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ABSTRACT. We consider a Dirichlet problem for a system of equations involving
Kirchhoff type p;-Laplacian differential operators and exhibiting gradient dependence
in the reaction term (convection). Using the subsolution-supersolution method,

we establish the existence and localization of weak solutions into a suitable
ordered rectangle. Following a unified approach, we also provide a comparison
argument to obtain positive solutions of certain models.

1. Introduction and main results. Let Q C RY be a bounded domain with a
C? boundary 9. We study the Kirchhoff Dirichlet boundary value problem for the
following system of elliptic equations
_K(phUl)AplUl :fl(m7u17u27vu17vu2) in Q»
—K(pa, u2)Ap,uz = fo(z,ur,uz, Vur, Vug) in Q, (1)
uy =uy =0 on 0,
using the method of subsolution-supersolution. By A, : WP () — W~17:(Q) for
1 < p; < 400 with ¢ = 1,2, we mean the p;-Laplacian differential operator defined

by Ap,u = div(|]Vu|Pi~2Vu). Furthermore, the weight term K (p;,u) is assumed of
Kirchhoff type and given as

1
K(piyu) = api(x) + bpz/ 7|vu
Q Di

where a,, : @ = R is a measurable function and b,, > 0 is a positive constant.
Such a nonlocal Kirchhoff term is linked to physical models of changes in lenght

Pida, (2)
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for a beam subject to transverse vibrations. In fact, Kirchhoff [11] generalized the
classical D’Alembert wave equation of the form
2
82
dr | =— =0
a:) Ox? ’

0 Py E ["|ou
Po2 "\ T2r ), |ox

where p, Py, h, E, L are certain physical parameters (namely, mass density, initial

tension, area of cross-section, Young modulus of material, length of beam).

A crucial key of our paper is the fact that the components f; (i = 1, 2) of the right-
hand side lower order vector field in problem (1) exhibit dependence on both the
solution and its gradient. This aspect known as convection is a source of difficulties
to be overcome as it cannot be handled by variational methods. Moreover, in the
system setting, we have to deal with the competing effects of different equations.
Here the functions f; : Qx RxRxRN xRY — R, i = 1,2, are of Carathéodory (that
is, x > fi(w,s1, 89,1, &2) is measurable for all (s, s9,£1,&) € R x R x RY x RN
and (s1, $2,&1,&2) — fi(x, s1,82,&1,&) is continuous for a.a. x € Q).

Referring to the existing literature, we mention that the existence, uniqueness and
asymptotic behavior of solutions with respect to a couple of non-negative parameters
(b1, b2) for the general Dirichlet system driven by —A,, —b;Ag; differential operator
for i = 1,2 (namely, the weighted sum of a p;-Laplacian differential operator and of a
gi-Laplacian differential operator) have been studied by Motreanu et al. [14] (based
on the theory of pseudomonotone operators but without using the subsolution-
supersolution principle), while the same authors in [15] applied the subsolution-
supersolution method to establish the existence and location of solutions for the
similar systems as in [14] (using different sets of hypotheses). Problem (1) without
the Kirchhoff terms (2) and hence only with the p;-Laplacian differential operators
(that is, taking a,,(z) = constant = 1 for all € Q, and taking also b,, = 0) was
considered in Carl-Motreanu [6] using the method of subsolution-supersolution (we
refer to the comprehensive book of Carl et al. [5] for more details and information).
We also mention the recent works of Albalawi et al. [1] and of Vetro-Winkert
[18] dealing with the equation setting in the case of variable exponents —A,.) —
bA .y differential operator and exhibiting gradient dependence in the reaction term
(hence, extending the topological approach based on the theory of pseudomonotone
operators to the variable exponents setting). Furthermore, in [18] there is also
parameter dependence of the reaction. Differently, a topological approach based
on the Leray-Schauder alternative principle is used in Papageorgiou-Zhang [16] in
establishing the existence of positive solutions to a p-Laplacian differential equation
with a Robin boundary condition. Looking for positive solutions of Kirchhoff type
equations, we refer to the works of Gasinski-Santos Junior [9, 10] establishing the
existence results as well as the nonexistence results. The developed approach in
[9, 10] uses fixed point theorems and supposes that the Kirchhoff terms may vanish
at different points; see also Boulaaras [4] for Kirchhoff elliptic system involving
p-Laplacian differential operator (using the subsolution-supersolution method). In
general, we note that the Kirchhoff term is a source of difficulties in establishing
some comparison principles to construct subsolution-supersolution of Kirchhoff type
equation. This issue was deeply discussed in the case of Laplacian differential
operator (namely, setting p; = 2) in a recent work of Figueiredo-Sudrez [7]; see
also the references therein.

