ON ALMOST POLYNOMIAL GROWTH OF PROPER CENTRAL POLYNOMIALS

ANTONIO GIAMBRUNO, DANIELA LA MATTINA, AND CESAR POLCINO MILIES

ABsTrRACT. To any associative algebra A is associated a numerical sequence cfl(A), n > 1, called the sequence of proper

central codimensions of A. It gives information on the growth of the proper central polynomials of the algebra. If Ais a
PI-algebra over a field of characteristic zero it has been recently shown that such a sequence either grows exponentially
or is polynomially bounded.

Here we classify, up to Pl-equivalence, the algebras A for which the sequence ch(A), n > 1, has almost polynomial
growth. Then we face a similar problem in the setting of group-graded algebras and we obtain a classification also in
this case when the corresponding sequence of proper central codimensions has almost polynomial growth.

1. INTRODUCTION

The study of the growth of the central polynomials for an algebra A was started by Regev in [29]. It turns out that
even if it is strictly related to the growth of the polynomial identities satisfied by A, still gives another invariant of
the corresponding T-ideal of the free algebra.

Let A be an algebra over a field of characteristic zero and Id(A) the T-ideal of the free algebra F'(X) consisting of
the polynomial identities satisfied by A. Recall that a polynomial f € F(X) is a central polynomial of A if for any
evaluation ¢ : F(X) — A, o(f) lies in the center Z of A. If f takes a non-zero value in A, we say that f is a proper
central polynomial of A, otherwise we say that f is a polynomial identity of A.

For instance it is known that My (F'), the algebra of k x k matrices over F, has proper central polynomials as shown
by Formanek in [13] and Razmyslov in [27].

Now, one studies the growth of the identities and central polynomials as follows. Fix n variables and let P, be the
corresponding space of multilinear polynomials. Then define P,,(A4) as P,, modulo the identities of A and P, (A)* as
P,, modulo the central polynomials of A. The corresponding dimensions ¢, (A) = dim P, (A) and ¢Z(A) = dim P, (A)?
are called the n-th codimension and the n-th central codimension of A, respectively. Clearly ¢, (A) — cZ(A) = % (A)
is the dimension of the corresponding space of proper central polynomials.

The asymptotics of the codimensions of an algebra A have been extensively studied in the past, see for instance [28],
[3], [8], [9] or [18] and [5] for a comprehensive account of the main results. It turns out that if A satisfies a non-trivial
identity, then lim, oo ¥/cn(A) = exp(A) exists, and is an integer called the PI-exponent of A ([16]). In recent years in
[19] and [20] it was proved that also lim,, . /c%(A) = exp?(A) and lim,, o /3 (A) = exp’(A) exist, are integers
called the central exponent and the proper central exponent of A, respectively.

When exp(A) > 2, exp(A) and exp?(A) coincide, whereas it can be shown that the difference exp(A) — exp®(A) can
be any positive integer ([19]). Hence exp’(A) is a second invariant of the T-ideal Id(A) that is worth investigating.

Actually the existence of the three exponents is shown by proving that the corresponding n-th codimensions are
sandwiched between two functions of the form Cn!d™ where C is a nonzero constant and d is the corresponding
exponent. This says that all three codimensions either grow exponentially or are polynomially bounded.

Kemer in [22] proved that if an algebra A is such that exp(A) > 2, then either Id(E) D Id(A) or Id(UTz) D Id(A).
Here FE is the infinite dimensional Grassmann algebra and U7T; is the algebra of 2 x 2 upper triangular matrices
and it is well-known that exp(E) = exp(UTs) = 2 (see [18]). Hence if B is an algebra such that Id(B) 2 Id(E) or
Id(B) 2 Id(UTz) then the codimensions of B grow polynomially. In the language of varieties of algebras, this says
that E and UT; generate the only two varieties of almost polynomial growth.

Here we address ourselves to the analogous question in the setting of proper central polynomials by asking the
following: can one construct a finite list of PI-algebras By, ..., By with the following property: given any PI-algebra
A, then exp®(A) > 2 if and only if 1d(B;) D Id(A), for some i = 1,...,k? These algebras would have the property
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that exp®(B;) > 2 and for any algebra B such that Id(B) 2 Id(B;), the corresponding sequence of proper central
codimensions grows polynomially.

Notice that since exp® (UTy) = 0 and exp®(E) = 2, only E is a possible candidate.

Here we construct two finite dimensional algebras D and Dy having exponential growth of the proper central
codimensions and give a positive answer to the above question. It will follows that £, D and Dj generate the only
varieties of almost polynomial growth of the proper central polynomials.

The existence of the proper central exponent has been recently proved for algebras graded by a finite abelian group
([25]). Here we also ask the above question for this class of algebras and we get a complete answer by classifying the
ideals of identities whose corresponding varieties have almost polynomial growth of the proper central codimensions.

2. ALGEBRAS OF ALMOST POLYNOMIAL §-GROWTH

Throughout F'is a field of characteristic zero and F(X) is the free algebra over F' on a countable set X = {x1,z2,...}.
Recall that if A is an F-algebra, Id(A) is the T-ideal of polynomial identities of A and Id*(A) is the T-space of central
polynomials of A. Here "T-" stands for transformation and means that the corresponding ideal or space is invariant
under all the endomorphisms of the free algebra. Moreover if P, C F(X) is the space of multilinear polynomials in

2(A) = dim Pﬂ%&‘zm and ¢ (A) = dim% are the

Z1,...,&n, then for n = 1,2,..., ¢,(4) = dimﬂ%’é(m, cz 0
sequences of codimensions, central codimensions and proper central codimensions of A, respectively.

