectively, while 'Ié can be chosen, in absence of other constraints and without loss of generality, in the
interval [0, 1]. It is important pointing out that, in the notation introduced hereby, quantities referred to the auxiliary space are
denoted by a tilde. Provided the parameterization of the ith boundary layer, a generic point & = (£,,¢,) in the parametric space is
obtained as

E(tmh) =E,(n . n}) =F (¢l nh), witha=12andi=1,...Np. (8)

with (n‘l',né) € Q.. In turn, the domain of the boundary layer in the physical space is given by the composition of two maps
Q; = FoF (&;), and a generic point of the boundary layer in the physical space is given by

x(ny.ny) = FoF(nj.my) . withi=1,....Np. ©)

An example of a domain with two boundary layers, obtained through map composition from two auxiliary domains, is illustrated in
Fig. 2. It should be noted that the lines in the parametric domain F,(0£;) and in the physical domain FoF,(3<3;) do not correspond
exactly to 09, and 022, respectively, since the curves identified by §(ni = ni b n;) and 5("1 = "i t, ;1;) are internal to ©;, and, similarly,
the curves identified by x(n) = n;b,n'z) and x(n) = ”llr”’lz) are internal to £;.

As detailed in the remainder of the paper, depending on the nature of the differential problem stated on the manifold, certain
derivatives of the map in Eq. (9) might be required. These derivatives can be straightforwardly obtained using the chain rule. For
clarity, they are provided up to the third order in Appendix A.

2.4. Discretization strategy
Each region resulting from the domain sub-structuring requires discretization to generate a suitable mesh for numerical
investigations. The discretization algorithm employed here utilizes quadrilateral elements, with specific details varying depending

on whether the region is a boundary layer or the internal domain.

2.4.1. Discretization of the boundary layers
For boundary layers, a structured, tensor-product-based, and quadrilateral grid is generated in each auxiliary domain ;. Within

the interval of definition of #/, N' + 1 increasing and non-repeating values 6,’ are identified collected in & = {9,’;1, ... 0] et },
i i i iNI +1 . . 13 s 3
where 1, = 6! and Moy = 0, «*! As such, in the ith auxiliary space the eth element is defined as
0 = i <] @
where n;‘;e) and '12,’,(8) are two consecutive values in @', and being N} = N; | X Néz the number of elements of the ith boundary layer.

The corresponding element in the parametric and in the Euclidean spaces are given, respectively by

a0 =F,(4"). (11a)
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Q) =Fof, (4°) (11b)

as illustrated in Fig. 2. It is remarked that in the previous equations i spans {1, ..., N}, that is the set of indices associated with
the boundary layers. A different discretization strategy based on trimmed elements is adopted for £, as detailed in the subsequent
section.

2.4.2. Discretization of the internal domain
For the internal domain, the discretization strategy starts from a background rectangular grid. In this case, however, the
rectangular grid is constructed over the reference rectangular domain I1,. Within the interval of definition of &,, NO +1 increasing

0 0
and non-repeating values are identified and collected in @0 = {02’1, ,BS’N”"H }, where &, = 6%! and &, = BS’N”"‘H. The eth cell
of the background grid is denoted as ﬁée) and defined as
frle) _ [ gle) gl (e) g(e)
In," = [511;’51: ] x [ézb’fzz ’ (12)

where ffb) and 555) are two consecutive values in @Y, and the total number of cells is N? = Ngl X NST The background grid is then

intersected with the actual internal domain (2, and for the eth cell the corresponding element is defined as

Q9 =903, (13)
00 = (011" 0 Qy) U 1) 1 04 . (14)

where aﬁ((f) is the boundary of the eth background cell, and Qg’) and afeff) are the domain and the boundary of the eth element. It
follows that, accordingly to the specificity of the intersection ﬁé” N Q,, the elements are classified into three groups:

- The group of entire elements, for which Q((f) = ﬁé");
- The group of partial elements, for which Qg’) c ﬁée) ;
- The group of empty elements, for which 2, n 17(()") = 0.

The active elements are only the entire and the partial ones. As illustrated in Fig. 2, similarly to what stated for boundary layers,
the elements’ domain in the Euclidean space is obtained mapping their analogues in the parametric space

Q9 =F (Q(()e)) ' (15)

2.4.3. Quadrature rule

The formulation considered in this work requires numerical integration over the domain and the boundary of elements, along
with interfaces between contiguous patches. For elements in the boundary layers, as well as in the entire elements of the internal
patch, integrals are computed using high-order tensor-product Gauss-Legendre quadrature rules in the corresponding non-mapped
domain. On the other hand, integration on trimmed elements necessitates more refined strategies to accurately capture only their
active parts.

In this work, the algorithm presented in [20] is adopted. In essence, this algorithm reparameterizes each partial element as a
set of tiles, allowing standard Gauss-Lagrange quadrature to be applied in the auxiliary space of each tile. The reparameterization
starts by determining the topology of the element through the information regarding its boundary. Accordingly, to approximate the
element a decomposition strategy is selected and high-order tiles are created as Bezier two-dimensional surfaces. It is essential to
emphasize that the tiling process is solely used to obtain high-fidelity integration. From an analysis perspective, no new elements
are introduced.

Integration over interfaces requires the subdivision of the common curve into segments, with each segment corresponding to
a pair of elements belonging to distinct yet adjacent patches connected by the interface. In cases where one or both sides of the
interfaces are trimmed, this subdivision must consider individual tiles rather than the active elements. For further details on this
segmentation, interested readers are referred to [83].

Ultimately, as the integration rules are constructed within the non-mapped domain of the elements, appropriate terms are
multiplied to the integration weights to perform transformation of infinitesimal area and length in surface and line integration,
respectively.

2.4.4. Strategy to address the ill-conditioning

For the discretization employed herein, partial elements might be characterized by an unboundedly small ratio between the
trimmed and the original area. When this situation occurs the condition number of the stiffness matrix critically increases, affecting
the numerical stability of the solution.

In the construction of the boundary layers, while no control is left over trimming curves, whose definition depends on the desired
shape, the construction of offset curves is to some extent arbitrary. This flexibility could be leveraged by an algorithm that ensures
that the cutting process of the internal domain does not produce critical elements, given a certain homogeneity requirement the
elements’ size. While for a given discretization level the criteria could be met, on subsequent refinements motivated by the need for
improved accuracy of the analysis, the homogeneity requirement might not be satisfied any longer.
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As such, the approach preferred here is to avoid complicating the construction of offset curves and using instead a diagonal
scaling of the stiffness matrix through Jacobi preconditioning. Although relatively simple, this method has proven to be very efficient
in addressing the ill-conditioning issue caused by size difference on the support of shape functions. Nonetheless, in some critical
cutting scenarios, shape functions having support only on the small cut element might become linearly dependent, making the matrix
numerically singular. When this situation occurs, a dedicated preconditioner, e.g., the Schwarz preconditioner [84,85], should be
adopted. However, the simplicity of the Jacobi is preferred in this work, leaving more robust techniques to future studies.

2.4.5. A note on B-splines-based underlying maps

Special attention is required in those cases where the underlying map in Eq. (1) is defined using piecewise functions, such as
B-splines. As detailed in the following section, spline-based curves exhibit reduced continuity across multiple lines in each of the two
curvilinear directions. Consequently, since the shape of the boundary layer, and thus its discretization, is arbitrary, the composition
of two maps in Eq. (9) introduces lines of broken continuity within the internal parts of the boundary layer elements, leading to
certain challenges.

Higher-order integration on maps with non-C® continuity cannot be effectively achieved using standard Gaussian schemes.
Potential solutions include reparametrizing elements into tiles where the map is locally C®, or employing alternative integration
schemes suitable for reduced continuity functions, such as Newton-Cotes based methods. Another issue arises when, upon
constructing an approximation space on the discretized domain, the elements are characterized by an order higher than the
continuity of the underlying map; in such cases, the error is expected to asymptotically behave as if the element order matched
the continuity of the map itself. However, in the pre-asymptotic regime, this effect is somewhat milder. Extensive investigation
for spline-based underlying maps is left for future research. In the current contribution, simple Gaussian integration schemes are
employed, which do not appear to affect the present examples.