Here, we are interested to establish the existence of weak solutions to problem (1),
namely we look to solutions of the form (u1,ug) € Wy ' () x WyP*(Q) satisfying
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SYSTEMS OF KIRCHHOFF TYPE EQUATIONS 3

the equality
<aP1( +ﬂ/ VUl|pld1')/ ‘VU1|p1 QVu1Vv1dm

= / f1(x, w1, ue, Vuy, Vug)vide,
Q

b
(apz(x)—&—p?/ Vu2|p2dx)/ |Vug|P2 2 Vuy Vg da
b2 Ja Q

= / fg(l‘,ul,UQ7 V’U,l, VUQ)UQdI’
Q

for all (vy,v9) € Wy P* () x Wy P?(Q). On the other hand, we say that (u,, u,), (@1, T2) €
WhPL(Q) x WHP2(Q) is a subsolution-supersolution to problem (1) if u;(x) < ;(x)
for a.a. x € Q, u; <0 <7; on IN for i = 1,2, and the following is the case

<am( +ﬂ / Vu, pldx) / IV, [P =2V, Vo do

_/ fl (337!171112, V@l, ng)vldx
Q

+(ap2( +£/ |Vug|p2dzli>/|Vu2|p2 2Vu2vadx
—/glfz(w7w17@2,Vw1,Vg2)v2daz <0
and
b
(apl(x)—l—pl/ |Vu1p1dx> /|Vﬂl|p1_2V51V1}1dm
P11 Jao [e)

_/ fi(x, Ty, we, Vg, Vws)vide
Q

+(a’l72( +ﬂ/ |vu2|p2d$>/|vuz|p2 2VU2V’02d.’E

fg(ﬂ?, w1, Uz, VW, VEQ)Ude >0
Q
for all (vy,v9) € Wy (Q) x Wy P*(Q) with vy (x),va(x) > 0 for a.a. x € Q, and
(w1, we) € WHPL(Q) x WLP2(Q) such that w,(z) < w;(z) < w;(x) for a.a. z € Q,
1=1,2.

Our strategy works as follows. Under suitable growth conditions of the nonlinearities
fi for i = 1,2 (see hypothesis (H;) in Section 2), we ensure that the integrals
involved in the definitions of weak solution and subsolution-supersolution to problem
(1) are well-posed. Then, we introduce an auxiliary problem (see problem (7) below)
associated to problem (1) by using appropriate truncation operators and cut-off
functions, both related to the given subsolution-supersolution. Thus, we establish
the following existence result for problem (7), see again [5, 6, 15] for a similar
strategy.

Theorem 1.1. Let (u;,u,),(Ur,uz) € WHP1(Q) x WhP2(Q) be a subsolution-
supersolution of problem (1) satisfying hypotheses (Hy) and (Hz). Then, for all
1> 0 sufficiently large, problem (7) admits a weak solution (uy,us) € Wy () x
WyP2(Q).
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Based on Theorem 1.1 and on a judicious choice of cut-off functions (see (4)),
which are involved in designing a comparison argument with the given subsolution-
supersolution for problem (1), we obtain the main result of the paper in the following
form (existence and location result).

A W R

Theorem 1.2. Let (uy,u,), (U1, uz) € WHPr(Q) x WhP2(Q) be a subsolution-
6 supersolution of problem (1) satisfying hypotheses (Hy) and (Hs). Then problem
7 (1) admits a weak solution (uy,uz) € Wy P () x Wy P(Q) satisfying the enclosure
s property u;(x) < u;(x) <T;(z) for a.a. z€Q, i=1,2.

o

9 A major role in the proofs of above theorems is played by the properties of

10 operators of monotone type. In particular, in the proof of Theorem 1.1 we use the

11 surjectivity result of pseudomonotone, bounded and coercive operators. Furthermore,
12 in the proof of Theorem 1.2 we use some classical inequalities of operators (with

13 respect to monotonicity properties). In both the proofs, the appropriate main

14 operators are defined involving suitable Nemytskij operators. In the last part of

15 the paper, we obtain positive weak solutions for certain models, by using a suitable

16 comparison argument with the classical Dirichlet p;-Laplacian problem.

2. Mathematical background and materials. The appropriate setting to develop
our study is that of constant exponents Lebesgue spaces LPi(€)) and Sobolev spaces
WhPi(Q), Wy P (Q) (recall that W, (Q) means the completion of C§°(Q) with

Pide + [, |Vu pidm)l/pi). On
account of the Poincaré inequality the norm of WO1 Pi(Q) is defined by

[ul = [|Vull,, for all u € WyP (),
pi = (Jo |Vu pidm)l/pi. For 1 < p < 400, we mention that W1Pi(Q),

WP (Q) are separable, uniformly convex (hence reflexive) Banach spaces. We recall
that the Sobolev critical exponent related to p; is defined by

Np; .
. {N_ppi if p; < N,

respect to the WhPi-norm, namely |ul = ([ |u

where ||Vu

D; roo N <pi 1=1,2.
Here, we focus on the case where max{pi,p2} < N. Hence, the Rellich-Kondrachov
compactness theorem gives us that the embedding W1Pi(Q) < L4(f) is compact
for every 1 < ¢ < p;. Furthermore, we recall that the Hoélder conjugate exponent
related to p; is defined by

bi
pi—1
17 As mentioned in Section 1, we will use the main result on pseudomonotone
18 operators (see also [5, Theorem 2.99]), in the form of the following surjectivity
19 theorem.