Since the above codimension sequences do not change by extension of the base field, throughout this section we
assume that F' is algebraically closed.

As shown in [15], [16], [19] and [20] for any PI-algebra A the following three limits

cap(A) = lim VeulA), eop*(A) = lim V/er(A). eap’(4) = lim {/ch(4)
exist and are called the (PI)-exponent, the central exponent and the proper central exponent of the algebra A,
respectively. Clearly exp?(A),exp’(A) < exp(A) and in [20, Theorem 3| it was shown that if exp(A) > 2, then
exp®(A) = exp(A). Another basic property of the above three numerical sequences is that they either grow exponen-
tially or are polynomially bounded. Hence no intermediate growth is allowed.

There is an explicit way of computing the three limits and here we need to recall how to compute the exponent and
the proper central exponent.

First we need to establish a well-known general setting as follows. Let E be the infinite dimensional Grassmann (or
exterior) algebra. E is the algebra with 1 generated by countably many elements e, es, . .., subject to the condition
eiej = —eje;. E has a natural structure of superalgebra £ = E® ¢ ED where every monomial in the e;’s of even
(odd) length has homogeneous degree zero (one resp.).

If B = B @ BM is a superalgebra, one can construct the algebra E(B) = (E(® @ B®) @ (EM @ BM) which
is called the Grassmann envelope of B. By a well-known result of Kemer ([23]) if A is any Pl-algebra, there exists a
finite dimensional superalgebra B such that Id(A4) = Id(E(B)). Hence throughout when establishing results about a
T-ideal we may assume that we are dealing with the T-ideal of identities of the Grassmann envelope E(B) of a finite
dimensional superalgebra B.

It is worth noticing that if A is a finite dimensional algebra, then regarding A as an algebra with trivial grading we
get IA(E(A)) =1d(E©® ® A) = 1d(A) and we may work with A instead of E(A).

Now let B = B + .J be the Wedderburn-Malcev decomposition of the algebra B, where B is a maximal semisimple
superalgebra inside B and J is the Jacobson radical of B (see [18, Theorem 3.4.3]). Write B = B; @ --- @ By, a
decomposition into simple superalgebras. Then we say that C' = B;, @ --- @& B;,, where the B;,’s are distinct, is an
admissible subalgebra of B if B;, J ---JB;, # 0. Moreover we say that C' is a centrally admissible subalgebra of B, if
there exists a proper central polynomial f(z1,...,z,) of E(B) having a non-zero evaluation involving some elements
of E(B;,), for all h € {1,...,k}.

Then exp(E(B)) is the maximal dimension of an admissible subalgebra of B and exp’(F(B)) is the maximal
dimension of a centrally admissible subalgebra of B.

Recall that if V = var(A) is the variety of algebras generated by an algebra A, then we write exp(V) = exp(A) and
exp®(V) = exp®(A). Hence the growth of V is the growth of the codimensions of the algebra A.

Now, a variety V has almost polynomial growth if V grows exponentially but any proper subvariety grows poly-
nomially. In [22] it was proved that the only varieties of almost polynomial growth are var(E) and var(UT,), where
UT; is the algebra of 2 x 2 upper triangular matrices.
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Now by [20, Remark 1] if two algebras have the same identities, they also have the same proper central polynomials.
It follows that the proper central exponent of an algebra A is an invariant of its T-ideal of identities and also of the
corresponding variety of algebras. Hence the following definition makes sense.

Definition 2.1. We say that a variety of algebras V has almost polynomial 6-growth if exp® (V) > 2 and for any proper
subvariety YW C V we have that exp® (W) < 1.

By abuse of notation we also say that an algebra A has almost polynomial 5-growth if exp®(A) > 2 and for any
algebra B such that 1d(B) 2 1d(A), we have that exp®(B) < 1.

In search of possible candidates we define
(1) D={

b
d | a,b,c,d,e € F}.
0

o o e
L O O

Let Sty =), cg,(s8n 0)T(1)  * To(a), be the standard polynomial of degree four. It can be easily checked that the
algebra D satisfies St, and [[z1, 72]?, z3).

Since by [11] these two polynomials generate the T-ideal of identities of Ms(F'), the algebra of 2 x 2 matrices over
F, we have the following.

Remark 2.1. D satisfies all the identites of 2 X 2 matrices.

In [21] Gordienko studied the identities of the algebra D and here we summarize his results in the following theorem.

First notice that the center of D is Z(D) = F(e11 + €22 + e33) + Feys. Also, since F'(e11 + e33)FeiaFess # 0, then
F(e11 + e33) @ Fegs is a maximal admissible subalgebra and, so, exp(D) = 2. By [19] then also exp*(D) = 2.

Since [D, D|[D, D] C Fey3 and [e11+e33, €12][€22, e23] = e13 we get that [x1, 22][x3, 4] is a proper central polynomial
of D and F(ey; + e33) @ Fegy is a maximal central admissible subalgebra. Hence exp®(D) = 2.