2.5. B-spline based approximation spaces

The space chosen for approximating the solution in the variational problems investigated hereafter leverages B-spline technology
[16,86]. This allows for constructing higher-continuity basis functions over the discretized domain. To this end, let us first define
the B-spline space over non-mapped one-dimensional and two-dimensional domains.

Let us suppose that a uni-dimensional interval I = [&,, ], referred to the coordinate &, is discretized using the breaks in the vector
0 ={0',...,0N*1}, with & = 6! and & = 6Ne+!, being N, the number of elements of the discretization. To construct a spline-based
approximation space over this discretized interval, it is first defined the knot vector by taking adequate repetitions of the elements
in O, thus resulting in the vector of non-decreasing values = = {51, .., EMT "“}, where n is the number of shape functions and p
is the degree of the spline. The details of the construction of the knot vector are not reported here for the sake of conciseness.
The interested reader is referred to [4] for further explanation. It is important to highlight, however, that the spline space is C*®
everywhere except at the internal knots, where the continuity is at most p — 1 and it is reduced by one for every repetition of the
knot. A generic univariate B-spline over I is constructed recursively using the Cox de Boor formula as:

_ 1 for é:i < -’: < ézi+1
Ni")(é)_{ 0 otherwise ’ (16a)
(E—EIN; 1) (EPT - &N, , (&)
N; &) = - gt , (16b)

where N; ,(¢) is the ith spline basis with i € {1,...,n} and degree p. In order to extend this construction to two dimension, let us
now suppose that a rectangular domain IT = [&,,&;,]1 X [£,,, &y is discretized using a rectangular grid based on a tensor product

structure into N, = N,; X N,, elements, being N,, the number of elements in the direction a. As such, @, = {6.,... ,05 wtl | g
the list of breaks in the a-th direction and = = {5; ., &4 i the corresponding knot vector. It is noted that, following this

N,

construction, the rectangular domain is also obtained as IT = [011,191 “H] X [0%,0;’ "2+']. With these definitions at hand a generic

bi-variate B-spline is defined as
B;;j(£1,5) = Ni(§)DN;(&) withie{l,....m},je({l,....m}, a7

where the secondary indices denoting the degree of N;(¢;) and N;(&,) were dropped assuming they are both equal to p.
The approximation space for the kth boundary layer is then obtained by first constructing bi-variate B-splines over 2, following
the construction that leads to Eq. (17) and taking IT = &, and ©, = @*. The approximation space is therefore defined as

Sha, =span{BoF ! tie (1,...,n(), j € (1,...,n5}) (18)

where B is the ij-th spline defined over &,, F, = FoF,, and n* is the number of spline functions in the a-th direction for the
boundary layer k.

A similar approach is adopted in constructing the approximation space for the internal patch €. In this case, the bi-variate
B-spline are constructed over I1,, therefore selecting IT = II, and 0, = ©°. However, due to the trimmed definition of 9, some
of the basis functions B?j may result in a support consisting only on non-active elements. To remove this superfluous degrees of
freedom, the approximation space is defined as

Shay = span{BgoT‘al Tie {1,...,n(l)}, jE {1,...,ng}, supp(Bg)nQO #+ 0} (19)

8
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where supp(B?j) is the union of the elements where B?j #0, f’o =7, and ng is the number of spline functions in the a-th direction.
The approximation space over the entire domain is simply obtained as the vector spaces sum of the approximation spaces defined
over each patch, in other words the internal one and the boundary layers, meaning

Sh=Sha, ®She & @ Sh,!)Nr . (20)

where @ denotes the vector spaces sum operation.
3. Classical shell theories

The problems investigated in this work pertain to the linear elastic analysis of laminated shell structures. Specifically, the starting
points are the Kirchhoff-Love and Reissner-Mindlin shell equations formulated in a weak sense over the shell mid-surface. The
following section presents both shell kinematics within a unified framework.

3.1. Differential geometry
In this section, we briefly introduce the essential concepts of differential geometry pertinent to the definition of the proposed
problem. Given the map F of the surface, the vectors of the local covariant basis are defined as
a,=F,. (21)
A unit normal vector is associated to each point on the surface, and is computed from the covariant basis as
a; Xa,

a3 = ———, (22)
la; X ay]

where x denotes the cross product and |« | the standard Euclidean norm. The covariant components of the surface metric tensor
are defined as a,; = a, - a5, where - denotes the dot product. The determinant of the surface metric tensor is denoted as a. The
contravariant components of the surface metric tensor are obtained from the covariant counterparts as

(@] = [ag,]™" (23)
and allow us to compute the vectors of the local contravariant basis as
a® = a“ﬂaﬁ , (24)

that satisfy the property a, - a® = 55, being 55 the Kronecker delta. Additionally, we introduce the covariant components of the
curvature tensor, defined respectively as

byg =03 ayp, (25)
while its mixed components are obtained through the index raising operation
by =a"b,s. (26)

Leveraging the surface map and the definition of the normal unit vector, it is possible to map the volume constructed by extruding
in the direction of a;. To achieve this, a third curvilinear coordinate &; is introduced. This coordinate represents the signed distance
between a point in the volume and its normal projection onto the mid-surface, spanning the interval i; = [£;,,&,]. Consequently,
the map for the entire volume G : V — V is defined as

X(£1.6.8) =661, 6.83) = x(£1. &) + §a3(61.8) 27)

where V = Q x 1. Similarly to the surface mapping, for the volume mapping the vectors of the local covariant basis are defined as
A; = G ;. More specifically

Aa =4a, + 53“3,01 s (283)
Ay =a;. (28b)

Following the convention utilized in this work, for mappings associated with boundary layers, the curvilinear coordinates ("‘i s ﬂé) are
employed for defining geometrical quantities pertaining the surface and the volume in lieu of (¢,,&,). This clarification also applies
in the treatment of shell theories.

3.2. Problem setting

Let us assume that the mid-surface of the shell is a two-dimensional manifold in E?, as described in Section 2.1. The shell material
is a laminate obtained juxtaposing N, layers, assumed homogeneous, orthotropic, and perfectly bonded. The superscript () denotes
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quantities specific to the #-th layer. Thus, V{©) represents the volume of the #-th layer, which is assumed to have a uniform thickness
(), resulting in the total thickness of the laminate r being also uniform and given by

Ne
T= Z PA2 (29)
=1

and the overall volume of the shell given by V' = UZ,L‘ | V(). Each layer conforms to the curvature of the shell, meaning that given
§§L;> and §§f> = §§Z> +7(?) as the coordinates of the layer’s bottom and top reference surfaces, respectively, the volume V() comprises
the points such that X = X (51,52,§§i> <&< cfg)). Concerning the material parameters such as Young moduli, Poisson ratios, shear
moduli, and lamination angle, these are discussed in detail in Appendix B, where the constitutive relationships for the classical shell
theories are derived. Here, it is assumed that the shell mid-surface refers to & = 0, so the coordinates of the bottom and top surfaces
of the laminate are &, = —7z/2 and &, = +7/2.

To what regards the external loads, distributed forces and moments denoted by f and i, respectively, are assumed applied
directly on the mid-surface Q. Its boundary, 92 is bipartite in two distinct ways: as 92 = 92 U 0Qy, for one set of conditions,
and as 02 = 02, U 0Qy, for the other one:

- 0Qp, and 092, represent the portions of the boundary where Dirichlet displacement and rotation boundary conditions are
applied, respectively.

- 0Qy, and 0Qy, represent the portions of the boundary where Neumann force and moment boundary conditions are applied,
respectively.

It is important to mention that 02, and df2y, are disjoint sets whose union coincide with <2, and the same applies to 9£2,, and
082y, It is also defined the set of corners y € 02 which is further divided into

- Xp € cl(02p ) where Dirichlet displacement boundary conditions are applied.
- Xn € 02y, where Neumann force boundary conditions are applied.

For the notation of boundary conditions, applied boundary force and moment are denoted as F and M, respectively, while applied
displacement and rotation are denoted as @# and 0, respectively.