P =

20 Definition 2.1. For a reflexive Banach space X, let X* the dual space of X and
21 (-,-) the duality pairing. Let A: X — X* then A is called
22 (i) to satisfy the (S )-property if u, — w in X and limsup,,_, ;oo (A(un), u
23 u) <0 imply u,, = w in X;
(i) pseudomonotone if u, — u in X and limsup,,_,, o (A(uy), un —u) < 0 imply
lim inf(A(up), up, —v) > (A(u),u —v) for all v € X;

n—-+oo
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(iii) coercive if
A
A,
lulx—+oc  [Jullx
Theorem 2.2. Let X be a real, reflexive Banach space, let A : X — X* be a

pseudomonotone, bounded, and coercive operator, and h € X* Then, a solution of
the equation A(u) = h exists.

= +00.

Since we aim to apply the method of subsolution-supersolution, then we impose
the following hypothesis (H7) to control the growth of the components f; (i = 1,2)
of the right-hand side lower order vector field in problem (1). Namely, we assume
the existence of a subsolution-supersolution (u,,u,), (U1, u2) € W1P1(Q) x WhP2(Q)
of problem (1) satisfying the following hypothesis:

(Hp) there exist constants 3; > 0, v; € [0, ﬁ[ and functions a; € LY (), with
1 <~ <pi,i=1,2, such that '
vip2

[f1(@, 81, 82,€1,62) < an(@) + Bu([&]” + [&a] 710),

v2

[Fala, 51, 52,61, &)] < a2(a) + Balléa] 72 +[€al™)
for a.a. @ € Q, all s = (s1,52) € [u; (), U1 (7)] X [ug (1), Uz(2)], &1, & € RV,

Remark 1. Since the growth conditions in our paper are dictated by hypothesis
(Hy), it follows that our results cannot be linked directly to the corresponding
ones in [6] and [14], where the authors involve more restrictive growth conditions.
For example in [6] the nonlinearities obey to the following conditions: there exist

constants 3; > 0 and functions &; € LP: (Q) such that

|f1(£a817527§17€2) S al(x) + Bl('gllill_l + |€2|%)a
|fo(x, 51, 82,&1,62)] < az(x) + 32(|§1|E + &P 1)

for a.a. z € Q and all s = (51, 82) € [u; (2), U1 (7)] X [us(z), Ua(7)], &1,& € RY. We
point out (see also [15]) that these growth conditions are stronger than (H;) as we
have

_ Dbi Pi

pi @)
Example 1. The following functions satisfy hypothesis (H;). For the sake of
simplicity we drop the z-dependence:

p;—1 fori=1,2.

qi—1 i—1
sPTE|P if0<s; <1, N
i(s1, S92, , = g all ZER 5
filsr 2.6, 8) {ﬂi&' pi—t if 1< s, :
some ¢; > 1, 6; >0,i=1,2;
wisl (14 &P~ ifo<s; <1,
fi(81a827fla€2) = YiPj . all gz GRNv
Bl|§7| Pi if1 < Si,

Someﬁiawi7qi>070<yi<%aiaje{172}7i7éj;
it if [&] <1
&l FlEl<L g ery izt

fi(513527517§2) = {§i|p"_2[ln|§i| + 1] if1 < |§i|7

For the particular needs of our proofs, we impose the following hypothesis on the
Kirchhoff term:
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(H2) ap, : @ — R is a measurable function such that there exist 0 < a¢ < @g
satisfying 0 < ap < ap, (z) <@ for a.a. . € Q,i=1,2.

Hypothesis (Hz) is not so restrictive as it can be found in some other papers
using different approaches (see for example the recent work of Boccardo-Orsina [3]
dealing with a system of Kirchhoff-Schrodinger-Maxwell type and establishing the
existence and non-existence of solutions). The classical Kirchhoff term K (p;,u;)
defined by

K(pi,ui) =ag + ||Vul

. 1,p;
bi for all u; € Wy (Q), some ag > 0, by, = p;

satisfies trivially hypothesis (Hs3). As already mentioned in Section 1 our strategy
requires the definition of an approximate problem corresponding to (1). Hence we
appropriately introduce suitable truncation operators and cut-off functions.

Let (u,usy), (U1, u2) € WHPL(Q) x WLP2(Q) be a subsolution-supersolution of
problem (1) as prescribed in hypothesis (Hy). For ¢ = 1,2, we consider the
truncation operators T; : W1Pi(Q) — W1Pi(Q) defined by

ai(x) it u(z) > (),
(Thu)(z) = ¢ ulz) if w(r) <ulz) <u(z), (3)
w(x) if u(r) <w(z).