Let (f1,..., fr)7 denote the T-ideal of the free algebra generated by the polynomials fi,..., f..

We have.

Theorem 2.1.
1) exp(D) = exp? (D) = exph(D) = 2
2) 1d(D) = ([[x1, x2][w3, 24], 5], Sta, [21, 22][3, 24][25, T6]) T;
3) A basis of P, modulo 1d(D) is
a) L1T2 "+ T,
b) Tjy - Ty, [mik+1v'xik+2]xik+3 T Ty
11 <o < o0 < g < lhtls bkt < Chtls bhys <o < ln,
C) Liy = Ty, [‘Tik+1 ) xik+2]xik+3 e xin—?[xin—17xin]7
1y <dg < v <lgy g2 < kg1, Gkg2 <lpgsg <o <ldpo2 <lp_1, In <ip_1;
4) c,(D) =2""2(n%? — 3n), for n > 4.

Another possible candidate is the following algebra.

0 ¢ d e
|0 a g R )
(2) DO*{ 0O 0 b 1 |a,b,0,d,€,g,h,Z€F}.
0 0 0 O
We have.
Theorem 2.2.
1) exp(Do) = exp®(Dy) = exp’ (Do) = 2;
2) Id(Do) = <351[£U27~T3] [$4,$5]$6>T;
3) TaZiy - Tig_ [Tjppys oo Tjo_y Ty, With i1 < --- <lip_1, Jry1 > Jrie < -o0 < Jno1, 95 a basis of P, modulo

4) ¢p(Dg) =2"3n(n —1)(n —4) 4+ 2n(n — 1), forn > 7.

Proof. Since FegsFeasFess # 0, then Fegs @ Fess is a maximal admissible subalgebra and, so, exp(Dp) = 2 and also
exp®(Dy) = 2.
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The center of D() is Z(DQ) = F614, hence [6127622“623,633“633,634] = €14 and [Do,Do][Do,Do] [Do,Do] g F€14
imply that [z1, x2][z3, 24][x5, 26] is a proper central polynomial of Dy. It follows that Feqs @ Fess is a maximal central
admissible subalgebra and, so, exp®(Dy) = 2. This proves 1).

In order to prove 2) we notice that Id({ (8 ]};>) = (z1[z2, 23])r and Id({ <€ ]S)) = ([x1,x2)z3)r. Hence by

Lewin theorem (see [18, Corollary 1.8.2]) we have that

Id(Dy) = (z1[z2, x3])1 - ([X1, B2]T3)T = (21|22, T3] [T4, T5)T6) T
To prove 3), consider a monomial
W= TaTyy *** Tu,,_oTb € Pn.
Since x1[z2, x3][x4, x5]26 € Id(Dy), by the Poincaré-Birkhoff-Witt theorem (see [12]) w can be written modulo Id(Dy)
as a linear combination of polynomials of the type
Loy o Tiyy [Tjpys e Tjpy [Tt

Let us write for simplicity [z, ,,...,z;,_,] = [u].
We claim that the variables in z;, ---;,_, can be ordered. In fact if we want to exchange the variables z;, and
Ti, .., we do the following

Laliy  LipLipgq " Lig_q [u]xb = TaqLjy " [xih7xih+l] R R [u]xb + Ty - Tipp1Tip Ty [u]xb

= ZaLiy Ty, Tay o T, [u]zy mod. Id(Dy).

Here we have used the fact that x1 |2, z5)zr[24, 25]26 is a consequence of [z, z3][24, Z5]x6.
Next we claim that the variables in [u] can be ordered. In fact, if [v] is any long Lie commutator, mq ([v][x1, z2] —
[x1, z2][v])m2 € Id(Dy), for any mq, me monomials, implies that

mi([v]zrxe + xox1[v])ma = my([v]zaz1 + T122[V])M2  (mod. Id(Dy)).
Hence if we want to exchange two variables inside [u], say x; and x5, by opening part of the long Lie commutator we
write x,x;, -+ x4, _, [u]zp as a sum with plus or minus sign of polynomials of the type

romi|[W'], z1, x2)mozy = zomy ([U])z122 — 21 [U )20 — T2 [U |21 + T221 [U])M2TY

= zoma ([ ]zamy + T12a[u’] — 21 [U T2 — T2 [U |11 )Moy = Ty [[W], 22, 1]Mmoz,  (mod. Id(Dy)).
If we now rebuild the long Lie commutator, the two variables have been exchanged. This proves the claim.