It is important to mention that while f, F, and & can have three independent components in the Euclidean space, m, M, and
0 lie in the plane locally tangent to the mid-surface. Additionally, although theoretically the division between different types of
Dirichlet and Neumann boundaries could be component-based, meaning that different components of the displacement or rotation
vectors could belong to different boundary types on the same edge, for simplicity, the classification of the boundary conditions is
kept as described.

3.3. Kinematic hypothesis, generalized strain, and generalized stress

Shell theories are developed based on an axiomatic assumption about how the displacement varies along the coordinate &;,
which spans the thickness direction. The classical shell theories, namely Kirchhoff-Love and Reissner-Mindlin, are founded on the
kinematic hypothesis that a unit vector normal to the undeformed mid-surface remains straight and unextended after deformation.
This assumption can be expressed as follows

U6, 6. 83) = u(81.6) + £0(61.8) » (30)

where U denotes displacement of a generic point within the shell volume, u denotes displacement of its projection onto the mid-
surface, and 0 the rotation vector. The assumption of the non-extensibility of the perpendicular unit vector implies that the rotation
must lie within the tangent plane of the mid-surface, which leads to the condition that a; - @ = 0. The covariant components of the
linear strain tensor for a three-dimensional solid V' are derived from

1
€y =5 U +A;U ), G

where the derivatives of the displacement field with respect to the curvilinear coordinates, upon considering the kinematic
hypothesis, simplify to

U,a = u,nt + 539@ ’ (323)
U,=6. (32b)

Introducing Egs. (28) and (32) in Eq. (31) leads to the following expressions for the components of the strain field

€4p = % [(aa +&a3,) (g +830 5+ (ag+S&a35) - (wy + 539,:1)] = Eqp T E3Kyp + fg)(rxﬂ ’ (33a)
=3 [0 (Wa 4 60,0+ (@, + Gz 0] = 2 (33b)
e33=0. (33¢)

10
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Note that in the previous equation e;, = €,3. As typical in Reissner-Mindlin formulations, the tensor y is discarded since 5% can be
neglected for sufficiently small thickness values. The tensors €, k, and y are referred to as the generalized strain tensors, specifically
representing the membrane strain, bending strain, and shear strain, respectively. Their covariant components are defined as

2egp=a, upgtag-u,, (34a)
2gp=a,-0p+ta;-0,+as, - ugt+azz-u,, (34b)
Ye=0a3 - Uz+a,-0, (34c)

in such way that ¢ = ¢,;a* ® a’, k = Kypa® ® a’, y = y,a® ® a®. It is worth noting that in the previous equation it was used
the property a;, - 0 = —a; - 0, that follows from considering a; - @ = 0 in the equality (a; - 0), = a3, - 0 + a3 - 0 ,. The work-
conjugate quantities are known as generalized stresses and are denoted by as N, M, and Q, representing the membrane force,
bending moment, and shear force, respectively. The contravariant components of these tensors are derived using the constitutive
relationships, as detailed in Appendix B. These relationships are summarized as follows:

NP = Aaﬁrég}/& +Bﬂtﬂ)/5’(y5 , (35a)
M =B 5 4 Dok 5 (35b)
Q" =5"y,. (35¢0)

3.4. The Reissner—Mindlin shell equation

In the formulation adopted here, the Reissner-Mindlin equations use the Cartesian coordinates of the displacement vector u;
(i.e., u = u;e;), and the covariant coordinates of the rotation vector 6, (i.e., 0 = 6,a%). While alternative choices for expressing
rotation are explored in the literature, they often lead to an increased number of degrees of freedom and necessitate additional
drilling stabilization. Whereas in the present formulation, expressing 0 in a local basis tangent to the mid-surface allows for the use
of only two coordinates, with 6; = 0 inherently satisfying the non-extensibility condition. Consequently, Eq. (34) can be simplified
further as

Zsaﬁ =a - uptag-ug, (36a)
2Kaﬁ = (Hawﬂ + ‘9/i,a) - (a”‘ﬂ -0+ ag, - 0) + (az, - ug+asg- u,), (36b)
Yo =Q3 - Uyg+0,. (36¢)

Where it was used that a, - 05 = (a, - 0)5 —a,5-0 = 0,5 — a, 5 - 0. The weak form of the governing equation derives from
the three-dimensional principle of virtual displacements. This involves integrating through the thickness, incorporating the shell
kinematics, and assuming dV = d€2d&;. While the detailed derivations are omitted here for brevity, they can be found in various
references on shell mechanics, e.g., [87]. The resulting two-dimensional variational statement for the Reissner-Mindlin shell reads:
find (u,0) € [H']® . such that
(@,0)
LM (5u,50,u,0) = LBM (5u,50),  V(5u,50) € [H'? (37)

int ext 0,0) °
where [Hl]?ﬁ 5 denotes the subspace of [}']’ in which Dirichlet boundary conditions are satisfied, and [Hl]f0 o

subspace of [’Hl]5 where the test functions are null on the corresponding Dirichlet boundary. The bilinear form Ci’fqﬁ"’ and the linear

represents the

form LM represent the virtual work of the internal forces and external forces, respectively. Their expressions are given by
£i’:f4=/(5e:N+5x:M+5y:Q)dg, (38a)
Q
ﬁfxfy:/(au~f+5e-m)dg+/ §u~Fda.Q+/ 56 - Mdog (38b)
Q 2y, 2y,

where the operator : denotes the contraction operation between tensors.
3.5. The Kirchhoff-Love shell equation

In Kirchhoff-Love theory, it is additionally assumed that the unit normal segment remains perpendicular to the deformed
mid-surface. This implies that shear strain are zero, and thus

ea =—az-u,. (39)

Substituting 6, into Eq. (36) leads to the expressions for the generalized strain provided in [80,88,89] and not reported here for the
sake of conciseness. Consequently, for the Kirchhoff-Love theory, the only variables are the Cartesian coordinates of the displacement
vector. However, this approach results in a fourth-order differential equation, necessitating additional considerations. Firstly, the
approximation space must be C! continuous to ensure that the displacement’s derivatives, and thus the rotation, are continuous.

11



G. Guarino et al. Computer Methods in Applied Mechanics and Engineering 432 (2024) 117407

Secondly, the Neumann boundary condition are adjusted as follows. The component M, = M - n is applied on 082y, while the
component M, = M -t contributes to the definition of the Ersatz force T

o _ 0M,

T = (F, — Mb,pt*) a* + <F3 + T’) a®, (40)
where F, = a, - F, F; = a; - F, 1* = a* - 1, and 0M,/dt denotes the arc-length derivative of M,. Here, n is the outer unit vector

locally perpendicular to 02 and lying on the plane locally tangent to £2, while ¢t = a3 X n is the unit vector locally tangent to 042.
Additionally, Kirchhoff-Love theory introduces the so-called corner forces at points of y,, defined as

R= lim (M,(x +et™) = M(x - ), (41)

where t* and ¢~ are the tangent vectors at the two edges intersecting in a corner. The two-dimensional variational statement for
the Kirchhoff-Love shell then reads: find u € [7’-[2]3 such that

XL (su,u) = £XL(5u) Vou € [H?]?

int ext ]0 (U

(42)

where [7-[2]3 1s the subspace of [H2]> where Dirichlet boundary conditions are satisfied, and [HZ](0 o i the subspace of [H?2]?

where both u and 0, are null on the corresponding Dirichlet boundary. The bilinear form £X* and the linear form £X! are expressed

t
in this case as

int

kL = / (6e: N +6Kk: M), (43a)

ﬁfxf_/ﬁu-]dg+/ §u-Td0.Q+/ 0,M,d0Q2+ Y (v;R)]c . (43b)
Q oy, 92y, Cexn

4. Discretized shell variational statements

This section focuses on the numerical approximation of the variational statements in Egs. (37) and (42). First, the domain is
discretized following the domain sub-structuring and meshing strategy as described in Section 2.4. Then, bi-variate spline spaces
of arbitrary degree are constructed over each discretized patch and summed to construct the approximation space for the whole
domain S, as described in Section 2.5. From here on, the vector approximation spaces for the Reissner-Mindlin and Kirchhoff-Love
theories are obtained, respectively, as V}:W [S,]° and VK L =[S,1°. Additionally, in VK L, the spline bases are taken with a degree
of at least 2 within the domain of each patch to satisfy the C1 continuity requirement 1mposed by the Kirchhoff-Love shell equation.