Of course, T; : WLPi(Q) — WLPi(Q) for i = 1,2 are continuous and bounded
operators.

Furthermore, we will use the following notion of cut-off functions. So, for a.a. z
in  and all s € R, we introduce the functions:

Vi

(s —wi(z))Pi—" it s>w(z),
wi(z,s) =< 0 . if w;(z) <s <u(x), (4)
() — )T s < uy(2),

where v; for i = 1,2 are the constants involved in hypothesis (H;). We note that
p; for © = 1,2 are Carathéodory functions such that

lpil, 8)| < pila) +&ls| 7™ (5)

for a.a. x € Q, all s € R, with p; € L%(Q) and ¢; > 0. We note that the function
pi leaves in L%(Q) because of u;,@; € WP (Q), and hence u;,%; € LPi(Q) by
Sobolev embedding theorem, recall also that v; < % (by (Hy)). Following the
similar arguments, we can conclude that there exist two constants 7 ;,72; > 0
satisfying the inequality

e

Vi =gy forallue WHPH(Q), i =1,2. (6)

P'L*Vz

/ iz, wudz > 1 4l|ul| P
Q

Now we consider the Nemytskij operator ® : WP1(Q) x Whr2(Q) — L%(Q) X
( ) defined by

O(u) = (Pr(u), Pa(u)) = (1 (2, u), pa(x, u)).

By the estimate in (5) we deduce easily that the above Nemytskij operator is
bounded and completely continuous (by the compact embedding of WP () into
LPi(Q) for ¢ = 1,2). Finally for a positive parameter p > 0, we introduce the
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following auxiliary problem
—K(p1, Tvur)Ap,ur + p®1(u1) = fi(z, Thur, Toug, V(Thur), V(Toug)) in €,
—K(p2, Tou) Ap,us + u®Po(uz) = fo(z, Tiur, Toug, V(Tiur), V(Toug)) in €,

uy =uy =0 on 0.

(7)

3. Proof of Theorems 1.1. Starting with a subsolution-supersolution of problem
(1), (ug,us), (U1, u2) € WHP1(Q) x WP2(Q) satisfying condition (H;), we consider
the ordered intervals given by
[u;, W] = {u € W'PH(Q) : w;(x) < u(z) <T(x) foraa. z€Q},i=1,2. (8)
Furthermore, we introduce the Nemytskij operator
N : [uy, @] X [uy, Us] € WHPH(Q) x WHP2(Q)
— LW (Q) x L7 (Q) — W19 (Q) x W—172(Q)
given as follows
N(up,uz) = (fi(x,ur,ue, Vur, Vua), fa(x, ur, ug, Vuy, Vusg)). (9)

Referring to the ordered intervals in (8), hypothesis (H;) ensures that the above
Nemytskij operator is bounded and completely continuous (it follows by the Rellich-
Kondrachov compactness embedding theorem).

For a suitable positive parameter pu > 0 we consider the nonlinear operator
A WEPH(Q) x WP (Q) — WL (Q) x W 1P2(Q) defined by

A(ur,uz) = (A1 (u1, uz), Ao (ur, uz)) (10)

= (=K (p1, Trur) Ap,ur + p®@1(ur), =K (p2, Touz) Ap,uz + pP2(uz))

— N(Tl’ll,l, TQ’LLQ).
Hipothesis (Hy) together with (5), (8), (9) give us that the operator A is well
defined, bounded and continuous. Furthermore, we prove that A : WO1 PHQ) x
WP (Q) — WP (Q) x W92 (Q) possesses some regularity properties. The key
property to establish is the pseudomonotonicity. Consistent with the definition of

pseudomonotone operator (see Definition 2.1 (ii)), we assume the weak convergence
(U1 s U2, 2 (u1,u) in Wol’p1 (Q) x Wol’m(Q) and the limit condition

lim sup(A(ui n, uz,n), (W10 — w1, uzn — uz)) < 0. (11)

n—-+oo

Hypothesis (H;) says us that the constants v; satisfy the inequality —2— < p¥ for

DPi—Vi
i =1,2. Hence, we deduce the strong convergence

(1, 20) — (11, u) in L7571 () x L7273 (92).
Now, keeping in mind the estimate in (5) we obtain the following limit
lim 0i(x, Wi (x))(Uim —wi)de =0, i=1,2. (12)
n—-+4oo Q

Appealing again to the Rellich-Kondrachov compactness embedding theorem and
involving Hélder inequality, then the weak convergence (uj ,,us2 ) 5 (ug,up) in
WP (Q) x W, P2(€2) leads to the following convergence