We have proved that any monomial in P, can be written modulo Id(Dy) as a linear combination of polynomials of
the type

(3) Taliy  Tig 4 [Tjprys s T 1Ty 01 <o <oty Jhg1 > ey <o < Jpo1, n—1—k > 0.
Thus the polynomials in (3) span P, mod. Id(Dy). They are also linearly independent mod. Id(Dy).
In fact write for simplicity ¢ = {41,...,ix-1},5 = {Jrs1,-- - Jn-1}, Toy - T, = x7 and [xj,,,..., 25, ] = [2]]
and let f be a linear combination of the polynomials in (3), say,
f= Z Z Qg b7, 5TaT7[T5] T
ab 7.5
Suppose f € Id(Dy) and fix a sequence (a, b,1, ).
If j = 0, evaluating x4 = e12, Tp = €23, T7 = €99 - - - €23, We get o, p 7013 = 0 and, so, a, ;79 = 0. Now let jbea
largest set such that o, ;5 # 0.
Make the substitution z, = e1s, T, = €34, T; = ean---ea,[r;] = [e2s,e33,...,e33]. Then the value of f is
@qp75€14 = 0. Thus a4 ; 5 = 0, a contradiction. This proves part 3) of the theorem.
Computing codimensions we have:
cn(Dg) = n(n —1)c,_o(UTy) = n(n — 1)(2"3(n — 4) +2) = 2" 3n(n — 1)(n — 4) + 2n(n — 1).
O

It is worth noticing that Sts, the standard polynomial of degree five, is also a proper central polynomial of
Dgy. In fact the only non-zero product of distinct standard basis elements is ejsesseazessesy = eyq. More is true:

Y 0e5, 75, To(1))To(2)To(3)To(ay and Y g, To(1)To(2)To(3)[To(a), T5] are proper central polynomials of Dy.

Remark 2.2. If A,B € {D, Dy, E} are distinct, then Id(A) € I1d(B).
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Proof. Recall that Id(E) = ([z1,x2, z3])7 (see [18]). Therefore since D and Dy do not satisfy [z, z2,x3], we get that
1d(E) ¢ 1d(D) and 1d(E) € 1d(Dy).

The other relations are obtained by observing that z[z2, x3)[z4, x5]26 is an identity of Dy but does not vanish in
D or E. Moreover Sty € Id(D) but St is not an identity of Dy or E. O

Theorem 2.3. Let A be a Pl-algebra such that exp®(A) > 2. Then Id(A) C 1d(D) or Id(A) C Id(Dy) or Id(A) C
Id(E).

Proof. Suppose first that A is a finite dimensional algebra. Then A = A+ J with A = A; & --- & A, and since F is
algebraically closed, A; = My, (F), 1 <i<gq.

Now, if k; > 2, for some 4, then by Remark 2.1 Id(A4) C Id(4;) = Id(My, (F)) C Id(M2(F)) C Id(D) and we are
done. Therefore we may assume that 4; = ... = A4, = F.

Let C be a centrally admissible subalgebra of A of maximal dimension and assume, as we may, that C' = A1 ®- - - Ay.
Let f = f(x1,...,%¢,91,---,Yk) be a proper multilinear central polynomial corresponding to C. Then there are
elements a; € A;, 1 <i<d, and by,...,by € Asuch that 0 # f = f(a1,...,aq,b1,...,bx) € Z(A).

Let e; be the unit element of A;, 1 < i < ¢. Notice that since the simple components A; are isomorphic to F', we
may evaluate any variable of f into the idempotents e; or in J.

Since f € Z(A), for any i # k we have that e; fe, = e;erf = 0. Also, since exp® (A) > 2, A; and A, must participate
in the evaluation f.

Suppose first that f has a non zero monomial whose evaluation lies in e;Je; 4+ exJes. Let such evaluation be for
instance in e;Je;. Then since e:cp‘;(A) > 2, eo must participate and, so, the value of the monomial is ejw;eswseq, for
some w1, ws € J.

let B be the subalgebra of A generated by the elements

€1, €2, €1W1€2, E2Wo€].

If I is the ideal of B generated by eswsejwies, then B/I ~ D. Hence Id(A) C Id(B) C 1d(B/I) = Id(D) and we are
done in this case.
Hence we may assume that e; fe; = esfea = 0. Since f is a central value it follows that e; f = fe; = eaf = fea = 0.
Next suppose that a monomial of f has an evaluation of the type we;waeiws # 0, where {e;, ex} = {e1,e2} and
w1, wy, w3 € J. Let for instance wyejwaesws # 0.
In this case we let B be the subalgebra of A generated by ey, ea, wieq, ejwsaes, esws and I the ideal of B generated by
the elements eswseq, eswier, eqwier, eawzes, eawswie;. Then B/I ~ Dy and Id(A) C Id(Dy) is a desired conclusion.
Hence we may assume that f € e;J + Jej + eaJ + Jeo. Write

(4) f=eifi + faer +eafs + faea,
where e, f; is the sum of the evaluations of the monomials starting with e;, foe; is the sum of the evaluations of the
monomials ending with e; and es fg + f462 is the sum of the evaluations of the remaining monomials starting or ending
with es.

Since e, f = 0, we get e1 f1 + e1 fae1 +e1 faea = 0, and by the first part of the proof we may assume that e; fae; = 0.
Hence

e1fi +e1fieg = 0= e freg = —eq faeo

and this says that e; fi = e fies.

Also, since fes = 0, we get e1 fres + eafsea + frea = 0 and since we may assume e fzes = 0, we get

e1fiez + faea = 0.
Putting together the last equality with e, f; = e fies, we get e, fi + fies = 0, and, so,
= fre1 +eafs.

Since eof = 0, we get eafoe; + eafs = 0. Hence f = foe; — eafoer and feq = f # 0, a contradiction.

In case A does not have the same identities as a finite dimensional algebra, then we know that Id(A) = Id(E(B)), for
some finite dimensional superalgebra B with non trivial grading. But then by [23, Theorem 2.3, pag. 64] Id(E(B)) C
Id(F) and we are done.