The discretized variational statement for the Reissner-Mindlin shell equation reads: find (u;,0,) € V}f(%) such that

LM (5u,,50,,u,,0,) + LR

int

M (suy, 60, u,,0,) = LRM (5u,,50,) , V(éu,, 60,) € Vh (44

nit ext

0.0) >

where £RM and £RM are defined as in Eq. (38), LM denotes the contribute arising from the Nitsche-based coupling method

and is dlscussed in detall in the remainder of this section, VRM, represents the subspace of VRM where u, = & and 6, = 0

on the corresponding Dirichlet boundaries, and Vh(o 0 represents the subspace of VRM where éu, = 0 and 66, = 0 on the
corresponding Dirichlet boundaries. As customary when adopting spline-based approximation spaces, boundary conditions on trial
and test functions are imposed strongly by directly assigning values to the degrees of freedom associated with the basis functions
that are non-zero on 92 after an L? projection of the applied displacement and rotation [16,86]. This is made possible by the
adoption of the IBCM, which ensures the conformal nature of each boundary within the domain.

Similarly, the discretized variational statement for the Kirchhoff-Love shell equation is formulated as: find u;, € VﬁL) such that

L(up,uy) = LXE(Suy),  Vou, € VKL

ext h(0) ° (45)

(5uh,uh) + K

lﬂf nit

where £XL and £KXL are defined as in Eq. (43), LKL denotes the Nitsche contribute, V}l‘(’f} and V,ﬁé) represent the subspace of

VfL that satisfy in a strong sense the Dirichlet conditions on displacement trial and test functions, respectively. However, for the
Kirchhoff-Love equation, the applied rotation on Dirichlet boundary still needs to be imposed in a weak sense following the Nitsche’s
method as described in [89]. However, this procedure is not reported here for the sake of conciseness.
4.1. Nitsche method for Reissner-Mindlin shell coupling
The Nitsche term in Eq. (44) is based on integrals along the interfaces between adjacent patches. This term is defined as
Np
LRM = Z/F (—[[5th] (N, )~ [[86,11- {M,} +
i i
=7i{oN,} - [lu,ll = v {6M,} - [[6,]] +

+p, M (8w - [y )] + g™ (166,11 - [[9h]]>df ; (46)
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where it is reminded that I; is the ith of the N interfaces. N, = N, (u,.0,) and M, = M ,(u,, 6,,) are the Reissner—-Mindlin fluxes for
the trial functions space, and 6N, = 6N ,(éu,,80,) and M, = 6M ,(éu,, 56,) are the Reissner—Mindlin fluxes for the test functions
space. y), ufM and ;4;,”” are parameters of the Nitsche method and their choice determine its type and properties, as discussed in
Section 4.3. The operators {«} and [[+]] are the average and jump operators defined in Section 4.3.

Following [45], the fluxes for the Reissner-Mindlin shell in the outer unit direction n introduced in Eq. (46) are of two types:
the force N, and moment M, defined as follows

N,= N%a, + Qa;, (47a)
M,=M,n+M,t, (47b)

where N% and Q are computed as

N = (N = psM"P)ng , (48a)
0=0%,. (48b)

Finally, the components for the moments M, are obtained from
M, = M”ﬂnanﬁ , (49a)
M, =MPn,t,. (49b)

4.2. Nitsche method for Kirchhoff-Love shell coupling

Similarly to the Reissner-Mindlin case, the Nitsche term in Eq. (45) is defined as

Np
kL = Z/r (—[[5uhﬂ AT,} - [166,11- {M,,,} +
=1 {6T,} - [lupll = v1{6M,,} - [[6,]] +
KL (5w 1) - [l 1] + 1K (156,11 - [[enH)dr : (50)

where T, = T,(u,) and M,, = M,,(u;) are the Kirchhoff-Love fluxes for the trial functions space, and 6T, = 6T ,(éu;,) and

6M,, = 6M,,(su;,) are the Kirchhoff-Love fluxes for the test functions space, as defined in the remainder of this section. It is

worth reminding that in Kirchhoff-Love theory
0, = 0,(u;) = 0,(u,)n", (51

where n* = n - a®. Similarly, for the test functions, 60, = 66, (6uy,).

The correct expression of the fluxes for the Kirchhoff-Love formulation was only recently found in [89] and it is partially reported
here. Also for the Kirchhoff-Love theory the fluxes are of two types: the so-called ersatz forces T, and the bending moment M,,,.
While the bending moment is defined in the same way as in the Reissner-Mindlin formulation, the expression for the ersatz forces
is

T,=T%, +Ta;, (52)

where T% and T? are given by

T = N%ny — b M"Pny — M, b3t (53a)
T = Ml‘;ﬂna + (M Pngtp), . (53b)

In the previous equation the notation M * denotes the covariant derivative in the direction p of the ap-th component of the bending
moment tensor, whereas the notation (+), refers to the arc-length derivative along I;. The details on how to compute these two
derivatives are not reported here for brevity but can be found in [80,89].

4.3. Choice of the method’s parameters

In both Egs. (46) and (50), the Nitsche term relies on integrals along the interfaces between patches. These integrals consist of
six additive terms each. The first two terms are the consistency ones introduced to restore consistency in the variational formulation.
The average and jump operators that appear in these terms are defined as

{l=rnt+l-r)», (54
([l = =27, (55)

where «* and «~ denote a generic quantity computed from each side of the interface. In order to compute the average of the same
quantity, the fluxes from the second patch are computed relatively to a unit vector n entering the patch domain. The value of y,
ranges between 0 and 1 and determines how the average operator leans toward the first or the second patch.

13
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The third and fourth terms in Egs. (46) and (50) are called symmetric terms. Typical choices for the value of y, that multiplies
these terms are {0,+1,—1}, producing non-symmetrical, symmetrical, and anti-symmetrical contributions to the solving linear
system, respectively. The last two terms are called the stabilization terms and are introduced to ensure coercivity of the bilinear
form and, therefore, the stability of the method. The multiplicative terms g, and y, are called penalty parameters, and their choice
balances two opposite needs: ensuring stability, and limiting the condition number of the linear system. As a side note, the pure
penalty method relies only on these terms to restore coupling, leading to a symmetric and stable formulation [17,53-55,59]. However
the values of the penalty parameters to achieve a given error need to be considerably higher given the lack of consistency [26,56].

Accordingly to the choice of y;, 7,, and the penalty values, different Nitsche-type formulations can be constructed. Selecting
7, = 1 leads to the symmetric Nitsche method [29,73,74,76,78-80], also known as interior penalty method. This formulation strictly
requires the presence of the penalty terms, and therefore u > 0, to ensure coercivity. With y; = —1 and y = 0 the Nitsche contribute
is anti-symmetrical and leads to a more stable formulation [31,34,75], where penalty terms can still be adopted to further increase
stability, loosing however every type of symmetry [30,77,90]. The value of y, can be used to balance the computation of the average
of the fluxes accordingly to the different properties of the two side of the interface [91,92].

Adequately choosing these parameters to construct a stable method is even more difficult when the elements in the patches to
be coupled are trimmed by the interface. In limit situations in order to ensure coercivity, in the symmetric Nitsche method, a local
eigenvalue problem needs to be addressed and the value of the penalty parameter can grow unbounded [33,75,93].

In this work, the symmetric Nitsche method is adopted for coupling internal patches and boundary layers. The stability of the
method relies on the definition of the average operator and, therefore, the choice for the parameter y,. Here, the fluxes are computed
uniquely from the boundary layer, setting y, = 1 in Eq. (54) and leveraging the fact that the elements in this layer are not trimmed,
thus leading to Nitsche contributes seamless to stabilize [20,83]. Regarding the penalty values, these are chosen as

ufM = y KL = pEz/h (56a)
ugM = uft = pET [h (56b)

where E represent the maximum Young modulus of the layers of the laminate, § is an arbitrary value that for Nitsche based
formulations typically ranges in [10, 10%], and & is a measure of the dimension of the elements of the boundary layer.