/Wmumm—umwsnm
Q

vl n = willy;, — 0 as n — +o0. (13)
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Next step is to show that
/Q IV (Tiwi )|V |wim — us|de — 0 as n — +o0. (14)
Referring to the definition of the truncation operator (see (3)), we deduce that

/ IV (Tiwi )" i — uilde = / IV, | [wi n — wildx
Q {ui,n<2i

+ / [V n | [t m — wildz
{u; <uin<u;}

+ / (V@ | fwi n — wilde.
{uw;,n>u;

Pi

Using again the inequality Py

suitable estimates,

/{ V| s — il da < ||V,
Wi,n <Uy;

< p;, we get the following convergences, via

k3
i

v
Dpi

Ui = Uil| 2 =0,

/ Vi | i — wi|dz < [V |37 |0 — il — 0,
{u; <win<u;}

P
i~V

i
i

v
D

Ui,n —UZH Pi__ — 0.

Pi—Vi

A B |Vﬂi|yi|ui,n - ’U,l|d!E < ||VEZ
WUj,n >Uj

Combining the above results, we deduce immediately that the convergence (14)
holds true. Adopting and adapting the similar arguments as above, we easily
conclude that the following is the case: for i # j we get

vipj

/Q|V(Tjuj,n)| P uin = wilde < IV (Tyujn)lp" Ntin = will_z_— 0. (15)
For i = 1,2, (Hy) together with the convergences (13), (14), (15) give us
lim / fz(xv Tlul,na T2u2,na V(Tlul,n)a V(T2u27n))(ui,n - ’U,Z)d.’L‘ =0. (16)
Q

n—+00
From (11), using (12) and (16) we deduce the following limit condition
lim sup[{(—K (p1, Thu1,n) Dp, Ut n, Ut,n — U1) (17)

n—+oo

+ (=K (p2, Touz,n) Apy U n, Uz — uz)] < 0.
Next, we establish that (17) leads to the following result
lim sup(—K (pi, Titi n) Dp, Wi, Ui — us) <0, i=1,2. (18)

n—+oo
To this aim, we argue by contradiction, hence we suppose that the following is the
case

nli)rfoo K(p1, Tiug n){—Ap, U1 n, Ut — u1) > 0, (19)
ngl}rlooK(pz, Toug ) (—Ap, U2 n, U,y — uz) < 0. (20)

Since the Kirchhoff terms K(p1,Tiui ), K(p2, Tous,,) are positively bounded
away from ag > 0 (by (Hz), see also (2)), then (19) and (20) lead to

lim (-A, u u —uy) >0

" < p1 Wln, Ul n 1> ’

lim (=A, u U —ug) < 0.
< pa W2 n, U2 n 2>
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The (S)y-property of the ps-Laplacian differential operator on the Dirichlet
Sobolev space W, 7> (Q) (see [13, p.39] and recall Definition 2.1 (i)) together with
the last inequality above, give us the convergence us , — us in WO1 2((Q)), a contradiction
to (17), and hence (18) is established.

From (18), appealing to the (S),-property of —A,, on W, 7 (Q) we conclude
that

(U1 s Uzn) — (ur, ug) in Wy (Q) x Wy P2(Q) as n — +oo.
It follows that, for all (vy,ve) € Wy P () x Wy P*(Q), we get

lim <A(u1,n7u2,n)7 (Ul,n —V1,U2,n — U2)> = <A(U17U2)7 (Ul — V1, U2 — U2)>7
n—-+oo

and hence A : Wy P (Q) x Wy P> (Q) — W~ 1P1(Q) x W~ 1P2 (Q) is a pseudomonotone
operator.

The second property possessed by our operator A is the coercivity. By Definition
2.1 (iii), we can say that A : Wy (Q) x Wy P2(Q) — W=LP1(Q) x WLP2(Q) is
coercive if for every sequence (uy,,ugn) C Wy () x W, P*(Q) satistying the
norm condition [|(u1 y,, U2 )| = +00, then the following is the case

lim <A(’U¢1,n, u2,n)7 (ulﬁh u2,”)>
n—+4oo (w1, uz,n) |
Since ap, () > ap > 0 for a.a. & € Q (by hypothesis (Hz)) and in view of (H1),
using the estimate in (6) we obtain that

= +o0. (21)

b
(Ar(u1,n,u2,n), u1,n) = ap, (2)|[Vura|p) + ﬁHVTULnHZiHVULnH?i
+M/ o1(x, U1 pn)ur pde —/ fi(x, Tiuy n, Toug n, V(Thur p), V(Tous ) ) ur nde
Q Q
- Pl
> a0l Vs + (raa | 7T ~ran) = [ ar(@)lunalds
P1—v1 Q

B / IV (Thg.0)|” fug.nldae — By / IV (Thn,n)| F2 g de
Q Q

Now, we establish useful estimates for each one of the three integrals involved above.
To simplify the notation, we will denote by C' > 0 any positive constant whose
value may change from line to line, furthermore every relevant dependencies will
be underlined by using round parentheses (as in the case of C(¢) below, where we
point out the dependence by £). We note that the following is the case