O

Regarding the Grassmann algebra in [29] Regev computed the central cocharacter and the proper central cocharacter
of E. As a consequence it turns out that

n

(5) A (E) = (E) = %cn(E) =on—2,
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Thus exp(E) = exp?(E) = exp?(E) = 2.

Now, if A is an algebra such that Id(A) D Id(D), by Remark 2.2 Id(A) Z Id(Dy) and Id(A) € Id(E). Hence by the
previous theorem exp®(A) < 1 and D has almost polynomial §-growth. The same remark applies to Dy and E. Thus
we have the following.

Corollary 2.1. The algebras E, D and Dy generate the only varieties of almost polynomial d-growth.

3. G-GRADED ALGEBRAS AND §-GROWTH

In this section we shall classify the varieties of (finite abelian) group-graded algebras of almost polynomial §-growth.

Throughout this section G will be a finite abelian group and F' an algebraically closed field of characteristic zero.

Recall that an F-algebra A is G-graded if it has a decomposition A = @gegA(g), into subspaces A such that
AW A C Ah) for all g,h € G. Each subspace AW is a homogeneous component of A and its elements are said
homogeneous of degree g.

We shall consider the standard Zs-grading on the Grassmann algebra E = E(© @ ED | where E(® (E® resp.) is
the span of all monomials in the generators of even (odd resp.) length. We shall denote such superalgebra by E?2.

Let F(X,G) be the free G-graded algebra on a set X. We write X = @,ecX 9, where the sets X(9) =
{:rgg), a:gg)7 ...} are disjoint and the elements of X(9) have homogeneous degree g. Recall that F(X,G) = @gec}—(g)
is the decomposition of F(X,G) into homogeneous subspaces where F (9) is the subspace spanned by all monomials
having homogeneous degree g.

Let A be a G-graded Pl-algebra, i.e., A satisfies a non-trivial polynomial identity.

Then we denote by Id%(A) the Tg-ideal of F(X,G) consisting of the G-graded polynomial identities satisfied
by A and by 1d%* (A) the Tg-space of central G-graded polynomials of A. Here T-stands for invariant under all
endomorphisms of the G-graded free algebra.

A basic property of Ti-ideals that we shall use here is the following [2, 30]. If A is a G-graded PI-algebra then there
exists a finite dimensional G x Zo-graded algebra B = B(®) @ B() where B() = @gegB(g’O), B = ®gegB(9’1) such
that 1d9(A) = Id%(E(B)) where E(B) = E© @ B ¢ EM g B(M) is the Grassmann envelope of B. The G-grading
on E(B) is given by setting E(B)) = E(©) @ B(9:9) ¢ EM) & Blo:1),

Notice that if A is a finite dimensional G-graded algebra, then we can regard A as a G x Zy-graded algebra with
trivial Zo-grading and we get that Id%(A4) = Id%(E® ® A) = Id°(E(A)). Thus we may consider A instead of E(A).

As in the ordinary case one can attach some numerical invariants to a Tg-ideal as follows. Let P& C F(X,G) be
the space of multilinear G-graded polynomials in the variables 2\ ), 1 <i<mn, g €G. One naturally defines the three

e} G G,z
W, G2 (A) = dimm and c$(A) = dim %dc(ff)), n=12...
They are called the sequence of G-codimensions, central G-codimensions and proper central G-codimensions of A,
respectively.

Comparing them with the ordinary codimensions we have that c,(A4) < c5(A), cZ(A) < ¢&*(A) and ¢ (A) <
cGI(A).

In [4], [14], [1] it was shown that if A is any G-graded Pl-algebra, then exp®(A) = lim, o, {/cC(A) exists and is
an integer called the G-exponent of A. Moreover in [25] the authors proved that also the two limits

numerical sequences c&(A) = dim

exp®*(A) = nh_)ngC VS E(A),  eapSO(A) = nh—>Holo VS (A)
exist and are called the central G-exponent and the proper central G-exponent of A, respectively.

The computation of the exponents is as follows. As we mentioned above we may assume that A = E(B) with B
a finite dimensional G' x Zo-graded algebra B. We can decompose B = B + J with B a semisimple G x Zy-graded
algebra and J the Jacobson radical which is G x Zg-invariant. We can write B = By @ - @ By, a direct sum of
G X Zo-simple algebras.

Recall that a semisimple G x Zs-algebra C' = B;, @ --- @ B;,, where the B;,’s are distinct, is admissible if
B;,J---JB;, # 0. Moreover C is centrally admissible, if there exists a proper central G-graded polynomial f of
E(B) and a non-zero evaluation involving elements of E(B;,), for all h € {1,...,k}. It is shown that the maximal
dimension of an admissible subalgebra is exp®(E(B)) and the maximal dimension of a centrally admissible subalgebra
is exp®9(E(B)).

It is important to recall that it was also shown that the three sequences ¢G(A), ¢5#(A) and ¢G9(A), n = 1,2,...,
either grow exponentially or are polynomially bounded. In [31] the author classified the varieties of G-graded algebras
of almost polynomial growth. They are generated either by U7, with some G-grading, or by F'C), the group algebra
of a cyclic group of order p, where p is a prime number such that p| |G|, or by E, the Grassmann algebra with trivial
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grading or, in case |G| is even, by EZ2 (see also [24]). We recall that if C, = (g) C G then the G-grading on FC,, is

defined by setting FC(g ) = =Fg¢',i=0,...,p—1, and FCI(jh) =0forall h ¢ C).