5. Results

The proposed method is tested in this section through a series of scenarios involving shell structures. Specifically, five tests are
conducted: a laminated plate with circular cut-outs, a hyperbolic-paraboloid shell with two internal cut-outs, a structure comprising
two intersecting cylinders, a generally curved spline-based surface with a cut-out and a trimmed external boundary, and a cylindrical
shell with an axial through the thickness fracture. The constitutive laws in these tests involve either laminated materials with
orthotropic layers or single-layer isotropic materials.

In these tests, Dirichlet boundary conditions are applied using different strategies depending on whether they pertain to
displacements or rotations, the shell theory in question, and whether the boundary is conformal or trimmed. Trimmed boundaries are
included solely for comparison purposes with the present IBCM approach. For conformal boundaries, essential boundary conditions
on displacement are applied strongly, while on rotation this applies only for the Reissner-Mindlin shell theory, where the components
of the rotation vector are explicitly available as degrees of freedom. Conversely, for the Kirchhoff-Love theory, rotation boundary
conditions are enforced weakly using Nitsche’s method, which is also adopted for all types of Dirichlet conditions on trimmed
boundaries. As standard for spline-based approximation spaces, imposing Dirichlet conditions strongly requires an L? projection of
the applied external function into the B-spline space of the corresponding edge in order to determine the values of the associated
degrees of freedom. Coupling conditions between boundary layers and the internal patch are imposed weakly using Nitsche’s
formulation, as shown in Egs. (44) and (45).

A common issue with Nitsche-based coupling and boundary conditions is that the resulting bilinear form might lose coercivity
if not properly stabilized. In the presented tests, coercivity is verified by assessing the positive definiteness of the stiffness matrix.
Specifically, it is established that not all its eigenvalues are positive.

5.1. Laminated plate with cut-out

The first set of tests focuses on a square laminated plate with an internal circular cut-out, as shown in Fig. 3. The plate has a
length of L = 1 [m], and the internal hole is constructed through a coarse B-spline approximation of a circle centered on the square
with a radius of R = 0.2 [m]. Regarding the constitutive properties, the layup consists of four layers of an orthotropic material
having Young moduli E, = 25 [GPal, E, = 1 [GPal, Poisson’s ratio v,, = 0.25, and shear moduli G|, = G3; = Gz, = 0.4 [GPa]. The
layers have all the same thickness 7/4 and are oriented in a sequence of [0, 90, 90,0], with the angles measured relative to the ¢,
axis.

The external applied force and boundary conditions are chosen to reproduce the manufactured solution

u,, = U; sin(zn, &) sin(zny&y)e; , (57)
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Fig. 3. Geometry and discretization for the laminated plate in the first set of tests. (a) First refinement level for the single patch discretization with corresponding
types of boundary conditions and applied loads. (b) First refinement level for the IBCM-based discretization with corresponding types of boundary conditions and
applied loads. Third (c¢) and fourth (d) refinement levels for the IBCM-based discretization. Boundary conditions of type 1 involve strong homogeneous Dirichlet
for the displacement. For the rotation, homogeneous Neumann is used in Kirchhoff-Love theory, while strong homogeneous Dirichlet is used in Reissner—-Mindlin
theory. Boundary conditions of type 2 involve weak non-homogeneous Dirichlet for both displacement and rotation in both theories. Boundary conditions of type
3 involve strong non-homogeneous Dirichlet for the displacement. For the rotation, weak non-homogeneous Dirichlet is used in Kirchhoff-Love theory, while
strong non-homogeneous Dirichlet is used in Reissner-Mindlin theory.

where n; = n, = 2 are the number of half-waves in the ¢, and &, directions, respectively. The amplitude of the displacement functions
are U; = U, = Uy = 0.1 [m]. For the Kirchhoff-Love theory, no additional information is required to construct the manufactured
solution. However, for Reissner-Mindlin kinematic, additional fields are introduced for the rotation vector

0, = O, sin(zn &) sin(znyéy)e, | (58)

where ©, =0, =0.1.

Due to the conformal nature of the external boundary of the plate, boundary conditions on the displacements are applied strongly
(denoted as boundary conditions of type 1 in Fig. 3(a)) for both Reissner-Mindlin and Kirchhoff-Love elements. For the rotation, this
is imposed strongly only for the Reissner-Mindlin theory, whereas, for the Kirchhoff-Love theory, homogeneous Neumann moment
boundary conditions arise for the selected displacement function. The boundary conditions on the internal hole depend on the
discretization strategy. Two discretization strategies are compared: a single patch with non-conformal trimmed boundaries (shown
in Fig. 3(a)) and an IBCM-based discretization (shown in Fig. 3(b)) with an additional conformal boundary layer characterized by
an offset distance § = 0.1 [m].

Boundary conditions of type 2 are applied on the internal boundary of the first discretization, meaning that non-homogeneous
Dirichlet boundary conditions are imposed weakly through the Nitsche’s method. Due to the conformal nature of the internal
boundary in the second discretization, Dirichlet conditions on the displacements can be imposed strongly. However, Dirichlet
conditions for the rotation in Kirchhoff-Love elements still need to be imposed weakly.

Starting from the discretizations shown in Figs. 3(a) and 3(b), subsequent meshing levels are obtained through dyadic
refinements. However, to generate elements with comparable size in both directions, in the coordinate #,, which refers to the
offset direction of the boundary layer, the first dyadic refinement occurs when the dimension of the elements in the direction &, has
reached values comparable to the offset distance. To exemplify, Figs. 3(c) and 3(d) show the third and fourth refinement levels for
the IBCM discretization.

In computing the penalty values, the arbitrary parameter f§ is chosen as f = 10. The characteristic mesh size for coupling
conditions in the IBCM discretization is computed as i = min(1/2"¢/, §), where n,,, is the refinement level. For the Nitsche boundary
conditions in the trimmed single patch case, A = 1/2"/.

Fig. 4 shows the convergence of the error in L? norm and H'! seminorm for the Reissner-Mindlin theory. Three thickness values
are considered: r = 100 [mm], z = 10 [mm], and = = 1 [mm]. The plots show convergence curves for different polynomial orders
p = 1,2,3,4, and for the two proposed discretization strategies. The mesh size reported on the abscissa refers to a global value
computed as the common edge length of the untrimmed element of the main patch. The expected optimal convergence rates are
represented by auxiliary triangles below each convergence curve. The first observation is that asymptotic optimal convergence is
reached in all cases except for first-degree polynomials for = = 1 [mm]. In fact, as the thickness decreases, increasingly severe
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Fig. 4. Convergence curves for the plate shown in Fig. 3 in L? error norm and H' error seminorm for a Reissner-Mindlin theory. The curves are obtained for
four different polynomial orders p = 1,2,3,4 and three thickness values z = 100, 10,1 [mm]. Two discretization are taken into account, a single trimmed patch
as shown in Fig. 3(a) and a IBCM-based one as shown in Fig. 3(b).

shear locking can be identified in the curves for all polynomials, although higher degree curves are less affected and recover proper
convergence after approximately two refinements.

The second observation is that the IBCM discretization tends to have a slightly higher error value than the single patch
discretization. This is expected due to the higher discrepancy between the approximation space and the manufactured target
function, which is a bi-sinusoidal in &, and &,. The curvilinear coordinates #; and #, of the boundary layer are not aligned with &, and
&, leading to shape functions that result in higher errors. However, it is crucial to mention that for the single patch discretization,
a loss of coercivity is observed for each polynomial value at the second-to-last refinement level, and for polynomials from 2 to 4
at the last refinement level. In contrast, the IBCM discretization, with the boundary layer allowing Nitsche’s fluxes to be computed
from the non-trimmed side, leads to a stable formulation in all refinement levels.