/ ar(z)urplde < lar]ly [utnlly < ClVULnp, -
Q

For the second integral, involving Young inequality with any € > 0, we deduce that

pr1

/ IV (Thurn)[" ur,nlde < el V(Trunn)l[5) + C(e)llurn] e
Q P1—V1

P1
< el Vurnllpy + ellVay [ + el Va5 + Cle) luan | 7a -
pr1—v1
The similar arguments as above lead to the following estimate of the third integral

P1
| P1—V1
_P1
P1—v1

vip2
/ [V (Taugn)| 1 [urplde < el|V(Touzn) 57 + C(e)urn
Q

r1
< el Vuznllp; + el Vi llp; +elVallp; + Cle)funll 7o
e

1



10

11
12
13
14
15
16
17

18

19

10 E. TOSCANO, C. VETRO AND D. WARDOWSKI

Combining the obtained estimates, we conclude that

(A1 (u1m,u2.n),urn) > (ao —€)[[Vurnllbt — CllVur ullp, (22)
P1 —~
F(prir — CE)lurnll "o — el Vug b2 — Cle),
pP1—v]1

for some constant 5(6) > 0. Following the similar calculations with respect to As,
we obtain the following estimate
(Az(uin, uz,n), u2.n) 2 (a0 = €)|Vuznllpz = Cl[Vug,nllp, (23)

P2

H(prr g — CE))l[uznl| 2 — el V|2t — Cle),
P2 —Vv2

for some constant C(g) > 0.

Since p1,p2 > 1, taking € > 0 sufficiently small and p > 0 sufficiently large in
(22) and (23) we deduce that the limit in (21) is reached. Hence, we established
that A : WP (Q) x Wy P*(Q) — WLP1(Q) x W~1P2(Q) is a coercive operator
too.

This allows us to invoke Theorem 2.2. So, corresponding to the pseudomonotone,
bounded, and coercive operator A, we can find (u1,ug) € Wy (Q) x Wy "?(Q)
solving the equation

/1(’&17 Ug) =0.

It follows that such (u1,ug) € Wy (Q) x Wy P2(Q) is a solution to the auxiliary

problem (7) (see (10)).

4. Proof of Theorem 1.2. By the proof of Theorem 1.1, we can deduce the
existence of a solution
(U17 U2) = (Ul(M)a ua(p))

to the auxiliary problem (7) for sufficiently large values of the parameter u > 0. By
using an appropriate choice of the cut-off functions (recall (4)) we will establish the
existence of a solution to problem (1) within the ordered rectangle determined by
a subsolution-supersolution provided that hypothesis (Hy) is verified. Namely, we
consider a solution (u1,us) € WyP*(Q) x WyP*(Q2) to problem (7) as established
by Theorem 1.1, then we are going to prove that (uj,us) € [uy, U] X [usy,Us] (see
(8))-

The first step of the proof is in verifying that
up(z) <@ (x) for a.a. x € Q.

Starting from the definitions of solution to problem (7) and of supersolution to
problem (1), we consider the test function

v=(u; — )" = max{u; —u,0} € VVol’pl(Q)7

so that we have

(=K (p1, Tyur) Ap,ur, (ug — 1)) + u/ o1(x,ur)(ug — ) Tdz
Q

= fl(l‘,Tﬂ,Ll,TQUQ,V(Tlul),V(TQUQ))(Ul —ﬂ1)+d$ (24)
Q

and

<_K(p1aﬂ1)Ap1ﬂ17(u1 _H1)+> 2 fl(ﬂf,ﬂl,ﬂ]Q,Vﬂl,VU}Q)(Ul _H1)+d$ (25)
Q
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whenever wy € WHP2(Q) with uy(x) < wa(x) < Uz(7) a.a. x € Q. Referring to the
definition of the truncation operator 75 we note that

Uy < Toug < Us
1 and hence we can use wy = Tousg in the inequality (25) to deduce that
(=K (p1, 1) Ap, a1, (g — W) ") (26)
> /Qfl(x,ﬂl,TgUg,Vﬂl,V(Tqu))(ul — 1) dx.
2 Subtracting (26) from (24) we obtain the following non-positivity condition
(=K (p1, Tiur) Apyur — (=K (p1, W) Ap, W), (ur — @) ")

—I—,u/ o1(z,uy)(uy — ) T da
Q

S/[fl(xaT1U17T2U27V(Tlul)av(T2u2))
o

— fi(z,u, Tous, Vuy, V(Tous))](ur — 1) T dz
=0 (recall that Tyu; =y on the set {u; > w1 }).