In search of almost polynomial growth of the proper central codimensions we notice that F'Cp, E and E?”2 are
possible candidates. Nevertheless we need to define more G-graded algebras.

Next we consider matrix algebras endowed with elementary G-gradings. Let A be an algebra and g = (¢1,...,9%) €
G* an arbitrary k-tuple of elements of G. Then g defines an elementary G-grading on My (A) by setting M (A)(9) =
span{e;; | g;'g; = g} for all g € G. We shall denote by M (A)g the algebra M (A) with elementary G-grading
induced by g.

Now if g’ is obtained from g by multiplying all the elements by a fixed element of G, we obtain Mj,(A)g = My(A)g
Hence throughout we shall consider gradings on M (A)g with g1 = 1.

Also, if B is a graded subalgebra of My (A) the induced grading on B will also be called elementary.

Remark 3.1. Consider M>(F)q ), g # 1. By [10, Lemma 2| and [6, Theorem 4.5 a basis of the graded identities of
M5(F')(1,g) is given by the polynomials

[xgl),:vé )]7 xgg)xég)x:(%g) —xég)x;g)xgg), xgh)’ ht1,g,

in case g = 1 and by the polynomials
[ (1) (1)] (9),.(9) (971,.(a7")

Ty To Ty Ty, Xy Zo )
—1 —1 -1 - —1 —1 h _
wgg)xgg )xgg) - xgg)xgg )xgg)’ xgg )x§g)xg9 o xég )xgg)xgg ), xg ), h#1,9,g 1,
in case g> # 1.
EO )

Remark 3.2. Let M, 1(F) = (E(l) £0)

1.
A basis of the G-graded identities of M 1(E) is given by the polynomials

> C My (E) be endowed with the elementary G-grading induced by (1, g),g #

B0, 20), 2@ | 0@ Gy g g

in case g2 =1 and by the polynomials

1 1 -1 -1
[acg),xé )]’ xg )x(g) xgg )xgg )’

(g) (9*1) (g)er(g)x(g*l) (g) xlgfl)xgg)mgg”)+xég’1)xgg)xgg*1), xgh), h#1,9,9",

in case g°> # 1.

Proof. If g = 1, the algebra M; ;(E) has an induced structure of superalgebra and the result was proved in [10,
Theorem 2].
Now assume that ¢ # 1.

Let W, be the space of multilinear polynomials of degree n in the first n variables of homogeneous degree 1, g, g~

Hence every monomial of W, contains only one variable among mgl), acz(-g), xl(g 1), for every 1 <i < n.

By generalizing the map defined in [23, page 17] we let™: W,, — W, be the linear isomorphism defined on monomials
as follows. If w = w12,(1)w2 - Wr25(r)wr+1 € Wy, where the z;’s have homogeneous degree g or g~ ! and the w;’s are
eventually empty words in variables of homogeneous degree 1, then @ = (sgn o)w.

Now let f(z1,...,@r,21,...,2n—r) € W, and evaluate f on homogeneous elements of M; ;(E). Thenif ai,...,a, €
My (EYD, by, byey € My A(E)D UM 1(E)9 ) gr,... gr € EO by, .. hy_p € ED| we have

1

f(a1 ®gl,...,ar®gr,b1 ®h1a-~-7bn—r®hn—r) = f(al ...,ar,bl,...,bn_r) ®91 "'grhl "'hn—r-
It follows that f is a G-identity of M 1(E)(14) if and only if f is a G-identity of M, (F)1,9)- O
When the algebra M ;(E) has trivial grading, by a result of Kemer M; ;(E) and E ® E have the same (ordinary)
identities (see [5, Theorem 20.3.20]). But then by a result of Popov [26] the T-ideal of such algebra is generated by
the polynomials [[[x1, 2], [x3,24]], 75] and [[x1,22]?, 2]. Notice that by Theorem 2.1, Id(M; 1(E) € 1d(D).
Next we consider all possible G-gradings on the algebras D and Dy and we make the following.
Definition 3.1.

1) D(,g,n) is the algebra D with elementary G-grading induced by (1,9, h), with g,h € G.
2) Dy (1,g.h,n) is the algebra Dy with elementary G-grading induced by (1,g,h, '), with g,h,h’" € G.
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Lemma 3.1. Let My(F) be endowed with an elementary G X Zo-grading. The possible G x Zo-gradings are given by
the pairs

((1,0),(g,4)), g€, ie{0,1}
and the corresponding Grassmann envelope E©) @ My(F)©) @ EMW @ My(F)Y) satisfies the same G-graded identities
as My(F),q) or My1(E)(1,g) according as i =0 ori = 1. It follows that the algebra Dy 4.1 satisfies all the graded
identities of the Grassmann envolope of My(F) with elementary G X Zy-grading induced by ((1,0), (g,1)), € {0,1}.