Fig. 5 shows the same curves but for the Kirchhoff-Love discretization. In this case, first-order polynomials are not considered as
they do not satisfy the C! requirement of the Kirchhoff-Love theory. This time, the H? seminorm error convergence is also shown
since it is significant in evaluating the bending moment. Similar observations made for the previous case hold here as well. The
convergence curves approach optimal rates. Additionally, Kirchhoff-Love elements do not suffer from shear locking in the early
refinement stages. However, some saturation of the error appears in the final refinement level for z = 1 [mm] and p = 4 due to the
ill-conditioning of the stiffness matrix typical of higher polynomial discretizations combined with weak coupling conditions.

Regarding stability, coercivity is verified through the positive definiteness of the stiffness matrix, which is maintained in all tests
using an IBCM-based discretization. However, this property is lost in the single patch discretization at the last refinement level for
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Fig. 5. Convergence curves for the plate shown in Fig. 3 in L? error norm and H' and H? error seminorms for a Kirchhoff-Love theory. The curves are obtained
for three different polynomial orders p = 2,3,4 and three thickness values = = 100, 10,1 [mm]. Two discretization are taken into account, a single trimmed patch
as shown in Fig. 3(a) and a IBCM-based one as shown in Fig. 3(b).

p=23,4at r =100 [mm] and in the last two refinement levels for p = 3,4 at = 1 [mm]. It is reminded that coercivity is confirmed
by examining whether the eigenvalues of the stiffness matrix include not positive values.

To conclude, Fig. 6 shows the contour plots of the displacement and a component of the membrane force and bending moment
for both the Kirchhoff-Love and Reissner-Mindlin discretizations, with superimposed mesh, demonstrating the smooth coupling
between the internal patch and the boundary layer.

5.2. Kirchhoff-Love hyperbolic paraboloid with cut-outs

This next test focuses on a hyperbolic paraboloid geometry taken from the new shell obstacle course proposed in [89]. For brevity,
the complete description of the geometrical map is not provided here but can be found in the aforementioned work. Additionally,
two elliptical holes are constructed in the parametric domain to test the IBCM-based discretization. Figs. 7(a) and 7(c) show the
resulting geometry in the parametric and physical domains, respectively. The shell section is a single-layer isotropic material with
a Young’s modulus of E = 10 [GPa] and v = 0.3. The following displacement field is adopted to construct a manufactured solution:

e = Uposin (36 Jer + Unts sin (56 e (59)

where U, = U, = 0.1 [m]. This displacement field results in non-homogeneous Dirichlet boundary conditions for both displacement
and rotation. The shell theory adopted for this test is uniquely the Kirchhoff-Love one, as proposed in the benchmark. As in
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Fig. 6. Contour plots of the laminated plate in Section 5.1 with superimposed mesh of the approximation space. Displacement magnitude (a), representative
component of the membrane force N'! (b), representative component of the bending moment M'! (c) for the Kirchhoff-Love theory, and corresponding contour
plots for the Reissner-Mindlin theory (d), (e), (f), respectively. The noticeable difference between (c) and (f) is due to the different manufactured solution adopted
in this test. In particular assigning also a manufactured rotation field in the Reissner-Mindlin discretization affects, in this case, only the bending response.
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R I Y
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Fig. 7. Geometry and discretization for the hyperbolic paraboloid shell in the second set of tests. First refinement level for the single patch discretization
in parametric (a) and physical (c) domains. First refinement level for the IBCM-based discretization in the parametric (b) and physical (d) domains, with
corresponding types of boundary conditions and applied loads. Boundary conditions of type 1 involve strong non-homogeneous Dirichlet for the displacement
and weak non-homogeneous Dirichlet for the rotation. Boundary conditions of type 2 involve weak non-homogeneous Dirichlet for both displacement and rotation.

the previous test, two discretization strategies are employed: a trimmed single-patch and an IBCM-based discretization. The first
refinement levels are shown in Figs. 7(c) and 7(d).

The convergence of the error in L2 norm and H! and H? seminorms are shown in the graphs collected in Fig. 8 for different
thicknesses, specifically = = 100 [mm], r = 10 [mm], and = = 1 [mm], and for the polynomial values p = 2,3,4. The parameter
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Fig. 8. Convergence curves for the shell shown in Fig. 7 in L? error norm and H' and H? error seminorms for a Kirchhoff-Love theory. The curves are obtained
for three different polynomial orders p = 2,3,4 and three thickness values z = 100, 10,1 [mm]. Two discretization are taken into account, a single trimmed patch
as shown in Fig. 7(a) and a IBCM-based one as shown in Fig. 7(b).

p = 100, and the choice for the mesh size to scale the penalty is performed as in the previous test. It can be noticed that, in general,
the error convergence curves corresponding to the IBCM discretization follow the corresponding ones related to the single patch
discretization with a slightly higher error, which is due to the same reason as in the previous case. In the case of p = 4, this difference
reaches one order of magnitude. However, the optimal convergence rates are approached except for the last refinement level for
p = 4 where the stiffness matrix starts suffering from ill-conditioning. This effect becomes even more noticeable in the H'! and H?
norms.

The positive definiteness of the stiffness matrix is achieved in all tests with an IBCM-based discretization, while this is not the
case for the single patch discretization for - = 100 [mm] in the last two refinement levels for p = 3,4 and in the last refinement
level for p =2, and for = = 10 [mm] in the last refinement level for p = 2,3, 4.

For completeness, some contour plots representative of the displacement, membrane force, and bending moment fields are shown
in Fig. 9, with superimposed mesh. The smoothness can be observed in the first two graphs, whereas in the last one some artifacts
can be noticed at the interface between the inner patch and the boundary layers. These artifacts tend to disappear with further mesh
refinements.

5.3. Conformal coupling of trimmed cylindrical shells

In this test, two boundary layers are constructed at the intersection between two cylindrical patches to allow for a conformal
discretization at the interface and a strong coupling of the displacements, as shown in Fig. 10. The geometries of the cylindrical
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Fig. 9. Contourplots of the shell in Section 5.2 with superimposed mesh of the approximation space. Displacement magnitude (a), representative component of
the membrane force N'!, representative component of the bending moment M!! for the Kirchhoff-Love theory.

(b)

shells are defined through the analytic maps

[—R, cos (£9)

x(&0,88) =P &) = | —R,sin (€9 |, (60)
[ &

where (&9,9) € Q4 = [0,27] X [-L, L], and

, [cos (@) 0 —sin(8)][—R,cos(£h)

xteEney=F@.ed=l o 1 0 —R,sin(£D) |, (61)

[sin@) 0  cos(6) &

where (é”,ég) e Qb =10,2x] X [0, L]. The parameters for the geometry are set as follows: L =4 [m], R, =1 [m], R, = 0.6 [m], and
0 = —x/3 [rad].

Fig. 10 displays the geometry of the structure, highlighting the intersection between the two cylinders, which creates an interface
I The shell section has a thickness = 1 [em] and is composed of a single isotropic layer with a Young’s modulus of E = 100 [GPa]
and a Poisson’s ratio of v = 0.3. A uniform distributed force of f = {1,1,1}T [MPa] is applied on the surfaces of the shells, while
the external boundaries are simply-supported, meaning u = 0 at £ = +L/2 and 53 = L. Using the procedure described in Section 2,
a boundary layer is constructed for each patch in such a way that they result in a conformal interface. Furthermore, if the two
boundary layers have the same discretization in the interface direction and if the two approximation spaces are constructed with
the same properties, the coupling of the displacement degrees of freedom can be realized in a strong sense. However, the rotation
still requires a weak coupling. In the Kirchhoff-Love theory, this necessity arises from the absence of rotation as a main variable,
whereas in the Reissner-Mindlin theory, this is motivated by the different local contravariant bases for the rotation variables between
the two patches.

Fig. 10 illustrates the discretization of the structure in the Euclidean space as well as the parametric domains of the cylindrical
surfaces, each constituted by a inner patch and a boundary layer. It can be noticed how, in the Euclidean space, the discretization
from both sides is conformal at the interface, allowing the strong coupling.