3 Hence, from a,,(z) > ag > 0 for a.a. x € Q (by (Hz)) and (3) for ¢ = 1 we have

a / (IVua |2V — |V [P 2V ) (Ve — Vi )da
{u1>u1}

b

+ﬂ / |VTU1|p1dI/ |Vu1|p172Vu1(Vu1 — Vﬂl)da:
Pr J{ur>us} {ur>u1}
b

—ﬂ/ |Vﬂ1|p1dx/ |V, [P 2V, (Vuy — Vg )da
4! {u1 >51} {u1 >ﬂ1}

-l-:“/ (ug — ﬂl)plpj”l dz < 0.
{ui>w;}
4 Again, since Thu; = U on the set {u; > @}, we deduce that

ao/ (|Vup [P =2 Vuy — |V [P 2V ) (Vuy — Vi )de
{u1>ﬂ1}
b

+ﬂ |Vﬂ1|p1d$
P1 J{ui>u}

« ( / (Vs [P ~2Vuy — |V [P 2V ) (Vay — Vul)d:c>
{U1>E1}

+M/ (u1 - ﬂl)”lp’l”l dr <0.
{u1>u1}

From the classical theory of monotone operators (see also [12] for more information

about the p;-Laplacian differential operator), for all ¢, € RY with ¢ # 7, we recall
the following inequality

(IC[P*2¢ = In|P* ) (¢ —n) > 0,

5 which gives us that uy(z) < up(z) for a.a. z € Q.
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The second step of the proof consists in obtaining the boundedness from below,
that is, we have to show that

uq (2) < up(z) for a.a. x € Q.

Since this result can be easily written following the similar arguments as above,
we omit the details to avoid repetitions. Finally a judicious choice of the test
functions for needed comparison and analogous calculations to the ones developed
above, lead us to obtain that

uq () < ug(z) < Tp(x) for a.a. x € Q.

Summing up, we conclude that the solution (uj,us) to the auxiliary problem (7)
leaves into the rectangle [u,u1] X [ug,Us2]. Consequently, by (3) we deduce that
T;u; = u; and by (4) we get that ®;u; = 0 for ¢ = 1,2. This means that the
auxiliary problem (7) reduces to the main problem (1), equivalently we can say
that (u1,uz2) € [ug, 1] X [uy, Uz] is a weak solution to (1).

The following example satisfies the hypotheses of Theorem 1.2

Example 2. Let (u;,u,), (U1, u2) € WHPL(Q)x W1P2(Q) be a subsolution-supersolution

of the following problem

P2

—(ao + [[Vur|[B) Ap,uy = g1 (2, u1,ug) + [Vur [P~ + [Vup |t in Q,
P1
—(ao + |Vua|[22) Ap,ug = ga(z, u1,uz) + [Vur|*2 + [Vug|P>~! in Q, (27)

uy =uy =0 on 09,

where for i = 1,2, K(p;,u;) = ao + || Vu;|[bi for all u; € Wy (Q) with ag > 0, the
functions g; : 2 x R x R — R, are of Carathéodory and there exist «; € LPQ(Q)
satisfying the following conditions

|g7,(l’, 51, 32)| < Olz(l')

for a.a. € Q, all s = (s1, 82) € [uy (), u1(x)] X [uy(2), Ua(x)].

Referring to Remark 1, we recall that
_Dbi bi

pi  (})
and hence the right-hand side lower order vector field in problem (27) satisfies
hypothesis (H;) for constants v; = p;, 5; = 1 and v; = %Z [0, (;’1%),[, 1 =1,2.
As hypothesis (Hs) is also trivially satisfied, then we can apply Theorem 1.2 to
conclude that problem (27) admits a weak solution (u1,us) € Wy ?* (Q) x Wy *2(Q)

satisfying the enclosure property u,;(z) < u;(x) < @;(x) for a.a. x € Q, i =1, 2.

Di — fori=1,2,

5. Positive solutions. An interesting byproduct of the involved strategy is the
fact that we can provide precise information about the sign of solutions. To illustrate
this approach, we consider the following problem

—(ao + [V |[E)Apyuy = Bi[ud + Vs [1] in Q,
—(ao + |Vua|[B2)Ap,uz = B2[us® + [Vug|®] in €, (28)
uy =uy =0 on 09,

where for i = 1,2, Bz >0, 1 < ¢; < +o0 and, according to (2), we involve again the
Kirchhoff terms K (p;, u;) defined by

K(pi,ui) = ao + ||V, |5} for all u; € WP (Q), some ag > 0.
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Now, to establish the existence of weak solutions to problem (28) whose components
are both positive (namely, (uy,uz) € Wy (Q) x W, *(2) such that u;(z) > 0 for
aa. x € Q, 1 =1,2), we develop a comparison argument with the non-Kirchhoff
Dirichlet boundary value problem for the following system of elliptic equations

—Ap wy = 31 [w + |[Vwi|?] in Q,
—Ap,wy = Bo[w® + |V |®] in Q, (29)
wy; =wy =0 on JN.