Proof. The proof of the first part is immediate. For the last part notice that if ¢ = 1 the result follows from the above
comment and Remark 2.1.
Now let g # 1. Notice that Dy 4 1) satisfies the graded identities

1 1 h
[x(l ),xg )]’ zgg)zég)$g9)7 zg )7 h#1,g,
in case g = 1 and the graded identities

-1 -1 -1 h _
[acgl),xgl)], ﬁgg )‘,]cgg)7 mgg)xgg)7 x&g )xgg )’ xg )’ h#1,g,9 1’

in case g2 # 1. Now the result follows by Remarks 3.1 and 3.2. O

Now we can prove the main result of this section.

In order to make the statement of the next theorem we introduce the notation F'C, , for the group algebra of the
cyclic subgroup C, , = (a) C G, with a of order p, and E" for the Grassmann algebra with the canonical Z,-grading
induced by the element b € G of order 2.

Theorem 3.1. Let A be a G-graded Pl-algebra. If exp®?(A) > 2, then 1d%(A) C Id°(FC, ) or 1d%(A) C Id°(E)
or 1d9(A) C IdG(D(17g7h)) or 1d9(A) C IdG(D()’(l?g/’h/’l)), or 1d%(A) C Id°(EY), in case |G| is even, for some
a,b,g,h,g', bl € G and a prime p such that p | |G|.

Proof. Assume, as we may, that A = E(B) = E(© @ B ¢ E® @ BMY) is the Grassmann envelope of a G' x Z,-graded
algebra B = B @ BM), Write B=B+ J with B=B,@®--- & By, a direct sum of G x Zy-simple algebras.

According to [7], for 1 < i < q, B; = My, (F*H;), where H; is a subgroup of G X Zy and «; is a 2-cocycle.
The grading on B; is as follows. There is a k;-tuple m; = (my = 1,ma,...,my,) € (G x Z3)* such that Bi(m) =
spanp{b, ®ej | m = m;lhml}, m € G X Zy. Here by, € F*H 1is a representative of h € H.

Suppose first that there is some B; = My, (F* H;) with k; > 2.

Then B; contains the graded subalgebra Ms(F') with elementary G x Zy grading induced by m;. Hence

E(B) 2 E(Bi) 2 E(Ms(F)m,)

and, by Lemma 3.1, we get that Id%(E(B)) C IdG(D(Lg,l)), for some g € G, a desired conclusion.
Therefore we may assume that for 1 <1i < ¢, B; = F* H;, with H; a subgroup of G x Zs and «; a 2-cocycle.
Suppose first that (a,0) € H; for some a € G of order a prime p. Then B; contains the graded subalgebra F'C), (4,0
and we may assume that the cocycle «; is trivial on C), (4,0y- Thus

E(B) 2 E(B;) 2 E(FC, (a0)) = B @ FC,p (a0,

and since £ @ FC) (4,0) has the same G-graded identities as F'C), , we are done in this case.

Suppose now that (a,1) € H; with a € G of order a prime p. If p # 2, considering the element (a?,0) we get into
the previous case. Hence we may assume that p = 2 and, so, G is of even order.

So we have:

E(B) 2 E(FCs (41)) = E® @ F(1,0)® B ® F(a,1)

which is isomorphic to E® with canonical Z,-grading.

The only cases left are H; = {1} X Zy and H; = {e} trivial.

In the second case B; = F with trivial G x Zs-grading, and in the first case

E(FH))=EY @ F(1,0)® EM @ F(1,1)
which is isomorphic to E with trivial grading and, so, Id°(E(B)) C Id%(E). Therefore we may assume that for
1 <i<gq, B; = F with trivial G x Zs-grading.
Assume, as we may, that C' = By @ --- @ B, is a centrally admissible G x Zs-graded subalgebra of B of maximal
dimension and let f be a proper central polynomial of E(B) corresponding to C. Thus exp®°®(E(B)) = dim C = r.
Let e; be the unit element of B;, 1 < i < ¢. Since exp®®(E(B)) > 2, E® ® B; and E® ® B, must participate in
a non-zero evaluation f of f.
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Suppose first that in a non-zero evaluation of a monomial of f two non adjacent graded variables x;, z) are evaluated
in a ® e; and a third variable between x; and x is evaluated in b ® es.

Then we get a non-zero product of the form (1 ® e1)w(1l ® ex)ws(1 ® e1), for some wy,wy € E(J) and we may
clearly assume that the elements wy,ws are homogeneous, say of degree g and h, respectively.

Set C1 = 1®e1, Cy = 1® ey and let A’ be the homogeneous subalgebra of E(B) generated by the elements
C1, Cy, Crw1Cs, CowsCy. If we let I be its homogeneous ideal generated by the element CowoCiw;Co, we obtain
that A’/I is isomorphic to Dy g4 41). Hence Id%(E(B)) C 1d%(A") C 1d%(A'/T) = IdG(D(lyg)gh)) and we are done. It
is clear that the same conclusion holds if we exchange the roles of C; and Cs.

In particular we may assume that C; fC; = CofCo = 0 and since f is central, C, f = fC; = Cof = fCy = 0.

Now suppose without loss of generality that in a non-zero evaluation of a monomial of f two non adjacent graded
variables x;, x) are evaluated in C; and Cj, respectively, and also these variables are not the leftmost or the rightmost
variable of the monomial. Then the evaluation of such monomial contains an element of the form w;Ciw2Cjws # 0
with {i,7} = 1,2, for some wy, wa, w3 € E(J).