The contour plots of the solution are shown in Fig. 11. In particular, the magnitude of the displacement, a representative
component of the membrane force, and a representative component of the bending moment are shown. Due to the small thickness
of the shells, the corresponding plots for the Kirchhoff-Love theory and the Reissner-Mindlin one are very similar. For reference,
in (g), (h), (i), the same contour plots are replicated using Abaqus® quadratic triangular elements STRI65 [94]. It is observed that
a denser mesh is necessary to achieve a comparable level of refinement, particularly near the interface, where the mesh becomes
unstructured.

5.4. Boundary layers over a B-spline surface with KL-RM coupling

In the next test, we examine a shell whose geometry is depicted in Fig. 12(b), which features an immersed external boundary
and an immersed cut-out These geometrical features are defined by the curves dI1; and a1, in the parametric domain, as illustrated
in Fig. 12(a). Conformal boundary layers are created corresponding to both curves.

The material used is a laminate with four identical layers having E, = 250 [GPal, E, = 10 [GPal, v,, = 0.25, lamination sequence
[0,90,90,01, and a total shell thickness 7 = 10 [mm]. The shell boundaries are clamped, and a distributed load f = fye; is applied on
the shell surface, where f; = 10° [kN]. The analysis considers three different shell theory settings based on the kinematics adopted
for the inner patch and the boundary layers. In the first case, both are modeled as Kirchhoff-Love shells; in the second case, both
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Fig. 10. Geometry and discretization of the structure in Section 5.3 in the Euclidean space (a). Parametric domains of each cylinder, (a) and (b), showing the
inner patches and the boundary layers.

use Reissner-Mindlin theory; and in the last case, the boundary layers employ Reissner-Mindlin theory while the internal patch
adopts Kirchhoff-Love theory.

Fig. 13 shows contour plots of the displacement magnitude, the first component of the membrane force, and the first components
of the bending moment. The figures illustrate the smooth coupling between the boundary layers and the internal patch for all
represented quantities. There is minimal difference between the Kirchhoff-Love and Reissner-Mindlin solutions due to the shell’s
small thickness. However, artifacts in the bending moment are noticeable at the interface between the boundary layer of the cut-out
and the internal patch. These artifacts are mitigated by employing Reissner-Mindlin theory for the boundary layer.

Additionally, Fig. 14 shows the contour plots for the first component of the shear strain tensor for a Reissner-Mindlin/Reissner—
Mindlin discretization and for a Kirchhoff-Love/Reissner-Mindlin one. The Kirchhoff-Love theory assumes the shear strain to be
null. Therefore, to accurately capture this field at the boundaries, where local concentrations occur, a more refined shell theory,
such as the Reissner-Mindlin one, is required. This refinement is particularly important for laminates, where the associated shear
stress can initiate delamination phenomena.

The adoption of different formulations for boundary layers and the internal patch offers several advantages. Firstly, it allows for
local enhancement of analysis accuracy where needed, depending on the application requirements. Additionally, Reissner-Mindlin
boundary layers enable strong enforcement of rotation boundary conditions, and at the same time the overall number of degrees
of freedom is kept limited thanks to the Kirchhoff-Love kinematics of the internal patch. Additionally, when the underlying map is
a B-spline, the lower order of the Reissner-Mindlin equations mitigates in the preasymptotic regime convergence issues related to
the broken continuity of the boundary layer elements, compared to Kirchhoff-Love ones. However, a thorough investigation of this
behavior is beyond the scope of this study and will be reserved for future research.

5.5. Damaged cylindrical shell under internal pressure

This test aims to demonstrate the capabilities of the IBCM in modeling through-the-thickness cracks within linear elasticity.
Fig. 15 illustrates the setup for this test: a cylinder with an axial crack subjected to an internal pressure p,. The shell’s analytic
mapping is defined as:

—Rsin(¢;/R)
x(§1,&) =|+Rcos (& /R) |, (62)
&

where (£,,&,) € [-RO,+RO] X [-L/2,+L/2], with L = 100 [mm], 6 = z/2 [rad], and R =20 [mm]. The axial crack, centered within
the cylinder, has a length 2a = 10 [mm].

The material of the shell is isotropic having Young modulus E, Poisson’s ratio v = 1/3, and the shell section has a thickness
7 =1 [mm]. The shell is subjected to boundary conditions approximating those of an indefinitely long cylinder with closed top and
bottom parts. Specifically, an external distributed force F = +F,e; is applied on the boundaries at & = +L/2, with Fy = pyR/2. The
rotation component 6,, referring to the local contravariant basis vector a?, is constrained on these boundaries. Symmetry boundary
conditions u, = 0 and 0, = 0 are applied on the boundaries & = +R6. An internal pressure p, results in a domain traction f = pya;.

The IBCM is employed to model the region surrounding the axial crack using four auxiliary patches: Q;, Q,, 2;, and Q,. O, and
0, correspond to the top and bottom regions at the tips of the crack, while Q; and Q, represent the left and right side regions of
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Fig. 11. Contour plots for the intersecting cylindrical shells in Section 5.3 with superimposed mesh of the approximation space. Displacement magnitude
(a), representative component of the membrane force N??> (b), representative component of the bending moment M?> (c) for the Kirchhoff-Love theory, and
corresponding contour plots for the Reissner-Mindlin theory (d), (e), (f), respectively. As a reference, the same contour plots obtained with Abaqus® quadratic
triangular elements STRI65 are shown in (g), (h), (i), with superimposed mesh.

the crack. These boundary patches are constructed in the parametric domain as depicted in Fig. 15(a). Fig. 15(b) shows the same
partitioning in the Euclidean domain with superimposed mesh, illustrating how using four patches for the boundary layer allows
for tuning accuracy in regions where different stress concentrations are expected around the crack.

Furthermore, it is important to note that this configuration effectively resolves the issue of cross-talk. In this case, there is no
non-active region that needs to be trimmed away. If only a single patch were used, there would be no discernible difference in the
analysis between the scenarios with and without the crack. This is because disconnecting degrees of freedom for B-splines is not
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Fig. 12. Geometry of the shell described in Section 5.4 in the parametric (a) and Euclidean (b) domains.
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Fig. 13. Contour plots of the magnitude of the displacement |u|, first component of the membrane force N'', and the first component of the bending moment

M!'! for the shell described in Section 5.4 with superimposed mesh of the approximation space. The plots are categorized based on the shell theory used:

Kirchhoff-Love/Kirchhoff-Love based contours are shown in (a), (b), and (c); Reissner-Mindlin/Reissner-Mindlin based contours are shown in (d), (e), and ();
1.6e+00

Kirchhoff-Love/Reissner-Mindlin based contours are shown in (g), (h), and (i).
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Fig. 14. Contour plots of the first component of the shear strain tensor for a Reissner-Mindlin/Reissner-Mindlin discretization (a) and for a Kirchhoff-
Love/Reissner-Mindlin discretization (b). For the mixed discretization, the Kirchhoff-Love theory cannot capture the shear strain in the internal patch. However, at
the boundaries, where concentrations occur and delamination can initiate, the Reissner-Mindlin theory effectively models these potentially dangerous localizations.
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Fig. 15. Geometry for the test described in Section 5.5 in parametric domain (a) and Euclidean domain (b) with superimposed mesh of the approximation space.
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Fig. 16. Comparison between the analytical and numerical solution to the problem in Section 5.5, regarding the non-dimensional membrane force N'!/(p,7) as
a function of the distance with the crack tip on an axially-oriented segment.

straightforward and becomes impossible if the crack intersects inner elements’ domains. However, by employing a boundary layer
approach, the necessary discontinuity is introduced into the approximation space, enabling accurate modeling of the crack opening.

For a shallow and infinitely long cylinder, an analytical solution exists for stress at the crack tip, as demonstrated in [95], and
reported here for the sake of completeness for v =1/3

24
N or) =5 (1 +(0.37 —0_301n,1),12) (f) . where 24 = 120 2v)a (63)

R272

Fig. 16 compares this analytical solution with the numerical results, representing the non-dimensional membrane force N'!/(py7)
as a function of the local distance from the crack tip along an axial segment. Despite some noticeable errors near the crack tip
due to the singular solution, good agreement is observed. Finally, Fig. 17 presents the non-dimensional magnitude of displacement
|u|E/(c R), and the non-dimensional components of the membrane force N /(p,z) and N?22/(py7).