Let w; > 0 be a positive solution of the Dirichlet problem

— Ay w = B;[wh + |Vw|%] in Q,
le Bl[w + | wl ] m (30)
w=0 on JN
and set
Wy
U = T—. 31
T ] oy
For the sake of simplicity, since ||u;|| = ||Vu;||p, (by Poincaré inequality), we observe
that the following is the case
—(ao + [[Vuillpi) Ap,ui = —(ao + [lugl[P*) Ap,ui
. i—1
(| iw; p1> < Ti >p7/
=—lao+ Ay, w;
( wil[Pe /- \ Jlwl] m
P\, pi—1
_ _M Ay
[[wi|[Pi=
qi
Since |Vu;|% = (m) |[Vw;|% (by (31)), we deduce easily that
s o Th v .
Biluf + [Vu;|%] = B; ”leq [wi + |Vw,;|%].
1
Thus, u; > 0 is a positive solution of the problem
—(ao + [IVul5) Ap,u = Bifu® + [Vul*] in 0, (32)
u=0 on J9,
provided that 7; > 0 is a solution of the equation
(o + 72y
[Jwil|P:—1 [Jws |9
that is,
(ag 4 7P )7Pim 41 = ||| Pt (33)

A similar comparison argument was considered in the case of Kirchhoff type Laplacian
differential operator (but without convection) by Alves et al. [2]; see also the
references therein. On this basis we have the following general existence and
multiplicity type result.

Proposition 1. If problem (29) has a weak positive solution (wy,ws) € Wy P () x
WyP>(Q) such that

0 <wi(x) foraa xz€Q,i=1,2,
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then problem (28) admits as many positive weak solutions (u1,us) € Wy () x
WyP2(Q) such that

0 <wui(xz) foraa zef,i=1,2,
as well as the equation (33) admits solutions 7; > 0, i = 1,2.

We note that the existence of solution (as well as the construction of subsolution-
supersolution) for the type problem (30) can be obtained following the usual approach
based on the first eigenvalue of the p;-Laplacian differential operator (see also [6]).
Let us recall some basic facts about the spectrum of (—=A,,, Wy ¥ (Q)) (see Gasiriski-
Papageorgiou [8]). Hence, we consider the following nonlinear eigenvalue problem

{ —Apw = Alw

Pi=2y in Q,

w=0 on dN

We say that A € R is an “eigenvalue” of (=A,,, W, P (Q)), if the above problem
admits a nontrivial solution @ € I/VO1 Pi(Q) known as an eigenfunction corresponding
to the eigenvalue X. By &(p;) we denote the set of eigenvalues of (—=A,,, W, P (Q)).

This set is closed and has a smallest element \; (p;) such that the following is the
case:

1(pi) > 0;

1(p;) is isolated (namely, we can find € > 0 such that (Ay(p;), A1(p:) +€) N
Z(Pz') =0); R

e )\ (p;) is simple (namely, if w,v are eigenfunctions corresponding to A1 (p;),
then w = yv for some y € R\ {0}).

) >) >

We have the following variational characterization of this eigenvalue

~ Vuwl||b:

lwllb:

cw e WP (Q), w# o} . (34)

The infimum in (34) is realized on the corresponding one dimensional eigenspace.
By (34) we get that the elements of this eigenspace have fixed sign. In fact i (pi) >0
is the only eigenvalue with eigenfunctions of fixed sign. All other eigenvalues have
eigenfunctions which are sign changing. By w; = w;(p;) we denote the positive
LPi-normalized (namely, ||@y||,, = 1) eigenfunction corresponding to A1 (p;) > 0.
The nonlinear regularity theory and the nonlinear maximum principle (see Pucci-
Serrin [17]) imply that @;(p;) € int CQ, where CY is the positive order cone of

Ci(Q) ={we CLQ) : w’aﬂ = 0}. Precisely, we get

CY ={weCiQ) : w(x)>0forall z € Q},
and

int CY = {weCﬂ s w(x) >0 for all x € Q, g—:’aﬂ <0},

where n(-) is the outward unit normal on 9).
Now, starting from a weak solution (wy,ws) € WyP* () x W, *(£2) to problem
(29) such that

0 <wi(z) foraa z€Q,i=12,



o o » W

10

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

SYSTEMS OF KIRCHHOFF TYPE EQUATIONS 15

and using the comparison arguments developed at the beginning of this section, we

deduce that
(U1,u2) = <71w1 ’727102 )
wa]l™ ™ fJwal

is a weak positive solution to problem (28) for any suitable values 7; > 0 solving
the equation (33), i = 1,2.

Remark 2. For some precise results about the existence of at least a positive weak
solution to certain Dirichlet boundary value problems with gradient dependence in
the reaction term and satisfying suitable growth conditions, the reader can refer to
[6, Theorem 3.1] and [15, Theorem 4.1].
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