We may clearly assume that the elements w1, ws, w3 are homogeneous, say of degree g, h, h’, respectively and that
it =1,7 = 2. Let A’ be the homogeneous subalgebra of F(B) generated by Cy,Ca, w;C1, C1wsCs, Cows. Let T be the
homogeneous ideal of B generated by the elements

C2w3017 O2w1017 Cl’wlcl, 02w3023 Cowzw,Ch.

Then we obtain that A’/I is isomorphic to the algebra Dy (1,4 g1,gnn/) and 1d°(E(B)) C 1d% (4’ /1) C IdG(DO,(17g7gh,ghh/)),
a desired conclusion. Clearly the same conclusion holds if we exchange the roles of C; and Cs.

In particular we may assume that any monomial of f with a non-zero evaluation in f must have either the leftmost
variable evaluated in C; (Cs resp.) and the rightmost not in C; (Cs resp.) or the rightmost evaluated in C; (Cs resp.)
and the leftmost not in C; (Cs resp.).

In particular this says that we may assume that f can be written f = Cyf1 + fo01 + Cafs + f1Co, as in (4). The
proof is now completed as in Theorem 2.3. (]

Our final aim is to extend the result of Corollary 2.1 to the setting of G-graded algebras. To this end we make the
following.

Definition 3.2. A variety of G-graded algebras V has almost polynomial §-growth if exp®-°(V) > 2 and for any proper
subvariety YW C V we have that exp&?(W) < 1.

We will show that the algebras FCy o, E, D141y, Do, 1,915 E® of Theorem 3.1, generate varieties of G-graded
algebras of almost polynomial §-growth.
Let var®(A) be the variety of G-graded algebras generated by an algebra A. Then denote

Vi,g,h) = varG(D(l’g’h)), Vio,1,g b ,1) = varG(D(O,(Lg,’h,’l))), Viap) = var®(FC,.4), Vy = var®(E®), Vi = var®(E).
Let us say that two varieties V and W are not comparable if V ¢ W and W ¢ V. Then we have the following.
Lemma 3.2. For any a,b,g,h,g', 1,1 € G the varieties V(1. .1y, V0,1,9',h',1)s Y(ap)» Vb V1 are not comparable.

Proof. We start by comparing the graded identities of Dy 4 1) and D(; g 5y when (1, g,h) # (1,9',h'). Since ejzea3 # 0
we get that xgg)xgg_lh) is an identity of Dy ¢ ;) but is not an identity of D(; g 5. Similarly xgg/)xggl_lh/)
of D(1,4,n) but is not an identity of Dy g /). Thus V(q g4) and V(q ¢ /) are not comparable.

A similar remark applies to the algebras of the type Do 1,4,4/,1)) by considering the product ejseszess # 0. It is
also clear that the varieties of the type V, ;) are not comparable among themselves and the same can be concluded
for varieties of the type V.

Comparing varieties of different types, notice that if we regard the ordinary identities as G-graded identities, then
by Remark 2.2 we get that V(1 1), V(0,1,¢,n,1) and V; are non-comparable varieties.

Hence we only need to compare the variety V(4 ) and the variety V), with the other types. This is achieved by

is an identity

noticing that F'C) , is commutative, F is not commutative, Eéb) is anticommutative and the components of Dy g4 )
and Dy (1 4,11y of homogeneous degree different from one are nilpotent of index at most two.

Now we can deduce the following.

Corollary 3.1. A wvariety of G-graded algebras has almost polynomial §-growth if and only if it is generated by one of
the following algebras:

1) FCpa, if p is a prime such that p | |G|, for some a € G,

2) D141, for some g,h € G,
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3) DO,(I,g,h,h’); fOT' some g, h7 h' e G;
4) E with trivial grading,
5) E®, if |G| is even, for some b € G.

Proof. We start by proving that the varieties V1 4 1), V(0,1,9',0/,1), V(a,p)» Vo and Vi have exponential §-growth.

In fact, it is clear that since F'C} , is G-simple and commutative, empG’5(FCp7a) = dim F'Cp , = p. Moreover by
(5), exp®?®(E) = 2 and if we regard the proper central polynomials constructed above for D and Dy as G-graded
polynomials, then we get that also expG’é(D(1,g7;L)) = expG"s(D(()’(Lg/’h/?l)) = 2. Concerning E® = E(FCy 1), we

notice that for hgl), hf) e EM | distinct, we have
1" @ (b,1), 88" @ (b,1)] = 208V © (b, 1)(b, 1) € B® © F(1,0) = Z(E(FCy0,1)).

Hence [chb), xgb)] is a proper central polynomial of E* and, so, exp®®(E") = 2.

Let V be one of the above varieties and let YW C V be a proper subvariety. If exp®?(W) > 2, then by Theorem 3.1
we get that YV must contain one of the varieties V(1 4.n), Vio,1,9/,07,1)> Y(a,p)» Vs V1, for some a,b,g,h,g', 0,1 € G.
Let U be such variety. But then V 2 U, contrary to Lemma 3.2. Therefore V has almost polynomial §-growth. The
proof is completed by the result of Theorem 3.1. O
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