6. Conclusions

This work has explored the application of the Immersed Boundary Conformal Method (IBCM) to analyze Kirchhoff-Love and
Reissner-Mindlin shell structures within an immersed domain framework. By employing this innovative method, we successfully
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Fig. 17. Contour of the non-dimensional magnitude of the displacement, and two non-dimensional components of the membrane force for the cylindrical shell
with a through-the-thickness crack described in Section 5.5.
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addressed several challenges inherent to traditional immersed boundary approaches. Specifically, the IBCM method offers the
following benefits:

1. Due to the conformal nature of otherwise trimmed boundaries, Dirichlet conditions on primary variables can be enforced
strongly by acting directly on the degrees of freedom associated with the spline corresponding to the specific edge.

2. IBCM facilitates targeted mesh refinement, which is crucial for accurately capturing stress concentrations and other localized
gradients in the solution, typically taking place at the boundary.

3. Continuity between the boundary layer and the inner patch is enforced weakly through Nitsche-based coupling. However,
the average operator is chosen non-symmetrically by computing the fluxes only from the conformal boundary layer, allowing
for straightforward stable contributes with bounded penalty parameters.

4. In structures comprised of multiple patches intersecting in a non-conformal manner, the IBCM can be adopted to create pairs
of boundary layers, restoring a conformal interface between nearby patches and allowing for seamless strong coupling by
directly matching degrees of freedoms.

5. Boundary layers can be constructed to address the cross-talk phenomenon that arises in traditional spline-based methods.
These auxiliary patches introduce the necessary discontinuities in the approximation space.

6. Local physical phenomena can be modeled accurately through refined equations in the boundary layer, provided adequate
interface conditions to link it with the inner patch.

Through comprehensive numerical experiments, the proposed formulation has demonstrated its capability to accurately and
efficiently handle shell structures. Optimal convergence rates were achieved in tests where analytical reference solutions are
available. The coercivity of the bilinear form was tested numerically through the positive definiteness of the stiffness matrix and
was verified in all the tests investigated, unlike in the standard trimmed approach adopted for comparison. A mixed Kirchhoff-
Love/Reissner—Mindlin approach was employed to locally refine the shell theory at the boundary of an embedded domain.
Finally, the IBCM introduced the necessary discontinuity to model an axial crack in a cylindrical shell, enabling at the same time
straightforward local refinement at its apex.

In summary, the integration of the IBCM method, B-splines basis functions, and Nitsche-based coupling techniques shows great
potential in the field of shell analysis. This approach improves the accuracy and stability of numerical solutions while retaining
the versatility of an embedded geometrical description of the mid-surface. Directions for further exploration include adopting the
Lagrange multiplier technique to couple the boundary layer with the inner patch. Due to the conformal nature of the boundary
layer, the trace of its spline space at the interface would be a straightforward choice for constructing the space of the multipliers.
Furthermore, in the context of shell analysis, it would be interesting to explore coupling classical shell kinematics with higher-order
models, such as Layer-Wise theories or even 3D elements. Provided adequate interface equations, the present method imposes no
restrictions on which models can be coupled. This would pave the way for more accurate modeling of local physical phenomena,
including non-linear or plastic behaviors and damage, such as delamination, which typically occur at the boundary of the shell.
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Appendix A. Composition of maps

The map of the boundary layers in the Euclidean space is given as a composition of maps
x (myo15) = FoF, (ny,my) - (64)

According to the problem of interest built over the surface, some derivatives in the domain of the boundary layers might be necessary.
For completeness, these derivatives are reported here up to the third order

0x ox 0%,
% = E% N (65a)
%x _ 02x 051%_'_0_36 525/1 . (65b)
ongong 05,08, on, ong — 9&, on,ony
Px_ Px  0505,08,  Px 0%, 04, Px 05 0%,
ONgOngon, — 0£,08,08, dn, ong On,  0E,0F, On,om, ony 0,08, on, ongn,
%x 025,1 05;, ox 0 650)

+ == +
0&; Onyny On,  0&, Ongonon,

“»

where the superscript in the auxiliary curvilinear coordinates ! and 7} has been discarded to enhance readability.
Appendix B. Laminate layout and constitutive behavior

In order to derive the constitutive relationship between strain and stress, let us introduce a local orthonormal reference system
n n,n;, whose vectors are defined as

ny =ay/lal,

n, = a*/|a?| (66)
) = s

ny=as.

It is assumed, here, that each layer has one of the three orthotropic directions oriented along n;, whereas the main direction, that
coincides with the direction of deposition for fiber-reinforced composites, forms an angle 6 from n, for a rotation along n;. In
the orthotropic direction, the relationship between stress and strain is expressed as

5, =%, . 67)
or=8"%, (68)

where 6; = (6'1,6%2,6'%} and &, = {&;,é,,2é),} collect the in-plane stress and strain in Voigt notation, respectively, while
6r = {631,532} and & = {265,263, } collect the out-of-plane stress and strain in Voigt notation, respectively. It is reminded that, in
classical shell theories, the plane stress hypothesis states that 653 = 0, uniformly over the shell surface. The matrices cm and c“> are
the in-plane and out-of-plane stiffness matrices built through the engineering elastic coefficients, namely the Young’s moduli Eff>,

E<f> the shear moduli Gi?, G<f> and G<f> and the Poisson’s ratio "fz> as detailed in [38]. Provided these quantities, the stiffness

matrlces are constructed as

VES 0 E? 0
&0 =0y E<f> B / E§f> 0 ’ ©9)
K 0 1/69
<f> -
_(#) 1/(a;Gy 0
¢ = 70
T 0 1/(a,G3) (70)
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where q; is the so-called shear correction factor, that is assumed equal to 5/6, unless differently stated. The constitutive relationship
can be expressed in the common orthonormal basis n n,n; as

o=, , (71)
or=cer . (72)
where Ef) =T L6<LK>TTL and E<Tf> = TT6<TK>TTT are the stiffness matrices in the basis n;n,n;, and the rotation matrices T; and T; are
defined as
cos? 6 sin? 00 —25in 62 cos 0
T; = sin? () cos? 6() 25in 8¢9 cos 0 |, (73a)
sin 0 cos ) —sin 8 cos 0 cos? 6¢0) — sin® 64
cos 0 —sin 6
T, = b
r [sin 6 cos 6¢) ] (73b)

The virtual work of the internal forces in 3D is simplified integrating along the thickness direction &; and substituting the constitutive
relationship as

Ny N N, 5§f>
Ly = Y / . de, olidV = / > / o (6! 6, + o€l 67)dE; | de, (74)
=1V 2 \rsa1/g,

where the volume increment was approximated as dV = d¢;d€2. Upon substituting the expression for the strain and the constitutive
relationship in the local orthonormal basis, the previous equation leads to the definition of the generalized stiffness matrices

Ne i
. )
- @ €L dés (75a)

=177,
Ne il

= —

B=Y / v O (75b)
=177,
Nt’ rff)

N — () 2

))) _Zi/r,ﬁ‘"> c\ag (75¢)
e

< (¢

S = Z / v Cr 4. (75d)
=177

To obtain the constitutive tensor, it is sufficient to pass from Voigt notation to tensor notation. Taking A as an example, the associated
stiffness tensor notation is established as A®f7% = A%, using the correspondences aff < a and y6 «— b, where the indices 11, 22,
12, and 21 correspond to 1, 2, 3, and 3, respectively. Instead, the constitutive tensor S is obtained directly expressing as a tensor
the matrix S, i.e., $* = $/. It is worth remarking that these constitutive tensors in the local orthonormal basis n,n,n; depends
only on the lamination sequence and not on the geometry of the mid-surface. As such, for a uniform laminate material, the previous
integration needs to be performed only once. Finally, to pass from the local orthonormal basis to the local covariant basis, the
following transformation laws are employed

AP — f@bné (n,, .a™ )ny, .ah )n,, .a’ )(ng, -a%y, (76)
s¥b = §xh ("a2 ca® )ny, -aly . 77)
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